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Abstract, We study the structure of a finite group G admitting a Kantor family (F, F*) of type (s, ) and a
nontrivial normal subgroup X which is factorized by F U F*. The most interesting cases, giving necessary
conditions on the structure of G and the parameters s and ¢, are those where a further Kantor family is induced
in X, or where a partial congruence partition is induced in the factor group G/X. Most of the known finite
generalized quadrangles can be constructed as coset geometries with respect to a Kantor family. We show that the
parameters of a skew translation generalized quadrangle necessarily are powers of the same prime. Furthermore,
the structure of nonabelian groups admitting a Kantor family consisting only of abelian members is considered.

Keywords: Generalized Quadrangle, Elation Generalized Quadrangle, Skew Translation Generalized Quadrangle,
Kantor Family, 4-Gonal Family, Translation Net, Partial Congruence Partition, Group Coset Geometry.

1. Introduction

Most of the known families of finite generalized quadrangles are elation generalized quad-
rangles, 1.e., they admit a group G of collineations fixing a base point w and all lines incident
with 7, and acting sharply transitively on the set of points which are not joined with 7.
(The standard reference for generalized quadrangles is the monograph [14] of S. E. Payne
and J. A. Thas. For the theory of finite groups we refer to B. Huppert [7]).

In [10], W. M. Kantor has shown that the existence of elation generalized quadrangles
is equivalent to the existence of a certain set of subgroups (a 4-gonal family or a Kantor
family) of the elation group G, and that all these quadrangles can be represented as coset
geometries with respect to such families.

Using this general construction scheme, many new series of finite generalized quadrangles
have been constructed during the 1980s (the reader is refered to Payne [13] for a survey).
All these new examples belong to the particular class of skew translation generalized
quadrangles, i.e., in each case the corresponding elation group G admits a full group of
symmetries about w (a subgroup fixing every point joined with 7 and having maximal
cardinality with respect to this property). The existence of such a symmetry group is
reflected in the Kantor family.

On the other hand, necessary conditions on the structure of groups admitting a Kantor
family are studied in some papers: It is conjectured in Kantor [11] that the elation group
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G necessarily is a group of prime power order (which implies that the parameters s and ¢
of the corresponding quadrangle are powers of the same prime dividing the cardinality |G|
of G). In his fundamental paper {3], D. Frohardt among other things proved the validity
of Kantor’s conjecture provided ¢ > s (observe that the role of s and ¢ is interchanged in
[3]). In Chen and Frohardt [1] and Hachenberger {5], the structure of G is studied under the
additional assumption that some members of a Kantor family in G are normal subgroups
of G.

In the present paper the work towards the latter direction is continued, i.e., we study the
structure of a group G admitting a Kantor family (F, F*) of type (s, ¢) and a nontrivial nor-
mal subgroup X which is factorized by F U F* (see Section 2). The most interesting cases,

~lviding Kantar familiae which redinaty 1 t latin ali
lllbluulllé Aantor ramiies winlln COoOrginauze a sKew ransiation gelxuxallbud \.‘uadrauéxu,

are those where a further Kantor family is induced in the subgroup X, or where a partial
congruence partition is induced in the factor group G/ X. Therefore, due to an additional
assumption on G and (F, F*), similar to [S], we meet situations where further geometries

occur (translation nets are obtained as coset geometries from partial congruence partitions).

Our paper is set up as follows: In Section 2 general results are presented. Although we
did not succeed in proving that G necessarily has prime power order provided it admits a
nontrivial normal subgroup which is factorized by 7 UF™, we have found interesting results
showing that the parameters and the structure of the elation group are very restricted, e.g.,
see Corollary 2.6, the parameters of a skew translation generalized quadrangle necessarlly
are both powers of the same prime.

In Section 3, we study nonabelian groups G admitting a Kantor family consisting only
of abelian members. In this case the center of G is factorized. As far as the author is aware

of, this indeed holds in all known examples of skew translation generalized quadrangles.

2. General Results

Let s, ¢ > 1 be integers and let G be a (multiplicatively written) group of order s*t. A
Kantor family or a 4-gonal family of type (s, t) in G is a pair (F, F*) where F and F* are
sets of subgroups of G satisfying the following axioms (if X is a set then | X| denotes the
cardinality of X):

KD |F|l=|F|=t+1;
(K2) for all A € F there exists exactly one A* € F* such that A C A*;

¢ an ¥ — ¢
(K?}}HAI =3 audiA i st forall A c.;:,

(K4) AN B* = {1} for any two different members A and B of F;
(K5) AB N C = {1} for any pairwise different members A, B, C of F.

