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Central limit theorem for the integrated squared error
of the empirical second-order product density and
goodness-of-fit tests for stationary point processes

Stella David and Lothar Heinrich

Abstract

Spatial point processes are mathematical models for irregular or random point patterns in the
d-dimensional space, where usually d = 2 or d = 3 in applications. The second-order product
density and its isotropic analogue, the pair correlation function, are important tools for ana-
lyzing stationary point processes. In the present work we derive central limit theorems for the
integrated squared error (ISE) of the empirical second-order product density and for the ISE
of the empirical pair correlation function for expanding observation windows. The proof tech-
niques are based on higher-order cumulant measures and the Brillinger-mixing property of the
underlying point processes. The obtained Gaussian limits are used for constructing asymp-
totic goodness-of-fit tests for checking point process hypotheses even in the non-Poissonian
case.

AMS 2000 Mathematics Subject Classification: Primary: 60G55, 62M30, 60F05; Secondary:
62G10, 62G20

Keywords: Second-order analysis of point processes, pair correlation function, Brillinger-
mixing, cumulant measures, asymptotic variance, model specification test

1 Introduction

An important aim of point process statistics is to find a mathematical model that gives a satis-
factory description of an observed point pattern. With such mathematical models one can, for
instance, draw conclusions about properties of certain materials or tissues. For stationary point
processes mainly second-order statistics such as Ripley’s K-function and the pair correlation func-
tion are used for verifying or rejecting hypothetical point process models by visual inspection or
simulation tests, see e.g. Baddeley et al. [1], Cressie [3], Diggle [6], Illian et al. [13], and Stoyan
et al. [19]. Often these investigations focus on complete spatial randomness, see e.g. Grabarnik
and Chiu [7], Ho and Chiu [12], and Zimmerman [22]. Most tests used in applications are based
on heuristic considerations rather than on mathematical models. This is mainly due to the latter
models’ complexity caused by dimension and by stochastic dependencies of neighboring areas. In
the present work we will use the second-order product density and its isotropic analogue, the pair
correlation function, to construct goodness-of-fit tests for a wide class of stationary point pro-
cesses. Based on one realization of a point process in a convex observation window expanding in
every direction we study the integrated squared error (ISE) of the estimated second-order product
density and the ISE of the estimated pair correlation function. The asymptotic behavior of the
ISE of probability density estimators has been studied e.g. by Hall [9] who derived central limit



theorems (CLTs) for the ISE for independent random variables and by Takahata and Yoshihara
[21] who extended Hall’s result to absolutely regular random sequences. We will derive CLT's
for the ISE of the empirical second-order product density and for the ISE of the empirical pair
correlation function in the setting of Brillinger-mixing point processes. The limiting normal dis-
tribution will solely depend on the underlying hypothetical second-order quantity, the intensity
of the point process, and the kernel function. This allows the construction of distribution-free
testing procedures.

Firstly, we will define some basic notions. Let [N, N denote the measurable space of all locally
finite counting measures on the d-dimensional Euclidean space R? equipped with its o-algebra
B(R?) of Borel sets. A point process (shortly PP) on R? is defined as a measurable mapping ¥
from a probability space [, A,P] into [N, N]. Throughout in this paper we assume that ¥ is
simple, i.e. P(U({x}) < 1 for all z € R?, and stationary, i.e. ¥(B + x) and ¥(B) have the same
distribution for any x € R% and B € B(R?) (for a test on stationarity see Guan [8]). Let E and
Var denote expectation and variance, respectively, with respect to P. Let P = PoW~! denote the
probability measure on [N, N] induced by ¥ and we will briefly write ¥ ~ P. If EU*(B) < oo
for all bounded Borel sets B, then there exist the kth-order factorial moment measure a*®) and
the kth-order factorial cumulant measure v*) on [(RY)*, B ((R%)*)] defined by

a(k)<i<B) /Z HnB ;) P(d)

J N @1z j=1

and

fy(k)( ) i £1€_1 Z Ha(#K)(kéK Bk)
j=1

/=1 Klu UK, j=1
k}

with By, ..., By € B(R?), respectively. Here the abbreviation “x € 1" means “z € R?: ¢ ({z}) >
0”. Further, >.* denotes summation over summands with index tuples having pairwise distinct

components. The sum ) x,u..uxk, is taken over all partitions of the set {1,2,...,k} into ¢ disjoint
={1,..., k}

non-empty subsets K; and #K; denotes the cardinality of K;. If ¥ ~ P is stationary with

intensity A > 0 the kth-order reduced factorial moment measure ail;)i is implicitly defined by the

disintegration
(k) _ ®("tn
a (JxlB> )\/ared(jél(B] 7)) dz,
By,

see Daley and Vere-Jones [4, p. 238]. Analogously, the disintegration
K& (k)
A )< X Bj) :)‘/'Yred( X (B; —x))dx
J=1 =1
By

defines the kth-order reduced factorial cumulant measure ’yﬁg

The total variation measure ]’yﬁfg\ is defined by \fyﬁgl() = (’yfg)*() + (fyﬁg)*(.), where the
measures (fyﬁﬁ)* and (’yr(f()i)* are given by the Jordan decomposition ’yﬁg( ) = (’yr(f()i) (.)—
(’yr(f()i) (.). The total variation of’y o 1s defined by H'YredH |'7red| (RE)E=1)).



A stationary PP ¥ ~ P in RY satisfying E¥*([0, 1]¢) < oo for some k > 2 is said to be By-mizing
if
W9 = / WD A,z ) <00 forj=2,... k.
(Rd)i—1
If ¥ is Bg-mixing for all & > 2, U is called Brillinger-mizing or Boo-mizing, see Brillinger [2] (for
d = 1) or Ivanoff [14]. Heinrich [10] and Heinrich and Schmidt [11] state conditions on several
classes of PPes for being B,,-mixing.

If the kth-order reduced factorial moment measure 045];)1 is absolutely continuous with respect to

the Lebesgue measure on [(R?)%~1 B ((R?)*~1)], then its Lebesgue density o) is given by

k—1
O‘EZ( XIBJ> - / / Q(k)(x17"'7xk*1)dx1"'dxk717
j:
B By_1

where By,...,Br_1 € %(Rd), and is called the kth-order reduced product density, henceforth
abbreviated as kth-order product density.

If the kth-order reduced factorial cumulant measure 'yr(fc)i is absolutely continuous with respect to

the Lebesgue measure on [(R?)*~1 %8 ((R?)k~1)], then its Lebesgue density ¢(¥) is given by

k-1
7§§3<,X13j) = / / Oy, e y)day - dagy,

J:
B By—1

where By,...,Br_1 € B(R?), and is called the kth-order reduced cumulant density, henceforth
abbreviated as kth-order cumulant density.

In this paper we will focus on the second-order product density o(®), henceforth abbreviated as
product density o, and its isotropic analogue, the pair correlation function (PCF), defined by

where r = ||z||, z € RY, and X is the intensity of the stationary PP.

The rest of the paper is organized as follows. Section 2 introduces the estimators for the product
density and the PCF and their ISEs. In Section 3 we derive CLTs for these ISEs. In Section 4,
these results are used for constructing asymptotic goodness-of-fit tests. The proofs of the results
in Section 4 are carried out in Section 5.

2 Integrated squared error of the empirical product density and
of the empirical pair correlation function

In this section we will present the estimators for the product density and the PCF and their ISEs
and formulate some conditions needed for our asymptotic results in the next sections.

