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Abstract

We consider the process of phase separation of a binary system under the influence of me-
chanical stress and we derive a mathematical multiscale model, which describes an evolving
microstructure taking into account the elastic properties of the involved materials. Motivated
by phase-separation processes observed in lipid monolayers in film-balance experiments, the
starting point of the model is the Cahn-Hilliard equation coupled with the equations of linear
elasticity, the so-called Cahn—Larché system. Owing to the fact that the mechanical deforma-
tion takes place on a macrosopic scale whereas the phase separation happens on a microscopic
level, a multiscale approach is imperative. We assume the pattern of the evolving microstruc-
ture to have an intrinsic length scale associated with it, which, after non-dimensionalisation,
leads to a scaled model involving a small parameter € > 0, which is suitable for periodic-
homogenisation techniques. Furthermore, we present a linearised Cahn—Larché system. For
the associated e-dependent problem, we proof the existence and uniqueness of a weak solution
by a Galerkin approach, for every ¢ > 0. As discretisation in space leads to a linear differential—
algebraic system of equations, we apply solution theory for such equations in a weak setting.
A-priori estimates enable us to homogenise the linear system rigorously using the concept of
two-scale convergence. The full nonlinear problem is formally homogenised using the method
of two-scale asymptotic expansion. Both systems leads to models of distributed-microstructure
type in the limit. Properties of the limit models are discussed. Finally, numerical simulations
based on a finite-element approach are considered to showcase the model behaviour of the

nonlinear distributed-microstructure model.
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1 Overview

Motivated by phase-separation processes observed in lipid monolayers in film-balance exper-
iments, we investigate the following scaled Cahn—Larché system, which describes a phase-
separation process on the microscale, taking into account influences of mechanical processes

which happens on the macroscale:
Opce = €2 A(f'(cﬁ) — ENAc — €' (c)trSe + (E(ue) —e(c)1) : A(ce)(E(ue) — e(ce)]l)),

(1.0.1)
0=V- (.A(ce)(c‘:(ue) - e(ce)]l)).

This system is introduced in detail in chapter[2] It is scaled by exponents of €, a small positive
parameter, which ensures that the very differing length scales associated to mechanics and dif-
fusion are taken into account in the model. This is necessary in the course of homogenisation
in order to obtain a reasonable limit system that describes the considered processes correctly
and adjusts them to each other. As we see in § such a scaling results in a natural way in

the process of a non-dimensionalisation.

This thesis is organised as follows. As they are motivating this study, in chapter [2| we first
describe the above mentioned film-balance experiments and the physical context and give some
background information. In order to describe these processes mathematically, in § [2:2] we first
introduce the Cahn-Hilliard model and afterwards, the Cahn-Larché system, which is the re-
sulting system of equations when coupling the Cahn—Hilliard equation with the equations of
linear elasticity. Then, we perform a non-dimensionalisation, which leads to the scaled Cahn—
Larché system . We end the first section by deriving a linearisation of .

In chapter [3] we give a short introduction to the idea of periodic homogenisation and we intro-
duce two concepts which we work with in this thesis. First, in § we introduce the heuristic
method of asymptotic expansion, which allows one to homogenise an equation formally. Af-
ter, in § we turn to the concept of two-scale convergence in LP-spaces, a special type of
convergence which takes rapidly periodic oscillations into account. Since this concept has a
very wide range of application and numerous results exist in its context, we restrict to those
we need in the following sections of this thesis. In addition, we present a result about the
convergence of sequences of second-order derivatives scaled by €2 as well as a generalisation

of a well-known result which enables to pass to the limit of products of several certain sequences.



1 Overview

Using the method presented in §[3:1] in chapter [d] we formally derive a model, which turns out
to be of a so-called distributed-microstructure type. In preparation for this, we first introduce
special periodic auxiliary problems for periodic homogenisation in mechanics in § [£.I} known
as cell problems. Afterwards, in § we first formally homogenise the nonlinear system
and clarify the notion of a distributed-microstructure model in this context and, in the same
way, we derive the formally homogenised system of the linear system introduced in § The
resulting limit systems are given by (4.2.22)), (4.2.23) and (4.2.35)), (4.2.36].

Chapter [5] is devoted to the rigorous analysis of the linearised scaled Cahn-Larché system.
Since we want to work in a weak setting, we first specify the framework for this and state
the weak formulation of the linear system. In § an a-priori estimate is given and proven,
which shows that the solutions of the system are uniformly bounded with respect to €. Then,
in § we proof the existence and the uniqueness of a weak solution of the considered linear
system for every e by a Galerkin approach. Since the resulting semidiscrete system represents
a linear differential-algebraic system of equations, we present the required solution theory of

linear differential-algebraic equations in a weak setting in §

In chapter [6], we homogenise the linear Cahn-Larché system in a mathematically rigorous way
using the concept of two-scale convergence. Afterwards, we discuss the homogenised system
and its properties. As it turns out, it is the same as the formally homogenised system from

§ and, further, linearisation commutes with homogenisation.

Numerical simulations of the formally homogenised nonlinear Cahn-Larché system are pre-
sented in chapter [} These are based on a micro-macro finite element approach of the corre-
sponding system of equations. We showcase the behaviour of the distributed-microstructure
model by considering simulations of binodal and spinodal phase separation with isotropic or

anisotropic elasticity with cubic symmetry.

Finally, in chapter |8 we summarise our results and give an outlook on further interesting

aspects and questions that arise in this context, but go beyond the scope of this thesis.

At this stage, we make a few remarks about the notation. We use standard notation concerning
function spaces: For p € [1,00), we denote by LP(2) the space of p-integrable functions and by
L>=(f2) the space of essentially bounded functions. We write W*?(Q) for the Sobolev space
containing p-integrable functions with p-integrable weak derivatives up to order k, and we write
H¥(Q) :== W*2(Q) in the special case p = 2. For the time-dependent functions, we make use
of the well-known Bochner spaces L2((0,T), X), where X denotes a Banach space. Further,
for two matrices A = (ai;)1<ij<n, B = (bij)1<ij<n € RY*N we denote the Frobenius product
by A: B = Zgjzl ai;b;j. We use the symbol # as subscript of a function space to identify
periodic boundary conditions. And finally and for the sake of simplicity, we denote many

constants that occur in estimates by C, C,C, which can vary in each step.



2 Phase separation in an elastic medium

As this thesis is motivated by phase-separation processes observed in lipid monolayers in film-
balance experiments, we first turn to these to explain the considered processes and to clarify
the physical background. After, we introduce a mathematical model, the Cahn—Hilliard model,
which has already been successfully adapted to study phase-separation processes in lipid bi-
layers, see [BFL'13| and [Frald]. However, since the Cahn-Hilliard model does not take all
relevant mechanisms of the considered physical processes into account, we then focus on the
Cahn-Larché system, which is obtained by coupling the Cahn—Hilliard equation with those of
linear elasticity. In the course of a non-dimensionalisation, we will then fathom the already
introduced scaling of the Cahn—Larché system in detail and derive a linearised system
at the end of this chapter.

2.1 Phase separation in lipid monolayers

We consider the process of phase separation in lipid monolayers, which can be observed in film-
balance experiments, where phospholipid monolayers are compressed. Such monolayers are of
common interest and were often used for experiments since phosphatidylcholines (PC) are the
main phospholipids found in mammalian cell membranes. The lipid Dipalmitoylphosphatidyl-
choline (DPPC) is particularly common in this context (see e.g. |[Burll], [KV96], [MV97|,
INBRK91|), but many other phosphatidylcholines and, more generally, other phospholipids
are used, such as DMPC, DMPG, DMPE, DOPC, DLPC (see e.g. [Ste05], [MM87] [Mo6h95|,
IKLO0O0]). Biomembranes actually have the structure of a bilayer, but a monolayer, which pro-
vides a simplified model of such a membrane, has the advantage of simplified production. In
addition, a monolayer has the advantage that the molecular density can be determined by
varying the area per molecule on a Langmuir film balance [MV97]. For what follows we refer
to [Ste05], [Burll] and |Lei08|.

Figure shows a simple schematic representation of the structure of a lipid molecule. It
consist of a hydrophilic head group and two hydrophobic tails made up of hydrocarbon chains.
Due to these amphiphilic properties, lipid molecules align themselves accordingly when coming
into contact with water. This property enables the production of monolayers as well as other

structures such as bilayers or giant unilamellar vesicles (GUVs).
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Figure 2.1: Schematic drawing of the structure of a lipid molecule with hydrophilic head (red
coloured) and hydrophobic tail (black coloured).

The schematic setup of a film balance used in experiments motivating this study is shown in
figure A film balance is essentially a kind of water trough, equipped with a controllable
teflon barrier, a fluorescence microscope and a so-called Wilhelmy plate. The total area of the
lipid monolayer and consequently the density of the molecules can be controlled by moving the

barrier.

light source
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Figure 2.2: Schematic setup of a film-balance experiment.

Lipid monolayers are produced by spreading a lipid mixture using the so-called Langmuir-
Blodgett technique. A certain amount of lipid molecules dissolved in a solvent, for instance
chloroform, are dripped onto water. After a short time, the solvent evaporates while the lipid
molecules remain, which then align themselves with their hydrophilic head groups in the di-
rection of the water due to their amphiphilic properties. The inclusion of dye-labelled lipid
molecules enables optical characterisation, which can be detected with the fluorescence mi-
croscope. By sliding the teflon barrier, the area available to the lipid molecules can then be
reduced until a lipid monolayer is formed. By moving the barrier, the monolayer can be fur-

ther compressed. This process leads to a lateral pressure in the monolayer, which is related
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to the force which is needed to compress the monolayer and which can be measured with the
Wilhelmy plate.

Lipids show different states or phases depending on certain factors. Figure[2.3gives a schematic
representation of the alignment of the lipid molecules in the different phases. Assuming con-
stant temperature, the monolayer becomes denser and more rigid as the area available for the

lipid monolayer is reduced, which corresponds to increasing the lateral pressure.

lateral
pressure

crystalline phase

% liquid—condensed phase
liquid—expanded
phase
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Figure 2.3: Representation of the alignment of the phospholipid molecules in different phases
depending on the area available to the molecules or the lateral pressure.

In the crystalline phase, the chains are strictly ordered and the molecules are tightly packed
to each other. In the liquid-expanded (LE) phase, the molecules are disordered and the chains
partly are of convoluted structure. In between, the liquid-condensed (LC) phase can be ob-
served. The molecules are packed and ordered close to each other, but less strictly than in the

crystalline phase.

After spreading the lipid mixture on the film balance, the lipid molecules initially have plenty
of space and are in a state known as the gas-analogue phase. If the space available to the
molecules is then reduced, a phase transition occurs in which parts of the monolayer are trans-
ferred into the LE phase until, with further compression, the entire monolayer is present in
the LE phase. Further compression results in a further phase transition into the LC phase.

This part is now the focus of this work: In experiments, the formation of two-phase regions
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can be observed in which regions in the LC phase are dispersed in the less ordered LE phase.
The addition of a fluorescent dye enables the visualisation of the two co-existing phases and
hence the observation of an evolving microstructure. This is because of the varying solubility
of the fluorescent dye in the different phases, which is what causes the dye to accumulate in
the more disordered LE phase. The arising domains, formed by the LC phase, develop differ-
ent shapes, which continue to change with time as the monolayer rests. Besides chirality of
lipids , the mechanical processes also influence the size and shape of the arising domains
such as speed and strength of compression or waiting periods during multiple compression
operations, [MV97], [KV96], INBRK91]. With further compression, the monolayer can then be
transferred into the crystalline phase.

Figures and show examples of the shapes and sizes of the LC domains that occur.
Figure [2.4] shows a photograph of coexisting LE and LC regions in a lipid monolayer observed

in an experiment in which the phase transition was induced by the subphase (which is water
in our explanations) from below. See [BBFET17] for details.

Figure 2.4: Coexistence of regions of LE and LC phases in a lipid monolayer with very differ-
ent structure: (left) original photograph; (middle) contrast-enhanced piece of the
right region of the original photograph; (right) contrast-enhanced piece of the left
region of the original photograph. (Reprinted by permission from Springer Nature
Customer Service Centre GmbH from , Copyright Springer International
Publishing AG (2017))

The effects of the chirality of the molecules on the domain structures when compressing a
D-DPPC monolayer are illustrated in Figure[2.5] The “D” denotes a right-handed twist of the
molecules, which is responsible for the direction of rotation of the domains (black coloured).
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Figure 2.5: Coexistence of LE and LC phases in a D-DPPC monolayer forming characteristic
chiral domains [Burll].

By interpreting the lipid monolayer with its coexisting phases as a binary mixture, we use the
mathematical model presented in the next section to describe the phase-separation process.
Since the LC phase of the monolayer can be described as gel-like and has an already relatively
densely packed and ordered molecular structure, we also consider the monolayer as a solid and

use solid mechanics to describe the mechanical properties of the monolayer mathematically.

We want to emphasise the multiscale aspect of this setting at this point. Notice that the
size of the LC domains is in the range of several nms (see e.g. figure , which differs from
the scale of the mechanical deformation by approximately 5 orders of magnitude. Owing
to the fact that the mechanical deformation takes place on a macrosopic scale whereas the
phase separation happens on a microscopic level, a multiscale approach is imperative in the
mathematical context.

2.2 The mathematical model

In this part we turn to the mathematical descripton of the just presented film-balance experi-
ments. First, we consider the Cahn—Hilliard model, a model for describing separation processes.
Since this model cannot capture the mechanical aspects of the experiments described in the
previous section, we consider an extended model afterwards, the Cahn-Larché model. In the
context of phase separation in lipid monolayers, the Cahn—Hilliard model has already been ex-
tended to take elastic effects into account. In [?], it was coupled with a viscoelastic fluid-flow
model to study phase-separation processes in lipid monolayers for a surface-acoustic-wave-
actuated fluid flow. As already motivated previously, instead of fluid mechanics, we will turn

to solid mechanics for the extension of the introduced phase-field model.
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2.2.1 The Cahn—Hilliard equation

The Cahn-Hilliard equation goes back to J. W. Cahn and J. E. Hilliard, see |[CH58]. It
is a fourth-order nonlinear equation, which was originally developed to model phase separa-
tion of binary alloys. Since then, however, the equation has found application in numerous
fields, such as image processing [BHS09] or modelling tumor growth [GL17]. In addition, this
phase-field model has already been adapted to model the separation process observed in lipid
bilayers [BFLT13|, [Frald]. Referring to that, we will briefly summarise the derivation of the
Cahn—Hilliard equation in the context of the separation of a lipid mixture into two distinct

phases.

We start with defining an order parameter ¢ € [0, 1] which describes the relative concentration
of a binary mixture. Pure phases of the components correspond to ¢ = 0 and ¢ = 1. We
introduce a local free energy f per volume. As can be seen in the descriped experiments, pure
regions consisting of relatively strictly arranged molecules (LC phases) and regions of the less
densely arranged molecules (LE phases) are formed during compression. Since nature tends
to minimise its energy, the local free energy must take this circumstance into account and
make local concentrations of pure phases to be energetically favourable. We assume f to be
a continuous function and, further, we assume the order parameter ¢ and its derivatives to be
independent variables. This makes it possible to apply a Taylor series expansion in order to

approximate f at some ¢y describing the concentration of a homogeneous mixture. We obtain

2 _ (1) 52 1 )
fle,Ve, Ve, ...) = f(co) + Z L;0y,c+ Z e 3 Z K Op,cOpct .. (2.2.1)
7 2,] ,]
with
9f(c) m _ _9f() 2) 9f(c)
Li = s L= —— d L= — .
0(0nc) e’ " T 002, ) lee T 9(0,,0)0(0r,0) e

We now only consider even powers of Ve, since, for symmetry reasons, f does not depend on
the orientation of the gradient and thus (2.2.1)) becomes

f(e,Ve,V3e,...) = f(co) + k1 V3c+ ka(Ve)2 + ..., (2.2.2)
with
_9fl9 _ fe)
M= el M 2T G e

Then, the total free energy of the homogeneous mixture occupying a given domain 2 can be
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defined by

F(co) ~ /f(co) + k1 V2 + Ko (Ve)? da. (2.2.3)
Q

Integration by parts of the second term yields

/mvzcdx: —/%(Ve)2 dx—&—/fich-nda. (2.2.4)

Q Q o0

Since mass conservation is desirable, we require

Ve-n=0 on09Q, (2.2.5)

and therefore, the boundary term in (2.2.4]) vanishes. Then the total free energy becomes

F(co) =~ /f(co) + %|Vco|2 dz, (2.2.6)
Q

where we have defined % = Ko — ddicl. It is essential to define the total free energy for inhomo-
geneous concentrations ¢ as well. For this purpose we extend the local free energy or redefine
it for general concentrations. Specifically, we choose a double-well potential of the form

fe) = (1 - o, (227)
with a scaling parameter ¢ > 0, as shown in figure [2.6]

f(e)

Figure 2.6: A double-well potential f(c) = @c?(1 — ¢)? describing the local free energy of a
binary mixture.

The minimas of the double-well potential are achieved for ¢ = 0 and ¢ = 1, i.e. for pure phases.
For homogeneous mixtures the local free energy is greater. Since nature tends to minimise its
energy the local free energy can be considered as the driving force for phase separation of a
homogeneous mixture. The larger the parameter ¢ is selected, the faster the phase separation
progresses at the beginning of the process. The second term of the total free energy
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does only play a role at phase boundaries. In regions of pure phases, V¢ vanishes and does not
contribute to the energy. Hence, this term penalises interfaces between two separated phases
and makes large interfaces energetically unfavourable. So, at the beginning of the process, when
we have a homogeneous mixture, the local free energy term causes the separation. Then after
a certain time when inhomogeneities appear in the course of separation and domains of pure
phases are formed, the second term emerges. It provides the minimisation of phase boundaries,
which results in merger and growth of the domains, which form during the separation process.
To describe this process formally, we introduce the chemical potential y, which can be defined

via the first variation of the total free energy with respect to c,

/;w dx ::/%F(c)vdx = /f’(c)v — AVceVodz, Vv e C§(Q), (2.2.8)
o) o) )

and hence,
pw=f'(c) + AAc. (2.2.9)
According to Fick’s law of diffusion, the mass flow is given by
Jj=-MVp, (2.2.10)

where M denotes the mobility. The balance law describes the change of the relative concen-

tration in time:
Oic =V - (MVp). (2.2.11)

Inserting now the chemical potential defined by (2.2.9)), we obtain the Cahn—Hilliard equation,

which describes the change of the relative concentration in time in a given domain £2:

e =V - (MV(f'(c) — AAc)). (2.2.12)

The mobility

We want to take a short look at the mobility M of the system, since it is not necessarily clear
how mobility is related to standard physical parameters. This circumstance is noticeable during
dimensional analysis, which we want to perform later. For Q C R this leads to the physical
unit m?™ T 2J71s7! for the mobility compared to e.g. m?s~! for the diffusivity. In [KM94], the

authors consider a mobility factor M and put this in relation to the diffusion coefficient D via

f'M =~ D, (2.2.13)

10
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where f” is the second derivative of the local free energy density f with respect to c. Assuming
that the two phases have approximately the same diffusivity D, we choose a constant mobility

factor of the form
M = p;'D, (2.2.14)

where the dimensional factor ¢, denotes a characteristic value of the free energy of the system.

2.2.2 The Cahn—-Larché system

The Cahn-Hilliard model cannot capture essential aspects of the experiments described in the
previous section. The elastic properties of the lipids are not taken into account and deforma-
tions caused by external forces cannot be reproduced. In the following we extend the model
from § by contributions of linear elasticity. We will focus now on the Cahn—-Larché sys-
tem, which goes back to J. Cahn and F. Larché
the Cahn-Hilliard equation with the equations of linear elasticity and therefore mechanical

LC82|. It is the resulting system of coupling

properties can be taken into account. The elasticity tensor depends naturally on the order
parameter ¢ and the chemical potential of the Cahn—Hilliard equation is extended by a con-
tribution derived from the elastic energy density. This model has also been extended and
considered in a multiscale context: in |[Mer05], a viscoelastic Cahn-Larché model is used to

study the decomposition process in eutectic alloys.

We now give a very brief outline of the equations of linear elasticity. In solid mechanics, the

current state of a body 2 € RY is described by a mapping
u: Q@ - RY, (2.2.15)

known as the deformation. Typically, for physical considerations, one has N equal to 2 or 3.
If external forces affect the solid body, a point z € € is moved to z + u(x) € RY. If only
small deformations are considered, as in our case, a linearised theory is applicable and we then
consider only infinitesimal strains defined by

E(w) == (Vu+ (Vu)h), (2.2.16)

N | =

a symmetric tensor £(u) = (e;;(u))1<ij<n € RV*N. In the case of the considered lipid mono-
layer, we have different elastic properties of the two phases. Thus, the elasticity tensor A(c),
which contains the material parameters of the monolayer characterising the stiffness of the
phases, naturally depends on the order parameter ¢. The deformation caused by the movable
barrier on the film balance, i.e. the deformation of the monolayer, can therefore have different

effects on the two phases.

11



2 Phase separation in an elastic medium

In linear elasticity, the relation between strain and stress is described by Hooke’s law and

including eigenstrains we get
S = A(c)(E(u) — £(c)). (2.2.17)

By £(c) we denote the eigenstrain of the monolayer. In general, this refers to a strain which
is present in absence of any applied stress. This phenomenon occurs in the presence of inho-
mogeneities, such as thermal expansions, or as in our case, with phase transitions and leads to
self-generated internal stress [Mur87]. The eigenstrain is often refered to as stress-free strain
and, just like the elastic material parameters, it may be different for each phase. A natural

choice is a multiple of the identity
E(c) = e(o)1, (2.2.18)

where the scalar valued function e specifies the eigenstrain behaviour at a particular phase state
and 1 € RV*¥ is the second-order identity tensor. So, according to ([2.2.18), the eigenstrain
is uniform in all directions, which seems to be a common choice, see e.g. [Mur87], [FPL99|,

[Wei02]. Further, in the absence of external forces, a body is in elastic equilibrium if
-V-§=0 in Q. (2.2.19)

The dynamics of the system is now running also to minimise energy resulting from elastic
tensions. The energy of the system must be extended by an elastic contribution. According
to [Esh61], [Kha67] the elastic energy density, can be described by

1 - _
W(u,c) = §(S(u) —£&(0) : Ale) (E(u) — E(c)). (2.2.20)
The total free energy of the system ([2.2.6) therefore extends to

F(e,u) = /f(c) - %|VC|2 + W(u, c)dz. (2.2.21)
Q

Its first variation with respect to c is given by

iW(u,c) =

5o (E(w) = E(c)) : A(c)(E(u) —E(c)) = E'(c) : S

and hence, the chemical potential (2.2.9) of the system is extended to

p=f'(c)—Ac—E(c): S+ %(E(u) —&(e)) : A(c)(E(u) — E(c)). (2.2.22)

12



2.2 The mathematical model

Inserting (2.2.22)) into (2.2.11)) leads to an extended Cahn-Hilliard equation:

de=V- (Mv (f'(c) = AMac—E'(c) : S+ %(e(u) —E(e)) s A(e)(E(u) — é(c)))). (2.2.23)

If one supplements this equation with the equilibrium (2.2.19)), which shall now be valid at any

time t of a certain observation period (0,7), one obtains the Cahn-Larché system:
Orc =V - (MV (f'(c) = AAc—E'(c) : S

1 . , . ,

5 (E(w) = &(e)) : Ae)(E(u) — 5(0)))) in € % (0,T),

0=V- (A(c) (E(u) — S(c))) in Q x (0,7). (2.2.25)

(2.2.24)
+

The consideration of the evolution equation ([2.2.24) under the quasi-stationary equilibrium
(2.2.25)) is reasonable, since the mechanical equilibrium is reached much faster than the diffusion
takes place. If we use our representation for the eigenstrain (2.2.18)), then, since

E'e):S=¢(c)1:8 =¢(c)tr(S),
we can write the Cahn-Larché system as follows:

By =V - (Mv (/(c) = Mac — € (c) tx(S)

(2.2.26)
(E(w) — e(e)1) : A'(c)(E(u) — e(c)]l))) in Q % (0,7),

t
0=V - (A@©)(Ew) — e(c)1) ) inQx(0,T7).  (2.2.27)

Tensors in linear elasticity

Working with problems in mechanics requires the use of fourth-order tensors. In linear elas-
ticity theory, the relationship between stress and strain is described by Hooke’s law with the
elasticity tensor. This tensor usually has certain symmetries. We will therefore have a brief
look on how these have an effect and how they can be dealt with. For more details we refer

to [CCSO03).