Throughout, we assume that G admits a Kantor family (F, F*) of type (s,f). Let S =
F U F*. We consider the structure of G under the additional assumption that there exists
a nontrivial subgroup X of G satisfying the following property:

FEHUNXHVNnX)y=Xforall U,V € Ssatisfying UV = G.
A nontrivial subgroup X satisfying (F)is called an S-factor of G. We say that X is factorized



Our approach is motivated by a situation in Hachenberger [5], where Kantor families
with some member A of F being a normal subgroup of G are studied, and by an approach
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studying partial congruence partitions in Hachenberger [4] (adefinition is given subsequent
to Proposition 2.2 of the present paper). The first result is a straightforward generalization
of a part of Proposition 2.2 in [5].

LEMMA 2.1 Let X be an S-factor of G. Then there exist integers ¢ > 1 and v > 1 such
that the cardinality | X | of X is equal to o*t, and |AN X| = o and |A* N X| = ot for all
AeF.

| P s PR S, * B ¥ DX ~wd A D ~e e
Proof. First, observe that the axioms imply AB* = G = A*B* and AB # G for any two

different members A and B of F. Now, let A, B, and C be any pairwise different members
of F. Then, by (K4), (F), and the well known property that [UV| = |U| - |V|/|U N V| for
any two subgroups U and V of some finite group, we have

IX|=|ANX|-|B*NX|=]ANX|-|IC*NX|=|BNX|-|C*NX]|.

Thus the intersection numbers |A N X| respectively |A* N X| are constant for all A € F,
say o4 and 0T, respectlvely (observe that A N X is a subgroup of A* N X). Therefore, the

ltoo“t. u

From now on we assume that X is an S-factor of G. Let Fx = {U N X|U € F},
Fy = {UN XU € F*}, and Sx := Fx U Fy. Furthermore, with o and 7 as in
Lemma 2.1, let (o, t) be the type of X.

PROPOSITION 2.2 Let X be an S-factor of type (o, t) in G. Then necessarily one of the
following cases occurs:

22.1)o =1, |X|=1t <t and X is a subgroup of [ | 4 r A™.

(222)0 > 1, T =1t, and (Fx, Fy) is a Kantor family in X of type (o, t).

Proof. If o = 1, the first part follows immediately from Lemma 2.1.

Assume therefore that ¢ > 1. In order to prove (2.2.2), we first observe that 7 > 1:
Otherwise, we have ANX = A*N X forall A € F, whence X = (AN X)(B N X) contains
C N X for any three different members A, B, C of F. Since X is a nontrivial subgroup of
G, this is a contradiction to (K5).

Consequently, the pair (Fx, ) consists of subgroups of X satisfying the axioms (K2) to
(KS) with respect to the parameter pair (o, v). Moreover, |Fx| = |Fy| = t + 1. It therefore
remains to show that T = ¢. Of course, T < ¢, since for different A, B € F, the conditions
imply that [A* N B* N X| = % = 7, and |A* N B*| = &2 — ;. On the other hand,
Lemma 2 of Frohardt [3] gives t < t. We therefore have T = t and everything is proved.

If o > 1, then the induced Kantor family in X givesrisetoa subquadrangle (with parameters

nd Y AFtha ~ als ade o (T T*\ AAAenncras
o ana L J UL uie o1 lslllal ECUCI aULCU qua\.u ailélC bUUIUlIIaLlLCU U)’ U ClllU \f < ). YIUICUYVULL,

this subquadrangle is an elation generalized quadrangle with respect to X and (Fy, F%) .
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We furthermore remark that the case where X is a normal subgroup of G and has type (1, 1)
is of particular interest, because then the generalized quadrangle via Kantor’s construction
corresponding to (F, F*) is a skew fransiation generalized quadrangie (STGQ) with X =
(acr A* being a full group of symmetries about the base point (see [14], p. 166).

We next assume that X is a normal subgroup of G and consider the factor group G/ X.
Let S¥ := {(UX/X|U € S}. The following result again is similar to the situation met in
Proposition 2.2 of [5]. We need a further definition: Let / be a finite group of order R > 1.

A partial congruence partition (PCP) of type (h, r) in H is a set H of r > 3 subgroups of
H satisfying:

(P |U|=hforallU € H,
(P2) U NV = {1} for any two different members U and V of H.

