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1. Introduction

The dynamic quasi-static von K&rman equations are a coupled sys-
tem of PDEs consisting of a nonlinear fourth order parabolic equation
and a nonlinear fourth order elliptic equation and describe the bend-
ing of shells (cf. the monograph [12] and the references therein). They
have been studied analytically in [10,19,31]. However, in contrast to
their stationary counterpart (cf., e.g., [4,7,8,28,30]), for their numer-
ical solution not much work has been published (see [31] for a finite
difference approximation).

In this paper, we consider an adaptive space-time C° Interior Penalty
Discontinuous Galerkin (C°IPDG) approximation of the dynamic quasi-
static von Karmén equations with homogeneous Dirichlet boundary
conditions and an equilibrated a posteriori error estimator. The dis-
cretization in time is taken care of by the backward Euler scheme with
respect of a partitioning of the time interval. On the other hand, for
each time step the C°IPDG method can be derived from a six-field for-
mulation of the finite element discretized equations and will be shown
to admit a unique solution for triangulations of sufficiently small mesh
size. The equilibrated a posteriori error estimator consists of easily
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computable local residual-type contributions. It can be derived from
a more general result [32] on convex minimization problems and pro-
vides an upper bound for the discretization error in the broken W22
norm in terms of the associated primal and dual energy functionals.
It requires the construction of equilibrated fluxes and equilibrated mo-
ment tensors which can be computed on local patches around interior
nodal points of the triangulations. Moreover, we study its relationship
with a residual-type a posteriori error estimator. The fully discretized
quasi-static von Karman equations are solved by a predictor-corrector
continuation strategy featuring constant continuation as a predictor and
Newton’s method as a corrector which allows an adaptive choice of the
time steps. Numerical results illustrate the performance of the suggested
approach.

The paper is organized as follows: In section 2, we will introduce the
dynamic quasi-static von Kdrmén equations with homogeneous Dirich-
let boundary conditions and, under some restrictions on the data, show
the existence and uniqueness of a weak solution (Theorem 2.1). The dis-
cretization in time is dealt with in Section 3. For each time step, we have
to solve a coupled system of two nonlinear fourth order elliptic equa-
tions. The existence and uniqueness will be established (Theorem 3.1).
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Section 4 is devoted to the derivation of the C°IPDG approximation by
means of a six-field formulation of the finite element discretized equa-
tions. We will show the existence and uniqueness of a solution for trian-
gulations of sufficiently small mesh size (Theorem 4.2). In section 5, we
will derive an equilibrated a posteriori error estimator providing an up-
per bound for the discretization error in the broken W22 norm in terms
of the associated primal and dual energy functionals. The construction
of such an equilibrated a posteriori error estimator is dealt with in sec-
tion 6. In particular, it requires the computation of equilibrated fluxes
and equilibrated moment tensors on local patches around interior nodal
points of the triangulations. Section 7 is devoted to the relationship with
a residual-type a posteriori error estimator (Theorem 7.1) and Section 9
deals with the predictor-corrector continuation strategy and adaptive
time stepping. Finally, in section 9 we provide a documentation of nu-
merical results illustrating the performance of the suggested approach.

2. The dynamic quasi-static von KArman equations

We use standard notation from Lebesgue and Sobolev space the-
ory (cf., e.g., [35]). In particular, for a bounded Lipschitz domain
Q c RY,d € N, with boundary T = 9Q we refer to LP(Q;R?) and
LP(Q;R9%?) 1 < p < o0, as the Banach spaces of p-th power Lebesgue
integrable functions and tensors on Q with norms || - || pqre) and
I | Lp@raxay- In case d =1 we will write L?(Q) instead of LP(Q;R).
Matrix-valued functions in L?(Q; R¢*?) will be denoted by p= (v )u .

and for p € LP(Q; R¥*?),q € LI(Q;R%*¢),1/p+1/q = 1, we use the nota-
tionp:qforp:q:= Z?,j:l pi;4;;- Further, for u e W2r(Q), we refer to
D%y := ((32u/0x,-0xj)?,j=1
We denote by W*2(Q), s € R, the Sobolev spaces with norms || - | Ws2(Q)

and by VVS‘Z(Q) the closure of C(Q) with respect to the norm || -
ll 520y~ Functions u € W?>2(Q) have a trace u|r- on the boundary T = 0Q

with u|- € W3/22(I"). Further, we define H(div, Q) and H(div*,Q), as the

Banach spaces

as the matrix of second partial derivatives.

H(div,Q) = {z € LX(Q;R?) | V-z € L*(Q)),
H(div?, Q) = {r € LX(Q;R?) | V- z € H(div, Q)}
with the graph norms
1/2
el = (12125 g0 + 1V -2l )
/2
Iz ) 1= (1212 o, + 1V 2l +1V Vo2l )

For later use we recall Young’s inequality

al (2.1)

fora; >0,1<i<2,and 1 <p,g<o0,1/p+1/g=1, and any ¢ > 0, as well
as the following inequality:

Let w; €R,1<i<2, and 0 < r < oo. Then it holds (cf., e.g., [34], page
136)

|+ e <2 (Jaoy|” + 1wy l"). @22
Given a bounded polygonal domain Q c R? with boundary I' = dQ and
exterior unit normal vector n_ as well as ' > 0, the dynamic quasi-static
von Kérmén equations with homogeneous Dirichlet boundary condi-
tions are given by a coupled system of fourth order equations

du
— +A2u1

5 (2.3a)

—[u; +O,uy + fi ]+ 8 uy = for, INZ :=QX[0,T],

A%uy + [u) +20,u]1=0in Q, (2.3b)

u(,0)=np- Vu(-ty=0onT, r€[0,T], 1<i<2,
(2.30)
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u(,0=10inQ, (2.3d)

where u; is the vertical displacement of the shell, u, is the Airy stress,
fin is the internal force, ® is the mapping measuring the deviation of
the middle surface of the reference configuration of the shell from the
plane, g stands for non-conservative loads, f,,, is an external force, and
[v, w] stands for the von KArman bracket

[v,w] := cof(D*v) : D*w (2.4)

with the cofactor matrix cof(D?v) of D?v.

The weak formulation of (2.3) requires the computation of u; €
LX([0.T], W, (@), %L e L2([0.T], L) and u, € W, (Q) such that
for all v e WOZ’Z(Q) the following system of variational equations is
satisfied

r
a
/(/% de+/D2u1 :D*vdx — (2.5a)
0 Q Q
T
/([u1+® Uy + fiml — 8 uy) de =//fex, vdx dt,
0 Q
/D2u2 : D% dx+/[u1+2®,ul]v dx=0. (2.5b)

The existence of a weak solution has been shown in [10,26]. The fol-
lowing existence result has been provided by Theorem 2 in [26].

Theorem 2.1. Consider the quasi-static von Kdrmdn equations (2.3a),
(2.3b) under the nonhomogeneous boundary conditions

(1) — ¢)=0,1€[0,T], c; € HA(Q), 1<i <2,

and the initial condition (2.3d). Under the condition

¢ =n,- V(- 1) —

/ (E(c1)+ E(cz)) dx < (27 meas Q)

Y

lai=2 %

E(c) := |D"c 2 1<i<2,

the nonhomogeneous initial-boundary value admits a weak solution.

Remark 2.2. Since in this paper, we assume homogeneous boundary
conditions (cf. (2.3¢)), the existence result does not assume smallness
of the data.

3. Discretization in time

We consider a discretization in time with respect to a partition of
the time interval [0, 7] into subintervals [z,,_;,7,]l,1<m<M,M €N, of
length 7, :=1, —t,_;. We denote by 4" and ' approximations of u,
and u, at time t,, and discretize the time derivative in (2.3a) by the
backward difference quotient: Given uT‘l,l <m< M, compute uT and

u;” such that

u'l" - u'l"_] + TmAQu'l" — Tm([uT +®,u'2" +fh1-g" uj " =1,f0, inQ, (3.1a)
A%+ [ +20,u}'] =0, (3.1b)
u:"(~,t) =nr- Vu;"(~,t) =0onl, re[0,T], 1<iL?2, (3.10)

where £ = £t S = F oty and g" = g(-,1,).

