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Adaptive finite elements for optimally controlled
elliptic variational inequalities of obstacle type

A. Gaevskaya, M. Hintermiiller and R.H.W. Hoppe

Abstract. We are concerned with the numerical solution of distributed op-
timal control problems for second order elliptic variational inequalities by
adaptive finite element methods. Both the continuous problem as well as its
finite element approximations represent subclasses of Mathematical Programs
with Equilibrium Constraints (MPECs) for which the optimality conditions
are stated by means of stationarity concepts in function space [30] and in
a discrete, finite dimensional setting [50] such as (e-almost, almost) C- and
S-stationarity. With regard to adaptive mesh refinement, in contrast to the
work in [28] which adopts a goal oriented dual weighted approach, we consider
standard residual-type a posteriori error estimators.

The first main result states that for a sequence of discrete C-stationary points
there exists a subsequence converging to an almost C-stationary point, pro-
vided the associated sequence of nested finite element spaces is limit dense in
its continuous counterpart. As the second main result, we prove the reliabil-
ity and efficiency of the residual-type a posteriori error estimators. Particular
emphasis is put on the approximation of the reliability and efficiency related
consistency errors by heuristically motivated computable quantities and on
the approximation of the continuous active, strongly active, and inactive sets
by their discrete counterparts.

A detailed documentation of numerical results for two representative test ex-
amples illustrates the performance of the adaptive approach.
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1. Introduction

This paper is devoted to the study of adaptive finite element methods for the ap-
proximation of optimally controlled elliptic variational inequalities of obstacle type.
Such problems can be formulated as Mathematical Programs with Complementar-
ity Constraints (MPCCs) representing a subclass of Mathematical Programs with
Equilibrium Constraints (MPECs) which have been investigated both in function
space [5, 30, 38, 41, 42, 43, 44, 45] as well as in finite dimensions [18, 37, 40,
49, 48, 50]. Due to the inherent non-convexity and non-differentiability, MPECs
are not amenable to classical approaches from optimal control/optimization the-
ory and thus require tools from non-smooth analysis such as generalized deriva-
tives. In particular, this leads to optimality systems in terms of various station-
arity concepts such as C(larke)-stationarity and S(trong)-stationarity (cf., e.g.,
[30] for MPECs in function space). For the spatial discretization of the problems
we use continuous, piecewise linear finite elements with respect to an adaptively
generated hierarchy of geometrically conforming simplicial triangulations of the
computational domain. Although adaptive mesh refinement relying on various a
posteriori error estimators has been extensively studied for elliptic variational in-
equalities (cf., e.g., [2, 13, 14, 15, 33, 35, 46, 54, 55]) as well as for unconstrained
and control and/or state constrained elliptic optimal control problems (cf., e.g.,
[8, 20, 22, 23, 24, 25, 26, 27, 32, 52, 57]), the only adaptive approach for optimally
controlled elliptic variational inequalities we are aware of is the one in [28] based
on goal oriented dual weighted residuals. Instead, here we study standard residual-
type a posteriori error estimators in terms of element and edge residuals and prove
both reliability and efficiency up to consistency errors and data oscillations.

The paper is organized as follows: After introducing basic notations and some
preliminary results, in section 2 we state the distributed optimal control problem
for a second order elliptic variational inequality of obstacle type, specify the as-
sociated active and inactive sets including a possible set of biactivity in case of
a lack of strict complementarity, and introduce the relevant stationarity concepts
in function space. Section 3 is devoted to the finite element approximation of the
problem under consideration giving rise to a discrete optimally controlled varia-
tional inequality, the specification of the discrete active and inactive sets, and the
discrete stationarity concepts. Particular emphasis is put on suitable extensions
of the discrete Lagrange multipliers which will play a significant role both in the
subsequent convergence analysis and in the a posteriori error analysis. In section
4, we prove the first main result of this paper. Under the assumption that the
sequence of nested finite element spaces is limit dense in the function space for the
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continuous state and adjoint state, we show that for a bounded sequence of dis-
crete C-stationary points there exists a subsequence which converges to an almost
C-stationary point (cf. Theorem 4.2). Section 5 is concerned with the a posteriori
error analysis based on residual-type a posteriori error estimators. As the second
main result, we establish reliability and efficiency of the error estimator up to con-
sistency errors due to a mismatch in complementarity and data oscillations (cf.
Theorem 5.1 and Theorem 5.5). Since in the original formulation the consistency
errors are not a posteriori, we provide heuristically motivated fully computable
quantities in terms of approximations of the characteristic functions of the con-
tinuous active and inactive sets as well as of the continuous states and multipliers
(cf. subsection 5.4). The final section 6 contains a documentation of numerical
results for two representative test examples, one with strict complementarity and
the other without. The numerical results exhibit experimental convergence rates
that asymptotically approach the expected optimal convergence rates. Moreover,
it is shown that at least some of the heuristically derived approximations of the
consistency errors provide close upper bounds.

2. The optimal control problem and stationarity concepts

2.1. Notations and preliminaries

For a bounded Lipschitz domain Q C R?, we denote by D(£2) the space of infinitely
often continuously differentiable functions with compact support in 2, and we refer
to D()" as the dual space of distributions. Further, we adopt standard notation
from Lebesgue and Sobolev space theory (cf., e.g., [1]). In particular, for D C €, we
denote by L?(D) the Hilbert space of square integrable functions on D with inner
product (-, -)o.p and associated norm ||-[|o.p. L?(D)4 refers to the positive cone of
L?(D) with respect to the partial order on L?(D), i.e., L>(D), = {v € L*(D) | v >
0 a.e. in D}. For k € N, we denote by H*(D) the Sobolev space with inner product
(*,)k.p, seminorm || p, and norm [|-||x, p. We define H (D) as the closure of D(D)
in H*(D) and refer to H~%(D) as the dual space. In particular, we set V := HZ ()
so that V* = H=1(Q2), and we refer to (-,-) as the dual pairing between V* and
V. We define V. as the positive cone of V with respect to the partial ordering
inherited from L%(2), i.e., Vi :={v € V | v > 0 a.e. in Q} and we refer to V' as
the positive cone of V*, ie., VI :={AeV* | (\v) >0 forallveV,}.

As far as localizations of functionals A € V* are concerned, we note that for a
distribution T" € D(?)" and an open set w C Q it is said that T'=0on w, if T'(v) = 0
for all v € D(Q) with supp(v) C w (cf., e.g., [53]). Further, denoting by Or the
maximal open set where T' = 0, the support of T' is defined by supp(T') := Q\ Or.
We set V,, := {v € V | supp(v) C @}. Since a functional A € V* can be viewed as
a distribution, we introduce the set

Vo :={v €V, | vlonw =0 ae.,v|, € Hj(w)} (2.1)
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of test functions and say that A = 0 on w, if (A\,v) = 0 for all v € Vo (for
alternative definitions see [30]). Further, we say that A > 0 (A < 0) on w, if
(A, v) >0 ((A\v) <0) for all v € V,, o N V. The support of A € V* is defined by

supp(A) := Q\ Oa. (2.2)

We note that V,, o C V,,. If w is Lipschitz, we have V,, o = V,, (cf., e.g., [38]).

In the sequel, we will need characterizations of functionals A € V* with restricted
support. To this end, we first consider the question of extension by zero of v|,,v €
V, for w C Q. If w is Lipschitz, we denote by dw®(v) that part of the boundary
Ow such that v = 0 a.e. on Jw’(v) and v # 0 a.e. on dw \ dw®(v). Then, for
v € V and an open Lipschitz domain w C Q there exist an open Lipschitz set @
such that w C @ C Q and a function v&** € Vo with v&*|, = v], a.e. in w. If
0wO(v) # 0, @ can be chosen so that & N dw = dw(v). If w is non-Lipschitz, the
previous property remains true, if w is replaced by Lip(w) which is the minimal
open Lipschitz set with w C Lip(w).

The following result allows to make use of the restricted support of functionals in
V* to describe their action on functions from V.

Proposition 2.1. For A € V* set A := int(supp(N)), if supp(\) is Lipschitz, and
A= Lip(mt(su]{p()\)), otherwise. For any v € V there exist an open Lipschitz
set A with A T A C Q,0ANIA = 8A0(v) and a function vi”t IS V/.\_0 such that

v§* A = v|a a.e. in A and
(A v) = (\ u§Hh. (2.3)

Proof. Since A is an open Lipschitz domain, there exist A with A C A C Q,0AN
OA = OA°(v) and a function v§" € V,  such that v§* |y = v[s a.e. in A. Hence,
it suffices to prove (2.3). Let v € V, be defined according to

Q\A,0

o 0in A,
YT v =05t in int(Q\ A).

In view of the construction of A it holds int(2\ A) C Oy, where O, is the maximal
open set where \ vanishes, and hence, (A, v) = 0. It follows that (\,v) = (A, v§"") +
(A, 0) = (A, v§"). O

Remark 2.2. We note that (A, v) = (X, v|supp(n)) only if v € Vaupp(a),0- Otherwise,
A reaches’ the values of v slightly outside of int(supp(X)).

2.2. The optimal control problem

Given a domain  C R? with boundary I' = 99, a bilinear form a(-,-) : VxV — R,
where V := H}(Q), a desired state y?, a shift control u?, a force density f, an
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upper obstacle ¥, and a regularization parameter « such that

Q2 is a bounded, polygonal Lipschitz domain, (2.4a)
a(+,): V xV — R is symmetric, bounded and V-elliptic, i.e.,

la(y,v)| < Cliylle vlhe, 7 lulia < aly,y), v.C >0, (2.4b)
yle L2(Q), ule L?(Q), feL*Q), (2.4c)
veV, a>0, (2.4d)

we consider the following distributed optimal control problem with a variational
inequality constraint:

C 1 «
Minimize J(y,u) = ) ly — de%,Q + 9 [lu— Ud||(2),sz (2.5a)
over (y,u) € V x L*(Q),
subject to aly,y —v) < (f +u,y —v)o.q, v €K, (2.5b)

K:={veV|v<yae inQ}.

Here, J is referred to as the objective functional, y and u stand for the state and
the control, and K denotes the constraint set which makes (2.5b) to a variational
inequality of obstacle type. We further denote by A : V. — V* the bounded
linear operator associated with the bilinear form a(-,-). Although the subsequent
analysis can be carried out for a general second order elliptic differential operator
in divergence form, in the sequel we will restrict ourselves to the case A = —A.
The optimal control problem (2.5) can be equivalently written in the so-called
control-reduced form by means of the control-to-state map S : L?(2) — V which
assigns to a control u € L2(f2) the unique solution of the variational inequality
(2.5b):

C re 1 «
Minimize ) = 2 |Su—y Bo+ o Ju-ulRe  (26)
over u € L*(Q).

The existence of minimizers for (2.5) is guaranteed by the following result:

Theorem 2.3. Under the assumptions (2.4) on the data, the optimal control prob-
lem (2.5) admits an optimal solution.

Proof. We refer to [5],[42]. O

By introducing a slack variable o € V*, the variational inequality constraint (2.5b)
can be equivalently reformulated in terms of a complementarity system so that
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(2.5) reads:
o 1 «
Minimize  Ju) = 1y -y R+ o u-ulRe  (27a)
over (y,0,u) €V x V* x L*(Q),
subject to a(y,v) = (f +u,v)o,0 — (o,v), vEV, (2.7b)

Y—yeVy, ceVi, (0,0 —y) =0.
The problem (2.7) is commonly referred to as a Mathematical Program with Com-
plementarity Constraints (MPCC).

2.3. Continuous active and inactive sets

For given u € L%*(Q), (2.5b) represents an obstacle problem which, under the
assumptions (2.4), admits a unique solution (y,0) € V x V* (cf., e.g., [36]). The
complementary behavior of y and ¢ according to (2.7b) gives rise to the following
definitions:

Definition 2.4. We define the active set A as the maximal open subset D C
such that ¢ —y = 0 a.e. in D. We denote by T := J,., B:(% — y) the inactive set,
where B (¢ — y) is the maximal open set D C 2 such that ¢ —y > € a.e. in D.
Finally, F(y) := Q\ (AUZ) is said to be the free boundary with respect to y.