Let p(W) := sup{r > 0 : b(x,r) C W, x € R?} denote the inradius of the set W C R?, where
b(z,r) :={y € R?: ||y — z|| < r} is the ball with radius > 0 centered at € R%. Let |.| denote
the Lebesgue measure on [R?,9B(R%)] and let wy = |b(0,1)|. The following condition is needed for
s=1lors=d.



Condition (C(s)). (i) The sequence of observation windows (W )nen is an increasing sequence
of convex and compact sets in R with p(W,,) —— oo,
n—oo

(ii) the sequence of bandwidths (by)nen is a decreasing sequence of positive real numbers satis-
fying b, —— 0 and b3 |W,,| —— oo, and
n—oo n—oo

(iii) the kernel function k : R® — R is bounded with bounded support, symmetric (i.e., k(x) =
k(—z) for every x € R®), and satisfies /k:(:c)d:c =1.

RS
The following definition of a kernel-type estimator for the product density goes back to Krickeberg
[17]. The speed of convergence of this estimator has been studied in Jolivet [16].

Definition 2.1. Let (W,,)nen, (bn)nen and k satisfy Condition C(d). Let the PP W ~ P in RY
be stationary and assume its product density o to exist. Then we define

R 1 * To9 — 1 — t
on(t) = g D Lw, (e1)k (7)
bn|Wn| z1,02€V bn
as an estimator for \o(t) for t € Re.

Definition 2.2. Let (W,)nen, (bn)nen and k satisfy Condition C(1). Let the PP ¥ ~ P in R?
be stationary and assume its PCF g to exist. Then we define

9n(r) R — Z* Lw, (21) k(\|$2—$1||—r>

by (W] dwg oy |ro — @ ]]d—1 by,

as an estimator for N2g(r) for r € [0, 00).

For a discussion of estimators for the PCF with regard to bias and variance see Stoyan and Stoyan
[20].

The integrated squared error (ISE) of the product density estimator is defined by

1(K) = /f<@n<t>-— No(t))?dt,

K
where K € B(R?), |K| > 0, is a bounded set. Likewise, the ISE of the PCF estimator is defined
by
In() 1= [[(Gnlr) = 22g(r)r

K
where K € 9B((0,00)), |K| > 0, is a bounded set.
Condition (C,(K)). Let ¥ ~ P be a stationary PP in R? with product density o such that, for
some K € B(R?) and some £ > 0,

(i) the first-order partial derivatives of the product density o are uniformly Lipschitz-continuous
in K & b(o,¢) and



(ii) the third- and fourth-order cumulant densities c® and ¢ ezist and satisfy

sup | (u,v)] < 00 and sup /|C(4) (u, w,v + w)|dw < co.
u,vEK Pb(0,e) u,veK@b(o,a)Rd

Condition (Cy(K)). Let ¥ ~ P be a stationary PP in R? with PCF g such that, for some
K € B((0,00)) and some € > 0,

(i) the first derivative of the PCF g is uniformly Lipschitz-continuous in K @ (—¢,€) and

(ii) the third- and fourth-order cumulant densities ¢® and ¢ exist and satisfy

sup 1c®) (u, )| < oo and sup /\0(4) (u,w,v 4+ w)|dw < oo.
u,vE]Rd: u,UERd:
el llvle K& (—e,e) llull,llvll€ K®(—e,e) RY

3 Central limit theorems

In this section we will present asymptotic representations of the mean and the variance of the
ISE I,,(K) of the product density estimator. Then we will state a CLT for I,,(K) for Bo-mixing
PPes. The proofs can be found in Section 5. The results for the ISE J,,(K) of the PCF estimator
can be shown analogously and will be given without proof.

The following lemma gives an asymptotic representation of the mean of the ISE I,,(K) of the
product density estimator.

Lemma 3.1. Let ¥ ~ P be a By-mizing PP in R¢ with intensity X and product density o satisfying
Condition Cy(K). Let (Wy)nen, (bn)nen and k satisfy Condition C(d). Then we have

AIWAIE [ (8a(t) — Xo(t)?dt = A [ o(t)dt | K*(z)da + OBI?) + O W)
/ fua

K R4

as n — oo for all bounded K € B(RY), |K| > 0.
To express the asymptotic variance of the ISE I,,(K) in the next lemma we need the convolution
k % k of the kernel function k with itself.

Lemma 3.2. Let U ~ P be a Bg-mizing PP in R® with intensity X\ and product density o
satisfying Condition Co(K). Let (Wp)nen, (bn)nen and k satisfy Condition C(d). Furthermore let
b4 W,,| —— 0. Then we have

n—oo

n—oo

o2 1= N( / 2 (t)dt + / QQ(t)dt> / (ke + B)2()dt
K

Kn(-K) Rd

Var (2l [ (00(t) ~ Ae)dt) —— o
K

with

for all bounded K € B(RY), |K| > 0.



Now we state a CLT for the ISE of the product density estimator in the setting of Bo,-mixing
PPes. The result will be proved in Section 5 by showing the cumulants of order k£ > 3 of the
suitably scaled ISE to converge to zero.

The notation —9— stands for weak convergence and A (u,0?) for the univariate normal distri-
n—o0o

bution with mean x € R and variance o2 > 0.

Theorem 3.3. Let ¥ ~ P be a Boo-mizing PP in R? with intensity A\ and product density o
satisfying Condition C,(K). Let all cumulant densities B k> 2, exist. Let (Wy)nens (bn)nen
and k satisfy Condition C(d), and, in addition, b3T4|W,| —— 0. Then we have

n—oo

b2 W, (I, (K) — BIL,(K)) —— N(0,0?)

n—oo

or all bounded K € B(R?), |K| > 0, with 02 given in Lemma 3.2.
J g

Now we present an asymptotic representation for the mean of the ISE J,,(K) of the PCF estimator
and a CLT for the centered and suitably scaled ISE J, (K).

Lemma 3.4. Let ¥ ~ P be a By-mizing PP in R? with intensity X\ and PCF g satisfying
Condition Cy(K). Let (Wy)nen, (bn)nen and k satisfy Condition C(1). Then we have

bn|Wn|E/ (gn(r) — AQQ(T))er = 2)\2/$dr/k‘2(x)dx + O(by) + OB W, |)
K K R

as n — oo for all bounded K € B((0,0)), |K| > 0.

Theorem 3.5. Let U ~ P be a Boo-mizing PP in R with intensity X\ and PCF g satisfying
Condition Cy(K). Let all cumulant densities c®) k> 92, emist. Let (Wo)nen, (bn)nen and k
satisfy Condition C(1), and, in addition, b3|W,| —— 0. Then we have

n—oo

b2 W (Jn () = EJo(K)) — N(0,7%)
with )
7%= 8)\4/ (%) dr/(k: * k)% (z)dx

K R
for all bounded K € B((0,00)), |K| > 0.

4 Asymptotic goodness-of-fit tests

Given a realization of a PP ¥ ~ P in a sufficiently large observation window, one is interested in
whether a hypothetical distribution Py of a PP is a good fit for the unknown true distribution P
(see e.g. Diggle [5]). In this section we will use the CLTs in Section 3 for constructing asymptotic
goodness-of-fit tests for PPes in order to get a decision rule for the non-parametric test problem
Hy : P = Py versus H; : P # Fy. The test statistic is based on the ISE which uses only the
intensity and the product density (or the PCF) in the set K as information from the PP W.