The weak solution of (3.1) amounts to the computation of u™ =
@ umT eV =W (Q) x W, *(Q) such that for v € W,;**(Q) it holds

/(u”’—u’"_l)vdx+r /Au'l" tAvdx —

g vdx=r1, / fovdx
Q

(3.2a)

/([u + 0, u2 + m, in Q,



/Aug“ CAvdx+ /([u’l" +20, u;"]) vdx=0. (3.2b)
Q Q

The coupled system (3.2) constitutes the necessary and sufficient opti-
mality condition for the minimization of the primal energy functional

1 _
TR ) =3 / (|u'l"—u'1" 1|2+rm|D2u'1"|2) dx + (3.3)

Q
1
2
Q
/[u’l" +2®,u'1”] uy' dx—rm/

Q Q

We introduce a bilinear form A" : VXV >R,V := WOZ’Z(Q) X W02’2(Q),
and a semilinear form B” : VXV xV — R according to

) = g ) dx +

T,
|D*uy|* dx - Tm/([u;"%—@,u'z" +fh
Q

1

m m m—12

oxill] dx—i luf'™" " dx.
Q

A" V") = a'”(u'l”,v'l")+am(u;",ug N (3.4a)

B" (", v",w") 1= "], U w) + b7y, o}

4 "W = B O W,

1 2
(3.4b)

where u” = @,ul)T,v" = (W, )T, w" = W?,wy)T, and the forms

a(-,-): VxV ->Rand b"(-,-,-) : VXV XV — R are given by

2
a"(u",v") = Z/ ((u:" —u;"’l) ™ +D2ul'." : D2v’") dx, (3.52)
i=1
Q

b (", v",w™)
= —Tm/ ((cof(Dzu'l” +OWVWy + fin) - V! — g"ul) w;")dx
Q (3.5b)
+ /(cof(Dzu']" +2®)VU']" . Vw'z" dx, u", v, w"eV.
Q

Within this setting the weak formulation amounts to the computation
of w” € V such that for all veV it holds

A", V) + B @™, u", V) =2 V)20, fo =000 (3.6)
We define operators A” : V— V* and B” : V — V* by means of
<A™,V >y y 1= A", V), (3.7a)
<B"u",v>ysyi= B"@u",u",v). (3.7b)
Then the operator form of (3.6) reads

A" + B =1, (3.8)

The operator B" is Fréchet differentiable at u™ in the direction of v with
the Fréchet derivative given by

<(B"Y @MV, W Sysy1=28"W" v W), u" v wheV. (3.9
The existence of a weak solution has been shown in [11,27].

A weak solution u” €V is said to be a regular solution, if the lin-
earized operator £™ : V — V* given by

LM = A"V + (B™Y (u)v (3.10)

is nonsingular. The following result has been shown in [29].

Theorem 3.1. If u" € V is a regular weak solution, then there exists an
open ball B(w") c L*(Q) such that A™ + (3" (u™) is an isomorphism from
V into V* for all v e B(u™). In particular, there exist constants C; > 0,1 <
i <2, such that

A" +(B™ @)l vy SCps A" + B @)l ve vy < G,
(3.11)

where L(V, V) stands for the space of bounded linear mappings from V into
V*.
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4. C'IPDG approximation of the von Karman equations

Let 7, be a geometrically conforming, locally quasi-uniform, and
shape-regular, simplicial triangulation of the computational domain Q.
Given D C Q, we denote by N, (D) and &,(D) the set of vertices and
edges of 7, in D, and we refer to P,(D), k € N, as the set of polynomi-
als of degree < k on D. Moreover, hg,K € T, and hp, E € &,, stand
for the diameter of K and the length of E, respectively. We define
h:=min {hg | K €T,}. Given any 0 < 6 < 1, we denote by T(5) the
set of all triangulations 7, with mesh size h; <é for all T € T, € T(6).
For two quantities a,b € R we will write a < b, if there exists a constant
C >0, independent of A, such that a < Cb.

Due to the local quasi-uniformity and shape regularity of the triangu-
lation there exist constants 0 < c9 £Cp,0<cp <Cr,0<cg <Cg, such
that for all K € 7, it holds

cohg < h<Cphyg, (4.1a)
cphg < hp <Crhy, E €&,(0K), (4.1b)
cs|K| < h < CglK]. (4.1¢)

We will use the following inverse inequality (cf., e.g., Theorem. 3.2.6 in
[13]): For 1 < p < oo there exists a constant C;,,,, > 0, only depending on
p, the polynomial degree k, and the local geometry of the triangulation,
such that for v, € P,(K) it holds

1V oull ockm2y < Cinoig oAl Locie)- (4.2)

We will also use the following trace inequality (cf., e.g., [16]): For
1 < p < o there exists a constant C,, > 0, only depending on p, the poly-
nomial degree k, and the local geometry of the triangulation, such that
for v, € P,(K) and K €7, it holds

—1
oAl ook < Corhig P lonll o (4.3)

For E€ &,(Q), E=K, NnK_, K, € T,(Q), and v, € V},, we denote the
average and jump of v, across E by {v,} and [v,]g, i.e.,

1 )
{on}e = E(UhlEnK+ +Uh|Er1K_>v wnle :=vnlenk, = VnlEnk_

whereas for E € &,(I') we set

{opte =vplE, [oplg = vplE.

The averages {Vv,}g,{z,}r and jumps [Vu,]g,[z,]g of vector-valued
functions Vv, and z, as well as the averages { D*v; } ., { z } ¢ and jumps
[Dv,]1E, [Ih] £ of matrix-valued functions D?v, and T, are defined anal-

ogously. For E € &,(Q) it holds
/[”h vl dS=/({uh}E [plE + [uplE {Uh}E) ds. 4.9
E

E

We further denote by ng, E € £,(Q), with E =K, n K_ the unit normal
on E pointing from K, to K_ and by ng, E € &,(I), the exterior unit
normal on E.

We define the broken W?22-space W22(Q;T,) by

W2 T,) i={v, € LX(Q) | vylx € W?A(K),K €Ty}, (4.5)
equipped with the norm
1/2
lonllwaz@iry = ( X Ioalo0) 4.6)
KeT,

and the broken spaces H(div, Q; 7;,) and g(divz, Q;7T,) by

H(div.Q:7,) := {q, € L*(Q;R?) | q,lx €Hiv:K).K €7, ). (4.7a)
H(div’,Q; 7)) := {q € L*(QR>) | q | €HWiV;K),K€T,}, (4.7b)
= —h =h —

equipped with the norms



12
. 2
9, laaives, = (KZ; ”ﬂh"g(div;m) : (4.82)
€7
||gh||g<div2,9;7h> ::( z ||q IIH(dW K)) (4.8b)

We denote by T1, the orthogonal 1? projection of L*(Q) onto V},, which
can be defined elementwise by

/Hk(”)vh dx= ) /HK (), dx, vE LXQ), (4.9)
Q KeTh

/HK,k(U)pk dx = /vpk dx, p € P(K).KET,

K K

We note that IT, can be extended to L?(Q) for p € [1,2) and p € [2, o]
(cf., e.g., [14D).

We further denote by Ek and I, the L? projections of L2(Q;R>?) onto
Xh and of L*(Q;R?) onto V, which can also be defined elementwise

similar to (4.9) involving EK . and I, ,,K € T;,. The L? projections of

=K.k’
L") onto {v, € L*(1) | v,| € P,(E), E € £,(I')} and of L*(T'; R>?) onto
fa e LOR™ | a1l € PRE™

—h =
E € &,(IN}, will be denoted by IIr-, and El“k’ respectively.

For v e W22(Q;T,)* we redefine the primal energy functional (3.3) ac-
cording to

Tp(v) = & 3 </|ul —ur1 P dx+rm/|D2ul|2dx+l 3 /|D202|2dx>
2 Ke, % % 2 KeT, %
(4.10)

T,
-5 /(cof(Dzvl +0): DX (v, + f™) vy
KeT, ¥

—g’"lvllz) dx +

/cof(Dzul +20) : D*v; vy dx —1,, /fmul dx —
KeT, ¥ KeT, ¥

1 -
3 Z (/W]" "2 dx,
KeT, ¥

and note that it reduces to (3.3) for ve W22(Q)?.
We consider the finite element approximation with the DG spaces

V, = {v, €CQ) | vyl € P(K), KET,}, (4.11a)
V,i=1{q, 1 @~ R’ | q |x € P (K) . KET;). (4.11b)
vV =g QR | q |g € P(K)?, KeT,). (4.11¢)
— —h =h

We note that for k > 2 we have V}, ¢ W>2(Q; T;,). Moreover, for q € Xh,
wehave V-q | € P,_ (K> and V-V - a |k € Pr(K),K €T B

For u, € VZ we define the broken gradlent V,u;, and the broken Hes-
sian Dh“h by means of
KeT,,

Viauplg 1= Vuylg, (4.12a)

Dluylg := D*uylg, KET,. (4.12b)

Setting u;, = (u;, 1, up,,)", we consider a six-field formulation which will
lead us to the C°IPDG approximation:

P =V i € (1,2}, (4.13a)

p" =D, i€{1,2}, (4.13b)

Zh,i
)+ 1, (v V" —Th_o(cof(@" +©),): (" + 1)~ g;;‘u;;’l))
=h,1 =h,1 =h2 ’
(4.130)

=T ) + 7, /7, ineach K €T,
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where f ;l",m, f ;l"ext, and ©,,g)' are given such that " k. f}', |k, and
0,.8,'|x are the L? projections of S, and ©,g" onto P,_,(K) for

each K eT,,

mt’

V-V.p" +II;_,(cof(p™ +20,):p" )=0 ineachKe7, (4.13d)
=h2 =h.1 =h.1

We multiply (4.13a) by q, €V, and (4.13b) by q € Xh, integrate and
2 =, =

sum over all K €7,.

