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Consider a multiobjective decision problem with uncertainty in the objective functions, given as a set of
scenarios. In the single-criterion case, robust optimization methodology helps to identify solutions which
remain feasible and of good quality for all possible scenarios. A well-known alternative method in the
single-objective case is to compare possible decisions under uncertainty with the optimal decision with
the benefit of hindsight, i.e. to minimize the (possibly scaled) regret of not having chosen the optimal
decision. In this contribution, we extend the concept of regret from the single-objective case to the mul-
tiobjective setting and introduce a proper definition of multivariate (robust) (relative) regret. In contrast
to the few existing ideas that mix scalarization and optimization, we clearly separate the modelling of
multiobjective (robust) regret from its numerical solution. Moreover, our approach is not limited to a
finite uncertainty set or interval uncertainty and furthermore, computations or at least approximations
remain tractable in several important special cases. We illustrate all approaches based on a biobjective
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1. Introduction
1.1. Motivation

The task of decision making under uncertainty appears in vari-
ous fields. Quite often, the considered decision problem cannot be
expressed by a standard formulation as an optimization problem
with a single objective. Instead, multiple conflicting criteria have
to be considered and thus a formulation as an uncertain (or para-
metric) multiobjective optimization problem is required! In the re-
cent past, several promising approaches have emerged which al-
low to generalize the idea of a robust counterpart of an uncertain
single-objective optimization problem to the multiobjective setup,
see for instance the summary (Ide & Schobel, 2016) or the ex-
tensive overview (Goberna, Jeyakumar, Li, & Vicente-Pérez, 2015).
In Goberna et al. (2015, Table 1), an overview of different ap-
proaches to robust multiobjective optimization is provided; more
recently, Dranichak and Wiecek (2019) and Talbi and Todosijevic
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(2020) add further concepts to the literature, while Schobel and
Zhou-Kangas (2020) provides (theoretical) comparisons between
some of these approaches. More specifically, extending the concept
of point-based minmax robust efficiency from the single-objective
to the multiobjective case might either lead to multiobjective for-
mulations or to set-based concepts. Subsequently, we have chosen
to focus on the pointwise approach, cf. Ehrgott, Ide, and Sché-
bel (2014); Fliege and Werner (2014); Kuroiwa and Lee (2012),
which relies on the simple and intuitive (albeit quite conserva-
tive) strategy to minimize the worst possible outcome among the
possible scenarios (for each objective function), cf. Section 1.2.2.
Quite related to Ehrgott et al. (2014); Fliege and Werner (2014);
Kuroiwa and Lee (2012), Hassanzadeh, Nemati, and Sun (2013) con-
siders the special case of budgeted uncertainty for function-wise
box uncertainty for the coefficients of linear objective functions.
In the framework of Ehrgott et al. (2014), Bokrantz and Fredriks-
son (2017) discusses necessary and sufficient conditions for robust
efficiency in terms of scalarization functions. An alternative con-
cept (light robustness) is proposed in Ide and Schébel (2016) by
extending the light robustness concept from the single-objective
case. Similarly, the generalization of Hassanzadeh et al. (2013) of
budgeted uncertainty introduced by Bertsimas and Sim (2003) to
the multiobjective setup is developed further in Raith, Schmidt,
Schobel, and Thom (2018). The further alternative of multi-scenario
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efficiency is introduced by Botte and Schobel (2019). Finally, Ide
and Kobis (2014) and Ide, Kobis, Kuroiwa, Schobel, and Tammer
(2014) discuss the relation of uncertain multiobjective optimization
problems to the field of set-valued optimization.

Although the concept of a robust counterpart to an uncertain
single-objective optimization problem as in Ben-Tal, El Ghaoui, and
Nemirovski (2009) is in our view most popular, an alternative is
available based on the notion of regret. For example, Inuiguchi
and Sakawa (1995); Kouvelis and Yu (1997) contain early treat-
ments of regret from an optimization point of view and Hauser,
Krishnamurthy, and Tiitincii (2013); Simdes, McDonald, Williams,
Fenn, and Hauser (2018); Takeda, Taguchi, and Tanaka (2010) pro-
vide interesting mathematical analyses as well as real world ap-
plications in the single-objective setting. Similar to Ben-Tal et al.
(2009), this alternative is recommended whenever probabilities for
each individual scenario are unknown, cf. Kouvelis and Yu (1997);
in such situations it is perceived as a useful way for selecting deci-
sions under uncertainty, cf. Kouvelis and Yu (1997, Section 6.1.1).
Moreover, considering the worst case only is a relevant source
of criticism to the classical worst-case approach, cf. Hauser et al.
(2013). For instance?, considering evaluations of investment man-
agers, it becomes important to compete against the best competi-
tor’s performance and therefore regret is more suited in this set-
ting, cf. Simoes et al. (2018). In summary, it can be noted that on
the one hand, robust regret has some modelling advantage over
traditional robust optimization in several occasions, while on the
other hand it might lead to computationally harder optimization
problems. As we will illustrate in the following, several impor-
tant special cases still remain computationally tractable, although
computational burden of course increases in comparison to solv-
ing instances of an uncertain multiobjective optimization problem
(i.e. (RR™M (U)), Section 2.1 compared to (P™ (u))), Section 1.2.2).
Eventually, for a graphical illustration of the two approaches in the
single criterion case, the reader is referred to Fig. 1.

In contrast to the single-objective case, no corresponding con-
cept of regret is available for the case of an uncertain multiob-
jective optimization problem. The only existing approaches in this
direction so far were given by Rivaz and Yaghoobi (2013, 2018);
Rivaz, Yaghoobi, and Hladik (2016) and Xidonas, Mavrotas, Hass-
apis, and Zopounidis (2017). Still, none of these approaches actu-
ally considers a proper concept of regret in the multiobjective case.
Instead, it is suggested to first scalarize the uncertain multiobjec-
tive optimization problems to uncertain single-criterion instances
which are then handled within the known single-objective regret
setting. In the following, we will close this gap and introduce a
proper concept of multivariate (relative) regret. We will motivate
the choice of this regret formulation and show that this indeed
represents a generalization of the single-objective setting to the
multiobjective case. We further analyze the structure of the cor-
responding multiobjective robust regret formulation. We especially
compare the computational effort for solving such problems in-
stead of solving standard robust multiobjective optimization prob-
lems in a variety of common special cases. Not surprisingly, our
analysis yields similar results as the analysis in the single-objective
case, cf. Hauser et al. (2013). Finally, we compare our approach
to the related approaches by Drezner, Drezner, and Salhi (2006);
Rivaz and Yaghoobi (2013, 2018); Rivaz et al. (2016); Xidonas et al.
(2017) in more detail. In summary, our approach covers the follow-
ing novel aspects of uncertain multiobjective optimization:

o For the first time, we introduce a consistent framework for
regret optimization in an uncertain multiobjective optimiza-

2 Another example is the choice of a tour from some point A to a point B, which
is usually compared with the optimal choice in the given scenario, not against the
worst case.
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tion (MOP) setup. In particular, we clearly distinguish the
modeling approach (i.e. the fact that an uncertain multiob-
jective optimization problem is cast as a multiobjective regret
optimization problem) from its numerical solution (e.g. by
scalarization, by specific genetic algorithms, by direct multi-
search methods, etc.). As a side result, we obtain the novel
insight that Chebyshev scalarization actually commutes with
robustification, thus the order of scalarization and regret is not
important in this case, see Proposition 2.4 for more details.

In contrast to the few existing and rather scattered results in
the literature on multiobjective regret, our approach is neither
limited to linear objectives, nor to finite or interval uncertainty
sets. Thus, all existing approaches are unified and generalized,
besides the separation of regret modelling and scalarization.
We provide a detailed view on the structure of the multiobjec-
tive regret optimization problem with a special focus on convex
optimization problems. We also highlight, which instances can
be solved with polynomial effort and how general formulations
can be approached via (inner and outer) polytopal approxima-
tions. For this purpose, a thorough discussion concerning conti-
nuity with respect to the uncertainty set is carried out.

We believe that as scalarization is an auxiliary computational
tool to solve a given multiobjective optimization problem and not
a modeling paradigm as such, our setting seems to be a quite natu-
ral one. Furthermore, in our opinion, sticking to the multiobjective
setting as we do, is more intuitive from a modeler’s perspective. Fi-
nally, our approach now allows to put all existing approaches into
more context, cf. Section 5, and also allows for easy interpretation.

1.2. Problem formulation

Before we introduce the general multiobjective setup, we briefly
recall the main idea of (relative) regret in the single-objective case.