Let A be a fourth-order tensor with components agim, € R, for k,I,m,n=1,..., N, which

e is symmetric, i.e.
AT = A, (2.2.28)
where the components of the transposed tensor are given by aglmn = Gunkl, for k,l,m,n =

1,..., N, and which

13



2 Phase separation in an elastic medium

o fulfils the additional condition
AXT = AX, (2.2.29)

for all second-order tensors X = (z;)1<i j<n € RV*N where the product AX is definded
by (AX)ij = ZkN,gzl QijkI Tkl -

Then, from (2.2.29)), it follows

Aklmn = Qklnm (2230)

and with (2.2.28)) we get

Aklmn = Qlkmn = Qkinm = Amnkl, (2231)

for all k,I,m,n = 1,...,N. We denote this set of fourth-order tensors by Lj, i.e. those
tensors that fulfill (2.2.28)) and (2.2.29). These are the standard tensors in linear elasticity.
Furthermore, from ([2.2.29)), it follows

(AX)" = (AX),

for any X € RV*N A tensor A € L§ thus symmetrises an arbitrary second-order tensor, or
more precisely it holds that

AX = AXS and AXA =0,

where X = X5 4+ X denotes the decomposition of a second-order tensor X into a symmetric
part X5 = 2(X + XT) and an antiysmmetric part X* = (X — XT). Therefore, a tensor
A € L, considered as a linear mapping from the set of second-order tensors into itself, cannot
be injective. However, if we restrict A to the set of symmetric second-order tensors, we can
get around this problem. We denote by I € R¥N*Y the symmetric fourth-order tensor with
components defined by

1
Tiimn = 5(5km5ln —+ 5kn5lm)a 1< ]{7, l, m,n < N. (2232)

This tensor fulfils property (2.2.29), and hence, I € L. It holds that Al = IA = A, where
the product of two fourth-order tensors is defined by (AB);jmn = Zklel @ jkibkimn. Thus, we
call I the unit tensor in the space L§. The inverse A~! of a fourth-order tensor A € LY, if it

exists, is defined by the relation

AT'A=A4"1 =1
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2.2 The mathematical model

Moreover, a fourth-order tensor A is called positive definite, if
X:AX >0,
for all symmetric second-order tensors X and
X:AX=0 & X=0.

A positive definite tensor A € L7 is non-singular, i.e. its inverse A~! exists. In addition, the

inverse is also positive definite.

Remark 2.2.1.

(i) In the case of isotropic material, i.e. the mechanical properties are the same in all direc-
tions, the elastic properties can be described by two parameters A\, € R. According to

Hooke’s law, the stress tensor S = AE can be represented by
S=2p€+Atr(€)1, (2.2.33)

where A\ and p are known as the Lamé constants determining the elasticity tensor. If

A >0 and p > 0, the corresponding elasticity tensor is positive definite.

(ii) In linear elasticity, the inverse of the elasticity or stiffness tensor is known as the com-

pliance tensor.

Identification of the setting

In the following, we specify some parameters, conditions and requirements in order to determine
the setting in which we want to work. For the modelling of the concrete experiments described
in section we choose a rectangular domain Q C R2, representing the area of the water
trough of the film balance on which the lipid monolayer is examined, and with boundary
0l =T =Ty Ul'y UIy, with boundary parts I'y, I'; and I's as illustrated in figure

I

I

Figure 2.7: Domain ) with boundary parts I'g, I'y and I's.
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2 Phase separation in an elastic medium

In order to keep mathematics more general, in the following chapters we consider a bounded
domain Q c R with Lipschitz continuous boundary I' := 9 with pairwise disjoint boundary
parts I'g, I'y and I'g such that I' =T UT'; U T.

By n we denote the outer unit normal and by 7 the unit tangential vector on I' and we consider
the processes in the time interval S = (0,7"), where T" > 0. At any time, the lipid monolayer
remains on the film balance and cannot pass over the edges. Thus, we choose no-flux conditions

for the relative concentration ¢ and the chemical potential p on the whole boundary I,

Ve-n=0 onl xS, (2.2.34)
Vi-n=0 onl x5. (2.2.35)

The force applied by the controllable barrier and compressing the lipid monolayer is modelled

by applying a boundary force g on I'y, hence,

Sn=g onlgx8S. (2.2.36)

On the opposite boundary part I'g we do not want any deformation and hence we require

u=0 onlyxS. (2.2.37)

Also, we do not want any deformation of the monolayer beyond the lateral edges in the normal

direction. Therefore, on the side part of the boundary I's we set

u-n=0 onTy xS, (2.2.38)
and a free-slip condition as well, namely

7-Sn=0 onlg x5, (2.2.39)

These conditions describe that the monolayer cannot expand past the lateral edges and does
not adhere there when compressed. It would also have been possible to set the free-slip condi-
tion also on the boundary part I'g instead of the Dirichlet condition u = 0. However,
the boundary condition ensures the uniqueness of u. Setting the displacement equal
to zero on I'g means a fixing of the elastic medium. This is valid here, since the lipid film is not
pushed along this boundary part. However, the choice of the free-slip condition on I'y would
not change the following analytical results; the displacement would only have to be uniquely
determined by an additional condition. Besides, the non-uniqueness in u is not the deciding
factor anyway, since u itself will have no effect on the evolution of ¢, because only £(u) enters

the evolution equation for c.
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2.2 The mathematical model

We complete the system with an appropriate initial condition for ¢,
c(-,0)=c"(-) inQ, (2.2.40)

describing the initial homogeneous relative concentration of the mixture, i.e. the initial homo-

geneous state of the monolayer.

The elasticity tensor

We assume the two phases of the monolayer to have different elastic properties and hence we
denote the elasticity tensor describing the elastic properties of the LE phase by A" and the
elasticity tensor of the elastically harder phase LC phase by A€. Each of the two pure lipid
phases is isotropic, and so are the two component tensors. Then, following |[Wei02|, for the

lipid mixture, we consider
A(c) = AF + d(c) (A° — AF), (2.2.41)

an elasticity tensor depending on the relative concentration of the mixture, which is simply an
interpolation of the two component tensors. The interpolation function d should be defined
such that

for instance

0, x <0,
d(r) = ¢ —22%+32%, 0<a2<1, (2.2.42)
17 x> 1.

With this we have also determined that ¢ = 0 corresponds to the elastically softer LE phase
and ¢ = 1 corresponds to the elastically stiffer LC phase. We assume positive definiteness for
the individual component tensor, i.e. for each i € {E,C} we asume the existence of positive
numbers o’ > 0 such that

oXP <A XX, (2.2.43)

for any symmetric matrix X € RY*Y . Further, we assume the usual symmetry conditions in
linear elasticity theory (2.2.31)), i.e. for A% = (azjkh)léi,j,k,hSNv 1 € {E, C}, we require

i _ 0 _ 0 _
@ijkh = Qijhk = Qjikh = Qkhij- (2.2.44)

Obviously, the interpolated tensor defined by (|2.2.41)) is also positive definite and fulfils the
symmetry condition (2.2.44)).
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2 Phase separation in an elastic medium

Existence of weak solutions

In the following, we want to summerise in short the existence result from Garcke, stated
in [Gar00|, adopted to our setting. In |Gar00], the author studied phase separation in multi-
component alloys in the presence of elastic interactions. There, he considered the Cahn-Larché
system stated as system of second-order differential equations. Adapted to our setting of a
binary mixture where the relative concentration is described by the order parameter ¢ and

adapted to our notation, the system looks as follows:

atCZMAlu/v

/ S0 - 1 w) —E(c)) s A(e)(E(u) — E(c
p=fe)+ Me=E'(c) : S+ 5 (E(u) = £(0)) : A()(E(u) = £(0)), (2.2.45)
0=V-8§,

S = A(c) (£(u) — £(c)),

completed by the same boundary conditions for ¢ and i as chosen by us, a condition to the stress

in normal direction on the whole boundary 9 and an initial condition ¢(-,0) = cq € H'(Q).

Before we recall the definition of a weak solution of the above system, we specify two function

spaces, namely the space of all infinitesimal rigid displacements
X ={uc (H*(Q))" | there exist b € RV, A € RNV with AT = — A such that u(z) = Az + b}
and the space orthogonal to it

t={veH Q)| (v,u) g0 =0 forall u e X}

Definition 2.2.2 (Weak solution, |Gar00]). A triple
(¢, myu) € L2(0,T; HY()) x L2(0,T; HY(R2)) x L*(0,T; X 1) (2.2.46)

with f'(c) € LY*(Q x (0,T)) is called a weak solution of the system (2.2.45), completed by the
specified boundary and initial value conditions, if and only if

(i)

T
//atsm (c—co)dadr = //MVquol dx dr,
0 Q 0

for all 1 € L2(0,T; HY(Q)) with 0,1 € L*(Q x (0,T)) and p1(T) =0,
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2.3 Multiscale setting

(i)

/uwgdxdr

St~

)
= // (f’(c) —Mc—E'(c): S+ %(5(u) —&(e)) : A'(c)(E(u) — é_’(c)))) o da dr,
0 Q

for all oy € L2(0,T; HY(Q)) N L>=(Q x (0,T)) and
(iii)

/T/(A(c)(e(u)—e(c)n)) :dede:/T/gz/JdeT,
0 Q

0 0Q

for all v € L2(0,T; [HY(Q)]V).

Under the conditions stated in [Gar00], which are fulfiled in our setting, the existence of weak
solutions in the sense of definition with the following properties is proven.

Theorem 2.2.3 (Existence of weak solutions, |Gar00]). There exists a weak solution of the
system (|2.2.45)) in the sense of deﬁm’tion such that
c e C%1(0,T; L*()),
drc € L*(0,T; (H'(Q))), (2.2.47)
u € L0, T; [H (Q)]N).
This solution is uniquely determined if the elasticity tensor is equal for each phase.

Moreover, according to |[Gar00], there exists a p > 2, such that Vu € L>(0,T; (LP(Q))V*N),
which, together with the Sobolev embedding, in the two-dimensional case, i.e. N = 2, implies,
that there exists a number o > 0, such that u € L°(0,T; (C%(£))?).

We would like to emphasise that the framework in |Gar00] was kept more general and even the
case of a logarithmic free energy was considered, but we just wanted to briefly summarise the

results concerning our setting.

2.3 Multiscale setting

In § we have already pointed out the multiscale aspect of the considered physical process.
Now, we would like to go into this aspect again in more detail. As we will see in the next
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2 Phase separation in an elastic medium

chapter, this, together with the assumption of a periodic framework, will allow us to work in

the framework of periodic homogenisation.

With regard to experimental observations, we assume the evolving microstructure of the pattern
to have an intrinsic length scale associated with it. We introduce a characteristic macroscopic
length scale L, representing the order of magnitude of the size of the film balance and cor-
responding to the macroscopic process, and a characteristic microscopic length scale [, which
corresponds to the order of magnitude of the scale on which the phase separation is observable,

and we write
€= —. (2.3.1)

It is clear that it holds € < 1. Then, the order parameter ¢, which describes the microstructure,
is assumed to depend on two independent spatial variables, x, associated with the macroscale

and %, associated with the microscale. We denote this with an € in the index and write
ce(x,t) = c(x,x/e€,t). (2.3.2)

We achieve this circumstance by choosing an initial value for ¢., depending on the macroscopic
variable x and on the microscopic variable £. Due to the dependency on the order parameter,
this also applies to the elasticity tensor A(c.), which implies an analogue spatial dependence

of the displacement field and hence, we write u. = u.

2.4 Non-dimensionalisation and scaling

As already mentioned, in this thesis we deal with the special scaled variant of the Cahn—Larché
system, given by ([1.0.1). With this scaled system, separation processes on the microscopic scale
can be described under the influence of mechanical processes that take place on a macroscopic

scale. This scaling is justified in the following.

The usual form of the Cahn—Larché system (2.2.26)), (2.2.27) as introduced in § does not

take into account that the processes we consider take place on different scales. Therefore, it
is necessary to do a non-dimensionalisation under inclusion of different involved characteristic
lengths (cf. e.g. [AJHI90|, [PB09], [PB05|, [Mei08]). Also, we have different time scales and in
view of the strong difference here, we already consider the system in quasi-stationary setting
for the mechanics. At this point, however, we would like to take a step back and consider the
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2.4 Non-dimensionalisation and scaling

mechanics dynamically. The starting point for the non-dimensionalisation is now therefore
Opae =V - (MV (f'(ce) — MAc — €' (ce) tx(S)

1

5 (E(ue) —e(ca)1) : A(ce) (E(ue) — e(e)1))),

007 ue =V - (A(ce)(E(ue) — e(ce)1)), (2.4.2)

(2.4.1)
_|_

where o denotes the density and M = D/, from 7 where D is the diffusivity. Further,
tq and t,, denote the time variables corresponding to diffusion and mechanics, respectively,
as we now distinguish the times. It turns out that a non-dimensionalisation of and
taking into account the characteristic macroscopic length scale L and the characteristic
microscopic length scale [ introduced in section [2.3] results in a system scaled by powers of €

and which is suitable for application of techniques of periodic homogenisation.

We further define characteristic microscopic lengths associated with the diffusion and the me-
chanics, g and I, respectively, and express them as a multiple of the geometric microscopic
length I. We choose l4 = % l and l,, = I, since the mechanics happens on the whole microscopic
length scale whereas the diffusion scale is typically a little shorter. The characteristic time for
the diffusion is then defined by

I L27r
Ty = -4—— 2.4.3
d Dref ’ ( )
and the characteristic time for the mechanics by
s L2—s o 1/2
Ty = (migf) , (2.4.4)
Oref

both depending on powers of the two different characteristic length scales. The respective influ-
ence of the different characteristic lengths is regulated by exponents depending on parameters
r,s € [0,2], which we have to determine later. With D,ef, oyt and gres we denote reference
values corresponding to the diffusivity, the stiffness and the density, respectively, such that

D 0

=1 and

= 1.
Dref Oref

With the dimensionless macroscopic space variable Z := /L and the time variable {q := tq/Ty,

from (2.4.1) and D = M., we get

i~ _l~ l~ —1 pr _—1i~_—1/
7 e = 7V (DY (971 (e) — o A gz — ol (e (S)

+ 507 () = (e 1) s A Ew) — eleD)):
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2 Phase separation in an elastic medium

With (2.4.3)), we obtain

ZTLQ—T ~ 1 . 1 - L,
Torz & (% f'lee) = o Az A — it (c) tr(S)

+ 5 (E ) — eled) s A (e)(Eue) — efeD)),

8{(106 =

which, recalling that € = %, can be written as
~ - 1 _
Op,ce =€ 107" A (f’(ce) — @MAce — € (co) tr(S) + Q(E(ue) —e(ca)l) : A'(c)(E(ue) — e(cg)]l)),

where we have defined the dimensionless quantities as follows

Flle) =@ e, A= e PL72A, ) = ot A (o) (2.4.5)

and
S =18 = o7t Alce) (E(ue) — e(col) = A(ce) (E(ue) — e(co)), (2.4.6)

with
Alel) = o Alco). (2.4.7)

All quantities with a tilde denote dimensionless quantities, where f’ (cc) is of order 1. Note that
the strain is already dimensionless. Further, we have made use of the fact that the magnitude
of the line tension A is much smaller than the free energy level. In order to account for this and

to compensate the length scale associated with the Laplacian, a factor €? is explicitly taken out.

With regard to the mechanical equation (2.4.2) we set @ := 7 and with the dimensionless time
variable tp, = t, /Ty we get

07 08, e = 7V (Al (E(ud) — e(co)1)). (248)
This then results in
815?,”@6 =V (A(cg)(é’(ue) —e(ce)1), (2.4.9)
with dimensionless elasticity tensor
Alel) = oL A(co). (2.4.10)

Since we want to non-dimensionalise the elasticity tensor in a common way, we put the two
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2.4 Non-dimensionalisation and scaling

different dimensionless variants (2.4.7)) and (2.4.10)) in relation to each other and get

Alce) = ot Alce) = gt e Alee) =t k A(ce). (2.4.11)
In summary, we can state the following dimensionless and scaled system:

drcc=€107"A (f'(ce) — EXAc — €' (c) tr(S)

‘ ) ) (2.4.12)
+5(E(ue) —elcd)1) : A'(c) (€ (ue) — e(ce)ll))7
i =KV (A(CE)(E(uG) - e(cE)IL)>, (2.4.13)
with a positive dimensionless constant x = ar_e% s, that ensures the unification of the di-

mensionless elasticity tensor in the equations above. The other way around, setting fl(ce) =

k=1 A(ce), of course, can also be chosen.

Identification of the parameters r, s:

Special attention must now be paid to the different characteristic times, since they depend
on different powers of the scaling parameter €. Further, to represent the diffusion and the
mechanics on a common time scale, we need to match the characteristic times and want to

unify them as well as possible. Therefore, we require
Ty~ Th. (2.4.14)

Motivated from the film-balance setup, we choose L = 1 m as characteristic length correspond-
ing to the macroscopic process and | = 10~#m as characteristic microscopic length scale.
Unfortunately, as already mentioned, there are currently no complete parameter sets of mea-
surement data from experiments available. Within the context of the film-balance experiments,
a lipid monolayer seems to be a sensitive system and in the literature, the values of the physical
quantities may vary depending on the specific lipid or lipids, the phase state of the monolayer,
temperature and even on the measuring method. However, we are only interested in the orders
of magnitude to get an approximate estimate of the characteristic times. Considering typi-
cal values of the diffusion coefficient, we choose 1m?s~! as characteristic value [GFBHO09).

Hence, we obtain

10" lrLQ—r

Td — — 10—57"-‘,—12.
Dref

Assuming that one DPPC-molecule occupies an area of approximately 1/70 - 1072°m? in

the beginnig of the phase transition [TPMS10] and with the molar mass of DPPC, which
is 734.04 - 1073 kgmol~! [SA19], we calculate a characteristic value of the order of magnitude
~ 10~2kgm~?2 for the density of a lipid monolayer. With 107'Nm™! as characteristic value
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2 Phase separation in an elastic medium

of the stiffness of a lipid monolayer [Ste05], we get

ZSLQ_SQref>1/2 _ 10%(—43—1)7

Ovref

=

which, with regard to the definition interval of the parameters, leads to » = 2 and s = 0.
Note that, with this scaling, we still consider the mechanics too slow compared to the diffusion
and therefore we turn to the quasi-stationary setting again. Dropping the tildes for a simpler

notation and better clarity, we get the following dimensionless and scaled system:

e =€>1072 A (f’(cﬁ) — 2MAc — € (c.) tr(S)
) (2.4.15)
+ 5 (Eu) = e(c)l) s Ae)(Eue) — eleD) )
0=k V- (A(cs) (& (ue) — e(cs)]l)) (2.4.16)

With this system we have now a system which takes the different scales into account by its
scaling by exponents of €. It is the starting point for our following considerations. Note that so
far no assumption has been made about the periodicity of the microstructure, but only about
the existence of macroscopic and microscopic characteristic lengths. Whenever we speak about
this system in what follows, we mean these equations completed by the boundary and initial
conditions (2.2.34]) — (2.2.40).

In the further course of our considerations, we will refrain from carrying the constants 1072

and x until chapter [7] in which we deal with numerical simulations.

2.5 Linearisation

We end this chapter by deriving a linear scaled Cahn—Larché system, which we deal with in
more detail in §[£.2.2]and in chapters [f|and[6] Let ¢, . and u, . denote general solutions of the

scaled Cahn-Larché system (2.4.15)), (2.4.16). Then, we consider ¢, ¢ + h é and uy,  + h ., for
a small h > 0 and functions ¢, @, having the same multiscale character as described in § 2.3

to obtain a linear system for ¢. and u.. First, we linearise the stress tensor S, and write
Se =S8nc+hS.+0(h?), (2.5.1)
with the stress tensor in the nonlinear solutions

S'fhs = A(Cn,e) (g(un,e) - e(cn,e)]]-) (252)
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2.5 Linearisation

and the linearised stress
Se = A(cne) (E(Tie) — € (Cne)el) + A (Cne)e (E(tn,e) — e(cpe)1). (2.5.3)
For the extended Cahn—Hilliard equation we get
Oi(cn,e + hée)
= &2A [f’(cme) — ENAC . — €/ (Cne) tr(Sne)

(E(un,e) —elcn,e)l) A/(Cn,e)(g(un,e) - e(cn,e)l)]

N =

+
+he?A [ P (Cne)ee — EAAG, — € (Cne) t1(Se) — € (Cn.c)Cr tr(Sn.e) (2.5.4)

+

—

E(tn,e) — e(en,e)l) : A'(cpye) (E(Te) — € (cnye)el)

5 (En,e) = e(en) ) : A (en, e (Elun) = elen.)1)

N | —

+O(h?).

Neglecting the second order terms, from (2.5.1)) and (2.5.4)) we can read off linear equations for
the perturbations ¢, and .:

8,¢. = €2A (f”(cn,g)é6 — ENAE — €/ (cne) tr(Se) — " (Cn,e)Ce tT(Sn.e)

+

—~

E(un,e) — e(Cn,e)l) + A(cn,e) (E(Tie) — €' (cn,e)éel) (2.5.5)

1
+ 5(8(%”) —e(n,)1) : A (cn,e)ée (E(un,e) — e(cn,e)]l)) in Q xS,
0=V- (A(cn,e)(g(ae) — &/ (Cne)écl)
(2.5.6)
+ A )i (E(un,e) — e(cms)]l)> in QxS
The boundary conditions are also linearised, which leads to
Vée-n=0 onl xS,
Vie-n=0 onl xS,
=0 onIyx58,
. (2.5.7)

Sn=yg onlyx5,
Ue "N = on I's x S,

T-Sﬁn:O on Iy xS,
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2 Phase separation in an elastic medium

with
fie = " (Cne)ée — EAAE — €/ (cn ) tr(Se) — € (Cnoe)Ce tr(Sne)

_|_

—~

Etn,e) — e(en,)L) : A'(cnye) (E(Te) — € (cpye)el)

(E(un,e) — e(cn,)l) : A" (cne)ée (E(un,e) — €(cn,e)l)

N |

+

denoting the linearised chemical potential. In the following, whenever we talk about the linear

Cahn-Larché system, we mean the equations (2.5.5) and (2.5.6)) completed by the boundary
conditions (2.5.7)) and a suitable initial condition for ¢.

In the following, we will drop all tildes for ease of notation and more clarity. From now on, we
denote the solutions of the linearised scaled Cahn—Larché system by c. and u., the solutions
of the nonlinear scaled quasi-stationary Cahn-Larché system (2.4.15)), completed with
the corresponding intitial and boundary conditions, are still referred to as ¢y ¢ and uy, ..
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3 Periodic homogenisation

In this chapter, we introduce the framework of periodic homogenisation and explain the ter-
minology as well as the notation we use. The concept of periodic homogenisation was first
introduced to treat problems involving composite materials having an approximately periodic
structure, but it can also be applied to problems involving periodically oscillating coefficients.
In the case of a composite material with a periodic structure, the idea of periodic homogeni-
sation can be illustrated particularly well, so let us first briefly concentrate on this.

Let © ¢ RY be a bounded domain. We consider a periodic paving of €2 by a so-called unit
cell Y € RY, scaled by a small parameter ¢ > 0. This unit cell, also called reference cell,
represents the microstructure in case of a composite material or it gives the periodicity in case
of periodically oscillating coefficients. In view of the application considered in this thesis, Y
shows a representative section of the pattern of the evolving microstructure. In terms of the
assumption in section this means that the order parameter c. is periodic on Y with respect

to the Z-variable. We define 2. C 2, the resulting paved domain, as

Q= U ek+Y)NQ.
kezZN

Further, we define the unit cell by Y = (0,11) x (0,12) X ... x (0,1x) C RY, where l1,ls,...,Iy €
R are positive numbers.

e TIT[O T~
“ 6ol oo o |on,
ooooooooo\Q
folololelolololo]e]e]d ¥
\elele|elo|o oo |e]|e]d
Nelole|o|o|olele e
I N N

Figure 3.1: bounded domain Q. C R? with Y-periodic structure

Figure [3.1] shows a domain with a periodic paving by €Y. Introducing a characteristic mi-

27



3 Periodic homogenisation

croscopic length [, representing the size of the microstructure (e.g. the diameter of Y) and a
characteristic macroscopic length L, giving the size of €., we set € = % Therefore, we can
say that e describes the heterogeneity of the material: the smaller €, the finer is the structure
of the domain €2.. Imagine now a physical problem including different material parameters for
the individual components of the composite, modelled by a partial differential equation on €.
To fix ideas, we consider the following second-order linear model problem, which is actually a

family of problems indexed by e:

-V - (Ac(z)Vue) = f in Q,

(3.0.1)
ue =0 on 99,

where wu, is the unknown function, which, for example, describes temperature in case of a
heat-conduction problem or a certain concentration in case of a diffusion problem. Due to
their strong heterogeneities, one usually is not interested in how the coefficient A, or the un-
known wu. look in detail, one would rather like to know what the material properties are or
the unknown physical quantity look like on a macroscopic level. This is also appreciated from
a numerical point of view, because a sufficiently precise resolution of the fine microstructure

would result in an enormous amount of computing effort.