> /B;",i'gh dx= Y /Vuﬁ,»gh dx, 1<i<2, (4.14)
KeTh i KeT)

Z /p'” 1q dx= Z /Dzu’;l:q dx, 1<i<2. (4.15)
KETnK =hji =h KEThK =h

We multiply (4.13c) by v, € V},, integrate and sum over all K € 7;,, and
apply Green’s formula twice. We thus obtain

> (/Hk,z(u;l",l)uh dx+rm(/V-V-B'"
K K -

Ket, h,

vy dx — (4.16)
1

/Hk_z(cof(g':l +0,): (2;"2 A = g ) vy dx) =
J =, =

Y (/Hk,z(u;"’,l)uh dX+Tm(/B:1
J =

KeT, ¥

Dzuh dx —
/Hk_Z(cof(p'" +0,): (p"’ +f}’1’fint) —gZ’"Z,l) vy dx)) +

/ndk V. p Uh ds— Z (®" ny) -V, ds) =
KeT,l KeTysx =h.1

3 ('/Hk,z(u;":l)uh dx+rm/f;;fex,v,, dx).
K K

KeT,

We proceed in the same way with (4.13d) which yields

/(v V. p o dx+/Hk 2(cof(p +2®h) p'" )vh) dx) =
K

KeT,
(4.17)
3 (/p'" : D, dx+/1'[k_2(c0f(p'" +20,):p" ) v, dx) +
Ker =h2 =h,1 =h,1
h K K

Z " ny) - Vo, ds=0.
KeTp5x =h.2

Z /ndk~V~E"’ v, ds—
KeTy5x =h.2

m(1,1) pra2)

We replace p”’ lox nyx and V - p'" lsx in (4.19) by f) and P

where p"'(1 ’) 1 <i<?2, are numerlcal flux functions. Likewise, we re-
place p |sx mgx and V - p"' ok in (4.17) by P ”"(2 b and p ”"(22) , where

f);" ) | 1 <1 <2, are also sultably chosen numerical flux functions. We

thus obtain the following system of discrete variational equations:
Find (p oUni) € V xV, XV, 1 <i <2, such that for all (q :@,-Vn) €

V ><V xVh 1tholds

Z /p"' 1q dx= Z /DZu;l"1 1q dx, (4.18a)
KeT g =t =h KeTy % R
z BZ'I @, dx=- Z /g’” Vo dx+ Z /g;nél.l) ?, ds,
Kelhy KeTh x =h.1 KeThix

(4.18b)
Z (/Hk_z(u;,n,l)vh dx+rm/V-pZ'] v, dx)=
KeT, % ¥ -
3 (/Hk_z(u21>uh dx—fm/p;lﬂl Vo, dx) (4.18¢)
KeT, % X -



Tm Z / Am(”) vpds =
KGT,,I)K
7, Z /Hk_z(cof(Dz Oy (DR S — g ) vy dx +

KeT, ¥

/nk AW vy dx /fhm oy dx )

KET),

an

KET,, '/—h
KeTh'/

(4.19a)

'q dx = Z /Dzu;zn,z:ﬂ dx,
=h KeT), =h

K

2, dx=-— / V(p dx + Z /Q;”f’l)-gh ds,
KeTy % =hz2 KeThik

'S

2
h2
(4.19b)
Z /V'l_’;,ng vy dx =
KeThK
/ -Vu, dx+ Z /ndK ‘f);”)éz’z) v, ds = (4.19¢)
KeT, ¥ KeTpsk -

/Hk 2(cof (D! | +20) 1 D*ujy ) vy, dx.
KeTy g

In particular, for the six-field formulation of the C°IPDG approxima-
tion (4.22) the numerical flux functions p;”l‘ii’j), 1<i,j <2, are chosen as

follows:

BV le = (10 @ e —ahg (W) g ) np E€6,D). (4.200)
0, E€&,(Q)

By e = ! (4.20b)

Box e { v Ek 2= )+a2 hg’ zy ng, E€ & (D)

and

am@y o (om ¥ om

B le o= <{%h,2}5 . hg {gh,z}E> ng, E€&,D), (4.21a)

0, E€&,(Q)

m(22)) . ;

p()K | - { V%ZZ _l:; hE ho ng, Eegh(l") B (421b)

Wherezh i=Djuy . ,": (=Vu! @np,and Z' i=ull 1<i<2.

The particular choice (4.20), (4 21) of the numerlcal flux functions al-

lows to eliminate p” ,1 <i <2, from (4.18) and (4.19). We thus obtain
Zh.i

the following C°TPDG approximation of the von Kdrmén equations: Find

u} €V, such that for all v, €V, it holds

aPC @, v,) = £(vy), (4.22)

where the semilinear form aP“(-,) : V;, XV, > R and the functional

¢y V, > R are given by

aPel,v,) = Z (/nk_z(u;;’l)uh,l dx+rm/D2u;;{] i D’vy, dx —
K

KeT, K
(4.23a)

Tm/l'lk,z(cof(Dz " +0,) (Dl S S = &R Opy dx +
K

/Dzum : D?uy, dx+/l'[k_2(cof(D2u;l"1 +20,) 1 D2 ) vy dx) -
K

2
Z( > / D2 Vgt [Vo,, @nplgds +
E€ELQ) %,

i=1

Z /nE -{V- Dz“Zﬁ,i}Evh,idS)
E€&D)

2

+Z(a1 >

hy! /(Vu;:”l ®ng) ng - Vo, ds
i=1 E€&, ()

E

+a Z h?/u’;’viuh,,-ds),

E€g,M 4

(Vi) = Z (/gk 2(u;"’;1) Up dx+Tm/f;:,’ext Up, dx.
KeTy 'y X

(4.23b)

Theorem 4.1. The six-field formulation (4.18), (4.19) with the numeri-

cal flux functions given by (4.20) and (4.21) is equivalent with (4.22). In

particular, if u, | €V, and u,,, €V, is the solution of (4.22), there exists

pairs (p ,p )eV xV,.1 <i<2 such that the triples (p P, “h:) S
l

V X V >< Vh,l <i <2, satisfy (4.18), (4.19). Conversely, lf the triples

(p P, pn) €Y XV, XV, 1 <i<2, satisfy (4.18), (4.19), then u,,; €

Vh 1<z<2 solve (4 22).

Proof. Let u,; € V},1 <i <2, be solutions of (4.22). We then de-

finep €V ,1<i<2, by means of (4.18a), (4.192a) and afterwards
Zhi =
P, €V, 1<i<2, according to (4.18b), (4.19b). We choose q = Dzvh

=h
in (4.18a), (4.19a) and e, = Vv, in (4.18b), (4.19b) and insert the
resulting expressions into (4.18c), (4.19¢c) observing (4.20), (4.21). It
follows that

/V ) dx= Y / Dy dx— ) /ﬁ;"}f’”-wh ds +
KeTh KeT), =h.1 KEThaK -

/nK p'"(”)u ds= /Dz'” ’Dzuhdx—
KETh KeTh

/{D2 " Vg [Vo, ®nglp ds +
Eeé‘h(ﬂ)

T, Z /nE~{V~D2uZ”l}E v, ds +

Ee&p( E

ao Y h;/[vuﬁl@nE]E:[Vu,,@nE]EdH

E€&,(Q)
-3
a z hy /”Z,l vy ds,
E€E, D) %

/V P uhdx—Z/ D2vhdx—2/p;"1’f’l)~Vuhds+
KeT, ¥ =h.2

KeT, ¥ KeTysx

Z ndK~Q;"1’<(2’2 v, ds= Z /Dzu;’l2 : D*vj, dx —

KeTysx KeT, ¥

/{D2 molE t Vo, ®nglp ds +
E€E,(Q) g

Z /nE'{V'Dzu;,n,z}E vy ds +

E€Ey(D) g

D hl—sl/[vu;jz®nE]E Vo, ®nglg ds +

E€E(Q)
-3
a Z hyg /u;l"’2 vy ds.
E€&y(D) %

In view of (4.22) and (4.23) we deduce that the last equation in (4.18)
and (4.19) is satisfied.