Obviously, the sets A,Z, and F(y) provide a partition of €, i.e., it holds Q =
AUZU F(y). An alternative partition can be achieved in terms of properties of
the multiplier o:

Definition 2.5. The zero set Z is defined as the maximal open set D such that
(o,v) = 0 for all v € Vp o, whereas the set C := int(supp(c)) is referred to as
the strongly active set (for the definitions of Vp ¢ and supp(o) see (2.1) and (2.2)
in subsection 2.1). The set F(o) := 2\ (2 UC) is called the free boundary with
respect to o.

Remark 2.6. If in addition to the assumptions (2.4) on the data of the problem
we suppose

Q C R? is convex or of class C!, (2.8a)
Y eV NHAQ), (2.8b)

the solution of the obstacle problem satisfies (y,0) € V N H2(2) x L?(Q). In this
regular case, we define the active and the inactive set according to A,eq := int({z €
Q| Y(z) —y(z) = 0}),Lreg := Int(Q\ Ayeqy). Moreover, the zero set Z,.4 is the
maximal open set D C €2 such that ¢ = 0 a.e. in D, and the strongly active set is
given by Creq 1= int(Q\ Z,q).

The special case where 1) — y and the slack variable ¢ are simultaneously zero in
some subset of ) is taken care of by the definition of the so-called biactive set:
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Definition 2.7. The set B := int(A \ C) is called the biactive set. If meas(B) = 0,
the solution of the obstacle problem is said to satisfy the strict complementarity
condition. Otherwise, it is said that the solution exhibits a lack of strict comple-
mentarity.

The following results which were proven in [19] provide characterizations of the
active set, the inactive set, the zero set, and of the slack variable o. They all refer
to the complementarity conditions (2.7b).

Proposition 2.8. For any v € V. let the zero set Q°(v) be the mazimal open set
D C Q such that v =10 a.e. in D and let Q" (v) := U, Be(v) be the positive set,
where Be(v) is the mazimal open set D C Q such that v > ¢ a.e. in D. Then, it
holds

A=W —y), I=0"@-y). (2.9)
Moreover, for any v € Vi such that (o,v) = 0 it holds

Ot(v) C 2. (2.10)

Corollary 2.9. For any v € V such that (o,v") =0 and (o,v~) = 0 it holds

v=0imC and (o,v)=0. (2.11)

Proposition 2.10. The slack variable o satisfies

c=01in7Z, ie, CCA, (2.12a)
o=f+u— A in A. (2.12b)

Corollary 2.11. A lack of strict complementarity of the solution of the obstacle
problem occurs if and only if there exists a set B C A such that f+u— Ay =0 in
B. Hence, there must hold (Ay,v) = (f + u,v)o,5, i.e., A|g € L*(B).

2.4. Stationarity concepts

In this subsection, we present various concepts of stationarity associated with the
optimal control problem (2.5). We note that for MPCC in function space the
concepts of C(larke)-stationarity and S(trong)-stationarity have been introduced
in [30].
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Definition 2.12. For (y,o,u) € V x V* x L*(Q) assume that there exists a pair
(p, ) € V x V* such that the following conditions hold true

a(y,v) = (f +u,v)o,0 — (o,v), vEV, (2.13a)
Y—yeVy, oV (0,0 —y) =0, (2.13b)
a(p,v) = (¥ —y,v)o.0 — (,v), vEV, (2.13c)
p=a (u—u?), (2.13d)
p=0a.e. inC, (2.13¢)
(w,p) >0, (2.13f)
(n v —y) =0. (2.13g)

A triple (y,0,u) € V x V* x L%(Q) is called
(i) an e-almost C-stationary point of (2.5), if (2.13a)-(2.13g) hold true and the
pair (p,p) € V x V* satisfies:

For all € > 0 there exists U. C Z with meas(Z \ U.) < € such that

(u,v) =0, v eV, (2.13h)

(ii) an almost C-stationary point of (2.5), if (2.13a)-(2.13g) hold true and the pair
(p, ) € V x V* fulfills

(n,v) =0, v € Vg, (2.131)

(iii) a C-stationary point of (2.5), if (2.13a)-(2.13g) hold true and the pair (p, 1) €
V x V* satisfies

(u,v) =0, v e Vg. (2.13j)

Definition 2.13. Let (y,0,u) € V x V* x L?(2) be an e-almost C-stationary point
(almost C-stationary, C-stationary) point of (2.5). Then, the triple (y, o, u) is said
to be an e-almost S-stationary (almost S-stationary, S-stationary) point of (2.5),
if the pair (p, ) € V x V* additionally satisfies

(u,v) >0, veVgnVy, (2.14a)
p >0 a.e. in B. (2.14b)

Remark 2.14. In the Definitions 2.12 and 2.13, the function p € V is referred to
as the adjoint state and equation (2.13c) is called the adjoint state equation. The
functional p € V* is said to be the Lagrange multiplier associated with the adjoint
state equation.

Remark 2.15. In the previous Definitions 2.12 and 2.13, S-stationarity is the stron-
gest and e-almost C-stationarity is the weakest concept. The hierarchy of the above
introduced stationarity concepts is displayed in the commuting diagram below:
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S-stationarity =  almost S-stationarity = e-almost S-stationarity

4 ¢ 4

C-stationarity == almost C-stationarity == e-almost C-stationarity

The following result reveals local properties of almost C-stationary points with
respect to the sets C, B, and Z defined in subsection 2.3.

Proposition 2.16. Let (y,0,u) € V x V* x L%(Q) be an almost C-stationary point
of (2.5) and let (p,p) € V x V* be the associated adjoint state and Lagrange
multiplier. Then, with regard to the strongly active set C, the biactive set B, and
the inactive set T it holds

C B 7z
Y| =1 ae. =1 a.e.
p| =0 a.e. =—a (AY + f+u?) ae
u| =u? ae. =—-AyY— f a.e.
ol =f+ul+ Ay | =0 =0
pl=y"—v =y Y +aAAY+ f+ul) [=0

Proof. In view of the definitions of the sets A,C, and B, we obviously have y =
Y ae. in A=CURB. Taking V; , €V, and V, ; C V_ into account, it holds

(o,v) =0, veVy,,, (o,v) =0, veV,,.
Further, due to (2.13d) and (2.13e)
p=0a.e. inC, uw=u?a.e. in C.
Hence, (2.13c) implies
(,v) = (" = ¥,v)oe, vEVe,,
ie., u|, =y - € L*C). By (2.13a) it holds
(o,0) = (f +ub,v)oc —al,v), ve Ve os

whence 0 = f +u? + At a.e. in C. Moreover, in B we have

(f +u,v)o8 = (V,Vv)os, vEVy,.

Consequently, the weak divergence of Vi in B exists and equals —(f + u)|, €
L?(B). It follows that —At = f + u a.e. in B. Hence,

u=—AY — f ae.in B,
and, due to (2.13d)
p=—a (A + f+ud)ae inB.
The previous equation gives rise to Ay + f +u? € H(B). Hence, (2.13c) implies
(p,v) = (y* — P, 0)o8+a a(AY+ f+ ul,v), wve Vio-
(|
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Stationarity in the regular case. If in addition to the assumptions (2.4) on the
data of the problem we suppose

) is either convex and polygonal or of class C*, (2.15a)
Y € VN HQ), (2.15b)

for fixed u € L?() the solution (y,o) of the obstacle problem belongs to V N
H?(Q) x L?(Q). In this regular case, the optimal control problem (2.5) can be
rewritten according to:

o 1 «
Minimize J(y,u) = 5 ly — de(QJ,Q + 9 lu— ud||879 (2.16a)
over (y,0,u) € V x L*(Q) x L*(Q),
subject to aly,y—v)=(f+u—o,v)oq, vEV, (2.16b)

Yp—y>0aeinQ, 0 >0ae inQ, (0,9 —y)oa=0.

The stationarity concepts can be formulated as in Definitions 2.12 and 2.13.

3. Finite element approximation

For a null sequence H of positive real numbers we assume {75, (2)}ne to be a
shape regular family of geometrically conforming simplicial triangulations of the
computational domain 2. For D C Q, we denote by A}, (D), EL(D), and Ty, (D) the
sets of nodal points, edges, and triangles of 75,(2) in D. For T' € T;,(2), we refer
to hr and |T| as the diameter and the area of T', whereas for E € &,(Q) we denote
by hg the length of the edge E. We further introduce the following patches of

triangles of Ty, ():

wa = (AT € Tu(Q) | a € Ny(T)}, (3.1a)
wg = | J{T € Th() | E € &(T)}, (3.1b)
wr = (T € Th(Q) | Nu(T') N NA(T) # 0}, (3.1¢)
and the following set of edges of &, (L)
&=\ J{E € &n(Q) | a € Nu(E)}. (3.2)

Moreover, for T € T () we refer to Py(T), k € Ny, as the linear space of polyno-
mials of degree < k on T, and we define

S = v, € C(Q) | vnlr € Pu(T), T € T ()} (3.3)
as the finite element space of continuous piecewise linear functions. We set
Vi = {U}L S S}(ll) | U}L|1" = O} (3.4)

and denote by gogla) the nodal basis function associated with a € N () such that

Vi, = span({cpgla) | a € Np()}) with dim V), = N, := card(N,(Q)). As the
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dual space of V}, we consider linear combinations of the Dirac delta functionals d,
associated with a € N3 (), i.e.,
My :={x e M) | Xn= Y Mu(a) ba, Mu(a) €R}. (3.5)
a€N ()

Here, M(Q2) stands for the space of regular Borel measures.

3.1. The discrete optimal control problem

For the finite element approximation of the optimal control problem (2.5) we
denote by v, € Vj, and ud € S}(Ll) the interpolants of ¢ € V and u? € L?(Q)
in V;, and S,(ll) and refer to y,‘f € S,Sl) and f, € S}(Ll) as the L2-projections of
y? € L?(Q) and f € L%(Q) onto S}(Ll). Approximating the state y € V and the

control u € L?(2) by finite element functions y; € V4, and uy, € S}(Ll), the discrete
optimal control problem is given as follows:

e 1 a
Minimize — Jn(yn, un) == 3 lyn — yitllg o + 3 [un — i3 (3.6a)
over (yn,upn) € Vi, x S,(ll)7
subject to  a(yn,yn — vn) < (fa + Un, Yn — V)00, Vh € K, (3.6b)

Ky = {Uh e W | vp < Yp in Q}
We refer to J, and K} as the discrete objective functional and the discrete con-
straint set and to y; and wu; as the discrete state and the discrete control.
Denoting by S}, : S,(ll) — V}, the discrete control-to-state map which assigns to a

control uy, € S ,(11) the unique solution y;, € V}, of the discrete variational inequality
(3.6b), the control-reduced form of (3.6) reads:

«
|(2),Q + b} l|un — UZH%,Q (3.7)

1
Minimize Jred(uy) = 3 | S — i
over up € S,(ll).

Theorem 3.1. The discrete optimal control problem (3.6) admits an optimal solu-
: (1)
tion (yn,un) € Vi x S,

Proof. The proof can be given in much the same way as that of Theorem 2.3. [
As in the continuous regime, by introducing a slack variable o, € M}, the discrete

optimal control problem (3.6) can be equivalently reformulated as the discrete
complementarity problem:

. 1 o
Minimize  Ju(ynoun) = & lon— 30+ o Jun - ufl3a (38
over (Y, on,up) € Vi x My, x 521)7
subject to  a(yn,va) = (fu +un,vn)oq — ((on, V), vh € V, (3.8b)

Yn € Kn, o € My N M (Q), ((on,¥n —yn)) =0,
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where ((-,-)) refers to the dual pairing between C(2) and M ().