1.2.1. Uncertain single-objective optimization problems
Consider the following (family of) uncertain optimization prob-
lem(s)

(P(w))

where f: X xU — R is some continuous function, x € X ¢ R" rep-
resents the decision variables and u € U ¢ R" represents uncertain
parameters. For simplicity of presentation, we assume that both X
and U are compact. We would like to point out that this in partic-
ular covers the case of finite X. The robust counterpart to (P(u)) as
in Ben-Tal et al. (2009) is given as

min f(x,u)
xeX

in F
Tip F@

(RC(U))

with F(x) := mabx f(x,u). It is well-known, see e.g. Ben-Tal et al.
uel

(2009), that (RC(U)) can be solved efficiently, if the original uncer-
tain optimization problem satisfies certain structural requirements,
e.g. f has to be convex in x and F needs to be easily computable.
However, it is also well-known that (RC(U)) leads to rather conser-
vative solutions as it is focused on the worst case instance only.
As a remedy to this problem, the alternative concept of (relative)
regret can be applied, see e.g. Kouvelis and Yu (1997) for a more
detailed discussion. In the single-objective setting, the regret of a
decision x in a scenario u € U is defined as

r(x,u) ;== f(x,u) — f*(u), with f*(u) := r){nxn fx,u),

while the relative or scaled regret of a decision x in a scenario u € U
can be represented as

_fxw - fxu)
s(x,u) ;= i) =W -1

r(x,u),

1
- )
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f*(u)
robust optimum better

regret optimum better

optimal value of RC(U) = F(x%)

_f(xt u)
T f(xk )

fx(u)

optimal value of RR(U

) = R(x{)

U u

Fig. 1. Illustration of worst-case optimization versus regret optimization under the
assumption F(x3:) = maxyey f*(u).

if f*(u) > 0 holds for all u e U. It usually depends on the given
application, whether regret or relative regret is considered by the
decision maker.?

Based on the (relative) regret, the decision maker can now op-
timize with respect to regret. In uncertain environments, similar
to the robust counterpart, a worst case (relative) regret is often
deemed appropriate; hence we introduce

R(x,U) := max r(x,u),
uel

and, analogously,

S(x,U) := max s(x,u).
uel

This leads to the corresponding robust (relative) regret counterparts
to (P(u))

min R(x.U), (RR(U))
and
Tixn S(x,U). (RS(U))

The differences of the robust counterpart to the robust regret
counterpart are illustrated in Fig. 1. As it can be observed, the
worst case performance of the robust counterpart is (by definition)
better than the worst case performance of the minimum regret de-
cision. The latter, however, usually comes with a lower worst case
opportunity loss. Accordingly, in Hauser et al. (2013), optimal so-
lutions to these optimization problems are called robust (relative)
regret solutions and in Kouvelis and Yu (1997), they are called ro-
bust (relative) deviation decisions. For interval uncertainty, this ap-
proach can also already be found in Inuiguchi and Sakawa (1995).

Remark 1.1. It needs to be mentioned that stochastic programming
represents an important (quite related) approach to optimization
under uncertainty. There, the uncertain parameter u is treated as a
random variable and probabilistic criteria are applied instead of a
worst case criterion. The same distinction can of course be made
here, leading to a framework of stochastic regret, where instead
expected regret or some risk measure of regret could be considered.
For instance, in the related paper (Xu, Zhou, & Xu, 2020), total (and
average) expected regret is considered, already in a multiobjective

3 If the goal is not to compare the decision to the optimal solution, but to some
given benchmark, one can consider the so-called benchmark regret as introduced
in Simoes et al. (2018). In this case we only need to consider some benchmark
performance b(u) instead of the individual optimal solutions f*(u) in the regret
formulation and require the same structural properties for b(u) as for f*(u).
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framework. The main difference to our approach, besides a rather
different focus of their paper, is that the authors only consider a
finite uncertainty set and that no worst-case regret is considered.
As a thorough analysis of stochastic regret is beyond the scope of
this contribution, we prefer to leave this for future research.

We have already mentioned that the robust counterpart can
be solved efficiently in a variety of common setups; see Ben-Tal
et al. (2009) for an overview and more details. We will demon-
strate in the following that although the robust regret counterpart
represents a somewhat more involved concept (due to the fact that
the optimal value f*(u) appears in the formulation), it can still be
solved with polynomial effort in common specific situations, see
e.g. Hauser et al. (2013) for a detailed analysis of regret in the
single-objective case. As we will see later in Section 4.2, this re-
mains to be true for our generalization of robust (relative) regret
to the multiobjective setup.

1.2.2. Uncertain multiobjective optimization problems

If instead of an uncertain single-objective optimization prob-
lem an uncertain multiobjective optimization problem is given, the
considerations from Section 1.2.1 get somewhat more involved. As
already mentioned, there have been successful approaches how to
formulate a robust counterpart for an uncertain multiobjective op-
timization problem, while the corresponding concept for (relative)
regret is still missing. For this purpose, let now f:X xU — R™
be an m-variate continuous objective function, representing poten-
tially conflicting aims. The uncertain multiobjective optimization
problem then reads as

(P™(u))

mingn f(x, u).
xeX
Multiobjective optimization problems constitute a special case of
vector optimization problems (see for example Jahn, 2004), where
the optimization is carried out with respect to a general ordering
cone K. In the case of multiobjective optimization problems, the
corresponding ordering cone is always given by the specific cone
K =R™. In contrast to the single-objective setup, minima of the
image set Y i={f(x,u) |x € X} will not exist in general. There-
fore, usually (weakly) non-dominated elements of Yy ,, denoted
by Yﬂ_‘u) and Y}“g{t’u) are sought. The corresponding pre-images are
so-called (weakly) efficient solutions and denoted by X)’:-'

and
(u)
Xj‘ffu), cf. Ehrgott (2005), Jahn (2004). In our setup, a solution

X € X is called efficient (for fixed parameter u) if and only if there
does not exist x € X with fi(x,u) < fi(x,u) for every i=1,...,m
and fj(x,u) < fj(x,u) for at least one je{1,...,m}. A slightly
weaker version of this concept is the following: a solution x € X
is called weakly efficient if and only if there does not exist x € X
with fi(x,u) < fi(x,u) foreveryi=1,...,m.

As recently suggested by Ehrgott et al. (2014), Fliege and
Werner (2014), Kuroiwa and Lee (2012), a reasonable, albeit rather
conservative formulation for a multiobjective robust counterpart,
taking into account all uncertainty, looks as follows:

mingn F(x), (RC™(U))

xeX
where, in complete analogy to the single-objective case, F(x) :=
mau>(f,~(x,u) fori=1,...,m.
uel

Remark 1.2. Let us point out that although formulation (RC(™ (U))
seems quite straightforward, a thorough discussion of the pros and
cons of such a formulation had been appropriate and necessary,
see especially Ehrgott et al. (2014) and Fliege and Werner (2014).
As emphasized there, it is not instantaneously clear how to inter-
pret the term "max,y f(x, u)” for an m-variate f. Several interpre-
tations, ranging from the straightforward idea of a kind of anti-
efficient frontier with respect to the negative ordering cone to a
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set-valued interpretation have appeared in the literature. For the
standard cone, the pointwise formulation has shown to be quite
successful in terms of interpretation, application and ease of com-
putation.

In this paper, we will show that we can obtain a multiobjec-
tive robust (relative) regret formulation along the same lines as the
multiobjective robust counterpart has been obtained, thus general-
izing the concept of regret from the univariate to the multivariate
setup. For this purpose, the remainder of the paper is organized as
follows: In Section 2 we introduce and motivate the generalization
of robust regret to the multivariate case. To solve these multiob-
jective optimization problems, scalarization techniques are usually
employed, see e.g. Ehrgott (2005) for more details. We pay special
attention to the separation of robustification (as a modelling tool)
and scalarization (as a solution procedure). We specifically prove
that weighted Chebyshev scalarization actually commutes with ro-
bustification in our context (Proposition 2.4). We then discuss nu-
merical aspects of the multiobjective robust regret formulations in
Section 4 and we show that these formulations can be solved effi-
ciently (or at least be well-approximated) in a variety of common
setups, especially under polytopal uncertainty. For this purpose, a
thorough analysis of the continuity of the objective function with
respect to the uncertainty set is provided in Section 3, as well as
its consequences on approximations. As a main tool of approxima-
tion for general convex uncertainty sets we will consider (inner
and outer) polytopal approximations in Section 3.2.3. We provide a
detailed comparison to existing approaches in Section 5, before we
apply the techniques to a specific illustrative example in Section 6.
We close the paper by a brief summary and an outlook to future
research directions.

2. Multiobjective robust (relative) regret

As already discussed, there is currently no extension of the ro-
bust (relative) regret approach for uncertain optimization problems
to the multiobjective setting. The main question in this context is
how to replace the former scalar term f*(u) € R in a multivariate
regret formulation. It has to be noted that in the multiobjective
setup, the optimal value is no longer a unique scalar value, but
represented by the whole non-dominated set Yﬂ-,u)' From this ob-
servation, as outlined in Remark 1.2, it is not straightforward what
quantity should be used to compare to the what is now multivari-
ate f(x,u) e R™ to obtain a meaningful notion of regret.

2.1. Extension of robust regret to the multiobjective setting

In the following, we argue that a meaningful choice is obtained,
if the scalar value f*(u) € R is replaced by the corresponding ideal
point f*(u) € R™ in the multiobjective setting, defined by

fi() :=min fi(x,u), fori=1,....m.
xeX

Alternatively*, one could prefer a set valued formulation and work
with Y}‘ﬁ._u) instead of f*(u). To see that the ideal point is in-
deed a reasonable choice which also leads to computationally
tractable optimization problems, we have a closer look at the

single-objective setup. In this setup we have:

min R(x,U) = min max r(x, u).
xeX xeX ueU

4 Indeed, this also represents an interesting and promising approach, which, how-
ever, needs separate thorough discussion, see also Section 7.
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Introducing a slack variable o for the objective function leads
to

min R(x,U) = min «
xeX xeX, aeR
st. rx,u)<a VYuel.