Periodic homogenisation now deals with the question what happens if the scaling parameter e
tends towards zero. Thus, as illustrated in figure the domain loses its fine structure.

Figure 3.2: Ilustration of the refinement of a periodic microstructure in course of the homogeni-
sation process

Laxly spoken, this limit process corresponds to the idea of making the heterogeneous material
more and more homogeneous and thus to obtain the so-called effective coefficients Ay describ-
ing the material properties of the composite material as a whole. Figure [3.3] illustrates the
result of this limit process for the described film-balance experiments. Macroscopically, the

phase-separation process is not visible, but on the microscale it is.

So, in the course of periodic homogenisation, for a given partial differential equation describing
a problem on a domain of approximately periodic microstructure or including periodic rapidly
oscillating coefficients, one hopes to derive a limit equation, which describes the problem and

its solution macroscopically.
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3.1 The method of asymptotic expansions

Figure 3.3: Schematic drawing of the top view of the water trough of the film balance (macro-
scopic domain) together with a zoom-in representing a volume element showing the
evolving microstructure

Homogenisation is a wide field and it encompasses numerous methods. In the following, we
restrict ourselves only to the methods and results we need. We present two methods of the
framework of periodic homogenisation. We start with a procedure that is well suited to get
an idea of what the homogenised system might look like in a relatively fast way. This is done
under the assumption that the unknowns can be represented as an asymptotic expansion in e.
After, we will introduce the framework of two-scale convergence, with which we can derive a
homogenisation result analytically rigorously and verify the results developed with the method

of asymptotic expansions.

For further mathematically rigorous homogenisation techniques in a periodic framework, we
would also like to refer to the method of oscillating test functions, developed by Tartar, based
on the construction of problem-adapted periodically oscillating test functions , and the
method of periodic unfolding, based on conversion to convergence in LP-spaces . But
homogenisation is not restricted to the periodic case and can be applied to problems with-
out conditions on periodicity of geometry or coeflicients, such as the notion of I'-convergence
associated to homogenisation in the context of calculus of variations [DM93], [Bra02]. Further-
more, we would like to refer to the concept G-convergence for the convergence of sequences of
symmetric operators or a generalisation thereof, the H-convergence, applicable to sequences of
non-symmetric operators , . For an overview of the different techniques we refer
to [CD99| and [ZKO94].

3.1 The method of asymptotic expansions

In order to get a first idea how a limit problem may look like, one can use the method of

two-scale asymptotic expansions. This method is extremely useful since it can also be applied
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3 Periodic homogenisation

to complex problems to obtain a first formal homogenisation result in a relatively simple way.
Unfortunatelly, it is only heuristic and does not yield a rigorous proof of the homogenisation
process. But nevertheless this procedure is very promising, as we will show later. For what
follows, we refer to |[CD99] and |[Hor97].

To fix ideas and explain best how this method works, we demonstrate it by applying it to the
following model problem. Let Q C RY be, just as in all following chapters, a bounded domain
with smooth boundary 9f). Introducing a reference cell Y as above, we consider the coefficient
matrix A(y) = (ai;(y))1<i j<n With components a;; € L>(Y) extended Y-periodically to RY
for all 4,5 = 1,..., N. Further, we assume there exists two positive constants o, 8 € R, with
0 < a < 3, such that

N

al¢l? < Z ai; & & < BIEP, (3.1.1)

ij=1
for all € = (&1,&,...,6n)T € RY. Then we set

x
ag;(z) = ““(Z) a.e. in RY,

and write A, = (a§;)1<i j<n. We consider the familiy of boundary-value problems

Lo =f mQ, (3.1.2)
ue =0 on 09, (3.1.3)

with £, = =V - (VA,) and the right-hand side f given in H~1(Q).

Now, we set y := % and postulate the variables  and y to be independent. For x € ), then

Z specifies a point in Y. Therefore we refer to y as the microscopic variable and x as the
macroscopic one. We assume the unknown w. to possess a two-scale asymptotic expansion in
€ of the form

oo
ue(x) = Z eug(z,y), (3.1.4)
i=0
with sufficiently smooth coefficient functions u;, such that
(i) ui(z,y) is defined for z € Q, y € Y,
(ii) and w;(z,-) as well as its derivatives are Y-periodic,
for ¢ > 0. Justifying this step is the main goal in rigorous homogenisation theory.

For a function v = v(x,y) depending on two variables in the way as introduced as above, we

consider v, := v(-, =), depending only on the variable z. Then, the derivative is given by

€
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3.1 The method of asymptotic expansions

1 0
0yi

Dy D ®
_ﬁxivx’e

)+e€e

v(x, =). (3.1.5)

x
€
In the following, we will also write V, and V, for the gradient with respect to x and y,
respectively. Inserting the expansion (3.1.4]) and taking into account the derivative law (3.1.5]),
we can write equation (3.1.2)) in the following form:

€ ?Loug + € ' (Liuo + Lou) + €* (Laug + Lyug + Loug) + €' ... = f, (3.1.6)
with
Lo= —i_ o u<y>a‘zj>,
L=~ i - (1)) = i_ (s )5
Ly=- ﬁ_ 5 a5 70)

Since € is a parameter getting smaller and smaller, we deduce the following system of partial

differential equations:

Lo'LLO =0 inY
(3.1.7)
ug Y-periodic
Louy = —Ljug inY
o Ho (3.1.8)
uy Y-periodic in y
L()UQ = f — L2U0 — L1U1 inY (319)
uy Y-periodic in y
and for k > 3:
Loup = —Loug_o — Lyug_1 inY
0Uk 2UK—2 1UE—1 (3.1.10)

ur Y-periodic in y.

Notice the special structure of this system: with each further equation there comes a further
unknown coefficient function of the expansion ((3.1.4) and we can successively solve the equa-

tions. To do so we take a closer look on the first problem of the series above which reads
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3 Periodic homogenisation

as

Vy - (A Vyuo) =0 inY,
ug Y -periodic in y.

Multiplying the equation with ug, integrating over Y and by parts and using property (3.1.1))
yields

o [Vl < / A(y) (Fy0)* dy = 0.
Y

Therefrom we conclude V,ug = 0 which implies
ug = up(z), (3.1.11)

i.e. ug, the first term of the expansion , depends only on the macroscopic variable x and
not on y. Hence, uy does not oscillate on the microscale and is therefore expected to be the
homogenised solution. Next we want to find an equation which ug fulfils on the macroscopic
domain Q. If we can achieve this, we hope that we have found the homogenised or effective
equation. The next problem we want to solve is problem , written as

Vy- (AVyu1) = =V, - (AVuup) in, (3.1.12)

uy;  Y-periodic in y, (3.1.13)

which we consider as a problem for the unknown u;, since we already earned some information
about ug. The task now is to express u; in terms of ug. At this point, we need to introduce

the following auxiliary problems, well-known as the cell problems, since they are defined on
the unit cell Y.

The cell problems

The cell problems are periodic auxiliary problems defined on the unit cell Y. By solving these,

microscopic information can be extracted.

Let e; be the j-th unit vector in RY. For each j = 1,..., N, we want to find a function
w; = w;(y) such that

Vy (AVyw;) =-V, (Ade;) inY, (3.1.14)
w; Y-periodic. (3.1.15)

The following proposition, a consequence of Fredholms alternative, provides the existence and

uniqueness of a weak solution of the cell problem (3.1.14]), (3.1.15) in H#(Y)/IR (# denotes
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3.1 The method of asymptotic expansions

Y -periodicity).

Proposition 3.1.1. Let f € Li (Y) be a periodic function. There exists a solution in Hy(Y),

unique up to an additive constant, of

~V-(AVw)=f inY, (3.1.16)
w Y-periodic, (3.1.17)

if and only if [, f(y)dy = 0.

Due to the Y-periodicity of the coefficients a;;, 1 < 4,5 < N, the integral over Y of the
right-hand side of (3.1.14)) vanishes by applying Gauss’s theorem and hence, the condition of
proposition is fulfilled.

Now we consider (3.1.12). According to proposition this problem has a unique solution
(up to an additive constant). We rewrite the right-hand side as

Vy - (AV,u1) = =V, - (A Vo)
- _Zayiaij a:rju(). (3.1.18)
i

Writing the cell equation (3.1.14) componentwise, multiplying both sides by 0, ;1o and summing

up over j, we get

N N
Z 6% (aij 8ijj' 6a;jU0) = — Z 8yiaij 830qu. (3.1.19)
i,j=1 i,j=1

This enables us to compare the cell problems with equation (3.1.12f). Considering (3.1.18)) and
(13.1.19), we can easily read off a representation of the function w; in terms of ug, namely

N
ur =Y w; O, ug (3.1.20)
j=1

Actually, u; is merely defined up to the addition of a constant function depending only on z, but
this does not matter since, as we will see, only its gradient V u; is included in the homogenised
equation. The last problem of the considered series we are interested in is problem . We
integrate the equation over Y and obtain

— [V (AT yuala) + A Vs (.)

Y (3.1.21)
_ / Ve - (A@W)Vau(z) + AW)Vyus (z,y)) dy = Y] f(x).
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3 Periodic homogenisation

The first integral term vanishes due to the Y-periodicity of A and of the functions w; and
vaQZ

/V Y)Vyua(z,y) + A(y)Vaui (2, y)) dy

- / (A()Vyua(z,y) + A)Vour(z,y)) -ndy = 0.
oY

Using the representation (3.1.20)), we write
Oy, u1(z,y) Zﬁylw] ) Oz uo (),
and therefore, from equation (3.1.21)), we obtain

_ Z Gwi/azg ) (02, u0(x) + Oy, wk (y) Oz, uo(z)) dy = |V f (), (3.1.22)

i,5,k=1 v
which can also be written as

N
Z Oz, /a” ) (051 + Oy, wi(y)) dy Oy uo(z) = Y| f(2). (3.1.23)
¥

i,7,k=1

With this equation we have now found an equation, which is valid for the macroscopic function

ug. We introduce the abbreviation
N
ghom _ 7 Z / aii () (850 + 0y, wi(y)) dy, (3.1.24)

where we have now defined the coefficients of the so-called homogenised or effective tensor
Abom .= (ghom), ;- n. The homogenised problem is stated in the proposition below.

Proposition 3.1.2 (The homogenised problem).
The homogenisation of problem (3.1.2), (3.1.3)) is given by

hom .

V- (A" Vu(z)) = f(z) inQ, (3.1.25)
u(z) =0 on 0f).

Here, we have completed the homogenised equation with the same boundary conditions

as the e-dependent problem. The homogenised tensor AP®™ describes the effective properties.

Note that this tensor is constant and does not depend on the choice of the macroscopic domain

2, on the boundary condition or the right-hand side term f.
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3.2 Two-scale convergence

The applied method is useful to get a quick idea of what the homogenised problem will probably
look like, but, as mentioned previously, it is unfortunately only heuristic and a further step is
needed to prove the convergence of the sequence u, to u. An analytic technique, which provides
a mathematically rigorous proof of the homogenisation result, is the aim of the next part.

3.2 Two-scale convergence

In the following we will present the concept of two-scale convergence, a special type of weak
convergence in LP-spaces. This concept of convergence takes oscillations on the microscale into
account and goes back to Nguetseng [Ngu89| and Allaire |Al192]. Most of the results presented
in this section are taken from [All192], [CS99] and [LNWO02|, which we refer to for more details.

Considering again our model equation (3.1.2)), as already mentioned, the aim of periodic ho-
mogenisation is to find the limit differential operator Ly, such that

Eouo = f in Q, (321)

which is referred to as the homogenised equation. Using two-scale convergence, one proceeds as
follows: appropriate a-priori estimates of u., the sequence of solutions of the e-indexed family
of partial differential equations , enables one to identify a limit function ug, so that at
least a subsequence of u. converges to ug in the two-scale sense. Then, one passes to the limit
in each term of the partial differential equation and obtains an equation which is fulfilled by

the limit function ug.

Unless stated otherwise, in the following Q C R is a bounded and open set and p € (1, 00).
Furthermore, whenever we extract a subsequence, for brevity, we always denote it by the
sequence itself. We start with the definition of two-scale convergence in LP ().

Definition 3.2.1 (Two-scale convergence).

A sequence of functions ue in LP(Q)), with 1 < p < oo, two-scale converges to a limit uy €
LPQAxY) if

e—0
Q

lim ue(m)¢(m,§)dm: ﬁ//uo(x,y)qﬁ(sc,y) dy dz,
Qv

for any ¢ € C5°(Q;CF(Y)). In this case, we write

2s.
Ue — UQ-
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3 Periodic homogenisation

In the definition, we take special testfunctions which are Y-periodic with respect to the mi-
croscopic variable. This class of testfunctions can be enlarged, for example one can choose
functions in L1(Q;C»(Y)), with 1 < ¢ < oo, such that % + % = 1. There are several discus-
sions about the question which regularity of test functions is necessary to capture the largest
possible amount, see e.g [All92], [LNWO02]. In any case, there is a criterion that makes a

function an “admissible” test function in the above definition [3.2.1}

Definition 3.2.2 (Admissible test function).
A function, ¢ € LP(Q x Y'), which is Y -periodic in y and which satisfies

tig [ fota, D)o = [ [ 1o ) dyda (3.22)
Q

QY

1s called an admissible test function.

Of course we are now interested in criteria which enable us to conclude that a given sequence
in LP(2) is two-scale convergent. The next compactness theorem ensures the existence of a

two-scale limit of a sequence bounded in LP((2).

Theorem 3.2.3 (Compactness in L?(f2)).
For each bounded sequence u. in LP(Q)), there exists a subsequence, which two-scale converges
to a function ug € LP(Q x Y).

There are several proofs for this theorem, see for example [Al192], for p = 2, or [LNWO02], for
1 < p < co. When working with partial differential equations, derivatives usually also appear.

Therefore, the next two compactness results are very helpful.

Theorem 3.2.4 (Compactness of the gradient).
Let uc be a sequence in WHP(Q) such that u. converges weakly to a limit ug € WP(Q). Then
ue two-scale converges to ug and there exists a function uy € LP(Q; W;’p(Y)) such that, up to

a subsequence,

Vue ki Vug + Vyuy.

For the proof we refer to [LNWO02]. Since we are dealing with a fourth-order equation the

following non-standard result is also required.

Proposition 3.2.5 (Compactness of 2nd order derivatives).
Let ue, €0y, uc and € agmué be bounded sequences in LP(Q), respectively. Then, there exists
a function ug € LP(§2; W;’p(Y)), such that, up to a subsequence,

1
<

Ue 0

2s.
€0z, Uc = Oy, Uo,

2 92 25, 92
€ 03,0, Ue = Oy Uo.
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3.2 Two-scale convergence

Proof. From |Al192] we already know that for sequences u, and € 9, u. bounded in LP(Q2), there
exists a function ug € LP (€ W;p(Y)), such that, up to a subsequence, u. and €0, u two-
scale-converge to ug and 9,,ug, respectively. Since €2 (“)%izj U, is also bounded in LP(Q2), we can
extract a subsequence, still denoted by €2 (‘ﬁﬂj u,, and there exists a function w € LP(2 x Y)

such that this subsequence two-scale converges to w, i.e.

e—0

lim [ €2 aixjue(ac)ip(m7%)dm: ﬁ//w(x,y)w(ﬁy) dydz (3.2.3)
Q Qv

for any admissible test function ¢ € C§°(Q2, C3°(Y)). Integrating the left-hand side in (3.2.3)
by parts and passing to the limit yields

e—0

1
lim [ €0y,uc(x) [0y, 9(x, %) + €0z, ¢ (2, %)] dz = m //@h.uo(x, y)0y, Y(x,y) dy d.
Q QY

With (3.2.3]) we get

e—0

1
fi € L
Q QY

Integrating the right-hand side of (3.2.4) by parts yields the desired result,

e—0

. T 1
iy [ 08, ue(w)ite Dy de = o [ [ 98, (i) dyda,
Q QY

and we identify aiyj up as the two-scale limit of €2 8;%_ u and hence, ug € LP(£; W;’p(Y)). O
The next theorem gives a link between two-scale convergence and normal weak convergence in

LP(9).

Theorem 3.2.6. Let u. be a bounded sequence in LP(Y), which two-scale converges to its limit
ug € LP(Q xY). Then,

(i) ue converges weakly in LP(Q) to u = [, uo(x,y)dy and
(i) lime_o HUE”LP(Q) 2 ”uOHLP(QxY) 2 ”u”LP(Q)‘

Hence, a bounded two-scale convergent sequence also converges weakly in LP(Q2). To proof
the weak convergence of the sequence towards u one simply chooses a testfunction ¢ = @(x)
independent of the variable y in definition The second statement of theorem [3.2.6] states
that more information is contained in the two-scale limit than in the weak one. For the proof
we refer to [LNWO02].
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Two-scale convergence can be strengthened. In the literature one sometimes talks about strong
convergence in the two-scale sense. This terminology can be justified since it enables us to pass

to the limit of products of sequences as we will see in proposition [3.2.8

Definition 3.2.7 (Strong two-scale convergence).
A sequence u. in LP(Q) is said to two-scale converge strongly to a limit ug € LP(Q x Y') if u.
two-scale converges to ug in LP(2) and

li_rg(l) HUEHLP(Q) = ”uOHLP(QxY) :

. 2s.
Then, we write u, — ug.

Moreover, if the Y -periodic extension of ug belongs to LP(Q2,Cx(Y)), we have

=0.
Lr(Q)

ue() = uo(- -)

€

lim
e—0

We remark that all admissible test functions two-scale converge strongly by definition. The
next theorem enables to pass to the limit of products of several two-scale converging sequences.
This result is an extension of the well-known result that the product of one strongly convergent
with one weakly convergent sequence converges towards the product of their two-scale limits
in the sense of distributions, see e.g. [All92] or [LNWO02].

Proposition 3.2.8 (Convergence of products).

Let Q@ C RY be a bounded domain and ul” bounded sequences in LPi(Q), fori € {1,...,n}
and p € (1,00), which two-scale converge strongly to limit functions u((f) € LPi(Q xY),
respectively. Then, for any bounded sequence w. in L1(Q), with ¢ € (1,00) such that % +
> p% < 1, which two-scale converges to wo € L1(Q x Y, the following convergence holds:

lim [ u)(z)... w" (2) w(z) o(z)dz

e—0
@ " - (3.2.5)
zm//uo (). ug (2, y) wo(z,y) p(r) dy dz,
QY

for every o € C™(Q).

Proof. We proof this result for the product of two strongly and one weakly two-scale converging

sequences, i.e. n = 2. The proof of the general case, for n > 2, can be continued successively.
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3.2 Two-scale convergence

For i = 1,2, let cp(z) € C (0 (Y)) be sequences such that cp,(j) — u(()i) in LPi(Q2 xY) and
p € C*(£). We split the product of the sequences as follows
ug)ugz) w, = (ugl) _ Lpl(cl))ugz)w6 + <p,(€1)u£2)w
(3.2.6)

— (ugl) _ @,(Cl))ug)we —|-<,0,(€1)(u£2) 90(2))“)6 +<)01(<: )<p(2) w,.

It is easy to see that this decompositon can be continued successively if further strongly con-
verging consequences are added to the product on left-hand side of . We multiply by ¢,
integrate over (2 and subtract the right-hand side of from both sides and obtain with
the triangle inequality

| / 0 (2) uf?) (&) wela) o) da

|Y| //uol) (x,y)u (:ay) wo(z,y) p(x) dydx‘

< ’/[ugl)(as)—(p,gl)(x,f)] uEZ)(J:) we(x) p(z) dz‘
@ (3.2.7)
+] / 0, D) [ @) — o (2, D) wel) o) da

+‘/ M2, 7y Pz, %)we(x)gp(m)dx

Illf\ // ug’) (2,) ()(xay)wo(%y)so(x)dydx‘.
Y

We consider the last term in (3.2.7)) and pass to the limit, first for ¢ — 0 and after for k& — oc.
We get

im [ (0. D) e 0 D ww) pla) do = / / O (,9) o2 () wo(, ) o) dy i,

e—0
Q

1) ()

since w, two-scale converges to wy and ¢, @ is an admissible test function. Therefore, as

k tends to zero, we get

lim lim’/ Wz, 2y o) (x, E)we(x)w(x)dx

k—o00 e—=0

Y // (1) (z,y) uo (x7y)w0($,y)<ﬁ(x)dydx -0
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and hence, the third term in (3.2.7) vanishes. Using Holder’s inequality, for the first term of
the right-hand side we get

€

‘/ () — o, 5] ug)(x)we(xm(m)dx‘

< (0 [ = e :
< ¢ )zgglw(w)l U k| Ly oy ey 1Pellza)
<C Hu(l) ‘
o € Lr(Q)’
with a constant ¢(Q2) = | =37 "% "4, Here we have used that u!? and w. are bounded in

LP2(Q) and L7()), respectivley. For the next term we get in an analogous way

(1) 2) (2) d ’ <C H (2) (2)‘
| / 2, 5) [u (@) = o (@, 5] wele) ol da] < € [ul .
If
. . 1) _ . _
i i [0 = 1], =0 it [ =], =0 329

our proof is done. At this point we refer to [LNWO02] where (3.2.8]) is shown very precisely
using the Clarkson inequalities. O

For the sake of clarity, we have not included time here, since time only plays the role of a
parameter in our setting. Therefore, all results can be adapted to the time-dependent case,
cf. [Hal97|, [CS99], [PSO8|. For example, we get:

Proposition 3.2.9. For a sequence of functions u. bounded in LP((0,T) x ), withp € (1,00),
there exists a function ug € LP((0,T) x Q x Y, such that a subsequence, still denoted by u.,
two-scale converges to ug, i.e.

T
1
hm//u6 (t,z) o(t,x, =) dadt = v ///uo(t,x,y) o(t,x,y) dy dz dt,
00V

forany ¢ € C5°((0,T) x Q;CF(Y)).

Before we end this part, we would like to put into perspective the ansatz (3.1.4) from the
previous part.
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Remark 3.2.10. In view of the stated compactness results, the ansatz of asymptotic expan-

sions therefore seems quite reasonable:

(i) If a function provides a representation of the form

ue(@) =) ui(,y), (3.2.9)

=0

with smooth and Y -periodic (with respect to y) functions u;, i > 0, then the sequence u,

two-scale converges to ug.

(i) If a function provides a representation of the form (3.2.9) with uy = wo(x), then, the
sequence Vue two-scale converges to Vug + Vyuy.
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So far, in §[2.4] we considered a scaled Cahn-Larché system which describes a certain phase-
separation process. Since the different length scales that occur are taken into account by
its scaling by exponents of ¢, it is suitable for the application of multiscale techniques. The
nonlinear and the linearised system are to be understood as families of systems indexed by
€. Thus, both systems provide a sequence of solutions, respectively. In the following, first,
we derive a system which is suspected to be a limit system, as € tends to zero, of the fully
nonlinear system , in the course of periodic homogenisation. Therefore, we
use the method of two-scale asymptotic expansions which provides a sensibly justified result
of the homogenisation process. After, we do the same for the linear system , . In
preparation for this, we first introduce the cell problems for linear elasticity.

4.1 The cell problems in linear elasticity

Since we are dealing with linear elasticity, we are working with higher-order tensors and thus
the cell problems differ from those of chapter Since we want to turn to periodic homogeni-
sation, we now introduce, in preparation, a familiy of periodic boundary-value problems posed
on the unit cell Y, including a fourth-order, symmetric and positive definite tensor A, which
are the cell problems in linear elasticity. For detailed information of these problems, we refer
to |[CD99| where the homogenisation result for the equations in linear elasticity was proven

using Tartar’s oscillating test functions.

Let Q C RY be a bounded domain and Y = (0,1;) x (0,l3) x ... x (0,1x) C RY, with positive
numbers [, ...,Ily. We want to specify a certain class of fourth-order tensors, which plays an

important role in elasticity.