Conversely, if the triples (p uy ) € V xV, xV,,1<i<2, satisfy

(4.18), (4.19), we choose q = Dzvh in (4. 18a), (4.19a), and ?, =V,

=h
in (4.18b), (4.19b), and insert them into (4.18c), (4.19c¢). Taking (4.20)
and (4.21) into account this shows that u;, € V,, satisfies (4.22). [



As in section 2 we define a bilinear form Apg(-,-) : (V, + V)X (V, +
V) — R and a semilinear form Bpg(-,-) : (V,+V)X(V,+V)X(V,+V) >
R by means of

Apg(uy,vy) 1= Z

KeT,

/Dzug2 D%, dx)— 3 (Tm/{gk
% EEELHQ) 4

/{gk_z(Dzu;"z,Z)}E . [Vuhl@nE]E) ds+

E

(/nk_z(u;j])u,,,l)dx+fm/Dzu;;jl : D2y, dx +
K
(4.242)

(D% D)+ Vo) ®@nglp+

z (rm/nE.{V.gkiz(DzuZ’,l)}E Upy ds +

E€&, () %

/nE AVIL (D)) oo ds )+

E
2
Z (“1 Z (Vuy, ®np) ng - Vuy, ;ds
i=l E€@ %
+a h?/”ﬁi Up.i ds),
E€ELT)

E

T,
Bpg (U, v, wy) :=—7’"( > /Hk_z(cof(Dz " +0p) 1 (Do, +

KeT, ¥
(4.24b)
Il — &) wy g dx+ D /nk 2(COf(D?ul, + 11, ) + (D0 +6)) —
KeT, g

g ) wy,y dx) + ) /l'[k,z(cof(Dzth +20),) : D*vp1) wy, dx,
KeT, g

where uy! ("hl’ h2)
wh’,-eV,,+V 1<i<2.
Then the C°IPDG approximation (4.22) can be written as: Find w'ev,
such that for all v;, € V,, it holds

— T — T
Vi = Un10p2)" s Wi = Wy 1, Wp2)" 5 Up s U

ApgU,V,) + Bpg W w v, =7, D (i Vp )2k (4.25)
KeT,

We introduce operators Apg : (V, +V) = (V; +V*) and Bjg : (V) +
V)= (V, +V) according to

<Apguy, vy, >VEVY, 4V T Apg(uy,vy), (4.26a)
<BpgUy, vy SVEVY, 4V Bpg(uy,vy), (4.26b)
so that (4.25) can be written as

ADG“’: + BDGuh f;lnext’ h ext (fh exr’ (427)

A slight variation of Theorem 2.1 in [9] yields the following existence
and uniqueness result.

Theorem 4.2. Given f", € L*(Q), letu” € V be a regular weak solution of
the von Kdrmdn equations. Then there exist &,, €, > 0, such that for any tri-
angulation T, € T(8,) there exists a unique solution w)' €V, of the C°IPDG
approximation (4.22) satisfying

2
)

i=1 KETy 3

D%y 1 dx+ )} / oy = fom? dx < e (4.28)

KeT, %

We note that u’ ¢ W>*(Q),1 <i <2, but conforming finite ele-
ment functions uj'’ € th :=V;, nW2*(Q) can be obtained from u € V,,
by postprocessing. In particular, let ¥, be the generalized version of
the Hsieh-Clough-Tocher C ! conforming finite element space as con-
structed in [18] and let u':”f = Eh("ﬁﬂ be the extensions of u’;:’,. to V¢
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as constructed in [20]. By a result from [21] there exist constants
Cev > 0,]v] £2, and C,,, > 0, depending only on the local geometry
of the triangulation and on the penalty parameters «;,1 <i <2, such

that for 1 <i <2 it holds

(X 10y

KeT,

1/p
W) s vI<2,

Co( X 104,

LP(K)) KeT,
€Th

(4.29a)

CZ(Z

h / Ve, @nglgl? ds +
E€&,(Q)

11
Z s = " WZP(QT)

-p(g+D)/q
n; /|u}”l"’.|p ds).
E

5. An a posteriori error estimator for the global discretization
error

(4.29b)

E€&y(T)

Given reflexive Banach spaces V,Q with norms | - ||, ]| - [, con-
vex and coercive objective functionals C : V > R, D : Q - R, and a
bounded linear operator A : V — Q, we consider the minimization prob-
lem

l}rellf/ J(u) (5.1)
for the objective functional
J(w) :=C(u) + D(Au). (5.2)

An abstract approach to the a posteriori error control for (5.1) has been
provided in [32] (cf. also [33] and the references therein). The a poste-
riori error control relies on the dual formulation of (5.1)

sup J*(¢*) or inf (=J*(¢%)), (5.3)
q*e0 q*eQ*

in terms of the Fenchel conjugate J* of J as given by

JHg") =-C*"(=N"q") - D*(¢"), (GX)

where C* and D* are the Fenchel conjugates of C and D and A* stands
for the adjoint of A.

Given some approximation u;, € V' of the minimizer u of (5.1), the a
posteriori error estimate Theorem 2.2 from [32] (cf. also Section 3 in
[1] and [33]) states that for any admissible function ¢* € Q* it holds

Ds(Auy, —u)) < Mo (A*q*,up) + Mp(q*, Auy,), (5.5)

where @; : O — R, is a continuous functional such that ®;(0) =0 and

for all ¢; € B(0,8) := (¢ € O | |lqllp <}, 5> 0, 1 <i <2, it holds

D((q; +a2)/2) + @ys(q, —

and

q1) < (D(qy) + D(g,))/2

Mg ) 1= 2 (Clu) + € NG)= < NGty >y )

. 1 .
Mp(g" Aw) = 3 (D(Av)+ D* (=)= < q", Ay > 01 o )

We apply the above result for V= WOZ’Z(Q)Z, 0 := L3 (Q;R¥™%)2, A= D?,

and
capsafs) == [ fmas dx. (560
Q
1
DDy D) =5 Y /(|Hk_2(u:;f TP+, | D2 dx) =
KeT, ¥

(5.6b)

T,
7’" Z /11,{_2(':of(1)2 O T DX S — g ey dx +
KeTy,



T (cof(D?upy +20,,) 1 Dup Dy dx+ Iy () uy's) =

z/

KEThK
2
/lHk 2(” )| dx,

where I K is the indicator function of K, := WOZ‘Z(Q)Z. We obtain:

KeTh

CH(-A"q",-A*q") = I, (q".q"), q €HWIV;Q), 1<i<2,  (57a)

= =) -1 =2 =i -

|2
Di@".q =5 ) [ la'F dx, ¢ €HdiviQ), 1<i<2,
-1 =2 2 & =i = =
i=1
Q
(5.7b)

where I is the indicator function of the closed convex set
Ky i=(@ha)e Hdiv": Q) | T, +7,9 -V " - (5.7¢)

[y | i g |
Tmnk_z(COf(Dz " + 9},) (D2 m + f;lnmt) 8y u'}:'I) = Tmf;zr,lext >
V.V. q +11,_ 2(cof(D2 +2®,,) DX n)=0inQ}.

We call p™ e V 1 <i <2, equilibrated moment tensors, if
=h,i
p"%? € H(div*; Q) (5.8a)
Shi =
and p™¢1 satisfy the equilibrium conditions
=hi
My + 7,V - V- P - (5.8b)
Tmnkfz(COf(Dz h RachHE (Dz b >t f;lnlnf) &h u';l) = T’"f;zr.lext inQ,
vV.V. p'" 4 411, _ 2(cof(D2 L+ 2®h) D) )=0in Q. (5.80)
Moreover, we choose p” € H0 (divz,Q) such that
=1

V- Vg:’l = ext fhext’ (59)
and set p” =0. It follows that (p”™*? +p ,p™+p )eK,,ie,

=2 Zhl =l Th2 =2

L@ +p B0+ )=0.
=c,1 =h2 =c2

Similar to (3.8) in Example 2 (p-Laplace problem) of [32], the estimate
(5.5) leads to:

m m m
e} =y 10y Tl = 15 a0 ) 15 =511 00 ) < (5.10)
(Jp(u;znlc’ y) + I G 5) + Tp (pmeq"'p S ))'
h,1 =c,1 =h2 =2
In view (5.7) we have
1 -
To@" “"+p PR )= > (Eflnkfz(u;";f—uz’lbﬁ dx +
—c,1 =h2 =2 KeT, %
(5.11)

1 _
—/Ip’”“’+p 12 dx+ = /lp’"“’+p & dx—z/IHk_z(u;”,l‘)l2 dx.
K

Using (2.2), we find

D))

et +p” [P dx<2( Y |p’"e"|2dx+ Y [l FPax).
i=l KTy =ci

=hii KeThy KeTpy =i

(5.12)
In order to estimate the second term on the right-hand side of (5.12) we
use the Poincaré-Friedrichs inequalities

lo— |K|’1/v dx|l 2 S CO) hilIVOll 2y vEW(K), K ET,,
K
(5.13a)
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||U—|E|_1/Uds||Lz(E) <CO hplVoll gy, vEW'HE), E€&Ty).