Note that the latter constitutes an optimization problem with (po-
tentially) infinitely many constraints, depending on the cardinality
of the uncertainty set U. We can continue the reformulation and
obtain

min o
xeX, aeR

st. f(x,u) <« +mi}1f(y, u) Vuel.
ye

in R(x,U) =
mip Rx.0)

This can be reformulated in an equivalent way as

min o
xeX, aeR

st. f(x,u) <o+ f(y,u) YuelU,VyeX.

Now we make the important observation that this final reformu-
lation with (potentially) infinitely many constraints can easily be
generalized to multivariate functions f (together with a corre-
sponding slack & € R™). Taking R™ as ordering cone, we obtain the
multiobjective generalization -

in R(x,U) =
Ilngy(x,)

Mmingn o
xeX, acRM

st. fixu)<a;+ fiyu) YueU, VyeX,Vi=1,...,m. (1)

Remark 2.1. Considering general ordering cones K ¢ R™ and re-
placing < with the cone inequality <k yields optimization prob-
lems of type:
ming o
xeX, o eRM

st. f(x,u) <ka+ f(y,u) YuelUVyeX.

Note that for general ordering cones, the subsequent reformula-
tions in this Section 2.1 do not apply and different argumentation
would be necessary.

As the constraint (1) can be interpreted as rowwise uncertainty,
we can get rid of the (potentially) infinitely many constraints
parametrized by y € X, which yields

minRT o
xeX, aeRM

st fi(x,u) goz,-+mi)%1fi(y,u) YueUVi=1,...,m.
ye
By replacing mi)1<1 fiy,u) by ff(u) we obtain
ye

Mmingr o
xeX, aeRm

st. fixu) <o+ ff(u) YueUVi=1,...,m.
This can be equivalently reformulated to

ming» o

xeX, aeRm

s.t. maUx fix,u)— ffw) <a; Vi=1,....m.
ue

Eliminating the slack variable «, we finally arrive at the multiob-
jective robust regret optimization problem

ming» R(x,U) (RR™(U))

xeX
with

Ri(x,U) := max r;(u,x) := max fi(x,u) — f(u),
uel uel
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for i=1,...,m. We immediately see that this indeed represents a
generalization of the single-objective regret formulation to a mul-
tivariate setting. Quite obviously, the same arguments can be re-
peated to obtain the multiobjective robust relative (or scaled) regret
optimization problem

ming» S(x,U) (RS™(U))

xeX

as long as f*(u) > 0 for all u € U. Therefore, from now on we as-
sume throughout the rest of the paper that

YueU: f*(u) > 0.

We would like to mention that both (RR™(U)) and (RS'™ (U)), like
the robust counterpart (RC(U)), constitute classical multiobjective
optimization problems. Their structure of course depends on the
sets X and U, as well as on the specific structure of f in x and/or
u.

Remark 2.2. Note that both problems (RR™ (U)) and (RS(™ (U))
obviously remain invariant under scalar multiplication of f; by
some u; > 0. However, while R;(x, U) itself remains invariant under
additive shifts of f;, S;(x,U) might change in a non-linear fashion,
as already the corresponding worst-case u € U may change due to
such shifts.

While in the definition of s;(x, u) in Kouvelis and Yu (1997) the
normalization of r;(x, u) is by 1/f(u) (as we do here), the authors
in Xidonas et al. (2017) prefer to apply a different normalization
based on f*(u) := r}(]s(xf,-(x, u):

filxu) — fr(u)
- frw’
which avoids this issue. Clearly, this kind of normalization is
mainly (numerically) recommendable for finite X or for linear op-
timization problems in x as considered in Xidonas et al. (2017). To

avoid potentially computationally hard maximization problems in
x, it might be more advisable to use the normalization

 fiw) - fr)

W) = fr@u)”
based on the nadir point fN, which might be easier to compute in
some specific setups. Unfortunately, in general, both choices typi-

cally lead to numerically rather intractable optimization problems
and are therefore not considered further in this paper.

§,'(X,U) =

Si(x,u) :

2.2. An alternative motivation

By a closer inspection of the robust (relative) regret, it can be
observed that there is a close relationship to the robust counter-
part. Indeed, starting with the family of uncertain optimization
problems (P(u)), we can shift (or scale and shift) each objective

function to obtain the uncertain families
min f(x,u) — f*(u),
xeX

(P'(w))

and

. f(x,u) ”
1;[(151)? ) -1, (P"(u))

respectively. Note that these transformations do not change the set
of optimal solutions of (P(u)), and hence (P'(u)) and (P"(u)) are
equivalent to (P(u)). Now, it becomes obvious that the robust coun-
terpart to (P”(u)) is exactly (RR(U)) and the robust counterpart
to (P”(u)) coincides with (RS(U)). The same is of course true for
the multiobjective case. We would like to emphasize that - in al-
ternative to our motivation presented in Section 2.1 - we could
have introduced the multiobjective robust regret concept via the
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observations made here in Section 2.2 instead. These observations
especially imply that all discussions on robust counterparts to mul-
tiobjective optimization problems directly transfer to the case of
multiobjective regret.

Remark 2.3. As argued here in Section 2.2, the regret formula-
tion is closely linked to a robust counterpart formulation. Thus,
applying the weighted sum scalarization (or the e-constraint tech-
nique) first and then robustifying is not the same as robustifying in
the multiobjective setting and then applying these scalarizations.
A more detailed discussion of this issue can for instance be found
in Fliege and Werner (2014). Hence, robustification and scalariza-
tion will not commute in general.

2.3. Chebyshev scalarization commutes with robustification

In contrast to the negative results from Fliege and Werner
(2014), let us now provide a positive result concerning the order-
ing of robustification and scalarization: it turns out that in our
setup weighted Chebyshev scalarization indeed commutes with ro-
bustification (for more details on Chebyshev scalarization, we refer
to Ehrgott, 2005).

Proposition 2.4 (Chebyshev scalarization commutes with robusti-
fication). For w € RT it holds

max max w;ri(x, u) =

max w;R;(x,U)
uel 1<i<m 1<i<m

and especially

min max max w;ri(x, u) = min max w;R;(x,U)

xeX ueU 1<i<m xeX 1<i<m

Proof. As can be easily seen, O represents the ideal point of both
r(x,u) and s(x,u) for each fixed u. Thus, we have for the robusti-
fied scalarized regret:

max max w;ri(x, u) = max maxw;r;(x, u;)

uel 1<i<m 1<i<m u;eU

= max w; maxr;(x, u;) = max w;R;(x,U).
1<i<m u;el 1<i<m

The right hand side in Proposition 2.4 coincides with the
(Chebyshev-)scalarized robust regret using 0 as reference point
for R, while the left hand side represents the robustified
(Chebyshev-) scalarized regret. Thus Chebyshev scalarization com-
mutes with robustification. The same arguments hold of course for
S instead of R. We further note that this argumentation remains
true for a general uncertain f instead of r or s, as long as 0 rep-
resents a reasonable reference point - thus extending the analysis
on commutation given in Fliege and Werner (2014). The reason ly-
ing behind this surprising result is the connection of the weighted
Chebyshev scalarization to the e-constraint scalarization technique.
As shown in Fliege and Werner (2014), the e-constraint scalar-
ization technique commutes with robustification of generalized in-
stances of uncertain optimization problems, a property which has
been used in the above proof when switching the order of maxi-
mization in u and i.

3. Problem properties

Before we consider potential solution approaches for both prob-
lems (RR™™ (U)) and (RS(™ (U)) in Section 4, let us first gain some
further insight into the objective functions R and S, especially un-
der some structural assumptions. We start by providing some re-
sults concerning continuity and monotonicity of R and S with re-
spect to U. This will in turn yield results concerning the approxi-
mation of problems (RR™ (U)) and (RS™ (U)). Furthermore, recall
that we assume f to be continuous in (x, u) throughout this paper.
Finally, we would like to remark that the results obtained in this
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section can be straightforwardly generalized to the pointwise ro-
bust approach in uncertain multiobjective optimization, as consid-
ered for example in Ehrgott et al. (2014), Fliege and Werner (2014),
Kuroiwa and Lee (2012).

3.1. Approximation with respect to U

We start with an obvious observation concerning monotonicity:

Proposition 3.1 (Monotonicity of R and S in U). Let U CV CR".
Then

VxeX: R(xU)<RxV) and S, U) <S(x.V). (2)

As (2) is especially true for each u € U, we get
VxeX, YueU: r(x,u) < mebxr(x, v) =R(x,U) and
Ve

s(x,u) < mebxs(x, v) =S(x,U),
Ve

where the maximum should of course be understood componen-
twise. The consequence of this result is that the non-dominated
set of the worst-case regret lies to the upper right of all non-
dominated sets for all scenarios.

Due to continuity of f in u, we also immediately obtain the
following continuity results, where dy (A, B) denotes the Hausdorff
distance between two compact sets A and B.

Proposition 3.2 (Continuity of R and S in U). Let (Uy)nen be a se-
quence of compact sets in R". Then dy(Uy,U) — 0 for n — oo im-
plies

VxeX: nlim R(x,U,) =R(x,U) and nlim S(x,Up) =S(x,U).
Proof. This follows directly from (Bank, Guddat, Klatte, Kummer,
& Tammer, 1983, Theorem 4.2.2,), where U plays the role of the
parameter. [

Interestingly, under our assumptions,
Propositions 3.1 and 3.2 are already sufficient for a uniform
convergence (of the objective functions) of monotone outer and
inner approximations to the original objective.