3.2. Discrete active and inactive sets

For v, € V;, we denote by
Zp(vp) = {a € Ni(Q) | vn(a) = 0}, Crlvn) := Nu(Q) \ Zn(vn) (3.9)

the sets of zero and non-zero nodal points with respect to v, € V},, and we partition
the triangulation 7,(€) into the sets of zero, non-zero, and mixed triangles with
respect to vy € V}, according to

Tn(Q) = Ty (vn) U Ty (vn) U T, (vn), (3.10)
where
Ti (vn) = {T € Tn(Q) | Nu(T) C Zp(vn)}, (3.11a)
Ti(on) = {T € T(Q) | No(T) € Calon)}, (3.11b)
T (vn) == Tn()\ (T (vn) U Ty (vn))- (3.11c)

Definition 3.2. For y, € K, we denote by Ay = Z,(¢n — yn) N Np(Q) and
Ip, := Cp(¥n—yn) N3 (Q) the sets of active and inactive nodal points. A nodal point
is said to be an isolated active (inactive) nodal point, if Ny, (we)\{a} C I UN(T)
(NMn(wa) \ {a} € Ap UNGL(T)). Moreover, the sets

Ay, = U{T € TiZ(Vn — yn)}, (3.12a)
Tui= (T € Tietwn — )}, (3.12b)
Filn) = \ T € T (n — )} (3.120)

are referred to as the discrete active set, the discrete purely inactive set, and the
discrete free boundary with respect to yp. The set

In = Iy U]:h(yh) (312(21)

is said to be the discrete inactive set.
Anedge E € &,(Q) is called active (purely inactive), if N, (E) C Ap, (NL(E) C I,).

The sets of active and purely inactive edges will be denoted by £ 4, and E 7, We set
5]:h(yh) = Sh(Q) \ (E4,U E7,) and &z, :=E7, Ug}_h(yh)' An active edge E € 4,

is called isolated, if E € E4,, \ En(Ap).
Likewise, for A\, € M}, we denote by
Zh()\h) = {(1 S Nh(Q) | )\h(a) = 0}, Ch()\h) = Nh(Q) \ Zh()\h) (313)

the sets of zero and non-zero nodal points with respect to A\, and we partition
Tr(Q) as follows

Tn(€) = 757 (An) U T (M) U T (M), (3.14)
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where
T (M) = A{T € Tn(Q2) | Na(T) C Zn(An) UNR(D)}, (3.15a)
TiAn) ={T € Th(Q) | TNT =0 and Np(T) C Cr(Ap)} U (3.15Db)
{TeTh(Q) | TNT #DANL(T)NNL(Q) CCr(An) AT C Ap},
T (An) := Tn(Q)\ (T (An) U T (An))- (3.15¢)

Definition 3.3. For oy, € M "M (Q) the sets Z, := Zj,(0) and O}, := Cp,(03,) are
said to be the sets of zero and strongly active nodal points. Isolated zero (strongly
active) nodal points are defined analogously to Definition 3.2.

An edge E € &,(Q) is said to be strongly active (purely zero), if Nj,(E) C Cj,
(Nn(E) C Zp,). The sets of strongly active and purely zero edges are denoted by
ECh and gzh. We set, g]:h(o'h) = Sh(Q) \ (SCh,U 52}1’) and gzh 2:52)1’ Ug]:h(gh).
Moreover, the sets

Zn= | (T € T (on)}, (3.16a)
Ch = AT € Ti¢(on)}, (3.16h)
Fulon) == | J{T € Ti"(on)} (3.16¢)

are referred to as the discrete purely zero set, the discrete strongly active set, and
the discrete free boundary with respect to op,. The set

Zp = Zp UFn(on) (3.16d)
is said to be the discrete zero set and the set
Bh = Cl(.Ah \Ch) (3.168)

is called the discrete biactive set. If B, = @), we say that discrete strict comple-
mentarity holds true. Otherwise, there is a lack of discrete strict complementarity.
Zero (strongly active) edges and isolated zero (isolated strongly active) edges are
defined similarly to Definition 3.2.

3.3. Discrete stationarity concepts

The discrete (strongly) active sets Ap,Cp, the discrete biactive set By and the
discrete inactive set 7 will be used to classify stationary points in the discrete
regime.
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Definition 3.4. For (yn,op,un) € Vi x My, x S,(ll) assume that there exist (py,, upn) €
Vi, x M}, such that it holds

a(yn,vn) = (f +un,vn)o — ((on, vn)), vn € Vh, (3.17a)
Y —yn >0, o € My "M (Q), {oh,tbn —yn)) =0, (3.17b)
a(ph,vn) = (" = yn.va)o,o — (s va)), vn € Vi, (3.17¢)
ph = a (up — uf), (3.17d)
pr(a) =0, a €Cp, (3.17¢)
un(a) =0, a € Iy, (3.17f)

The triple (yn, on,un) € Vi X My x S}(Ll) is called
(i) a discrete C-stationary point of (3.6), if the pair (pp, urn) € Vi, X M, satisfies

pn(a) pr(a) >0, a € By, (3.17g)
(ii) a discrete S-stationary point of (3.6), if the pair (pp, un) € Vi, x M, fulfills
un(a) >0, pp(a) >0, a € By, (3.17h)
(iii) a discrete stationary point of (3.6), if By, =0, i.e.,
Ch = Ap. (3.171)

Remark 3.5. In view of (3.17e) and (3.17f), condition (3.17g) implies

({tn, ) = 0. (3.18)

However, the reverse does not hold true. If ({1un, pr)) = >_qen, (8,) #n(a)pn(a) 2 0,
this does not imply that every summand is nonnegative. In other words, condition
(3.18) is weaker than (3.17g).

3.4. Extensions of the discrete Lagrange multipliers

In this subsection, we will first derive an explicit representation of the operation of
the discrete Lagrange multipliers o, and pp, on functions v, € V3 and then provide
two extensions &y, fip, and &y, i, to functionals on V. The extensions &y, fip will
be used in the convergence analysis of the finite element approximations in Section
4, whereas the extensions 6y, fip, will play an essential role in the a posteriori error
analysis in Section 5.

For notational convenience, we introduce the operator Ip, : Vi, — Vj, Dy C
N (Q), defined by means of

Ip, (vs)(a) := { (@ e /132(9) \D, + UnE Vi (3.19)
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It follows that Ic, is the identity on Cj, vanishes on Zj, whereas for D =T €
ﬁ,(fh(dh» and D=F ¢ g]:h(gh)l

Ie,()p= > wnla)pp”.
a€N(D)NCh,
Likewise, I4, is the identity on .Aj, vanishes on Zj, whereas for D = T €
Tn(Fn(yn)) and D = E € Ex, (y,):
Ly()lo= Y. wala) op”-
aeNy(D)NAp

Proposition 3.6. Let o, pp be the discrete Lagrange multipliers from Definition
3.4, let Fp(yn), Fn(on) be the discrete free boundaries with respect to yy, and oy,
according to (3.12d) and (3.16¢), and let Ip, be given by (3.19). Then, for v, € Vj,
1t holds

Qoo = > (( +un o, @n)or = (Tyn, Ve, (0n)or) =
TeTh(ChUFL(oh))
(3.20a)
> (f +un, Lc, (vn))or — > (Ve - [Vynle, Ic, (vr))o,E,
TeTh(ChUFn(on)) Be&e), UEF) (o1,)
((ns vn)) = Z ((yd = Yns La,, (vn))or — (Vpn, Via, (Uh))o,T> =
TeTh(ARUFn(yn))
(3.20b)
> (y" = yn, La, (0n))or — Y. (ve-[Vorle,La,(vn))o,p-
TETh (-AhU]‘—h,(yh,)) EE(‘:_A’L Ug}—h(yh)

Proof. In view of (3.17a) and (3.17c) we have

(o ot = (f + un, @™o, — (Vin, Vo' )ow., @ € Ch,

(s o)) = W = s ok V0w — (VP Vioh V0w, a € An.
Due to (3.16d) and (3.17f) ox(a) = 0,a € 2}, and pp(a) = 0,a € Iy, whence

> (f + un, so(a))o,T — (Vyn, Vsﬁ(a))QT ,a€Ch
on(a) = Tt " o) . (3.21)

0,a€ 2

and

> ((yd — Yn, 902[1))0,T — (Vpnp, V@za))O,T) ,a € Ay

pn(a) = TeTnlwa) (3.22)
0,a€cZy
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Applying Green’s formula elementwise to the second terms on the right-hand side
in (3.21) and (3.22) yields

> (f+ uh,vﬁf))om - > (vg- [vyh]Ea‘PEla))O,E ,a€Cy
on(a) =13 TeTh(wa) Beey g

0,a€ 2
(3.23)

and

E (yd — Yh, @;La))O,T - Z (VE : [Vph]E, @Ela))O,E ,a €A
pr(a) = TeTh(wa) Eeey
0,a€ly

(3.24)

Taking ((on, vn)) = > qen, (¢, On(@)vn(a) into account, from (3.21) and (3.23) we
deduce

(onon)) = > ( > ((f+uh7vh(a) w;la))o,T—(Vthh(a)Vw;za))o,T))

a€NR(Ch) TETh(wa)

and
({on,vn)) =

Z ( Z (f+uh,vh(a)<p§f))o,T— Z (VE'[Vyh]E,Uh(a)wga))o,E)-
a€NR(Cr) TETh(wa) EeEh(Eﬁ)

Regrouping the summands in the above expressions gives (3.20a). The represen-
tation (3.20b) follows similarly. O

The first extensions 6, i, € V* of the discrete multipliers are defined in a sim-
ilar way to the finite element analysis of variational inequalities of obstacle type
(cf., e.g., [13]), whereas the second extensions &y, i, € V* are defined in view of
Proposition 3.6.

Definition 3.7. Let (yn, on, un, ph, fin) € Vi X My, x SV x Vi, x M), satisfy (3.17a)-
(3.17f). We define functionals 64, fi, € V* by means of
(Gn,v) == (f +un,v)0,0 — alyn,v), veV, (3.25a)

() = (y? = yn, v)o.o — alp,v), veEV, (3.25b)
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and functionals &, fip, € V* according to

(Gp,v) = (3.26a)
Z (f +un,v)o,r — Z (ve - [Vynle,v)o.e + FL7 (PEZv), wveV,

TETH(21) E€éz,

(in,v) = (3.26b)
Z (y" = yn,v)or — Z (ve - [Voule, o, + Y (PEZv), weV,

TETh(An) E€€a,

where PPZ stands for the Scott-Zhang interpolation operator (see, e.g., [16, 51])
and

Fi(vy) = (3.26¢)
> (F+unlo,(wn)or— D, (e [Vl lo,(va))oe, (3.26d)

TETh(Fn(on)) BE€EF, (o)

FP(vy) = (3.26e)
> W=y Ia@)or— Y. (Ve [Vorlp La,(vn))os.  (3.26f)

TE,T}L(-F}L(Z/}L)) Eeg}—h(yh)

Remark 3.8. For later use in section 5, we recall the definition of the Scott-Zhang
interpolation operator: For each a € T,(Q) let T € w, be an arbitrarily but

fixed chosen element. Further, let {@g?) | @ € Ni(T)} be the L?(T)-dual basis of
{apgl) | a € NiW(T)}. Then, PPZ : L2(2) — V, is defined by means of

Fi%vi= 3 (B0, (3.27)
a€NL ()

where the nodal coefficients (P%v)(a) are given by

(PS5%v)(a) == / o\ (x)v(z) da. (3.28)

Proposition 3.9. The functionals &, fip, € V* and 61, i, € V* are extensions of
On, pn € My, i.e., for vy € Vi, it holds

(6nyvn) = (Gn,vn) = ({oh, Vn)),
(forsvn) = (fons V) = ({ftn, Vn))-

Proof. The results are immediate consequences of (3.17) and Proposition 3.6. O
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Remark 3.10. Fine properties of the extensions 6y, i, € V* in terms of localiza-
tions involving the discrete active/inactive sets are difficult to obtain, whereas the
extensions 0y, fip, € V* obviously satisfy

Ch C supp(&h) cCyu ]:h(o'h)7 (3.293)
supp(fin) € Ap U Fr(yn)- (3.29b)

The precise structure of 6, € V* depends on the definition of the Scott-Zhang
interpolation operator P,fz . In particular, under the condition

For all a € C, there exists T'* C w, such that T® c Cp, (3.30)

we obtain supp(dy) = Cp, if the triangles satisfying (3.30) are used in the defini-
tion of P;?Z . We note that (3.30) excludes isolated strongly active nodal points
and edges. However, utilizing a Scott-Zhang interpolation operator defined by av-
eraging over edges instead of triangles (see [51]), allows to show supp(dy) = Cp,
if we only exclude isolated strongly active nodal points. Similar remarks apply to
fin, 1.e., it is possible to achieve supp(fiy,) C Ay, instead of (3.29b), if no isolated
active nodal points occur and the modified PhSZ is used.

