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Abstract

This paper is the first in a series in which we offer a new framework for hermitian
K-theory in the realm of stable co-categories. Our perspective yields solutions to a
variety of classical problems involving Grothendieck-Witt groups of rings and clarifies
the behaviour of these invariants when 2 is not invertible. In the present article we
lay the foundations of our approach by considering Lurie’s notion of a Poincaré oco-
category, which permits an abstract counterpart of unimodular forms called Poincaré
objects. We analyse the special cases of hyperbolic and metabolic Poincaré objects,
and establish a version of Ranicki’s algebraic Thom construction. For derived oco-
categories of rings, we classify all Poincaré structures and study in detail the process
of deriving them from classical input, thereby locating the usual setting of forms
over rings within our framework. We also develop the example of visible Poincaré
structures on oo-categories of parametrised spectra, recovering the visible signature
of a Poincaré duality space. We conduct a thorough investigation of the global structural
properties of Poincaré co-categories, showing in particular that they form a bicomplete,
closed symmetric monoidal co-category. We also study the process of tensoring and
cotensoring a Poincaré oco-category over a finite simplicial complex, a construction
featuring prominently in the definition of the L- and Grothendieck-Witt spectra that we
consider in the next instalment. Finally, we define already here the Oth Grothendieck-
Witt group of a Poincaré oco-category using generators and relations. We extract its
basic properties, relating it in particular to the Oth L- and algebraic K-groups, a relation
upgraded in the second instalment to a fibre sequence of spectra which plays a key
role in our applications.
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Quadratic forms are among the most ubiquitous notions in mathematics. In a pioneer-
ing paper [75], Witt suggested a way to understand quadratic forms over a field k in
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terms of an abelian group W9 (k), now known as the Witz group of quadratic forms. By
definition, the Witt group is generated by isomorphism classes [V, ¢] of finite dimen-
sional k-vector spaces equipped with a unimodular quadratic form ¢, where we impose
the relations [V@® V', g L ¢'] = [V, q] +[V’, q'] and declare as trivial the classes of
hyperbolic forms [V @®V*, h] given by the canonical pairing between V and its dual V*.
In arithmetic geometry the Witt group became an important invariant of fields, related
to their Milnor K-theory and Galois cohomology via the famous Milnor conjecture.
The definition of the Witt group naturally extends from fields to commutative rings R,
where one replaces vector spaces by finitely generated projective R-modules. More
generally, instead of starting with a commutative ring R and taking R-valued forms,
one can study unimodular hermitian forms valued in an invertible (R ® R)-module M
equipped with an involution, a notion which makes sense also for non-commutative
R. This includes for example the case of a ring R with anti-involution by considering
M = R, and also allows to consider skew-quadratic forms by changing the involution
on M by a sign. Quadratic forms at this level of generality also show up naturally in
the purely geometric context of surgery theory through the quadratic L-groups of the
group ring Z[m1 (X)] for a topological space X . The latter groups, whose name, coined
by Wall, suggests their relation with algebraic K-theory, are a sequence of groups L?
associated to a ring with anti-involution R, or more generally, a ring equipped with
an invertible (R ® R)-module with involution M as above, with Lg(R, M) being the
Witt group of M-valued quadratic forms over R. They are 4-periodic, or more pre-
cisely, satisfy the skew-periodic relation Lg (R M) = LY(R, —M), where —M is
obtained from M by twisting the involution by a sign. In particular, for a ring with
anti-involution R the even quadratic L-groups consist of the Witt groups of quadratic
and skew-quadratic forms.

To obtain richer information about quadratic forms over a given R, the Witt group
WI(R, M) was often compared to the larger group generated by the isomorphism
classes of unimodular quadratic M-valued forms [P, g] over R under the relation
[P®P.qLq1=I[P,q]l+I[P,q'], but without taking the quotient by hyperbolic
forms. The latter construction leads to the notion of the Grothendieck-Witt group
GWg(R , M) of quadratic forms. The Witt and Grothendieck-Witt groups are then
related by an exact sequence

hyp q q
Ko(R)c, —> GWy(R, M) — WH(R, M) — 0, (H

where the first term denotes the orbits for the C;-action on the K-theory group Ko (R)
which sends the class of a finitely generated projective R-module P to the class
of its M-dual Hompg (P, M). The left hand map then sends [P] to the class of the
associated hyperbolic form on P & Hompg (P, M), and is invariant under this C,-
action. The sequence (1) can often be used to compute GWg(R , M) from the two
outer groups, and consequently obtain more complete information about quadratic
forms. For example, in the case of the integers this sequence is split short exact and
we have an isomorphism W9(Z) = Z given by taking the signature divided by 8 and
an isomorphism Ko(Z)c, = Z given by the dimension.
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In this paper we begin a four-part investigation revisiting classical questions about
Witt, Grothendieck-Witt, and L-groups of rings from a new perspective. One of our
main motivating applications is to extend the short exact sequence (1) to a long
exact sequence involving Quillen’s higher K-theory and the higher Grothendieck-Witt
groups GW?(R, M) introduced by Karoubi and Villamayor [39], see below for more
details. In this paper we, among many other things, define abelian groups L?q(R, M),
called genuine quadratic L-groups, which are the correct higher Witt groups from
this point of view: We show in Paper [3] that we have L(g)q(R, M) = WI(R, M) and
that the sequence (1) can be extended to a long exact sequence involving the groups
L‘?q(R, M) which starts off as

h:
co = GWIR, M) > LEY(R, M) > Ko(R)c, —2> GW(R, M) — LEY(R, M) — 0.

The groups L?q(R, M) are generally different from Wall’s quadratic L-groups, and in
particular are usually not 4-periodic. They are, however, relatively accessible for study
by means of algebraic surgery. Combining this with the above long exact sequence
allows us to obtain many new results about the Grothendieck-Witt groups GWE1 (R) of
rings in Paper [3]. For example, we obtain an essentially complete calculation of these
groups in the case of the integers R = Z. In what follows we give more background,
outline our approach and its main applications, and elaborate more on the content of
the present paper.

Background

The higher Grothendieck-Witt groups GW;l (R, M) mentioned above were first defined
by Karoubi and Villamayor [39] by applying Quillen’s foundational techniques from
algebraic K-theory. This is done by producing a homotopy-theoretical refinement of
the Oth Grothendieck-Witt group into a Grothendieck-Witt space and then defining
GW; (R, M) as the ith homotopy group of this space. Given R and M as above,
one organises the collection of unimodular quadratic M-valued forms (P, g) into
a groupoid Unimod4(R, M), which is viewed as an E,-space using the symmetric
monoidal structure on Unimod¥(R) arising from the orthogonal sum. One can then
take its group completion to obtain an E-group

GWI (R, M) := Unimod9(R, M),

whose group of components is the Grothendieck-Witt group described above. Here the
subscript cl stands for classical, and is meant to avoid confusion with the constructions
of the present paper series. This construction can equally well be applied for other
interesting types of forms, such as symmetric bilinear, or symmetric bilinear forms
which admit a quadratic refinement, also known as even forms, and these can be taken
with values in an arbitrary invertible module with involution M as above. Taking the
polarisation of a quadratic form determines maps

GWI(R, M) — GWE (R, M) — GW (R, M),
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which are equivalences if 2 is a unit in R. In this latter case Grothendieck-Witt groups
are generally much more accessible. For example, if 2 is invertible in R, Schlichting
[59] has produced a (generally non-connective) delooping of the Grothendieck-Witt
space to a Grothendieck-Witt spectrum GW (R, M), in which case the forgetful and
hyperbolic maps can be refined to spectrum level C,-equivariant maps

hyp fgt
K(R) — GW (R, M) — K(R).
He then showed in loc. cit. that the cofibre of the induced map
K(R)nc, = GWu (R, M) (2)

has 4-periodic homotopy groups, whose even values are given by the Witt groups
W(R, M) and W(R, —M). More precisely, Schlichting’s identification of these homo-
topy groups matches the L-groups of Ranicki—Wall, which has lead to the folk theorem
that, if 2 is a unit in R, then the cofibre of (2) is naturally equivalent to Ranicki’s L-
spectum LY (R, M) from [58]. This allows one to produce an extension of (1) to a
long exact sequence, whenever 2 is invertible, and obtain information about higher
Grothendieck-Witt groups from information about higher K- and L-groups. A closely
related connection between Grothendieck-Witt spaces with coefficients in =M when 2
is invertible was established by Karoubi in his influential paper [37], where he proved
what is now known as Karoubi’s fundamental theorem, forming one of the conceptual
pillars of hermitian K-theory, as well as part of its standard tool kit. It permits, for
example, to inductively deduce results on higher Grothendieck-Witt groups from infor-
mation about algebraic K-theory and about the low order Grothendieck-Witt groups
GWo(R, £M) and GW (R, £M).

By contrast, when 2 is not invertible none of these assertions hold as stated. In
particular, the relation between Grothendieck-Witt theory and L-theory remained, in
this generality, completely mysterious. Karoubi, in turn, conjectured in [38] that his
fundamental theorem should have an extension to general rings, relating Grothendieck-
Witt spaces for two different form parameters, as was also suggested earlier by Giffen
[74]. In the context of motivic homotopy theory, crucial properties such as dévissage
and A'-invariance of Grothendieck-Witt theory were only known to hold when 2
is invertible by the work of Schlichting and Hornbostel [34], [36]. Consequently,
hermitian K-theory was available to study as a motivic spectrum exclusively over Z[%],
see [35]. Finally, while all the above tools could be used to calculate Grothendieck-Witt
groups of rings in which 2 is invertible, such as the ring Z[%] whose Grothendieck-
Witt groups were calculated by Berrick and Karoubi in [13], higher Grothendieck-Witt
groups of general rings remain largely unknown.

Hermitian K-theory of Poincaré oo-categories

The goal of the present paper series is to offer new foundations for hermitian K-theory
in a framework that unites its algebraic and surgery theoretic incarnations and that is
robustly adapted to handle the subtleties involved when 2 is not invertible. We begin
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by situating hermitian K-theory in the general framework of Poincaré co-categories,
a notion suggested by Lurie in his treatise of L-theory [45]. A Poincaré co-category
consists of a stable co-category C together with a functor ?: C°°? — Sp which is
quadratic in the sense of Goodwillie calculus and satisfies a suitable unimodularity

condition, the latter determining in particular a duality D¢ : C®® = C on C. We refer
to such a @ as a Poincaré structure on C. Roughly speaking, the role of the Poincaré
structure ¢ is to encode the flavour of forms that we want to consider. For example,
for a commutative ring R one may take C = DP(R) to be the perfect derived category
of R. One should then think of the mapping spectrum hompp gy (X ®g X, R) as the
spectrum of bilinear forms on the chain complex X, which acquires a natural Cp-action
by flipping the components in the domain term. In this case the Poincaré structure

9% (X) = hompp(z) (X ®r X, R)'2
encodes a homotopy coherent version of the notion of symmetric bilinear forms, while
S?clle (X) = hompr(g)(X &g X, R)nc,

encodes a homotopy coherent version of quadratic forms. Both these Poincaré struc-
tures have the same underlying duality, given by X +— Hom%' (X, R).

Alternatively, as we develop in the present paper, one may also obtain Poincaré
structures on DP(R) by taking a non-abelian derived functor associated to a quadratic
functor Proj(R)°P — Ab from finitely generated projective modules to abelian groups.
For example, taking the functors which associate to a projective module P the abelian
groups of quadratic, even and symmetric forms on P one obtains Poincaré structures
Qiq, 9%; and Q%; on DP(R), respectively. We call these the genuine quadratic, even
and symmetric functors, and consider them as encoding the classical, rigid notions
of hermitian forms in the present setting, whereas 9(}3 and ?% encode their homotopy
coherent counterparts. More generally, one can apply this construction to any asso-
ciative ring R equipped with an invertible (R ® R)-module with involution M as
above. The resulting Poincaré structures are then all related by a sequence of natural
transformations

q 2q g€ g8 S
0 = % = %= % = %

which encode the polarisation map between the quadratic, even and symmetric flavours
of hermitian forms and at the same time the comparison between homotopy coherent
and rigid variants of such forms. The fact that these two types of distinctions are not
entirely unrelated leads to some of the more surprising applications of our approach.
When 2 is invertible in R, all these maps are equivalences.

The fundamental invariant of a Poincaré oo-category is its space Pn(C, ?) of
Poincaré objects, which are pairs (x, ¢) consisting of an object x € C and a point
q € Q%9%(x) whose associated map g;: x — De(x) is an equivalence. These are
the avatars in the present context of the notion of a unimodular hermitian form. From
this raw invariant one may produce two principal spectrum valued invariants—the
Grothendieck-Witt spectrum GW (C, ?) and L-theory spectrum L(C, ?). The L-theory
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spectrum was transported by Lurie from the classical work of Wall-Ranicki to
the context of Poincaré oo-categories in [45]. In particular, the L-theory spec-
trum LY(R, M) := L(DP(R), 93,1) and L*(R, M) := L(DP(R), ?},) coincide with
Ranicki’s 4-periodic quadratic and symmetric L-theory spectra, respectively. When
applied to the genuine Poincaré structures this yields new types of L-theory spectra
L8I(R, M), L& (R, M) and L& (R, M). It turns out that these are in fact not entirely
new: We show in Paper [3] that for the genuine symmetric structure the homotopy
groups of L& (R, M) coincide with Ranicki’s original non-periodic variant of sym-
metric L-groups, as defined in [57]. Somewhat surprisingly, the genuine quadratic
L-theory spectrum L8(R, M) is a 4-fold shift of L&(R, M).

The Grothendieck-Witt spectrum GW(C, ?) of a Poincaré oo-category is defined
in Paper [2], though in the present paper we already introduce its zeroth homotopy
group GW(C, ?), namely, the Grothendieck-Witt group. The underlying infinite loop
space

GW(EC,?) = Q*GW(,?)

is then called the Grothendieck-Witt space of (C, ?). If 2 is invertible in R, we show in
Paper [2] that GW (R, M) := GW(DP(R), ?y) is equivalent to the Grothendieck-Witt
spectrum defined by Schlichting in [59] (where @) is any of the Poincaré struc-
tures considered above, which coincide due to the invertibility condition on 2). When
2 is not invertible, the fourth and ninth author show in the companion paper [28]
that the Grothendieck-Witt spaces of DP(R) with respect to the genuine Poincaré
structures 9%2, Qﬁ; and Qﬁ; coincide with the classical Grothendieck-Witt spaces of
quadratic, even and symmetric M-valued forms, respectively. On the other hand,
the Grothendieck-Witt spectra of (DP(R), Q?W) and (DP(R), ?},) are actually new
invariants of rings, which are based on the homotopy coherent avatars of quadratic
and symmetric forms. These sometimes have better formal properties. For example,
in the upcoming work [16], the first, third and seventh authors show that the GW-
and L-theory spectra associated to the symmetric Poincaré structures 25, satisfy Al
invariance, and can further be encoded via motivic spectra over the integers. This
statement does not hold for any of the other Poincaré structures above, including the
genuine symmetric one.

One of the principal results we prove in Paper [2] is that the relation between
Grothendieck-Witt-, L- and algebraic K-theory is governed by the fundamental fibre
sequence

K(C)nc, - GW(C,?) — L(C, 9), 3)

where the first term is the homotopy orbits of the algebraic K-theory spectra of C
with respect to the C;-action induced by the duality of ?. In the case of the genuine
symmetric Poincaré structure 9%, this gives a relation between classical symmetric
Grothendieck-Witt groups and Ranicki’s non-periodic symmetric L-groups, which to
our knowledge is completely new. In the case of the genuine quadratic structure the
consequence is even more surprising: The resulting long exact sequence in homotopy
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groups extends the classical exact sequence (1) to a long exact sequence involving a
shifted copy of Ranicki’s non-periodic L-groups.

The main role of the present instalment is to lay down the mathematical foundations
that enable the arguments of the next three papers, and eventually their fruits, to take
place. In particular, we carefully develop the main concepts of Poincaré co-categories
and Poincaré objects, discuss hyperbolic objects and Lagrangians, and prove a version
of Ranicki’s algebraic Thom construction in the present setting. We also define the
L-groups and zeroth Grothendieck-Witt group of a Poincaré oco-category, and conduct
a thorough investigation of the global structural properties enjoyed by the co-category
of Poincaré oo-categories. In addition to the general framework, we also introduce
and study important constructions of Poincaré oco-categories, which give rise to our
motivating examples of interest. In particular:

i) We classify all Poincaré structures in the case where C is the co-category of perfect
modules over a ring spectrum, and show that they can be efficiently encoded by
the notion of a module with genuine involution.

ii) WhenC is the perfect derived category of a discrete ring, we develop the procedure
of deriving Poincaré structures used to produce the genuine Poincaré structures
above. Here, we pick up on some recent ideas of Brantner, Glasman and Illusie,
and show that Poincaré structures on C are in fact uniquely determined by their
values on projective modules. This allows for the connection between the present
set-up and Grothendieck-Witt theory of rings in [28], through which the applica-
tions of Paper [2] and Paper [3] to classical problems can be carried out.

iii) We develop in some detail the example of visible Poincaré structures on oco-
categories of parametrised spectra, which allows us to reproduce visible L-theory
as well as LA-theory of Weiss—Williams in the present setting. This leads to
applications in surgery theory, which we will pursue in future work.

iv) Following Lurie’s treatment of L-theory we study the process of tensoring and
cotensoring a Poincaré oco-category over a finite simplicial complex. This con-
struction is later exploited in Paper [2] to define and study the Grothendieck-Witt
spectrum.

v) We show that the co-category of Poincaré oo-categories has all limits and colimits.
This enables one, for example, to produce new Poincaré oo-categories by taking
fibres and cofibres of Poincaré functors, and enables the notion of additivity, which
lies at the heart of Grothendieck-Witt theory, to be properly set-up in Paper [2].

vi) We show that Poincaré oo-categories can be tensored with each other. This can
be used to produce new Poincaré oo-categories from old, but also to identify
additional important structures, such as a Poincaré symmetric monoidal structure,
which arises in many examples of interest and entails the refinement of their
Grothendieck-Witt and L-theory spectra to Eqo-rings. This last claim is proven
in Paper [4], though we construct the consequent multiplicative structure on the
Grothendieck-Witt and L-groups already in the present paper.
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Applications

Our framework of Poincaré oco-categories is motivated by a series of applications
which we extract in the following instalments, many of which pertain to classical
questions in hermitian K-theory. To give a brief overview of what’s ahead, we first
mention that a key feature of the Grothendieck-Witt spectrum we construct in Paper
[2] is its additivity. In the setting of Poincaré co-categories, this can be neatly phrased
by saying that the functor (C, ?) — GW(C, ?) sends split bifibre sequences

(C, Q) N (C/, Q/) s (C”, Q//)

of Poincaré co-categories to bifibre sequences of spectra, where a split bifibre sequence
is one in which C" — C” admits both a left and a right adjoint. One of the main results
of Paper [2] is that GW is additive, and is, furthermore, universally characterised by
this property as initial among additive functors from Poincaré oo-categories to spectra
equipped with a natural transformation from X °Pn. This is analogous to the universal
property characterising algebraic K-theory of stable co-categories established in [14].
In fact, we show in Paper [2] that GW is not only additive but also Verdier localising,
a property formulated as above but with the splitness condition removed. This will
be used in [16] by the first, third and seventh author in order to show that the GW-
spectrum satisfies Nisnevich descent over smooth schemes. It also plays a key role in
the study of Grothendieck-Witt theory of Dedekind rings in Paper [3].