6



Although second-order quantities do not characterize the distribution of the PP they still give
a rather informative description of the point pattern and are therefore an appropriate basis for
goodness-of-fit tests.

Compared with existing goodness-of-fit tests, our tests have the advantage that they are theoret-
ically motivated (not based on simulations) and, at the same time, can be applied to a wide class
of PPes (not only Poisson processes).

Now we will sketch how Theorem 3.3 and Theorem 3.5 are used for constructing asymptotic
goodness-of-fit tests. For d € {1,2,3} we can use Lemma 3.1 to get a simple representation for
the mean of the ISE I,,(K). The choice of a symmetric set K will simplify the variance. For
the simplification of the mean of the ISE J,(K) of the PCF estimator, see Lemma 3.4, there is
no restriction to certain dimensions necessary. In the following, 2z, denotes the g-quantile of the
standard normal distribution.

Testing Hy : P = Py versus Hy : P # Py using I,(K)

Let U ~ PbeaPPinR% d € {1,2,3}, and let the hypothetical PP ¥ ~ Py with intensity Ao and

product density gg satisfy the assumptions of Theorem 3.3. Furthermore let bg/ >t

and let K € B(R?) be bounded and symmetric with |K| > 0. Then

Wy| —— 0
n—oo

/2
T, = %( [ @)= xoao02at - bgfvom [ ttra [ k%@dw)
K K

R

with
02 = 4N} / g%(t)dt/(k s k)2(t)dt
K Rd

lies in [~21_a/2, 21—/ 2] With probability 1 —a approximately. Given a significance level a € (0, 1)
we reject the null hypothesis Ho : P = Fy if T;, lies outside [~21_q/2, 21—a/2]-
Testing Hy : P = Py versus H; : P # Py using J,(K)

Let ¥ ~ P be a PP in R? and let the hypothetical PP Wy ~ Py with intensity A\g and PCF g
satisfy the assumptions of Theorem 3.5. Furthermore let by ?|W,| —— 0 and let K € B((0,00))
n—oo

be bounded with |K| > 0. Then

b2 W,| . 2 223 go(r)
T, = =5 [ (gulr) = Ago(r)) "dr — 0 dr [ k*(z)da

7 by | Wl J dwgrd—1

8 zsAéZ <d52—7(2)1>2drR/(k*k)2(x)dx

lies in [~21_q/2, 21—qa/2] With probability 1 —a approximately. Given a significance level a € (0, 1)
we reject the null hypothesis Ho : P = Fy if T;, lies outside [~21_o/2, 21—a/2]-

with

An important question concerning the applicability of our asymptotic goodness-of-fit tests is how
large the observation window has to be for a satisfactory approximation in the CLT. An answer



may be found through simulation studies. The approximation will depend on several factors such
as the distribution of the underlying PP—in particular the intensity and the product density or
PCF—, the choice of the bandwidth and the kernel function, and the choice of the set K. Given a
hypothetical distribution Py and the associated test problem Hy : P = Py versus Hy : P # Py it is
obvious how to investigate the type-I error (that is, the probability of rejecting the null hypothesis
when it is actually true) by simulation studies. The type-II error (that is, the probability of not
rejecting the null hypothesis when the alternative hypothesis is actually true) is difficult to handle
since the true distribution P can differ from P, in many different ways. Hence the type-1I error
can only be studied for some special cases. For example, if P = Il and Py = II), with A # Ao,
an investigation of the type-1I error for different combinations of A and Ag is a sensitivity analysis
of the test procedure with respect to the intensity of the underlying Poisson process. Another
example of such a sensitivity analysis is given in Grabarnik and Chiu [7] who consider the null
hypothesis of a Poisson process and the alternative hypothesis of a mixture of a conditional
Strauss PP and Matérn’s cluster process.

Note that the intensity A9 must be known—if I,,(K) is replaced by /(@n(t) — (Xo),,0(t))*dt,

K
the limiting distribution may differ (as it is the case for the Kolmogorov-Smirnov statistic if the

parameters are estimated). However, the intensity A\g occurring in the mean and the variance of T;,
can be replaced by a consistent estimator ()\/;)n due to Slutsky’s theorem. Another problem might
arise if the product density gg of the hypothetical PP W is not known explicitly. Nevertheless,
our tests can be applied if g is replaced by an estimator @n achieved by simulation of the null

hypothesis model. It should be ensured that (gp), meets Condition C,(K)(i), e.g., by using a
kernel function that satisfies C,(K')(i). Analogous considerations apply to the test based on the
PCF.

5 Proofs

The normal convergence of the centered and suitably scaled ISE I,(K) is proved by showing
all cumulants of order three and higher to converge to zero. Lemmas 5.1 and 5.2 will lead to a
representation for the cumulants of the ISE of the estimated product density. This representation
can also be used for deriving the asymptotic variance of the ISE. We start with the proof for the
asymptotic representation of the mean of the ISE I,,(K).

Proof of Lemma 3.1. By Fubini’s theorem we have
. . . 2
E / (6nt) — Ao(t)’dt = / Var (3, (1)) dt + / (Edn(t) — ho(t))dr.
K K K
For the second summand we get

2
Wl [ (B0 = xe) e = siwN* ( / (g<t+bnz>—@<t>)k<z>dz) dt.
K

K R4

Using Taylor’s expansion of the product density o in t = (¢1,...,t7)" we get
0
o(t+bpz) = ot)+ by ; zza—tZ (t +6;by2)

8



d
0 s, d
= Q(t)+bn22i8t )+ by Zzz<8 o(t+ 0;bpz) — ot (t)>
i=1

with 6; = 0;(t) € [0,1], « = 1,...,d. The symmetry of the kernel function k¥ and the uniform
Lipschitz-continuity of the first-order partial derivatives of the product density (with L being the
maximum of the Lipschitz constants) entail

‘ / (o(t +bpz) — g(t))k(z)dz‘ 2 < o(t + 0;bpz) — 8(2 (t)> k(z)dz‘
Rd

< biLZ/]ziPk(z)dz
i=1pq

This implies
W [ (E0(0) — ole) 2t = O 17, )

as n — oo. Now we will prove the asymptotic representation

bi|Wn|/Var(@n(t))dt = A/g(t)dt/kQ(x)dx+O(b#2).
K K Rd
Using the representation (4.17) in Heinrich [10] we obtain

AW PVar(n) = [t (L) 0

(R)?

T R e I e e

where



a®(d(z,y, z,v)) — @ (d(z,))a <2><d<z v))
( )(

= (@,y,2,0)) + 7P (de)y® (d(y, 2,0) + 7 (dy)y (3)(61(:C z v))
+7D(d2)y P (d(w, y, v)) + 7 (dv) @ (d(:C y,2) + 1% (d(x, )) P (d(y,v))
+ 9P (d(z,0)7? (d(y, 2)) + 7 (d(z, 2))7 Y (dy)v D (dv) + 9 (d(z,v))y" (dy)y ™ (dz)
+ 7P (dy, )7 (de)y ™ (dv) +4 (d(y, 0))' (dw)v(”(dZ)

First we consider the two integrals with respect to the second-order factorial moment measure
a® . For the first one we obtain

m/ / Ty, (2)k2 <y_b7”i_t> o (d(z,y))dt = )\//k2(y)g(bny+t)dydt

K (Rd)Q K Rd
_ ,\/g(t)dt/kQ(y)dy+O(b,%)
K R4

as n — oo which can be seen by Taylor’s expansion of (b, y+1t) in ¢, using the uniform Lipschitz-
continuity of the first-order partial derivatives of the product density, and the boundedness and
the symmetry of the kernel function & which entails boundedness and symmetry of k?. For the
second integral with respect to the second-order factorial moment measure o?) we have

bd|W | / / Lw, (z)1w, (y)k (y _bi_t> k (m _bi_t> o (d(z,y))dt

W, N (W, — bpy — byt
= A / / L =)y — 20)0(by -+ bt )yl

R? Rd
= O(by)

as n — oo due to the continuity of the product density ¢ in K @ b(o,e) for some ¢ > 0 if
0 € K @ b(o,¢) (otherwise the integral vanishes eventually).