Definition 4.1.1. Let © C RY be an open and bounded set and o, B € R such that 0 < a < 3.
We denote by M(a, 8,O) the set of fourth-order tensors C = (¢ijki)1<i,j k1<N, which fulfil

(1) ciji € L>®(0), fori,j,k,l=1,...,N,
(ZZ) Cijkl = Cjikl = Cijlk = Cklij, fOT’ i,j, k,l = 1, ey N,
(4ii) a’X‘Q < CXX, for any symmetric matriz X,

(iv) |CX| < 5|X’, for any matriz X,
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4 Formal periodic homogenisation

almost everywhere on O.

We have adopted this definition from |[CD99], but added the additional symmetry condition

£z,

Let A = A(y), with A = (aijkn)1<i,j,k,h<N, be a fourth-order tensor, such that A € M(«,3,Y)
and a;jn being Y-periodic, for ¢,7,k,h = 1,...,N. For any I,m € {1,..., N} we define the

vector-valued function A™ = (Am); o<y € RN by
AT(Y) = YmOu, y€Y, k=1,...,N,

with y,, being the m-th component of y € Y. Then, for each I, =1,..., N, we want to find
a vector-valued function w'™, which solves the following cell problem:

—Vy - (A& (W'™) =V, (AE,N™)) Y,

(4.1.1)
w!™  Y-periodic in y.
Or considering the weak form, we want to find w'™ € [H?%,L(Y)]N7 such that
- / Aly) EW!™) : £(v) dy = / Aly) EO™) - £(v) dy (4.1.2)
Y Y

for every v € (HL(Y))V.

According to the notation used so far, we write &, and &,, where the subscripts indicate the

partial derivatives with respect to the variables x and y, respectively.

Remark 4.1.2. For A € M(a,3,Y), there exists a solution of a cell problem (4.1.2)) according
to proposition|3.1.1. This can be quickly seen by applying Gauss’s theorem to the componentwise
representation of the right-hand side of (4.1.1). Further, the solution is unique up to an additive
constant.

Remark 4.1.3. The cell problems can be interpreted as follows. They give information about
the behaviour of a small representative section of the macroscopic domain, body or material.
The right-hand side of can be interpreted as a volume force. So, one is interessted in
how the displacement field looks like, when applying certain volume forces on a small section
of a body or a domain which is representative for the microstructure. By rewriting the cell
equation, the term €y()\lm) can also be interpretated as an enforced eigenstrain and one is

interested in the displacement or the strain which occurs when equilibrium is achieved.
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4.2 Formal derivation of a distributed-microstructure model

4.2 Formal derivation of a distributed-microstructure model

Now we turn to periodic homogenisation. In what follows, first formally homogenise the non-

linear system ([2.4.15)), (2.4.16)) and then the linear system (2.5.5)), (2.5.6)) using the method

of two-scale asymptotic expansions introduced in section [3.1] It turns out, that the systems
derived in this way are of the so-called distributed-microstructure type. We explain this term

in the next part.

4.2.1 The nonlinear case

Now we assume the unknowns of (2.4.15) and (2.4.16|) to have an asymptotic expansion in €
of the form

i xr
C7L,E(x7 t) = ZZ(:) € Cn,i(xa ;a t) (421)
and
Un,e(T, ) = Zel U i(x, =, 1), (4.2.2)
=0

whereby the coefficient functions ¢, ; and u,, ; are smooth and these as well as their derivatives

are Y-periodic with respect to the second argument. Recall that the derivatives obey the law
Op > Oy +€ 10y, (4.2.3)

In addition to the indexed gradient and strain, we also use the notation A,y;, Agy, and Ay

Y
for the Laplacian operator with respect to the variables specified in the index.

Next, we insert the expansions (4.2.1]) and (4.2.2)) into the scaled Cahn-Larché system ([2.4.15)),
(2.4.16)) and identify the coefficients of the different e-powers. As seen in section this pro-
cedure leads to a series of partial differential equations:

The e 2-coefficient, provided by the mechanical equation, gives
Vy - (Alcn0) Ey(ting)) =0 inQxY xS. (4.2.4)

Multiplying this equation by u¢ and integrating over Y and by parts yields

[ Ao €m0 : & uno)dy =0,

where the boundary integral vanishes due to the Y-periodicity of the derivatives of u, o and
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4 Formal periodic homogenisation

the components of A. Since A is positive definite, we get

a1, (tn o) /Acno y(tn0) : Ey(tn0) dy = 0,

which implies &, (un,0) = 0 and hence,
Unp,0 = Un,O(x7 t) (425)

depends only on the macroscopic variable x and on time. So, we have found a candidate

describing the macroscopic deformation. The e~ !-term gives

Vy . (A(Cn,o)((‘:x(un,o) + Ey(uml) — e(Cn,o)]l) + Cn,1.A/(Cn70)5y(un7o))

+Va - (A(en,0)Ey(unp)) =0,

(4.2.6)

which we consider as an equation for the unknown u, ;. Using (4 and the Y-periodicity

of u, 1 we get a well-posed problem

-V, - (A(cmo) (Ey(tn,1) — e(cn,o)]l)) =V, (.A(cn’o) Ex(un,o)) inQxY xS, (4.2.7)
Up,1  Y-periodic in y. o

For our further considerations we need to work with the componentwise representation of this

equation, namely

N N
- Z 8yj Z al]kh Cn, O ekhy(un,O) - e(cn,O)ékh))

=1 k,h=1

7 N N (4.2.8)
- Z Oy, Z @ijih (Cny0) €xha(Un,0)),
j=1 k,h=1
fori=1,...,N. As in section[3.]] at this step we want to gain a representation of the function

Up,1 in terms of u, . Therefore, we need the auxiliary problems (4.1.1) for the mechanics,

which we also consider now in component-wise form:

N N

_Zayz Zawkh (€n,0) exny(w Zay] Zazgkh (Cn0) €khz(A'™), (4.2.9)
.7 1 j 1

7

for i = 1,..., N. Recall that the right-hand side is defined as (A" (y))x = YmOx for I,m =
., N. By using the identity

N

Z @ijkn(Cn.0) exne(A™) = @ijim, (4.2.10)
kh=1
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4.2 Formal derivation of a distributed-microstructure model

fori,j,l,m=1,..., N, we can write (4.2.9)) as

N
—Zay] Zaukh Cnp, 0) ekhy Zayj Cl,z]lm Cn 0) 1<¢<N. (4.2.11)
Jj=1

Multiplying both sides of (4.2.11)) with e,z (un,0) and summing up over [ and m yields

N N N
- Z ayj ( Z Qijkh (Cn,O) Z €khy (Wlm) €lma (un,O))
j=1

Jo,h=1 Lm=1
o (4.2.12)
= 28% Z az]lm Cn,0 elmz(un 0)
j=1

l,m=1

for i =1,..., N. Now we can compare both equations, namely (4.2.12)) and (4.2.8) and from

the left-hand sides we can directly read off a representation for uy, ; in terms of u, ¢ with the

help of the solutions of the cell problems. We obtain

N
ekhy(un,l) - e(cn,O)(skh = Z elmm(un,o) ekhy(wlm)a 1 < ka h < N7
l,m=1
and therefore, we get
N
eijy(un,l) = Z elmw(un,O) eijy(wlm) + e(Cn,O)(Sija 1 < 17.7 < N. (4213)
I,m=1

Taking into account that &, (uy,,0) = 0, the e-term leads to
Dhno =By (F/(€00) = Myeno = €' (cn,0) 11 [Alen,0) (Ealttn0) + &y (ttn1) = eleno)1)]

5 (E(un0) + € (ttn1) = e(n,0)1) + A'(e0,0) (€0 (ttn,0) + Ey(tm1) = een o)1)

N =

and

0=V, (Alen0) (Ealtin) + &y (tn.2) = € (en0)ena1)

1 A (0n,0) (€4 (tn,0) + &y (tn,1) = e(n0)T)) (4.2.14)

FV,- (A(cmo)(é’w(umo) 4 &y () — e(cmo)]l)).

Now, integrating the mechanical equation (4.2.14)) in a componentwise form over Y, we obtain
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4 Formal periodic homogenisation

the system

Bicno = A, ( F(€n0) = Mycno — € (en0) tr [A(Cn0) (Ex(tn.0) + Ey(tin1) — e(cn.0)1)]

+ %(Ex(un,O) + Ey(un,1) —e(en,0)l) (4.2.15)
P A (0,0) (Eatino) + €y (un) = e(eno) 1)),
1 N N
0 :m Z Oz, / Z @ijkh(Cn0) (ekhz(un,o) + ephy(Un1) — €(Cn,0)5kh) dy, (4.2.16)
Jj=1 k,h=1

for i =1,...,N. Thereby, the integral of the first expression of the right-hand side of (|4.2.14])
vanishes due to the Y-periodicity of the involved functions. Next, we insert (4.2.13)), the

representation for &, (uy, 1), into (4.2.16):

@ijin(n,0) (€rnz (Un,0) + €rhy(Un,1) — Skne(cn0)) dy

N
Jj=1 k,h=1
1 Y N N
:m Z aTJ / Z aijkh(cn,O)(ekhz (un,O) + Z Clmax (Umo) €khy (wlm)) dy (4217)
=y kh=1 Lm=1

N N
1
:m Za”fj / Z aijlm(cn,o)(5zk5mh + elmy(wkh)) dy exne(tno),
v

for i = 1,...,N. In this, we have now found an equation for the macroscopic part of the

deformation w,, 9, which motivates to define the effective or homogenised elasticity tensor

A = (a5 ) 1<i gk he N (4.2.18)
by its components
1 N
a?;)knflb = m/ Z aiﬂm(cn,O)((slk(smh + elmy(wkh)) dy, (4.2.19)
v l,m=1

for é,5,k,h =1,..., N, and write (4.2.17)) as macroscopic equation:

0=V, (A™™ & (uno)) in

Furthermore, to use tensor notation for better clarity, we write

: kh
o= (e‘lumkh)lgl,m,k,hSN’ with  ef,un = €imy(W"™), (4.2.20)
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4.2 Formal derivation of a distributed-microstructure model

and we also use the identity tensor Z € L3,

. 1
T = (Timkn) 1 <pmpnen - With  Zimen = 5 OmOkn + Omndur)- (4.2.21)

Now we can state the formally homogenised system, given by

Bucno =Dy (1 (en0) = AAycno = €/ (60,0) tr [Alen,0) (T + &) Ex(1tn,0)]
(4.2.22)

(T4 E) Eu(tino) : A(cno) (T +E) 5w(un70)) inQxY xS,

DN | =

0=V, (A"™ &, (un0)) in Qx8S. (4.2.23)

The remaining unknowns of this limit system are ¢y and ug, the coefficient functions of the first
terms of the expansions, whereby only ¢ still depends on the microscopic variable y. Hence, the
extended Cahn—Hilliard equation of the limit system lives in the unit cell Y, whereas
the equation for the mechanics is defined on the macroscopic domain 2. This fits well
with the considerations of the experiments: the mechanics taks place on the macroscopic scale
whereas the process of phase separation happens on a microsopic level. There is a special term

for such a micro—macro system, which we discuss in more detail below in order to understand

the system (4.2.22)), (4.2.23]) better.

Distributed-microstructure model

The system above is of the so-called distributed-microstructure type. In such a model, a
unit cell is identified for each macroscopic point, on which the local equations are solved,
cf. [AJH90|, [Sho91], [Sho93|, [Hor97], [Mei08]. We have a global or macroscopic equation
for the global or macroscopic unknown ug, coupled with a local or microscopic equation
for the local or microscopic unknown cg. At each point x € €2, there is identified a
microscopic cell Y. The local equation as well as the cell equations have to
be solved in every unit cell Y, associated with each global point z € 2. On Y, therefore, a
microstructure can be seen which is representative near x € ) (see figure . In particular,

the microstructure can evolve differently at each global point.

Remark 4.2.1. As such a structure of the limit problem is a typical result for coupled systems
where one process occurs on the macroscopic scale and the other one on the microscopic scale,
such distributed-microstructure models have been postulated a priori in such situations. The
main difficulty in the analysis of such problems comes from the fact that the solution spaces
are of the non-standard form LP(Q,H;#(YZ)) where the space H#(Ym) depends on x € Q. We
refer to [Mei08] for details.
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4 Formal periodic homogenisation

z €

Figure 4.1: Macroscopic domain and microscopic cell Y, associated to z € 2

Note, that the homogenised tensor depends through ¢y on both variables, on x and on y. Prop-
erties of the homogenised tensor are discussed in more detail in section [6.1] Notice further,
that the homogenised mechanical equation does not contain the eigenstrain explicitly anymore.
Self-generated tensions on the microscale are thus macroscopically averaged out. However, this
information is still indirectly absorbed via the cell solutions and thus enters the effective tensor

as well as the homogenised equation describing the separation process on the microscale.

4.2.2 The linear case

Now we turn to the linear case and we assume the unknown functions of the system (2.5.5)),

(2.5.6]) to have an asymptotic expansion of the same form as in the nonlinear case,

iel ci(z,y,t) ie’ ui(z,y,t) (4.2.24)
i=0 =0

As before, we insert the expansions (4.2.24)) into the equations (2.5.5) and (2.5.6) and compare
the coefficients of the several e-powers. The e~ 2-terms gives

V- (A(cn,s) Sy(uo)) =0.

This implies &,(up) = 0, as in the nonlinear case, and hence we conclude that uy does not
depend on y. The e !-terms yields

—v,- (A(cn,e) (&,(ur) — € (cne)col) + A (.o (E(tn.c) — e(cn,e)n))

=V, - (Alen)Ea(w) e
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4.2 Formal derivation of a distributed-microstructure model

which we consider as an equation for the unknown wu;. For the following calculations, we use

the componentwise representation

N N
=Y "0y, > (aijrn (exny(ur) = dkne (cn.e)co) + afjnco(ern (tn.e) — drne(cn.e)))
j=1 k=1

(4.2.26)
N N
= Zayj Z @ijkh €kha(Uo)),
j=1 k=1
fori=1,...,N. In order to develop a representation of u; or for the microscopic strain &, (u1),

we use the cell problems introduced in As in the nonlinear case, in order to compare these
with the e !-equation, we consider (4.2.12)), which we state here again:

N N N N N
- E Oy, E Qijkh E ekny(W™) €ima (o) E Oy, E @ijimeimae (Uo)- (4.2.27)
Jj=1 k,h=1 l,m=1 l,m=1

With view to the left-hand sides, we can read off

N N
E azykhekhy Ul E Aijkh § ekhy elmac UO E azykhakhe (Cn e) Co

k,h=1 k,h=1 I,m=1 k,h=1 (4.2.28)
N
Z @ iknco (ern(tn,e) = e(Cn,c)Okn)
k,h=
or, using tensor notation,
Alcn )y (u1) = Alen.c)Ew Ex (o) + Alcn.c)e (cn.e)col
(enEyli1) = Alen. o Ealuo) + Alen)e (en. ey o)
— A (ene)o (E(un,e) — e(cn,e)l).
Multiplying ([4.2.29) by A~ (c,.c), the inverse of the elasticity tensor, we get
Ey(ul) =&, Sm(uo) + 6/(Cn,e)c()]]- - A71(Cn,e)A/(Cn,e)(g(un,e) - 6(Cn,e)]1) Co- (4230)

According to the positive definiteness of A and § the inverse A~! exists. As discussed
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4 Formal periodic homogenisation

in § it is uniquely defined by A7*A = Z. The €’-term gives

drco = A (f”(cn,e)co — Ay co
— €/ (cne) tr [A(cme)(gx(uo) + &y(u1) — e'(cme)co]l)]
— € (cne) tr [A'(ene)co (E(un,e) — e(cn,e)1)] — € (cne)co tr Spe (4.2.31)

+ (E(tn,e) — e(cn,e)1) « A'(Cnye) (Ex(uo) + Ey(ur) — € (cn.e)col))

—~

(ECun,e) = e(en) 1) + A (en. )0 (Etn,e) = elen)1))

DN | =

+

and

0=V,- (A(cm)(ex(uo) + &y () — € (en)col)

A (e )0 (E ) — elen)L) )

(4.2.32)
+ 9y (Alen. ) (Ex(m) + &y (u2) = € (en)erT)
+ A (cn,e)er (E(un,e) — e(cn76)1)>.
We average the mechanical part (4.2.32f) componentwise over Y and get
N 1 N
0= Oy, — / aon(Cne) o (exn(Un.e) — dkne(cn.e)

jz;: Y] k%::l e o ) (4.2.33)

Y El

+ @ijkn(Cn,e) (€rha(U0) + €xny(u1) — Sxne’ (cn.e)co) dy.

The second term of the right-hand side of (4.2.32)) vanishes by integrating due to the Y-
periodicity of the involved functions and coefficients. Using the representation (4.2.29)), from

(4.2.33)) we obtain

N N

N
0= Zaxjﬁ/ Z ijin(Cn,e) (exna(uo) + Z erhy (W) €ma (1)) dy
¥

=1 k=1 Lim=1

N ) N

- Z Oz, Y] / Z i (Cne) (OkOmn + €khy(W'™)) AY €rma (o).
] Y

j=1 k,h,l,m=1

We use the same abbreviation as in § and define the homogenised tensor AP™, which

describes the effective elastic properties of the monolayer, by

N
1
a?;)lrrnn = m/ Z aijkh(cn,e) (5lk5mh + ekhy(wlm)) dy. (4.2.34)
$ k=1
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4.2 Formal derivation of a distributed-microstructure model

With the identities (4.2.29) and (4.2.30) and using tensor notation (4.2.20) and (4.2.21)), we

can state the formally homogenised linear Cahn—Larché system:

Orco =4y (f”(cn,e)co — Ao

— €' (cn,e) tr (Alcn, ) (T + Eu)Ex(ug)) — € (Cne)co tr S e

+ (Eune) — elene)l) + A'(en.e) (T + Eu)Ex(un)) (4.2.35)

= (E(un.e) —elen, L) : A'(en,e) (A7 (en.e) A'(en.c)co (€ (un,c) — e(cn.e)1))

+ %(5(%,6) —e(en)1) A e )eo(Eun) — e(en)1)) in QXY xS,
0=V, (A" &, (ug)) in QxS (4.2.36)

This limit system has the same structure as the limit system in the nonlinear case (4.2.22)),
(4.2.23) and has in particular the structure of a distributed-microstructure model. The only
remaining unknowns are the first terms of the asymtotic expansions, ¢y and ug. The limit
order parameter ¢y depends on the microscopic space variable y and the equation describing
the phase separation in the reference element on the microscale includes only deriva-
tives with respect to y, whereas the limit displacement uy describes a purely macroscopic
phenomenon. The solutions of the cell problems enter into the components of the homogenised
elasticity tensor as well as into the equation for the phase separation. The mechanical equation
(4.2.36]) and also the formally homogenised tensor are the same as in the nonlinear case.
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5 Well-posedness of the linear
Cahn—-Larché system

In this chapter, we examine the linearised Cahn—Larché system ([2.5.5) - We first make
some assumptions and state the weak formulation of the linear system. After, we give an a-
priori estimate for every € > 0, which enables the homogenisation process in the next chapter.
Further, for every € > 0, we proof the existence and uniqueness of a weak solution using theory

about linear differential-algebraic equations.

5.1 Weak setting

As we want to work in a weak setting, we introduce now some function spaces, specify some
assumptions and thus also state the notation we use. Then, we will have all tools to state the

weak formulation of the linear scaled Cahn—Larché system.

Let 2 € RY be a bounded domain with Lipschitz-continuous boundary dQ = I' such that
I'=ToUI',Ul'y with pairwise disjoint parts I'g,I's, ', cf. § In the following, we denote
by

(1, 0)0 = / w(@) v(@)dz and  (u,v) /t V) ds
0

Q

the scalar products on L?(Q) and L? ((0,t), L*(2)) for t € [0,T], respectively, and the abbrevi—
ation |||l = |[*[|2(q) for the standard norm on L2(2) as well as ||uHQt fo Jadr.

We define the function space
V(Q):={ve H*Q)|Vv-n=0o0nT},

equipped with the norm

1/2
2 2
lolly @ = (leld +1a003) ©, veV,
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5 Well-posedness of the linear Cahn—Larché system

which is equivalent to the standard norm on H2(f2) (see remark [5.2.7)), and
W(Q) = {we [H' QN |w=0o0nTy, w-n=0onT},

provided with the standard norm on [H!(2)]¥. For the unknown functions, we need the

function spaces

V(Q) = L*(S,V(Q)),
W(Q) = L? (S, W (Q)).

For matrix-valued functions A = (a;;)1<i j<n, B = (bij)1<ij<n € [L*(Q)]V*N, we define the

scalar product

(A,B)ra ::/A:de,

and the norm
2
[Allzq = (A, A)ra
as well as
2 2
HD”MQZ:NQHﬁXW%NLme

for D = (dij)1<ij<n € [L®(Q)]¥*N. Whenever we use a standard norm of a matrix- or
vector-valued function, this is to be understood in the following averaged componentenwise

sense,

N N
2 2
1ol =3 il ol = Z loil2n and [MIE =S Imgl3,
i=1 ij=1
for v = (’Ul,...,UN)T S RN, M = (mij)lgi)jSN S RNXN, p e [1,00). Note that HMH??,Q =
Jo M : Mda = || M|,

Further, we denote the dual pairing of V(€2)" and V' (2) by (-, - )y () and , in abuse of notation,
we sometimes write (-,-)y(q) = (-, )a. Moreover, we use the trace operator

i H'(Q) = L*(), uw~ up

if we want to restrict a function u € H'(2) to the boundary of 2 and for the sake of simplicity,

however, we simply write u instead of y(u) for functions u € H*().
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5.1 Weak setting

Now we need to make concrete assumptions on the solutions to the nonlinear e-dependent
problem. These are denoted by ¢, . and u, . and we assume them as well as the partial

derivatives of the displacement to be bounded with respect to space and time, hence

Cne € L2 x S),
Up,e € [L(Q x SN, (5.1.1)
Vg, € [LZ(Q x §))V*N,

We consider the interpolated tensor A defined by (2.2.41]) with constant tensors A%, i € {E, C}
corresponding to the two phases, specified in § [2.2.2] such that there exist o, 8% € R, with
0 < o' < B¢, such that A" € M(a?, 8%,Q). Then, there exist a, 8 € R, with 0 < o < (3, such
that

Alen,e(-,t)) € M(e, 5,9), (5.1.2)

t € S. Note, that the derivatives A'(cy,.) and A”(c,.) do not necessarily fulfil property (%)
of definition but the other three ones of this tensor class. In particular, there exist two
numbers 3’, 8” > 0 such that

| A (e, ) X| < B'|X] and  |A"(cn)X]| < B"|X], (5.1.3)
for any X € RVXV,

For the eigenstrain £(c) = e(c)1 we first choose the same type of interpolation as for the

elasticity tensor, i.e.
e(c)1 = (eg + d(c)(ec — er))1, (5.1.4)

with constants eg, ec € R describing the eigenstrain behaviour of the corresponding lipid phase,
and with the interpolation function d(-) defined by (2.2.42)).

Finally, we choose the initial value ¢ € L?(Q2) and for the boundary force term we assume
g € L*(S,[H~Y/2(T',)]"). For ease of notation, we simply write

(g = (o) m-12(r,),H2(T,)

whenever we need the pairing of [H'/2(T',)]"V with its dual space. Now we can state the equa-
tions in their weak form:
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5 Well-posedness of the linear Cahn—Larché system

Find (ce,ue) € V() x W(Q) with c.(-,0) = ¢ in §, such that

(atcea QD)Q - 62 (f//(cn,e)ce ) ASD)Q + 64 (AACE ’ AQO)Q

+ (e () tr(Se) , Ap) ., + € (€ (cne) e tr(Snie) s Ap)

(5.1.5)
— 62((5(7.11“76) —e(ene)l) : A(cne)(E(ue) — €' (cne)cel) ,A@)Q
- 62%((5(’11%,6) —e(en,)1) : A" (cne)ce (E(un,e) — e(cn,e)1) Agp)ﬂ =0,
and
(-A(Cn,e) (E(ue) - e/(cme)ce]l), 5(1/’))1:’9
(5.1.6)

+ (A/(Cn,e) Ce (g(un,E) - e(cn,e)l)ﬂ 5(1/)))1779 - <g7 1p>I‘g =0,

for any (¢,9) € V(Q) x W(Q) and a.e. t € S.

The next proposition tells us that the time derivative of a function c. satisfying equation (|5.1.5|
is an element of L%(S,V’'(Q)).

Proposition 5.1.1. For every € > 0 and functions (ce,uc) € V(2) x W(Q) satisfying the

equations (5.1.5) and (5.1.6)), it holds that O;cc € L*(S,V'()).