One major consequence of additivity is that the hyperbolic and forgetful maps fit
to form the Bott—Genauer sequence

Gwe. o B ki) P8 gwe. o).

where 91"l = "¢ is the shifting operation on Poincaré functors. Such a sequence
was established in the setting of rings in which 2 is invertible by Schlichting [59],
who used it to produce another proof of Karoubi’s fundamental theorem. The same
argument then yields a version of Karoubi’s fundamental theorem in the setting of
Poincaré co-categories. When applied to the genuine Poincaré structures we construct
in the present paper, this yields an extension of Karoubi’s fundamental theorem to
rings in which 2 is not assumed invertible, establishing, in particular, a conjecture of
Karoubi and Giffen.

The fundamental fibre sequence (3) is heavily exploited in Paper [3] to obtain
applications for classical Grothendieck-Witt groups of rings. In particular, improving
a comparison bound of Ranicki we show in Paper [3] that, if R is Noetherian of global
dimension d, the maps

L#Y(R, M) — L*¥(R, M) —> LR, M) —> L*(R, M)
are equivalences in degrees past d 4 2, d and d — 2, respectively. Thus, even though

the genuine L-theory spectra are not 4-periodic, they become so in degrees sufficiently
large compared to the global dimension. In addition, when combined with the funda-
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mental fibre sequence (3) this implies that the maps of classical Grothendieck-Witt
spaces

GWI(R, M) — GWE (R, M) — GWE (R, M)

are isomorphisms on homotopy groups in sufficiently high degrees. This is a new and
quite unexpected result about classical Grothendieck-Witt groups and, to the best of our
knowledge, it is the first time that the global dimension of a ring has been related in any
way to the gap between its quadratic and symmetric GW-groups. Combined with our
extension of Karoubi’s fundamental theorem this implies that in the case of finite global
dimension Karoubi’s fundamental theorem holds in its classical form in sufficiently
high degrees, allowing for many of the associated arguments to be picked up in this
context. In a different direction, for such rings one can eventually deduce results
about classical symmetric GW-groups from results on the corresponding homotopy
coherent symmetric GW-groups, allowing one to exploit some of the useful properties
of the latter, such as a dévissage property we prove in Paper [3] and the A'-invariance,
which will be established in [16], for the benefit of the former. We exploit these ideas
in Paper [3] to solve the homotopy limit problem for number rings, show that their
Grothendieck-Witt groups are finitely generated, and produce an essentially complete
calculation of the quadratic and symmetric Grothendieck-Witt groups (and their skew
variants) of the integers, affirming, in particular, a conjecture of Berrick and Karoubi
from [13].

Organisation of the paper

Let us now describe the structure and the content of the present paper in more detail. In
Sect. 1 we define Poincaré oo-categories. As indicated before, a Poincaré co-category
is a stable co-category C equipped with a quadratic functor ?: C°? — Sp which is
perfect in a suitable sense. We give the precise definition in Sect. 1.2, after a discussion
of quadratic functors in Sect. 1.1. We also consider the weaker notion of a hermitian
oo-category, obtained by removing the perfectness condition on ¢, and explain how to

extract from a Poincaré structure ¢ a duality Dg: C°P = C.Tn Sect. 1.3 we describe
how one can classify hermitian and Poincaré structures on a given stable co-category
in terms of their linear and bilinear parts. Finally, in Sect. 1.4 we discuss the functorial
dependence of hermitian structures on the underlying stable co-category, and relate it
to the classification discussed in Sect. 1.3.

In Sect. 2 we define the notion of a Poincaré object in a given Poincaré co-category
(C, ?). Such a Poincaré object consists of an object x € C together withamapg: S —
?(x), to be thought of as a form in X, such that a certain induced map g4 : x — Deox is
an equivalence. The precise definition is given in Sect. 2.1. We then proceed to discuss
hyperbolic Poincaré objects in Sect. 2.2, and in Sect. 2.3 the slightly more general
notion of metabolic Poincaré objects, that is, Poincaré objects that admit a Lagrangian.
We show how one can understand metabolic Poincaré objects via Poincaré objects
in a certain Poincaré oco-category Met(C, ?) constructed from (C, ?). The notion of
metabolic Poincaré objects is the main input in the definition of the L-groups of a
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given Poincaré oco-category, which we also give in this section. Finally, in Sect. 2.5
we define the Grothendieck-Witt group GW((C, ?) of a given Poincaré oco-category
and develop its basic properties.

In Sect. 3 we study Poincaré structures on the co-category Mod of perfect mod-
ules over a ring spectrum A. To this end, we introduce the notion of a module with
involution in Sect. 3.1 and show how it can be used to model bilinear functors on
module co-categories. We then refine this notion in Sect. 3.2 to a module with genuine
involution, that allows us to encode not only bilinear functors but also hermitian and
Poincaré structures. Then, in Sect. 3.4 we discuss the basic operations of restriction
and induction of modules with genuine involution along maps of ring spectra.

In Sect. 4 we discuss several examples of interest of Poincaré oco-categories in
further detail. We begin in Sect. 4.1 with the important example of the universal
Poincaré oo-category (Spf, 9%), which is characterised by the property that Poincaré
functors out of it pick out Poincaré objects in the codomain. In Sect. 4.2 we consider
perfect derived co-categories of ordinary rings and show how to translate the classical
language of forms on projective modules into that of the present paper via the process
of deriving quadratic functors. In Sects. 4.3 and 4.4 we explain how to construct
Poincaré structures producing visible L-theory as studied by Weiss [70], Ranicki [58],
and more recently Weiss—Williams [73].

In Sect. 5 we show that the tensor product of stable co-categories refines to give
a symmetric monoidal structure on the co-category Cat5, of Poincaré oo-categories.
The precise definition and main properties of this monoidal product are spelt out in
Sects. 5.1 and 5.2. In Sect. 5.3 we analyse what it means for a Poincaré co-category to
be an algebra with respect to this structure, and use this analysis in Sect. 5.4 in order to
identify various examples of interest of symmetric monoidal Poincaré oo-categories.

In Sect. 6 we study the global structural properties of the co-categories Cat2, and
Catgo of Poincaré and hermitian co-categories, respectively. We begin in Sect. 6.1 by
showing that these two co-categories have all small limits and colimits, and describe
how these can be computed. In Sect. 6.2 we prove that the symmetric monoidal struc-
tures on Catgo and Catgo constructed in Sect. 5.2 are closed, that is, admit internal
mapping objects. We then show in Sects. 6.3 and 6.4 that Catgo is tensored and coten-
sored over Catq. A special role is played by indexing diagrams coming from the poset
of faces of a finite simplicial complex, which we study in Sect. 6.5 and 6.6, showing
in particular that in this case this procedure preserves Poincaré oco-categories. The
cotensor construction is used in Paper [2] to define the hermitian Q-construction and
eventually Grothendieck-Witt theory, while the tensor construction plays a role in
proving the universal property of Grothendieck-Witt theory.

In Sect. 7 we consider the relationship between Catgo and Catl;o, and between
both of them and various coarser variants, such as bilinear and symmetric bilinear
oo-categories. By categorifying the relationship between Poincaré forms, hermitian
forms and bilinear forms we construct in Sect. 7.2 and 7.3 left and right adjoints to
all relevant forgetful functors. In Sect. 7.3 we also prove a generalised version of the
algebraic Thom construction, which is used in Paper [2] for the formation of algebraic
surgery. In Sect. 7.4 we use this to study Cat5, and Catgo from the perspective of Cp-
category theory as developed by Barwick and collaborators, and set-up some of the
foundations leading to the genuine C;-refinement of the Grothendieck-Witt spectrum
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we construct in Paper [2]. Finally, in Sect. 7.5 we show that the Grothendieck-Witt
group and the L-groups are lax symmetric monoidal functors with respect to the tensor
product of Poincaré co-categories.

1 Poincaré categories

In this section we introduce the principal notion of this paper, namely that of Poincaré
oo-categories. These were first defined by Lurie in [45], though no name was chosen
there. Succinctly stated, Poincaré oo-categories are stable co-categories C equipped
with a quadratic functor ?: C°? — Sp to spectra, which is perfect in a sense we
explain below. We then refer to @ as a Poincaré structure on C. It is also convenient
to consider the more general setting where ? is not necessarily perfect, leading to a
notion that we call a hermitian co-category. We present both of these in Sect. 1.2,
after devoting Sect. 1.1 to surveying quadratic functors and their basic properties. In
Sect. 1.3 we describe how one can classify hermitian and Poincaré structures on a
given stable co-category in terms of their linear and bilinear parts. This is a particular
case of the general structure theory of Goodwillie calculus, but we elaborate the details
relevant to the case at hand, as we rely on this classification very frequently, both in
explicit constructions of examples and in general arguments. Finally, in Sect. 1.4 we
discuss the functorial dependence of hermitian structures on the underlying stable
oo-category, and relate it to the classification discussed in Sect. 1.3.

1.1 Quadratic and bilinear functors

In this subsection we will recall the notions of quadratic and bilinear functors, and sur-
vey their basic properties. These notions fit most naturally in the context of Goodwillie
calculus, as adapted to the co-categorical setting in [47, §6]. Our scope of interest here
specializes that of loc. cit. in two ways: first, we will only consider the Goodwillie
calculus up to degree 2, and second, we will focus our attention on functors from a
stable co-category C to the stable co-category Sp of spectra. This highly simplifies the
general theory, and will allow us to give direct arguments for most claims, instead of
quoting [47, §6]. The reader should however keep in mind that the discussion below
is simply a particular case of Goodwillie calculus, to which we make no claim of
originality.

Recall that an co-category C is said to be pointed if it admits an object which is both
initial and terminal. Such objects are then called zero objects. A functor f: C — D
between two pointed co-categories is called reduced if it preserves zero objects. Given
two pointed co-categories C, D we will denote by Fun, (C, D) C Fun(C, D) the full
subcategory spanned by the reduced functors. A stable oo-category is by definition a
pointed co-category which admits pushouts and pullbacks and in which a square is a
pushout square if and only if it is a pullback square. To avoid breaking the symmetry
one then refers to such squares as exact. Any stable co-category is canonically enriched
in spectra, and we will denote by hom¢ (x, y) the mapping spectrum from x to y. It
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is related to the corresponding mapping space in C by the formula Map(x, y) =
Q% homg(x, y).

A functor f: C — D between two stable co-categories is called exact if it preserves
zero objects and exact squares. We note that stable co-categories automatically admit
all finite limits and colimits, and that a functor between stable co-categories is exact
if and only if it preserves finite colimits, and if and only if it preserves finite limits.
If D is a stable co-category and C € D is a full subcategory which is closed under
finite limits and finite colimits then C is also stable and the inclusion C € D is an
exact functor. In this case we will say that C is a stable subcategory of D. Given two
stable co-categories C, D with C small we will denote by Fun®*(C, D) C Fun(C, D)
the full subcategory spanned by the exact functors. We note that when C and D are
stable one has that Fun(C, D) is also stable and Fun, (C, D) and Fun®* (C, D) are stable
subcategories. We will denote by CatZ the (non-full) subcategory of Cat, spanned
by the stable co-categories and exact functors between them.

If one considers stable co-categories as a categorified version of a vector space, then
reduced functors correspond to zero-preserving maps, while exact functors correspond
to linear maps. If a functor f: C — D is only required to preserves exact squares,
but is not necessarily reduced, then one says that f is 1-excisive. More generally, if
C is an oco-category with finite colimits and D an oco-category with finite limits, then
f:C — Dissaid to be 1-excisive if it sends pushout squares to pullback squares. In
the above analogy with linear algebra, these correspond to affine maps, that is, maps
which contain a linear part and a constant term, or said differently: polynomial maps
of degree 1. In the theory of Goodwillie calculus this point of view is generalized to
higher degrees as follows:

Definition 1.1.1 A 3-cube p: (A!)? — Cis said to be cartesian if it exhibits p (0, 0, 0)
as the limit of the restriction of p to the subsimplicial set of (A!)? spanned by the
complement of (0, 0, 0). Such a 3-cube p is called strongly cartesian if its restriction to
each 2-dimensional face of (A')3 is a cartesian square. In particular, strongly cartesian
3-cubes are cartesian. Dually, p is said to be (strongly) cocartesian if p°P is a (strongly)
cartesian cube in C°P. A functor f: C — D whose domain admits finite colimits and
whose target admits finite limits is called 2-excisive if it sends strongly cocartesian
3-cubes to cartesian 3-cubes.

If C is stable then a 3-cube is (strongly) cartesian if and only if it is (strongly)
cocartesian, in which case we simply say that p is (strongly) exact. A functor f: C —
D between stable co-categories is then 2-excisive if it sends strongly exact 3-cubes to
exact 3-cubes.

Remark 1.1.2 Though in the present paper we will focus almost entirely on the case
of stable oo-categories, we chose to formulate the above definition in the slightly
more general setting where f: C — D is a functor from an co-category with finite
colimits to an co-category with finite limits. This level of generality, in which most of
Goodwillie calculus can be carried out, will be used in Sect. 4.2, but will otherwise
not be needed in the present paper.

We note that every 1-excisive functor is in particular 2-excisive. If the former
are analogous to affine maps between vector spaces, the latter are then analogous
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to maps between vector spaces which are polynomial of degree 2, that is, contain a
homogeneous quadratic part, a linear part, and a constant term. If we restrict attention
to 2-excisive functors which are reduced, then we get the analogue of maps with terms
in degrees 1 and 2, but no constant term. These are going to be the functors we consider
in this paper.

In the present work it will be convenient to take a slightly different route to the defi-
nition of reduced 2-excisive functors, which proceeds as follows. Given a small stable
oo-category C, let us denote by BiFun(C) C Fun, (C°P x C°P, Sp) the full subcategory
spanned by those reduced functors B: C°P x C°? — Sp such that B(x, y) ~ 0 if
either x or y is a zero object. Such functors may be referred to as bi-reduced. Then
BiFun(C) is closed under all limits and colimits in Fun, (C°? x C°P, Sp), and hence
the inclusion of the former in the latter admits both a left and a right adjoint. These
left and right adjoints are in fact canonically equivalent, and can be described by the
following explicit formula: given a reduced functor B: C°P x C°’ — Sp we have a
canonically associated retract diagram

B(x,0) & B(0, y) = B(x,y) — B(x,0) & B(0, y), 4)

where 0 € C is a chosen zero object, and all the maps are induced by the essentially
unique maps 0 — x — 0and 0 — y — 0. The composition of these two maps is the
identity thanks to the assumption that B is reduced, that is, B(0, 0) >~ 0. The above
retract diagram then induces a canonical splitting

B(x, y) ~ B®(x, y) ® B(x, 0) ® B(0, y),

where B™d(x, y) can be identified with both the cofibre of the left map in (4) and the
fibre of the right map in (4). We note that by construction the resulting functor

Bred(—, —):CP xC®? — Sp

is bi-reduced. The following lemma records the fact that the association B + B®d
yields both a left and a right adjoint to the inclusion BiFun(C) € Fun, (C° x C°P, Sp).

Lemma 1.1.3 The split inclusion B®Y(—, —) = B(—, —) is universal among natural
transformations to B from a bi-reduced functor, while the projection B(—, —) =
B™d(—, —) is universal among natural transformations from B to a bi-reduced functor.
Inparticular, the association B — B™ is both left and right adjoint to the full inclusion
BiFun(C) € Fun,(C° x C°P, Sp).

Proof Given that Fun, (C°P x C°P, Sp) is stable and BiFun(C) is a stable full subcat-
egory, to prove both claims it suffices to show that for B € Fun, (C°P x C°P, Sp), the
associated functors

(x,y) = B(x,0) and (x,y) — B, y)

considered as functors in Fun,(C° x C°P, Sp) have a trivial mapping spectrum to
any and from any bi-reduced functor. Indeed, since 0 € CP is both final and initial it
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follows that the inclusion C°P x {0} € C°P x C°P is both left and right adjoint to the
projection C°P x C°P — C°P x {0}, and hence restricting along this inclusion is both left
and right adjoint to restricting along this projection. The same statement holds for the
inclusion {0} x C°P € C°P x C°P of the second factor. The mapping spectrum between
any bi-reduced functor and a functor restricted along either projection is consequently
trivial. O

Definition 1.1.4 Let C be a stable co-category and ?: C°? — Sp a reduced functor.
We will denote by Be € BiFun(C) the bi-reduced functor

Bo(—, —) 1= (=) @ (—)™4: € x CP — Sp

obtained by taking the universal bi-reduced replacement described above of the
reduced 2-variable functor (x, y) > 2(x @ y). Following the terminology of Good-
willie calculus we will refer to Bo(—, —) as the cross effect of ?. The formation of
cross effects then yields a functor

B(-): Fun,(C?, Sp) — BiFun(C) 5)
sending ? to Be.

Remark 1.1.5 In [45] the term polarization is used for what we called above cross
effect, though in [47, §6] the term cross effect is employed.