E
(5.13b)

where ¢

PE 1 <i <2, are positive constants (cf., e.g., [13]).

Lemma 5.1. Suppose that the following regularity assumption is satisfied:
For t € H (dlv ,Q) and the weak solution z € W“(Q) of the elliptic

boundary value problem

V.V-D*2=V-V.7 inQ, (5.14a)
z=np-Vz=0 onT, (5.14b)
there exists a constant C;l) > 0 such that

Dzl € LX([;R®2),  [|D?z|| o paxey < CV. (5.15)
Moreover, there exists a constant ng) > 0 such that

1Vzll 2 g.m2) < C2. (5.16)

Then for p” €H (le ,Q) as given by (5.9) there exists a constant Cy; > 0,

=c,1

depending on C,,C, and Cﬁ'), C;?F, 1 <i <2, such that it holds

< Cy oscyy, (5.17)

12" 1 g, <

where osc, | refers to the data oscillation

hz fl ext_f};r,lextlz dx, k=2

oscpy 1= Z T0SCk 1, O0SCk | ‘=19 ,4 12 .
h /l ext fh,extl dx, k23

KeT,
(5.18)

Proof. We have
lp" lr2@r2x2y =
=

sup { / p" rdx|reH | (div:.0). lizllame < 1)-
el = = —0Ip = ’

Fort e % - (div?, Q) there exists v € VVOZ’z(Q) such that 7 = D?v. In fact,
= T'p =

v can be chosen as the weak solution of the boundary value problem

(5.14). Hence, we have
sup /pm : D?v dx.
=1

ID%0ll 2 22y 1Y)

||gm1 I 2@ r2x2) < (5.19)
Applying Green’s formula twice locally on each K € 7, and observing
(5.9), we get

/p"’ :D’zdx= Z /V~V-p"' zdx +
J = = =

> /p”’ npVzds= Y [ (S - f) z dx. (5.20)
E€E(D) =l

KeTy

In order to estimate the first term on the right-hand side of (5.20) we
first consider the case k = 2. In view of the choice of f, we have

/( ext f;rr.lext) z dx = Z /( ext f;:ext) (Z _pO) dx,

KeTy ¥ KeTy ¥

where p, :=

(5.16) yields

Y [un -tz ar

|K|™! f z dx, and hence, an application of (5.13a) and
K

< (5.21)

KeT, ¥



1/2
(/|Z—Po|2 ax) " <
/2
/|Vz|2 dx <

2
/ 2= Fl? )

KeT,

<1)
CPF

hq/lfgct fhexrlzdx

KET,,

2) ~(D 1/2
C; CPF osc,’
In case k >3 we have

Z ext fhexr)de: Z

KeT,,K KeT, i

(f = fn) (z=py) dx,

p1 € P (K).

We fix p; € P(K) by the interpolation conditions [, pjdx = |K|~! [, zdx

and [, Vp;dx=|K|™! [, Vz dx. An application of (5.13a) gives

/(f:),ct fhext)de

KeT, %

1/q 1/2
/l = ol dx) (/|z—pl|2 ax) " <
KeT,
C(l) 2 hq /lv(z_p])|2 dx)

/ |fgct fhexr|2 dx
KeT,
=(p;»p12)" , another application of (5.13a) yields

Setting Vp,

0z

1))
== = Pull 2 < <) hg ||V ||L2(,<),1<z<2
i

Hence, using (2.2), we obtain

(/|Vz—|K|—1/|V(z—p1>|2 ax)” <
/|——P11| dx /|——P12| |) )/2) <

1/2
4C py / |Dz)? dx)
Using (5.23) in (5.22) and observing (5.15) it follows that

T [t zad <
KeT, ¥

acy?( X / fone = Pt dx) / D%z dx)
KeTy, KeTy %
M2 4 2 2
achre( Y /I m= Il dx)
KeT, X

The assertion now follows from (5.21) and (5.24). [

Moreover, as far as Jp(u)" w1

m,c oy
Iplu ), 5) =

—1y12
W2 -

’ZC ) is concerned, we have
1
m m
Ipuy s upo) t35

/ [T, 2(u
KeT,,

M)~y )dx+ In / |D2
KeTy,
|D2u;l""]‘|2) dx+3 /(|D2u;:‘:2‘|2 - |D2u;’:"2‘|2) dx

KeT, i
/ Hk Z(COf(D2 + Dz@h) (D2 + fh mt
KeT, K

grup ) upt | + Ty _p(cof(D*uyy + D*®,,) : (D*u

g hl)uhl dx+ Z
KeTy ¥

m,c
/ext(hl uy’y) dx.
KeTh

m,c m
n2 T fh,im)_

(5.22)

(5.23)

(5.24)

<

(5.25)

/nk 2(cof(D*upy | +26y) 1 D2yl ) uly ) dx —
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Lemma 5.2. Let u' € V}, XV, be the solution of (4.22) and let (u}",u,")) €
Vv, X V7 be its postprocessed finite element function. Then it holds
mcey m m eq
Tp(uys ) = Ipt L ul NS Y K (5.26)
KeT),
where
eq . _ l 2 X
Ky = 7((1 + Gl 1||L 0t ||” ||Lz(,<) / ||” ”;,nj”LZ(K) +
7, 1D || | D>u — D*u|| 2+
m nall 2k ro2) Bl 1 | I2(KGR>2)
2 2 2 2 2 m,
1Dy = D2y 117 . RZX’)) F D%y, | 2 kemoey 1 D71y, = Do | 2 ey
T
2 2 mc m 2 2
D20, = DS e + o (10207 oy | D20 s ey +
2 2
||D @h ||L3(K;R1XZ)||D u’pzleL}(K;szz) + C3,0”D f}:lint”L](K;RlX2>
2 2 2 .
D% oy + 1020, o 1D sy Yty =65 vy )
2 2
+ (C3,o||u;"m ||L3(1<)||D u;,nl”U(K:RZXZ) +||D f;,'f,-,,,||L3(K;sz2)||uZi1 ||L3(1<))
(5.27)
2 2 m, 2
D%, = D2l oy + ( CaoCaalle o 1Dl sqmoey +
2 2
C30||D ®h”L‘(K[R x7)||uh1||u(l<)>||D " —D hz”L"(K R22) T
2 2 2, mc
2 (0 o D% oy 1D, = DR ey +
2 |\ D*u oyt 2(1p*6 "
Tl ;,1||,_x(,< R )||”h,2 ”M”LJ(K) +2( 1l wll s acmoey (o |l Loy
2 2 A
D%, = D2l sy + Coall D sy + s =25 vy ) ) +
Tm||gf||u(l<)||”;,n_1 - u,,_'l FES) +Tm||f£1“LZ(K)”uﬁl - uhv’l 2y
(5.28)

Proof. For the second term on the right-hand side of (5.25), using the
Cauchy-Schwarz inequality, Young’s inequality, and (4.29a), we find

1 _ ;
|5/<|Hk,2(um’c—uz,ll)lz—lflk,z(u';l—u;"’ll)|2) dx| < (5.29)
/Iuh]+u Zuh]llluhl) |dx§
12 12
L((1+c0,2)/|u;",1|2 dx+/|ug31|2 dx> (/WJ- de> .
\/E K K K

Moreover, by Taylor expansion and using (2.2) as well as Holder’s in-
equality we get

1 2 2
‘E/('D W — D2 | )

K

= (5.30)

‘//(Dzuhlupz(u;"j—uﬁi)dx:Dz(u;"f—uz’,.) dx| <
//|D2 m +/1D2(uh’ —uhl)llDz(uhl —up)ldidx <

1
2// |D2 4 ADP Wy = O DAy —uy ) dAdx <
K 0

(/ | Dy, -
K

qu)|2 dx, 1<i<2.