Now we consider the integrals with respect to the third-order factorial moment measure a(3). For
the first of these integrals we have

1 —xz—t z—x—t
W / HK(t)]an(x)k <y b ) k ( b > dta(g)(d(x,y,z))
T (s

~ s [ ok (S k(B ) an e +

Adazy®(d(y, 2)) + Adyy? (d(z, 2)) + A2y (d(z,)) + A dedyds]
= bix / 1 (Ok()k(2)c® (bpy + t, byz + t)dydzdt
Rd)B

10



+ 43 / 1 (t)k(y)k(2)dydzdt
(RY)3
= O(by)

as n — oo. For deriving this asymptotic order we have used Lebesgue’s dominated convergence
theorem which is applicable due to |K| < oo, the boundedness assumptions on the kernel function,
the continuity of ¢?), and SUPy, ve K @b(o,e) ¢ (u,v)| < oo for some € > 0. By analogous arguments
we can show the asymptotic order of the other integrals with respect to the third-order factorial
moment measure a®) to be O(b%), too.

Let us now consider the integrals with respect to the factorial cumulant measures. Due to the
finiteness of the total variations of order two and three the asymptotic order of the integrals with
respect to v and v®) is O(bd). The integral with respect to A is

m( / e (O Loy, (@) Loy, (2)k (y = t> k (” - t) YD (d(@,y, 2,v))dt

Rd)E

= bix / Wn m“(;VT =2l L ()k(y)k@)e™® (byy + t, 2, byv + 2 + t)dydzdudt.
(Ré)*

Due t0 Sup,, ye k@b(o,) J | (u, w,v 4+ w)|dw < oo for some € > 0 we find that this integral is of
Rd

asymptotic order O(bl). This completes the proof. O

Lemma 5.1 will show that the kth cumulant of certain random variables (including the ISE I,,(K))
is a sum of integrals that are indecomposable, in the sense that they cannot be represented as a
product of two integrals. The rigorous definition of decomposability is as follows.

Let f; : (R9)P" — R be fixed measurable functions, let ¥ € N and p; € N withi € I = {1,...,k}
be fixed and set

VeI ()= Y filwn,wp,).

Let E [|\Il(pi)( fi)|F] < oo for all i € I. We will now find a representation of the mixed moment
M (\Il(pl)(fl), e \Il(pk)(fk)) =FE [Hf;l \Il(pi)(fl-)] as a sum of integrals defined as follows.

For arbitrary T' C I, q € {1,...,pr} with pr := > ,crpi, v € {1,...,q}, and decompositions
Pr=A{P,...,P;} of {1,...,pr} and Q ={Q1,...,Q,} of {1,...,q} we define the integral

Ip, o(fi: 1€T)

q
= / H H ]l{xa:zb} fh(xl"" 7‘sz‘1)

(Rd)q b=1 aEPb
T

X fiy(Tpy 41, - - ,xpi1+pi2) o fi#T(xZ#T—lpij+1, Ce s Tpy) ny(#QC)(szC),

=1
c=1

where {i1,...,igr} =T with 1 < i) <ip < ... <igr <k and zQ, = (24)geq.- The elements
of a set P} are the indices of the arguments of the functions f;,,..., fi,, that are identical and

11



distinct from all the arguments in every other set P. # P,. In the above-mentioned integral this
is indicated by the term []7_; [1,c p, L{z,=z,)- For the special case T' = I we have

Ip, o(f1,- -5 fr)

q
= / H H Tipo—zy fr(@e, .o ap) oo fk($zk—1pi+1, cey Tpy) H’y(#QC)(szc).

=1
(Rd)q b=1a€P, c=1

Now the mixed moment M (U®V(f;),..., TP (f;)) can be represented as

M(\I/(pl)(f1), . 7\I;(Pk)(fk))

= i > /f[Hﬂ{M}

=1 PpU...UP, =
I Pl ee

X fl(.’L'l’...,prl)'...'fk-(wzk—l v,...,xpl)a(Q)(d(zl,...,zq))

=1 Pi
q

Y Y Y Y [t

=1 PjU...UPg r=1 Q1U...UuQ b=1a€P
a ={1,..., pf ={1,..., q}T(Rd)q b

X fl(xl,...,xpl)-....fk(ngllml,...,xm)ny<#@c>(dZQC),
c=1

see Krickeberg [17]. With the above notation we have

MEPI(fr),. 0P = >0 N N ST Ipolfiae o S

g=1 PjU..UP; r=1 Q1U...UQr

={1,..., pr} ={1,..., q}
Let T = {T1,T5} be a decomposition of I = {1,...,k}. An integral Ip, o(fi,..., fx) is decom-
posable with respect to the decomposition T = {T1,T5} if there exist a decomposition PO of
{1,...,p1,}, a decomposition P? of {1,...,pp,}, ¢1 € {1,...,pp,} and ¢ € {1,...,pp,} with
q1 + g2 = ¢, and decompositions Q) of {1,...,q;} and Q® of {1,...,¢} such that

Ipro(fi,- o fu) = Ipy o (fi: i €Th) - Ip. oo (fi: i €Th).

An integral is called decomposable if there exists a nontrivial decomposition of I such that this in-
tegral is decomposable with respect to this decomposition. An integral which is not decomposable
with respect to any nontrivial decomposition is called indecomposable.

The following lemma is the key tool for the proof of the CLT for the ISE I,,(K). It gives a repre-
sentation of the kth cumulant of certain random variables as a sum of indecomposable integrals.
Let T'y(X) denote the kth cumulant of a real-valued random variable X and Cumg(X7y,..., X)
denote the mixed cumulant of a random vector X = (X1,...,Xy) € RE k> 1.

Lemma 5.1. Let ¥ ~ P be a PP in R?. Let j k € N be fized, let C; € R be constants for
1=1,...,7, and set

\IJ(pi)(fi) = Z filz1, ... @p,),

2?1,...,$pi6\1/

12



where f; : (RY)P" — R is a fived measurable function with p; € N, for i = 1,...,5. Let
E [|®®)(f,)[¥] < 0o for alli=1,...,j. Then we have

J
Iy (Z C@q,(lh)(ﬂ)) = Z mcll o ~Cj‘7,uk17___7k].,
i=1 kyto.tkj=k 0 T T
Kook >0
where
3
Phy,ook; q
Nlt;l,...,k;j = Z Z Z I'PI,Q(fl""7f1""7fj""’fj) (1)
g=1 PiU..UPg  r=1 Q1U..UQr k" ‘/—‘k
={1,..., Pkq,..., k]} ={1,..., q} 1 J

and Pk, k; = Zgzlpiki. The summation (-)* is taken only over the indecomposable integrals.