Remark 1.1.6 If f,g: C — D are reduced functors then the associated restriction
functor

(f x g)*: Fun,(D? x D Sp) — Fun,(C? x C°?, Sp)

along (f x g)°P: CP x C°P — D x D°P sends the retract diagram
B(x,0)® B(0, y) - B(x,y) - B(x,0) & B(0, y)
to the retract diagram

B(f(x),0) ®B(0, g(y)) = B(f(x). g(y)) = B(f(x),0) ® B(0, g(¥)),

where we have used the symbols x and y to distinguish the two entries. It then follows
that the universal bi-reduction procedure described above commutes with restriction
(along pairs of reduced functors). Similarly, if f: C — D furthermore preserves direct
sums, then the formation of cross effects is compatible with restriction along f, that
is, the square

Fun, (D°P, Sp) AN Fun, (C°P, Sp)

B(—)l lB<—)

BiFun(D) — " BiFun(C)
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naturally commutes.

Given a stable co-category C, the diagonal functor A: C°P — C° x C°P induces a
pullback functor

A*: BiFun(C) — Fun,(C°?, Sp).

In what follows, for any B: C°P x C°? — Sp, we will denote by B4 := A*B the
restriction of B along the diagonal. Now the maps 2(x @ x) — ?(x) and ?(x) —
?(x @ x) induced by the diagonal A, : x — x @ x and collapse map V,: x D x — x
induce natural maps

Bo(x, x) = 2(x) = Bo(x, x), (6)
which can be considered as natural transformations
BS = 9 = BS. @)
The formation of cross effects then enjoys the following universal property:

Lemma 1.1.7 The two natural transformations in (7) act as a unit and counit exhibiting
the cross effect functor (5) as left and right adjoint respectively to the restriction functor
A*: BiFun(C) — Fun,(C°P, Sp).

Proof The direct sum functor C°P x C°P — C°P realizes both the product and coproduct
(since C°P is stable) and is hence both left and right adjoint to A: C°P — C°P x C°P,
with units and counits given by the diagonal and collapse maps of the objects in C. It
then follows that restriction along the direct sum functor is both right and left adjoint
to restriction along A, with unit and counit induced by the diagonal and collapse maps.
The desired result now follows from Lemma 1.1.3. O

Remark 1.1.8 The two sided adjunction of Lemma 1.1.7 is obtained by composing a
pair of two-sided adjunctions

Fun, (C°?, Sp) = Fun,(C? x C°?, Sp) < BiFun(C),

A
where the one on the left is induced by the two sided adjunction C°P = C°P x C°P

®
witnessing the existence of biproducts in C°P, and the one of the right exhibits the
full subcategory BiFun(C) € Fun,(C°? x C°P, Sp) as reflective and coreflective
(Lemma 1.1.3). In particular, we may express the unit and counit of the two sided
adjunction Fun,(C°, Sp) = BiFun(C) which are not specified in Lemma 1.1.7 via
the unit (x,y) — (x @ y,x @ y) of the adjunction C°? x C°P z C and counit
(x®y,xPdy) = (x,y) of the adjunction CP z C°P x C°P, which are all given by
the corresponding component inclusions and projections. Unwinding the definitions,
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we get that the unit of the adjunction BiFun(C) z Fun, (C°P, Sp) is given by the
induced map

B(x,y) — fib[B(x ® y,x ® y) - B(x,x) ® B(y, y)]

and the counit of the adjunction Fun, (C°P, Sp) z BiFun(C) is given by the induced
map

cof[B(x,x) ®B(y,y) > Bx @y, x @ y)] = B(x, y).

Lemma 1.1.9 Ler 2: C°? — Sp be a reduced functor. Then the cross effect Bo is
symmetric, i.e. it canonically refines to an element of Fun(C° x C°P, Sp)"®2, where
the cyclic group with two elements C; acts by flipping the two input variables.

Proof By [47, Proposition 6.1.4.3, Remark 6.1.4.4] the bi-reduction functor
(=)™ Fun,(C% x C°°, Sp) — BiFun(C)
discussed above refines to a compatible functor
Fun, (C% x C°, Sp)"®2 — BiFun(C)"

on Cj-equivariant objects. It will hence suffice to show that the functor (x, y) +—>
Q(x @ y) naturally refines to a Cp-equivariant object. For this, it suffices to note that
the direct sum functor C°P x C°P — C°P is equipped with a C;-equivariant structure
with respect to the flip action on C°P x C°P and the trivial action on C°P. Indeed, this
is part of the symmetric monoidal structure afforded to the direct sum, canonically
determined by its universal description as the coproduct in C°P. O

Keeping in mind the proofs of Lemmas 1.1.7 and 1.1.9, we now note that the
diagonal functor A: C? — C° x C°P, which is both left and right adjoint to the
Cy-equivariant direct sum functor, is also canonically invariant under the C;-action
on the right hand side switching the two components. This means that the associated
restriction functor

A*: BiFun(C) — Fun.(C°?, Sp)

is equivariant for the trivial Cp-action on the target, and so the restricted functor
Bé = A*Bg becomes a C,-object of Fun(C°P, Sp). In particular, Bo (x, x) is naturally
a spectrum with a Ca-action for every x € C. Explicitly, this action is induced by the
canonical action of C; on x @ x by swapping the components.

Lemma 1.1.10 The natural transformations in (7) both naturally refine to C;-
equivariant maps with respect to the above Co-action on B2 In particular, the maps (7)
induces natural transformations

[BSInc, = ¢ = [B§1". ®)
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Proof Inspecting the construction of the natural transformations in (7) we see that
it will suffice to put a C,-equivariant structure on the diagonal and collapse natural
transformations

A:id=id®id and V:id@id = id

of functors C — C. This in turn follows from the fact that the direct sum monoidal
structure is both cartesian and cocartesian and every object is canonically a commu-
tative algebra object with respect to coproducts ([47, Proposition 2.4.3.8]). O

Definition 1.1.11 ForC, D and £ stable co-categories, we will say that a functorb: C x
D — & is bilinear if it is exact in each variable separately. For a stable co-category
C we will denote by Fun®(C) € Fun(C°P x C°P, Sp) the full subcategory spanned by
the bilinear functors. We note that this full subcategory is closed under, and hence
inherits, the flip action of C,. We will then denote by Fun®(C) := [Fun®(C)]"C2 the
oo-category of C,-equivariant objects in Fun®(C) with respect to the flip action in the
entries, and refer to them as symmetric bilinear functors on C.

Example 1.1.12 Suppose that C is a stable co-category equipped with a monoidal
structure which is exact in each variable separately. Then for every object a € C we
have an associated bilinear functor B, : C°P x C°P — Sp defined by

Ba(xa J’) = hOmC(.x ®yaa)a

where homg (—, —) refers to the canonical enrichment of C in spectra. If the monoidal
structure refines to a symmetric one then B, refines to a symmetric bilinear functor.
Natural examples of interest to keep in mind are when C is the perfect derived category
of a commutative ring (or, more generally, an E,.-ring spectrum), or the co-category
of perfect quasi-coherent sheaves on a scheme.

Proposition 1.1.13 Let ?: C°P — Sp be a reduced functor. Then the following are
equivalent:

i) Qis 2-excisive;
ii) the cross effect Bo is bilinear and the fibre of the natural transformation ?(x) —
Bo(x, x)hC2 from (8) is an exact functor in x;
iii) the cross effect Be is bilinear and the cofibre of the natural transformation
Be(x, x)nc, = 2(x) from (8) is an exact functor in x.

Proof Since Sp is stable the property of being reduced and 2-excisive is preserved
under limits and colimits of functors C°? — Sp. It then follows that both ii) and
iii) imply 1), since exact functors and diagonal restrictions of bilinear functors are in
particular reduced and 2-excisive (see [47, Cor. 6.1.3.5]).

In the other direction, if ? is 2-excisive then its cross effect is bilinear by [47,
Pr. 6.1.3.22]. Moreover, since taking the cross effect commutes with fibres and cofibres,
the functors in the statement of ii) and iii) have trivial cross effect. But they are also
reduced and 2-excisive by the first part of the argument, and are hence exact by [47,
Pr. 6.1.4.10]. O
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Definition 1.1.14 We will say that ?: C°? — Sp is quadratic if it satisfies the equiv-
alent conditions of Proposition 1.1.13. For a small stable co-category C we will then
denote by Fun4(C) C Fun(C°P, Sp) the full subcategory spanned by the quadratic
functors.

Remark 1.1.15 It follows from the first criterion in Proposition 1.1.13 that Fun4(C) is
closed under limits and colimits in Fun(C°P, Sp). Since the latter is stable it follows
that Fun94(C) is stable as well.

In light of Lemma 1.1.9 and Proposition 1.1.13, the cross effect functor refines to
a functor

B): Fun4(C) — Fun®(C).

We will then refer to Be € Fun®(C) as the symmetric bilinear part of @ € Fun4(C),
and refer to the underlying bilinear functor of B? as the bilinear part of Q.

Examples 1.1.16 i) Any exact functor C°? — Sp is quadratic. These are exactly the
quadratic functors whose bilinear part vanishes. In particular, we have an exact
full inclusion of stable co-categories Fun®* (C°P, Sp) € Fun4(C).

ii) If B: C°P x C°P — Sp is a bilinear functor then the functor B2 (x) = B(x, x)
is a quadratic functor ([47, Cor. 6.1.3.5]). Its symmetric bilinear part is given by
the symmetrization (x, y) — B(x, y) @ B(y, x) of B, equipped with its canonical
symmetric structure.

Example 1.1.17 If B € Fun®(C) is a symmetric bilinear functor then the functors
5 (x) 1= Bj, (¥) = B(x, X)nc,
and
2 (x) := BH"(x) = B(x, )"

are both quadratic functors. Indeed, this follows from the previous example by noting
that the symmetry induces a C-action on B® and invoking Remark 1.1.15. Since
taking cross-effects commutes with all limits and colimits the symmetric bilinear
parts of these functors are given respectively by

[B(x,y) ®B(y, x)lhc, and [B(x,y) ® B(y, x)I"2,

which are both canonically equivalent to B itself: indeed, when B is symmetric its
symmetrization canonically identifies with B[C;] = B @ B as a C;-object in Fun®*(C),
which, since the latter is stable, is the C,-object both induced and coinduced from B.

The superscript (—)9 and (—)% above refer to the relation between these construc-
tions and the notions of quadratic and symmetric forms in algebra. To see this, consider
the case where C := DP(R) is the perfect derived co-category of a commutative ring
R, that is, the oco-categorical localisation of the category of bounded complexes of
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finitely generated projective R-modules by quasi-isomorphisms. We then have a nat-
ural choice of a bilinear functor Bg: C°P? x C°? — Sp given by

Br(X,Y) = homg(X ®r Y, R)

where ®p denotes the (derived) tensor product over R. A point 8 € Q®°Br(X,Y)
then corresponds to amap X ®g ¥ — R, which we can consider as a bilinear form on
the pair (X, Y). If X, Y are ordinary projective modules then moBr (X, Y) is simply
the abelian group of bilinear forms on (X, Y) in the ordinary sense. For a projective
R-module X we may then identify the C,-fixed subgroup moBg (X, X)*? with the
group of symmetric bilinear forms on X, while the C,-quotient group moBg (X, X)c,
can be identified with the group of quadratic forms on X via the map sending the
orbit of bilinear form b: X ® g X — R to the quadratic form ¢, (x) = b(x, x). In
this case the quadratic functors 9(}3 = QqBR and 9% := 9 defined as above can be
considered as associating to a perfect R-complex X a suitable spectrum of quadratic
and symmetric forms on X, respectively.

Remark 1.1.18 By definition the cross effect of a quadratic functor is bilinear, and on
the other hand by Example 1.1.16ii) the diagonal restriction of any bilinear functor is
quadratic. It then follows from Lemma 1.1.7 that diagonal restriction A*: Fun®(C) —
Fun4(C) determines a two-sided adjoint to the bilinear part functor B(_y: Fun4(C) —
Fun®(C), with unit and counit given by the natural maps

Bo(x, x) = ?(x) = Beo(x, x).

By Remark 1.1.8 the other unit and counit are given by the component inclusion and
projections

B(x,y) = B(x,y) ®B(y.x) = B(x, y)
As quadratic functors are only 2-excisive, but not 1-excisive, they generally don’t
preserve exact squares. Their failure to preserve exact squares is however completely

controlled by the associated symmetric bilinear parts. More precisely, we have the
following:

Lemma 1.1.19 Let ?: C°P — Sp be a quadratic functor with bilinear part B = B

and let o
X —y

gl | ©)

7w
be an exact square in C. Then in the diagram

Qw) ———  B(z, y) «——— B(cof(B’), cof (&'))

! ! ! 10

?(z) xou) 2y) — B(z, x) XB,x) Blx,y) +——0
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both squares are exact. In particular, there is a natural equivalence

cof [2(w) — 2(z) X 2(y)] = cof[B(z, y) — B(z, x) XB(x,x) B(x, y)]
~ % B(cof (B), cof (&) =~ B(fib(8'), cof ().

Proof Consider the following pair of maps between commutative squares

w) — 2y) Wdy) — W DY) B(z,y) — B(x, )

| L= L=l Loan

Q(z) — 2(x) Lz@x) — Ax D x) B(z,x) — B(x, x)

where the left one is induced by the strongly cocartesian cube
XOx —— xDy
z@x —|— zD Y.

h

J\

N/ R

[

12)

Here, the map x & x — x is the collapse map, the map z & y — w is the one
whose components are « and 8, and the maps x @ y — y and x & z — z have one
component the identity and one component &’ or 8’, respectively. Since ? is quadratic
it is in particular 2-excisive by the first characterization in Proposition 1.1.13, and so ?
maps (12) to a cartesian cube of spectra. This means that the first map in (11) induces
an equivalence on total fibres. On the other hand, the second map in (11) also induces
an equivalence on total fibres since its cofibre is the square

22) @ 2y) — ) & AY)

l l

) @ 2Ax) — 2x) @ 2Ax)

whose total fibre is trivial. We then deduce that the composite of the two maps in (11)
induces an equivalence on total fibres, and hence the left square in (10) is exact.
Finally, the right square in (10) is exact because B(—, —) is exact in each variable
separately and hence the total fibre of the right most square in (11) identifies with
B(cof (B), cof (@’)) via the natural map B(cof (8'), cof (a)) — B(z, y). O

Remark 1.1.20 Lemma 1.1.19 admits a natural dual variant. Given a quadratic functor
Q: C°°? — Sp with bilinear part B = B¢ and an exact square as in (9), one may form
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instead the diagram

?(z) Do(w) () «— Bz, w) DB (w,w) B(w,y) ——— 0

! ! | (13)

Qx) < B(z,y) ——— B(fib(x), fib(B))

obtained using the maps on the left hand side of (6) instead of the right. The dual of
the argument in the proof of Lemma 1.1.19 then shows that (13) consists of two exact
squares, yielding a natural equivalence

fib[2(2) Seqw) 2y) = 2x)] = fib[B(z, w) SB(w.w) B(w, y) = B(z, y)]
~ QB(fib(e), fib(B)) =~ B(cof (), fib(B)).

Applying Lemma 1.1.19 in the case where z = 0 we obtain:

Corollary 1.1.21 (cf. [45, Lecture 9, Theorem 5]) For an exact sequence x — y — w
in C, the natural map

2y) — Ax)
(w) — totfib l l

BQ(.X, y) — BQ()C, )C)

from @(w) to the total fibre of the square on the right, is an equivalence.

Definition 1.1.22 For a quadratic functor ¢ we will denote by A¢: C°P — Sp the cofi-
bre of the natural transformation (B@)hc2 = ©, which is exact by Proposition 1.1.13,
and refer to it as the linear part of Q. By construction, the linear part Ag sits in an
exact sequence

Beo(x, x)nc, = 2(x) = Ae(x). (14)
The formation of linear parts can be organized into a functor
Ay: Fun?(C) — Fun®™(C, Sp) (15)

whose post-composition with the inclusion Fun®* (C°P, Sp) € Fun4(C) carries a nat-
ural transformation from the identity ® = Ae¢, corresponding to the second arrow
in (14).

Remark 1.1.23 It follows from Remark 1.1.6 that the formation of linear parts naturally
commutes with restriction along an exact functor f: C — D.

Lemma 1.1.24 The natural map @ = Ae is a unit exhibiting A as left adjoint to
the inclusion

Fun®*(C°P, Sp) € Fun!(C).
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Proof Since Fun®* (C°P, Sp) C Fun4(C) is a full inclusion it will suffice to show that
? = Ag¢ induces an equivalence on mapping spectra to every exact functor. Since
Fun4(C) is stable this is the same as saying that the fibre of ¢ = A¢ maps trivially to
any exact functor. This fibre is [Bé]hc2 by construction, and so it will hence suffice
to show that B$ maps trivially to any exact functor. Indeed, this follows from the
adjunction of Remark 1.1.18 since the bilinear part of every linear functor vanishes.

|

Let us also remark that equivalences of quadratic functors can be detected on their
connective covers.

Lemma 1.1.25 LetC be a stable co-category and ?: C°? — Sp be a quadratic functor.
Suppose that for every x € C the spectrum ?(x) is coconnective. Then @ is the zero
functor. In particular, if a natural transformation of quadratic functors f: @ — 2 is
an equivalence after applying Q°°, then it is itself an equivalence.

Proof First suppose that ? is exact. Then, for every x € C and n € Z, 7,%(x) =
712(Z"1x) =0, and s0 @ = 0.

Let us now prove the general case. For every x, y € C, the spectrum Bo(x, y) is a
direct summand of ?(x @ y). In particular it is also coconnective. Hence, if we fix an
x € C, then Bo(x, —): C°? — Sp is an exact functor taking values in coconnective
spectra, and therefore the zero functor by the previous argument. The cross-effect Bo
is therefore the zero functor. In particular, ? is exact, and is hence the zero functor by
the same argument.

The final statement follows by applying the previous argument to the fibre
of f. O

We finish this subsection with a discussion of the left and right adjoints to the
inclusion of quadratic functors inside reduced functors.