The parameter r is called the order of H. After the fundamental paper [8] of D. Jungnickel,
the existence of partial congruence partitions (and generalizations) has been intensively
studied in the past few years, because, similar to Kantor families, they are equivalent to
a certain class of finite geometries, namely translation nets. The reader is refered to the
recent survey Hachenberger and Jungnickel [6].

PROPOSITION 2.3 Let X be a normal S-factor of G of type (o, ), and assume that T = t.
Then SX = {AX/X | A € F} is a partial congruence partition oftype (,t+1)inG/X.

Proof.  First, it follows 1mmed1atcly that G/X has cardmahty >z, and that AX/X and
A*X /X are equal with cardinality <. Next, let A and B be dlfferent members of F. If
aX = bX fora e Aandb € B, thena™'b € X = (AN X)(B* N X) (here we have
used that X is an S-factor). Now there exist elements ¢’ and b in AN X and B* N X,
respectively, such that a='b = a’b’. From (K4) it follows thata~! = @’ and b = b’ whence
aX = X = bX. This shows that AX/X N BX/X = X/X. As X is not equal to G, we

have o < s and therefore S* has cardinality |F| = r + 1, whence everything is proved.
|

Applying inequalities on the order of a partial congruence partition and on the parameters

et vk il L 11alt CLS

of a finite generalized quadrangle, the situation in Proposition 2.3 can be further specified.

PROPOSITION 2.4 Let X be a normal S-factor of G of type (o, t), and assume that T = t.
Then the following holds:

24.1) 1=,
(242) o?<s,
(243) o<t

Moreover, equality holds in (2.4.1) if, and only if SX is a partition of G/ X in the group
theoretical sense (i.e., any nonidentity element in G/ X lies in exactly one member of S¥).
In this case G/ X necessarily is elementary abelian, and, t and s are powers of the same

nrrmo
[/I tritc.
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Furthermore, equality in (2 4, 2) or(2.4.3) implies equality in (2.4.1), (2 4. 2) and (2.4.3).

In this case \J‘ F ) ana \.rx, "_X) are of type (t°,t) ana (i, L‘) respect me, tis uyhme
power, and S is a partition of G/ X.

Proof. The validity of (2.4.1) is a well-known fact from the theory of translation nets (see
e.g., [6]). In order to prove the other inequalities, the fundamental inequality of Higman,
stating that the parameters a and b of a finite generalized quadrangle satisfy a < b* and
b < a® provided a,b > 2 (see [14]) is needed. In combination with (2.4.1) it gives
s <1 < (‘}2;, from which (2.4.2) follows. Moreover, if t < o, then (2.4.2) implies
t? < 02 < s, a contradiction, whence (2.4.3) holds.

Now, if equality holds in (2.4.2), then (2.4.1) implies ¢+ < o, whence equality occurs
in (2.4.3) and in (2.4.1). Finally, if o0 = ¢, i.e., equality holds in (2.4.3), then Higman’s
inequality implies equality in (2.4.2), hence in (2.4.1).

We mention that these inequalities already hold for arbitrary finite generalized quadrangles
with parameters s and ¢ admitting a proper subquadrangie (see 2.2.2 in [14]).

We next prove the statements of the proposition concerning the elation group G and the
normal S-factor X: If equality holds in (2.4.1) then, due 1o the fact that S¥ is a partial
congruence partition in G/ X, we have

Z(]U|—1)+1=(§+1)(§—1)+1=|G/X|.

UeS¥

Thus S¥ is a partition in G/ X. It is well known that SX coordinatizes a translation plane
and that G/ X necessarily is elementary abelian. Now, if 0 = 1 then s = ¢, whence
Theorem 1 of Frohardt [3] implies that s and ¢ are powers of the same prime. If o > 1, the
same result applied to the subgroup X with parameters t > o gives that ¢ and ¢ are powers
of the same prime. Since = = ¢ by assumption, we obtain that s and ¢ are powers of the
same prime. The rest is clear. [

Using further results of Frohardt [3], we are now able to prove the following theorem.