1/2 1/2
2( |D2”h:| dx) u;'i‘[.c)lz dx) +

/ | D>y~
K

Further, for the fifth term on the right-hand side of (5.25) it follows that



|/ (l'l,(fz(cof(DzlA;"y1 +D%*0,): (Dzuz’y2 + S — 8 y) u;"‘yl -

T, (cof DU + D*®,) : (DXu'S + f,) — gpul) uhl) dx| <

2 2 2 2
(“D MZKVIIIIQ(K;R?XZ)“D u;ﬁz“lﬂ(K;R?ﬂ) +11D ®h||l_*(K;R2x2)||D ”;l".z”l}(K;R?xl) +
2 2 2
CsollD” £l 13k moy | D uﬁllle(K:sze) +[|D70, |l 13k r2)
2 , 2
D f;;".mr||L‘<l<:R2XZ))||”Z",1 =l s + (Cw"“Z'.l 3 iy 1D70t | 3 ey +
2 2 2. m,
1D fz,,,,||u<l<;n@2x2)||“;:1 ||L3(K)>||D ”;,"] -D ”ﬁf”U(K;Rﬁxﬁ) +
<C3,0C3,2 ||“'Z| Il L3(K) ||D2”2"_1 I DRy T C3_0||D2®,, I L3(K;R>2) ””;",1 ||L3(K)>
D2 m _D2 l 1+C m DZ m
Il Uy ”L‘(K roe) |+ 5 ((1+ 3‘z)||’4,,12||1_3(1<)|| Up 123k mory

2 2 ’
1D uy, — D7u mc”um r22) F ||gh 2ol =y 2y

(5.31)

The sixth term on the right-hand side of (5.25) can be estimated from
above similarly. Finally, we have

/fext(uhl hl) dx| <
KeTy g

172
Z (/| extlz dx </|“h,1 —u‘;l’ll2 dx) .
KeT), X X

The assertion now follows from (5.25) and (5.29)-(5.32).

(5.32)

O

For practical purposes, we further replace the indicator function

Ty, @y uys) (cf. (5.6)) by the penalty term
2
Z(al Z '/InE~VuZ’I.C|2 ds+a, /lu €|2 ds
EEE,T) % ' EESh(F) %
(5.33)
In view of the construction of u}’’ we have u}"’|p =u}i, on E € £,(I)
and hence, (5.33) gives rise to the data oscillations
ay oscyly +ay oscyly = Z oscy 5+ ay z 0SCY 55 (5.34a)
KeT, KeT,
2
oscy , 1= hg / Ing - Vuj |* ds, (5.34b)
i=l Eeg,OKnD) 4.
2
oscy 5 1= 2 / lufy 1* ds. (5.34c)
i=1 E€€,0KnD) %
Using Lemma 5.1 and Lemma 5.2 in (5.10) yields
2 3
m,eq
2 " = 12 ) S Zn : (5.35a)
i=
Here, ”h ! and 11 5" are given by
Myt = > “, 1<i<3, (5.35b)
KeT,
where nﬁ’f", 1 <i <3, read as follows:
1
e = 3 / Ty, — )|2 dx+ 2 / | D?u I|2 dx — (5.35c)
K

T, /Hk_z(cof(D2 m+0,) (DM L) = &) Uy dx—

/ ottty X+ > /|Peq |2dX——/|Hk 2(” 12 dx

/|D2 2|2 dx+/Hk 2 (cof(D*uT ' +20,): D? Wy )ty dx +
K K

eq .
Mko

(5.35d)
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1 / 2
5 [ 1P 1 dx,
2) zh2

My = Ny =0 e+ Tl = w12+ (5.35¢)
3
m eq m
||uh,2 h2||W22(K)+KK +20SCK,:"
i=

The right-hand side in (5.35) is then a computable and localizable quan-
tity for the a posteriori estimation of the global discretization error. It
gives rise to the following equilibrated a posteriori error estimator

meq,_ m,eq
e

The construction of an equilibrated flux will be dealt with in the subse-
quent section.

meq .

My 1= (5.36)

Z sl 1<i<3,
KeT(Q)

Remark 5.3. The efficiency of the equilibrated a posteriori error es-
timator #,"*/ can be shown locally on patches around interior nodal
points by using techniques from [36] involving suitably chosen bubble
functions.

6. Construction of an equilibrated flux

We construct equilibrated fluxes p'”*e‘? € V(h) n H(div; Q) and equi-

librated moment tensors pm “eV N H(d1v ,Q),1<i<2, by an inter-
=h

polation on each element. Thus it is a local procedure. In particular,
denoting by BDM, (K), k € N, the Brezzi-Douglas-Marini finite element
of order k (cf., e.g., [5]), we first construct auxiliary vector fields
P! € H(div. Q). p}"/|x €BDM,_(K). K € 7;(Q). 1 <i <2, satisfying
—h,i —h,i

M, ) + 7,V - 2:"‘;“’

2,11, (cof(D*u™ DDy, + DY f ) -

(6.1a)

h,1+D20),)

Hk_z(u',:"

V- p”’ 4 411, _ 2(Cof(D2

m,m \ _ 1 m
&y = )+ T Fhexes

1 +20)) ¢ D*u ) =0, (6.1b)

in each K € 7;, and then equilibrated moment tensors p™* € V r 1<i<

Zhii
2, satisfying (5.8).
For the construction of the auxiliary vector fields we recall the fol-
lowing result:

Lemma 6.1. Any vector field q € P,(K)?, k € N, is uniquely defined by the
following degrees of freedom

/nE -qpeds, p,€P(E), E€&,(0K), (6.2a)
E
/g Vpi_ydx, Pi—1 € P _1(K), (6.2b)
K
/g ~eurl(bg p,_») dx,p,_» € P,_»(K), (6.2¢)

K

3
where by in (6.2c) is the element bubble function on K given by by = ] X
i=1

and AI.K ,1 <i <3, are the barycentric coordinates of K. Moreover, there
exists a positive constant Cg), depending only on k and the local geometry
of the triangulation T, such that

/|q|2 dx<c<‘>( > ohg /InE ql? ds+h% /lV q® dx + (6.3)

Ee&p(0K)

max { [ 1a-curlyp o)1 dx | s € Poa(). maxlp o0l <1)).
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Fig. 1. Patch w; associated with nodal point x, € N}, (Q) featuring N, triangles K,,1 <¢ < N, (x; € N,,(0E N Q) (Case 1, top left), x;, € N,,(0E NT) (Case 2, top right),
x; € N} (intE n Q) (Case 3, bottom left), x; € N,,(intE NT) (Case 4, bottom middle), and x; € N, (intK N Q) (Case 5, bottom right)).

Proof. For the uniqueness result we refer to [5]. The estimate (6.3) can
be derived by standard scaling arguments (cf. Lemma 3.1 and Remark
3.3in[2D. O

The construction of the auxiliary vector fields BZ”’_‘?‘J,I <i<2, will
be done on patches w; consisting of all triangles K € 7, that have an
interior nodal point x; € N},(Q) in common. We assume that w; consists
of N; triangles T,,1 <# < N;. We enumerate the interior edges E,,,1 <
m < M, counterclockwise and distinguish five cases (cf. Fig. 1).

We follow the techniques from [3] and construct the auxiliary vector
fields p’,:' 1 1< ¢ <2, patchwise:

meq _ me (u,' (6.4)
For a patch o;, we construct p,""",1 <# <2, such that
P;,n;)' |k, €BDM,_;(K,) , (6.5)
M) )+ 7,(V - Py = T (cof(D%ujl | + D*®y) - (Dupy + f77,) =
ghi ) =up !+ 1, ino;
V-pyy + T (cof(D?ufy | +20y) : D*u)l ) =0 in o,

m(l)
Py,

— Hm.w;
Dok, lE» Eefh(mtco)

where, denotlng by (p e V(k) the nodal basis function associated with

X;» pM and p”’ i |E are given by
p:’;’: :_(pilx )pzl;q E;,{()u],(l _(p;'x )ﬁm(l f)l A<i<n, (6.6)
Case 1 (x; € £,(0E N Q)): For £ =1,2,--, N, we compute P;mlw)h(f €
BDM,_,(K,) according to
/P(mw Ik, ME,nk, Pi-1ds = (6.7a)
Ey

am,(1,1) —
,:4 <nEf ‘Pok, )lE{’f_l b
(m,@;) s Pk—1 € Fr—1(E¢)
/ Dg,nk, ‘Bh’,nlw |k, Pio1 ds, € =23, N,
Ep
( o /)
/ Ng, ok, Py Ik, Peor ds = (6.7b)

Epiy
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am,(1,1)

J ng, P
b;/r] 7+l —0K,
f Ef.Am( )“E/ Py ds, £=1,2,- N,

Pr—1 ds, £ =N;

|E,
£+1
Pr—1 € P (Epy1)s

Pr-1 € P (Epyy)s

(m.w;)

ng-p, " =0, E€ &K, Niw,) (6.7¢)
/pizmlw )|Kf “Vppdx=— /V P(mw) Pr— dx = (6.7d)
Ky Ky
- /nkfz(u;z, —u;,";l) P dx +
K
Tm/nk—2(COf(D2 n +®h) Dz(uhz +f;tntm) gh h, 1) Pr— dx +
K
Tm/f,','fex, Dr—2 dX, pr_y € Pr_»(Kp),
K
/p;mlw, Ix cl.ll'l(bepk_g) dx = / V. Dzu;l"’] . cul‘l(bepk_3) dx ,
K, Ky
(6.7¢e)

Pi—3 € Pr_3(Kp).