4. Convergence analysis of the finite element approximation

In this section, we prove that for a sequence of discrete C-stationary points there
exists a subsequence converging to an almost C-stationary point. To this end, we
assume:

(A1) {(yn,un,on)}n is a sequence of global minima of (3.7) or the sequences
{yn}x and {uy}% are uniformly bounded in L?(2).

(A2) The obstacle ¥ satisfies Ay € L?(Q).

Remark 4.1. Under assumption (Az) we may restrict ourselves to the case ¥ = 0,
since otherwise we can replace f by f 4+ A and y¢ by y¢ — 4.

Theorem 4.2. Let {(yn,on, un)}2e, (Yn, on,up) € Vi X My, X S}(Ll),h € H, be a se-
quence of discrete C-stationary points of (3.6). Further, let {(pn, pn)}#, (Oh, ) €
Vi, X My, h € H, be the sequence of associated discrete adjoint states and multi-
pliers computed with respect to a sequence {Vi,}34 of nested finite element spaces.
Finally, let 6, € V* and i, € V* be the extensions of the multipliers oy, and pp,
as given by (3.25).

If the assumptions (A1) and (Az) are satisfied and the sequence {Vi}y is limit
dense in V', then there exist a subsequence H' C H and an almost C-stationary
point (y*,0*,u*) € V. x V* x L2(Q) of (2.5) with associated adjoint state p* € V
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and multiplier u* € V* such that for h € H',h — 0 it holds

yp = y" inV, (4.1a)

yn —y* in L*(Q), (4.1b)

6p —o" in V¥, (4.1¢)

up — u*in L2(Q), (4.1d)

pp—p* iV, (4.1¢)

pn —p*  in L*(Q), (4.1f)

fp =% u* an V. (4.1g)

Moreover, if {S}(Ll)}q.[ is limit dense in H(S2), we have

(u*,y* vy =0 for allv e CH(Q). (4.1h)

Proof. Assume that {(yn,on,un)}w is a sequence of global minima. The triple
(Yn,on,up) = (0,—fn,0) is a feasible point for (3.6) and hence, Jp(yn,un) <
Jn(0,—fr). By the inverse triangle inequality and Young’s inequality it follows
that the sequences {yp, }% and {uy}# are bounded in L?(2).

If {(yn,on,un)}n is a sequence of stationary points, the boundedness of {ys}x
and {uy}z in L?(2) follows from assumption (Ay).

Choosing vy, = yp, in (3.17a) and v, = pp, in (3.17¢) and taking (2.4b),(3.17b), and
(3.18) into account, we obtain

A

¥ lwnlEa < alynun) = (f + unwoa < (1 loa + lunllo) vl

v Ipnll} 0 < alpn,pr) = (W = yn, pr)o.a — ((ns o))

< @' = yrndos < (Illo.c + lyalon) lpllio:

In view of the boundedness of {y;}s and {up}y in L?(Q), the preceding two
inequalities imply the boundedness of {yx }# and {ps}# in V. Moreover, observing
(2.4b), for v € V' we have

[(Gn, 0)| < [If +unllo,e [[v]lo.o + C llyallia (vl
< (If +unllog+C lynllie) vle,

(i, )] < ly® —wnllog Wloe +C lIpallie vl
< (ly* = ynllo.o + C llprllie) [vlie,

1,0

whence

ve < lly? = ynllog + C llynll1e)-

I6nllve < If +unlloo+C llynllia), il

This implies boundedness of the sequences {6, }4 and {fix }3 in V*. Consequently,
there exist a subsequence H' C H and a point (y*, o*, u*, p*, u*) € VxV*x L?(Q)x
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V x V* such that for h € H',h — 0 it holds

yp —=y" inV, p,—p* inV, (4.2a)
up, —u* in L2(Q), (4.2b)
op =" 0" V' g, —=%pt in V' (4.2¢)

Due to the Rellich-Kondrachov theorem V is compactly embedded in L?*() and
hence, (4.2a) implies (4.1b),(4.1f).
For another subsequence, still denoted by H’, we further deduce that for h €
H',h — 0 we have y, — y* and pp, — p* pointwise almost everywhere. Hence,
yn < 0,h € H', implies y* < 0 almost everywhere (a.e.) in Q.
Next, we show that the point (y*, o*, u*, p*, u*) satisfies the state equation (2.13a),
the adjoint state equation (2.13c), and (2.13d). Since {V},} is limit dense in V,
for any v € V we find a sequence {vp}3,vn € Vi, h € H, such that v;, — v for
h — 0. Observing (4.2), for h € H',h — 0, we deduce

a(yn,vn) = a(y*,v), a(pn,vn) = a(p”,v),

(f +un,vn)o0 = (f +u™,v)o0, @ —ynvn)oa = (U =y 000,
((on;vn)) = (6, vn)) = (0% 0), ((pn,vn)) = ((fns vn)) — (15, 0).
Hence, passing to the limit in (3.17a) and (3.17¢), we find that (y*,o*, u*,p*, u*)

satisfies (2.13a) and (2.13c).

The limit density of {Vj,}% in V further implies u¢ — u9,h — 0. Consequently,
(3.17d) and (4.2) imply that (4.1d) holds true and that the pair (p*,u*) fulfills
(2.13d).

Next, we verify o* € V. Since {(V3)4}# is limit dense in V4, for any v € V.
there exists a sequence {vp}y,vn € (Vi)+,h € H, such that v, — v as h — 0.

Observing o5, € M4 (£2) and (4.2c), we find
0 < {{on,vn)) = (Gn,vn) = (0", v),
whence (o*,v) for any v € V..
In order to establish strong convergence of the states in V', due to (3.6b) we have
a(yn, yn) < alyn,vn) + (f + un,yn —vn)oq, vn € VpNV_. (4.3)

Since the sequence {Vj N V_}y is limit dense in V_, there exists a sequence
{vn}n,vn € Vi NV_,h € H, such that v, — y* € V_ as h — 0. Taking (2.4b) and
(4.3) into account, it holds

Tao<alyn—y"yn — ") = alyn yn) — alyn,y™) — ay*,yn — y*)
< a(yn,vn) + (f +un,vn)oo — alyn, y*) —aly™,yn — y*).

Y lyn — v

Due to the already proven assertions (4.1b),(4.1d) and in view of (4.2a) the right-
hand side in the preceding inequality converges to zero which implies (4.1a). More-
over, observing (3.17b),(3.17f), and (4.1a), it follows that

0= <(}h,yh> — <U*7y*>a 0= <:&h7yh> - <ﬂ*ay*>7
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whence (o*,y*) = (u*,y*) = 0.
For the proof of (4.1c), we note that the compact embedding of L?(Q2) in V*
implies up, = w* in V* as H' 2 h — 0. Since A € L(V,V*) is bounded, we obtain

ve < [[Ayn — Ay*llve + llun — u*|lv-

< Allzevve llyn =y v + llun = u*llv- =0 (b = 0),
which implies (4.1c). Moreover, due to (3.17¢),(4.1c), and (4.1e) we have
0= (6n,pn) = (0", p") (H' 2 h = 0),

[

whence (o*,p*) = 0.
Next, we show (u*, p*) > 0. To this end, setting v, = pp, in (3.17c) and observing
{{tn, pr)) > 0, we find

0> a(pn:pn) = (" = yn, pn)o.o- (4.4)

Since the functional v € V + a(v,v) is lower semicontinuous and convex, it is
weakly lower semicontinuous whence due to (4.2a)

a(p*,p*) < liminf a(pp, pr).
On the other hand, the already proven assertions (4.1b),(4.1f) imply

" =y pnoo = W —y*,p)oa (H' 2 h—0).
Consequently, passing to the limit in (4.4) and taking into account that the triple
(y*, 0", u*) satisfies (2.13¢c), we obtain
0>a(p*,p") — (v =y p oo = —(u"\p"),

which proves (u*, p*) > 0.
In order to verify that p* satisfies (2.13e), we show

(@, () ") = (" (p7)7) =0, (4.5)
which implies p* = 0 in C* = int(supp(c*)) by Corollary 2.9. We note that (4.2a)
gives rise to

(pn)" = @) (pn)” = () nVasH 5h—0
(cf., e.g., [38]). Together with (3.17e), this leads to
0= ({on (pn) ") = (o™ (")), 0= {on,(pr)7)) = (", (")) (H' 3 h = 0),

which proves (4.5).

It remains to show that (y*,o*,u*) is an almost C-stationary point and to prove
(4.1h). In order to verify (4.1h), let v € CY(Q). We have y*v € V (cf., e.g.,
[21]). Since the sequence {S,(ll)}q.[ is limit dense in H!(£2), there exists a sequence
{vn}ta,vn € S,(Ll),h € H, such that v, — v (X > h — 0). Observing v, €
C(Q),yn € Co(Q2), we have vpy; € Co(2), h € H, which together with (vyyn)|r €
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HYT),T € T,(), implies vpy, € V, h € H. Taking (4.1a) into account, we deduce
ypop — y v in V as H' 2 h — 0. Since (ypvp)(a) = 0,a € Ay, it follows that

0 = (i, ynon) — (u*,y*v) (H' > h — 0).

Hence, (u*,y*v) = 0 which proves (4.1h), since v € C1(Q2) was chosen arbitrarily.
In order to prove (2.13i), we note that (3.17f) yields

<ﬂh, Uh> =0, vpbeVpnNWV (4.6)

IpUFR(yp) "

On the other hand, due to the pointwise a.e. convergence of {yn}y/ to y*, for
sufficiently small by € H' we have

yp <O0ae.inZ* H' 3h<h, (4.7
which shows 7* C 7, for h < hy. For h < h; we define
Ty = J{T € Tu(Q) | int(T) C T*},

such that Z,, C I* C Ih,?"{' 5 h < hy. Since Zp, may be empty, we choose hy € H’
sufficiently small so that Z, # @) for H' 3 h < hg. Setting hs := min(hy, ha), we
thus have

0#£7,CIT*CTy, H >h<hs. (4.8)

Now, let v € Cr-o = {v € Co(Q) | v|z~ € CF(Z%),v|q\z- = 0} be chosen
arbitrarily, but fixed. Since supp(v) C Z*, there exists h(v) € H', h(v) < hs, such
that

supp(v) C 1,CI"C1Iy, H >h< h(v).

Obviously, we have v € th(v) CV,.,and fh(v) C Zp, h < h(v), whence
Vi Vs, CVinVy oo b <h(o).
Observing (4.6), it follows that
(fin,vp) =0, wvp€VpN Vi B < h(v). (4.9)

Since the sequence {V,, N V. ( )}h<h(v) c V. o is limit dense in V., o’ there
h(v - h(v h(v
exists a sequence {vy}n<n(v),vn € Va NV, ( ),h < h(v), such that v, — v as
- h(v
h(v) > h — 0. In view of (4.2c) and (4.9), it follows that

0 = (fin,vn) = (u*,v) (h(v) = h —0),

which gives (u*,v) = 0,v € Cz+ . The density of Cz- o in Vz« ¢ implies (2.131). O
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5. A posteriori error control

In this section, we want to derive a residual-type a posteriori error estimator for
the discretization errors in the state, the adjoint state, and the control

Chy =Y —Yhy Chp =P Dh, Chu =U— Uy (5.1)

that provides both an upper bound (reliability) and a lower bound (efficiency) up
to consistency errors and data oscillations. The total discretization error e, :=
(€h,y, €h,p, €h,u) Will be measured in the norm

lealll = (lleny

and we will show

1/2
Ba) (5.2)

|%Q + ||eh,p||%,9 + [lenu

77}21 - e(i:i,,eff - OSC%L,eff 5 |||eh|||2 S 77}2: + ez,rel + OSC%L,T‘EZ'

Here, ny, is the residual a posteriori error estimator, whereas e}, .., € ., and
0SCh,rel; 05Ch e ff stand for the consistency errors and data oscillations associated
with the reliability and efficiency estimates.

5.1. Components of the reliability and efficiency estimates

In this subsection, we introduce the residual-type a posteriori error estimator con-
sisting of element and edge residuals, discuss the consistency errors due to a mis-
match in complementarity between the continuous and the discrete regime, and
present the data oscillations.