Construction 1.1.26 Let& be a stable co-category. Given a quadratic functor?: £°° —
Sp, Lemma 1.1.19 applied in the case where both z and y are zero objects implies that
the sequence

w) — QUAQLW) — QBe(Qw, Qw) (16)
is exact, and hence that the natural map

Q(w) = QAib[(Qw) — Be(Qw, Q)]

is an equivalence. This map itself is however defined for any reduced ?, and is natural
in 9. In particular, given a stable co-category we may define a functor

Tf: Fun, (£°?, Sp) — Fun,(E°P, Sp)
which sends a reduced functor R: £°P — Sp to the reduced functor

TS (R) := Qfib[R(Qw) — Br(Quw, Qu)]. (17)
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The operation Tg is equipped with a natural map
Or: R = T5(R)

which is an equivalence when R is quadratic by Lemma 1.1.19. Unwinding the def-
initions, we see that the association R +—> Tf (R) identifies with the one defined in
[47, Construction 6.1.1.22] for C = £°P and D = Sp. Since Sp is stable and admits
small colimits it is in particular differentiable in the sense of [47, Definition 6.1.1.6].
By [47, Theorem 6.1.1.10] we may then conclude that the association

Ot (®)
Py(R) := colim[R & TE(R) ——> TETE(R) — ---]

gives a left adjoint to the inclusion Fun(&) € Fun,(E°P, Sp). This procedure is often
referred to as 2-excisive approximation.

In a dual manner, if we use Remark 1.1.20 instead of Lemma 1.1.19 then we get
that for a quadratic functor ? the sequence

YBe(Zw, Zw) - E(Xw) — 2w) (18)
is exact, and so the natural map
% cof [Be(Sw, Tw) — 2Tw)] = w)
is an equivalence. As above, for a general reduced functor R we can define the functor
T%(R) = X cof[BRr(Zw, Zw) - R(Zw)], (19)
equipped with a natural map
r: T2(R) = R,
which is an equivalence when R is quadratic. We may also identify T% with the result
of [47, Construction 6.1.1.22] applied to C = £ and D = Sp°P. Since Sp? is also

differentiable by the same argument it follows from [47, Theorem 6.1.1.10] that the
association

2R
P2(R) = lim[- -- — T2T2(R) ——> T2(R) 5> R]

provides a right adjoint to the inclusion Fun4(&) C Fun,(E°P, Sp).
1.2 Hermitian and Poincaré oo-categories
In this subsection we introduce the key player in this paper—the notion of a Poincaré

oo-category. For this, it will be convenient to pass first through the following weaker
notion:
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Definition 1.2.1 A hermitian oo-category is a pair (C, ?) where C is a small stable co-
category and ?: C°P— Sp is a quadratic functor in the sense of Definition 1.1.14. We
will then also refer to Q as a hermitian structure on C. The collection of hermitian co-
categories can be organized into a (large) co-category Catlo‘o, obtained as the cartesian
Grothendieck construction of the functor

(CatZ)®? — CAT», C+— Fund(C).

(here CAT «, stands for the co-category of possibly large co-categories). We shall also
refer to its morphisms as hermitian functors.

Unpacking this definition, we find that a hermitian functor from (C, ?) to (C’, ¢’)
consists of an exact functor f: C — C’ and a natural transformation n: @ = f*9' :=
?" o f°P. We will thus generally denote hermitian functors as pairs ( f, n) of this form.
If (f,n): (C,?) — (C',?) is a hermitian functor then by Remark 1.1.6 we have a
natural equivalence (f x f)*Bg' > B r+¢/, and consequently the natural transformation
n determines a natural transformation

Bn: Be = (f x f)*Be, (20)

which we then denote by 8.
The notion of Poincaré co-category is obtained from that of a hermitian co-category
(C, ?) by requiring ? to satisfy two non-degeneracy conditions. Both of these conditions

depend only on the underlying symmetric bilinear part Be € Fun®(C). To formulate
the first one we first note that the exponential equivalence

Fun(C® x C°?, Sp) = Fun(C°?, Fun(C°?, Sp))
restricts to an equivalence
Fun®(C) = Fun®*(C°, Fun®™(C°?, Sp)). 21)

We then consider the following condition:

Definition 1.2.2 We will say that a bilinear functor B € Fun®(C) is right non-
degenerate if the associated exact functor

C°® — Fun™*(C?,Sp) yr~ B(—,y) (22)
takes values in the essential image of the stable Yoneda embedding
C = Fun**(CP, S) ~ Fun®™(C*?, Sp),

where Fun'®* denotes left exact (that is, finite limit preserving) functors, and the equiv-
alence to the last term is by [47, Corollary 1.4.2.23]. In other words, if for each y € C
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the presheaf of spectra B(—, y) is representable by an object in C. In this case we can
factor (22) essentially uniquely as a functor

Dg: C? = C
followed by C — Fun®*(C°P, Sp), so that we obtain an equivalence
B(x,y) >~ hom¢(x, Dpy).

Similarly, B € Fun®(C) is called left non-degenerate if the associated exact functor
x — B(x, —) takes values in the essential image of the stable Yoneda embedding. If
B € Fun®(C) is left and right non-degenerate, then it is called non-degenerate. In this
case the two resulting dualities are, essentially by definition, adjoint to each other.
We will say that a symmetric bilinear functor is non-degenerate if the underlying
bilinear functor is. In this case it of course suffices to check that it is right non-
degenerate. The two dualities are in this case equivalent and we will refer to the
representing functor Dp as the duality associated to the non-degenerate symmetric
bilinear functor B (though we point out that Dg is not in general an equivalence).
Given a hermitian structure ¢ on a stable oo-category C, we will say that ? is non-
degenerate if its underlying bilinear part is. In this case we will also say that (C, ?) is
a non-degenerate hermitian co-category and will denote the associated duality by De.

The full subcategories of Fun®(C), Fun®(C) and Fun4(C) spanned by the non-
degenerate functors will be denoted Fun"®(C), Fun™(C) and Fun™(C), respectively.
The bilinear exponential equivalence (21) then restricts to an equivalence

Fun™(C) = FunR(C, 0),

where Fun® denotes the right adjoint functors. To see this it suffices to observe that
B e Fun®(C) is non-degenerate precisely if it is right non-degenerate and the resulting
duality admits a left adjoint. Under this equivalence the C,-action on the left corre-
sponds to the Cy-action on the right given by passing to adjoints and taking opposites,
so that we get an equivalence

Fun™(C) = FunR(CP, 0)"2,

Both of these equivalences will be denoted by B — Dg. Similarly, we will also denote
the composition

B, . D
Fun™(C) — Fun™(C) — Fun®(C, C)

by ¢ — De.
Let us make these adjointability statements explicit: if B € Fun®(C) is a non-
degenerate symmetric bilinear functor with associated duality D = Dg: C? — C
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then the symmetric structure of B determines a natural equivalence

home (x, D(y)) ~ B(x, y) >~ B(y, x) >~ hom¢(y, D(x)) >~ homgop (D°P(x), y)
(23)

where DP: C — (C°P is the functor induced by D upon taking opposites. Such a
natural equivalence exhibits in particular D°P as left adjoint to D. We will denote by

ev:id = DD (24)

the unit of this adjunction, and refer it as the evaluation map of D. Its individual
components

evy,: x — DDP(x) (25)

are then the maps corresponding to identity D°?(x) — D°P(x) under the equiv-
alence (23). The counit of this adjunction is given again by natural transforma-
tion (24), but interpreted as an arrow from DPD to the identity in the co-category
Fun(C°P, C°?) ~ Fun(C, C)°P.

Remark 1.2.3 The process of viewing the equivalence (23) as an adjunction between
D and D°P and extracting its unit as above can be reversed: knowing that ev is a unit
of an adjunction we can reproduce the equivalence hom¢ (y, D(x)) >~ hom¢ (x, D(y))
as the composite

home (y, D(x)) = homcep (DP (x), y) — home (DD (x), D(y)) — homc (x, D(y)),

where the last map is induced by pre-composition with the evaluation map.

Lemma 1.2.4 Let (C,?), (C’, ?) be two non-degenerate hermitian co-categories with
associated dualities D¢ and De1, and let f, g: C — C’ be two exact functors. Then
there is a natural equivalence

nat(Be, (f x g)*Bg/) =~ nat(fDe, De/g®P),
where nat stands for the spectrum of (non-symmetric) natural transformations, on the

left between two spectrum valued functors on C°P x C°P, and on the right between two
Sfunctors C°P — (',

Proof Consider the left Kan extension functor
(f x id);: Fun(C® x C°P, Sp) — Fun(C'®® x C°P, Sp),
which is left adjoint to the corresponding restriction functor. Natural transformations

Be = (f x 8)"By = (f xid)*(id x g)"Be
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then correspond under this adjunction to natural transformations
(f xid)Be = (id x g)*Ber. (26)
Now for y € C we have

((f x id)Be)leroryyy = (f x {yDi((Be)lcorx(yy),

as can be seen by the pointwise formula for left Kan extension. Since Bo(—, y) is
represented by De(y) and left Kan extension preserves representable functors it then
follows that

(f x id)Be(x", y) 2 home: (x', f (Do (1))

for (x’,y) € C'®? x C°. On the other hand, we have (id x g)*Be/(x’,y) =~
homgr (x’, Dg/(g(y))), and so by the fully-faithfulness of the Yoneda embedding we
thus obtain

nat(Be, (f x g)*Bg/) = nat(fDe, Dg/gP),
as desired. O

Definition 1.2.5 Given a hermitian functor (f, n): (C, ?) — (C', ?'), we will denote
by

7y fD¢ = Do fP

the natural transformation corresponding to the natural transformation 8,: B¢ =
(f x f)*Begr of (20), via Lemma 1.2.4.

Remark 1.2.6 In the situation of Definition 1.2.5, it follows from the triangle identities
of the adjunction (f x id); 4 (f x id)* that the natural transformation 8,: Be =
(f x f)*Be can be recovered from 7,,: fD¢ = D¢/ f°P as the composite

Be(x, y) = home (x, De(y)) — home(f(x), fDe(y))
— home (f(x), De/ f(y)) = Be(f (x), f()),

where the two middle maps are induced by the action of f on mapping spectra and
post-composition with 7, respectively.

Definition 1.2.7 A hermitian functor (f,n): (C,?) — (C’,?) between non-
degenerate hermitian co-categories is called duality preserving if the transformation
7. f D¢ f°P constructed above is an equivalence.

Definition 1.2.8 A symmetric bilinear functor B is called perfect if the evaluation map
ide = DBD%p of (24) is an equivalence. An hermitian structure ¢ is called Poincaré
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if the underlying bilinear functor of ¢ is perfect. In this case we will say that (C, ?) is
a Poincaré oo-category. We will denote by

Cath, C Catgo

the (non-full) subcategory spanned by the Poincaré co-categories and duality preserv-
ing functors, and will generally refer to duality-preserving hermitian functors between
Poincaré oo-categories as Poincaré functors. For a stable co-category C, we will denote
by

Fun?(C) € Fun!(C)

the subcategory spanned by those hermitian structures which are Poincaré, and those
natural transformations n: @ = ¢’ which are duality preserving, that is, for which the
associated hermitian functor (id, ): (C, ?) — (C, ?') is Poincaré.

Remark 1.2.9 A symmetric bilinear functor B is perfect if and only if it is non-
degenerate and D : C°P — (C is an equivalence of categories. Indeed, an adjunction
consists of a pair of inverse equivalences if and only if its unit and counit are equiva-
lences.

If B is a perfect bilinear functor on C then the duality Dg: C°P = Cis not just an
equivalence of oco-categories, but carries a significant amount of extra structure. To
make this precise note that there is a C-action on Cat given by sending C +— C°P.
This can be seen by using simplicial sets as a model where taking the opposite gives an
action on the nose. Alternatively one can also use that the space of autoequivalences
of CatZ is equivalent to the discrete group C; as shown in [67], see also [44, Theorem
4.4.1].

Definition 1.2.10 A stable co-category with perfect duality is a homotopy fixed point
of CatZ with respect to the Cz-actii)gigiven by taking the gpé)i)site oo-category. Equiv-
alently, it is, a section BC, — CatZ of the fibration Catly — BC; encoding the
Cz-action on the oo-category CatZy given by taking opposites.

We note that a stable oco-category with perfect duality consists in particular of
a stable oco-category C and an equivalence D: C — C°P, equipped with additional
coherence structure of being a homotopy C;-fixed point. For example, the composition
DD®P is equipped with a natural equivalence ev : id >~ DD°P, which itself carries higher
coherence homotopies relating it with its opposite, and so forth. By a perfect duality on
a given stable co-category C we will mean a refinement of C to a homotopy C;-fixed
point of CatZy. We may also identify the notion of a perfect duality with that of a

C,-fixed equivalence C°P = C, where the C;-action on Fun® (C°P, C) is obtained via
its identification with the co-category Fun(C) of non-degenerate bilinear functors.
We will often abuse notation and denote a perfect duality simply by its underlying
equivalence D: C°P — C.

In their work on co-categories with duality, Heine-Lopez—Avila—Spitzweck prove
that the duality functor Dp associated to a perfect bilinear functor B on a stable co-
category C, naturally refines to a perfect duality on C in the above sense. Furthermore,



10  Page 30 of 269 B. Calmes et al.

the association B — Dg determines an equivalence between perfect bilinear functors
on C and perfect dualities on C see [29, Corollary 7.3], and [63, Proposition 2.1] for
the stable variant. Together with Lemma 1.2.4, this association determines a forgetful
functor

Catd, — (Cat)'2 (€, 9) — (C, Do) 27)

from Poincaré co-categories to stable co-categories with perfect duality. This provides
a key link between the present setup and the existing literature on stable co-categories
with duality.

Definition 1.2.11 Given a stable oo-category and a symmetric bilinear functor
B: C? x C? — Sp we will refer to the hermitian structures %, QqB € Funi(C)
of Example 1.1.17 as the symmetric and quadratic hermitian structures associated to
B, respectively. As the symmetric bilinear parts of both 9} and QqB are canonically
equivalent to B, these hermitian structures are Poincaré if and only if B is perfect.

Example 1.2.12 Let R be an ordinary commutative ring and let C = DP(R) be the
perfect derived oo-category of R. Similar as in Example 1.1.17 we may then consider
the symmetric bilinear functor Bz € Fun®(C) given by

Br(X,Y) =homp(X ®r Y, R),

with symmetric structure induced by the symmetric structure of the tensor product ®.
This bilinear functor is perfect with duality given by

Dz(Y) = Hom$} (Y, R),

where the right hand side stands for the internal mapping complex. An element 8 €
Q®Bg(X, Y) then corresponds to a map X ®g ¥ — R, which we can consider as a
bilinear form on the pair (X, Y). To this perfect bilinear functor we can associate the
corresponding symmetric and quadratic Poincaré structures

2(X) :=Br(X, X)"? and 9%(X) := Br(X, X)nc,,

as in Definition 1.2.11. The space 2°°?% (X) is then the space of (homotopy) C;-fixed
points of QB (X, X), which should be viewed as the homotopical counterpart of the
notion of a symmetric form on X. The space QOO‘B(}e (X), on the other hand, is the space
of (homotopy) C;-orbits of Q*°Bg (X, X), which we can consider as a homotopical
analogue of that a quadratic form on X, see Example 1.1.17.

Example 1.2.13 In the situation of Example 1.2.12 we could also consider the symmet-
ric bilinear functor B_ p whose underlying bilinear functor is Bz but whose symmetric
structure is twisted by the sign action of C,. In other words, the symmetry equiva-
lence B_r(X ®r Y, R) 3 B_r(Y ®g X, R) of B_g is minus the one of Bg. This
bilinear functor is again perfect with duality which coincides with Dg on the level
of the underlying equivalence DP(R)°? — DP(R), but which has a different double
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dual identification. We may then consider the corresponding symmetric and quadratic
Poincaré structures

9 p(X) :=B_g(X, )" and 9!, (X) :=B_g(X, X)nc,,

asin Definition 1.2.11. The space 2°°¢® , (X) is then a homotopical counterpart of the
notion of an anti-symmetric form on X, while Qoo?(i g (X) is its quadratic counterpart.

Example 1.2.14 In the spirit of Example 1.2.12, one may also fix a scheme X and
consider the stable co-category DP(X) of perfect complexes of quasi-coherent sheaves
on X. Given a line bundle L on X we have an associated bilinear form By on DP(X)
given by

BL(F,G) =homy(F ®x G, L),
which is perfect with duality
Dy (F) = Hom§ (F, L).

To this perfect duality we can then associate the corresponding symmetric and
quadratic Poincaré structures

S(F):=Br(F, P and 9} (F) :=BL(F, Flnc,-

Example 1.2.15 Let Sp' be the oo-category of finite spectra. We define a hermitian
structure on Sp' via the pullback square

QU(X) — D(X)

l l

DX ® X)"© — DX ® X)©2

where D(X) = hom(X, S) denotes the Spanier—Whitehead dual and the right vertical
map is the Tate diagonal DX — (DX ®DX)'2 of DX. This hermitian structure is then
Poincaré with duality given by Spanier—Whitehead duality. We note that this Poincaré
structure is neither quadratic nor symmetric (Definition 1.2.11). The superscript u is
suggestive for universal, see Sect. 4.1. The Poincaré co-category also functions as
the unit of the symmetric monoidal structure on Poincaré oco-categories that we will
construct in Sect. 5.

Defining hermitian structures as spectrum valued functors allows us to easily imple-
ment various useful manipulations. One of them, which plays a recurring role in this
paper, is the procedure of shifting hermitian structures:
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Definition 1.2.16 Let C be a stable co-category and ¢: C°P — Sp a quadratic functor.
For n € Z we will denote by 9U": C°P — Sp the n-fold suspension of 2, given by

oll(x) = ="9(x).

We note that 9" is again a quadratic functor with bilinear part Bysg = ¥"Be and
linear part Agng = X" Ag; indeed, Fun4(C) is a stable subcategory of Fun(C°P, Sp)
and B(_) and A (_ are both exact functors. In particular, if ? non-degenerate or perfect
then so is ") with duality Do (x) = £"De(x). We refer to @1 as the n-fold shift of
Q, and to the hermitian co-category (C, 1) as the n-fold shift of (C, 9).

Remark 1.2.17 The hermitian co-category (C, 21" is Poincaré if and only if (C, ?) is.

Example 1.2.18 In the situation of Example 1.2.12, if we shift the Poincaré structures
9% and Q?e on DP(R) by n € Z then we get Poincaré structures

(25" (X) = homg(X ®g X, R[n])"
and
@M (X) = homg(X ®& X, R[nDhc, -

respectively, which we consider as encoding n-shifted symmetric and quadratic forms.
Here, R[n] denotes the R-complex which is R in degree n and zero everywhere else.