The construction of the equilibrated flux p';l”;‘l can be done in a similar
way. ’
For the construction of the equilibrated moment tensors p*?,1 <i <
Zh.i
2, we begin with the specification of the degrees of freedom for tensors
p (p,j)lj . eyh. We note that

dim P(K)>? =2(k + 1)(k +2). (6.8)

Lemma 6.2. Any p € P(K)*? with p = (p;;, pp)", 1 <i <2, is uniquely

determined by the following degrees of freedom (DOF)

/ pngp ds. p_€PR(EV E€&K), (6.92)
/=

/ p:Vp,_ dx p_ € P,_1(K)’\ Py(K), (6.9b)
/=

/ P - curl(bgp_s)dx, Py € Pop(K), 1<i<2. (6.9¢)
K



The numbers of degrees of freedom (DOF) associated with (6.9a)-(6.9¢c) are
as follows

DOF (6.92) = 6(k + 1),
DOF (6.9b) = k(k + 1) =2,
DOF (6.9¢) = (k — Dk

and sum up to the right-hand side in (6.8).

Proof. The interpolation conditions for p(’ and p® are separated. The
vector field p) (for 1 <i<?2) is determined by the degrees of freedom

(i)

ng-pVp, ds,  p € P(E), E € &,(0K),

E(i) “Vpr_1 dx,  pry € Po (K)\Py(K),

p" - curl(bgpy_,) dx, py_y € Per(K) .

R R T

By applying Lemma 6.1 we conclude that there is a unique solution.

O

Lemma 6.3. Let q = (q",q®) € P,(K)*>*?. Then there exists a positive con-

stant C(EZ>, depending only on the polynomial degree k and the local geometry
of the triangulation T, such that

/|g|2dxsc<§> Y hg /|an|2 ds+h /lV ql* dx +
/=

E€&,(0K)
(6.10)
Zmax{/ O curl(bg py) * dx: py_s € Py, max |pk_2(x)|§l}).

Proof. As in the proof of Lemma 6.1, the estimate (6.10) follows by
standard scaling arguments. []

Now, for the construction of the equilibrated moment tensor p"¢?

=
we set
2,,m 2 2,,m 2
£ .=(a AR T Fupy U
sho ax? Tox,0x,” T ~h 0x,0x,’ dx>
We construct pm €4 = (p h'"e")‘ =1’ 1<m<2, with
pY =T 1 <i <2,
~h.m.eq 12
patchwise:
np
ped = (m.o;) (6.11)
Shil o = =hi
For a patch w;, we construct p"®? such that
=h1

g“"’wf) |k, € BDM,(K,), (6.12)

(m,w;) — (m,w;) m,(l,l) : . .
V.p p 1na> P ng = K g, E€&y(intw;), 1 <N,

=h,1 =h,1

where, denoting by qo;xi Je V}fk) the nodal basis function associated with

x;, Py, and p|  are given by

(mw) (x;) (x;)

5 . L1 ;
B =0, B B g =0 @ 1<i<n,. (613)
Moreover, we define z(m i) according to
(m;) (x;)_ (m,
7" =g 1<y <2, (6.14)
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Case 1 (x; € £,(0ENQ)): For £ =1,2, -+, N; we compute p(’"~“’i)|Kt, with
=%

p")| ., € BDM(K,) according to
=h,1

/ BLM{WI)IKf"Ef“Kf ‘P ds = (6.15a)
E,
[ (M) _
E/ (paK l)lE/”f_l )
(m,w;) ‘ ,kaPk(Ef) s

[Pk, gk, B, ds, £ =23, N; =

E, =h,I Zk

/ Bzm[wi)lkanf+I”Kf B ds = (6.15b)
Epyr

A ) _
E/ pfiml(j |Ef+l Ek ds, f_Ni ,
£+1 i GP E ’

[ 8" 'ng, -p, ds.p, € P(Epy))*.6 =12, N, P, € PlErsr)

E, =0K
B:nl,w,) ng =0, E€&(K,Now;) , (6.15¢)
/ Pk, 1 VR, dx == / P, p dx+ (6.15d)
K, I3
/Eilml,w,ﬂkfnokf ‘p,_,ds.p,_ € P (K,
ok,

v) _ ()

/ P eg Ko €O MK, Pip) dx = / 2" - eurl(bg, p_p) dx,  (6.15€)
K, i

1<v<2, pyy € P r(Ky).
The construction of the equilibrated moment tensor p™ can be done

=h2
in a similar way.

7. Relationship with a residual-type a posteriori error estimator
Using the techniques from [36], the residual-type a posteriori er-

ror estimator for the dynamic quasi-static von Karmén equations with
homogeneous Dirichlet boundary conditions reads as follows

RIS

i=1 KeT), i=1 KeT),

m res . ~m,res

Mg (7.1)

For 1 <m < M the element residuals rlz’” 1<i<8,and r"/'" S 1<i <6,

are given by

m,res .,

=h% / Ty (uy ) + TmAzu;,"’l - T,,,Hk_z(cof(Azu;il +

K1
(7.2a)
Dz@h) (D2 b + fh tm g:znu';,l) - Hk_z(u;"lil) - T’”f}'?',lé‘xflz dx,
e =y [ (A7), + T (cof(D?uf! | +20y,) : Du! )I? dx,
K2 - X k=2 h h,1
(7.2b)
e 3 he [l vpEas s 020
’ EeSh(K) %
My 1= K Z hE/|[D2u;J.]EnE|2 ds, 1<i<2, (7.2d)
Eeé&,(K) E
mpres . m 2 :
Mkive *= KE 2 [V, @ nglg|” ds, 1<i<2, (7.2¢)
E€&,(K) %,
e = (g )VPDM | pggn 1= 1.3.5, (7.20)
"7',?:”':(’71(, 1/2|D2 2|DGQ,1—246 (7.2g)
where



1
~, E€&(Q
k=< 2 n@ , (7.2h)
1, E€&,)
and
2. m . 2. .m (2 1/2 . :
|D uh’,.|DG,Q.=( > [ 102 dx) J1<i<2. (7.2i)
KeTy ¥
We further define data oscillations t??c}'fi, 1 <i <2, according to
G - (osc;l”’l)l/2(|Vu;l”,1 Ipco+ |V“;:l,2|DG,Q)’ k=2 7.2))
h.l (osc V2D | pg.o + D)l pg.o) k23
6s¢;,, 1= (0s¢ )2 (ID*U) | pg.r + 1D°uy | pG.r)s (7.2K)
where |Vu}' | pg o and | D*u}! | pg .1 <i <2, are given by
m m |2 172
IV | pgo i= ( 3 v dx) , (7.21)
KeT,
2. m 2. .m (2 1/2
1D | por = ( Y @D ds) (7.2m)
E€E),

The following result establishes the relationship between the equili-
brated and the residual a posteriori error estimator.

Theorem?7.1. Letu, € V, be the CPIPDG approximation as given by (4.22)
and let n,",m)?, 1 <i < 8,77, 1 <i <6, and oscp,;, 1 <i<3,05¢4;,1<i<2,
be the equilibrated and the residual a posteriori error estimators as well as
the data oscillations as given by (5.36), (7.2), and (5.27). Then there exists
a constant C,,, > 0, depending on cg,C,,.,®; Cg), cW 1<i<?, such that

res rec> %i» PF’
6
~m,res
+ Z Mhi
i=1

Moreover, if we use (4.29) in (5.35b), then K;" can be estimated from above
in terms of residuals and data oscillations.

8
m.eq mpres
< Cres ( n

My e + OSCZ‘,I + osc}'z3 + (3?0221 + ()’E‘C'ZQ). (7.3)

i=1

The assertion can be established by standard means.

Remark 7.2. Using techniques from [36], it can be shown that the
residual-based error estimator is efficient.

8. Predictor-corrector continuation method

The time adaptivity used in this paper is dictated by the convergence
of Newton’s method for the numerical solution of the nonlinear IPDG
approximation (4.22) and not by an upper bound for the discretization
error in time, because the time steps predicted by the latter are much
larger than those by the former.