Corollary 3.3 (Uniform convergence of R and S). Let (Up)nen be
a sequence of compact sets in R" with U, C Uy.1 (or, alternatively,
Upy1 € Uy) for all n. If dy(Up,U) — 0 for n — oo, then both R(-, Uy)
and S(-,Uyp) converge uniformly on X to R(-,U) and S(-,U), respec-
tively.

Proof. This result follows directly from Dini’'s theorem
(see Edwards, 1994, page 165) based on Propositions 3.1 and
3.2 and due to the compactness of X. O

Under the additional regularity assumption Yé‘znu) = Yg‘{f"u), we

also get convergence of the corresponding non-dominated sets:

Theorem 3.4 (Convergence of the non-dominated set). Let (Up)nen
be a sequence of compact sets in R" with dy Uy, U) — 0 for n — oc.
YR y) = Ya(y) then

; N N _
Jim dy (Yg(. ). Yi(.0)) = O-

The same assumptions imply upper semi-continuity of the correspond-

ing map V — Xg(_ vy at U. Analogous statements hold true for S.

Proof. This result follows from Theorems 3.1 and 3.2 in Tanino
(1990). All prerequisites of these theorems are obviously satis-
fied, including R™-mini-completeness. The upper semi-continuity

of Vi XE(‘ v) follows from (Tanino, 1990, Theorem 3.3.). O

Unfortunately, for the corresponding efficient solutions one can
only expect upper semi-continuity, as lower semi-continuity comes
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with much stronger requirements on R (or S), cf. Condition 3 of
Theorem 3.4 in Tanino (1990). Interestingly, Theorem 3.4 yields
that if the uncertainty set shrinks to a single scenario, the corre-
sponding non-dominated set will converge to the non-dominated
set of the corresponding single scenario.

From a more practical perspective, Proposition 3.1 already pro-
vides us with the insight that under monotone inner and outer ap-
proximations, one obtains non-dominated sets which sandwich the
true non-dominated set:

Proposition 3.5 (Sandwiching the set of non-dominated
points). Let UlcU cU° and for R let further yg(U") denote
the nadir point of the outer approximation based on U° and y;(Ui)
the ideal point of the inner approximation based on U'. Further let
Br(U',U%) :={y e R™ | yx(U') <y < yR (U°)} (and accordingly for S).
Then we have:

Yatu S ((Y,Q’(,,U,) +RT)\ (Ya(.po) + RT)) N Br(U', U°), and
Yoty € ((Yo( ) +RE)\ (VS gy +RZ)) NBs(U', U°).

Proof. This directly follows from Proposition 3.1 and the definition
of non-dominated points. O

3.2. Exploiting structure in the uncertainty

Let us now consider structural assumptions on the set U and
the dependence of f on u. We will focus on the most important
practical cases, which are

e U is finite,
e U is a (convex) polytope, or,
e U is a convex body.

The last setup especially covers the quite popular case of el-
lipsoidal uncertainty sets. The assumptions on U will be supple-
mented by further assumptions on f(x,u), as e.g. linear uncer-
tainty dependence, to obtain relevant structural results.

3.2.1. Finite uncertainty set
Let us assume that p := |U| < oo such that U is given as a finite
set of scenarios, i.e. U = {u up}. In this case, it is possible to

.....

precompute all optimal values f;*(u) for all i=1,...,m and for all
u € U. Then
Ritx, {u1,..., up})= us(glaxu } fitku) - fiu) = jer{?axp)ﬁ(x’ uj) — fi(uj).

The analogous statement for S(x, U) is true as well.

Remark 3.6. The precomputation of the ideal points f*(u) can be
carried out with polynomial effort, if either X is finite, or (P(u)) is
a convex optimization problem. More details on this are given in
Section 4.1 for finite X and in Section 4.2 for continuous X.

3.2.2. Polytopal uncertainty set

In contrast to the previous Section 3.2.1, where finiteness of U
was assumed, we now instead assume that the uncertainty set U is
given as a convex polytope. As we will demonstrate next, this can
be used to reduce the polytopal case to the previous setup of finite
U, given that f has some additional structure in u. More precisely,
we require that f is linear in u for all x € X. We start with the
following observation.

Proposition 3.7 (Polytopal uncertainty). Let U be a convex polytope
and let V(U) denote the finite set of its vertices. Further, let f be lin-
ear in u for all x € X. Then

max fikw) - fr(w) = urg%) fitx,w) — fr(w)
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and
max M = max w
ueU fz* (u) T uev(U) fz* w)

holds for every i € {1, ..., m}.

Proof. Consider the first statement: As u+ fj(x,u) is linear for
each x e X, the mapping u ~ ff(u) = mi)?fl-(x, u) is concave. Thus,
Xe

the function g;(u) = fi(x,u) — f(u) is convex in u. Since convex
functions that attain their maximum also attain it in one of the
extreme points of the feasible domain (in our case in one of the
vertices), the first statement of the proposition follows.

For the second statement, note that it is no longer true that the
fixaw)—fi(u)
T
is convex in u and the denominator is concave in u (and positive),
it is straightforward to see that g; is quasiconvex in u. Since quasi-
convex functions that attain their maximum also attain it in one of
the vertices of the feasible domain (see e.g. Greenberg & Pierskalla,
1971), the second statement of the proposition follows. Note that
quasiconvexity of g; was already observed in Takeda et al. (2010),

Section 2.2. O

function g;(u) = is convex in u. Still, as the numerator

Thanks to Proposition 3.7 we can replace the uncertainty set
U by its finite set of vertices V(U) = {uy,...,up} in case of linear
uncertainty dependence:

Proposition 3.8 (Special case of polytopal uncertainty). Let U be
a convex polytope and let V(U) denote the finite set of its vertices.
Further, let f be linear in u for all x € X. Then

R(x,U)=R(x,V(U)) and S, U)=Sx,V{U))

Remark 3.9. For completeness, we would like to remark that more
generally, it can be shown that if f is linear in u, then for convex
uncertainty sets U one has

R(x,U) =R(x,0U) = R(x, E(U)),

i.e. a convex uncertainty set can be replaced by its boundary dU or
its set of extreme points £(U).

3.2.3. Convex uncertainty set

For convex uncertainty sets, more precisely for convex bodies,
we will now provide some analysis for a lower and upper approx-
imation based on inner and outer polytopal approximations of the
uncertainty set. The main reason for this investigation is that un-
der linear uncertainty dependence, due to Proposition 3.8, the ro-
bust regret functions R and S can be computed more easily if the
uncertainty set is polytopal.

Remark 3.10. An excellent reference on polytopal approximation
of convex bodies is given by the survey paper Bronstein (2008) and
the many references therein. Among the numerous interesting
results concerning polytopal approximations, it is important in
our case that an inner and an outer g-approximation® (with re-
spect to the Hausdorff metric) can be obtained by polytopes

with 0(1/8%) vertices in d dimensions, cf. Bronstein (2008),
Section 4.1.

It should be emphasized that in our case the number of ver-
tices of the polytopal approximation is the crucial quantity which
impacts the numerical complexity, especially also for the outer ap-
proximation (and not the number of faces, nor some combinato-
rial complexity as e.g. recently considered by Arya, da Fonseca, &
Mount, 2017).

5 For arbitrary convex sets, it is still possible to obtain a polytopal approxima-
tion, see e.g. Bronstein and Ivanov (1976), but with a slightly worse approximation
rate. To the best of our knowledge, this just yields an arbitrary approximation, not
necessarily an inner or outer approximation.
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Remark 3.11. For the actual computation of a reasonable inner and
outer polytopal approximation to a convex body, refer to Bron-
stein Bronstein (2008), Section 8 and the references mentioned
there. For practical purposes, it is usually sufficient to sample
random points from U (or dU under linear uncertainty depen-
dence) from an almost arbitrary distribution for which the den-
sity is bounded away from zero. By known results on random ap-
proximations of convex bodies, the convex hull of the sampled
points yields a reasonable inner approximation also in the Haus-
dorff sense, albeit with a (slightly) worse approximation rate. For
more details on the exact statement and the exact asymptotic
rates, see Diimbgen and Walther (1996), Corollary 1.

Theorem 3.12 (Inner and outer polytopal approximations). Let U}
and U? be sequences of inner and outer polytopal approximations to
a convex uncertainty set U, i.e. let

UlcUic---cUc---clfcly

and limp_ o dy (U,",, U) =0 = limp_ o dy (U3, U). Then, for all n
VxeX: R(xU)<RxU,,)<- <RxU)=<---<RxU <RxU,)
and

Jgrgosxg)g [[R(x,U) —R(x,U})|| = 0=,}LH;O§<LEI)13IIR(><, U) —Rx.U)||.

If furthermore Y)QLU) = Ylé"(’f\fu), then
. N N 0T N N
Aim, dy (YR(-.UD’ YR@U)) = 0= lim di (Ye( g Yec.09)

The same results hold true for S.

Proof. The monotonicity is straightforward. The uniform conver-
gence follows directly from Corollary 3.3 and the convergence
of the sequence of approximating non-dominated sets is due to
Theorem 3.4. O

As a consequence, we note that in the setting of Theorem 3.12,
the volume of the sandwiching sets

((Yzy(.,u,g) + RZ) \ (Yig.,ug) + RT)) N Br(U}. UR)

decreases to 0. Further, under the regularity condition RC.U) =
YA"(’_NU), we have convergence of this covering set to the true effi-

cient frontier and analogously for S.