Proof. For almost every t € S we have

||atCGHV’(Q) =
= sup (Orce, P)v ()
eV (Q), ”LPHV(Q):l
- sup € (f"(cn.e) Ces A@)Q — 64/\(Ac€, Acp)ﬂ
PeV(Q), llelly =1 (517)

— (€ (n) tr(8.), Ap) o — (€ (ene)ec tr(Sn), A)

+ @ ((Ettne) — el D)  A(end) (Eu) — ¢ (endecl), Ap),

5 (Eune) — elen o)D) s A (e e (Elun) — elene)D), Ag) ).
First we take a closer look at the trace terms. Remember that

Se = Alcpe) (S(uﬁ) = e’(cn,e)cell) + A'(ep,e)ce (5(un76) — e(cms)]l) (5.1.8)
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5.1 Weak setting

and the identity
trSc=8.:1
and hence, we can estimate
(Se ) IASO)EQ < HSE”F,Q HILAS0||F,Q :
For the norm of the linear stress tensor, we get
ISell i = [|Alen.e) (£ (ue) — € (en.c)eel) + A'(en.c)ee(E(un.e) — e(ene) 1) || g
< B(IE@e I pg + € (cneeelllpg ) + B lee(€(une) = e(en.) Dl g

< /8( Hg(ue)HQ +N ||e/(cn,e)HLoc(Q) ”Cellﬂ) + 6/ ”g(un,e) - e(cn,e)]IHM,Q ||ceHQ )
(5.1.9)

where we applied the inequalities of Minkowski and Holder as well as the boundedness of A
and its first derivative. With (5.1.9)), we obtain

€ (€' (cn,e) Se , 1AY) FO
< €' (cn.e) Sell g 1A pg
< € ||e’(cn75)||Loo(Q) BlE@)lg+N He/(cn,€)||L°°(Q) llecllg ) N 1A¢llg (5.1.10)
+ € [le'(ene)ll oo 0y B N1E (Une) = e(cne) Ll leella N llA@llg
< EC(JEllg + llecllq) A¢llg -
Analogous to this, we get

(e (en.0) e S 1A0) gy

< " (ene)l o a el B 1€ tne) = elen D0 N A0l (5.1.11)

< Cllecllg 1A@llg -
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5 Well-posedness of the linear Cahn—Larché system

For the next term, we get the following estimate, using the same inequalities as above,

€2 /(E(uns) —e(cn,e)L) : A'(cn,e) (E(ue) — € (cne)ce(w,t)1) Ap(z) dx
Q

< € ||A90(5(Un,e) - e(Cn,e)]l)”F,Q ”A/(Cn,e)(g(ue) - el(cn,e)cel)”F,Q
(5.1.12)

< [ Apllg 1€ (Un.e) = e(ene) Lo B (1€ g + N lle'(ene)ll L (g llcell )

<EC([E@llq +llecllq) A¢llg

and the last term of the right-hand side of (5.1.7) in an analogous way. The remaining first
two terms in (5.1.7)) are estimated using Holder’s inequality. Altogether we obtain

HatCSHV’(Q) = sup <3tce, <P>v'(9),V(Q)
veV(Q), llelly oy=1

< s @I gy ledla [180l0 + €N [Accg [1Ag]g
eeV(Q), llelly (o)=1

+ 0 (IE@llg + llecl) 12¢llg }

< sup C (! Acellg + € I€(ue) g + € llecllg ) ||A<PHQ}
eeV(Q), llelly oy=1

< sup C (e Acellg + € I€(ue) g + € lleellg ) llelly o) }
PeV(Q), llelly )=1

Because c. € V(2), ue € W(Q) and [[¢]|y; (o) = 1, the right-hand side is bounded for almost
every t € S. O

5.2 A-priori estimates

This part is devoted to show uniform boundedness of the sequences of the solution components
of the scaled linear Cahn-Larché system, c. and u., as well as for sequences depending on their
derivatives. This result will enable us in section [6.1]to pass to the limit in the sense of two-scale
convergence. Therefore, we start by recalling two variants of Korn’s inequality as well as the
inequality of Poincaré, which are important for the mechanics, as well as a trace inequality.
The following results, which we cite from [Sch13| and [CD99|, enable us to estimate the norm

of the displacement.
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5.2 A-priori estimates

Proposition 5.2.1 (Korn’s inequality with boundary values).

Let Q C RN be a bounded domain with Lipschitz-boundary and I'p C 0K a part of the boundary
with (N — 1)-dimensional Hausdorff measure |I'p| > 0. Then, there exists a constant C > 0
such that for any function u € [H*(Q)]N with u =0 on T'p

/|Vu|2dx < C’/|5(u)|2dx.
Q Q

In the course of periodic homogenisation we need the following version of Korns inequality.

Proposition 5.2.2 (Korn’s inequality for periodic boundary conditions).
Let Y = (0,11) x ... x (0,Ix) € RN. Then, there exists a constant C > 0 such that for any
function u € [Vg(Y)|N, where Vy(Y) = {v e Hy(Y)| [, vdy = 0}, the following applies:

/|Vu|2dy§0/|5(u)|2dy.
%

Y

Proposition 5.2.3 (Poincaré inequality with control on a boundary part).
Let Q € RY be a bounded domain with Lipschitz-boundary and u € W1P(Q), p € [1,00), be

function satisfying one of the following properties:
(i) uw=0 on 09,

(ii) [oudz =0,
(i) [u=0, for T C dQ with non-vanishing (N — 1)-dimensional Hausdorff measure.

Then, there exists a constant C' > 0 such that

HU’”WLP(Q) <C ||quLp(Q) .

Proposition 5.2.4 (Trace inequality).
Let © be a bounded domain with Lipschitz continuous boundary OS2. Then, there exists a

constant cy > 0, depending on €1, such that
V@l g1r200) < ey lull g -

for any function u € H*(Q).

Remark 5.2.5. In the following, we also make use of a weighted version of the well-known

Young’s inequality: For a,b € R and § > 0 we have

§ o 1,
< —a?+ =2
ab 2& 25[)
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5 Well-posedness of the linear Cahn—Larché system

Now we want to state our boundedness result.

Proposition 5.2.6 (Boundedness).

There exists a constant C' > 0, independent of €, such that

2 2 2 2
leelle, + leVeellg, , + [ Acel|g, , + uellzr () . < C. (5.2.1)

for almost every t € S.

Proof. Starting with equation (5.1.6)), we show first that u. is bounded in W(9Q) if ¢, is bounded
in L2(S, L*(Q)). Therefore, we use u, as test function in (5.1.6) and get

(A(Cn,e) (E(ue) — €' (ene)eel), 5(“6))}7’9

(5.2.2)
+ (A ene) e (E(unye) — elen,e)1), E(ue)) pg — (g: ue)r, =0.
Rearanging terms yields
(A(cn )€ (ue), é‘(ue))F’Q = (A(cn, )€ (cn,e)eel, S(ue))F’Q
(5.2.3)

+ (A/(Cn,e)ce(‘g(ume) - e(cn’e)]l), g(“é))pﬂ + (g, Ue>Fg~

We estimate the left-hand side of (5.2.3)) by using the postitive definiteness of A as well as
Korn’s and Poincaré’s inequality:

2 o 2 o 2
(Alen,) £), E@))g > @ |E@ 30 > 3 IE@g + 2C Il (524)
Next we consider the first two terms of the right-hand side of (5.2.3)), which can be estimated

by applying Young’s inequality and using (5.1.2). We get

(A(Cnyé)e/(cn,e)cel »g(ue))pﬂ < HA(Cn,e)el(Cn,E)Cel”F,Q Hg(uc)”F,Q

IN

BN [le"(en.e)ll oo (g llellg 1€ ()l pq (5.2.5)

1 2 A72 2 2 d 2
< 27;5 N ||el(cn,6)”Lo«>(Q) HCGHQ + 5 ||5(ue)||FQ
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5.2 A-priori estimates

and

(A/(cn,é) (E(un’é) - e(cn,E)]l)Ce 78(u€))F7Q

< H-A,(Cn,e)(g(un,e) - e(cn,e)]l)ceHFﬂ Hg(ue)”RQ

) (5.2.6)
< B E(un,e) — e<c’ﬂ,€)]lHM7Q l[eello ||5(“6)HFQ
< L@)e 13 2 4 O leuo)l?
= %(6 )7 NE(une) — elen,e) HM,Q leellg + ) 1€ (ue) FQ -
For the boundary term, we obtain
(9, ue)r, < ||g||H*1/2(Fg) ||u€||H1/2(Fg) < &y HQHHﬂ/z(Fg) ||“e||H1(Q)
(5.2.7)

C 2 cy0 2
< 2;(; ||9||H—1/2(rg) + % ||UeHH1(Q) )

where ¢, > 0 is the constant from the trace inequality. Further, we have used Young’s inequal-

ity. Combining now ~ (5:2.7), we can absorb the terms with u. and &(u.):
(@ = 20) [|€ (ue) |70 + (Ca = ¢30) [futel 51
< %(BQNQ I/ (en )3 ) + (B)2 1€ ttn,e) = elen, ) T3r0 ) lleclfy (5.2.8)
+ Zllgll-s72(r,y ) -

Integration with respect to time from 0 to ¢, t € (0, 7], and ¢ small enough, gives the following

intermediate result:
2 2 2 2
1€ (ue)llg,e + lluell oy e < Clicellqe + Crllgl-1r2(r, e > (5.2.9)

for some constants C, C; > 0, independent of e. Hence, £ (u.) and u. are bounded in L2(S, [L?(Q)]V*N)
and W(Q), respectively, if c. is bounded in L?(S, L?(Q2)). To show this, we use c. as test func-
tion in (5.1.5) and integrate from 0 to ¢, ¢ € (0,7T:

1
2
+é2 (¢ (cn,e) tr(Se) Acg)Q , € (" (cn,e)ce tr(Snye) ACE)Q .

1
lee(®)llg - 3 lec(O)llg = € (" (cne)ee, Ace)q , + *MlAcclg,,

(5.2.10)
— 62((6(11,”76) —e(en,)1) : A'(cpn ) (E(ue) — €' (cne)cel) ,Ace)(m

((g(un,e) —e(en,)1) + A" (ene)ce (E(un,e) — e(cn,e)l) ’Acﬁ)ﬂ,t =0.
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5 Well-posedness of the linear Cahn—Larché system

Rearranging terms yields

1 2 2
3 lleclla + X [[Acclg,,
1 2
=3 lee(0) Il + ¢ (f”(cn,e)cé ) ACG)Q,t
—€ (e/(cn,e) tI‘(SE) ,Ace)ﬂ,t — ¢ (e//(cn,e)ce tr(sn,e) ,AC€>Q¢ (5211)

+ € ((E(tun,e) — e(en,e)1) + A'(ne)(E(ue) — € (cpe)eel), ACE)Q’t

1

+ 625 ((E(une) —e(en,)l) : A (cpe)ce (E(un,e) — e(cn,e)l), AcE)Q’t.

We estimate the scalar product terms on the right-hand side of (5.2.11)) successively, using

Holder’s and Young’s inequalities. The first one gives

1

2 1)
E(I"ene)ees Ac)g, < 5 11" (en )l el + St Ac (5.2.12)

Similar to (5.1.10), we treat the terms including the traces of the stress tensors. With (|5.1.9)
and Young’s inequality, we get

€2 (6’(cn,e) tr(Se) ,ACG)Q’t < é? ||€’(Cn,e)SeHF,Q,t ||]1Ace||F’Q,t

1 2 2 0 2
<% e (cne)ll ot ISellm0,e + 6451\7 [Acellg,; (5.2.13)
< Loqe 2 2 46N Ac.||?
<55 (I€ulg + lleelley,, ) + € 3 | Acellq,;

and

e? (e”(cn,é)cé tr(Sn,e) ) Ace)g,t <é€ ||€”(Cn’6)068n,6||F,Q,t ”]lACeHF,Q,t

IN

2 2 2 2 d 2
5 le”(en.e)ll oo (qy.c NCell,e 1Sn.ellar e + €4§N [Acellg; -

For the last two terms from the right-hand side of (5.2.11)) we obtain
E((E(un,e) — e(cne)l) : A'(cn.e)(E(ue) — € (ne)cel), ACE)Q,t
< Hg(un,e) - e(cn,E)]l”M,Q,t 6/( ||5(UE)HF7Q¢ +N ||6/(Cn,e)||Loo(Q),t ||C€HQ,t )62 ”ACEHQt

1 2 2 2 2
< % Hg(ume) - e(cn,€>1||M,Q,t (ﬁ/)2 2( Hg(ue)llﬂ,t + N? Hel(cme)”Loo(Qm ||06H9,t )

g 2
+ St acd?,
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5.2 A-priori estimates

and
1
625((5(’[1,“’5) —e(cn,e)L) 1 A" (Cne)ce (E(tn,e) — €(cne)1), Ace), ,
Loy 2 2 4 14 4 2
< %(/8 ) ”Ceuﬂ,t [[(€(un,e) — e(cn,e)]l)”NLQt + 156 [Ace] Q.-

Now we can absorb the €* [|Acc|, ,~terms and get

S lecOIE + (A= (9/8 + N)3) [ *Ace

[
Q.
2 2 17 2 2
l[ce(0)llgy + 5 177 (en o)l zoe (@ ¢ lleelle
2 2 2 2 2
+ 35 ||e/(c’ﬂ7€)HLOO(Q),t (262( ”8(u6)HQ,t + N? He/(cnyellLoo(Q),t HCGHQ,t)

+ (5/)2 HE(UnE) - e(cn,e)ln?w,g’t |\Ce||52z,t) (5.2.14)

2 2 2 2
+ 5 ||6”(C7l7€)||L00(Q)’t ||CeHQ,t [[Sn,e |M79,t

1 2 2 2 2
+ % ||8(un’6) - e(cn,E)]l‘lM,Q,t 2(ﬂl)2( ||5(uE)HQ,t + ||€I(Cn,6)HLoo(Q)7t N? HCEHQ,t )

1

PT;

2
(B")? llcellge

‘(g(un,e) - e(cn,e)]l)||§/[7§27t .

For § small enough, the left-hand side of ([5.2.14)) is positive and with the estimate (5.2.9)) for
1€ (ue)llgy,, we get

2 ~
e + le2Acdlls,, < Clledif, + € (lec O + gl 2r, ) (5.2.15)

for some constants C, C' > 0, which do not depend on e. Now, we can now apply Gronwall’s

inequality and receive
lee(®)]15 + HGQACEH?M <C (HcinH; + ||g||§{71/2(pg)7t) (5.2.16)

for a constant C' > 0 independent of €. Due to the regularity assumptions on g and the initial
data ¢, the right-hand side is bounded.

Since c.(t) and €2Ac.(t) are bounded in L?(Q2) for a.e. t € S, the scaled gradient eVe(t) is
bounded in [L?(Q)]V, for a.e. t € S, since
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5 Well-posedness of the linear Cahn—Larché system

f/ce e Ace dx = /62 (Vee)? dx — /c6 Ve, -ndo = /(che)2 der = ||€VC5||522 >0,
Q Q o0 Q
(5.2.17)

whereby the boundary integral vanishes because of the no-flux condition Ve, -n = 0 on 0.
With

<C, (5.2.18)

|/c6 EAccdz| < lec]q ||62Ace||Q
Q

it follows

[eVeellg < lleelle ||€2Ace (5.2.19)

lo-

Integration with respect to time then gives the desired result. Estimates (5.2.9) and (5.2.16]
now finally yield the boundedness of u. in W(Q),

el @y < € (NecO) G+ Ngll31rar,0) - (5.2.20)
Alltogether we finally obtain

el + leVeellg,, + | Acdfg,, (5.2.21)

in||2
e+ TuelZsaye < O (I + ol aryye)  (5:222)

for a constant C' > 0, which does not dependent on e. O

Remark 5.2.7 (Equivalence of norms).
In V(Q) C H*(Q) the norm [[ly-(q) is equivalent to the standard norm on H%(Q),

1/2

2 2 2

1ol a2y = (01 + 900G + 1A0lg) v e H2(9),
since

1015 ) < IollFre0) < cllvlivg) » (5.2.23)

with ¢ > 0. The first inequality in (5.2.23)) is obvious, the second one can be achieved by using
(5.2.19) and Young’s inequality.
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5.3 Existence of a weak solution

5.3 Existence of a weak solution

In this subsection we want to show the existence and uniqueness of a weak solution of the
considered linear system. The proof is provided by a Galerkin approximation. Since the finite-
dimensional system that is created in the course of this represents a linear differential-algebaic
equation (DAE), we will first introduce some aspects of general theory about solvability of

linear DAEs in a weak setting.

5.3.1 Existence of weak solutions of linear DAEs

In many applications, it occurs that partial differential equations must satisfy certain con-
straints and one has to deal with coupled systems, as for example in fluid dynamics or con-
tinuum mechanics. Think of the Navier—Stokes equation, for example, which is considered for
the mathematical description of incompressible fluids under the constraint of a divergence-free
velocity field. A semidiscretisation in space, in the course of numerical considerations or a
proof of existence, then leads to a system of equations, which can be interpreted as a DAE in a
weak functional analytical setting. Since the examined linear Cahn—Larché system represents
a coupled system of partial differential equations of elliptic and parabolic type, we use the
framework of linear differential-algebraic equations in a weak setting to proof the existence of

a solution of the corresponding Galerkin equations.

We consider now differential-algebraic equations of the form
A)(D(t)u(t)) + B(t)u(t) = q(t), (5.3.1)
with continuous matrices
A e C([to, T),R™™), D e C([to, T),R™*™), B € C([to,T],R™*")

and a right-hand side ¢ € L?((to,T),R™). The matrix D specifies the differentiable part of u.

In [Tis03], the author studies coupled systems of partial differential and differential-algebraic
equations in Hilbert spaces, so-called abstract differential-algebraic systems. Among other
things, the unique solvability of such a system was proven there by use of a Galerkin method.
In the following, we summarise some results of the theory of linear differential-algebraic equa-
tions concerning existence and uniqueness of solutions of linear DAEs of the form
according to [Tis03|, which we refer to. The concept is based on decoupling the DAE into a
dynamic part, which represents an ordinary differential equation and an algebraic part. The
first definition tells us when the matrices A(¢) and D(t) are well matched in a certain way.
This is important when decoupling a system as stated above into a dynamic and an algebraic

part.
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5 Well-posedness of the linear Cahn—Larché system

Definition 5.3.1 (Properly stated leading term).
A DAE of the form (5.3.1)) is said to have a properly stated leading term if

(i) the coefficient matrices A(t) and D(t) fulfil
ker A(t) @ im D(t) = R™ (5.3.2)
for all t € [to,T] and
(i) there exists a continuously differentiable projector
R: [to,T] — L(R™,R™)
such that
im R(t) =im D(t), ker R(t) = ker A(t), (5.3.3)

for all t € [to, T).

Remark 5.3.2. The projector function R(t) from the definition above realises the decomposi-

tion . 1t holds
im A(t)D(t) = im A(t)R(t) = im A(¢),
ker A(t)D(t) = ker R(t)D(t) = ker D(t).
Moreover, on the subspace im D(t) the projector acts like the identity, i.e.
R(t)D(t)r = D(t)z, x€R", (5.3.4)
and further, it holds that
A)R(t)x = A(t)z, = e€R™, (5.3.5)

since 0 = A(t)xy, = A(t)R(t)xg for all ) € ker A(t) = ker R(t) and A(t)R(t)x; = A(t)z; for
all z; € im D(t) due to (5.3.4)).

Next, we present a index concept for the considered linear DAE. Laxly spoken, the index of a
DAE indicates how much it differs from an ordinary differential equation. Following [Tis03],
we introduce a projector-based index, which is compatible when working in a weak setting. As
we will see later, the decoupling of the linear DAE, which is based on this index concept, is
based on the decomposition of R™ realised by projectors. For the sake of notational simplicity,

from now on we drop the time argument ¢ from the matrices.
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5.3 Existence of a weak solution

Definition 5.3.3 (Index, [Mar02]).
A DAF of the form (5.3.1)) with properly stated leading term has the index p € IN if there exists

a continuous matriz-valued function sequence (G;)i>0 and a continuous projector sequence
(Qi)iZO such that

(i) Q; is a projector onto ker G; for all t € [ty,T] and i > 0,
(i1) G has constant rank r; > 0 on [tg,T] and all i > 0,
(it) ry—q <7y =mn,

(iv) QiQ; =0, for 0<j<i—1,i>0,tE€ [to,T],

(v) DPy...P; D™ € C'([to, T], L(R™,R™)),

with

GO =AD and Gi+1 = Gz + Ble7
BOZB and BH_lZBiPi—GH_lD_(DPO...PiD_)/DPOH.Pi,
P’L‘ =1- Qia

for i > 0. Here, D™ denotes the reflexive generalised inverse of D, i.e.
D DD =D, DD D=D
such that
DD™ =R, D D=PF, (5.3.6)

where R is the projector from definition [5.3.1].

Remark 5.3.4. For any matriz M € R™*"™ with a reflexive generalised inverse M~ € R™*™,
the matrices MM~ and M~ M are projectors, since

(MM~)>=MM MM~ =MM~ and (M M)>=M MM M=DM"M.

Uniqueness of the reflexive generalised inverse can be achieved by setting the products MM~
and M~ M equal to certain projectors. Hence, by the identities (5.3.6)), the reflexive generalised

inverse D™ from the definition above is uniquely determined [Dok11]].

Now we can state the existence result we want to work with.
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5 Well-posedness of the linear Cahn—Larché system

Theorem 5.3.5 (Existence of a unique solution, [Tis03]).

An initial value problem of the form

A)(D()x(t)) + B(t)z(t) = q(t), (5.3.7)
D(to)x(to) = zy €im D(to)7 (538)

with ¢ € L*((to,T),R™) and index p = 1 has a unique solution x € L?((ty, T),R™) such that
Dz € C([to, T),R™) and Dz is differentiable for almost all t € [to,T]. The equation (5.3.7))
holds for almost all t € [to,T] and there exists a constant C > 0 such that

121 2 (2o, 1) ) 1Pl 0,71, + 1DE) 210 1y 2oy < C 200+ L2t ey )+ (5:3.9)

Here, for the first time, the initial-value condition appears and with it the requirement, zg €
im D(tp), to get a well-defined problem. We proof the existence result following the ideas
of |Tis03]. For the decoupling of the DAE into its dynamic and its algebraic part we refer
to [Dok11].

Proof. Due to the index 1 property of (5.3.7)), the matrix
Gy =AD + BQo

has constant rank for all ¢ € [to, T] and, hence, its inverse G * exists. For any 2 € R™, it holds
that

G1Pox =(AD + BQo) Pox = (AD + BQo) (I — Qo) z

5.3.10
=ADzx + BQor — ADQox — BQ3x = ADz, ( )

since Qg is a projection onto ker AD = ker D and thus ADQox = 0 and Q% = Q. With (5.3.5))
and (5.3.10)), we write the leading term of ([5.3.7)) as follows

A(Dz) = AR(Dz)' = ADD~(Dz)' = G1PyD~(Dz)’. (5.3.11)
Next, we write

for any = € R™, since Qg is a projection onto ker AD. Hence, using (5.3.11)) and (5.3.12]), we
write the DAE (5.3.7) as

G1PyD™ (Dz)" + BPyz + G1Qoz = q. (5.3.13)
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5.3 Existence of a weak solution

Multiplying (5.3.13) by G; ' from the left, we obtain

PyD™(Dx)' + Gy 'BPyz + Qor = G 'q. (5.3.14)

Now, we multiply (5.3.14) with D from the left and get
DPyD™(Dx) + DGy 'BPyxr = DGy 'q (5.3.15)

since Qg is a projection onto ker D. Due to the identities Py = D™D and R = DD, we get
DPyD~ =DD~DD~ = R? = R, and equation (5.3.15)) becomes

R(Dz)' + DGT'BD~ Dz = DG 'q. (5.3.16)
Using (Dz)" = (RDx) = R'Dx + R(Dx)’, from (5.3.16) it follows

(Dz)' — R'Dx + DG{'BD~ Dz = DGy 'q. (5.3.17)

We consider again equation and multiply it now with Qo from the left and get
QoPyD™(Dz)' + QoGy'BD™ Dz + Qox = QoG 'q. (5.3.18)
Since Qo Py = Qo(I — Qo) = 0, we obtain
Qor + QoG BD™ Dz = QoG 'q. (5.3.19)

With this, we have split the DAE (5.3.7) into a dynamic part (5.3.17) and an algebraic part
(5.3.19)).