Proof. Due to multilinearity, symmetry, and homogeneity of the mixed cumulants we have

Fk(zj:Ci\I/(pi)(fi)) = Cumk(zj: Ci\I/fi,...,zj:Ci\I!(pi)(fi))
=1 =1 =1

- Z kp! - .k.]Cll""'ij

Kyt tkj=k e
k1yooik >0

x Cumy (P (fy), ..., WO (), WD (f) L wPI ().
k1 kj

In order to prove the identity

“Zl,...,k]- — Cumk( ‘1’(”1)(]‘1), o \I;(Pl)(fl)’ o 7\1;(19,7)(]6].)’ o \I’(pj)(fj) )
kfl k}]'

for all ki,...,k; € {0,...,k} with 25:1 k; = k we will proceed as in Jolivet [15] and Leonov and
Shiryaev [18]. Let k1,...,k; € {0,...,k} with 3.7, k; = k and set ¥; = 0P (g;), where

f1 forie{l,...,kl},
fo foriE{k1+1,...,k1+k2},

gi = .

fj fOriG{kjlﬂ-...-l—k‘j,lﬂ-l,...,k‘}.

Then we have

vy U (f)
\Ijk‘l — \Ij(pl)(fl)
Wiy 41 P2 ( f)
Wy, i) (f)

13



With M(Ty,...,0;) =E [Hle qf] and T = {1,...,k} we have

k j
Cumg(Vq,...,U) = M(¥y,...,U) — Z Z HCum#Ii(\pa cael)
j:2 IlU...UIj:I =1

= Zindec + Zdec -C

(see Leonov and Shiryaev [18]), where Y4e. is the sum over the decomposable integrals from
MUy, ..., %),
/’Lzl,---,kj = Yindec = M(\Ijla s 7\:[]]{) — Ydec

, ), and

k J
C:Z Z HCum#Ii(\Ila: a € I;)

j=2 LU..Ul;=I =1

is the sum over all indecomposable integrals from M (¥, ...

denotes the remaining term.

For j € {2,...,k} and a fixed decomposition {I1,...,I;} of I = {1,...,k}, a summand
7 Cumyy, (¥, : a € 1;) of C factorizes with respect to a decomposition T = {Ty, Ty} if for each
i€ {l,...,7} we have either I; C T} or I; C T5, that is, if the summand can be written as

J J J
HCum#[i(\Ila ca€l;) = H Cumyr, (Ve : a€l;)- H Cumyur, (Y, : a € ;).
i=1 i=1 i=1

L, CTy 1;,CTy

Note that due to j > 2 each summand ngl Cumyr, (¥, : a € I;) factorizes with respect to at
least one nontrivial decomposition.

Let Py be the distribution of the vector (¥y,...,¥s)" which is determined by the distribution P
of the PP W. For all S C I, let Pg be the distribution of the vector (¥,).ecs. Every term in C
that factorizes with respect to a fixed decomposition 7' = {71, T>} of I is completely determined
by the marginals Pr, and Pr,. The same is true for every term in ¥ge. that is decomposable with
respect to T'.

Let T = {Tl(l),TQ(D} be an arbitrary fixed decomposition of 7. The sum over the terms of 34ec
1)

decs and the sum over the terms of C

that are decomposable with respect to T} is denoted by X
that factorize with respect to T is denoted by C((ii)c. Let
£M = Sgee — B4

dec
and
cW—c—-c

dec”

Then we have

Cumg (T4, .., Tp) = Singee + 2O + 30 —c® — ¢l

ec dec

Now we will show

1 1
S =L 2)
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To this end we set Pj := P 1y QP T where P y and P ) are the distributions of the random
2

1
vectors (\Ifa ta € Tl(l)) and ( w.a€ TQ( )), respectively. Let (\Tll, e \T/k)’ be a random vector
with distribution 151, and let iindec, 2(1), (1) C(l), and (?C(li)c be defined as Tipdec, 2V, Eé?c,
¢, and Cc(lgz above, with (Uy,..., W) replaced by (Uy,...,%). By construction we have
(\il ta € T-(l)) ~ PTV(l), that is, (\ila ta € Ti(l)) 4 (\Ila ta € T-(l)), i = 1,2. Hence the fact that

L _ 5O

dec = “dec

»W and C( )C are completely determined by the marginals P and P, T implies %
1

dec
and ¢V = ¢

dee = Ciee- In particular we have

Cumk(\fll, ce ,\I/k) = iindec + 2(1) + Eéle)c - é(l) - C((ile)c (3)

Clearly, (\ila ta € Tl(l)) and (\ila ta € Tz(l)) are independent by construction. This implies the
left-hand side in (3) to be equal to zero. Since the mixed moment

M(\ill,...,\i/k):E[zﬁl‘i’i] :E[ H ] E[ H ‘I’] dec

ier™ ieTi
is decomposable with respect to the decomposition T we also have Sindec = 0 and ¥ = 0.

Finally the independence of (\T/a ta € Tl(l)) and (\Tfa ta € T2(1)) yields Cumk(\fla ca € K) =0 for
all K C{1,...,k} with KN T~1(1) # () and K N T2(1) £ (). Since every summand in C!) contains a
factor of this type we obtain C(1) = 0.

Altogether this proves (2) by equation (3). As a result we have
Cumy(¥1,..., Ug) = Singee + N —CW.

Now we go through all possible decompositions of I in this manner. Since every term of Y is
decomposable with respect to some decomposition and every term of C factorizes with respect to
some decomposition, this yields

Ydee =C

and hence
Cumk(\lll, ey \I’k) = Eindec-

In summary we have

Cumy (WP (f1), .., wPO(fy), L w@I(f), WP (f)) =

n'g

k'l kj

for all k1,...,k; € {0,...,k} with 37_, k; = k. This completes the proof. O

The cumulants of the ISE I,,(K) can be represented by a sum of indecomposable and irreducible
integrals which will be shown in Lemma 5.2. First we give a definition of an irreducible integral.
This definition is closely related to the special form of the functions
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fi: RH* SR,

T9—x1 — 1t Ty —x3 — 1t
($1,$2,$3,$4) — ]an(xl)]lwn(xg)]l{m#m,xg#u} / k ( 2 bnl ) k ( 4 bn3 ) dt,
K

and
ro — T —1

f2 : (Rd)Q N R, ($17x2) > ]an((L‘l)]l{ngxQ} /k < b > )\Q(t)dt.
K

n
An integral Ip o(fi,...,f1,fo,-...f2), 7 = 0,...,k — 1, with P = {P,..., P} and Q =
—— —
k—j J
{Q1,...,Q,} (see page 11) is reducible if there are indices a,b € {1,...,q}, ¢,d € {1,...,7},
and an odd number ¢ € {1,...,4k — 45} such that P, = {i}, P, = {i + 1}, and Q. = {a,b} or
Q. = {a} and Q4 = {b}. In other words, a reducible integral contains one of the terms

/f1($i7$i+1,96,y)V(Q)(d(UCzAUCiH)), /fl(xay,xz‘,$¢+1)V(2)(d($z‘,$z‘+1)),

(R4)? (Re)2
/ Fil@i zigr, 2, y)y D (dz)y D (dwis),  or / Fi(@, g, ziy 2y (de) vy (dis),
(R9)? (Re)2

with z,y & {x;, z;+1}, and the remaining functions contain neither z; nor z;;1. We will call this
term the reducible part of the integral. An integral can have more than one reducible part. An
integral that is not reducible is called #rreducible. For instance, the integral

I{{1}7{2},{3,5},{4,6}},{{172}7{374}}(f17f2)
=[] At ® @0 [ )

(R4)? (R4)?

is reducible with reducible part / fi(z1, 22, 23, 24)7? (d(21, 22)), whereas the integral

(R4)?