YN

3.3. Exploiting structure in x and (x, u) jointly

In this section, we are interested in exploiting structural results
concerning the dependence of f in x for a continuous feasible set
X. Let us start with an easy-to-see fact:

Lemma 3.13. For some ie {1,...,m} let f; be convex in x for all
u in U. Then R; is convex in x as well. Under the assumption
minyey fi(u) > 0, S; is convex in x as well.

Proof. This follows directly from the well-known fact that the
supremum of convex functions is again convex and that r;(x, u)
and s;(x, u) are convex in x for all u. O

3.3.1. Lipschitz continuity of R and S
To improve Corollary 3.3 to a more quantitative result, let us
now assume some additional local Lipschitz continuity® of f in

6 The function f:X xU — R™ is locally Lipschitz continuous in (x,u) jointly
if for all (x,u) eX xU there exists a neighbourhood V cXxU of (x,u)
and a constant L >0 such that for all (y,v),(z,w)eV:||fy,v)-fz.w)|| <
L(|ly — z||1 + ||[v —wl|1) holds. Here, for convenience, the norm is chosen to be the
1-norm on X x U as this can be represented as the sum of the individual 1-norms
on X and U.
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(x,u) jointly. With this we can obtain the following much more
quantitative result.

Theorem 3.14 (Uniform Lipschitz bounds). Let f be locally Lipschitz
with respect to (x, u) jointly and U,V € R". Then there exists a con-
stant K > 0 such that uniformly for all x € X:

and
[1Sx,U) =S, V)|l < Kdy(U,V).

We first state Remark 3.15 and Corollary 3.16 before we proceed
to the proof of Theorem 3.14 based on Lemma 3.17.

Remark 3.15. If f is linear in u for all x € X, we have seen in
Remark 3.9 that it is sufficient that the boundary dU of U is well-
approximated by the vertex set of the approximating polytope.
However, if no structure of f in u is available, then the complete
uncertainty set has to be approximated.

Based on Theorem 3.14 we can now state an immediate corol-
lary, which improves the results of Proposition 3.5.

Corollary 3.16 (Uniform Lipschitz sandwich). Let Ui c U c U° and
let f be locally Lipschitz with respect to (x,u) jointly. Then there ex-
ists a constant K > 0 such that for all x € X

R(x,U") < R(x,U) <R(x,U") +Kdy(U,U") and

R(x,U®) — Kdy(U,U° <R(x,U) <R(x,U°

and thus

ety € (et + BRI\ (Yalui) + Kdu(U,U") +RT)) 0 Be(U', U°),
as well as

Yaloy € ((Yatue) — Kdu(U.U®) + RT) \ (Yl go) + RT)) N Br(U', U°).

Analogous results hold for S.

To prove Theorem 3.14, we first establish a helpful auxiliary re-
sult on the global Lipschitz continuity of the (scaled) regret.

Lemma 3.17. Let f: X x U — R™ be locally Lipschitz in (x, u) jointly.
Then there exists a constant L > 0 such that

VxyeX uveU: [fxu)—f@nlh <L(Ilx=yll+lu—vlh)

and
VuveU: |If ) - @l <mlLlu-vl.

Thus, r is globally Lipschitz continuous with constant (m + 1)L and
s is also globally Lipschitz continuous with some (usually different)
constant L > 0.

Proof. Since f is locally Lipschitz on X x U and since X and U are
compact, there exists an L > 0 such that f is globally Lipschitz con-
tinuous on X x U, i.e.

VxyeX uveU: |[fexu)—f@wllh=<L(llx=ylh+Ilu-vl)

which proves the first statement. For the second claim, consider
the following inequality for f}:

fiw) - ffw) =

min f;(x, u) — min f;(x, v) < min f;(x, v)

xeX xeX xeX

+L{Ju —v[ly = min fi(x, v) = L[|u — v[].
xeX

Swapping the roles of u and v yields |f(u) — ff (V)| < Lllu=vl.
Adding all components yields the second claim. The third claim
follows directly from the definition of r as the difference of two
globally Lipschitz continuous functions with Lipschitz constants L
and miL. The analogous statement for s is a bit more involved. For
this purpose we define the constants

Ai: Tgaux f*(u) B; := Tj,xfi (u), and G := xgﬁ)éuf,-(x, u).
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Then

filx,u)
f,-*(u)

i)
fr)

fix w) fi ) = iy ) ff @W).

si(x,u)

- Si(yv U) =

f*(U)f (v)(

As for the term in brackets, we have

fixw) ff ) = iy v) fif (W) = fite ) f; (v) = fi(x.w) fif (u)
+ i) fr(w) - fiy.v) fi (),

thus proper inspection yields that A?(B;+mGC)L is a global
Lipschitz constant for s;. The claim then follows with L := mA,.2 (Bi +

We now come to the (straightforward) proof of the theorem.

Proof of Theorem 3.14. We only prove the statement for the case
m =1, the generalization to arbitrary dimensions is straightfor-
ward. To show the statement, note that R(x,U) = r(x, u*(x)) for
some u*(x) which maximizes r(x, u) in u € U. We can now replace
u*(x) by some v*(x) e V with ||u*(x) — v*(x)||; < vn'dy(U,V) (the
constant n’ appears as the Hausdorff distance is typically defined
via the 2-norm). Since R(x,V) > r(x, v*(x)) and since r is globally
Lipschitz continuous with Lipschitz constant (m+ 1)L thanks to
Lemma 3.17, we get for K = (m + 1)LV’ that:

R(x,U) —R(x,V) <r(x,u*(x)) —r(x,v*(x))
< (m+ DL|u*(x) —v* (®)|]1 < Kdy (U, V).

Swapping the roles of U and V shows the claim. O

3.3.2. Improving the inner polytopal approximation

Let us finally mention that it is possible to improve the inner
polytopal approximation along the lines of Takeda et al. (2010).
For specific special cases of f and U (see Takeda et al., 2010 for
more details), this improved approach still remains computation-
ally tractable. For this purpose, choose (for fixed i) uq,..., ug el
together with some x, € X such that f,(xk,uk) [ for k=
1,...,K. The main idea of Takeda et al. (2010) is to replace the
approxnmatlon of U by an approximation of f*(u). We start by ob-
serving that

Ri(x. {uy,...,ux}) = fnax ri(x,u) = max fitx ) — fi(xpe, we)
< rr]1ax max fitx,u) — fi(xg, u)
= max max filx,u) — fi(xg, u)

and furthermore, as f;(x, u) > ff(u),

HLEJX kmax filx,u) — filxp,u) < max kmax fitx,u) — fi(u)

=max r;(x,u) =R, U).
uel

In this way, for the function

pix {uy, ..., ug}, U) I=max max fix, u) — filx, u),

motivated by the definition of (CRP) in Takeda et al. (2010), we
have that

Vx: Ri(x, {uy, ... ux}) < pi(x, {uy, ..., ux},U) <R(x,U),

and thus p; provides a better lower bound than the simple inner
polytopal approximation. Although at first glance the definition of
p; does not seem to be numerically tractable (due to the appear-
ance of max,y), it is shown in Takeda et al. (2010), Section 4, that
for f convex-quadratic in x and linear in u, p; can be efficiently
computed. More precisely, for norm-constrained uncertainty, this
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approximation can be formulated as a multiobjective second or-
der cone program, and for ellipsoidal U, it can be formulated as a
multiobjective semidefinite program. For more details on this re-
formulation, we refer to the original paper Takeda et al. (2010).

4. Numerical tractability

In this section, we discuss the computational tractabil-
ity of a few important special cases of problems (RR(™ (U))
and (RS (U)), based on structural assumptions similar to
Section 3. We start with some straightforward observations for fi-
nite X, before we discuss the case of continuous optimization prob-
lems in more detail.

4.1. Numerical tractability of finite optimization problems

In the following let x :=|X| < oo and let p=|U| < oco. Then
easy observations yield the following results, where we provide
the complexity in terms of the number of function evaluations of
one component of f(x,u) and assume that this is computationally
more expensive than for instance comparisons, look-ups, etc.

e (C1): The computation of {f*(u)|ueU} has complexity
O(xmp): this holds as mp minimization problems in x have to
be solved (plus the same number of comparisons).

e (C2): The computation of {R(x,U)|x e X} has complexity
O(xmp): based on (C1), the remaining argumentation is analo-
gous to (C1), with r replacing f.

e (C3): The computation of

at most x2 comparisons.

Ya(.u) based on {R(x.U) | x € X} needs

Summarizing and and keeping in mind the similarities between
R and S, we obtain:

Proposition 4.1 (Complexity for finite X). For x = |X| < oo and
p=U| < oo, the sets Yy ., and Y{ , can be computed with at
most O(xmp) function evaluations and at most O(xmp + x2) com-

parisons.

This result shows in particular that the effort to compute rea-
sonable approximations to Yé‘z._u) and YSl\g-,U) for general convex U
grows linearly with the number of vertices of the polytopal ap-
proximation to U, which in turn grows polynomially in the approx-

imation accuracy € of the uncertainty set.