THEOREM 2.5 Let G be a group of order s*t admitting a Kantor family (F, F*) of type
(s, t) and a normal S-factor X of type (o,7) with Tt = t (where § = F U F*). Then
necessarily one of the following cases occurs:

(2.5.1) G is a group of prime power order (say for th

(25.2) 0 > 1, |G| has exactly two prime divisors (sa
subgroup of G (say for the prime q).

t‘ mn \
runc

/
and q), and X is a Sylow

Pr?o_f We first show that - is a prime power: It is known that SX induces a PCP of type
(VIP], t + 1) in any Sylow subgroup P of G/X. (This was first proved by D. Frohardt in
[2] and 1s similar to the proof of Lemma 4 in Frohardt [3]; for generalizations of PCPs it is
proved in Jungnickel [9].) Therefore, if - has at least two prime divisors, we may choose
P such that |P| < \/[G/X| = £. But then (see e.g. Theorem 2.2 in [6]) t < /TP| < /<,
whence 1> < £ < 5. This is a contradiction to Higman’s inequality. Thus £ is a prime
power.
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From now on, let p be the unique prime divisor of <. By Lemma 5 and Lemma 6 of
Frohardt [3], the parameters @ and b of a Kantor family are powers of the same prime,
provided b > a or a has exactly one prime divisor. Thus, if ¢ = 1, the first part of the proof
implies that s is a prime power, whence we have case (2.5.1). Assume nextthato > 1. By
Proposition 2.2, (Fx, F%) is a Kantor family of type (o, ¢) in X, and by (2.4.3) we have
that 1 > . Thus Frohardt’s result implies that ¢ and o are powers of the same prime (say
q), and X is a g-group.

Altogether, we have that |G| has only the prime divisors p and ¢. In the case where
p # q, we furthermore have that X is a g-Sylow subgroup of G, which by the normality of
X is unique. Thus, everything is proved. |

There is no example known with case (2.5.2) holding. Unfortunately, we were not able to
exclude this case, yet. However, case (2.5.1) actually occurs in all examples of STGQ with

1 1 1 deed Th 78
X being a full group of symmetries about the base point. Indeed, Theorem 2.5 answers a

question posed in Payne [12] on such quadrangles:

COROLLARY 2.6 The parameters of an STGQ are powers of the same prime.

Proof. By definition, the elation group G of an STGQ with parameters s and ¢ admits a full
group of symmetries X, which is equal to () ,. A* and has cardinality ¢ (where (F, F*)
is the Kantor family coordinatizing the quadrangle). Thus, X is factorized by F U F* and
has type (1, t). We therefore have case (2.5.1) of Theorem 2.5. |

We remark that in the case where o = 1 and 7 = ¢ it is further known (see [12] and [14])
that necessarily ¢ < s, and, if ¢ < s, then there exist integers n, a > 1 such thats = pn@+tD

- na —
and ¢t = p"?. (However, the only known examples have a = 1.)

We conclude this section with a further application of Theorem 2.5, stating that the param-
eters of a Kantor family are very restricted provided there exist nontrivial normal S-factors
X and Y such that X is a proper subgroup of Y.

THEOREM 2.7 Let G be a group of order s*t admitting a Kantor family (F, F*) of type
(s, t) and two normal S-factors X and Y of types (ox, t) and (oy, t), where S = F U F*.
Assume that X is a proper subgroup of Y. Then necessarily ox = 1, oy = t, s = t7,
and |G| = t° is a prime power. Moreover, the generalized quadrangle corresponding to
(F, F*)is an STGQ of type (¢, t) with X as full group of symmetries about the base point.

Proof. Theorem 2.5 implies that G has prime power order, since in case (2.5.2) the S-factor
is unique.

An application of (2.4.1) and (2.4.2) to (G, Y) gives t < aiy and oy < t; applying (2.4.1)
to (¥, X) gives t < 6% (observe that oy > oy by assumption, and that (Fy, F7) is a Kantor
family of type (oy, 1) in Y). Altogether we obtain that oy = 1 and that oy = t. As
equality holds in (2.4.3) for (G, Y), we have that (F, F*) has type (2, t). The rest is clear.

n
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We finally remark that in the situation of Theorem 2.7, necessarily, G/Y and Y/X are
clementary abelian of order #2. Furthermore, there does not exist a proper sequence X C
Y C Z of normal S-factors in G, where the parameter ty is equal to . Moreover, similar
to the proof of Proposition 2.4, the pure combinatorial part of Theorem 2.7 follows from
2.2.2in[14].