Setting x"™ := (x'l"’i, x']'\',; Y, N, :=dim V},, 1 <i <2, the algebraic for-
mulation of (4.22) leads to a nonlinear system of the form

Fx™!, x™2,1,)=0, (8.1)

with a continuously differentiable nonlinear mapping F : RNt x RNn x
R, — R x RN» Hence, the nonlinear system (8.1) can be solved by
Newton’s method. The problem is the appropriate choice of the time
step sizes 7,,,1 <m < M, in order to guarantee convergence. In fact, a
uniform choice 7,, =T /M only works, if M is chosen sufficiently large
which would require an unnecessary huge amount of time steps. An
appropriate way to overcome this difficulty is to consider (8.1) as a pa-
rameter dependent nonlinear system with the time as a parameter and
to apply a predictor-corrector continuation strategy with an adaptive
choice of the time steps (cf., e.g., [15,22-25]). Given x" 1 1 <i <2,
the time step size 7,,_; (= 7,1, and setting v =0, where v is a counter
for the predictor-corrector steps, the predictor step for (8.1) consists of
constant continuation leading to the initial guesses
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x(mihV) = gm=bi =ty FTyo1y, 1<IZ2 (8.2)

.

Setting #, =0 and x40 = x("iV) for £, < ¢,,.., where £,,,, >0 is a

pre-specified maximal number, the Newton iteration

max

axm F(X(m,l,vfl)’ X(m,Z,vfl)’ tm)AX(m,v,/]) - _ F(X(m,l,vfl)’ X(m,Z,vfl)’ tm)’ (83)
x(m.v,f1+1) — X(m,v,fl) +AX(m’f'Kl), fl > O,

serves as a corrector whose convergence is monitored by the contraction
factor

ey _ |AXEED])

= , 8.4
; I ®D
where Ax("-¥71) is the solution of the auxiliary Newton step
Lve 2,v. -1 _ AV 2+
O F(x(mIven) xm2ve=l ¢ \Axmv.é)) = — FxUmbvaith gm2v+l ¢y
(8.5)
If the contraction factor satisfies
AP % (8.6)

we set £, =¢; +1. If ¢/, >¢,,., both the Newton iteration and
the predictor-corrector continuation strategy are terminated indicating
non-convergence. Otherwise, we continue the Newton iteration (8.3). If
(8.6) does not hold true, we set v=v + 1 and the time step is reduced
according to

V2-1

Tm,v = max( Tm,v—l s Tmin)’

VZTN G

where 7,,;, > 0 is some pre-specified minimal time step. If z,, , > 7,,;,, we
go back to the prediction step (8.2). Otherwise, the predictor-corrector
strategy is stopped indicating non-convergence. The Newton iteration
is terminated successfully, if for some £} > 0 the relative error of two

subsequent Newton iterates satisfies

8.7)

“X(m,v,ff) _ X(mA,v,fT—l) I
<

8.8
D) N o
for some pre-specified accuracy e > 0.
In this case, we set
x = xmvep) (8.9)
and predict a new time step according to
2—1) [|Ax"vO
. (V2= 1) [ AxO) 8.10)

DAY [xnv0) x|

where amp > 1 is a pre-specified amplification factor for the time step
sizes. We set m=m + 1 and begin new predictor-corrector iterations for
the time interval [7,,,7,,,].

Remark 8.1. The adaptivity in time is based on the predictor-corrector
continuation strategy which guarantees convergence of the Newton it-
eration. We have also implemented the time error estimator from [36]
of the reference list. It turned out that the time steps predicted by
the predictor-corrector continuation strategy were always much smaller
than the time steps predicted by the estimator from [36]. Also, the ac-
cumulation of the error in time by the predictor-corrector continuation
strategy was much smaller than for the estimator from [36].

In [6], a conditional a posteriori error bound for semilinear convection-
diffusion problems has been derived where the condition can be imple-
mented in practice by the convergence of Newton’s method. It would
be interesting to see whether this also holds true for the quasi-static von
Karméan equations. However, a rigorous analysis would enlarge the size
of the paper significantly and should thus be left for future research.



Fig. 2. Computed solution component u,,; at time 7= 0.1 sec (top left), = 2.5 sec (top right), 7 = 6.5 sec (bottom left), # = 80.0 sec (bottom right).
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Fig. 3. Adaptively generated meshes for polynomial degree k =2 at time ¢ = 0.1 sec (top left),  =2.5 sec (top right), 1 = 6.5 sec (bottom left), r = 80.0 sec (bottom
right).
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Fig. 4. Adaptively generated meshes for polynomial degree k =3 at time ¢ = 0.1 sec (top left),  =2.5 sec (top right), 1 = 6.5 sec (bottom left), r = 80.0 sec (bottom
right).

Fig. 5. Adaptively generated meshes for polynomial degree k =4 at time 7= 0.1 sec (top left), r =2.5 sec (top right), 1 = 6.5 sec (bottom left), r = 80.0 sec (bottom
right).

9. Numerical results g=0.8x, (exp(—x%) — exp(—x%)), Soxt = sin® (nxl)cosz(n:xl ).
At each time step, we have implemented the C°IPDG approximation
As a numerical example, we have chosen the example from [31] (4.22) with the penalty parameters a;,1 <i <2, chosen as a; = 12.0 k?
with Q as the square Q :=(—1,+1)? and final time T = 100 sec. The data and @, = 2.5 k® for the polynomial degrees k = 2,k =3, and k = 4.
for the problem are given as follows: Further, we have implemented the adaptive algorithm based on the
equilibrated error estimator #,? by Dorfler marking [17], i.e., given a
0 =-0.5x;x5(x; — D(x, — l)exp(—x% — x%), fim = 0.8x1exp(—x% - x%), bulk parameter y € (0, 1), we have selected a set M, C 7, according to
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Fig. 6. Discretization error, equilibrated a posteriori error estimator, and residual-type a posteriori error estimator for polynomial degree k =2 (top left), k =3 (top
right), and k =4 (bottom) at time 7 = 0.1 sec.

LA
KeT, KeM,,

and we have refined elements K € M,, by newest vertex bisection. In
case of the residual-based error estimator #;** we have implemented
the adaptive refinement likewise. For k =4 we have chosen the initial
triangulation from a partitioning of Q into squares of width 1/8 and
then drawing diagonals from bottom left to top right in order to obtain
a simplicial triangulation with right isosceles. To reduce computational
work, for k =3 the initial triangulation has been chosen as the final
triangulation for k =4, and likewise, for k =2 the initial triangulation
has been chosen as the final triangulation for k = 3. The data for the
predictor-corrector continuation strategy have been chosen as follows:

Vax =50, Tpin=1.0-10% £=1.0-107, amp=12.

Fig. 2 displays the numerically computed solution component u, ; of
the dynamic quasi-static KArman equations at time ¢ = 0.1 sec (top left),
t =2.5 sec (top right), = 6.5 sec (bottom left), t = 8.0 sec (bottom right).

The adaptively generated meshes based on the equilibrated a pos-
teriori error estimator with y = 0.4 for the polynomial degree k =2 at
time 7 =0.1 sec, t =2.5 sec, t = 6.5 sec, and ¢ = 80.0 sec are shown in
Fig. 3. Those for the polynomial degrees k =3 and k =4 at those times
are displayed in Fig. 4 and Fig. 5. We observe a significant refinement
in regions with steep gradients.

The adaptively generated meshes based on the residual-type a posteriori Fig. 7. Adaptively chosen time-steps from 7 = 0.0 sec to 1 =9.0 sec.
error estimator look similarly and are therefore omitted.
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Since the exact solution of the initial-boundary value problem for
the dynamic quasi-static von Kdrmén equations under consideration
is not known, in order to compute the global discretization error, at
each respective time instant we have chosen the last generated adap-
tive mesh, refined uniformly twice, computed an approximate solution
by the C°IPDG method with respect to that mesh, and taken this ap-
proximation as a substitute for the exact solution. Fig. 6 shows the
discretization error, the equilibrated a posteriori error estimator, and
the residual-type a posteriori error estimator for polynomial degree
k =2 (top left), k =3 (top right), and k =4 (bottom) at time 7 =0.1 sec.
In all cases we observe the optimal convergence rate of 0.5. For k=3
and k =4 the decay is faster than 0.5 in the pre-asymptotic regime,
but approaches 0.5 asymptotically. The equilibrated error estimator is
smaller than the residual-based error estimator by approximately 1/2 of
an order of magnitude. The results at times 7 = 2.5 sec, 1 = 6.5 sec, and
t =80.0 sec are similar and are therefore omitted.

Finally, Fig. 7 displays the adaptively chosen time-steps, obtained
by the predictor-corrector continuation strategy, from ¢ = 0.0 sec to 7 =
6.5 sec. We observe a drop in the time-steps when there is a significant
change in the location of the maxima and minima of the solution.

Data availability
Data will be made available on request.
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