L sy on i} {non s} (F1. £2)
= / /f1(21,22,23,24)f2(Z1,Z3)’Y(2)(d(21,22))7(2)((1(23,24))

(R)2 (R4)2
is irreducible.

Recall the sum of indecomposable integrals uj, i J =0, .k, see (1). We denote the sum of
irreducible integrals in ,uz_m- by u;;*_j’j, 7 =0,..., k. We will write uz*_“(]}r)’jw, a=1,...,r, f0~r
the term obtained from ,u;i(j +r) by replacing a instances of fo with fo, where the function fs

is given by

Pl y) = ]lwn(x)! [k (y_bigf;’f) )\<R[Rn(z,t)k(z)dz>]dt

with R, (z,t) = Zgzl zi (a%g(t+¢9ibnz) - %Q(t)) and 0; = 0,(t) € [0,1], : = 1,...,d. Asa

result, uz*_a(j ) g contains only j + r — a instances of fs.
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Now we can state the lemma giving a representation of the kth cumulant of the ISE in terms of
indecomposable and irreducible integrals for k > 2.

Lemma 5.2. Let k > 2, and let ¥ ~ P be a By,-mizing PP in R? with intensity \ and product
density o. Let the first-order partial derivatives of the product density o be uniformly Lipschitz-
continuous in K @ b(o, ) for some ¢ > 0. Let k satisfy Condition C(d) (iii).

Then the kth cumulant of the ISE I, (K) satisfies

k

k . . sk
) = X (4) i,
=0

Proof. In the first part of the proof we apply Lemma 5.1 in order to express the kth cumulant
by a sum of indecomposable integrals. Due to the smoothness conditions on the product density
this representation can be further simplified. This is shown in the second part of the proof.
Due to the semi-invariance of the cumulants of order two and higher the kth cumulant of
/ (02(t) — 2X0(t) 6, (t))dt is identical to the kth cumulant of (I,(K)—EI,(K)) for k > 2. There-
K
fore we investigate the kth cumulant of / (@%(t) — 2)o(t)on(t))dt.

K

I Representation of the kth cumulant by indecomposable integrals

First we rewrite / (02 (t) — 2X0(t) 6 (t))dt. We have
K

/ (2() — 200(t)an (1))t

K
B > (bgLW"D21LWn(5‘?1)]1Wn(90:«‘»)/k(QE2 bx1 )k(m b:C3 )dt
K " n

T1,r9,r3,r 0 €V
T FTQ,T3FTY

-y z(bgywny)—lnwn(xl)/k (“_67”“”’) Ao(t)dt
K

n

1,260
= Y G,z as )+ Y Cafalwr, w2),
21,32,03,14€Y T1,32€W
with functions
fi: R =R,
(1,9, 23,24) — ]lwn(xl)]lwn(x3)]1{$17£$2,x37£m4}/k (xQ _ba: - t) k (x4 —ba:s — t) dt,
K

and
T

—ay —t
for (RY? >R, (z1,22) = T, (v1) 15, 220} /k (%) Ao(t)dt,
K
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and constants Oy := (b¢|W,[)~% and Oy := —2(b%|W,|)~!. Since we have |K| < oo and

since k is bounded with bounded support the moments E |[>] . .. . g fi(z1, o, 3, 24)|"

and E [| Dy el f2($1,$2)|k] are finite. Hence we can apply Lemma 5.1. Therefore the kth
cumulant T'y (7, (K)) of the ISE I,,(K) satisfies

L) = Y

1ol
e k1lks!
k1,ko>0

k
S G IS A (4)
J

J=0

(—1)h22%2 (b Wi ) 720 R2 gy

II Representation of the cumulants by indecomposable and irreducible integrals

The special form of the functions f; and f, allows a further simplification of the representation for
the kth cumulant given in Lemma 5.2. This simplification is based on the approximate identity

fi(z1, zo, 23, 24)a@ (d(x1, 0)) = fies, zq, 21, 22)0@ (d(z, 22))
(Rd)Q (Rd)Q
~ bWy fa(ws, 24)

for x3, x4 & {x1, 22}, which implies the reducible integrals of y} , (except for the error terms) and
integrals in py_,,, £ =1,...,k, to cancel.

More precisely we start by combining two reducible integrals in uj,_ i J =0, ok — 1. These
integrals differ only by their reducible parts, in two possible ways. Either the two integrals’
reducible parts are

/f1(96i,$i+1,$7y)7(2)(d($z‘,$z‘+1)) and /f1($i790i+1,$,y)7(1)(d$i)’7(1)(d$i+1)
(R9)2 (Re)2

or they are
/fl(l“,y,l“i,$i+1)7(2)(d($i,$z’+1)) and /f1(56,y,CCz',$i+1)7(1)(d$i)7(1)(d$i+1).
(R)2 (Re)2

The sum of these two reducible integrals in py jj 18 hence an integral which emerges from either
of the two aforementioned integrals by replacing the respective reducible parts by

/ fi(zi, xiq1, o, y)Oé(2) (d(zi, xit1)) (5)
(R4)2
or
/ (@, m6, 2i41)0® (2, 201)), (6)
(R4)2

depending on the above distinction. If the integral has more than one reducible part, then we
iterate the above procedure, eventually obtaining an irreducible integral. In the following, we will

18



only consider irreducible integrals and integrals which arise from the above-mentioned combina-
tion and summation of reducible integrals. The latter integrals are also called reducible parts.
Now we simplify one of the reducible parts (5) and (6) of a reducible integral by disintegration
and Taylor’s expansion, that is,

/ Ly, (z:) 1w, () /k (m%nwz—t) k (y_bii_g dta (d (@i, zi11))
i

(R4)2

-t
— Bl (@) [k <%) )\( [ Haielbuzian +t)d:cl-+1>dt
e n

R4

fa(z,y) = ]lwn(x)[[ [k (y_bi?) )\(R[Rn(z,t)k(z)dzﬂdt

with Ry, (z,t) = Zle zi (%Q(t + 0;bpz) — %Q(t)) and 0; = 0,(t) € [0,1], i = 1,...,d. Here we
have used the symmetry of the kernel function & so that only o(t) and the error term R,, remain
from Taylor’s expansion. In the following we will refer to the above simplification by disintegration
and Taylor’s expansion as reduction of the integral. Note that the uniform Lipschitz-continuity
of the first-order partial derivatives of the product density yields the upper bound

where

d
Ra(zt)] < baLY il (7)
=1

where L is the maximum of the Lipschitz-constants.