5.1.1. Residual-type a posteriori error estimator. The residual-type a posteriori
error estimator 7y, is given by

1/2
= ()2 + P2) (5.3)
(1)

where ;7 and n,(f) consist of element residuals and edge residuals associated with
the state equation (2.13a) and the adjoint state equation (2.13c)

W= (2 o T @) (5.4

TETH(Zn) Ec€z,
2 2 2 1/2
= (2 G Y mEh?) (5.4D)
TGTh(Ih) EESI}L

In particular, the element residuals 775,1'/) and the edge residuals ng), 1<v <2, are

given by

0,7 (5.5&)
0.5 (5.5b)

U(Tl) = hy || f +unllor, 7"7(TQ) = hy [ly* — yn|

ng) = b e - Vunlslos, 0 = hy?

lve - [Vonl el

5.1.2. Consistency error (mismatch in complementarity). We distinguish between
reliability and efficiency related consistency errors.
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Consistency error for the reliability estimate.

ei,rel = 621,()7 + 6512,1)7 + egzl,L + 622,;);7 (5.6)
where eg;)r, 65:,)” 1 <v <2, are given by
ey = (Gn =y —yn), ek = —(Gn—0,p— pa), (5.7a)
1 - 2 -
egL,L = </Lh — MK Y — yh>, ega,ib = <Mh — U, p 7ph> (57b)

Consistency error for the efficiency estimate.
Cheff = ( Yoo+ > e Y e+ Y effg)’ (5.8)
TETH(Zn) TETH(Tn) Eeéz, EBeér,

where eg,‘? ), egp” ), and 65)02, e((jg are given by

7 = |(fn+ un) brlih (o, (fu -+ un) br), (5.92)
et = Iyl = yn) brlir (s (9 — un) br), (5.9b)
el) = v - [Vunle belil, (0,ve - [Vynle be), (5.9¢)
e = —|vg - [Vpale belih (tve - [Voule be), (5.9d)

and bp, by stand for the element and edge bubble functions.

5.1.3. Data oscillations. As in case of the consistency errors, we distinguish be-
tween reliability and efficiency related data oscillations.
Data oscillations for the reliability estimate.

1/2
0SCh rel 1= ( Z OSCZT(ud)> , (5.10)
TeTh(2)
where oscp(u?) is given by
oscr(u?) := [|[ut — uf{|o.7. (5.11)

Data oscillations for the efficiency estimate.

OSChef f 5:( Z osc(f) + Z OSCQT(yd))l/z7 (5.12)

TETh(Zh) TETh(Zn)
where oscr(f) and oscr(y?) are given by

oser(f) = hr |f = fullor,  oser(y?) := hr |y = yillosr- (5.13)
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5.2. Reliability of the error estimator

Theorem 5.1. Let (y,o,u,p, ) and (Yn,On,Up, Ph, bn) be solutions of (2.13a)-
(2.13g) and (3.17a)-(3.17f) and let np, €], .1, 05Ch,rel be the residual-type error es-
timator, the consistency error, and the data oscillations as given by (5.3),(5.6),
and (5.10). Then, it holds

|H6h|||2 5 77}% + ei,rel + Osci,rel' (514)

The proof of Theorem 5.1 will be given by a series of lemmas.

We note that neither e, , nor ey, satisfy Galerkin orthogonality due to the pres-
ence of u, uy in the right-hand sides of the continuous and discrete state equations
(2.13a),(3.17a) and of y,y, in in the right-hand sides of the continuous and dis-
crete adjoint state equations (2.13¢),(3.17¢). As in the case of the a posteriori
error analysis of finite element approximations of control and/or state constrained
distributed optimal control problems for second order elliptic PDEs, Galerkin or-
thogonality can be achieved with respect to an auxiliary state y(uy) € V and an
auxiliary adjoint state p(yn) € V which are defined as the unique solutions of the
variational equations

a(y(uh)a U) = (f + uhav)O,Q - <&hav>7 v E ‘/7 (515&)
a(p(yh)a U) = (yd - yhaU)O,Q - <lah7v>a velV (515b)
In fact, it follows easily from (5.15a),(3.17a) and (5.15b),(3.17¢c) that

a(y(un) — yn,vn) = 0, vy € Vi, (5.16a)
a(p(yn) — pr,vn) =0, v € V. (5.16b)

Lemma 5.2. Under the assumptions of Theorem 5.1 let y(up),p(yr) be the auz-
iliary state and the auziliary adjoint state as given by (5.15a) and (5.15b) and

let 77,(11) and 77,@ be the components of the residual a posteriori error estimator
according to (5.4a) and (5.4b). Then, it holds

ly(un) — ynllLae < 1y, (5.17a)
lp(yn) — pallie < 0. (5.17b)

Proof. Denoting by PS¢ Clément’s quasi-interpolation operator (cf., e.g., [56]), due
to Proposition 3.9 and (5.16a) for e := y(up) — yp, it holds

||6H%,Q Sa(e’e) :T(e_PhCe)7 (518)
where the residual r(+) is given by

r(v) == (f +un,v)oq — (Gn,v) — alyn,v), veW.
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In view of the representation (3.26a) of the extension &, of the discrete multiplier
op, by straightforward estimation we obtain

r(e — PFe) <| Z (f +un,e— PEe)or (5.19)
TeTh(Zn)
+ 1> e [Vunle,e = PCe)osl + B (PS% (e — PCe)).

EEgzh’

Taking advantage of the properties

1/2
lle = PCellor < hr lelur,  lle = PCellop S hyl® [ely o

of Clément’s quasi-interpolation operator, for the first two terms on the right-hand
side of (5.19) it follows that

| > (f+une—Pleor| < (5.20a)
TeTh(Zn)
1
S I +ullor le—Plellor s Y. ni lelur,
TeTh(ZnR) TeTh(Zn)
| Z (ve - [Vynle,e — Py e)op| < (5.20b)
EGSZh

= ve - [Vonlellos le = Plelop S Y 0% le
EEgzh EEgzh

E.
1wy

For the third term on the right-hand side in (5.19), in view of (3.26c¢) and the
definition of the Scott-Zhang interpolation operator P># we obtain

RS2 (e — PCe))| < (5.21)
S (i twler Y 15~ PE @ o)
TeTh(Fn(on)) a€NL(T)NCh
+ > e Vunlelos 1(PE% (e — PEe)) (ag)or ™ llo,e,
E€Er, (op)

where a’; stands for the single nodal point in N (E) N Ch, E € E,(Fn(04)). Using
elementary properties of nodal basis functions

lehllor S hry @ € N(T), ey lo.p S Ry a € N(E), (5.22)
as well as the following property of P>Z (see, e.g., [51])

(P %0)(a)| S hp' [lollor, a € Nu(T), ve L3(9), (5.23)
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it follows that

S 1B e~ PN )l ey llor S (5.24a)
CLENh(T)ﬁCh
he Y. (B (e—PEe))(a) <
aeNh(T)ﬁCh,
hr Z h;(l,,,) lle = PYellor, S hr Z |e|1,w{(“>’
a€NR(T)NCh a€NR(T)NCh
I(PSZ (e — PEe)) (@) o = (5.24b)

(PE%(e — PEe) ()| oy llor S

h® h=t, | lle—PCe| o2

T(a’E) O,T(Q/E) S/ hE |6|

T(“/E)’
h

where T(%) denotes the fixed element in wjy which is used in the computation of the
nodal coefficient (PS4 (e — PFe))(a) (cf. (3.28)). Using (5.24a),(5.24b) in (5.21)
yields

|E(PE% (e - PCe))| S (5.25)
1 1
Z U(T) lel1or + Z 77;(9) ‘e|1wT(“3‘5)’
TETh (Fu(on)) E€Ex, (o) o

where

~ (a)
(AJT = U (-L);Z; .

a€NR(T)NCy,

Combining (5.20a),(5.20b), and (5.25), from (5.19) we deduce

1
Ir(e — PFe)| < Z n(Tl) lelior + Z USE) lel1,om, (5.26)
TETh(ZnR) E€tz,

where

~T T ()
P Uw% ,T e 777,.(-7:}1(0'}7,)) oF = wI uwf [ Ee EFn(on)
wi’, otherwise wf | otherwise
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Applying the Cauchy-Schwarz inequality in (5.26) and taking into account that
wl and w¥ have a finite overlap, it follows that

|7’(€—Phce)|§< 3 (77;1))2)1/2( 5 ‘eﬁ’wT)l/Q

TE,T}L(Z}L) TE7_}L(Z}L)

(X o)) k) 5

Engh EEgzh

> oo Y er)”

TETh(Zn) Ee€z,VUEF, (o))
1/2
2 2 (1)
( D lelar+ X |€|1,a;E) S lele
TETh(Zn) Eeéz,

Using the preceding inequality in (5.18) gives (5.17a)
For the proof of (5.17b) we set e := p(yn) — pn, and obtain

lellf o S ale,e) =r(e — Pye), (5.27)
where the residual r(-) is given by
r(v) = (¥ = yn,v)o.0 — (i, v) — alpn,v), vEV.
The representation (3.26b) of the extension fij, yields

rle—Ple)= > W' —uyne—Pieor— Y, (ve-[Vple,e—Ple)os

TETH(R) EEEL(Q)
- <ﬂhae_PhCe>: Z (yd_yhae_PhCe)OyT
TeTh(Zn)
- Z (ve - [Voule,e — Py e)os — F;E“)(Phsz(@ — Ple)).
E€és,

The terms on the right-hand side can be estimated from above in much the same
way as before resulting in

re = PEl S m” lelna, (5.28)
which together with (5.27) allows to conclude. O

Lemma 5.3. Under the assumptions of Theorem 5.1 let y,y(uy) be the state and
the auziliary state and let p,p(yn) be the adjoint state and the auziliary adjoint

state. Further, let 77,(11) and 7]22) be the components of the residual a posteriori error

estimator according to (5.4a) and (5.4b) and let el (QL be the consistency error

h,o0 €h,
terms given by (5.7a),(5.7b). Then, it holds
ly = )l o < lenalla + () + il (5.299)

2 2
lp — 2.0 S lenyll3o + (052 + el (5.29D)
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Proof. Subtracting (5.15a) from (2.13a) yields
a(y —y(un),v) = (enu,v)o,0 + (6n —oyv), veV. (5.30)
Choosing v = y — y(u) and observing (2.4b), we get
vy = yun)llf o < aly — y(un).y —y(up)) = (5.31)
(eny — y(un))o.a + (Gn — o.yn — y(un)) + ej .
The Cauchy-Schwarz inequality and Young’s inequality give

ol 1
[(enuy = y(un))o.el < 7 lly = y(un)ll5 o + > llen.u 5.0 (5.32)

Moreover, if we choose v =y, — y(up) in (5.30), we obtain
(on = o,y — y(un)) = (enu, y(un) = yn)oo + aly — y(un), yn — y(un)).
Another application of the Cauchy-Schwarz inequality and Young’s inequality yield
[(Gn — o yn — y(un))| < (5.33)
Tl =)o+ = o~ w0+ 3 lenalBo
Using (5.32),(5.33) in (5.31) and setting

2
v*+4 4 2
Cq = Cy=—, (C3:=-— 5.34
1 2’)/2 ) 2 727 3 "Y, ( )

it follows that
1
ly — y(un)lZ.0 < C1 llenullzo +Co llyn —y(un)l3q +Cs eflh.  (5.35)

The second term on the right-hand side in (5.35) can be estimated from above by
(5.17a) which results in (5.29a).