We note that the full subcategories of Fun(C) spanned by non-degenerate and
perfect functors respectively are not preserved under pullback along exact functors
f: C — C'. For example, the hermitian structure 9(5@ on DP(Q) is perfect (see Exam-
ple 1.2.12), but its pullback to DP(Z) is not even non-degenerate. A notable exception
to this is however the following:

Observation 1.2.19 If (C, Q) is a non-degenerate hermitian or Poincaré co-category
and D C C is a full stable subcategory such that the duality De maps D to itself
then (D, Q|p) is again non-degenerate with De|, = De|pop. In particular, if (C, Q) is
Poincaré then (D, Q|p) is again Poincaré.

Example 1.2.20 If (C, ?) is a non-degenerate hermitian co-category then the full sub-
category C™ C C spanned by those objects x € C for which the evaluation map
evy: x — D°PD(x) is an equivalence is preserved under the duality by the triangle
identities, and hence the hermitian co-category (C™fl, ?|cren) is again non-degenerate,
and even Poincaré, since the evaluation map is now an equivalence by construction.

1.3 Classification of hermitian structures

In this section we discuss the classification of hermitian and Poincaré structures on a
fixed stable co-category C, in terms of their linear and bilinear parts. For the hermitian
part, this is essentially then = 2 case classification of n-excisive functors in Goodwillie
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calculus, and is also a particular instance of the structure theory of stable recollements
(see [47, §A.8], [12], [55]). For the purpose of self containment we however provide
full proofs of the statements that we need in the present setting. In order to formulate
these statements we first need to better understand the role played by the quadratic
and symmetric hermitian structures 93, @} associated to a given symmetric bilinear
form B.

Lemma 1.3.1 Let ?: C°? — Sp be a quadratic functor on a small stable co-category
C. Then the following are equivalent:

i) The map Bo(x, x)nc, = 2(x) of (8) is an equivalence for every x € C.
ii) Q is equivalent to a quadratic functor of the form S?qB for some symmetric bilinear
functor B € Fun®(C) (see Example 1.1.17).
iti) The spectrum of natural transformations nat(?, L) is trivial for any exact functor
L € Fun®*(C°P, Sp) € Funi(C).

Definition 1.3.2 Following the conventions of Goodwillie calculus, we will refer
to quadratic functors ?: C°? — Sp which satisfy the equivalent conditions of
Lemma 1.3.1 as homogeneous. We will denote by Fun"™(C) € Fun4(C) the full
subcategory spanned by the homogeneous functors.

Proof (Proof of Lemma 1.3.1) Clearly i) = ii). If we assume ii) then iii) follows from
Lemma 1.1.24 since the linear part of QqB vanishes by definition. Similarly if we assume
iii) then 1) follows by Lemma 1.1.24 since the linear part vanishes. O

Corollary 1.3.3 (cf. [47, Proposition 6.1.4.14]) The functor
Fun®(C) — Fun4(C) B — 94 (28)

is fully-faithful and its essential image is spanned by those quadratic functors which
are homogeneous in the above sense.

Proof By Lemma 1.3.1 the functor (28) takes values in homogeneous functors,
and hence determines a functor ¢: Fun*(C) — Fun™™(C) < Fun4(C), where
the latter denotes the full subcategory spanned by homogeneous quadratic func-
tors. On the other hand, the formation of cross effects determines a functor in the
other direction v : Fun™™(C) — Fun*(C). By Lemma 1.3.1 the composed func-
tor ¢ o : Fun"™() — Fun™™(C) is naturally equivalent to the identity, and
by Examples 1.1.17 the composite i o ¢ is naturally equivalent to the identity
Fun®(C) — Fun®(C) as well. It then follows that ¢ is an equivalence from Fun®(C) to
Fun™™(C) C Fun4(C), as desired. O

The notion of a homogeneous quadratic functor has a dual counterpart, which
consists of the quadratic functors which have a trivial mapping spectrum from any
exact functor. The argument of Lemma 1.3.1 then runs in a completely dual manner
to show that this property is equivalent to the canonical map 2(x) — Be(x, x)MC2
being an equivalence and is satisfied by quadratic functors of the form ¢} for any B €
Fun®(C). We will refer to such functors as cohomogeneous, and denote by Fun®"(C) C
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Fun4(C) the full subcategory spanned by the cohomogeneous functors. The argument
of Corollary 1.3.3 then runs in a completely dual manner to show that the functor

Fun®(C) — Fun4(C) B 94 (29)

is fully-faithful and its essential image is spanned by the cohomogeneous quadratic
functors.

Remark 1.3.4 Given a bilinear functor B, the quadratic functor x +— B(x, x) is both
homogeneous and cohomogeneous.

Proposition 1.3.5 The natural transformation € : [Bé]hc2 = Q exhibits [Bé]hc2 as
final among homogeneous functors equipped with a map to Q. Dually, the natural
transformation n: ¢ = [B@]hC2 exhibits [B@]hC2 as initial among cohomogeneous
functors equipped with a map from <.

Proof This first statement is equivalent to Lemma 1.1.24 and the second is dual. O

Corollary 1.3.6 For a small stable co-category C the functor
B(y: Fun?(C) — Fun®(C)

admits left and right adjoints, both of which are fully faithful, given by sending B to
QqB and Ry respectively.

Remark 1.3.7 By Corollary 1.3.6 with Lemma 1.1.24 the pair of fully-faithful inclu-
sions

QS
Fun®(C) — Fun%(C) < Fun®™(C, Sp)

form a recollement in the sense of [47, Definition A.8.1], and more precisely a stable
recollement in the sense of [12] and [55] since all co-categories involved are stable
and all functors involved are exact.

Given a symmetric bilinear functor B € Fun®(C), Lemma 1.3.1 implies that the
linear part of the quadratic functor QqB is trivial. This however need not be the case for
the quadratic functor 2. To identify the linear part of the latter, recall that the sym-
metric bilinear part of ?qB is canonically identified with B itself (see Example 1.1.17),
and so by Corollary 1.3.6 natural transformations QqB = ¢} correspond to natural
transformations B = B. In particular, there is a distinguished transformation

9l = 24 (30)

which corresponds to the identity B = B. In terms of the adjunctions of Corol-
lary 1.3.6, this map can also be identified with the counit of the adjunction (—)ﬁC2 =

B(_) evaluated at 2§, or the unit of B(_y 4 ((—)*)"*2 evaluated at 2}.
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Lemma 1.3.8 For B € Fun®(C) the map (30) is canonically equivalent to the trace
map associated to the Ca-action on the object B® € Fun4(C).

Proof Given the bijective correspondence between natural transformations QqB = %
and natural transformations B = B it will suffice to construct an identification between
the map B = B induced by the trace map of B2 and the identity on B. For this, note
that since the functor B(_): Fun4(C) — Fun®(C) preserves all limits and colimits it
also sends trace maps to trace maps. In particular, the map B = B induced on bilinear
parts by the trace map QqB = 9} is itself the trace map

(B ® B)inc, = (B @ B)I

associated to the C-action on the symmetric bilinear part of B2, which we iden-
tify with the induced/coinduced C,-object B @ B as in Example 1.1.17. The desired
result now follows from the following completely general property of trace maps:
given a semi-additive oco-category D and an object x € D, the trace map of the
induced/coinduced C;-object x @ x identifies with the identity id: x — x under the
canonical identifications (x @ X)nc, = X = (x @ x)hC2, O

Remark 1.3.9 Lemma 1.3.8 implies that ¢ naturally lifts to a functor with values in gen-
uine Cy-spectra. We will discuss this issue in greater detail and precision in Sect. 7.4.

Corollary 1.3.10 For a symmetric bilinear functor B € Fun®(C) the linear part of
?% (x) = B(x, x)P¢2 5 naturally equivalent to the Tate construction (BYHC2(x) =
B(x, x)©2. In particular, the latter is always an exact functor:

By virtue of Lemma 1.3.8 and Corollary 1.3.10, any quadratic functor ¢ on C
determines a diagram of quadratic functors

Be(x, X)nc, > Qx) > Ao(x)

| I | o

Bo(x, X)nc, — Be(x, x)"2 —— Bo(x, x)'®

in which the right square is exact and the right most vertical map is obtained from
the middle vertical map by taking linear parts. Conversely, by Proposition 1.1.13 a
symmetric bilinear functor B: C°P? x C°? — Sp, an exact functor A: C°? — Sp and
a natural transformation 7: A = (B*)!®2 together determine a quadratic functor
Q: C°? — Sp by declaring the square

x) — Ax)

l lrx

B(x, )"? — B(x, )’



10  Page 36 of 269 B. Calmes et al.

cartesian. This observation leads to a well-known classification of quadratic functors,
which we now explain. To formulate it, let us first note that for a quadratic functor
Q, Lemma 1.1.24 tells us that the natural transformation @ = Ay is universally char-
acterized by the property that it induces an equivalence on mapping spectra to every
exact functor. In particular, if ¢: 2 = A is any map from ? to an exact functor A
which induces an equivalence on mapping spectra to any exact functor, then ¢ factors

through an equivalence ¢ — A¢ — A in an essentially unique manner. In this case,
we will also say that ¢ exhibits A as the linear part of ?. Similarly, we will say that a
map ¥ : @ — ¢ exhibits ¢’ as the cohomogeneous part of ? if ¢ is cohomogeneous and
Y induces an equivalence on mapping spectra to any cohomogeneous functor. In this
case, Corollary 1.3.6 tells us that v factors through an essentially unique equivalence
?(x) — Bo(x, x)IC2 > 9’(x). Let us now denote by £ € Fun(A! x A!, Fun4(C))
the full subcategory spanned by those squares of quadratic functors

—
(32)

R +—

> — >

—

which are exact and for which the top horizontal map exhibits A as the linear part of ¢
and the left vertical map exhibits @’ as the cohomogeneous part of €. In particular, any
square in & is equivalent to a square as of the form appearing on the right side of (31) in
an essentially unique way. We may consider £ as the oo-category of quadratic functors
equipped with a “cohomogeneous-linear decomposition”.

Proposition 1.3.11 The evaluation at (0,0) € A x A map & — Fund(C) sending a
square as in (32) to ?Q is an equivalence of co-categories. In particular, every quadratic
functor can be written as a pullback of cohomogeneous and exact functors.

Proof Given Remark 1.3.7 this can be deduced from [12, Lemma 9]. We however spell
out the details for completeness. Let £~C Fun(A2, Fund(C)) be the full subcategory
spanned by those A(z)—diagrams

Q — A

1 (33)
Q/

for which the top horizontal map exhibits A as the linear part of ? and the left vertical
map exhibits ¢’ the cohomogeneous part of €. Then the restriction of any square in £ to
A(z) C A x Allies in £™ and the resulting projection £ — £ is a trivial Kan fibration
since every square in £ is exact and hence a left Kan extension of its restriction to
A(z). It will hence suffice to show that the projection £”— Fun4(C) sending a diagram
as in (33) to © is an equivalence. Now the oco-category £" can be embedded in the
larger oo-category £ C Fun(A2, Fun4(C)) consisting of those diagrams as in (33)
for which A is exact and ¢’ is cohomogeneous. Then the projection & — Fund(C)
sending (33) to ? is a cartesian fibration classified by the functor sending ? to the
product of the comma category of exact functors under ¢ and the comma category of
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cohomogeneous functors under ?. We may then identify €™ with the full subcategory
of £ spanned by those objects which are initial in their fibres. It then follows that the
projection £™— Fun4(C) is a trivial Kan fibration, and so the proof is complete. O

We may now deduce the classification theorem for hermitian structures (cf. the
general classification of recollements [47, Proposition A.8.11]):

Corollary 1.3.12 (Classification of hermitian structures) The square

Fund(C) — Ar(Fun®™(C°P, Sp))

8 r (34)

Fun®(C) —— Fun®(C°P, Sp),

is cartesian. Here the lower horizontal functor sends B to (B2)'C2 and the right vertical
functor sends an arrow to its target.

Proof Let £ € Fun(AZ, Fund(C)) be the full subcategory spanned by those A%-
diagrams

A

| (35)

Q —— A

for which ¢’ is cohomogeneous, A is exact and the bottom horizontal map exhibits
A’ as the linear part of ¢’. Then restriction along A% c Al x Al sends every square
in £ to a square in £_. On the other hand, if we complete a diagram of the form (35)
which belongs to £ s to a cartesian square, then this square will belong to £: indeed, this
follows from the fact that amap ®” — A’ from a quadratic to an exact functor exhibits
the latter as the linear part of the former if and only if its fibre maps trivially to any
exact functor, that is, if its fibre is homogeneous. We then conclude that the projection
€ — &£_induced by restriction along A% is a trivial Kan fibration. On the other hand,
the oo-category €. is by construction a fibre product Ar(Fun®(C)) X pynex ¢y €” where
£ is the full subcategory of Fun(A!, Fun4(C)) spanned by those arrows v : ¢ — A’
such that €' is cohomogeneous and ¥ exhibits A’ as the linear part of 9'. As in the
proof of Proposition 1.3.11 the projection £” — Fun®(C) sending 9" — A” to ¢”
is a trivial Kan fibration onto the full subcategory Fun®®"(C) € Fun4(C) spanned by
the cohomogeneous functors, and the section is given by sending a cohomogeneous
functor ¢’ to the arrow 9" — A¢. We hence see that the projection £” — Fun®*(C)
is equivalent as an arrow to the functor Fun®(C) — Fun®(C) taking linear parts.
Finally, by Corollary 1.3.6 and Corollary 1.3.10 the latter arrow is also equivalent to
the arrow Fun®(C)"®> — Fun®(C) sending B to (B#)'®2, Since £&” — Fun™(C) is a
categorical fibration the fibre product £ 1 is a model for the homotopy fibre product in
the square (34). The desired result now follows from Proposition 1.3.11 and the fact
that the projection & — £ is an equivalence. O

Finally, let us also deduce an analogous classification for Poincaré structures. For
this, let us denote by FunP? ©) C Fun® (C) the non-full subcategory spanned by the
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perfect bilinear functors and duality preserving natural transformations, that is, the
natural transformations 8 : B = B’ for which the associated transformation zg : D =
Dy is an equivalence. We then define FunP*(C) to be the co-category sitting in the
pullback square

FunP*(C) —— Fun®*(C)

l |

FunP®(C) — Fun®(C).

It then follows directly from the definitions that the subcategory inclusion FunP(C) <
Fun4(C) (see Definition 1.2.8) features in a commutative diagram

FunP(C) —— Fun4(C)

l l

FunP*(C) —— Fun®(C)

l l

FunP?(C) — Fun®(C)
in which both squares are pullback squares. The following is now a direct consequence
of Corollary 1.3.12:

Corollary 1.3.13 (Classification of Poincaré structures) The square
FunP(C) —— Ar(Fun®(C°, Sp))

B J, lt (36)
FunP$(C) —— Fun®™(C°P, Sp),

is cartesian.

1.4 Functoriality of hermitian structures

In this subsection, we discuss the functorial dependence of Fun4(C) on C from the
perspective of the classification described in Sect. 1.3, not only contravariantly via
restriction along exact functors, but also covariantly via left Kan extensions. Recall
that in Sect. 1.2 we defined Ca‘tgo as the total co-category of the cartesian fibration

h
Cat), — Cat (37)
which classifies the functor C + Fun4(C). In particular, being a cartesian fibration,

the projection (37) encodes the contravariant dependence of Fun4(C) in C. We will
now show that Fun4(C) also depends covariantly in C via the formations of left Kan
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extensions. In particular, it will follow that the projection (37) is also a cocartesian
fibration. Since we constantly work with contravariant functors to spectra let us employ
the following notation: given a functor g: D — & between co-categories we denote
by g1: Fun(D, Sp) — Fun(EP, Sp) the operation of left Kan extension along
g DP — £°P,

Lemma1.4.1 i) If f: C — D is an exact functor between stable co-categories then
the associated left Kan extension functor

fit Fun(C®, Sp) — Fun(D, Sp)

sends exact functors to exact functors.
i) If f:C — Dandg: A — B are exact functors between stable oco-categories
then the associated left Kan extension functor

(f x g)1: Fun(C? x A°, Sp) — Fun(D°? x B, Sp)

sends bilinear functors to bilinear functors.
iii) If f: C — D is an exact functor between stable co-categories then the associated
left Kan extension functor

fi: Fun(C?, Sp) — Fun(D?, Sp)
sends quadratic functors to quadratic functors.

Proof We first note that left Kan extension along any functor between pointed oo-
categories preserve reduced functors by the pointwise formula for left Kan extension.
Letnow f: C — Dbeanexact functorand R : C°? — Sp areduced functor. Consider
the following commutative diagram of stable co-categories

c—L o

b

Pro(C) — Pro(D)

Then the bottom arrow admits a left adjoint g: Pro(D) — Pro(C), which corre-
sponds to restriction along C — D under the identification of Pro(—) =~ Ind((—)°P)°P
with (the opposite category of) right exact functors to spaces. Now since the Yoneda
embedding j: D — Pro(D) is fully faithful we have that j*j;: Fun(D°?, Sp) —
Fun(D°P, Sp) is equivalent to the identity, and so

fR = j*jifiR =~ j* fil R .

Moreover, since g is left adjoint to f we have that the left Kan extension functor

fi: Fun®*(Pro(C)°P, Sp) — Fun®* (Pro(D)°P, Sp) is equivalent to restriction along
g°P: Pro(D)°P — Pro(C)°P, and so

AR~ j*g" iR ~ (g/))" iR .
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Applying [47, Proposition 6.1.5.4] we now get that i)R is exact (resp. quadratic) if R
is exact (resp. quadratic). Precomposition with the exact functor gj then preserve the
properties of being exact or quadratic, and so fi’R is exact (resp. quadratic) if R is exact
(resp. quadratic). This proves 1) and iii). To prove ii), we now argue as follows. By the
compatibility of left Kan extensions with composition of functors we may reduce to
the case where either f or g are the identity functor. By symmetry it will suffice to
assume that it is f which is the identity C — C. For any functor R : C°? x AP — Sp
and every x € C we then have

(Gd X @R |xyxBor = &1(Rlix)x.A)s

as can be seen by the pointwise formula for left Kan extension. We may then conclude
that under the exponential equivalences

Fun(C? x A°P, Sp) ~ Fun(C°, Fun(A°P, Sp)) and
Fun(C°? x B°, Sp) ~ Fun(C°, Fun(B°, Sp))

the left Kan extension functor (id x g); corresponds to post-composing with the left Kan
extension functor g: Fun(A°P, Sp) — Fun(5°P, Sp). Under the same equivalence
the bilinear functors correspond to those functor C°? — Fun(A°P, Sp) which are
exact and which take values in Fun®* (A, Sp) C Fun(A°P, Sp). Since g preserve
exact functors by the first part of the lemma and post-composition with g, preserves
exact functors since g; is colimit preserving (being a left adjoint), it now follows that
(id x g) preserves bilinear functors, as desired. O

Corollary 1.4.2 The projection

Cat”

ex
0o —> Caty

is also a cocartesian fibration, with pushforward along f: C — D givenby? — f?.