Remark 4.2. For simplicity, in this Section 4.1, we focus on com-
plexity considerations in |X| only, as it is well-known that for some
multiobjective combinatorial optimization problems (like multiob-
jective shortest path, see for example Serafini, 1987), the cardi-
nality of the non-dominated set can be almost as large as |X|;
more precisely, for some combinatorial multiobjective optimiza-
tion problems with X = {0, 1}" one has that |YN| is exponential
in n. Thus, these kind of optimization problems need individual+/
different investigations which we leave for future investigations.
For some recent related reference, let us refer to the PhD the-
sis (Bokler, 2018).

4.2. Numerical tractability of continuous optimization problems

Let us now focus on numerically tractable continuous opti-
mization problems, i.e. problems which can be solved numerically
within polynomial time up to a certain precision. To be able to ap-
ply classical complexity results, in this Section 4.2 we make the
usual assumptions (e.g. similar to Jarre, 1992) that
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e (A1): X ={xeR"|gi(x) <0,i=1,...,M} for some M e N with
g; convex and sufficiently smooth” fori=1,..., M.

e (A2): 3x € R™ with g;(x) <0 fori=1,..., M (Slater condition).

e (A3): f; is convex and sufficiently smooth for i = 1 m for all
uel.

e (A4): All function values, gradients and Hessian matrices can
be computed with an effort of at most O(n?) and efforts for
comparisons, look-ups, etc. can be neglected.

.....

Based on these assumptions, we can state the classical com-
plexity result for (P(u)), where we especially emphasize the mild
dependence of the complexity on the number of constraints.

Theorem 4.3 (Complexity of IPMs, Jarre, 1992). Under assumptions
(A1) to (A4), each instance of (P(u)) can be solved to e-optimality in
polynomial time with an effort of at most O(~/M(n + M)n? log(1/¢)).

Proof. In Jarre (1992), an interior-point method (IPM) is presented
which needs 0(+/Mlog(1/¢)) iterations to obtain an g-optimal fea-
sible point. The effort needed in each iteration (typically for solving
a Newton system) is at most O((n + M)n?), see e.g. Jarre (1989),
p. ~71. O

Theorem 4.3 immediately yields for p = |U| < oo that the pre-
computation of f*(u;) up to an accuracy é&p. for i=1,...,
j=1,...,p, comes with an effort of at most [0(mpvM(M +
n)n? log(1/&y+))] iterations. Of course, warm-start ideas might be
exploited to reduce this complexity further.

These considerations can now easily be extended from (P(u)) to
convex multiobjective programming, i.e. to (P™(u)) as well as
to (RRM™MU)) and (RS™ (U)). We here follow the ideas from
the pioneering work (Fliege, 2006) and the very recent analy-
sis (Bergou, Diouane, & Kungurtsev, 2020), who (implicitly) work
with a solution concept, which we formalize here:

Definition 44. Let A :={L eR™| Y A, =1},8>0,and AgC A
such that |Ag| <oco and sup inf ||A —Ag|lec < &/2. Then a set

reA As€hs
Y. s C f(X) is called an (g, §)-solution for
mingr f(x) (3)
xeX

if it satisfies the two conditions
(DVyeYes: IgeAs: Ay < mixn A{f(x)+¢, and

XE.
(i) Vise As: FyeYes: AJy < man A f(x) +e.

Xe

Ifin (3)all f;,i=1,..., m are strongly convex then one can eas-

ily show that
lim Y, 5 = cl(YN 4
Jm ¥, 5 = cl(Yy) (4)

in a Painlevé-Kuratowski sense, cf. Rockafellar and Wets (1998,
Definition 4.1). Without strong convexity, only
limsupY, s < cl(Y})
£,6—0

holds. Due to (5), Fliege (2006) additionally considers a related
quadratic scalarization, for which (4) already holds in the general
convex case (but which comes with a slightly worse polynomial
complexity).

Obviously, an (g, 8)-solution for (3) with cardinality O(1/6™-1)
can be obtained by the following construction:

(5)

e Choose a grid A with cardinality 0(1/8™~1) within the set of
scalarization parameters A as in Bergou et al. (2020).

7 We say that a function is sufficiently smooth if it is twice continuously dif-
ferentiable and if its Hessian satisfies the relative Lipschitz condition (1.2) in Jarre
(1992).
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e Solve the corresponding weighted-sum scalarized instance
of (3) for each scalarization parameter in As up to accuracy &.

Based on this concept of an (¢, §)-solution, it is possible to ob-
tain the following complexity result for a finite uncertainty set U,
which yields a polynomial complexity in n, p, 1/6 and 1/&, but an
exponential complexity in m:

Proposition 4.5 (Complexity for finite U). Under assumptions (A1)
to (A4), for p=|U| < oo, the sets Y}QV(',U) and Yﬁ,m can be approxi-
mated by an (g, §)-solution in the sense of (4) and (5) with a com-
putational effort of at most

0(,/M +mp(n+m+ M+ pm)(n+m)?log(1/g)/6™ !

+ mpvVM(M + n)n? log(1/¢)). (6)

Proof. Consider the weighted sum scalarization for (RR™™ (U)) for
finite U and A € Ag:

min AT«
xeX, aecR™

st fixouj) - fif(u)) <a; Vi=1,....m, j=1,...,p.

Due to Theorem 4.3, each of the O(1/6™!) many instances
can be solved up to &/2-accuracy with an effort of at most
O(M(n+m+M+pm)(n+m)210g(1/€)). Taking into ac-
count that [|A||; <1 and that each f7(u;) can be precomputed up

to &/2-accuracy with effort O(~M(M + n)n? log(1/¢)) yields a to-
tal effort of

0(,/M +mp(n+m+ M+ pm)(n+m)?log(1/g)/8™!
+ mpvVM(M + n)n? log(1/¢)).
O

Remark 4.6. We would like to mention that Fliege
(2006) and Bergou et al. (2020) have successfully exploited
warm-start ideas to significantly reduce the complexity (6) to
0(log(1/¢) + log(log(1/€))/8m=1) (for p=1, m and n fixed). We
expect that similar ideas could be applied to the precomputa-
tion of ff(u;) such that the above complexity might be further
reduced.

Based on Proposition 4.5 and the results from
Sections 3.2 and 3.3, we can now approximate Yj{ , or Yy, suf-

ficiently well in polynomial time in the corresponding frameworks
of Sections 3.2 and 3.3.

4.3. Alternative computational approaches for continuous
optimization problems

Note that besides the approach via polytopal inner and outer
approximation, there are alternative approaches to solve for YIQ’('YU)
or Ysbé.u) in case of general convex U. As these are not within
the focus of this contribution, we prefer to just outline these ap-
proaches rather briefly and leave a detailed analysis (especially
compared to the complexity of the polytopal approximation) for
future research.

4.3.1. Semi-infinite formulation

For example, let us return to the equivalent formulations
of (RR(™ (U)) or (RS (U)), where the slack variable @ has been
introduced, i.e. we write (RR(™ (U)) as

ming» o
xeX, weRm

st.o;>ri(x,u) fori=1,...,m, YueU,
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and analogously for (RS(™ (U)). Both formulations constitute semi-
infinite multiobjective optimization problems. Unfortunately, to the
best of our knowledge no specific numerical algorithm for such a
type of problem is available, although it has been already analyzed
from a theoretical perspective, see for instance (Chuong & Kim,
2014; Guerra-Vasquez & Riickmann, 2015) and further references
therein. Of course, after scalarization, the semi-infinite multiobjec-
tive optimization problem becomes a (parametric) standard con-
vex semi-infinite optimization problem (SIP) which is then open
to a variety of existing methods for convex SIPs. For a survey on
semi-infinite programming, we refer to Stein (2012) or the more
detailed book (Goberna & Lopez, 2001). More specifically, some
numerical experience is reported in Auslender, Ferrer, Goberna,
and Lopez (2015), while modern versions of an exchange method
and a cutting surface method are covered in Mehrotra and Papp
(2014) and Okuno, Hayashi, Yamashita, and Gomoto (2016). For the
non-smooth case, more details are given in Pang, Lv, and Wang
(2016). Further results on the (typically linear) rate of convergence
of a cutting surface method can for example be found in Mehrotra
and Papp (2014), while Still (2001) provides convergence rates for
discretization methods. For a very recent improved result, we fi-
nally refer to the working paper (Seidel & Kiifer, 2020).

4.3.2. Improved inner polytopal approximation

As a second alternative, let us mention the approach considered
in Takeda et al. (2010): Similar to the idea of selecting a random
inner polytopal approximation, it is suggested there that points
uq,...,ug are selected (in an optimal manner / randomly) in U.
Based on these, the lower approximation p; is used to approximate
R; from below. For the single-objective case, a convergence analysis
is provided in Takeda et al. (2010), Section 3, which shows that the
optimal value converges in probability. The corresponding analysis
can be extended to our setup, straightforwardly for scalarized in-
stances, and also to the multiobjective case due to the fact that
the approximation p; is sandwiched between the inner polytopal
approximation and the true objective function. As mentioned, to
keep focus of presentation, we prefer to leave rigorous mathemat-
ical statements for future work.