The estimate (5.29b) can be established by using similar arguments. In fact, sub-
tracting (5.15b) from (2.13c) yields

a(p = p(yn),v) = —(eny,v)oo + (in — p,v), vEV. (5.36)
Choosing v = p — p(yr) and v = p, — p(yn), we obtain
7 llp = pw)lIf o < alp = p(yn),p — p(yn))
= (enyp(yn) — Ploa + (in — p.pn — () + e,
(An = 1 o0 = P(yn)) = (eny,pn — P(Yn))o.q + alp = p(Yn), Pn — P(yn))-
An application of the Cauchy-Schwarz inequality and Young’s inequality gives
Ip=p(un)F0 < C1 lenyllo+Co lpn—plun)Fa+Ca el (5:37)
from which (5.29b) can be deduced in view of (5.17b). O
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Lemma 5.4. Under the assumptions of Theorem 5.1 let np, €y, ..;, and oscp rer be

the residual-type error estimator (5.3), the consistency error term (5.6), and the
data oscillation (5.10). Then, it holds

||eh,u||g,ﬂ Sop+ €horel T OsciQL,rel' (5.38)
Proof. Combining (2.13d) and (3.17d) we obtain
lenulld.o = (enusu —un)os (5.39)
= (enu,u” = ufl)o.o + (enu, (u—u?) = (un — uft))o.q
= (enu,u® —uf)oo + ™" (enu,p — Pr)oq

The first term on the right-hand side in (5.39) can be estimated from above by

|(enus u? =)ol <1 1 llenulld.q +osch(u). (5.40)
The second term can be split according to
(enu, P = Pr)og = (€nus P = P(Yn))o.2 + (nu, P(Yn) — Pr)oo- (5.41)
For the estimation of the first term on the right-hand side in (5.41) we choose
v =p—p(yp) in (5.30) which gives
a(y —y(un),p —p(Yn)) = (€nu,p = P(yn))o.o + (6n —0,p — p(yn)).  (5.42)
On the other hand, choosing v = y — y(up,) in (5.36) yields
alp —pyn),y — y(un)) = —(eny, y — y(un))o,o + (fin — p,y — y(up)).  (5.43)
Combining (5.42) and (5.43) and using the symmetry of (-,-), it follows that

(enus? —PYn))o,o = —(eny,y — y(un))o,a + (5.44)

B) (2) (1)

<5—h*0—7p(yh)7ph>+<ﬂh7/jlayh7 ( +eha+ehu

Now, choosing v = p(yp) —pp, in (5.30) and v = y, —y(up) in (5.36), for the second
and third term on the right-hand side in (5.44) we find

{on —o,0(yn) = pn) = = (€nus(yn) = Pr)o.a + aly = y(un), p(yn) — Pn),

(n = iy yn = y(un)) = (eny, yn = y(un))on + alp — p(yn), yn — y(un)),
and hence,

= (en,u, p(Yn) — Pr)oo + (5.45)

a(p — pyn), yn — y(un)) + aly — y(un), p(yn) — pr) + et + il

Using (5.45) in (5.41) results in

(eh w, P — P(Yn))on =

(€n,u,p — Pr)oa = a(p — p(Yn), yn — y(un)) + (5.46)

aly —y(un),p(yn) — pn) — leny 3. +el) +ef.
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For the first term on the right-hand side in (5.46), Young’s inequality gives

€
la(p = pyn), yn = y(wn))l < 5 llyn = y(un)lly, ()l o
Using (5.37) and choosing € = C4/2, we get
la(p — p(yn), yn — y(un))| < (5.47)

Cy C Cs (2
lenylls o + ||Ph —pwn)lF 0+ = llyn —y(un)l o + a ;L/)J

The second term on the right-hand side in (5.46) can be estimated from above
similarly:

m

la(y — y(un), p(yn) — o)l < = llpn — p(n) I3 IIy y(un) |3 -

[\

Observing (5.35), we choose € = 2C /a and obtain

OéCQ

o
la(y = y(un), p(yn) = pu)l < 7 llenullin + 57~ Hyh y(un)lf o (5.48)

C aCs 1
+ =l = polie + 55 €l
Using (5.40) and (5.46)—(5.48) in (5.39), it follows that
(yh) 1 y(uh)HiQ + 62,7‘6[ + Oscgel' (549>
The assertion (5.38) follows from (5.49) by taking (5.17a),(5.17b) from Lemma 5.2
into account. (]
Proof of Theorem 5.1. In view of
eny =Y —y(un) + y(un) — yn,
enp =P —p(Yn) +(Yn) = ph,
the estimate (5.14) follows from the preceding Lemmas 5.2, 5.3, and 5.4. (|

5.3. Efficiency of the error estimator
Theorem 5.5. Let (y,o,u,p, ) and (Yn,on, un, Pn, n) be solutions of (2.13a)-
(2.13g) and (3.17a)-(3.17f) and let np, €], .;s, 05Chefr be the residual-type error

estimator, the consistency error, and the data oscillations as given by (5.3),(5.8),
and (5.12). Then, it holds

77121 - ei,eff Osch eff ~ |||€h|||2 (5.50)

The proof of Theorem 5.5 will be provided by the subsequent two lemmas taking
into account the following well-known properties (cf., e.g., [56]) of the element
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bubble functions
lanlls z < (qn,qn br)or,  an € Pi(T), (5.51a)
lan brllor < llanllors  an € PA(T), (5.51b)
he' lanllor < lan brhr S bzt llawllor,  an € Pu(T), (5.51c)
and of the edge bubble functions

||Qh||g,E S (gn, qn bE)oE,  qn € Pi(E), (5.52a)
lgn bellor S h? lanllo.z,  an € Pi(E), (5.52b)
he'? Nlanlloe S lan behws S kg lanllos,  an € Pi(E). (5.52¢)

Lemma 5.6. Under the assumptions of Theorem 5.5 let ngj), 1 <v<2 ef, e,
and oscr(f), oscr(y?) be the element residuals (5.5a), the consistency error terms

(5.9a),(5.9b), and the data oscillations (5.13). Then, for all T € Ty (Zy) it holds
mr) Sllengllve +hr llenullor + e + oser(f), (5.53)

whereas for all T € Tp(Zy) we have
1 S llenpllve + b llenyllor + e + oser(y?). (5.54)

Proof. Setting ¥3 := (fn,+up) br, using (5.51a), Ayp|r = 0, Green’s formula, and
Yo7 = 0, we obtain

Ra | fn+unllgr S PG (fa + un, 0o = (5.55)
by (fr 4 un + Ayn, 3 )or = b3 (fa + un, ¥F)o,r — b a(yn, ¥7).

On the other hand, since ¥ is an admissible test function in (2.13a), we have

Cl(y, d)%) - (f + u, w%)O,T + <07 ¢%> =0. (556)
Using (5.56) in (5.55), it follows that
B3 fn+unlde S 03 (alyvF) = (F +wvfor +(@05) = (557)

W (alyn, 0F) = (fu+wn ¥ )or) =
B (aly = 97) = (f = o 0F)or — (u— un, ¥ o,z + (0,0F)) <

B (lenwhr [8Ir + lenallor 45
In view of (5.51b) and (5.51c), it holds
h' \fn + unllor S 03 = |(fa + un) br| S Ayt || fa + unllo,r, (5.58)
197 llo,r S NI.fn + unllor

Now, using (5.58) in (5.57), we get

0,1 +eT |¢%|1,T)'

B N+ unll S hr 1w+ unlox (lengllur + br llenallox + e +oser()).
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Combining the preceding estimate with 775,11 ) < hy I fn + unllor + oscr(f) yields
(5.53). The assertion (5.54) can be shown by similar arguments. O

Lemma 5.7. Under the assumptions of Lemma 5.6 let ng),l < v < 2, and
el el be the edge residuals and consistency error terms as given by (5.5b) and

(5.9¢),(5.9d). Further, for E=T, NT_,Ty € To(Q) let

0 =0l i), oseu, (f) = oser, (f) + oser_(f), (5.59a)
775,2]3 = 77;23 + 7)5?_), 0scy,, (y?) == oscr, (y*) + oser_(y?). (5.59b)

Then, for E € £z, we have
1 o
77(E) < ||eh7y||1,wE +hE ||6h7u||07‘~'E + 775;1E) + ey, T 05Cuy (f)v (5-6())
whereas for all E € &1, it holds
ng S llen| 0op + 1) + bt + 05 (). (5.61)

Proof. For E € £z, we set Y% :=vg - [Vy]g bg. Then, (5.52a) implies

(") = he lve - Volelly 2 S he (e - [Vynle, 0%)o (5.62)

= hg (Vor, - Vynlor,,Vg)oor, +he (Vor_ - Vywlor_, VE)oor_

where we have used that ¥%|p = 0,E’ € 0Ty \ {E}. Further, Green’s formula
and Ayp|r, = 0 yield

Lwe +he ||eh,y

ary (Yn, V) = (Vyn, Vig)ore = (vory - Vialre, ¥E)o.rs - (5.63)
Using (5.63) in (5.62) gives
(1) S he g (g, ¥3). (5.64)
Taking into account that 1% is an admissible test function in (2.13a), we get
o (Y, V%) — (f + w,¥E)ows + (0, 9F) = 0. (5.65)
Combining (5.64) and (5.65), we obtain
(1) < b alyn — . 0F) + he (fo +un ¥F)oss + (5.66)

hE (f - fha’ll}%)o,w}g + hE (u - uhaw%')o,wE - hE <07 1/%)
< b ly = pulrws 05w + e [$5lows (I + unllo.ws +

lows + 1f = fn

Moreover, (5.52b) and (5.52¢) imply
he'? v [Vunlelor S Whlhws = v [Vonle beliw, — (5.67)

< h'? lve - [Vunlel

[0&o0ws S hit? lve - [Vynle

v — up, |O,UJE) +hE el [VELws-

0,E;

0,E-
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Using (5.67) in (5.66) yields

19 < lenylhiws +he lenullows + e [fn + unllows + €5, + oscuy (f).

Due to the shape regularity of the triangulation, for E € &,(T) we have hg <
hr < hg and hence,

he | fn +unllows < he |[fn +un

hTJr ||fh + up,

The preceding two estimates result in (5.60). The assertion (5.61) can be verified
by similar arguments. O

o1y +he |fa+unlor. S

lo,ry + b || fn + unllor. S0l

5.4. Estimation of the consistency error

In this subsection, we provide fully computable quantities for the approximation
of the reliability and efficiency related consistency errors.

5.4.1. Approximation of characteristic functions. In this paragraph, following [24,
26, 39] in case of adaptive finite element approximations of control and/or state
constrained optimally controlled second order elliptic boundary value problems,
we provide approximations of the characteristic functions x , and x, of the active
set A and the zero set Z by means of the available finite element solutions. Here
and in the forthcoming paragraphs we will use realizations o}, uj, € V3 of the
discrete multipliers oy, pp, with respect to the finite element spaces V}, according
to

(0, vn)o.0 = ((on,vn))s  (Bhsvn)og = ((h,vn)),  On € Vi

Moreover, we introduce a mesh function h € S’,(ll) whose nodal values h(a) are
given by averaging over local patches:

h(a) := (card(w,)) ™! Z hr, a€ Nu(Q).
TETh(wa)

The approximations of the characteristic functions are defined by means of

Q)= 1— (Yn — yn)(a) u ~ .
XAl = ey o @y A (6%
Xnz(a) =1~ G a € N, (), (5.68b)

(@) + op(a)’

where 0 < v < 1 and r > 0 are fixed. In case of uniform meshes with h=~h=
maxrer, () hr, the following result reflects the approximation properties of x5,.4
and xp,z.

Proposition 5.8. For0 <e <1 and~,r asin (5.68a),(5.68b) consider the partition

NI, =1, UI,,
where the sets ,,,1 < v < 2, are given by
Ly ={z €T |0 <tn(@) —yn(x) <A}, I i={x €T | ¢n(a) — ynlx) > A"}
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Then, it holds

=0 , wCANA,,

< min(|w|1/2,'y_1h_r||wh — yh||07Q , w C ANTI,
IXa = Xnallowq = lw|*/? L wCINA,

< w2 ,wCT

< |w‘1/2hT(1_€) L wC T

Proof. Without loss of generality we may assume h < 1. For the proof we distin-
guish several cases.

Case 1 (w C AN Ay): Obviously, X 4 |w = X 4w = 1.