Let us now discuss the compatibility of restriction and left Kan extensions with the
decomposition of the co-category of quadratic functors given by Corollary 1.3.12. We
first observe that, given an exact functor f: C — D, the associated restriction functor

*: Fun4(D) — Fun4(C) respects the square (34) in its entirety: indeed, taking linear
and bilinear parts is compatible with restriction by Remarks 1.1.6 and 1.1.23, and the
bottom functor in (34) is also visibly compatible with restriction. We then get that if
Q is a quadratic functor on D with bilinear part B, linear part A and structure map
o: A — [B2]2 then f*9 is the quadratic functor with bilinear part (f x f)*B,
linear part f*A and structure map

fra: f*A — BRI = [((f x f)*B)A]*2.

We now give a similar statement for left Kan extensions:
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Proposition 1.4.3 Let f: C —> D be an exact functor between stable oo-categories
and let @ € Fun4(C) be a quadratic functor on C. Then the natural transformations

(f x f)Be =Bre fihe= Ape (38)
and
Q) — QT(A?)

are equivalences.

Proof Leti: C — Pro(C) and j: D — Pro(D) be the respective Yoneda embeddings.
Arguing as in the proof of Lemma 1.4.1 using that (j x j)*(j X j) is equivalent to
the identity and that restriction commutes with taking bilinear parts (Remark 1.1.6)
we may identify the first map in (38) with the restriction along gj x gj: D x D —
Pro(C) x Pro(C) of

(i xi)1: B¢ = Bjp. (39)

We may hence assume without loss of generality that D = Pro(C) and f = i. To
prove the latter special case, we see that the component of the transformation (39) at
a pair of pro-objects {xy}ye7, {y}pes in C identifies with the natural map

li fib[? Q Q
(a,ﬂ)CeOIclylr’nxJop [2(xe ®yﬂ) = ) @ (Yﬁ)]

— fib colim Qx, ® — colim @ @ colim ¢ .
[(a,ﬂ)eIopxjop (X yﬁ) e AL (xa) oo (Yﬂ):|

Now since Z and J are cofiltered the projections Z° x J°° — Z°P and Z°P x J°P —
J°P are cofinal and hence we can also rewrite the above map as

lim  fib[? 9 9
wpioim o, ibf20xe © yp) = 2(xa) © 2yp)]

— fib colim (x, — colim (x, colim Q
|:(a»/3)€f°px\7°l’ (e  p) (o, B)ETPx TP (xa) @(a,ﬂ)ezopxjop (yﬂ):|

and so the desired result follows from the commutation of finite limits and filtered
colimits in Sp. This also implies that the second map in (38) is an equivalence since
the formation of linear parts is obtained by Ae(x) := cof[Be(x, x)nc, — ?(x)] and
left Kan extension commutes with colimits. Finally, the proof that the map

[QFY — QF(fY)
is an equivalence is obtained via the same argument by reducing to the case of D =

Pro(C) and using that the formation of infinite loop spaces commutes with filtered
colimits. O
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Proposition 1.4.3 tells us that the formation of linear and bilinear parts is compatible
with left Kan extensions. The situation is however slightly less simple then with
restriction, since the bottom arrow in (34) does not commute with left Kan extensions.
This is essentially due to the fact that the formation of symmetric hermitian structures
B — 9} = B(x, x)PC2 does not commute with left Kan extension. Instead, given
B € Fun®(C) we have a natural map

f8% = rupyp

which is generally not an equivalence. This leads to the following description of the
behavior of structure maps under left Kan extensions:

Corollary 1.4.4 Let f: C — D be an exact functor. If ®: C°P — Sp is a quadratics
functor on C with bilinear part B, linear part A and structure map o: A — [B2]1C2
then fi? is the quadratic functor on D with bilinear part fiB, linear part fi\, and
structure map the composite

AN = ABATS = [((f x HB)AT, (40)
which is the map induced on linear parts by the composite

[i€ = fi% — sy r)p-

Remark 1.4.5 In the situation of Corollary 1.4.4 we can also identify the second map
in (40) with the Beck—Chevalley transformation on the lax commuting square on the
right

tCy (G

Fun®(D) & Fun® (D°P, Sp) Fun®(C) % Fun® (C°P, Sp)
I | — |
Fun®(C) ——=— Fun®*(C°P, Sp) Fun®(D) ——2 Fun®*(D°P, Sp)

(41)

which is obtained from the commuting square on the left by replacing the vertical
restriction functors (f x f)* and f* by their left adjoints (f x f); and fi, respectively.

2 Poincaré objects

In this section we introduce and study another key element of the present paper, the
notion of a Poincaré object in a given Poincaré oco-category (C, ?). As reflected by
Examples 1.2.12 and 1.2.13, we think of a Poincaré structure on a given stable co-
category C as a way of encoding a particular notion of hermitian form, e.g., quadratic,
symmetric, or anti-symmetric forms on modules over rings. In the context of a general
Poincaré oco-category (C, ?) and an object x € C, we will consequently call points
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in the underlying infinite loop space Q2°°?(x) hermitian forms on x. Such a form
determines in particular a map x — Dx from x to its dual, and we say that a form is
Poincaré if this map is an equivalence. A Poincaré object is then the abstract analogue
of a module equipped with (some flavour of) a hermitian form which is unimodular.

We begin in Sect. 2.1 by introducing the main definitions and establishing a few
basic consequences. One of the simplest forms of Poincaré objects are the hyperbolic
ones, which are the abstract analogue of the notion of hyperbolic quadratic forms. We
discuss these types of Poincaré objects in Sect. 2.2 and see how their formation can
be encoded as the action of a suitable Poincaré functor Hyp(C) — C from a certain
Poincaré oco-category Hyp(C) constructed from C. The Poincaré oo-category Hyp(C)
displays the interesting property that its Poincaré objects correspond to just objects in
C, and we study it in further depth in Sect. 7. We also exploit this construction in order
to prove that Poincaré objects with respect to symmetric Poincaré structures (Defi-
nition 1.2.11) correspond to C;-fixed objects in C (see Proposition 2.2.11 below). In
Sect. 2.3 we study another important kind of Poincaré objects-the metabolic Poincaré
objects. These correspond to metabolic forms in the classical sense, that is, forms
which admit a Lagrangian. Similarly to the hyperbolic case we show how one can
understand metabolic Poincaré objects via Poincaré objects in a certain Poincaré oco-
category Met(C, ?) constructed from (C, ?). The notion of metabolic Poincaré objects
is the main input in the definition of the L-groups of a given Poincaré oco-category
(see Definition 2.3.11 below). These are in fact the homotopy groups of the L-theory
spectrum which was classically defined and studied in the seminal work of Ranicki
[58], and transported to the context of Poincaré co-categories by Lurie [45]. A key
technique in studying L-groups is Ranicki’s algebraic Thom construction, which we
present in Sect. 2.4 in the setting of Poincaré co-categories, and revisit in greater depth
in Sect. 7.3.

A key role in the present series of papers is played by the Grothendieck-Witt spec-
trum of a Poincaré co-category, an invariant we will construct using the framework of
cobordism categories in Paper [2]. The zero’th homotopy group of the Grothendieck-
Witt spectrum, also known as the Grothendieck-Witt group, was classically defined in
the context of rings as the group completion of the groupoid of unimodular forms (with
respect to orthogonal sum). We will see how to define the Grothendieck-Witt group
in the abstract setting of Poincaré co-categories in Sect. 2.5, and extract some of its
basic properties. In particular, the Grothendieck-Witt group GW(C, ?) of a Poincaré
oo-category (C, ?) sits in an exact sequence

Ko(C)c, = GWo(C,?) = Lo(C,?2) — 0

between the zero’th L-group of (C, ?) and the C;-orbits of the algebraic K-theory of
C. This exact sequence is in fact the tail of a long exact sequence issued from a fibre
sequence of spectra

K(C)hc, = GW(,?) — L, 9
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that we will construct in Paper [2]. The existence of the above fibre sequence in this
generality is a principal novelty of our approach to hermitian K-theory, and yields a
variety of consequences we will exploit in Paper [2], Paper [3] and Paper [4].

2.1 Hermitian and Poincaré objects

In this section we will present the notions of hermitian and Poincaré objects and extract
some of their basic properties.

Definition 2.1.1 Let (C, ?) be a hermitian co-category and x € C an object. By a
hermitian form on x we will mean a point g in the space 2°°?(x). We will then refer
to the pair (x, q) as a hermitian object in (C, ?). Hermitian objects can be organized
into an co-category given by the total oo-category of the right fibration

He(C,9) := f QX (x) = C

xeC

classified by the functor Q2°°?: C? — S. We will refer to He(C, ?) as the oo-
category of hermitian objects in (C, ?). We will denote by Fm(C, ?) € He(C, ?) the
maximal subgroupoid of He(C, ?), and refer to it as the space of hermitian objects.

Lemma 2.1.2 The assignment (C,?) — He(C, Q) canonically extends to a functor
He: Cat};o — Catyo, together with a natural transformation to the forgetful functor
(C, Q) — C, whose component for a given (C, Q) € CatgO is the defining right fibration
He(C,?) — C.

Proof The functor CatZl — Catyo, together with the composed natural transformation

Funl(—) = Fun((—)°?, Sp) ﬁ Fun((—)°?, S),

where Q2° denotes post-composition with the infinite loop space functor 2°°: Sp —
S, together induces under unstraightening a functor

Cat® — Fun(C?, S).

00
CeCatyo

Invoking (the dual of) [23, Corollary A.31], we may identify the Grothendieck con-
struction on the right as

/ Fun(C, S) ~ / RFib(C) ~ RFib
CeCatqo

CeCatoo

where RFib(C) denotes the oo-category of right fibrations over C and RFib C
Ar(Caty) is the full subcategory of the arrow category of Caty, consisting of right
fibrations. The resulting functor Catgo — RFib — Ar(Caty) then associates to a
hermitian oco-category (C, ?) the right fibration He(C, ®) — C, yielding the desired
functoriality. O
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We will mostly be interested in hermitian forms which satisfy a unimodularity
condition. To formulate it, we need to assume that (C, ?) is non-degenerate. In that
case any hermitian object (x, g) determines a map g3 : x — Deg(x) as the image of g
under

Q%Qx) — Q%Be(x, x) = Mapg(x, De(x)).

Definition 2.1.3 We will say that a hermitian form ¢ on x € C is Poincaré if the
associated map gz: x — De(x) is an equivalence. In this case we will also say
that (x, g) is a Poincaré object. We will denote by Pn(C,®?) € Fm(C, ?) the full
subgroupoid of Fm(C, ?) spanned by the Poincaré objects. We will refer to Pn(C, ?) €
S as the space of Poincaré objects in (C, ?).

Remark 2.1.4 Similarly to the co-category He(C, ?) one could also form an oo-
category of Poincaré objects as a full subcategory of He(C, ?). This construction is
rather poorly behaved formally and will not play any role in this paper. Therefore we
will only consider the space Pn(C, ?) of Poincaré objects here.

Lemma2.1.5 If (f,n): (C,?) — (C',?) is a duality preserving hermitian functor
between non-degenerate hermitian oo-categories then the induced functor

fe: Fm(C,?) — Fm(C',?)

preserves Poincaré objects, that is, it maps the full subgroupoid Pn(C, ?) € Fm(C, )
to the full subgroupoidPn(C’, ®") € Fm(C’, ¥'). Inparticular, the association (C, ?) +—
Pn(C, Q) thus extends to a functor

Pn: Cath, — S.

It is this functor Pn that plays a pivotal role in the rest of the paper.

Proof of Lemma 2.1.5 By Remark 1.2.6 the natural transformationn: ¢ — f*?’ deter-
mines a commutative diagram

Q%

Q9(x) » QXY (f(x))

| l

Q%Bg(x, x) Sl s Q%Bo(f(x), £(x))

~| B

Mape (x. Dg (x)) —— Mape: (f(x). fDe(x)) 25 Mape:(f(x). Do f(x))

In particular, if (f, n) is duality preserving then 7, is an equivalence and hence the
top horizontal arrow sends Poincaré forms on x to Poincaré forms on f(x). O

Remark 2.1.6 The map ?(x) — Be(x,x) factors as ?(x) — Be(x,x)" —
Bo(x, x), see (8). It then follows that for any hermitian form ¢ on x the correspond-
ing map gz : x — Deg(x) is self-dual, that is, it is invariant under the C;-action on
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hom(x, Dex) >~ Be(x, x). In particular, by Remark 1.2.3 there is a canonical homo-
topy rendering the diagram

x — 5 DoD p(x)

\ De(gz)

Deo(x)

commutative.

Remark 2.1.7 Every Poincaré form ¢ on x gives rise to a form ¢ on De(x) via
the inverse of the induced map (g3)*: Q®2(De(x)) — Q%°2(x). By construction
g:: (x,q) = (Dg(x),q) is an equivalence in Pn(C, ?) and from Remark 2.1.6 we
find gz ~ De(g:) ™' : De(x) — DgDg(x). In particular, qﬁ*] ~evi!logs.

Example 2.1.8 Let M be a compact oriented topological n-manifold with boundary
oM C M and fundamental class [M] € H,(M,dM). Then the fundamental class
together with the cup-product induces a (—n)-shifted hermitian form

M1 e Q=" (C* (M, 9M)) = Map,(C*(M, dM) ® C*(M, dM), Z[—n])"2

sending (¢, ¥) to (¢ U ¥)([M]). We note that we are working with homological
grading conventions, so that, for example, the complex C*(M, d M) is concentrated in
non-positive degrees with trivial homology outside the range [—n, 0]. The associated
map qéM] from C*(M, M) to its dual can then be identified with the canonical map

C*(M,dM) - C*(M),

which is an equivalence if and only if C*(dM) >~ 0, i.e., if and only if dM is empty.
In particular, the hermitian form ¢!*! is Poincaré if and only if M is closed.

2.2 Hyperbolic and symmetric Poincaré objects

Given a Poincaré co-category (C, ?), the space of Poincaré objects Pn(C, ?) is related
to the underlying space of objects (C in two different ways. First, one can of course take
aPoincaré object and forget its Poincaré form, yielding a forgetful map Pn(C, ) — C.
There is however also an interesting construction in the other direction, which takes
an object x € C and associates to it the object x @ Dx endowed with its hyperbolic
Poincaré form, leading to a map «C — Pn(C, ?). Though these constructions seem
different in nature, they are in fact closely related, and will both occupy our attention in
this present section. A common feature they both share is equivariance with respect to
the Cz-action on (C induced by the duality. In the final part of this section we will show
that when the Poincaré structure is symmetric the resulting map Pn(C, ) — (C"2
is an equivalence. We will further study the relationship between the hyperbolic and
forgetful functors in Sect. 7.4 in the setting of C,-categories.
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Definition 2.2.1 Let (C, ?) be a Poincaré co-category with duality D. Given an object
x € C we will denote by hyp(x) € Pn(C, ?) the Poincaré object whose underlying
object is x @ Dx and whose Poincaré form is given by the image of the identity under

Mape (x, x) 2% Mape (x, DD(x)) = Q%Bg(x, D(x)) —> Q%9(x & D(x)).

Unwinding the definitions one easily checks that this indeed defines a Poincaré object.
We will refer to hyp(x) as the hyperbolic Poincaré object on x.

To understand systematically the role played by hyperbolic Poincaré objects in C
it is most useful to describe them as Poincaré objects in another Poincaré co-category
built from C.

Definition 2.2.2 Let C be a stable oco-category. We define its hyperbolic category
Hyp(C) to be the hermitian co-category whose underlying stable co-category is CC°P,
equipped with the hermitian structure ®uyp(x, y) = home(x, y).

Unwinding the definitions, we see that the symmetric bilinear functor associated to
the hyperbolic hermitian structure is given by

Bhyp((-x’ )’), ('x/7 y,)) = homc(x’ y/) @ homc(x/, Y),

and its linear approximation is trivial. In particular, the bilinear functor By, is perfect
with associated duality Dpyp(x, y) = (¥, x) and consequently Hyp(C) is always a
Poincaré oco-category.

Remark 2.2.3 By construction, the quadratic functor ?py, is obtained by diagonally
restricting the bilinear functor ((x, y), (x’, ¥)) + hom¢(x, y'). It then follows that
the canonical maps

Bhyp((xv y)a (xs y)) - thp(-xv )’) - Bhyp((-xv )7)1 (-x» )’))
are given by the collapse and diagonal maps
hom¢(x, y) @ homeg(x, y) — home(x, y) — home(x, y) @ home(x, y),

and ?py) coincides with both the quadratic and symmetric Poincaré structure associated
to the symmetric bilinear functor Bpyp.

Remark 2.2.4 The Poincaré oo-category Hyp(C) is shift-invariant: for every n € Z
the functor " x id: C x C% — C x CP refines to an equivalence (C x CP, yp) =~

(Cxcop, 91[1’;]13)’ see Definition 1.2.16.