Equation (5.3.17)), together with the initial condition (|5.3.8]), represents an ordinary differential
equation for y := Dx of the form

y'(t) = My(t) +b, te(to,T),

5.3.20
y(to) = o, ( )

with M = R’ + DG{*BD~, M € C([to, T],R™*™) and b = DG 'q, b € L*((to, T),R™).

The above system satisfies the Carathéodory conditions, the map = — Mux is Lipschitz-
continuous and we can apply the existence theory of Carathéodory. Therefore, the initial-value
problem ([5.3.20) has a unique solution y € C([ty, T],R™) with 3’ € L?((to, T), R™) such that

y(t) = y(to) + / ¥ (r)dr.
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5 Well-posedness of the linear Cahn—Larché system

Furthermore, there exists a constant C' > 0, such that

||1/Hc([to,:r],Rm) + ||yl||L2((t0,T),Rm) < C(|lyoll + ”bHL?((tO,T),]Rm))' (5.3.21)

Considering the algebraic part, due to the identities I = Qo+ Py and Py = D™D, from ([5.3.19)
we obtain a representation of a solution of the initial-value problem (5.3.7)), (5.3.8]), namely

z(t) = D7y(t) — (QuGy 'BD ™ )y(t) + QuGy 'q(t), (5.3.22)

where y ist the unique solution of (5.3.20). All matrices appearing here are continuous on
[to,T] and, since ¢ € L?((to,T),R"), we deduce z € L*((to,T),R™). Further, the estimate

(5.3.9) follows directly from the representation (5.3.22)) of x and the estimate (5.3.21)). O

5.3.2 Existence of weak solutions of the linear Cahn—Larché system

To proof the existence of a weak solution of the scaled linear Cahn-Larché system, we consider
the system in a form, where we separate the influence of the unknowns c¢. and wu. in both
equations. Therefore we write the equations ((5.1.5)), (5.1.6]) in the following form:

(8tc€ 730)9 + ach(ce » 90) + bch(us ) 90) =0, (5323)
am(CE 71/)) + bm(ue aw) = <97 w)Fg7 (5324)
ce(+,0) =™, (5.3.25)
with
ach(v, @) eQ(f”v,Acp) +e4/\(Av,A<p)Q
— & (ve' tr[Ae'l — A'(E(un,e) — ecn,)1)], Ag),
5.3.26
+ (e trSne, Ap) g, + € ((E(un,e) — e(en,e)l) : A'Te'v, Ap), ( )
1
—5€ 2((8(un’€) —e(ne)l) : A" (E(un.e) — e(cne)l), A@)Q,

ben(w, ) =€ (' trfAE(w)], Ap), — € ((E(un,e) — e(cn,)l) : AE(w), Ap),,  (5.3.27)
am(v,9) = = (AVL,EW)) o + (A0 (E(une) = elen 1), EW)) g (5.3.28)

b, ) = (AE(w) ,EW)) g (5.3.20)

for v € V(), w € W(Q) and ¢ € V(Q), ¥ € W(Q). Here we have used the abbreviation
f" = f"(cn,) and A = A(cy ) and analogously to this, A" and A" as well as e, €’ and e”.

In addition to the assumption of regularity to the nonlinear solutions, (5.1.1]), we now further
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5.3 Existence of a weak solution

require continuity with respect to time.

Theorem 5.3.6. For every fized € > 0, there exists a unique weak solution
(cesue) € (L™°(S, L2(Q)) N L*(S, V() x L*(S, W(Q))

of (5.1.5), , with dyce € L*(0,T;V(Q)").

In the following, we proof this result in four steps using a Galerkin approach and the theory
on linear differential-algebraic equations in a weak setting introduced in the previous part of

this chapter.

Step 1: Galerkin equations
We consider the finite dimensional spaces V,, C V and W,, C W, each spanned by linearly
independent functions v;, 1 <¢ < n, and w;, 1 <j<m,ie.

Vi =span{vy,...,v,} and W, =span{wy,...,wny}

such that (J;c Vi and UjeN W; are dense in V' and W, respectively. Further, we choose a
sequence ¢ in V,,, which converges strongly to ¢ in L?(£). Then, we consider the following

basis representations

Cn (0,1 = Vi, en(t) =Y cni(t) vi, (5.3.30)
i=1
and
U 2 [0, T] = Wiy um(t) = Zumj(t) wj, (5.3.31)
j=1

with v; € V,,, w; € Wy, for i € {1,...,N}, j € {1,..., M} and coefficient functions ¢,; and
Umj, 1 <1< n,1 <j < m, to be determined. Using these representations, we consider now

the Galerkin approximation of the system ({5.3.23)), (5.3.24)),

(cn(t),v)a + aen(cn(t) ,v) + ben(um(t) ,v) = 0,
(5.3.32)

am(cn(t) ,’LU) + bm(um(t) 7’(1)) = <ng>Fga

which holds for every v € V,,, w € W,,, and

cn(0) = ¢® (5.3.33)
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5 Well-posedness of the linear Cahn—Larché system

with

for all v € V,,. Let

n
in E
C, = QUi
i=1

An equivalent formulation to this is

Z Cin'(t) (Ui ’ Uk)Q + Z cni(t) aCh(Ui ) Uk) + Z Um j (t) bch(wj 7”1@) =0,
=1 =1

j=1
n ” (5.3.34)
Y cnilt) am (v, wr) + Dty (1) bn(w; , wr) = (g, wir,
i=1 j=1
for1<k<n,1<Il<mand
cni(0) = g, (5.3.35)

for1 <i<n.

Proposition 5.3.7. The Galerkin equations (5.3.32)), (5.3.33)) have a unique solution (¢p, tm),
cn: [0,T] = Vi, um: [0,T]) — Wi,

with
T
4 cI2(S, Vi) and en(t) =™+ / & (s) ds. (5.3.36)
0

Proof. The system , represents a linear differential-algebraic equation of the
form with an initial condition . According to the previously presented theory
about linear DAEs, there exists a unique solution, if the differential-algebraic equation has a
properly stated leading term and if it has index 1. To show this, we first identify the setting
and write the Galerkin equations in the form of an initial-value differential-algebraic system:

AW (D(®)z(t)) + B()z(t) = q(t), (5.3.37)
D(0) z(0) = 2o, (5.3.38)
with
z e R g e RV

74



5.3 Existence of a weak solution

and

A e ([0, T],RTmxm)y,
D € C([o,T],R™*(nFm))
Be C([O,T],R(n+m)x(n+m)).

We identify
z = (cn1(t), .y Con(), Umi (1), - . o, U ()T € R™T™,
and the right-hand side
q:=1(0,...0,q1(t),...,qm(t))T € R"T™,
where the non-zero components are defined by
q = (g,w)r,, forl1<I<m.
We further identify the matrices

((vj,vi)0) < jcn

A:

Om Xmn
and

Dz(In

Onxm ) :

both constant and with I,, € R™"*" being the identity matrix and 0, x,, € R™*" a matrix only
having entries equal to zero. The matrix B corresponds to the elliptic part of the equations

and is given by

(a5))1<ij<n ‘ (O h1<iznagism
B= ’
(af)1<ismi<j<n (B sism
with af.;‘ = ae(v), 1), bf;] = ben(wj ,vi), a?; = am(vj,w;) and b?jl- = bm(w;,w;). Notice

that B is continuous with respect to time, due to the regularity assumptions on the nonlinear
solutions. Finally, we specify the initial value in (5.3.38]) as

20 = (Oénl, e, O, 0,0 ,O) S Rn+m’ (5339)
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5 Well-posedness of the linear Cahn—Larché system

Next, we check if the conditions of theorem are satisfied. Equation (5.3.37)) has a properly
stated leading term. It is ker A = {0}, since the matrix ((v;,v;)q)
im D = R". Hence,

L<ij<n 18 regular and

ker A®im D = R"™.

Further, we can simply choose R = I,, as constant projector onto im D along ker A. Notice
that the matrix

((“j’”i)9)1gi,jgn ‘ Onscm

Go=AD =

Om><n ‘ Ome

is singular. Now let ()¢ be the projection onto the kernel of Gy = AD. If the matrix G; =
AD + BQ)y is regular the equation ([5.3.37)) has index g = 1 and hence, there exists a unique

solution. We have

SUSTL L) >

G =
O xn (05 1<ii<m

Due to the property of the basis functions v;, 1 < i < n, the matrix (('Uj,'Ui)Q)lSi,an is
regular. Hence, it is sufficient to show that the matrix (b?})lgi,jgma which corresponds to the
mechanical equation, is regular. This is equivalent to the well-known fact that there exists a
unique solution of the Galerkin scheme for the equation of linear elasticity with the applied
boundary conditions. Therefore, the differential-algebraic system (5.3.37), has index
pu = 1 and consequently, according to theorem [5.3.5] there exist a unique solution of the

Galerkin equations (5.3.34)), (5.3.35). Thus, there exists a unique solution (¢, u,,) of the
equivalent equations (5.3.32)), (5.3.33)), which fulfil ([5.3.36|). O

Step 2: Estimates for approximate solutions
Proposition 5.3.8. There exists a constant C > 0, independent of n and m, such that

lenllpoo (5,22 () + llenll 2 +lenll 2 /
L>(5,L2(9) L2(S,V(9) L2(S,V()) (5.3.40)

+ lwmll 25,11 0)) < C-

Proof. For fixed n,m € N we set v = ¢, and w = u,, in (5.3.32)). Then the result follows
directly from the estimates in § Since e is fixed, from ([5.2.16)), we get

llea )16, + 1 Acallg, < C(len(O)llg + g7z, ) (5.3.41)
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5.3 Existence of a weak solution

for t € [0,T] and a constant C' > 0, independent of n and m. This implies that
HCnHLoo(s,Lz(Q)) <C and ||CnHL2(s,v(Q)) <C.
Further, from (5.2.9)), we obtain

el 2, ey < ©

for a constant C' > 0, which does not depend on n and m. Finally, we get the boundedness of
¢l in L?(S,V(Q)") completely analogously to (5.1.7). O

Step 3: Convergence of approximate solutions

Proposition 5.3.9. There exists a subsequence of the approximated solutions, which converges

weakly to a weak solution

(c,u) € L*(S, V() x L*(S, W (Q))

of (5.3.23) - (5.3.25) with dyc € L2(S, (V(Q))").

Proof. Since the sequences of the approximate solutions ¢,, and w,, are bounded in L?(S, V(9))
and L2(S, W (Q)), respectivley, one can extract subsequences, still denoted by ¢, and wu,,, and
there exist functions ¢ € L%(S,V(Q)) and u € L*(S, W (£2)) such that

cn — C in L*(S,V(Q)),
Um — U in L2(S, W(%)).

For ¢ € C0,T] with ¢(T) = 0 and some fixed n;,m; € N we consider now v € V,,, and

w € Wy, and choose ¥ := ¢v as test function in (5.3.23) and w = ¢w in (5.3.24)). Integration
of the resulting equations with respect to ¢t from 0 to T yields

T T T

(& (t) )0 o) dt + | ach(cn,v) @) dt + [ bey(tm ,v) o(t)dt =0 (5.3.42)
/ / /
T

(=)

T
am(Cn ,w) o(t) dt +

St~

b (U, , w / g,w)r, o(t)dt (5.3.43)
0
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5 Well-posedness of the linear Cahn—Larché system

for n > ny,m > my. Intergrating by parts in the first term in (5.3.42) yields

—(en(0), v)a 9(0)= [ {en(t), v)v ) ¢'(t) dt

T T (5.3.44)
+ /ach(cn, v) (t) dt + / ben (U, v) ©(t) dt = 0.

St~

Since
s / (1), W)y ¢ (1) dt, (5.3.45)
0
x| a(z(t),v) p(t)dt, x— [ am(x(t), w)p(t)dt, (5.3.46)
/ /

Z /bch(z(t),v) p(t)dt, z— /bm(z(t),w) o(t) dt, (5.3.47)

define linear and continuous functionals on L2(S, W (f2)), we can now pass to the limit in the

corresponding terms of ([5.3.43)) and (5.3.44)) as n,m — co. We get

T
4wwmmm—/mmwwm¢@a
0
T

T (5.3.48)
+ [ aw(e(t)v) o) dt + | ba(u(t),v) o(t)dt = 0,
/ /
T T T
/%@wwmw&+/%mmwmww:/@wmww&. (5.3.49)
0 0 0

Since J, ey Vi is dense in V/(Q) and ;o Wi is dense in W (£2) the above equations are valid for
allv € V(Q),w € W(Q). It remains to prove that c has a weak time derivative ¢’ € L2(S,V(Q))
and that c satisfies the initial condition ¢(0) = ¢'®. Since

lacn(c(t),v)| < C llc®)lly @ Ivllv o

and

[ ben(u(t) ;0) | < C Jlu(®)ll g1 oy 0llvq) »

78



5.3 Existence of a weak solution

(which follows from the estimates stated in § since € is fixed) the relations

<a*(t) 7U>V(Q) = ach(c(t) 7”)’ <b*(t) 7U>V(Q) = bch(u(t> ,U),

for v € V(Q), t € S, define elements a*,b* € L%(S,V(Q)’). Then, from (5.3.48)), we get

T

T T
v ¢'( vy pt)dt — [ (07(t), v)v o) e(t)dt,  (5.3.50)
Jo s [ o |

0

for all p € C°(S). Hence, c has a weak derivative ¢’ € L%(S, V(Q)') with

d(t) = —a*(t) — b (t) (5.3.51)

Moreover, we can conclude ¢ € C([0, 7], L?(£2)). We insert ((5.3.51) into (5.3.48)) and get

T T
—(c™, / V)v(Q) P / v)v (o) (t)dt,
0 0

which holds for all ¢ € C[0,T] with ¢(T') = 0. Integrating by parts applied to t — ¢(t)v now

yields

(d(t),v)v e e(t)dt.

St~

T
(™ v)a 0(0) + / Wy 9(t) dt + (€(0),v)q 9(0) =
0

Choosing a test function that additionally fulfils ¢(0) = 1, we get
(™, v)q = (¢(0),v)q, forall v € V(Q). (5.3.52)

In summary, we have shown that the functions ¢ € L?(S,V(Q)) with weak derivative ¢’ €
L2(S,V'(Q)) and u € L2(S, W () fulfil the system (5.3.23) — (5.3.25). O

Step 4: Uniqueness of the solution

Proposition 5.3.10 (Uniqueness).
There exists at most one solution (ce,uc) of the system (5.3.23)) — (5.3.25)).

Proof. The proof is standard. For two supposedly different pairs of solutions cg ), ugl) nd

CEQ), ug), due to linearity of the equations the differences cgl) — CEQ) and u(l) 52) fulfil the

equations (5.3.23) — (5.3.25) with g = 0 and ¢ = 0. Since e is fixed, from (5.2.16)), we get

2 2
W (t) — CEQ)(t)HQ + HACEU — Ac? HQ <0.
¢
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5 Well-posedness of the linear Cahn—Larché system

Therefore, we can conclude ||c£1) - c£2)||v(9)7t = 0 and hence cgl) = CEQ). This, together with

(5.2.9) implies, that
[ul? = uf |31 0y <0, (5.3.53)

which provides ugl) = ug) and which finishes our proof. O
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6 Rigorous homogenisation of the linear
Cahn—-Larché system

This part is devoted to homogenise the linear Cahn—Larché system in a mathematically rigorous
way using the concept of two-scale convergence introduced in section First, we specify
further assumptions, then, we state the homogenisation result, which we proof afterwards in
several steps. Finally, we state some properties of the homogenised system and provide a

relation to the formally homogenised systems from section [4.2

6.1 Two-scale limit system

Before we turn to the derivation of the two-scale limit system, we need to make further assump-

tions. In § we have linearised about general solutions ¢,  and u, ¢ of 7 ,
for each € > 0. In order to pass to the limit in each term of the linear system (5.1.5)), (5.1.6),
we have to deal with the convergence behaviour of the sequences of the solutions of the non-
linear system. Considering the linearised Cahn—Larché system, there are several products of
sequences we have to be aware of. We recall the choices we made concerning the local free

energy density,
fle) =91 —c)? (6.1.1)
and the interpolation of the component elasticity tensors
A(e) = AF 4+ d(c) (A° — AP), (6.1.2)

with cubic interpolation function d. Regarding the eigenstrain, we restrict from now on to a

linear interpolation, i.e.

E(c) =e(c)l with e(c) =eg+clec —eg). (6.1.3)

Note, that the derivative e’ = ec — eg is now only a constant and hence, from now on, we just
write €’ instead of ¢/(c,,.). With regard to (6.1.1), (6.1.2)) and (6.1.3)), we require the following

convergences concerning the sequences of the solutions of the nonlinear system:
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6 Rigorous homogenisation of the linear Cahn—Larché system

e There exists a function ¢, o € L*( x Y x S) such that at least a subsequence of ¢, ,

two-scale converges strongly to ¢, o in L6(Q x S), i.e.

Cne Qi Cn,0 (614)

and
li_rf(l) ||Cn,e||L6(Q><s) = ||CO||L6(Q><Y><S) : (6-1'5)

e There exist functions u, o € (L=®(Q2x9))Y and u,, 1 € (L=®(QxY x 9))N with &, (un0) €
(L=(Q x S)V*N and &, (un,1) € (L2 xY x S))N*N such that, up to a subsequence,
(tn.c)i (the i-th component of u, ) two-scale converges strongly to (u,0); in L5(2 x S)
and 9, (un,c); two-scale converges strongly to 9y, (tn,0)i + 9y, (Un,1); in LO(Q x S), i.e.

[\v]
w

(Un,e)i = (Un,0)is (6.1.6)
2s.
3zj (Un,e)i = x; (Un,0)i + 3yj (Un,1)i (6.1.7)
and
lg% H(u"vﬁ)iHLG(QxS) = ”(un,O)iHLe(QXs) ) (6.1.8)
25% ||83:, (Un,s)iHLs(st) = H@% (Un,O)z’ + ayj (Un,l)i ||L6(Q><Y><S) R (619)

for1 <i,j <N.

The following theorem now gives the homogenisation result.
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6.1 Two-scale limit system

Theorem 6.1.1. There exist functions co € L*(Q x S;HL(Y)), up € L*(S;W () and
up € L?(Q x S [HJ#(Y)]N) such that the sequences c. and u. of the solutions of and
two-scale converge to cy and ug, respectively. Furthermore, the sequence € (u.) two-scale
converges to E.(uo) + &, (u1) and the sequence €2Ac, two-scale converges to Ay, co. The triple

of the limit functions (co,uo,ul) is the unique solution of the following homogenised system:

Osco = Ayy (f”(cn,o)co — ANy co — €' tr(Sp)
+ (Ex(tn,0) + Ey(un1) — e(cn,0)l)
t A (cn,0) (Ex(uo) + Ey(ur) — €'col) (6.1.10)
+ (gm(un,()) + &y (un1) — e(cn,o)]l)

: A (en0)co (5x(un,o) + &y (un,1) — e(cn,o)]l)) nQxY xS,

N |

0=-V,- (A(Cn,o)(gx(uo) +&y(u1) — €'col)

(6.1.11)

+ A (en0)co (Ex(tn0) + Ey(tn 1) — e(cnyo)]l)) QXY x5,

N N
- 0., / > (azjkh ¢n.0) (€kna(u0) + exny(ur) — €'codin)

J=1 k,h=1 (6.1.12)

@1 (€,0)C0 (€hr (tn0) + iy (n1) = €(en.0)dkn) ) dy

m A xY x 8, forl <i< N, where

Sy = A(Cn)o)(gw(UQ) + 5y(u1) — 6/(30]1) (6.1.13)
+ A (cn,0)c0 (Ex(tn,0) + Ey(un1) — e(cn0)1), (6.1.14)

and with

ug =0 onTy xS,
Son=g onTy xS,
upg-n=0 only xS,
7-Son=0 only xS,

co,u1 Y -periodic in y,

and co( -, -,0) = ™ being Y -periodic with respect to y.
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6 Rigorous homogenisation of the linear Cahn—Larché system

Proof. The proof consists of several steps. First, we pass to the limit in the weak form of the
linear scaled Cahn—Larché system. Afterwards, we proof the uniquness of the solutions of the
resulting weak homogenised system and, in a third step, we derive the strong formulation of

the homogenised system.

Homogenisation process

We start by identifying the precise form of the two-scale limits of the sequences of the unknowns.
We have already proven that c. and ¢?Ac, are bounded in L?(S, L?(f2)), Ve, is bounded in
L2(S,[L?(2)]") and the sequence u, is bounded in L?(S; W (f2)), cf. proposition Then,
from theorem we know that there exists a function ¢g € L*(2 x S; HZ(Y')) such that, up
to a subsequence,

[\
17

Ce — Co,

(6.1.15)
e2Ac, b Ayco.

Furthermore, according to theorem there exists two functions, ug € L?(S; W (Q)) and
up € L3(S x Q; [H%E(Y)/R]z) such that, up to a subsequence,

|

Ue

5(“6)

Uo,

51(UO) + Ey(ul)

(6.1.16)

|

We start the limit process with the mechanical equation (5.1.6). Considering the two-scale
limit of u., the sequence is expected to behave as ug+ eu;. Therefore we choose a test function
Y e [C®(Q;C% (Y] with the same structure, namely

b, D) = vo(a) + e (a, 7).

with ¥ € [C°°(Q)]N and ¥, € [C“(Q;C’;"(Y))]N for the mechanical equation. Note that
according to definition 1 is an admissible test function for two-scale convergence. We

obtain
[ An ) E e, 1) ecantn) : (EWn(e) + etz T) e
Q
+ /A’(cn,e)ce(%t) (E(un,e) — e(en,)1) 1 (E(po(x)) + eE(W(x, %))) dz (6.1.17)
Q

_ /g(x,t) (Wo(@) + e (z, f)) do,.

Ty

Proposition enables us to pass to the limit in (6.1.17). The proof shows that (3.2.5)) also
applies when choosing ¢ = ¢(z,z/€) from C*°(Q,CF(Y)) instead from C>°(€2). Considering
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6.1 Two-scale limit system

(6.1.2)), several terms of products of sequences appear here. The most critical terms include
products of one weakly convergent sequence with three strongly convergent sequences. So the

required convergences of the sequences ¢, ¢ and u, . are sufficient to pass to the limit. Hence,

for e — 0, we get

Alen,e) (E(ue(@, 1)) — €'ce(z, )1) + (E(vo(@ ))+65(¢1(x,§))) dz

lim
e—>0

//.A (cn,0) (Ex(uo(z, ) + Ey(ur(z,y,t)) — € colz, y,t)1)
F(Ex(tho(x)) + &y (¢ (2, y))) dy da

and

lim [ A'(cp,e)ce(z,t) (5(un76) — e(cnyg)]l) : (5(¢0(I)) + e & (Y1 (x, %))) dz

e—0

Q
— // (en,0)co(z,y, )(&c(un,o) + &y (Un,1) —€(Cn,o)]l)
Q
D (Ea(o(@) + &y (¢Yr(2,y))) dy da

For the boundary term in (6.1.17)), we get
. T
tig [ gl.t) (o) + eva(a, ) dos = [ glavt) n(z) do,

Iy Iy

since g is bounded and gy + €11 converges weakly to 1)y. Altogether, for the mechanical

equilibrium equation , we obtain
//A (cn0) (Ex(uo(@,t) + Ey(ur(z,y, 1)) — €'co(z, y,t)1)
( +(tho(2)) + &y (¥ (2,y))) dy da
+ //A’(cn’o)co(m,y,t) (5(un70) + &y (un,1) — e(cmo)]l) (6.1.18)
: (Sz(7/10($)) + 5y(1/)1(1’ay))) dy dz

- / 9(e.1) do(x) do

Fg
Now, we want to pass to the limit of the extended Cahn—Hilliard equation. In view of the
two-scale limit (6.1.15]), we choose ¢ € C‘X’(Q;C?(Y)) as test function, which reflects the
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6 Rigorous homogenisation of the linear Cahn—Larché system

behaviour of ¢.. From (5.1.5), we get

/8,506 x,t) p(x, f)dx

2/ (Cn,e)ce(z,t) — € )\Ace(x t) — € tr(S. )) Agp(@%)dx

“ (6.1.19)

+é2 / (E(un’ﬁ) — e(cn,e)]l) t A (cne) (E(ue(x, t)) — € (cn.e)ce(z, t)]l) Ap(z, %) dx
Q

62/ (E(un,e) — €(en,) 1) + A" (cpe)ce(@, ) (E(un,e) — e(cn,e) 1) Ap(z, %) dz.
Q

N

+

Now, we pass to the limit in each term as € tends to zero. For the first term of the right-hand
side of (6.1.19) we use theorem Since f is a fourth-order polynomial, f” is a quadratic
function and the required convergence of ¢, . is sufficient to pass to the limit. We get

lim eQ/f” (en.e)ce(z,t) Ap(z, f)dx

e—0

= lim / I (cn.e)ee(,t) [ Apz+€Vy-Vy+€V, -V, + Ayy] o(x, %) dz (6.1.20)
-/ / 1 (€no)o(@, 3, 1) Ayyiple,y) dy da

and

lim € / EXAce(z,t) Ap(x, f) dx = liH(l) ENAc(z,1) € Ap(, f) dx
€ e €

¢ (6.1.21)

Q
_ / / A yyco(@, 4, 1) Ayye(e, y) dy da
QY

as the two-scale limit of the Laplacian term. With regard to the limit of the mechanical
equation (|6.1.18]), or more precisely to the limit of the sequence of the stress, we get

62/6’ tr(Se) Ap(z, E) dz — //e’ tr(So) Ayyp(x,y) dy du, (6.1.22)
€
Q
where we denote the limit of the stress tensor by
Sp = .A(Cn’())(gw(’ILQ) + Sy(ul) — 6/00]1)
(6.1.23)
+ A (cn,0)c0 (Ex(tn0) + Ey(un1) — e(cn0)1).