Case 2 (w C ANZy): We have x ,|» = 1 and hence,

B ~ (Wr—yn)lw
O =Xl = YR + (n = yn)lw

Since (Y, — yn)|w > 0 and vh" > 0, it follows that

(XA - Xh,,A)|w < ’V_lh_r(wh - yh)|w and (XA - Xh,A)lUJ <1,

which allows to conclude.
Case 3 (w C ZNAy): The assertion follows readily from x|, =0 and x, ,|o = 1.
Case 4 (w C ZNZy): We have x ,|» =0 and

_ vh”
Yh" + (Vn = Yn)lw

(XA - Xh,A)|w

For w C 7 this implies (x, — X, 4)|w < 1, and we conclude. On the other hand,
for w C Zs, taking h < 1 into account, we find

(X.A - X}L,A)IW < min(l, hr(lis)) = hr(lis)v

which proves the assertion. O

5.4.2. Approximation of the continuous active/inactive sets. Based on the approx-
imations x, 4, X, - of the characteristic functions of the continuous sets A and Z,
we derive approximations of the continuous (strongly) active, biactive, inactive,
and zero sets. To this end, for 0 < k < 1 and 0 < 7’ < r we first define nodal
sets flhjh,C_’h,Zh, and B;, as approximations of their continuous counterparts
according to

A= {a € Nu(®) | x, (@) 21— wh(a)"}, T = Na(@)\ A,
Chi= (MW@ \ {a € Nu(@) | x, 2 (@) = 1 = kh(a)}) N A,
Zh = Nh(Q)\Ch, Bh = flhmZh.
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These sets constitute a suitable basis for the specification of approximations Ay,
of A, Z;, of Z, Cj, of C, and Z}, of Z by means of

Ay = {T e Ta(@) | T € AL}, Al :={T € Ta(Q) | Ni(T) € An},  (5.69)
=T e | TeI]UF]}, (5.69b)
IF = {T € To(Q) | Nu(T) € I}, Fh = Ta()\ (A} UZ]),

Chi=HT € Tu(@) | T €CP}, CF == {T € Tu(Q) | Na(T) S Cr} U (5.69¢)
{T €Th(Q) [ TNT #0ANLT) NNL(Q) #OAT C ALY,

Zy =T eTu(@) | Te2l UFL} (5.69d)
ZI = {T € Th(Q) | No(T) € Zp, UNL(D)}, FL o= To() \ (CL U 2]).

The biactive set B and the free boundaries F(y) and F (o) are approximated by

By =T € Tu(Q) | T € B}, Bf == A \Cf, (5.69¢)
Fp = {T eT(@) | T e 7}, (5.69f)
For =T eTh(@ | TeFL} (5.69g)

In the documentation of the numerical results in the following section 6, we will
measure the quality of the approximation of the active set A and the strongly
active set C by the a posteriori quantities
dva ,_ dva ,_
eé}.};\l = ||XA[ - X«‘ie ”Ll(Q)v el,vca = ”Xce - Xc’[ ”LI(Q)v (5'70)
where the upper index ’dva’ stands for ’discrete versus approximate’, and compare
them with the quantities

d vd
eZUA = ”XA — Xa, ||L1(Q)> ezuc = HXc — Xe, ”Ll(ﬂ)v (5'713*)
e = u —xa Moy €68 = e = xe Ity (571D)

Here, the upper indices ’evd’ and ’eva’ mean ’exact versus discrete’ and ’exact
versus approximate’. Obviously, these latter quantities are only available, if the
exact solution is known.

5.4.3. Approximation of the continuous states and multipliers. We derive approx-
imations of the state y and the adjoint state p as well as various approximations
of the multipliers ¢ and p in terms of the approximations of the continuous ac-
tive/biactive, strongly active, inactive, zero nodal points (sets) and free boundaries
provided in the previous paragraph 5.4.2. Motivated by superconvergence results
through local averaging (cf., e.g., [3]), we define approximations g, € V}, of y and
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pr € Vi, of p according to

card( NV (wo))™t Y wn(d) ,ael,

gn(a) := { a’ €Ny (wa) o, (5.72a)
Yp(a) , a € Ay
card(NVp(wo))™t > pu(d) ,a€ Z,

pnla) i= { @ € (wa) o (5.72b)
0,a€eCy

Likewise, we define approximations o and pj of o and p by means of

, card(Np(we))™t Y oh(d),ae€Cy
oy (a) := a’ €Nk (wa) o, (5.73a)
0,a€Zy
card(NVp(we))™ Y ph(d),aely
wh(a) == a' €N (wa) o (5.73Db)
0,ac€ Ah

Remark 5.9. The functions yh,ﬁh will replace y,p in the approximation of the
consistency error ej, ,..;, whereas oy, iy, will be used in the approximation of Choeff
and in a further form of the approximation of € rel (cf. paragraph 5.4.4).

For the approximation of the multipliers o,y in the consistency error €}, ., we
will use an alternative approximation which relies on the structural properties of
the multipliers. If the sets C and A are the union of a finite number of connected
pairwise disjoint Lipschitz sets, for any v € V Proposition 2.1 guarantees the
existence of sets C, A and functions vg®*, vt € V such that CCC C Q,AC ACQ
and

(0,0) = (0,06™) = (f +u,v¢")g ¢ — (Vy, Vog™) o 6,
(1, v) = (p, v3") = (y° —y,vilm)o,g (Vp, Voo 4

Employing the structural information provided in Proposition 2.16, we obtain
(o,v) = (5.74a)
((f+udvv)0,c - (V¢7vv)0,c> - ((A% v )0 eveyns + (Y, VUE© )o,(é\cms>

+ ((f +ul + a7 g™y @\eynr — (Vo VOET), C\c)mz)
(,0) = (y* = ¢, 0)0,4 (5.74b)
+ o (VG + [ +ut), Tolos + (5" = 4,050 1a — (V. 050 44)-

In order to provide a fully computable approximation, we replace the unknown
sets C, B, A,Z, and the unknown functions y, p by their previously defined approx-
imations Cy, By, An, Ip, and @y, pr. Moreover, C, A are chosen according to

C = Ch U fgh7 A = Ah U fyh, (5.75)
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whereas v§™, v’ are approximated by

vg—:t =1, (vn), vff}f =1, (vn), vn € Vh (5.76)
Here, I,, , Dy C N3(Q), is the operator from (3.19).

Using the previous approximations in (5.74) and assuming sufficient regularity of
the data in Bj, we obtain the following approximations of the action of o, on
functions in Vj:

(0,vn) = <5;(Ll)a7)h> = Z ((f +u vp)or — (V%Vvh)o’T) (5.77a)
TEWL(G}L)
- Y (AL, @)er + (Ve VI, vior)
TeTh(Fo, NBr)
+ > (Ut aT L )or — (Vi VI, 0))or)
TeTh(Fo, NIn)
(on) = (@ on) = > @ =)o (5.77b)
TeTh(An)
+a Y (V(AY+ f+uh), Vor)or
TeTh(Br)
+ > (W= Ly, Gn)or — (Vo VI, (@0)orr ).
TeTh(Fyy,)

As far as the regularity of the data is concerned, in the proof of Proposition 2.16
we have seen that Ay € L?(B) and Ay + f +u? € HY(B). If B, C B or else
Ay € L*(By,) and Ay + f +u? € L%(By,) hold true, (5.77a) and (5.77b) are
well defined. Otherwise, employing the values of 7, and pj, in By, we can use the
following simplification of the approximations of the action of o, 4 on functions in

Vi:

o) = (o o) = 3 ((F+uhoor = (Ve, Vonor ) (5.78a)
Teﬂz(éh)
- > (VO VI, ()
TETh(]}ghﬂlgh)
+ > (et e e I, )or — (T, Vi, 1)or),
TeTh (ﬁtrh mfh)
(oon) ~ (B o) = > = von)or— Y. (Vbr Vonor (5.78D)
TETH(Ar) TETh(Bh)

+ 3 ("= g Ly, @)or — (95, VI, (0n))or )
T€7_h(]:—yh)
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5.4.4. Approximation of the consistency errors. For the consistency error ej ..,
we will use three different types of approximations

ra~er =W e et e <k <3, (5.79)

For the first two approximations ez( )1 < k < 2, we use the approximation of
the multipliers by (5.77) and (5.78):

él’(k) = (6n— 0 n — Un), éi’,f;k) = (Gn— 5, Ph — ), (5.80a)
_ (k) - _2,(k - (k)
e}h;) = (fn — uﬁl )7yh — Yn), eiﬁi) = (fin — Mg ),ph = Ph)- (5.80b)

The third approximation e, ’( ) is obtained by using the approximation of the
multipliers by local averaglng ( f. (5.73)):

&y O = (Gn — o7 Tn — yn)s e O = (6 — ofl.pn — Bn), (5.81a)
5;11,;) = (fin — My Yn — Yn), BZL) := {fin — WhsPh — Dh)- (5.81b)

Further, we compute upper bounds e ‘C (k) ,1 <k <3, according to
e < EpY) = By ® 4 By >+E1 W Er® 1<k<s, (5.82)

where E ’(k) Eh’(k) 1 < v < 2, are given by summing up the absolute values of

the elementw1se contributions of eh’(k) (k)7 1<v <2

For the approximation of the consistency error ej , Ff We use the approximation of
the multipliers by local averaging as given by (5.73):

Gerr S Eheryi= Z hz llowllg.r + Z W [l lI6 - (5.83)
TeTh(Zn) TETh(Zn)

6. Numerical results

In this section, we present numerical results for problems with and without strict
complementarity illustrating the performance of the suggested finite element ap-
proximation. We note that for adaptively refined meshes it is appropriate to mea-
sure the decay in the error err in terms of the degrees of freedom (DOF) provided
by the finite element mesh. In particular, if there exists a real number 7 > 0 such
that err = O(DOF~7), then 7 is said to be the convergence rate of the error with
respect to the degrees of freedom. In the numerical experiments, we are dealing
with a hierarchy {7, () }nen of nested simplicial meshes with associated degrees
of freedom DOF(n). Denoting by err(n),n € N, the error with respect to the
mesh T, (), we refer to

S log(err(n —1)/err(n))

" log(DOF(n)/DOF(n — 1))’
as the experimental convergence rate in terms of the degrees of freedom. On a
double logarithmic scale, the numbers 7,, correspond to the negative slopes of

n €N, (6.1)
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the lines connecting log(err(n — 1)) and log(err(n)). In the subsequent numerical
examples, we will compare these lines both for uniform refinement and adaptive
refinement. In the regular case, we expect the slopes to be approximately the same,
whereas for less regular solutions the slope for adaptive refinement is expected to
be larger than in case of uniform refinement.

Ezample 6.1. We consider A = —A on the L-shaped domain = (—2,2)2\ ([0, 2] x
[—2,0]). In polar coordinates, given

r2/3

Y @) = =) P sin(Cp)

Wiy 1,r>7r:=0.5 " o
o (’I") - { 0 , otherwise ) u (’I“, 90) =Y (Ta Qp)a

where

(r) = 0,r>r
T = 1603 — 1272 + 1, otherwise
it can be easily verified that the triple (y*,o*,v*) with the adjoint state p* = y*
and the multiplier u* = o* is an S-stationary point of (2.5) with respect to the
data

y'=pt = Apt+yt, ut =0,

f=0"—Ay*—p", a=1, ¢ =0.
Further, we have Z* = {(r,¢) | r € (0,7),¢ € (0,37/2)}, Z* = Z*, and hence,
B* = (). The state y* and the inactive set Z* are displayed in Figure 1. The

adaptively generated final mesh with 33468 DOF's and a zoom into the vicinity of
the singularity of the state at the origin are shown in Figure 2.

FIGURE 1. Example 6.1. Optimal state y* (left) and inactive set
Z*, marked in black (right).

The convergence history is documented in Figure 3 (left) which shows the decrease
of the errors in the state |ep |10 and in the control |les 4|lo,0 as a function of
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FIGURE 2. Example 6.1. Final mesh (left) and zoom into the
vicinity of the singularity at the origin (right).

the DOFs on a logarithmic scale both for uniform refinement (UFEM) and for
adaptive refinement (AFEM). Likewise, Figure 3 (right) shows the decrease of
the total error |||en||| and of the estimator 7 as a function of the DOFs on a
logarithmic scale, again both for uniform refinement (UFEM) and for adaptive
refinement (AFEM).