5. Connection to existing approaches

As already mentioned, other authors (Drezner et al., 2006; Rivaz
& Yaghoobi, 2013; Xidonas et al., 2017) have already studied robust
regret approaches to solve uncertain multiobjective optimization
problems. However, all these approaches are based on the main
idea to first scalarize the uncertain multiobjective optimization
problem by some scalarization technique and then to apply the
single-objective robust regret approach. In our view, the main
drawback of proceeding in this order is that it mixes the com-
putational technique scalarization with the modelling paradigm
multiobjective optimization. Instead, we favor a clear separation
between problem modelling and problem solution, including a
transparent definition of what we understand as a solution. In the
following, we discuss in more detail these existing approaches.

5.1. Connection to Drezner et al. (2006)

The approach by Drezner et al. in Drezner et al. (2006) can be
seen as a first step into multiobjective regret, introducing (deter-
ministic) relative multiobjective regret for the first time. To be more
precise,

e Drezner et al. do not consider uncertainty, or, to fit within our
setting, they assume U = {ii} to be a singleton; and,
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e similiar to our approach, the authors work with the ideal point
based relative regret as

file,u) — f ()

fr@ ’
for each objective function f;(x, 1), ..., fm(x, 1) individually.
By applying a specific Chebyshev scalarization with weight vec-
tor w equal to the all-ones vector and using the ideal point
0 (which is indeed the ideal point for s in the given setup,
whereas 0 becomes a utopian point in the uncertain setup), the

authors finally suggest to consider the single-objective robust
optimization problem

si(x, ) =

min max s;(x, u).
xeX i=1,...m
e The authors do not consider different weight vectors and thus

obtain only a single weakly efficient point.®

The insight that this approach indeed yields a weakly efficient
solution is of course only possible within our setup and thus not
discussed by the authors.

5.2. Connection to Xidonas et al. (2017)

An approach, which is in our opinion closer to ours than the
one of Drezner et al. (2006) is due to Xidonas et al. (2017). It
can be seen as a second step, adding uncertainty to the approach
by Drezner et al. However, instead of considering general uncer-
tain setups, in Xidonas et al. (2017) the authors focus on the spe-
cial case where the uncertainty set is a finite set of scenarios U =
{uq,....up}; this setup is later extended to ellipsoidal uncertainty
in Li and Wang (2020). Furthermore, our understanding of the au-
thors’ framework is that they also focus solely on linear multiob-
jective optimization problems. Xidonas et al. apply the weighted
sum scalarization technique prior to the regret formulation in or-
der to work with the single-criterion regret. To be more precise,

o the authors consider the same approach as in Drezner et al.
(2006), except for the scalarization technique. For each i, let
§;(x,u) again denote the individual regret as introduced in
Remark 2.2. Then the corresponding scalarized single-objective
function reads as

m

> AiSi(x,u).

i=1

Applying the classical robust counterpart to this objective func-
tion, they finally introduce the robust scalarized relative regret
optimization problem:

min max
xeX ueU

D hiSi(x, ).
i1

To obtain different optimal solutions of the single-objective for-
mulation, they suggest to vary the scalarization parameter A.
As the authors do not discuss any (robust regret) multiobjective
formulation or solution concept thereof, they simply take the
single-objective optimal solutions as solutions to the original
question. This is in strong contrast to our approach which starts
by introducing a corresponding multiobjective formulation of
robust regret together with the usual concepts of (weakly) effi-
cient solutions.

Without further strong assumptions on the uncertainty (like e.g.
separability) it cannot be expected that any solution obtained by
the authors’ approach is (weakly) efficient in our setting.

8 It needs to be mentioned that one particular weakly efficient solution was suf-
ficient for the specific application in Drezner et al. (2006).

m
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5.3. Connection to Rivaz and Yaghoobi (2013, 2018); Rivaz et al.
(2016)

Finally, the following approach by Rivaz et al. in Rivaz and
Yaghoobi (2013) is again motivated by a priori scalarization. For
convenience, we have translated their maximization approach
(with corresponding adjusted definition of regret) to our notation.

o The approach in Rivaz and Yaghoobi (2013) is similar to that
of Drezner et al., but focuses on a linear multiobjective opti-
mization problem with interval uncertainty for the coefficients
of the objective functions. In Rivaz and Yaghoobi (2013), the au-
thors aim to find necessarily / possibly efficient solutions of the
linear multiobjective optimization problem under interval un-
certainty.

Translated to our notation, the authors consider the same defi-
nitions as we do, but instead of first setting up a multiobjective
regret optimization problem, the authors directly start with a
scalarized formulation:

min max max r;(x, u).

xeX ueU 1<i<m

This represents the minimization of the robustified scalarized
regret, where a Chebyshev scalarization with ideal point O (for
r(x,u)) has been used together with the weight vector of all-
ones.

Since for the Chebyshev scalarization we can swap robustifica-
tion and scalarization (see Proposition 2.4), this can be equiva-
lently reformulated as

min max max r;(x, u).
xeX 1<i<m ueU

(7)

The same observation was made by the authors in Rivaz and
Yaghoobi (2013), however without explicitly noting that this in-
deed allows to swap the order of robustification and scalariza-
tion in general, as observed in Section 2.3.

In (7) the authors first robustify then scalarize by Chebyshev
scalarization, however, without referring to a corresponding multi-
objective regret optimization setup. Nevertheless, Problem (7) can
be seen as another step towards introducing a kind of scalarized ro-
bust regret for the first time, of course limited to the special setting
considered in Rivaz and Yaghoobi (2013).

The same uncertain multiobjective optimization problem as
in Rivaz and Yaghoobi (2013) is considered in the two follow-
up papers (Rivaz & Yaghoobi, 2018; Rivaz et al., 2016), with the
same aim of identifying possibly or necessarily efficient solutions.
Within this setup, the authors introduce weights in Rivaz et al.
(2016) and suggest a robustified weighted Chebyshev scalarized®
regret formulation. Based on Proposition 2.4, we can now recog-
nize that their formulation is actually equivalent to a weighted
Chebyshev scalarized multiobjective robust regret formulation. In
their most recent paper (Rivaz & Yaghoobi, 2018), they start with a
swapped order of scalarization and robustification and replace the
robustified weighted Chebyshev scalarized regret by a weighted-
sum scalarized robust regret (see their Eq. (10)), i.e. in our no-
tation a weighted-sum scalarized multiobjective robust regret. In
both Rivaz and Yaghoobi (2018); Rivaz et al. (2016), the authors
provide sufficient conditions that optimal solutions to their single-
objective optimization problems are indeed possibly / necessarily
(weakly) efficient solutions. As the connection to a multiobjec-
tive robust regret formulation has not been recognized in Rivaz
and Yaghoobi (2018); Rivaz et al. (2016), no statement concerning
(weak) efficiency could be made.

9 As reference point for the scalarization, some arbitrary image point is used in-
stead of the ideal or a utopian point. Therefore, the authors also slightly modify the
regret function.
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Note that several of these results, more precisely, Rivaz et al.
(2016), Theorems 3, 5 and 6, as well as Rivaz and Yaghoobi (2018),
Theorems 4.1, 4.5 and 4.6 become straightforward corollaries in our
setup. Connections are thus established between possibly | neces-
sarily (weakly) efficient solutions and our multiobjective robust re-
gret framework. Further, it becomes apparent that the mentioned
theorems just differ in the scalarization techniques, thus allowing
for a unification of these results. Finally, this also shows that their
framework can be easily generalized to the non-linear setup.

6. An illustrative example

To illustrate the techniques and theoretical aspects covered in
this paper, we consider an illustrative example motivated by the
routing of airplanes subject to uncertain flight costs on the one
hand and to uncertain weather conditions on the other hand. This
setting was introduced in Kuhn and Raith (2010) and investigated
numerically in Kuhn, Raith, Schmidt, and Schébel (2016).

In this specific application, a detailed description of the route
the plane will take needs to be determined a priori. The routing is
driven by a trade-off between efficiency and risk, due to possible
turbulence or hazardous weather conditions. Therefore the aircraft
route guidance problem can be interpreted as a biobjective short-
est path problem on a network representing a discretized airspace.
More specifically, we consider a graph G(V, E), with vertices v € V
representing grid cells in a discretized airspace and edges e ¢ E
representing potential flight routes between these grid cells within
the network. We highlight two vertices: the origin s € V (source)
and the destination t € V (sink). For the uncertainty set U c RIEI let
us introduce the corresponding uncertain functions ¢ : E x U — R>
for the costs and w: E x U — R for the uncertain weather expo-
sure for all connections within the network, as introduced in Kuhn
et al. (2016). Further, let u e U be some fixed scenario and let x
denote the decision variable, i.e. some path from s to t. The total
costs c(x,u) and the weather exposure w(x, u) for path x in sce-
nario u are then given as

c(x.u)y=> cleu) and w(x.u)=>) wleu).

eex eex

With X denoting the finite set of all paths from s to t, we obtain
the uncertain biobjective shortest path problem:

c(x,u)

wx,u) )
The multiobjective robust regret formulation now reads as follows,
cf. (RR(™ (U)):

Mming2
xeX

maxyey (X, u) — c*(u)

(maxueu w(x, u) — W*(U)>'

Mingz R(X) = ming,
xeX xeX

For illustration purposes, let us specify a toy instance of this prob-
lem, i.e. we consider the graph displayed in Fig. 2 together with its
edge labels ¢ and w, which are chosen to be linear in u € U € R2.