An integral in pj oy is called r-reducible if it can be reduced exactly r times (that is, if reduction
as defined above can be applied exactly r times), with » € {0, ...,k —j}. Reducing an r-reducible

integral r times yields a sum of two parts. The first part is an integral in p;* (G4r),j4r multiplied

by (b2 |W,,|)" while the second part is a sum of integrals containing the error terms from all Taylor
expansions performed in the reductions. Note that within this iterative scheme reductions can
also be applied to error terms obtained from earlier reductions. We illustrate this procedure by
an example involving three reductions of a 3-reducible integral in p3 :

/f1(901,362,363,$4)f1($1,$2,$5,966)f1(961790279077908)
(]Rd)s
B (d(w1, 22))a® (d(3, 74)) 0P (d (w5, 76)) o (d (27, 75))
= bid|Wn|3< /(f2(331,$2))37(2)(d($1,$2))
(Rd)Q
+ 3b, /(f2(901,x2))2f2(9€1,902)7(2)((1(961,962))
(R)4
w3 [ o) (e, e e, 22)

(RA)
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+ b / (fa(z1, 22))*+ P (d(a1, 5“2))) :

(Rd)4

In the remaining terms a instances of the function fs are replaced by fg, a=1,...,r. For each

integral in u;;ia(j ) the number of r-reducible integrals in ,uz_m- leading to this integral is

2" (k;] > Hence we obtain the representation

bd e "
Mg =D 2 ( o ) Eawal)” S0 () iy e (8)
r=0 a=0

for j = 0,...,k. The main terms are Mlt;*—(j+r)j+r = 'U’Z*—O(j—l—r)j-i-r’ r=20,....,k — 7, and the

remaining terms are /™ ) .., @ =1,...,7. Equations (4) and (8) imply

-

M) = S0 (F) e
=0
= k %i(—l)l k! gitr bd‘W ‘)z—l—r %bau**a A
i=0 r=0 a=0 ilal(r —a)l(k — (i +7))! nhk—(i+r),it+r
— iij_z(_l)z k! (bd’W ’)J kaa *ka
- §=0 i=0 a=0 ilal(j —i —a)l(k — j)! I
; j nATRlTET k—j,5°

<
Il
o

For the last line we consider the summands indexed by j € {0,...,k}. This yields

L& k! d 2k
° b W ] ba *kQ
ZZ:;GO z'a'j—z—a)(k:—]) nWal) nhk=jj
— k! 2](bd|W | ji— 2kz_ba Hka Z
(k=) 2 1Ptk G—a—0
Due to > ;_ 0( 1)Zm 0 fora=20,...,j —1and Z?ZO(—l)iZ,(J o1 = 1 the identity (9)
follows and the proot is complete. O

Now we are ready to prove the asymptotic representation of the variance of the ISE of the product
density estimator.

Proof of Lemma 3.2. We use the representation of the second cumulant of the scaled ISE

2

r2<bz/2|wn|zn<K>>=bi|Wn|2r2<zn<K>>=Z(j)wz)f(bdw Wl ()
=0
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J=2, %5

derived in Lemma 5.2. Now we will determine the asymptotic order of b, (b%)7=3(|W,,|) o i

*%0

J =0,1,2. The highest-order terms in u5'y are

/ fi(@1, zo, 3, 24) [ f1(21, w2, 23, 24) + f1(23, 24, 21, T2)
(R)! + fi(zo, 1, 24, 23) + f1(24, 23, 22, 21)]
(A, 22))y P (d (3, 24)) + 7P (A(21, 22))7") (A (w3, 24))
+ 9 (day )y (dao)y® (d (s, 24)) + 40 (dag)y ™Y (daa)y®) (d (s, 24))
+ 9 (day )y (dag)y ™ (dag)y ™ (dy)).

Combining the factorial cumulant measures to factorial moment measures and multiplying with
the scaling factor (b3¢|WW,|>)~! we obtain

1

e / fi(z1, x2, x3, 24) [ f1(21, 2, 23, 4) + f1(23, 24, 71, 22)
n n

(Rd)4
+ filae, @1, 24, 23) + f1(24, 23, 22, 21)]aP (d(21, 22)) 2P (d(23, 74))
2
= 22 / ]lK(bntl + tz)]l]((tg)( /k:(x)k:(x + t1)@(bnx + bt + t2)d$> dt1dts
(Rd)Q Rd
+ 2)\2 / ﬂK(bntl — tg)]l]((tg)

(R%)2

o« ( / ‘Wn M (Wn —bpx + byt — tg)‘
Rd

2
’W ’ k(.%')k(.%’ + tl)@(bn.%' + bntl — tg)d%‘) dtldtg

— 2)\2/(l<:>|<k)2(t)dt(/g2(t)dt+ / 92(t)dt>.

R4 K KN(-K)

The remaining part of 137, scaled with (L34 W, %)L, is of order O(b2 + (b2 |W,|)71) as n — oc.
For integrals in H;T(? containing an integration with respect to v(®), v ~(M and ~®) this is
due to the finiteness of these measures’ total variation. For the other integrals one uses the
assumptions on the cumulant densities up to order four or the finiteness of the total variations
&k
density, the integral

, k=2,3,4. For example, if we do not assume the existence of the fourth-order cumulant

1
A, / fi(x1, T2, T3, 24) f1 (25, 26, 27, 28) YD (A (21, 22, 75, 26) )y P (A (23, 24, 27, 28))
" (mays
1 W, (W, — x5)||W,, N (W), — x7)]
- @ W, 2 T (t1) 1 (t2)
(R4)8
.%'Q—tl 1‘4—751 .%'6—.%'5—752 1‘8—.%'7—t2
k() () e (e ()

dtydtyy ) (d(za, 25, 26))7 D (d(24, 27, 78))

occurring in (b%d|Wn|2)_1u§:*00 can only be shown to be of asymptotic order O(b,;%). Assuming
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the fourth-order cumulant density ¢® to exist, the above integral turns into

pd / Wi 0 (Wy — x5)[|[Wy 0 (W), — 7))
" (W

U (t2) W (b2) (2 ) e (a ) e (we ) o (s)
(RH)®
x W (bpag + t1, x5, bpis + 5 + t2) e (bpay + t1, w7, bpg + 7 + ta)
dt1dtodrodrsdrsdrgdrrdas
by substitution. Due to sup, vexab(o,e) J | (u, w,v + w)|dw < oo for some £ > 0 and since
R4

the kernel function is bounded with bounded support this term is of asymptotic order O(b%).
Likewise, the assumption sup,, ,c ggpb(o,) |c®) (u,v)| < oo is needed for showing that the integral

1

e / fi(x1, T2, T3, T4) f1 (21, 25, 23, 26 )75 (A (21, 22, 25))7®) (A (23, 24, 76) )

(R4)S
is of asymptotic order O(bl) as n — ooc.

The term p7*! is of asymptotic order O(b24+![W,,|) and p* is of asymptotic order O (b2 2(W,,|)

which can be shown by using the finiteness of the total variations H'yﬁg , k=2,...,6, the upper

bound (7) for the error term |R,| occurring in the function fy, and the boundedness conditions
on the kernel function. Together with the representation (10) this leads to the asymptotic repre-
sentation

bW, To(In(K)) = 2A2/(k*k)2(t)dt</@2(t)dt+ / 92(t)dt>
R4 K KN(-K)

+ O0I2) + O((L|W,]) 1) + O b2+ W),

Now the assumption b%+4|W,,| — 0 implies the assertion. O

Proof of Theorem 3.3. The asymptotic variance of b 2|VVn| (I(K) — EI,(K)) has already been
determined in Lemma 3.2. We will prove asymptotic normality by showing that the kth cumulant
of bg/2|Wn|(In(K) —EI,(K)) converges to zero for all k > 3.

In Lemma 5.2 we derived a representation of the kth cumulant of I,,(K) by indecomposable and

irreducible integrals. Now we will show that the kth cumulant of b 2]Wn] (In(K) —EI(K)) is of

k
order O((bg)k/ -1 bi+2d|Wn|) as n — oo for k > 2. This implies the cumulants of order three

and higher to converge to zero.