Table 1 contains the computed experimental convergence rates (cf. 6.1) for the
approximation of the state, the adjoint state, the control, and the total error in
case of uniform and adaptive refinement. We see that asymptotically the expected
optimal convergence rates are achieved.

and estimator

errors in state and control

otal error

[

107 o Te,T(FEM)
——lle,|I (AFEM)

01 (UFEM)
—+—n (AFEM)

a el (UFEM)
‘ O [llelll (UFEM)

—s—lle,I (AFEM)

_| [ llelll (AFEM)

10' 10° 10° 10 10° 10° 10 10 10 10° 10° 10°

F1Gure 3. Example 6.1. Convergence history: Decrease of the
errors in the state |lepy|1,0 and in the control |len.lo,0 as a
function of the DOFs on a logarithmic scale (for uniform (UFEM)
and adaptive (AFEM) refinement (left). Decrease of the estimator
np, and the total error |||en]|| as a function of the DOFs on a
logarithmic scale (for uniform (UFEM) and adaptive (AFEM)
refinement (right).
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TABLE 1. Example 6.1: Experimental convergence rates (uniform
and adaptive refinement).

n lenyll10 llenpllro llen,ullo.o enlll
unif. | adapt. || unif. | adapt. || unif. | adapt. || unif. | adapt.

3 || 0.26 1.11 0.26 1.11 0.68 2.15 0.28 1.15
4 || 0.41 0.76 0.41 0.76 0.76 1.48 0.42 0.78
5 (| 0.43 0.56 0.43 0.56 0.88 1.06 0.44 0.57
6 || 0.44 0.68 0.44 0.68 0.83 1.40 0.45 0.69
71| 0.45 0.57 0.45 0.57 0.82 1.15 0.45 0.57
8 || 0.41 0.64 0.41 0.64 0.82 1.21 0.41 0.64

9 || 0.42 0.51 0.42 0.51 0.78 1.09 0.43 0.51
10 || 0.40 0.57 0.40 0.57 0.76 1.07 0.40 0.57
11 || 0.40 0.49 0.40 0.49 0.75 1.04 0.40 0.50
12 || 0.39 0.54 0.39 0.54 0.73 1.02 0.39 0.54
13 || 0.38 0.49 0.38 0.49 0.72 1.03 0.38 0.49

As far as the consistency errors and their estimates are concerned, we have to dis-
tinguish between the reliability related consistency errors ef, ,.; (cf. (5.6)) and the
efficiency related consistency errors ej, ., (cf. (5.8)). Figure 4 displays the decay
of |ef, ;| and its estimates |éz(rli)l|,EfL§n]z)l,2 < k < 3, as a function of the DOFs
on a logarithmic scale for uniform refinement (left) and for adaptive refinement
(right) (we note that EZ’,(TIC)Z, EZ(Tle)l and éZ’frze)l, E‘Z(Ti)l coincide for problems featuring
strict complementarity which is the case in Example 1).

e. in rel. estimates (UFEM)
c.e. in rel. estimates (AFEM)

o e
S| e
j—
——
==

FIGURE 4. Example 6.1. Decrease of the reliability related con-
sistency error e = |ef, | (dotted line) and its estimates e* =
|62”(Tke)l|,Ek = E’ZE«Z@ < k < 3, (solid lines) as functions of the
DOFs on a logarithmic scale for uniform refinement (left) and
adaptive refinement (right).
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We observe that ¢ | and E,CL(T?Z provide upper bounds for [ef, ,..,| with approx-
_c,(3)

imately the same decay rates. On the other hand, |e, )| slightly underestimates

) =c,(3) - e i -
|€f, rer|s Whereas )" grossly overestimates |ej, ,..,[ with an insufficient decay rate

in particular for adaptive refinement.

6. in off. estimates (UFEM)
e.in eff. estimates (AFEM)

10 10°
DOFs DOFs

F1GURE 5. Example 6.1. Decrease of the efficiency related consis-
tency error e = ej ., (dotted line) and its estimate £ = E;’,iff
(solid line) as functions of the DOF's on a logarithmic scale for

uniform refinement (left) and adaptive refinement (right).

active set errors (UFEM)
/e set errors (AFEM)

active

——dva(A) —— dva(A)
O evd(A) 0 evd(A)
—8—eva(A) —E—evald)

0 . . . . 0°

F1GURE 6. Example 6.1. Approximation of the active set A: quan-
tities e5"4 (dotted line) and efl’q, e’ (solid lines) as functions of
the DOF's on a logarithmic scale for uniform refinement (left) and
adaptive refinement (right).

Similarly, in Figure 5 the decay of the efficiency related consistency errors ej, £f

and their estimates E}CL}, ¢ are shown as functions of the DOFs on a logarithmic

scale for uniform refinement (left) and adaptive refinement (right). After a pre-

asymptotic phase, the estimates E,Cliff represent close upper bounds of €heff
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featuring essentially the same decay rates.

Finally, Figure 6 displays the decay of the errors with regard to the approximation
of the active set A in terms of the quantities eif’ff‘, eq %, and e‘}?fj (cf. (5.70),(5.71)).
Recalling that the quantities eif’ffl and e;") are the L'-norms of the difference
between the characteristic function of the continuous active set A on one hand
and the characteristic function of the discrete active set A}, resp. the characteristic
function of the approximate active set A, on the other hand, we see that the a
posteriori quantity e‘f;’j yields a close upper bound with approximately the same
decay rates.

Ezample 6.2. The second example which has been considered in [30, 28] features a
problem with lack of strict complementarity. We consider A = —A on Q = (0,1)2.
Given

)

V(@1 32) = { —a(m)zz(ng:gcszm) € (0,0.5) x (0,0.8)

o*(x1,x2) = 2 max(0, —|x; — 0.8] — |(z2 — 0.2)27y — 0.3] + 0.35),
u* (21, 22) = y* (21, 22),
where
21 (1) := —4096 2§ + 6144 27 — 3072 x + 512 23,
2o(29) 1= —244.140625 x5 4 585.9375 x5 — 468.75 x5 + 125 a3,

it can be easily verified that the triple (y*,0*, u*) with the adjoint state p* = y*
and the multiplier u* = o* is an S-stationary point of (2.5) with respect to the
data

y'=p* = Ap* +yt, ul=0,

f=o" =AMy —p. a=1, $=0.

Further, we have 7% = {(z1,22) | (z1,22) € (0,0.5)%(0,0.8)},C* = {(z1,22) | |z1—
0.8+ |(z2 —0.2)z1 — 0.3| < 0.35}, and hence, B* = Q\ (Z* UC*) # &. The optimal
state y* and the optimal multiplier ¢* are shown in Figure 7, whereas the inactive
set 7% and the strongly active set C* are displayed in Figure 8. Figure 9 shows
the adaptively generated mesh at level n = 7 with 2439 DOF's and the final mesh
(level n = 11) with 34159 DOF's.

As in the first example, Figure 10 displays the decrease of the errors in the state, in
the control, in the total error, and in the estimator as functions of the DOF's on a
logarithmic scale, whereas Table 2 contains the associated computed experimental
convergence rates. Since the solution is smooth, uniform refinement is already
optimal, i.e., in Table 2 we observe almost the same rates for uniform and adaptive
refinement. However, as can be seen in Figure 10, the error reductions are slightly
less for adaptive refinement.
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FIGURE 7. Example 6.2. Optimal state y* (left) and optimal mul-
tiplier o* (right).

FIGURE 8. Example 6.2. The inactive set Z* (left) and the
strongly active set C*, both marked in black (right).

VAN

N4
AN ZANZANZANFAN Vi

0 01 02 03 04 05 06 07 08 09 1 0 o1 02 03 04 05 06 07 08 09 1

FIGURE 9. Example 6.2. Mesh at refinement level n = 7 (left)
and final mesh (right).
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Figure 11 shows the decrease of the reliability related consistency error e = [ej, .|

dotted line) and its estimates * = |g&*) JEF = Ec’(k), 1 < k < 3, as functions
h,rel h,rel

of the DOFs on a logarithmic scale both for uniform refinement (left) and for
adaptive refinement (right). We see a very similar behavior as in Example 1, i.e., for
1 < k < 2, the quantities ¥ = |é2”(k)| and EF = E;i(k) provide close upper bounds,

rel rel
e (3 . s, (3 : :
whereas |e} (T €)l| underestimates and Ej (Te)l grossly overestimates the consistency

error lef; |-

in state and control

total error and estimator

o - le, [ UFEN)
e, (AFEM)
o el (UFEM)
—sllel (AFEM)

O+ (UFEM)

—+—n (AFEM)
0 lefl| (UFEM)

B | el T

10° 10 10° 10' 10° 10"
DOFs DOFs

FiGURE 10. Example 6.2. Convergence history: Decrease of the
errors in the state ||ep ||1,0 and in the control ||es 0.0 as func-
tions of the DOFs on a logarithmic scale (for uniform (UFEM)
and adaptive (AFEM) refinement (left). Decrease of the estima-
tor 7, and the total error |||en||| as a function of the DOFs on
a logarithmic scale (for uniform (UFEM) and adaptive (AFEM)
refinement (right).

TABLE 2. Example 6.2: Experimental convergence rates (uniform
and adaptive refinement).

n llen,yll1,e llerpll1,0 llen,ullo.o Ilen ]|l
unif. | adapt. || unif. | adapt. || unif. | adapt. || unif. | adapt.
2 || 0.24 0.61 0.24 0.61 0.65 1.42 0.25 0.63
3| 0.34 0.63 0.34 0.63 0.69 1.33 0.35 0.64
4 || 0.61 0.47 0.61 0.47 1.20 0.95 0.62 0.47
51| 0.39 0.58 0.39 0.58 0.78 1.16 0.39 0.58
6 || 0.57 0.47 0.57 0.47 1.14 0.88 0.57 0.47
7 0.41 0.53 0.41 0.53 0.81 1.12 0.41 0.54
8 || 0.57 0.49 0.57 0.49 1.15 0.90 0.57 0.49
9 || 0.42 0.52 0.42 0.52 0.83 1.07 0.42 0.52
10 || 0.57 0.47 0.57 0.47 1.15 0.85 0.58 0.47
11 0.44 0.53 0.44 0.53 0.84 1.12 0.42 0.53
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c.e. in rel. estimates (UFEM)
&.inrel. estimates (AFEM)

10° 0
DOFs DOFs

FIGURE 11. Example 6.2. Decrease of the reliability related con-

sistency error e = |ejf, | (dotted line) and its estimates ek =
éi’(i)lLEk = E'Zgz)l,l < k < 3, (solid lines) as functions of the

DOFs on a logarithmic scale for uniform refinement (left) and
adaptive refinement (right).

Figure 12 displays the decrease of the efficiency related consistency error ej .,
and its estimate Ezle 77 as functions of the DOFs on a logarithmic scale for uniform
refinement (left) and adaptive refinement (right). As in Example 1, after some pre-
asymptotic phase in the adaptive regime, the estimates provide upper bounds of
the consistency error.

o.in eff. estimates (UFEM)
&.in eff. estimates (AFEM)

10° 10°
DOFs DOFs

F1GURE 12. Example 6.2. Decrease of the efficiency related con-
sistency error e = lej | (dotted line) and its estimate £ =

E;(elf)f (solid line) as functions of the DOFs on a logarithmic scale
for uniform refinement (left) and adaptive refinement (right).

Example 2 features the occurrence of a strongly active set C* and hence, we are

interested in how well the a posteriori quantities eﬁ”j and eivg coincide with

€hns 62% and e}'¢, eif’g, respectively. This is reflected in Figures 13 and 14.
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—— dva(A)
o evd(A)
—e—evalA)

10' 10 10°
DOFs

FIGURE 13. Example 6.2. Approximation
(dotted line) and ef"%, e5"%

43 evd
quantities €A

10° 10’ 10

10*
DOFs

of the active set A:
(solid lines) as func-

tions of the DOF's on a logarithmic scale for uniform refinement
(left) and adaptive refinement (right).

tive set errors (UFEM)

—— ava(C)
0 evd(C)
—8—evalC)

ors (AFEM)

——dva(C)
o evd(C)
—e—eva(C)

10 10
DOFs DOFs

FIGURE 14. Example 6.2. Approximation of the strongly active
set C: quantities e‘;;’g (dotted line) and eﬁf’c“, ey'¢ (solid lines) as
functions of the DOF's on a logarithmic scale for uniform refine-

ment (left) and adaptive refinement (right).
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