Similarly, we pass to the limit in the remaining terms using proposition [3.:2.8f The most
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6.1 Two-scale limit system

critical parts appearing in the quadratic terms consist, as before, of products of three strongly

converging sequences and one weakly converging sequence. We get

e—0

lim 62/ (E(un,e) — elen,)1) + A(cpe) (E(uc(w, t) — € (cne)ee(x, t)1) Ap(a, %) dz

Q
_ / / (Eu(tno) + & (unt) — elcn o)1)
Qy
A (en,0) (Ex(uo(, 1) + Ey(ur (2, 4, 1)) — € (cno)co(@, y, ) 1) Ayyp(z, y) dy da

and

lim %62/ (E(un,e) — e(ene)1) + A" (cpe)ee(@, t) (E(un,e) — e(cne)1) Ap(a, %) dz

e—0
Q
- %// (gﬂi(un,o) + gy(un,l) - €(Cn,0)]1)
QY

: AH(Cn’O)CO(xa y,t) (g(un’O) + 5y(un,1) - e(cn’O)l) Ayy@(xa y)dydx

Passing to the limit in the term with the time derivative first requires integration by parts with
respect to time since d;c. is only bounded in L?(S, (V(Q2))'). Re-integration then results in the

limit of the time derivative corresponding to the time derivative of the limit function cg.
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6 Rigorous homogenisation of the linear Cahn—Larché system

In summary, we can now read off a variational formulation for the two-scale limit functions

(co,uo,u1) € L2H(Q x S, HE(Y)) x LA(S,W(Q)) x [L2(Q x S, Hy (V) /R)]¥

//&m(%y,t)so(ff,y) dydx
QY

- / / (£ (n0)eo(@s 9, 1) — A yyco(,y, t) — € tr(So)) Agy(e, ) dy da
QY

+ /Y/ (El(umo) + Sy(uml) — G(Cmo)]l) (6.1.24)
: A’(cn’o)(é'm(uo(x,t)) + Ey(ur(z,y,t)) — e’co(x,y,t)ll) Ayyo(z,y)dyda

// (Un,0) + Ey(un,1) — e(cn0)1)

. A (Cn,O)CO(xvya ) (gm(uﬂ,o) + gy(un,l) - e(cn,o)]l) Ayy@(mvy) dy dl’,

+

w\»—*

A(cn0) (Ex(uo(z, 1)) + Ey(ur(z, y, 1) — €co(x,y,t)1)

O
<—

H(Ex(Who(@) + & (¥r (2, y))) dy da

+

O

/A’ n.0)c0(@, Y, 1) (E(tn,0) + Ey(tn,1) — €(cn0)1) (6.1.25)
Y

H(Ea(Wo(2)) + &y (1 (2, y))) dy da
— [ gtant) vo(e) dov.

Ty

which holds for all (i, 90, 41) € C=(Q; CF(Y)) x [C(Q)]N x [C*(Q; C (Y))]N. By density,
the above equations still hold for all (¢, 0, 1) € L*(Q, HZ(Y)) x W (Q) x [L*(Q, Hy(Y)/R)|Y
and since the limits ¢y, o, un,0 and u, 1 are essentially bounded with respect to space and time,
the integrals are well-defined.

Uniqueness of the limit solutions:

It remains to prove that the solution triple (cq,ug,u1) of (6.1.24) and (6.1.25)) is unique in
L2(Q2x S, HE(Y)) x L*(S, W () x [L*(2 x S, H#(Y)/R)]N To do so, we consider two suppos-
edly different solution triples (cg, ug, u1) and (éy, @o, @1). Their difference fulfils the equations

(6.1.24]) and (6.1.25) with ¢ = 0 and we also use these as test functions. Then, we decompose
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6.1 Two-scale limit system

the equation ([6.1.25)) and estimate
//A(Cn’o)(gf(u,o — ’EL()) + Ey(ul — ’&1)) . (gz(UO — 17,0) + Sy(ul — ﬂl)) dy dx
QY

> o H (Ez(uo —fp) + Eyur — ﬁl)) H?}xY ’

and
‘//A(cn,o)e’(co — Go)1 ¢ (Ex(ug — o) + Ey(us — i) dy da:‘
QY
< BN|E'] [[Ex(uo — o) + Ey(ur — 1) llgyy llco = Collgyy >

as well as

\//A’(cn,o)(c() — o) (E(un0) + &y (tn1) = e(cn0)1) + (Ex(uio — o) + & (ur — @) dy e |
QY

< ﬁ/ ”gz(un,O) + 5y(un,1) - e(cn,O)]l”M,Qxy €2 (uo — o) + gy(ul - al)”gxy llco — éO”QxY )
for a.e. t € S. Hence, we obtain
€2 (uo — o) + Ey(ur — 1)l gy < C llco = Coll 2oy - (6.1.26)

Completely analogous to the a-priori estimates from section from (6.1.24)), we get

1d ) ~ N2
3 g leo = Collaxy + 1Ayy(co = o)y

< O (llco = eollaey + 1€ (w0 = o) + & (11 = )y ) 1B (0 = E0)llney

for a constant C' > 0 and a.e t € S. With (6.1.26) and Young’s inequality, we obtain

1 d ~ 112 ~ 2
e~ 2olaey + 1A (co — @)y
< Clleo = Collguy [[(Ayyco = Co)ll gy
1 1 - 12 ~ 2
< 50 g||CO_COHQ><Y+6HAyy(CO_CO)||Q><Y )

with 0 < 6 < 1. Absorbing the Laplacian term, integrating with respect to time from 0 to T
and applying Gronwall’s inequality then yields

T
Jen(t) = o) + [ 1Amcalt) = Apyin(t) ey dt < 0 (6.1.27)
0
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6 Rigorous homogenisation of the linear Cahn—Larché system

Thus, ¢ = ¢o and Ayyco = AyyCo, and since
IVyvllaxy < Ivllgxy 1Ay0llgyy s Yo € L2(97H§¢(Y))7

we also get Vo = V& and hence, the uniqueness of ¢y in L*(Q x S, HZ(Y')). From (6.1.26),
it follows

0> [|Ex(uo — tio) + Ey(ur — @) |3,y -
It holds
€2 (uo — @) + Ey (w1 — @)||7y

= 1Ex{u0 = o)+ 18y (1 = i) ey +2 [ [ Enluo = )1 &1 =) dyda
QY

~ 2 ~
> C||uo — fioll31 (0 + V(w1 — @) gy »

where we have applied Korn’s inequalities and The integral term vanishes, since

2//530(%—@0) : €, (ur — i) dy der

QY

_ //v 2 (o — o) (ua (2, y) — @ ()] dy dr

:2//596(%7110) (w1 (@, y) — @1z, y)) - ndoy dz = 0,

Q oY

Therefore, we get the uniqueness of ug in L(S, W (£2)) and u; in [L?(S x ©Q; H;& (Y)/R)]N. This

proves that the entire sequences converge to the respective specified limit.

Strong form of the homogenised system

To finish the proof of theorem [6.1.1) we now derive the strong form of the homogenised system
above. This will be accomplished by choosing special test functions and integrating by parts.

First, we choose g = 0 in (6.1.25)), which yields

-V, (A(cn,o)(sz(uo) +&,(u1) — € (cno)col)

(6.1.28)
+ A (n0)c0 (Ex(ttn.0) + Ey(tn 1) — e(cn,o)n)) —0.

This is the local equation (4.2.25)) that we also already know from § where we applied
the method of asymptotic expansions to the linear system. Then, choosing 1 = 0 in (6.1.25)

90



6.1 Two-scale limit system

and integrating by parts, we obtain

N N
0==> 0, / > (aijkh(cn,o)(ekhz(uo) + ekny(u1) — €'codyn)
=1y kh=1 (6.1.29)

+ 1 (€n,0) €0 (€kna (Un0) + €xny(tn,1) — e(cn,o)5kh)) dy

for 1 < i < N, which is a macroscopic averaged equation. At this step, we have applied the

following boundary conditions

ug =0 on Iy xS,
Son=g onTy xS,
up-n=0 onIy xS,

7-Son=0 only xS

Twofold integration by parts of the equation ([6.1.24]) finally gives us the homogenised system

in a strong form:

Orco = Ay, (f”(cn,o)co — Ay 00 — €' tr Sy
+ (E(un,o) + &y (un1) — e(cn,o)]l)
t A(cn,0) (€ (uo) + &y (u1) — €'col) (6.1.30)

+ = (E(un,o) + Ey(un,1) — e(cn0)1)

DN =

: A’ (en0)co (S(u",o) + &y (un1) — e(cn,o)]l)) inQ2xY xS,

0=V,- (A(cnyo) (Sm(uo) +&y(ur) — e’co]l)
(6.1.31)
A (0n,0)00 (€4 (tin0) + &y (1) — e(cno)D))  In QXY x5,

N N
0==> 0a / > (aijkh(cn,o)(ekhz(uo) + ekny(u1) — €'codyn)
=) A (6.1.32)
Y El

+ @} n(Cn0)co (erna(Un,0) + €xny(un,1) — €(Cn,o)5kh)) dy

inQxYx§ fori=1,...,N.

This system is equivalent to the equations (4.2.31), (4.2.33) and (4.2.25) of the formally ho-
mogenised linear system derived in § when setting ¢, . = ¢n,0 and E(up,) = E(Un,0) +
Ey(un,1), which is the limit of ¢, . and E(uy,,) from § From equations (6.1.30) and

(6.1.32)), we can eliminate the unknown w; and therefore the homogenised two-scale system

can be decoupled in a macroscopic and a microscopic equation. For this, from equation ((6.1.31])
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6 Rigorous homogenisation of the linear Cahn—Larché system

together with the cell problems [f.1.1], we gain a representation for u; in terms of uy and the
solutions of the cell problems. This representation is the same as the one we received in the

previous chapter in the course of the procedure of asymptotic expansions. Therefore, the
homogenised system above is equivalent to (4.2.35)), (4.2.36] through the relation

A(cn0) Ey(ur) = Alcn,0) (Eu Ex(ug) + €'col)

(6.1.33)
- A/(Cn,O)(gx(un,O) + gy(un,l) - e(cn,O)]l)CO

or by
Ey(ur) = Eu Exlug) + €' col — A (cn0) A (cn0)(Ex(tino) + Ey(un1) — e(cno)L)co.  (6.1.34)
Using the notation (4.2.20) and (4.2.21)) introduced in § in the course of the method of
asymptotic expansions, we write the system (6.1.30)—(6.1.32)) in the usual decoupled form:
Ouco = Dyy (£ (en0)c0 = MAyyco = € (en0) tr [Alen0) (€ + T)Ex (u0)]

- (EI(UH,O) + 5y(un,1) - e(cn,O)]]-)

: .AI(Cn’o).A_l(Cn’o).Al(Cn’o) ((‘:@(’un’o) + Sy(un,l) — €(Cn,0)]].)60)

+ (Ea(un0) + € (un,1) = e(en0)1) : A'(cn0) (Eo +T)Ex(uo) (0:1:)
+ 5 (Exltn) + Ey(tn.) = e(en)1)
L A (Cn0)Co (Ex(tin o) + Ey(tn.1) — e(cn,o)n)) nQxY xS,
0=V, (A" & (ug)) ImQxY x8S. (6.1.36)

In this form of the homogenised system, we now find the effective or homogenised elasticity

tensor A"™ definied through its components

N
a?ﬁ?}i - / Z aijlm(cn,O) (6kl6hm + elmy(wkh)) dya 1 S iaja k7 h S N. (6137)
y Lm=1

The only unknowns left in this system are ¢y, the unknown of the microscopic equation (|6.1.35)),

and the purely macroscopic displacement ug.

6.2 Properties of the limit systems

In the following we want to state and recall properties of the two formally homogenised systems

derived in section [£.2] and the two-scale limit system.
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6.2 Properties of the limit systems

Note, that the rigorous homogenised system is also of the distributed-microstructure type,
cf. §[4:2.1] Further, in the presented homogenised systems — formally and analytically rigorous
— the effective elasticity tensor A"™ is of the same form and it has the same properties as the

oscillating tensor:

Corollary 6.2.1. For AM™ defined by (6.1.37)), there exist positive numbers o, B°, with
0 < a® < B9, such that

APom( t) e M(a®,8°,9Q), teS. (6.2.1)

See [CD99| for the proof. Although the definition of the tensor class stated in [CD99] differs
slightly from ours (cf. definition , because the additional symmetry condition is
not included there and the homogenised tensor stated there is constant on €2, this does not
affect the proof given there, since a;jrn(cn,0) € L2 x Y x S).

Furthermore, the macroscopic equations of the three systems have the same structure and
in particular the eigenstrain is macroscopically not present. However, the eigenstrain is still

indirectly included in the microscopic equations via the cell solutions.

Linearisation and homogenisation

We have already seen that for the linearised system, the formally homogenised system and
the two-scale limit system are equivalent. Now we would like to examine whether there is a
connection between the linear homogenised system and the nonlinear formally homogenised

system. To be able to make a comparison, we consider the nonlinear formally homogenised

system (4.2.15)), (4.2.16) completed by the local equation (4.2.7)),
drco =Ayy (f'(co) = M yco — €' (o) tr Sp

+ %(&c(w)) +&y(u1) — e(eo)1) : A'(co) (€x(uo) + & (u1) — e(co)1)),

0= —V, - (Alco) (Ex(uo) + Ey(u1) — e(co)1)), (6.2.2)
N N

0= 0 / > aijrn(co) (ke (o) + exny(ur) — e(co)dpn) dy, 1< < N.
j=1 y kh=1

We linearise the above system about general solutions cg ., %o, and uy ,, i.e. we consider
Co = Co,n + hég, wug = Uo,n + htg, and wuy = Utp + hiiq,

for some ¢g, tg, w1 and a small A > 0. To enable a comparison, we restrict ourselves to a linear
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6 Rigorous homogenisation of the linear Cahn—Larché system

eigenstrain as defined by (6.1.3)). Then, &, tg, %1 fulfil the linearised system:

Do = A, ( F(com)eo — Mo — €' t1 [A(co.n) (Euliio) + Ey(@1) — € (con)éol)]
— ' tr [A'(con)Co (Ex(uon) + Ey(urn) — e(con)l)]
(6.2.3)
=+ (gx(UO,n) + gy(ul,n) - e(CO,n)]l) : A/(CO,n) (Ex(ti0) + gy(ﬂl) - 6/501)

=+ % (Sw(UO,n) + gy(ul,n) - e(CO,n)l) : AH(CO,TL)EO (5w(u0,n) + 5y(u1,n) - e(CO,n)]l))a

0="V,- (,4'@0,”)50 (Ex(o,n) + Ey(ur,n) — elcon)1)

(6.2.4)
+ Alcon) (Exliio) + &y (i) — e’(coyn)éoll)),

N
0= 3 0, [ asinlenn)Cunalin) + emny (@) ~ € (co.)eodin)
j.k,h=1 (6.2.5)
&, Yy

+ @i (con)Co (erna(Uom) + erny(U1n) — €(con)drn)dy, 1<i<N,

These equations correspond to the two-scale homogenised system (6.1.30)), (6.1.31]) and (6.1.32]).

Homogenisation and linearisation therefore commutate here. This relation is illustrated in fig-
ure [6.1] We were able to homogenise the scaled nonlinear system formally via asymptotic
expansions. A linearisation of this nonlinear formally homogenised system leads to the linear

homogenised system, the convergence of which we could prove rigorously.

linearisation

C.-L. system  ---------------- > linear C.—L. system
formal rigorous
homogenisation : homogenisation
formally homogenised ___linearisation = yio0rously homogenised

C.—-L. system linear C.—L. system

Figure 6.1: Relationship of the systems
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7 Numerical simulations

In the following, we consider the nonlinear distributed-microstructure model resulting from the
formal homogenisation process derived in § where we focus on numerical simulations of
this model. Numerical analysis for models of the distributed-microstructure type can be found
for example in [Pes92| or in [Arb89).

As we have already noted in the course of the nondimensionalisation and scaling of the system,
no complete measurement data from the experiments are available, so that we want to test the
formally homogenised system phenomenologically numerically and demonstrate what can be
realised with the model for N = 2.

For convenience, we repeat the essential equations. We consider the distributed-microstructure
model resulting from the formal homogenisation process with the equation describing the phase
separation on the microscale

Bico = 1072 A, ( F'(co) = AAyco — €' (co) tr [Alco) (T + Eu) Ex(uo)]

+ %(z+ £.) Exluo)  A'(eo) (T + Ew)é'x(uo)> QXY xS, U
the macroscopic equation for the mechanics
0=rV,- (A" & (up)) inQ xS, (7.0.2)
and the cell problems
—Vy - (A(y) E(w'™)) = V- (A@y) &™) inY, (7.0.3)

for I,m = 1,2. We have now supplemented equations (|7.0.1]) and (7.0.2)) again with the con-
stants 1072 and  from section [2.4]

We choose 2 = (0,1)? as macroscopic domain provided with the boundary parts as specified
in § and a standard unit cell Y,, = Y = (0,1)? at each macroscopic point. Since we
do not rely on experiments for our simulations anyway, we choose slightly different boundary
conditions than those we motivated in § We choose these in order to obtain a non-
uniform macroscopic strain and thus have a different local influence on the separation process.
For the displacement, we now choose a zero Dirichlet boundary condition also on the lateral

95



7 Numerical simulations

parts of the boundary,
u=0 on (ToUTy) xS. (7.0.4)
To realise the process of compression, we use a path-controlled approach and set
u-n=u, onlyxSs, (7.0.5)

as well as free slip in tangential direction on I'g x S instead of the force-controlled approach
which we used for the modelling an the analysis. This choice is practically motivated, because
the advantage of is that the magnitude of the deformation can be easily controlled
in the course of numerical simulations. For ¢y, we have periodic boundary conditions and as
initial condition we use a locally randomly disturbed constant function c,,, which is Y-periodic

in y. More precisely,

Cin(y) = Cm t+ f(y), AS Ya

where £ is function drawing random numbers from a uniform distribution in the interval

[—0.005,0.005) for each argument and ¢, is Y-periodic.

Numerical scheme

To solve the above equations numerically, we use finite element methods. To solve the equation
describing the phase separation numerically, we use a mixed finite element method. For this
purpose, we write the microscopic fourth-order equation as a system of equations of
second-order by using the chemical potential 1 as an auxiliary variable as described in §[2.2.2]
This allows us to use globally continuous, piecewise affine trial functions for ¢y and pg with re-
spect to a given conformal triangulation S;,(Y) of Y. We use periodic boundary conditions for
co and pg. For discretisation in time, we use the backward Euler method. The same numerical
methods were used in [Wei02] for solving the Cahn-Larché system numerically in a single-scale
setting. Further, we use the same finite element test and trial functions for solving each cell
problem numerically, a standard choice for a classical finite element approach of second-order
problems. For the numerical treatment of the macroscopic equation , we choose globally
continuous, piecewise linear vector-valued trial functions for ug with respect to a conformal
triangulation Sy, () of €.

The micro—macro coupling

Let Ng denote the number of nodes associated to the macroscopic mesh Sp,_(2). At each node
Zi, © = 1,..., Nq, of the macroscopic mesh, there is an associated unit cell Y, =Y provided
with a finer mesh compared with the macroscopic one, as illustrated in figure [7.1} Owing to
the fact that the system is the result of a process-adapted homogenisation procedure, it is

sufficient to take the macroscopic mesh quite coarse.
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Figure 7.1: Visualisation of the macroscopic domain Q provided with an exemplary coarse
macroscopic mesh and a unit cell Y, provided with a fine mesh attached in a node

of the macroscopic mesh.

For a fixed timestep size 7 > 0 we consider the discrete timesteps t, = t_1 + 7 or tp = kT,

for k =1,..., kmax for one kpax € N and we set Thax ‘= Thkmax. Then, the solution procedure

at each discrete timestep t, works as follows:

1: t =0
2: while t; < Thax do

3:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

4
5
6
7
8
9

fori=1,...,Nq do
for ,m=1,2do
solve the cell problem on Yy,
end for
assemble AP™ in each x;

end for

interpolate A"™ on

solve macroscopic problem (7.0.2), (7.0.4), (7.0.5]

fori=1,...,Nq do
evaluate &;(up) at each macroscopic point x;
solve microscopic evolution equation inY;
end for

by = gyt

20: end while
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7 Numerical simulations

So first, in each time step, we solve the cell problems in each unit cell Y, associated to each
macroscopic node x; of the macroscopic mesh. With these cell solutions, we can assemble and
solve the macroscopic equation. Then, with the calculated macroscopic displacement, iterating
over each macroscopic node x;, we solve the evolution equation in every microscopic cell Y, .
In fact, since £,(A\7) = &,(N?), for 4,5 = 1,2, only three cell problems have to be solved on

each Y, in every time step.

The implementation was realised by using the programming language Python and the finite
element library FEniCS [AL12]. Although this platform provides a wide range of implemented
finite elements and nonlinear and linear solvers, there is no pre-implemented tool for a micro—
macro coupling in a homogenisation setting. The resulting data was visualised using Par-
aView |Ayal9).

We examine four cases: we consider isotropic as well as anisotropic elasticity and binodal as
well as spinodal phase separation. In the following simulations, we choose ¢, = 0.3 when we
consider binodal phase separation and c, = 0.5 in the case of spinodal phase separation. In
each of these two cases, i.e. binodal and spinodal phase separation, we always take the exact
same initial value for all simulations and for ¢y in each Y;,. In addition, we compare all four
case studies with numerical simulations of the Cahn—Hilliard equation, non-dimensionalised
corresponding to section to compare the respective separation process with a separation
process without the influence of mechanical stress. In each of the following cases, this is done
by using the same values for the parameters A\ and ¢, the scaling parameter of the local free
energy, as well as exactly the same initial value for c. We then solve the Cahn—Hilliard equation
numerically on (0,1)? with the same numerical methods and using periodic boundary condi-

tions.

According to [BFLT 13| and noting that we have already taken care of the factor €2, we choose
A = 10~* in all following simulations and the timestep size 7 = 5 x 10~2. Figure shows the
magnitude of the displacement with some marked points of the macroscopic domain in which
we consider the separation processes in all following simulations, where we have compressed

the macroscopic domain by 5 % in horizontal direction.

As can be seen in figure we have chosen a rather coarse macroscopic mesh. With the
selected boundary conditions, this should actually be finer near the two right corner points
of Q). However, since we are primarily interested in the microscopic processes and we do not
make any comparisons to experiments, we have chosen a coarse mesh for reasons of computing
effort. The microscopic mesh is chosen in such a way that an alignment of the pattern of the
evolving microstructure caused by structures of the mesh is avoided and we refer to [Fral4]
for studies on such mesh effects. Unless stated otherwise, for the following simulations of the
phase-separation processes, we use the colour bar given by figure for the representation

of the order parameter c. Of course, due to the numerical solution methods and modelling
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5.0e-02
[ 0.04
— 003

— 002
[ 0.01
0.0e+00

Figure 7.2: Typical magnitude of the macroscopic displacement uy and eight marked macro-
scopic points x1,...,Ts.

aspects, such as the choice of the local free energy, there may be a deviation beyond the limits
0 and 1 for values of the order parameter. However, these are minimal and for standardisation

we always use the colour bar given below.