For (C, ?) aPoincaré co-category with duality D, the associated hyperbolic category
Hyp(C) relates to C via Poincaré functors

Hyp© 2 . 9) & Hyp() 42)
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in both directions. Here the functor on the left in (42) is given by the exact functor
(x, y) — x @ Dy, promoted to a hermitian functor via the natural transformation

)
home (x, ¥) —22% home (x, DDy) =~ Be(x, Dy) —> 2(x & Dy),

while the second functor is given by the exact functor x + (x, Dx), promoted to a
hermitian functor via the natural transformation

?(x) = Be(x,x) — home(x, Dx) >~ 24y (x, Dx).
By definition, the co-category He(Hyp(C)) sits in a right fibration
He(Hyp(C)) — C & C®

classified by the functor C°°*@®C — S sending (x, y) to the mapping space Mape (x, y).
But this functor is already known to classify the right fibration

TwAr(C) — C®C®

where TwAr(C) is the twisted arrow category of C (see, e.g., [47, §5.2.1]), and we
consequently obtain an equivalence

He(Hyp(C)) >~ TwAr(C)
over C @ C°P. In particular, hermitian objects in Hyp(C) are simply given by arrows

a: x — yin C, while morphisms between hermitian objects correspond to diagrams
in C of the form

Proposition 2.2.5 For a stable co-category C, the composite

Pn(Hyp(C)) — (C ® «C® — «C
is an equivalence of spaces. Here the first map is induced by the forgetful functor
Cat?, — CatZ and the second is given by the projection onto the first factor. Under
this equivalence, the natural map Pn(Hyp(C)) — He(Hyp(C)) corresponds to the

map

1IC ~ TwAr(C) — TwAr(C).
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Proof An object [@: x — y] € TwAr(C) viewed as hermitian object (x, y, &) in
Hyp(C), has as associated self dual map (x, y) — D(x,y) = (v, x) the map « on
both factors (viewed as eitheramap x — yinC oramap y — x in C°P). Consequently,
the hermitian form (x, y, o) is Poincaré if and only if « is an equivalence. Together
with the fact that right fibrations detect equivalences we obtain that

Pn(Hyp(C)) =~ TwAr(:C) € t TwAr(C) ~ Fm(Hyp(C)).

We finish the proof by observing that the projection TwAr(:C) — (C is an equivalence
since (C is an co-groupoid. O

Remark 2.2.6 We will show in Sect. 7.4 that the association C — Hyp(C) organizes
into a functor Caty — Catb, which is both left and right adjoint to the forgetful
functor Catb, — CatZ, with unit and counit given by (42), see Corollary 7.2.21.
Together with the corepresentability of Pn (Proposition 4.1.3) this will give another
proof of Proposition 2.2.5.

In light of Proposition 2.2.5 the Poincaré functors (42) now induce a pair of maps
1 — Pn(C,?) — C (43)

Unwinding the definitions we see that the functor on the left sends an object x to the
associated hyperbolic Poincaré object hyp(x), while, the functor on the right sends a
Poincaré object (x, ¢g) to the underlying object x. A key feature of both these maps is
that they are C-equivariant with respect to the Cy-action on (C induced by the duality
of © and the trivial action on Pn(C, ?). To make this idea precise we will first construct
this action on the level of the Poincaré co-category Hyp(C).

Construction 2.2.7 Let (C, ?) be a Poincaré co-category with associated duality D =
Do. We construct a Cz-action on Hyp(C) € Catb, as follows. To begin, consider the
equivalence of stable co-categories

idxD®:CxC > CxCP,

Transporting the flip Cz-action on C x C to C x C°P we thus obtain a C,-action on
C x C°P, given informally by the formula (x, y) — (Dy, D°Px). We wish to promote
this action to a C,-action on the Poincaré co-category Hyp(C). Since every equivalence
in Catgo is a Poincaré functor we may equivalently construct a C-action on Hyp(C)
as a hermitian oo-category. By the construction of CatgO as the unstraightening of the
functor C — Fun4(C), lifting the above C;-action on C x C°P to Hyp(C) is equivalent to
giving a C,-fixed point structure on 4y, € Fun4(C x C°P) with respect to the induced
Cs-action on Fun4(C x C°P). Since the relevant Cp-action was transported from the
flip action on C x C via the equivalence (id, D°P) we may equivalently construct a
C,-fixed point structure on the quadratic functor (id x D°P)*@y,,,. The latter is readily
discovered to be

[(id x DP)*@hyp](x, y) = home(x, Dy) = Be(x, y)
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and so we need to construct a C;-fixed point structure on Be, considered as an object
of Fun4(C x C). But B lies in the full subcategory Fun®(C) € Fun4(C x C), where
it is equipped with a C;-fixed structure by virtue of Lemma 1.1.9.

Remark 2.2.8 The C;-action on Hyp(C) constructed in 2.2.7 induces a Cp-action on
He(Hyp(C)) >~ TwAr(C). Unwinding the definitions, this action sends an arrow [x —
y] € TwAr(C) to the dual arrow Doy — Dex. Similarly, this C;-action determines an
action on Pn(Hyp(C)). Under the identification Pn(Hyp(C)) = «C of Proposition 2.2.5
this action can be written simply by x + Dex. Here we point out that since (C is
an oo-groupoid it is canonically equivalent to its opposite via an equivalence which
sends every arrow to its inverse. Hence the contravariant equivalence D becomes a
self-equivalence on the level of (C. We may also state this as follows: the C;-action
(—)°P: Caty, — Catoo admits a canonical trivialization along the full subcategory
S C Cat (in fact, the space of self-equivalences of S is contractible by its universal
property [43, Theorem 5.1.5.6]), yielding an identification S"®2 ~ Fun(BC», S). The
duality D¢ then induces a duality on (C and hence a C;-action.

Lemma 2.2.9 Let (C, ®) be a Poincaré oo-category with duality D = De. Then the
functors

h £y
Hyp(C) =% (€. 9) - Hyp(C)

both admit a distinguished refinement to Ca-equivariant maps with respect to the
Ca-action on Hyp(C) constructed in 2.2.7 and the trivial action on (C, ?).

Corollary 2.2.10 The induced maps on Poincaré objects (which we denote by the same
name)

!C ﬂ) Pn(C, Q) E) «!C

are Cy-equivariant with respect to the duality induced action on (C and the trivial
action on Pn(C, ?).

Proof of Lemma 2.2.9 We first construct the C;-equivariant structure on the underlying
exact functors. For this, note that since the Cp-action on Hyp(C) was constructed by
transporting the flip action along the equivalence id x DP: C x C — C x C°P and
D°PD =~ id it will suffice to to promote the resulting exact functors

CxC—-C—CxC

to Cy-equivariant exact functors. Indeed, these are just the diagonal and fold map of
C as an object in the semi-additive co-category CatZ;, which are both canonically C,-
equivariant. To lift the resulting C;-equivariant structure on (id, D°?): C — C x C°P
to a Cy-equivariant structure on the Poincaré functor fgt we need to promote the
associated natural transformation

9 = (id, D°?)*Qpy
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to a Cz-equivariant map in Fun4(C). Transporting the problem again along the equiva-
lence id x D we need to put a C-equivariant structure on the natural transformation

2= A"B

where A: C — C x C is the diagonal. Indeed, this is established in Lemma 1.1.10. By
the same argument we see that in order to obtain the desired Cy-equivariant structure
on hyp it will suffice to put a C2-equivariant structure on the natural transformation

B = V*Q,

where V: C @ C — C is the collapse functor (x, y) — x @ y. Using the adjunc-
tion between restriction and left Kan extension we may instead put a C-equivariant
structure on the adjoint transformation

VB>~ A*B =29

where we used that left Kan extension along VP is obtained by restriction along its
right adjoint A°P: C°P — C°P x C°P. The desired C,-equivariant structure was again
established in Lemma 1.1.10. O

Let us now focus on the Poincaré functor fgt: (C,?) — Hyp(C). Upon taking
hermitian and Poincaré objects (and using Proposition 2.2.5) this Poincaré functor
induces a commutative diagram

Pn(C,? —— Fm(C,?) —— He(C, 9) E) (x,q)

| | | l (9

1IC — 1 TwAr(C) — TwAr(C) > [gp: x = Dex]

in which the vertical maps inherit from fgt a Cy-equivariant structure with respect
to the trivial action on their domains and the Cy-action induced by the C,-action on
Hyp(C) on the target. Here the left square consists only of spaces and the horizontal
maps are (up to equivalence) inclusions of components: for the upper left map these
are the components of He(C, ?) consisting of Poincaré objects and for the lower left
map these are the components of t TwAr(C) consisting of those arrows [x — y] which
are equivalences. Since by definition a hermitian object (x, g) is Poincaré if and only
if g4 is an equivalence we see in particular that the left square is cartesian. Now by the
C,-equivariance above the external rectangle in (44) induces a commutative square

Pn(C,?) —— He(C,9) > (x,9)

! ! I )

O —— TwAr(C)" 3 [gs: x — Dex]
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Proposition 2.2.11 If ® = 9 is a symmetric Poincaré structure of some symmetric
bilinear form B then the vertical maps in (45) are equivalences.

Proof Consider the extended diagram

Pn(C,?) — Fm(C,?) — He((,?) —— C

l l l l

TWAT(C)"®2 —— [ TwAr(C)'C? —— TwAr(C)'C2 — (C x CoP)hC2  (46)

| l | l

TwAr(iC) —— 1 TwAr(C) ——— TwAr(C) ———— C x C°P

in which the external rectangle of the left column is cartesian as observed above.
In addition, since the fibres of the map TwAr(:C) — ¢ TwAr(C) are (—1)-truncated
the bottom left square is cartesian as well, and hence the top left square is cartesian.
Similarly, since the map from the homotopy fixed point is conservative, the bottom
central square and therefore the top central square, are cartesian.

Now the map C — C x C°P is equivalent as a Cz-equivariant arrow to the diagonal
inclusion C — C x C, which exhibits the Cy-object C x C as coinduced from C. This
implies in particular that the top right vertical map in (46) is an equivalence. Thus to
conclude it suffices to show that the top right square is cartesian.

Now consider the right most column in (46). Since homotopy fixed points commute
with fibre products the fibres of the middle horizontal map over a fixed object in C is
the homotopy fixed points of the corresponding fibre of the bottom horizontal map in
the same column. We hence obtain that the map on horizontal fibre in the top right
square can be identified with the induced map

Q™9(x) — Map (x, Dx)"2,

which is an equivalence by the assumption that ¥ = 9}, for some B. It then follows
that the second and third vertical arrows in the top of (46) are equivalences. The left
most vertical map in that row is consequently an equivalence as well since the top left
square is cartesian. O

2.3 Metabolic objects and L-groups

In this section we will introduce the notion of a metabolic Poincaré object and use it
to define the L-groups of a Poincaré co-category. In the context of modules over rings
these were first defined by Wall and Ranicki in their seminal work on surgery theory
[69], and were transported to the setting of Poincaré co-categories in [45]. We will then
develop an analogue of Ranicki’s algebraic Thom construction [57, Proposition 3.4]
in this context. This construction will play an important role in the framework of
algebraic surgery which we will set up in Paper [2].

Definition 2.3.1 Let (C, ?) be a Poincaré oco-category and (x, ¢) a Poincaré object. By
an isotropic object over x we will mean a pair (f: w — x,n) where f: w — xisa
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mapinCand n: f*q ~ 0 € Q°?(w) is a null-homotopy of the restriction of ¢ to w.
We will say that an isotropic object (w — x, 1) is a Lagrangian if the null-homotopy
of w — x >~ Dx — Dw given by the image of 1 in Q°°Be(w, w) = Map¢(w, Dw)
exhibits the sequence

w— x > Dw

as exact. We will say that (x, g) is metabolic if it admits a Lagrangian.

Example 2.3.2 If (C, ?) is a Poincaré oco-category and x € C an object then the asso-
ciated hyperbolic Poincaré object hyp(x) is metabolic with Lagrangian given by the
component inclusion x — x @ Dx.

Example 2.3.3 In DP(IF,), let V be a 2-dimensional F,-vector space with basis v, u
equipped with the symmetric bilinear formb: V®p, V — F, givenby b(v, v) = Oand
b(v,u) = b(u, v) = b(u, u) = 1. Then the Poincaré object (V, b) € Pn(DP(F,), Q]SFZ)
is metabolic with Lagrangian L = (v) < V but (V, b) is not isomorphic to hyp(U)
for any U € DP(IF,). Indeed, since any object in DP(IF,) breaks as a direct sum of
shifts of [F» the only possible candidate is U = F», but (V, b) is not isomorphic to
hyp(F»). In particular, not every metabolic object is hyperbolic.

Example 2.3.4 Let M be a closed oriented n-manifold with fundamental class [M] €
H, (M; 7), so that we have a symmetric Poincaré form ¢M1 ¢ QOOQSZ[_"] (C*(M)) as
in Example 2.1.8. If W is now an oriented (n + 1)-manifold with boundary M then
the relative fundamental class [W] € H,+1(W, M) can be used to promote the map

C*(W) — C*(M)

to a Lagrangian of (C*(M), g'M). This can be considered as an algebraic reflection
of the fact that W exhibits M as a boundary. In particular, if (C*(M), g"M") is not
metabolic then M is not the boundary of any oriented (n + 1)-manifold, that is, M is
not (oriented-ly) null-cobordant.

As in the case of hyperbolic Poincaré objects, it would be desirable to have a
description of metabolic Poincaré objects in terms of Poincaré objects in another
Poincaré oco-category constructed from (C, ?).

Definition 2.3.5 For a Poincaré co-category (C, ?), we define the associated metabolic
category Met(C, ?) to be the hermitian oo-category with underlying oo-category
Ar(C) = Fun(A', C) and hermitian structure

Qmet: Ar(C)® = Ar(C®) 2 Arsp) B sp

whose value on arrows is et ([w — x]) = fib(2(x) — 2(w)).

Unwinding the definitions we see that the underlying symmetric bilinear functor of
cht is

Buet(w = x, w — x') = fib[Be(x, x’) — Be(w, w)].
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From this formula we see that if Bo is perfect with duality D then By is perfect with
duality

Dpet(w — x) = (fib[Dx — Dw] — Dx),

so that Met(C, ?) is Poincaré whenever (C, ?) is so. We note that by definition a
hermitian form on [ f: w — x] with respect to 2 consists of a form g € Q%°?(x)
together with a null-homotopy 1 of f*q € Q%?(w). Such a Que-form (g, n) is
Poincaré if and only if the associated self dual map encoded by the horizontal maps
of the square

w —%5 fib[Dx — Dw]

l | (47)

qz
x — Dx

isan equivalence. Here g3 is the self dual map determined by g and we denoted by 1y the
map corresponding to the null-homotopy of the composed map w — x — Dx — Dw
determined by the image of 1 in Q°° Be(w, w) = Map(w, Dw). We then see that (47)
constitutes an equivalence between the vertical arrows if and only if g;: x — Dx is
an equivalence and the resulting sequence w — x >~ Dx — Dw is exact, that is,
if (f: w — x,n) is a Lagrangian. We may thus conclude that Poincaré objects in
Met(C, ?) correspond to metabolic objects in (C, ?), or, more precisely, to Poincaré
objects in C equipped with a specified Lagrangian.

Definition 2.3.6 For a Poincaré co-category (C, ?) we will denote by
Pn’(C, 9) := Pn(Met(C, ?))

the space of Poincaré objects in Met(C, ?), which we consider as above as the space
of Poincaré objects equipped with a specified Lagrangian.

Lemma 2.3.7 The maps

met

@€, 91y L Met(c, 9) 2 (¢, 9) (48)

given respectively by i (x) = [x — 0] and met(f[w — x]) = x extend to morphisms
in Cat2..

Proof For the first we observe that the map i is fully faithful, that i*Qpe >~ Q9 and
that the image of i is closed under the duality in Met(C, ?), so the result follows from
Observation 1.2.19. For the second map we take the hermitian structure associated to
the canonical map

Qmet([w — x]) = fib[2(x) — 2Aw)] — Qx).

By the explicit description of the duality above we see that the resulting hermitian
functor is Poincaré. i
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Unwinding the definitions we see that the map
Pn’(C,9) — Pn(C, ?) (49)

induced by the right hand Poincaré functor in (48) corresponds to the forgetful map
which takes a Poincaré object equipped with a Lagrangian and forgets the Lagrangian.
In particular, a Poincaré object in (C, ?) is metabolic if and only if it is in the image
of (49)

As observed earlier, every hyperbolic form is metabolic, but not every metabolic
object is equivalent to the associated hyperbolic form on its Lagrangian. This relation
between metabolic and hyperbolic objects is best expressed by relating the Poincaré
oo-categories Met(C, ?) and Hyp(C) via suitable Poincaré functors.

Construction 2.3.8 Let (C, ?) be a Poincaré oo-category. We define Poincaré functors

Hyp(C) —2 5 Met(C, ?) Met(C, ?) —% 4 Hyp(C)
(x,y) —— (x - x & Dy) (w — x) — (w, Dcof[w — x])
and
Hyp(C) —%2 & Met(C, 9) Met(C, 9) —2 Hyp(C)
(x,y) —— (Dy — x & Dy) (w = x) —— (cof[w — x], Dw)

via the indicated formulas on the level of the underlying exact functors, and with
hermitian structures as follows. For the two functors on the left hand side the hermitian
structure is obtained via the identification

home (x, y) > Be(x, Dy) = fib[2(x & Dy) — ?(x) & 2(Dy)],

whose target visibly projects to both fib[?(x & Dy) — 2(x)] and fib[?(x & Dy) —
?(Dy)]. For the functors on the right hand side the hermitian structure is given by the
natural transformation

fib[?(x) — 2(w)] — fib[Be(x, w) — Beo(w, w)] >~ Be(cof[w — x], w)

where we recognize the target as naturally equivalent to both lag* Bpyp, and dlag*Bpyy,.
The preservation of the duality by these hermitian functors is visible by the explicit
descriptions of Dye and Dyy, above. We also note that the composites

can

Hyp(©) =2 Met(C, 9) 25 Hyp(C)

and

dcan

Hyp(C) — Met(C, ?) % Hyp(C)
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are naturally equivalent to the identity, and so exhibit Hyp(C) as a retract of Met(C, ?)
in Cat?.

Remark 2.3.9 The Poincaré functors lag, dlag: Met(C) — Hyp(C) are closely

related: they differ by post-composition with the Poincaré involution Hyp(C) =
Hyp(C) of Construction 2.2.7. Similarly, the Poincaré functors can, dcan: Hyp(C) —
Met(C) differ by pre-composition with this involution. It then follows from
Lemma 2.2.9 that the composite

Met(C, ) — Hyp(©) -2 (¢, 9)

is independent of whether the first functor is lag or dlag. The action of this composed
functor on Pn(—) sends a Poincaré object (x, ¢) equipped with a Lagrangian w — x
to the associated hyperbolic object hyp(w) =~ hyp(Dw). The difference between
a metabolic Poincaré object and its hyperbolic counterpart plays a key role in the
definition of the Grothendieck-Witt group, see Sect. 2.5 below. On the other hand, we
also observe that the composite Poincaré functor

met

Hyp(C) — Met(C,?) — (C,9)

coincides with the functor hyp of (42), independently of whether the first functor is
can or dcan. On the level of Poincaré objects we may interpret this as the observation
that a hyperbolic Poincaré object hyp(w) can be considered as a metabolic object in
two canonical ways: one via the Lagrangian w — w @Dw and one via the Lagrangian
Dw — w & Dw.