We will use the representation I'y(I,,(K’)) derived in Lemma 5.2 and determine the asymptotic
order of the terms ,uz*jj j for 5 =0,...,k. It is essential that the integrals in uz*jj ; are neither
decomposable nor reducible.

Consider an integral I'p o(.) in uz*_jjj, j =0,...,k, see (1). Let V be the set of integration
variables occurring in the integral and define the set of argument pairs

V = {{v,w} CV: the integrand of Ip o(.) contains

a term fi(v,w,.,.), a term fi(.,.,v,w), or a term fa(v,w)}.

Now we define a linkage relation on V. Two argument pairs {v,w},{z,y} € V are said to be
linked (notation: {v,w} — {z,y}) if at least one of the following conditions is satisfied:
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(i) The argument pairs {v,w}, {z,y} have a common element, that is, {v,w} N {x,y} # 0.

(ii) The integral Ip o(.) involves an integration (¥ (d(vy,...,v;)) for some i > 2 and some
v1,...,v; € V such that {v,w} N{vy,...,v;} #0 and {z,y} N {v1,...,v;} #0.

(iii) The integral Ip o(.) involves an integration 4" (dvg) v (d(vy, ..., v;)) for some i > 1 and
v0, - - - ,v; € V such that {v,w} N {vy,...,v;} #0 and {z,y} N {vo,...,v;} #0.

Note that the relation — is reflexive and symmetric.

The maximal asymptotic order of each integration of linked argument pairs with ¢ arguments is
O((b2) 51 [Wi|). After reduction of the factorial cumulant measures we make use of the existence
of the cumulant densities. There are at least [g} kernel functions k. By substitution of the argu-
ments of the kernel functions k we get a factor b‘fl for each function. Furthermore there is exactly
one variable occurring only in the indicator functions Ly, (this is due to the integral’s indecom-
posability and irreducibility). Integration over this variable yields the factor |W,|. Because of the
boundedness of the total variations the integrals over the cumulant densities are also bounded.
Therefore we obtain the order (’)((bg)(é] |W,|) for each integration over ¢ linked argument pairs.
Note that without the existence of the cumulant densities one can only derive the order O(|W,,|).
For determining the order of the whole integral we also have to take into account that some of
the arguments ¢ of the functions 1x(t) can be substituted, where each substitution produces a
factor bg. Thus the highest-order terms are those in which as many argument pairs as possible
are not linked.

We will now use the concept of a cyclic linkage. Consider a product

| J A
=1

occurring in the integrand of I'p o(.) and involving the argument pairs pi1,qi,...,Pm,qm € V.
(Here f1(p,q) with argument pairs p = {u,v}, ¢ = {z,y} is understood as fi(u,v,x,y).) This
product is said to be cyclically linked if there are an enumeration 71, . .., 7om, of {p1,q1, .-, Pm, Gm }

and a permutation 7 of {1,...,m} such that {re; 1,72} = {Pr(:),qr(;)} for alli =1,...,m and
such that

T2i ~ T2it1mod2m for all i € {1,...,m}
is an exhaustive list of the links between the argument pairs p1,q1, .-, Pm, @m-
We will now investigate the highest-order terms in ,uz*_jjj for j=0,...,k.
%0

Let j = 0. Then the integrands of all highest-order integrals in p;; are cyclically linked. As an
example consider the integral

2%—3 2%—1
11 Aazar1, Bar2, Tara) fi (w1, 22, 21, 22) ] 7P (A(@a, 2asr)).
(Rd)Qk aajdld aajdld

By disintegration and substitution we get
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2k—3
)\k|Wn|k / H /kj (anr; _ta> L <xa+z _ta> dt,

=1
(Rd)k aaodd K

2%k—1
Zog — log—1 o — tog—1 (2)
« [r () (522 ) ars T s
K a odd

2k—3

taio — g
— (bi)k‘Wn‘k)\k / H ﬂK(tQ)k(xa_H)k ($a+3 + %) ]lK(tQkfl)k(ka)

a=1

(Rd)Qk a odd

ot 2k—1

x k (xg + 157%_1> H C<2)(bnxa+1 +ta)
L a=1

a odd

dxodzy . ..dxopdt1dts. .. dtgg_1.

By substituting f,49 = %, a=3,5,...,2k — 1, we see that this is equal to
2k—3
(b(rjz)2k_1|Wn|k)‘k / H ]lK(bnta+2 + tl)k(anrl)k(anriS + ta+2 - ta)ﬂK(tl)k(x2k)

=1
(Rd)Qk a,aodd

2k—1
x k(zy —top—1) [ ¢® (bnwasr + bata +t1)c® (bpza + 1)
a=3

a odd

d$2d$4 e dxgkdtldtg e dtgk_l.

The second-order cumulant density ¢? is continuous since the product density is continuous in
K @ b(0,¢) for some ¢ > 0. Hence the above-mentioned integral is of order O((b2)2*~1|W,|*).
Analogous arguments apply to the other terms in .

Now let 7 = 1. Then each integrand of a highest-order term in ,uz*_ll 1 is a product of two parts:

First, a cyclically linked product of k£ — 1 instances of f1, and second, one instance of the function
f2 whose argument pair is linked to at least one argument pair from the first part. One of these
highest-order integrals is

2%k—5 2%—3
11 f1@a @i, ware, Tays) fr(@an—s, wok—2, 21, 22) fo(wr,22) [] o (d(2a, 2ayr)).
(RAYZE-2 74y o odd

By applying disintegration and substitution as above and taking advantage of the upper bound
(7) for |R,,| due to the uniform Lipschitz-continuity of the first-order partial derivatives of g in
K @ b(o,¢) for some € > 0, one finds the above-mentioned integral to be of asymptotic order
O (b, (b2)?*=2|W,,[F~1). Analogous arguments apply to the remaining integrals.

*%2

Next let j = 2. Then each integrand of a highest-order term in u;*% , is a product of two parts:
First, a cyclically linked product of k£ — 2 instances of f1, and second, a product of two instances

of the function fy whose argument pairs are both linked to argument pairs from the first part.
For example, the integral

2h—7 2%—5
11 Aa:zars, 2at2, Tars) fowar—s, voe—a) folwr,22) [ o (d(xa, 2at1))
(Rd)Qk_4 aajc%d aajdld
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is of asymptotic order O(b2(b2)?*~2|WW,|F~!) and hence one of the highest-order terms for the
case j = 2.

For j = 3,...,k — 1 one obtains the asymptotic order O(bf,(bt)2k=7|W,,[F=i+1) by analogous
considerations.

Finally, in the case j = k all integrands of the integrals in ugf,f are products of k instances of

the function fg. Since these integrals are indecomposable the argument pairs occurring in the
integrand can be enumerated as pq,...,px such that p; — p;41 for ¢ = 1,...,k — 1. Hence the
term 5% is of order O(bF (b2)F|W,|).

Altogether we have
ping = O((b)* 1 W [7),
B = O (02, £,

and ) . . :
i, = OWLBD™ W71 for j =2,k

Together with Lemma 5.2 the kth cumulant hence satisfies

k
Fe(n(K)) = O Wl ) + 2KOE AW ) + 3 (’;) 2 O I, ).

=2

k
As aresult the kth cumulant of bg/2|Wn| (In(K)—EI,(K)) is of order O((bﬁ)k/2_1+bi+2d|Wn|) for
k > 2. Due to the assumption b&+4|W,| —— 0 the kth cumulant of b%2[W,| (I(K) — EL,(K))

converges to zero for every k > 3. This proves normal convergence. U
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