3. Abelian Kantor Families

In this section we consider the structure of groups admitting an abelian Kantor family, i.e.,
a Kantor family consisting only of abelian groups. This assumption likewise is motivated
by Proposition 2.2 in [5] and Section 3 in {4]. Throughout we use the same notation as in
Section 2.

Since abelian groups admitting a Kantor family are necessarily elementary abelian (see
e.g. [1]), we restrict our attention to nonabelian groups.

PROPOSITION 3.1 Let G be a nonabelian group admitting an abelian Kantor family of type
(s,1). Let X be the center of G. Then X is a normal S-factor of type (o, T) with T = 1.
Moreover, G necessarily is a group of prime power order.

Proof. 'The first part is already proved in the course of Proposition 2.2 in [5] (here t = 7
holds since A* N B* centralizes A* B* = G, whence it is a subgroup of X).

In order to prove that |G| is a prime power, it is sufficient to show that case (2.5.2)
in Theorem 2.5 cannot occur. But this is clear, because otherwise (with the notation as
in Theorem 2.5) X is the unique g-Sylow subgroup, and, as X is the center of G and
a complement of any p-Sylow subgroup P of G, we see that G is the direct product
of P with X. But then X is isomorphic to the direct product of the center of P with
X. This gives a contradiction since the center of a finite p-group is not equal to {1}.

n

Next, we consider the partial congruence partition S* in the factor group G/X. Then
clearly every member of S¥ is abelian. Thus, the Factorization Lemma in Hachenberger
[4] can be applied to the center Z of G/ X, i.e., we have

(F)Z = (U N Z)(V N Z) for ail different members U and V of S¥.

In particular, if G/X is nonabelian, then Z is a proper subgroup of G/ X. In this case it
1s easy to see that the subgroup Y of G containing X and corresponding to Z is a normal
S-factor of G, whence we have the situation of Theorem 2.7 with X and Y building the
upper central series of G (see also the remark subsequent to Theorem 2.7).

(Indeed, one can more generally show that the subgroups W of G/X satisfying (F')
correspond bijectively to the S-factors of G containing X. Furthermore, if X is an S-
factor of type (o, 1), by Theorem 2.7 a necessary condition for the existence of a nontrivial
subgroup W of G/ X satisfying (F') is thato = 1.)

Next, we consider the case where G/ X is abelian, but not elementary abelian. Then the
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Factorization Lemma of [4] can be applied to the largest elementary abelian subgroup
Q:={gX e G/X|(gX)! = X}of G/X (where p denotes the unique prime divisor of
|G|). Thus Theorem 2.7 holds in G with X being the center of G and with Y being the
subgroup of G corresponding to .

Using again a result of Frohardt [3], one can say more with respect to the latter situation:

Observing that X is of type (1, t) we have that A* N B* is equal to the center X of G for

any two different members A, B of F. By assumption, G/X is abelian. Furthermore, the

validity of (F') shows that Q2 does not contain AX/X for any A € F, whence, due to the
definition of €2, the exponent of AX/X is at least p?. In particular, AX/X and A are not

elementary abelian for all A € F. Consequently, we have case (b) of Theorem 2 in [3]
which stateg that necessarilv X ig PIPmPntnry abelian, that G is a 2- group ('\ and that all

VAL S LG LGPV USSGRaly A S valiliviands

elements of F are isomorphic of exponent 4.

Summarizing, we have proved the following theorem.

THEOREM 3.2 Ler G be a nonabelian group admitting an abelian Kantor family (F, F™)
of type (s, 1). Let S := F U F* and let X be the center of G. Then X is an S-factor, G
necessarily is a group of prime power order (say for the prime p), and necessarily one of
the following cases occurs:

(3.2.1) G/ X is elementary abelian.

(3.2.2) G has class 3, and the members of the upper central series of G are normal S-
factors. Moreover, (F, F*) is of type (t*, t), and the generalized quadrangle corresponding
to G and (F, F*) is an STGQ with X being a full group of symmetries about the base point.

(3.2.3) G isa 2-group of class 2, G/ X is abelian but not elementary abelian, and the sub-
group Y :={g € G| (gX)* = X} is a normal S-factor properly containing X. Moreover,
(F, F*)is of type (t*, 1), and the generalized quadrangle corresponding to G and (F, F*)
is an STGQ with X being a full group of symmetries about the base point.

We finally remark that we do not know whether (3.2.2) and (3.2.3) actually can occur.
However, in all known examples of STGQs (3.2.1) holds, with type equal to (¢, ) or (¢2, 7).
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