6.1. Finite set of scenarios

First, we consider a finite set of scenarios, e.g. let U=
{(-1,0), (1,0), (0,-1), (0, 1)}. As a first step, we compute the op-
timal values c¢*(u) = minyx c(x, u) and w*(u) = minyex w(x, u) for
every u € U. The results as well as the corresponding optimal solu-
tions are collected in Table 1. In our example, the set X consists of
all 13 paths from s to t, denoted as
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Table 1
Optimal solutions and optimal values for ¢ and w for the example in Fig. 2,
with U = {(-1, 0), (1, 0), (0,-1), (0, 1)}.

u (=1,0) (1,0) 0. -1 (0.1)

c*(u) 3 19 7 14

x* for ¢ s—f-c-d-t s-b-t s—f-c-d-t s—f-c—t

w*(u) 5 8 3 10

x*forw s—a-c—t s—-b-t s—f-b-t s—a—c—t
X ={x1,%,..., %13}

={(s—-a-c—-d-t),(s—a—-c—-t),(s—a—-d-t),
s—f-c—-t),(s—f-c—d-t),s—f—-b—c—-d-t),
(s—f-b—-c—t),(s—f-b-t),(s—f—-b—e—t),
(s—=b-t),(s—b—-e—-t),(s—=b—c—d—-t),(s—b—-c—1t)}

For the worst case regret, we now compute R(X):=
max,y{cx,u) —c*(u)} as well as Ry (x) = max,y{w(x, u) —
w*(u)} for every x € X. The results are collected in Table 2. The set
{(Re(%), Rw(x)) | x € X} as well as the non-dominated points are
illustrated in Fig. 3 and were obtained by direct comparison. We
obtain YIQ{-,U) ={(5,17), (7,13),(9,7), (10,5)} and the correspond-
ing efficient paths x3=(s-a—-d-t), xs=(5—f—-c—d-t),
X3=(—f—-c—t)and x;9=(s—b—1t).

6.2. Polytopal uncertainty set

As a second step, we now consider the polytopal uncer-
tainty set U={ueR?||ull; <1}. Since ¢ and w are linear
in u for every path, it is sufficient to analyse the vertices
{(-1,0),(1,0),(0,-1),(0,1)} due to Proposition 3.8. Thus, we
again obtain the results in Table 1. Moreover, the values R.(x) and
Rw(x) for every x € X are exactly those collected in Table 2 while
Fig. 3 again shows the resulting non-dominated points.

6.3. Convex uncertainty set and inner and outer polytopal
approximation

In the third step, we consider a more general, i.e. convex, uncer-
tainty set, e.g. U := {u € R? | ||u|l, < 1}. Accordingly, we choose the
set Ul :={ueR?| |lull; <1} as a polyhedral inner approximation
of U, and U° := {u e R? | ||lu|lo < 1} as a polyhedral outer approx-
imation of U. For these specific approximations, the quality of the
approximation is still rather low, as the computation of the corre-

sponding Hausdorff distances shows:
dy (U, U) = dy (conv{(~1,0), (1,0), (0, -1), (0, )}, {u | [lull> < 1})~0.29
dy(U°,U) = dy(conv{(=1,-1), (-1, D), (1, D), (1, =D}, {u | lull> = 1}) ~ 0.41.

As can be seen in Table 2, the set of non-dominated
points for the inner approximation reads as Y}gz_ Uiy =

{(5,17), (7,13), (9, 7), (10, 5)}. To obtain the set of non-dominated
points for the outer approximation, we proceed analogously
and obtain c¢*(u) = mingy c(x, u), w*(u) = mingx w(x,u) and
the corresponding optimal solutions for every ueV(U°) :=
{(-1,-1),(-1,1),(1,1),(1,-1)}. The result can be found
in Table 3. The values RI(x):=maxycyo{c(x,u)—c*(u)} as
well as RS (x) = maxyepo{w(x,u) —w*(u)} for every xeX
based on the outer approximation U®={ueR? | |ullo <1}
of U are collected in Table 4. We finally get Yé‘é‘,uo) =
{(7,20), (11,12), (14,7)} with corresponding efficient paths
x3=(6—-a-d-t),xg=(6—-—f-b—-t) and x4=(-f—-c—t).
The set {(R2(x),R%(x))|xeX} as well as the non-dominated
points are illustrated in Fig. 4. According to Proposition 3.5 which
yields

Yetoy € ((GR00n + BRI\ (Yetuo + R™)) N Br(U', U°),
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Fig. 2. Illustrative example graph for the biobjective shortest path problem. The cost function is displayed as an edge label in black and the weather exposure as an edge
label in red. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 2

The values R.(x) and Ry (x) for every x € X, based on U = {(-1,0), (1,0), (0, -1), (0, 1)} and
the optimal values in Table 1. Bold values denote non-dominated points.

X1 X2 X3 X4 X5 X6

X7 Xg X9 X10 X1 X12 X13

R() 13 15 5 9 7 21

Rw() 15 7 17 7 13 15

19 9 11 10 17 16 20
11 9 13 5 7 16 8

20

Table 3
Optimal solutions and optimal values for the outer approximation U° = {u

R” | lullo < 1}

¢

15 20 25

Fig. 3. The dominated points {(Rc(x), Rw(X)) | x € X} marked by black dots and the
non-dominated points YIQ"‘U illustrated by red circles. (For interpretation of the ref-
erences to color in this figure legend, the reader is referred to the web version of

this article.)

we can determine a region where the true non-dominated set
of the robust regret optimization problem has to be located.
The corresponding visualization of this region can be found
in Fig. 5. Successively improving the quality of the inner and

u (-1,-1) (-1,1) (1,1) (1,-1)
c*(u) -4 8 19 15

x* for ¢ s—f-c—-d-t s—f-b-t s-b-t s-—-a-d-t
w* (1) -1 5 11 5

x* forw s—f-b-t s—a—c—t s—-b-t s-b-t

outer approximation then enables us to identify the true non-
dominated set: Since the assumptions in Theorem 3.12 are
satisfied, the volume of the sandwiching set shrinks to O.
Moreover, since the mapping x+~ R(x,U) is bijective, we can
even identify the corresponding efficient paths. The true effi-
cient paths and the corresponding non-dominated points even-
tually read as [xqg, (12.63,5.71)], [x4, (10.43, 7)], [xg, (9.24,9.06)],
[xs, (8.63, 13.06)], [x3, (5.38,17.39)].

7. Conclusion and outlook

We have introduced a novel consistent framework for mul-
tiobjective robust regret, which can be seen as an extension of
early approaches in Drezner et al. (2006), Rivaz and Yaghoobi
(2013) and Xidonas et al. (2017). In contrast to these, our frame-
work is not limited to linear objective functions and/or finite
uncertainty sets, or linear interval uncertainty. Furthermore, we

Table 4
R)(x) for every ke{cw} and xeX based on the outer approximation U°=
{ueR?| |lull~ = 1} of U. Bold values denote non-dominated points.

X1 X2 X3 Xg X5 X6 X7 Xg X9 X10 X1 X12 X13

R2(-) 17 22 7 14 13 29
R, () 17 10 20 7 14 15

21 n 14 17 23 18 29
14 12 17 8 9 21 12
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Fig. 4. The dominated points in {(R%(x), RS, (x)) | x € X} marked by black dots and
the corresponding non-dominated points YI{‘LUO) illustrated by red circles. (For in-
terpretation of the references to color in this figure legend, the reader is referred to

the web version of this article.)
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Fig. 5. Illustrating the set YR”{__U) (black circles) as a subset of the sandwiching set
(R + BRI\ (VR ey + RE)) 0 Br(UL,U).

consistently work in a multiobjective setting and introduce a
multivariate (relative) regret based on a clear separation between
problem modelling and problem solution, whereas the earlier
mentioned approaches first scalarize the optimization problem
to be able to apply the concept of single criterion robust regret.
In addition, we observe that Chebyshev scalarization actually
commutes with robustification in the context of this paper. For
the multiobjective regret framework, we gain several interesting
insights concerning continuity of the objective functions with
respect to the uncertainty set; results which are also valid within
the classical framework of (pointwise) robust multiobjective pro-
gramming. We especially analyze the impact of the uncertainty on
numerical tractability by investigating all common cases for the
uncertainty. For approximations of the non-dominated set in the
case of general convex uncertainty sets, we introduce inner and
outer polytopal approximations. Finally, we show that the effort to
compute reasonable approximations to the set of non-dominated
points for general convex U grows linearly with the number of ver-
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tices of the polytopal approximation to U in the finite setting and
can still be computed in polynomial time in the continuous setting.

Finally, we would like to suggest some further research op-
portunities. From a modeling perspective, first of all, alternatives
to the pointwise approach for robust multiobjective optimization
need to be considered, cf. Section 1.1 for a list of alternative con-
cepts. Second, set valued concepts for f*(u) could be investigated,
e.g. by replacing the ideal point f*(u) by the set Y}\i-,u)‘ Third, our
analysis is focused on multiobjective optimization, i.e. vector opti-
mization with ordering cone R™. It is currently open how regret
could be extended to a general vector optimization problem un-
der uncertainty. Last but not least, the framework of multiobjective
stochastic regret as for instance considered in Xu et al. (2020) also
constitutes a promising field for future research.

From an algorithmic point of view, it currently remains open
which approach is the most suitable one for general convex uncer-
tainty. As promising alternatives to inner and outer polytopal ap-
proximations, we have mentioned semi-infinite programming and
the improved inner approximating, which both deserve further in-
vestigations in our context.
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