00e+00 02 04 06 0.8 1.0e+00
—— | !
Figure 7.3: Colour bar giving values from 0 to 1 for the visualisation of the order parameter c.
As one can see, the macroscopic strain £(ug) enters in the evolution equation ([7.0.1)) describ-
ing the evolving microstructure and, as it may be different in each macroscopic point, the
microstructure may be different in each macroscopic point. For the numerical simulations, we
have chosen the boundary conditions for the displacement in such a way that the strain tensor
varies locally and, in particular, includes shear. In the following simulations, we therefore

expect that the phase separations in the different macroscopic points differ from each other
and that possibly an influence on the resulting patterns can be detected.

7.1 The case of isotropic elasticity

First, we consider the isotropic case with an elasticity tensor defined in § where we choose

AE=01, 4F=01 (7.1.1)
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7 Numerical simulations

for the elastically softer phase and
N6 =03, p=02 (7.1.2)

for the elastically slightly harder phase. Further, we use ¢ = 0.7 and €'(c) = 0.6.

7.1.1 Binodal phase separation

In the case of isotropic binodal phase separation, we first compare the evolution in time of
the separation process in the macroscopic point x7 of the distributed-microsctructure model
with the separation process without elasticity of the corresponding Cahn—Hilliard simulation.
Figure 7.4 shows the results of the Cahn-Hilliard simulation in the left column and the results
of the simulation of the distributed-microsctructure model in the right column. Plots in one
row are at the same time t; specified underneith. The results of the Cahn—Hilliard simulation

first show the separation process, which is quite far advanced already at time t4¢.

) tss = 1.75

t40—2
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c) tas = 2.25
t5o=25
e) tes = 3.25

Figure 7.4: Pattern of two separation processes at different times ¢y ; left: results of the Cahn—
Hilliard model simulation; right: results of the distributed-microstructure model
simulation in the point z7.
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This results in regions of pure phases and domains of one component (corresponding to ¢ = 1)
are formed in the other contiguous phase (corresponding to ¢ = 0). As time progresses further,
the fusion and growth of the domains can be observed, which corresponds to a reduction of
the phase boundaries. The shape of the domains corresponds to the energetically favourable
circular shape. During the fusion of two domains, ellipsoidal structures also occur temporarily,
as can be seen particularly well in figures and but these quickly relax again into
circular-shaped domains. Considering the results of the DM simulation (we use this abbre-
viation in what follows for the simulation of the distributed-microstructure model), one can
see that the process is roughly the same as in the Cahn—Hilliard simulation. The initially
homogeneous mixture separates, regions of pure phases are formed and the resulting domains
of the elastically harder phase merge and grow together. A comparison of the two separation
processes shows first of all that the separation of the phases is slower in the DM-simulation in
27 than in the Cahn-Hilliard simulation. This seems to be generally the case in macroscopic
points close to the compression boundary I';. Even more significantly, the domains in the
DM simulation are not only ellipsoidal during fusion. This can be clearly seen especially when
looking at the emerging microstructure, i.e. at times t39 and t35. This ellipsoidal structure is
retained for at least a certain period of time as time progresses, which can be seen in particu-
lar, for example, in the domains marked yellow at times t45, t50 and tg5 and in comparison to
the corresponding domains at the same times of the Cahn-Hilliard simulation. These marked
domains do not grow and remain ellisoidal-shaped during the considered period. In the DM
simulation, the ellipsoid structure is already recognisable from the beginning, i.e. immediately
with the formation of the domains, see figures and [7-4D] These plots also show particularly
well that the ellipsoidal domains seem to be aligned in the direction from top to bottom. This

circumstance is also observable in the other plots of the DM simulation.

Since the effect of the ellipsoid-shaped domains described above is more noticeable at an earlier
stage of the process shown in figure [7:4] we take a closer look on it. In figure we consider
the evolution in time of the microstructure in the macroscopic points zg and xo, where the
corresponding results are shown in the left and the middle column of figure respectively.
In the right column of the figure, the colour bar is stated for the presented results in the
corresponding row. To improve the resolution of the microstructure, it is scaled according
to the plots in each row. For this reason we use here the only time a different colour scale
than our standard colour scale given by figure [7.3] Figure shows plots of the evolving
micrcostructure at time to9 = 1. The mixture has not yet been separated far, but the patterns
in the two points considered already show a different orientation, which can be seen well in
comparison to each other. The pattern in x¢ is aligned more strongly along the diagonal from
the upper left corner to the lower right corner, whereas the pattern in x5 is aligned more
closely along the diagonal from the upper right corner to the lower left corner. This alignment
can also be observed with continued separation at time to5, see figure At t37, regions of
pure phases are present. As can be seen in figure the orientation of the patterns remains

unchanged.
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7.1 The case of isotropic elasticity

(c) Pattern at ts; = 1.85.

Figure 7.5: Pattern of the evolving microstructure showing different alignments; left: pattern
in xg; middle: pattern in xo; right: corresponding colour bars.

103



7 Numerical simulations

Figure [7.6] shows patterns in different macroscopic points with different alignment of the do-
mains. The arrangement of the single results corresponds approximately to the position of the

macroscopic points in €2 to which the patterns belong, cf. figure

) Pattern at xs. ) Pattern at z1.

) Pattern at x3.

(e) Pattern at xs.

o . .

) Pattern at xg. ) Pattern at x7.

Figure 7.6: Pattern of the evolving microstructure in different macroscopic points at time
tyo = 2.
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The orientation of ellipsoidal domains is most obvious in points z; and z7, see figures[7.6d] and
The orientation here is roughly from top to bottom, whereas in point x; several domains
show a slightly tilted inclination towards the lower left corner in comparison with those in
point z7. What can also be seen here, and what can be observed again and again in other
simulations, is that there seems to be a preferred direction in which domains merge with other
domains. This direction corresponds to the direction of the respective orientation angle of the
ellipsoidal domains. If one compares the patterns in points 1 and xo as well as x4 and x; with
each other, a fine difference of the orientation direction of some domains can be determined.
If one looks from figure [7.6d] to figure the inclination of the domains seems to change
slightly towards the lower left corner; if one goes from figure [7.6g] to figure [7.6]] the domains
incline more towards the upper left corner. Accordingly, and as can be seen very well in a
direct comparison, the difference in the orientation of the domains also increases between the
patterns in the points x5 and zg. Generally, it can be observed that the orientation direction
of the domains in macroscopic points in the upper half of (2 is rather towards the lower left
corner and the upper right corner (which corresponds to the points x1, xo and x3), whereas the
domains in the macroscopic points of the lower half of Q are rather oriented towards the upper
left corner and the lower right corner (which corresponds to the points x5, ¢ and 7). In the
following, we often refer to these two occurring directions, the two diagonals just described,
as orientation diagonals for the alignment of the patterns. The patterns shown by figures
and hardly differ and the orientation behaviour described above is only slightly present
here, consider the marked domains in figures and The point xg lies exactly in the
middle along the vertical coordinate of €2. A difference of the pattern in this point compared

to the patterns in x3 or x5 is hardly recognisable in this case.
These observations fully meet our initial expectations. The macroscopic strain influences the

phase separation. It has an effect on the shape and orientation of the domains and the dynamics

of the separation process, e.g. merging of domains.
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7.1.2 Spinodal phase separation

The influence of the locally different macroscopic strain becomes more pronounced in the case
of spinodal separation. First, we compare the Cahn—Hilliard simulation with the simulation
of the separation process in the macroscopic point z7. The patterns at different times can be
seen in figure In the left column of the figure, there are the results of the Cahn—Hilliard
simulation, in the right column the plots of the solution of the DM simulation. Results next
to each other are at the same time specified underneith. For the following comparison of
the results from the two simulations, we have chosen different points in times than for the
corresponding comparison in the case of binodal separation. The only reason for this is that

the phase separation is faster here and the selected points in time are adjusted accordingly.

t10 =6 X 10_

t20=1
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t30—15
) tas = 2.25
e) tes = 3.25

Figure 7.7: Pattern of two separation processes at different times ¢y ; left: results of the Cahn—
Hilliard model simulation; right: results of the distributed-microstructure model
simulation in the macroscopic point x7.
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The process of both simulations is roughly the same. In the beginning, the homogeneous mix-
ture seperates and regions of pure phases are formed, but in comparison to binodal phase sep-
aration, no circular or ellipsoidal domains are formed. It is rather a pattern of confused snakes
that emerges. As time progresses, the regions of the pure phases grow, which corresponds to a
reduction of the phase boundaries. At time ¢1¢, the phase separation has not completed yet in
both cases. At this time, in contrast to the Cahn—Hilliard simulation, in the DM simulation a
vertical orientation of the microstructure is clearly visible. This difference becomes clearer at
time t9g. The plots of the DM simulation show the vertical alignment of the pattern and there
are structures which extend over the entire domain from top to bottom. As time progresses,
this preferential alignment of the patterns also remains present during the growth of the pure
phases as can be seen at times t35, t45 and tg5. In a slight exaggeration, the structure of the
pattern becomes more similar to vertical stripes as time proceeds. A comparison of figures[7.7d]
and also shows that the phase boundaries smoothen over time. The patterns of the Cahn—
Hilliard simulation, on the other hand, still appear disordered and do not show any orientation.

In figure one can nicely distinguish a different orientation of the pattern in different macro-
scopic points. As in figure the arrangement of the single macroscopic pictures corresponds
approximately to the position of the macroscopic points to which the patterns belong. In
spinodal separation, the characteristics of the different orientations of the patterns are more
pronounced. At first glance, it can be said that in all patterns shown by figure [7.8] a certain
orientation is noticeable in comparison to the pattern of the Cahn—Hilliard simulation, cf. figure
As before, we first look at the patterns in the two points on the right, i.e. in z; and x7.
The pattern shown by figures and figure [7.8d] show more or less an orientation from top
to bottom, whereby this alignment is more significant in the pattern in x7. In x, the pattern
already shows a more oblique inclination. The observation that we made in the binodal case
during the discussion of figure also applies here, that is that the microstructure in those
macroscopic points that are located in the upper half of €2 is oriented along the diagonals be-
tween the lower left corner and the upper right corner, whereas the resulting patterns in those
points from the lower half of €2 are oriented along the opposite diagonals, i.e. from the upper left
corner to the lower left corner. In the spinodal case, it is wonderful to see an orientation of the

patterns when looking at figures [7.8d], [7.8d and [7.8a] as well as figures and which

deviates differently from the corresponding orientation diagonal. Thus, as already mentioned,

the pattern in x; has only a very slight inclination along the corresponding diagonals, whereas
the orientation of the pattern in x5 is strongly oriented to the diagonal. The pattern belonging
to point zg is rather vertical; nevertheless, there are diagonal structures present, although less
or with slight deviation to the orientation diagonal compared to the pattern in point zs. In
7, the pattern extends rather from top to bottom, whereby in the left half an orientation can
be seen to the upper corner and thus according to the orientation diagonals. The pattern in
x¢ is clearly oriented to the diagonal and thus opposed to the orientation of the pattern shown
by figure Like the pattern in x3, the pattern in x5 has a certain vertical orientation;

however, some structures are orientated towards the corresponding orientation diagonal. The
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c) Pattern at xa. Pattern at x1.

(a) Pattern at xs.

(e) Pattern at xs.

- . .

) Pattern at zs. ) Pattern at x7.

Figure 7.8: Pattern of the evolving microstructure at different macroscopic points at time
tes = 3.25.

yellow markings in figures and indicate structures that are arranged more in the di-
rection of the orientation of the patterns shown by figures and [7.81] respectively. Located
vertically centred in €2, the formation of the pattern presented by figure can be observed.
In comparison to the pattern of the Cahn-Hilliard simulation, cf. figure[7.7] the pattern is also
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rather vertically aligned, but also a diagonal alignment of the structure can be detected.

Results for increased stiffness
Finally, we investigate which effects occur when we make the material elastically stiffer. We

increase the Lamé constants to
N =24 =16, \NF=08 pF=0s. (7.1.3)

which means to enlarge the stiffness. The first row in figure shows the resulting DM
simulation patterns at selected macroscopic points with the Lamé constants given by (7.1.3)).
In the second row, the respective results of the DM simulation with the previously used Lamé

constants given by (7.1.1)) and (7.1.2)) at the same point in time can be seen. Figures and

(a) Pattern at x4 ) Pattern at xe ) Pattern at x7
) Pattern at x4 (e) Pattern at z¢ (f) Pattern at x7

Figure 7.9: Pattern at different macroscopic points at time t35 = 1.75.

[7:9d] show patterns in the in the vertically centred macroscopic point x4 at time t35 = 1.75.
In the case of higher Lamé constants, the vertical alignment of the pattern is much more
pronounced at this time and corresponds to the expectations concerning the orientation of
the pattern in a macroscopic vertically central point. Figures and show patterns in
g, which is located in the lower half of 2. In the plot of the simulation with the values for
elastically harder components, the orientation of the patterns is also much more stringent here
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than in the case of elastically softer components. In figur [7.9D] the pattern has hardly any
intertwined structures, it looks more like diagonal stripes. This also applies when comparing
the patterns in figures and The orientation of the stripe-like pattern which can be
seen in figure [7.9d corresponds to that orientation which we already know from the previously
considered patterns in the point x7; it is only much more pronounced here than in the previously
observed cases or than in the pattern shown by figure

7.1.3 Brief summary of the results for isotropic elasticity

In both cases shown above, we presented typical simulation results for the distributed-micro-
structure model. As in a single-scale setting, where the separation process is described by the
standard Cahn-Larché system, the influence of the mechanics on the patterns can be clearly
seen during phase separation. In the DM model, this effect arises on the microscale and it is

particularly evident in the spinodal case.

In all simulations shown, in the binodal case ellipsoidal shapes were seen particularly clearly
during the early stage of phase separation. Over time, it could be observed that the ellipsoidal
shape relaxes into a more circular shape. In contrast, in the case of spinodal separation, we
found that the alignment of the patterns due to elastic stresses becomes clearer and stricter as
time progresses. As we have also seen, these effects can appear more strongly with elastically
harder material parameters. Nevetheless, in all cases, a certain alignment of the microstructure
can be seen, which varies locally macroscopically and which is in-line with our expectations
regarding the model.
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7.2 The case of anisotropic elasticity

Inspired by the work and the simulations of Garcke and Weikard [Wei02], |[GWO05], we also
briefly consider the case of an anisotropic elasticity with cubic symmetry, in which there are
three parameters determining the elasticity tensor. For the general N-dimensional case, the

components of the elasticity tensor are defined by

ALppr = 011, fork=1...,N,
7 1

Qhgnn = Q12 for k#h,

7 7

Uhnkn = Qaq,  for k#h,

ahim =0, otherwise,

for i € {E, C}, where a¥,,a},,a}, are constants. We present the anisotropic case without going
into details and without making quantitative comparisons to the isotropic case. We choose only
a mild anisotropy and we use ¢ = 0.75 for all following simulations to accelerate the separation
process slightly. It turns out that the results of this anisotropic case are quite similar to the
isotropic case and analogous conclusions apply. At the end of this section, we discuss some

further observations of the mechanical influence on the separation process.

7.2.1 Binodal phase separation

In the case of anisotropic binodal phase separation, we choose
a$, =24, a$,=03, af, =03

and 20% smaller values for the elastically softer phase. We first compare the separation process
in the macroscopic point x7 of the distributed-microstructure model with the separation process
without elasticity of the corresponding Cahn—Hilliard simulation. Figure [7.10]shows the results
of the Cahn—Hilliard simulation in the left column and the results of the simulation of the
distributed-microstructure model in the right column. As before, the plots in one row are at
the same time t; specified underneith. The results of the Cahn—Hilliard simulation show the
separation process, which has already advanced quite far at time ¢35. The process is analogous
to the Cahn—Hilliard simulation in the previous case of binodal phase separation, as shown
in figure where ¢ = 0.7. Domains of one phase are formed and with further proceeding
in time, the fusion and growth of the domains can be observed. For a short time, ellipsoidal

forms occur during the fusion, but these quickly relax into circular shaped domains.
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) tss = 1.75
) tas = 2.25
) tes = 3.25

Figure 7.10: Pattern of two separation processes at different times t; left: results of the Cahn—
Hilliard simulation; right: results of the DM simulation in the point x7.
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Considering the results of the DM simulation, one can see that the process is roughly the same
as in the Cahn—Hilliard simulation. The initially homogeneous mixture separates, regions of
pure phases are formed and the resulting domains merge and grow together. As in the case
of binodal phase separation with isotropic elasticity, a comparison of the two separation pro-
cesses shows that the separation of the initial mixture is slower in the DM simulation than
in the Cahn—Hilliard simulation and the ellipsoidal-shaped domains do not only occur during
fusion of domains in the DM simulation. This can be clearly seen especially when looking at
the emerging microstructure, i.e. at time t35, where numerous ellipsoid-shaped domains are
present. As in the isotropic case, this ellipsoidal structure is retained for at least a certain
period of time, which can be seen, for example, in the three domains marked yellow at times
t3s, t4s and tgs. In comparison, consider the circular shapes of the corresponding domains at

the same times of the Cahn—Hilliard simulation.

Figure [7.11] presents patterns of the evolving microstructure at selected macroscopic points at
time t49 = 2. The arrangement of the single plots corresponds approximately to the position
of the macroscopic points in §2. Because of the similarity to the isotropic case we have limited
the selection of the macroscopic points. The characteristics of the ellipsoid-shaped domains
as well as their different orientation, which is analogous to the orientation in the isotropic
elastic case, are clearly visible, see figure [7.6l The patterns in the points 21 and zo, which are
from the upper half of 2, show an orientation of the domains along the orientation diagonal
from the lower left corner to the upper right corner; the domains in xg and x7, which are
from the lower half of 2, are more closely oriented along the diagonal between the upper left
corner and the lower right corner. This direction of alignment seems to be accompanied by a
preferred direction for merging with other domains. In contrast to the previous case, here we
have chosen point x4 instead of xg, which is also vertically centered in 2, but further away
from the compression boundary I'y. However, there is no difference in the characteristics of
the patterns appearing in x4 and xg, which is also the case in all other cases considered here.
We want to mention here that in comparison to figure[7.6] the separation in the points z; and
x7 has already progressed further at the same time, but this is simply due to a higher local

free energy parameter .
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) Pattern at zs. ) Pattern at z;.
o . .
(c) Pattern at . (e) Pattern at x7.

Figure 7.11: Pattern of the evolving microstructure at different macroscopic points at time
tyo = 2.
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7.2.2 Spinodal phase separation

For the following simulations of spinodal phase separation with anisotropic elasticity with cubic
symmetry, we have increased the values for a{}, a$,, a$, by a factor 1/15 and, again, we use 20%
smaller values for the elastically softer phase. As before, we first compare the Cahn—Hilliard
simulation with the DM simulation in the macroscopic point z7. In figure plots of the
solution of both simulations are compared at three points in time, where the results of the
Cahn—Hilliard simulation are located in the left column and the results of the DM simulation
in x1 are in the right column. At ¢5(, the microstructure in both simulations is already clearly
formed and regions of pure phases exist. Already at this point in time the vertical alignment of
the patterns is clearly visible in the DM simulation. At points in time t45 and tg5, the results of
both simulations show the growth of the pure phases and a smoothing of the phase boundary,
which corresponds to their minimisation. While in the Cahn—Hilliard simulation the pattern
seems to be disordered, in the DM simulation one can see a vertical alignment of the pattern.
This can be seen in figure on the yellow marked structure and in figure In figure
there are two horizontal creases marked yellow, but as shown in figure these are

reduced with time and the structure is vertically aligned.
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tzo—l
t45 =2.25

t65 =3.25

Figure 7.12: Pattern of two separation processes at different times ¢y ; left: results of the Cahn—
Hilliard model simulation; right: results of the distributed-microstructure model
simulation in the point x7.
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. W) o)
o . .
Pattern at zg. Pattern at x7.

Figure 7.13: Pattern of the evolving microstructure at different macroscopic points at time
tes = 3.25.

As in the previous cases, we also consider and compare the pattern in different macroscopic
points. Therefore, figure shows patterns at time tg5 = 3.25. As before, one can see a
clear orientation of the patterns. The patterns shown by figures [7.13c and [7.13b] show an
alignment of the patterns along the respective orientation diagonals. This is also the case

with the patterns in x; and x7, although here the orientation of the patterns, as in the cases
considered above, is rather vertical with a slight inclination in the direction of the respective
orientation diagonals. As in figure [7.11] we also consider the patterns in the vertically centred
point x4. Again, a more vertical orientation of the pattern appears to be present, although not

as strongly as in the other patterns.

7.2.3 Further effects of elasticity

Finally we compare the DM simulation in the vertically centered point zg with the Cahn—
Hilliard simulation. We want to compare separation processes with and without elasticity and
focus on the fusion of the phases. Figure shows the results, where as before, the plots of
the solution of the Cahn—Hilliard simulation are located in the left column and the plots of the
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solution of the DM simulation are located in the right column. Up to time ¢y, the patterns of
the simulations are approximately the same, but small differences can already be seen here. In
the yellow marked part of the pattern of the DM simulation, a direct comparison of the same
part of the pattern of the Cahn—Hilliard simulation shows that red coloured structures are
still separated and not growing together as they do in the Cahn—Hilliard simulation. In figure
at time tog, one can see the different development of the pattern in the yellow marked
parts. In the DM simulation the affected structures are still separated, the pattern here has
rather been oriented upwards. In the corresponding part of the Cahn—Hilliard simulation, the
structures horizontally grow together at the described position. The fact can also be observed
in the second yellow marked part of the plot of the DM simulation in figure [7.14D] In the
corresponding part of the plot of the Cahn—Hilliard simulation, the red coloured structures of
the pattern grow together in horizontal direction. This can also be observed in other parts of
the results. A comparison of the pattern in figure confirms the general observation that
the pattern of the DM simulation seems to be rather vertical orientated, whereas the pattern of
the Cahn-Hilliard simulation does not seem to have a clearly recognisable preferred direction
of alignment. At this time, in the upper left part of the plots, one can see parts with almost
identical characteristics of the patterns, but in the right half and also in the lower half, the

described difference in alignment is clearly visible.
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a) tip = 0.5
tzo—l
C)t40—2

Figure 7.14: Pattern of two separation processes at different times tj; left: results of the Cahn—
Hilliard model simulation; right: results of the distributed-microstructure model
simulation in the point zg.
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8 Conclusion and outlook

This thesis has been concerned with the Cahn-Larché system, a coupled system of a parabolic
fourth-order equation and a second-order elliptic equation. Film-balance experiments moti-
vated considering this classical problem in a multiscale context. By a non-dimensionalisation,
we transferred this system into a model in which the physical processes, described in section 2.1
are accounted for on the correct scales. In doing so, we prepared the system for the application
of homogenisation techniques to obtain a process-adapted model in the limit. We proceeded
with the homogenisation process formally for the nonlinear system and also for the linearised
system. This lead to models of distributed-microstructure type, which is a reasonable model
structure to describe the physical context of the film-balance experiments. Furthermore, we
showed the well-posedness of the linear system in chapter |5 where we proved the existence
and uniqueness of a weak solution. Further, we gave an a-priori estimate, which enabled the
homogenisation process carried out in chapter [6, where we proved the homogenisation result
for the linear system via two-scale convergence. In particular, this has been achieved with
two extended results of the concept of two-scale convergence, stated in section [3:2] with which
we could pass to the limit in the term with second derivatives and in those consisting of sev-
eral products of sequences. The convergence to the linear homogenised system could thus
be proved rigorously and, further, it turned out that linearisation and homogenisation com-
mute. The rigorous proof of an analogous convergence result for the nonlinear system from
section [4.2.1) remains an open problem beyond the scope of this thesis. The finite element
based numerical simulations presented in chapter [7| showed, in particular, that the nonlin-
ear distributed-microstructure model indeed describes a separation process on the microscale
influenced by the local macroscopic strain. As we have seen, the patterns of the resulting

microstructure can have a different orientation and thus differ at each macroscopic point.

The film-balance experiments, which constitute a two-dimensional setting, were the motivation
for this thesis and the basis for the modeling of the developed multiscale model. Even though
a quantitative comparison to experiments was not possible due to missing data, we performed
the numerical simulations in two dimensions to showcase the qualitative behaviour of the
model. For future work, numerical simulations of film-balance experiments together with
quantitative comparisons would be very interesting. Since the mathematics has been kept
general, an application in three dimensions is also feasible, for example for modelling evolving

microstructures in metal alloys under macroscopic mechanical stress.
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