A fundamental invariant of Poincaré oco-categories is their L-groups. To define
them, we first observe that the set 7oPn(C, ?) of equivalence classes of Poincaré
objects carries a natural commutative monoid structure, with sum given by

gl + X, ¢ 1 =[x ®x',q ©q']
for [x, q1, [x’, ¢'] € moPn(C, ?), where
g@q € QP @ x) = QPAx) x QX x QBo(x, x)

corresponds to the tuple (¢, ¢’, 0). Though this commutative monoid is generally not a
group, every element is invertible up to the class of a metabolic object. More precisely,
we have the following:

Lemma 2.3.10 Let (C, Q) be a Poincaré oo-category. Then the cokernel of the map
7oPn? (C, ®) — moPn(C, Q) inthe category of commutative monoids is a group. Explic-
itly, the inverse to [x, q] is given by [x, —q].

Proof This follows from the fact that (x @ x, ¢ @ —¢g) is metabolic with Lagrangian
given by the diagonal inclusion x — x @ x with the canonical null-homotopy g +
(=q) ~ 0. m]
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Definition 2.3.11 Let (C, ?) be a Poincaré co-category. For n € Z we define the n’th
L-group of (C, ?) by

L, (C, ) := coker[moPn’(C, 9" — myPn(C, 1=")]

which is an abelian group by Lemma 2.3.10.

Remark 2.3.12 A standard description of cokernels in commutative monoids gives
that [x, ¢], [x', ¢'] € moPn(C, ?1="1) map to the same class in L, (C, ?) if and only
if there exists metabolic Poincaré objects [y, pl, [/, p’] such that [x, g] + [y, p] =
X', ¢'1+ [y, p'] in moPn(C, 2'="). In particular, [x, g] maps to zero in L, (C, Q) if
and only if it is stably metabolic, thatis [x, g] 4 [y, p]is metabolic for some metabolic
Poincaré object [y, p]. In the setting of Poincaré co-categories this property is actually
equivalent to [x, ¢] itself being metabolic. Indeed, suppose that z — y is a Lagrangian
for p and z — x @ y is a Lagrangian for ¢ @ p. Setting w = [x ® z] X,g, 2’ and
using the null-homotopies of p|, and (¢ © p)|,, we then obtain

qlw ~ (@ @ p)lw ~ 0,

and one can verify that this null-homotopy exhibits w as a Lagrangian for g, so
that [x, g] is metabolic. It then follows from Lemma 2.3.10 that [x, ¢], [x’, ¢'] €
7oPn(C, 21="1) map to the same class in L, (C, ?) if and only if the Poincaré object
[x,q]+ [x', —¢'] = [x ® x', g © —q'] is metabolic.

Remark 2.3.13 It follows from Lemma 2.3.10 that if (f,n): (C,?) — (C/,?) is a
Poincaré functor then the two induced abelian group homomorphisms

(fs M, (f s =Mt Ln(C, Q) — La(C, ?)

differ by a sign, where —n is an additive inverse to 7 in the E.-group of natural
transformations  — f*9’ (well-defined up to homotopy).

Remark 2.3.14 We note that the Poincaré functor
(i,n): (€, > Met(C, 9)

constructed in Lemma 2.3.7 is fully-faithful and the natural transformation n: ¢ =
i*Pmet is an equivalence. It then follows that the induced map moPn(C, o=y
moPn(Met(C, 9)) = moPn?(C, Q) is injective. Since the essential image of i coin-
cides with the full subcategory spanned by those objects whose image under
met: Met(C, ?) — (C, ?) is zero it follows that the sequence of monoids

0 — 7oPn(C, 1 - 7yPn?(C, Q) — 7moPn(C, ?)

is exact. We may consequently identify L, (C, ?) with the “middle homology” of the
sequence of monoids

7oPn? (C, 97"y — 7oPn? (C, ) — P (C, o1 2.
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The terminology of L-groups goes back to Wall [69], who defined the quadratic L-
groups of a (not necessarily commutative) ring with anti-involution. These play a key
role in the surgery theoretic classification of higher dimensional manifolds. In the case
of fields the zero’th quadratic L-group was first studied by Witt [75], and later became
known in this context as the Wizt group. The zero’th L/Witt group of fields plays an
important role in arithmetic geometry through its relation to Milnor’s K-theory and
Galois cohomology, as formulated in Milnor’s conjecture and eventually proven by
Voevodsky. For more on the relation between classical L-groups of rings and the ones
defined above, see Example 2.3.17 and Remark 4.2.25.

The notion of L-groups was subsequently generalized from rings to categories by
various authors: by Ranicki [58] for categories of bounded complexes over an additive
category equipped with a chain duality, and later by Weiss and Williams [72] for
Waldhausen categories equipped with a Spanier—Whitehead product. Higher L-groups
were also studied by Balmer [9] under the name higher Witt groups in the context of
triangulated categories. When applied to the triangulated bounded derived categories
of Z[%]-linear categories with chain duality these agree with Ranicki’s L-groups, and
the latter are a particular case of the construction in [72] (see Example 1.A.1 of loc.
cit.). Let us hence briefly explain how to compare the definition of L-groups given in
[72] with the one considered here.

Recall that in [72] Weiss and Williams consider a Waldhausen category £ satisfying
certain additional axioms. In particular, £ is equipped with an initial object ¥ € £ and
two distinguished classes of morphisms, called cofibrations and weak equivalences,
and the additional axioms ensure that this structure exhibits £ as a category of cofibrant
objects in the sense of [17]. One may then view £ as a model for the co-category
Eso = E[W™!] obtained by localising at the weak equivalences, and the auxiliary
structure given by the cofibrations allows one to access certain aspects of £, while
working entirely within £. For example, the initial object of £ is also initial in £
(this is true in any localisation) and one can compute pushouts in £, by forming in
& pushouts with one leg cofibration. In fact, the axioms of a category with cofibrant
objects ensure that any map in 4 can be represented by a cofibration in £ (and this is
true even if we fix the domain), and so all homotopy pushouts in £, can be computed
in this way.

In the case considered in [72] the co-category £, obtained by localised £ at the weak
equivalences is assumed to be stable, so that one can contemplate the constructions
of the present paper for £,,. We then point out a second difference with [72]: while
here we consider forms on objects x € £, which can then be restricted along maps,
in [72] one works with the dual notion of co-forms on a given object, which roughly
correspond to forms on the dual object. In particular, the rule which associates to
any object its space (or spectrum) of co-forms is encoded by a covariant, rather than a
contravariant functor on the underlying category. In addition, if one is working with the
1-categorical model £ for the stable co-category £ then it is natural to also work with
a l-categorical model for spaces or spectra, which in [72] is done by using the category
Top of compactly generated Hausdorff spaces and the category Sp*® of sequential -
spectra in such. When localised at the class of weak homotopy equivalences these yield
the oco-categories of spaces and spectra, respectively, and we will treat the former as
models for the latter. By a stable Spanier—Whitehead (SW) product the authors of [72]
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then mean a symmetric functor
B: £ x & — SpY

which is invariant under weak equivalences and exact in each variable, that is, for each
x € & the functor B(x, —) sends initial objects to zero ©2-spectra and pushout squares
with one leg cofibration to homotopy pullback squares of Q2-spectra. In particular, by
the above discussion we see that a stable SW-product always descends to symmetric
bilinear functor

Boo: Eoo X Eco — Sp
in the sense of Sect. 1.1. Weiss and Williams then require that the resulting functor
moB(—, —): Ho(£) x Ho(E) — Set

is represented in Ho(E) by an equivalence D: Ho(£) — Ho(&)°P. This condition is
implied by the condition that B is perfect in the sense of Definition 1.2.8, and so to
compare [72] with the present setting we simply assume that B is perfect. One may
then speak of symmetric Poincaré objects in £, which are objects x € & equipped
with a point ¢ € Q®B(x, x)’2 whose corresponding map Dx — x in Ho(€) is
an isomorphism. In [72] these are simply considered as a set spy(£), which one can
endow with a commutative monoid structure via orthogonal sums.

The notion of a metabolic Poincaré object can naturally be set in the context of
[72] by associating to the Waldhausen category £ the Waldhausen category Met(E)
whose objects are cofibrations x — w, the weak equivalences are defined levelwise,
and the cofibrations are the Reedy cofibrations. One may then put a stable SW-product
on Met(€) by setting B([x — w, x’ — w']) = hofib[B(x, x") — B(w, w’)], so that
one has a functor of Waldhausen categories with stable SW-products

Met(£) - & [x > w]+— x.

A Poincaré object (x,q) in the context of Weiss—Williams is then identified as
metabolic if it is the image of a Poincaré object in Met(£). Though not explicitly
defined in this manner, the zero’th L-group of [72] can be identified with the quo-
tient of spy(£) by the sub-monoid of metabolic objects. These constructions naturally
compare with those of the present paper, and one obtains a commutative diagram of
commutative monoids

spoMet(E)) ————— spp(€) ——— > Lo(€, B)

l l l

moPn(Met (£a5, 25,)) — moPn(EX, 95,) —» Lo (€. 25).
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where 93, := @4 is the symmetric Poincaré structure associated to the bilinear
functor B,. Here, the composite of the two maps in every row is zero, and the bottom
row is exact by Remark 2.3.12. We then have the following comparison statement:

Proposition 2.3.15 The right most vertical map Lo(E,B) — Lo (53;’, 9?,0) is an iso-
morphism.

Proof To begin, note that £ — € is essentially surjective by virtue of being a local-
isation. In addition, for every x € £ with image ¥ € Es one has B(x, x)'®2 ~
Boo (X, X)MC2 essentially by definition, and since the functor £ — Ho(€) is conserva-
tive we have that a given co-form on x is Poincaré in £ if and only if the corresponding
form on DX is Poincaré in £ . Combining all this yields that the map of monoids
spo(&) — noPn(Egg, QSOO) is surjective, and so the map Lo(€, B) — Lo (58}3, QSOO) is
surjective. To show that the last map is also injective it will now suffice to show that
for every (x, g) € spy(£), the map

spo(Met(E)) xspy &) {(x, @)} = moPn(Met(EP, 93.)) Xropn(eer0s) {(X. )}

is surjective. Arguing as for the surjectivity on Poincaré objects, it will suffice to show
that the induced functor

Met(€) x¢ {x} = Met(Es) X gor {X)

is essentially surjective, which amounts in this case to showing that every mapx — y
out of x in £ can be represented by a cofibration x — y out of x in £. This is a
general property of categories of cofibrant objects: indeed, since these admit a left
calculus of fractions [17, §7.2] one may represent x — y by some map x — y in &,
which can then be replaced by a cofibration by using the factorization axiom for such
categories (which assures that every map can be written as a composite of a cofibration
followed by a weak equivalence). O

Remark 2.3.16 In [72] Weiss and Williams also define quadratic L-groups associated
to a Waldhausen category with a Spanier—Whitehead product, by replacing homotopy
fixed points by homotopy orbits in the definition of co-forms. The proof of Proposi-
tion 2.3.15 then adapts verbatim to show that the quadratic L-groups of [72] identify
with the L-groups of the Poincaré structure 93, := QqBoo"

Example 2.3.17 Let R be a commutative ring and Ch®(R) the category of bounded
complexes of finitely generated projective R-modules. Then ChP(R) has the struc-
ture of a Waldhausen category with cofibrations being the maps which are levelwise
injective with projective cokernel, and weak equivalences the collection glso of quasi-
isomorphisms. We may endow this Waldhausen category with a Spanier—Whitehead
product B®(X,Y) := H(X ®r Y) which sends X, Y to the Eilenberg—Maclane
spectrum of X ®p Y. The symmetric and quadratic L-groups associated to this
Spanier—Whitehead product by [72] then coincide with Ranicki’s (4-periodic) sym-
metric and quadratic L-groups, respectively, see [72, Example 1.A.1]. Let DP(R) =
ChP(R)[qIso!] be the perfect derived oo-category of R obtained by taking the
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oo-categorical localisation of Ch?(R) by the quasi-isomorphisms. Then under the
equivalence Dg : DP(R)°P =~ DP(R) the descended bilinear functor B?g identifies with
the bilinear functor Bg of Example 1.2.12. By Proposition 2.3.15 and Remark 2.3.16
we may then identify Ranicki’s symmetric and quadratic L-groups with the L-groups
of the Poincaré structures 2% and Q?Q described in that example. More generally, the
same holds (for the same reason) over a not-necessarily-commutative ring R with
respect to a fixed invertible module with involution M, see Sect. 4.2.

Remark 2.3.18 The collection of L-groups are in fact the homotopy groups of a spec-
trum valued invariant L(C, ?), known as the L-theory spectrum. A definition in the
setting of Poincaré oo-categories was given in [45], but was defined much earlier
in the setting of rings with anti-involution by Ranicki [58], and plays a key role in
surgery theory. We will recall the definition of this invariant in Paper [2], prove its
main properties and characterize it by a universal property. The interaction between the
L-spectrum and the closely related Grothendieck-Witt spectrum is one of the principal
themes of the present series of papers.

2.4 The algebraic Thom construction

Given a Poincaré oo-category (C, ?), the map
Pn(C, 9~ — Pn?(C, 9)

induced by the Poincaré functor of Lemma 2.3.7 sends a (—1)-shifted Poincaré object
(x, g) to the metabolic Poincaré object 0 equipped with x as its Lagrangian. In partic-
ular, the data of a Lagrangian of 0 is equivalent to that of a Poincaré object with respect
to the shifted Poincaré structure /=1, This idea fits in the more general paradigm of
the algebraic Thom isomorphism developed by Ranicki [57, Proposition 3.4], under
which Poincaré objects in (C, ?) equipped with a Lagrangian can equivalently be
encoded via a hermitian object with respect to (=!I, To discuss this equivalence, it
will be useful to introduce the following construction:

Definition 2.4.1 Let (C, ?) be a Poincaré co-category. We will denote by Ar(C, ?)
the hermitian co-category whose underlying stable co-category is the arrow category
Ar(C) and whose quadratic functor 2y, sits in a pullback diagram

Qu(lf: 2= w]) — 22)

Lol 0

Beo(z, w) SEEAREN Beo(z, 2)

where the vertical map is the canonical one from a quadratic functor to its diagonally
restricted bilinear part while the bottom horizontal map is the natural transformation
whose component at f is given by restriction along f.
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Remark 2.4.2 For [z — w] € Ar(C), the commutative square

Qw) — 22)

Lo

Bo(z, w) AN Beo(z, 2)

determines a natural map ?(w) — 2u:(z = w). From Corollary 1.1.21 we then get
that for an exact sequence z — w — x the associated sequence

2x) — Aw) = i (z = w)

is exact.

Unwinding the definitions we see that the underlying symmetric bilinear functor of
Qr sits in a fibre square

Bu([z = w], [z = w']) — Be(w, 2')

l l

Bo(z, w') —— > Bo(z,7))

from which we see that when Bg is perfect with duality D then By, is perfect with
duality

Da([f:z— w]) =[Df: Dw — Dz].

In this case, identifying Be(z, w) >~ hom¢(w, Dz), we see that a hermitian form on an
arrow [ f: z > w] € Ar(C) consists of a triple (¢, g, n) where ¢ is a hermitian form on
z withrespectto ?, g: w — DzisamapinC, and  is ahomotopy g; ~ go f between
the resulting two maps from z to Dz. The self-dual map [z — w] — [Dw — Dz]
associated to such a triple can then be expressed as the map between the two vertical
arrows in the square

Dg
z — Dw

[ es

wi>Dz

In particular, a triple (g, g, n) constitutes a Poincaré form if and only if g is an equiv-
alence. We now note that the map 2, ([z — w]) — ?(z) appearing in the defining
square (50) promotes the domain projection

Ar(C) - C [z > w]l—z
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to a hermitian functor and hence determines a map
He(Ar(C, ?)) — He(C, ?) (51)

given on the level of tuples as above by (z — w, ¢q, g, n) — (2, ¢). We then have the
following:

Proposition 2.4.3 The map (51) restricts to an equivalence
Pn(Ar(C,?) - Fm(C,?) (z— w,q,g,n) +— (z,9).

An explicit inverse is given by the association (z, q) — (qz: z — Dz, g, id, id).

Concisely stated, Proposition 2.4.3 says that for a Poincaré oo-category (C, ?),
hermitian objects in C can be described via Poincaré objects in its arrow category.
Though a direct proof is perfectly possible at the moment, we will postpone it to
Sect. 7.3, where we will prove this statement in a more general context in Proposi-
tion 7.3.5. Meanwhile, let us connect the present conclusions to the above discussion
of metabolic objects.

Notation 2.4.4 For a stable co-category C we will denote by Seq(C) < Fun(A' x
A', C) the full subcategory spanned by the exact squares of the form

Z—w

| l (52)

0— x

In other words, Seq(C) is the co-category of exact sequences [z — w — x]in C,
where we will often omit the null-homotopy encoded by the commutative square (52)
to simplify notation.

We have two projections

Ar(C) «+—— Seq(C) ——— Ar(C) (53)

[z w]+—[z— w—x] — [w— x]

Lemma 2.4.5 The projections (53) are both equivalences. In addition, the restrictions
of Qar and th to Seq(C) via the left and right projection respectively, are naturally
equivalent.

Proof The first claim follows from the fact that exact squares as in (52) are both
left Kan extended from their restriction to A% c A x Al and right Kan extended
from their restriction to A% C A' x Al. The natural homotopy between Q| Seq(C)
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and QErllit |seq(c) is then encoded by the 4-fold exact sequence of quadratic functors on
Seq(C) given by

Lmet((w — x]) = 2(x) — Aw) = 2z = w),

where the last exact sequence is by Remark 2.4.2. O

Lemma 2.4.5 identifies the Poincaré oco-category Met(C, ?) with the Poincaré
oo-category Ar(C, ?) up to a shift of the Poincaré structure. We note however that
(Ar(0), 92[1}]) ~ Ar(C, 1), that is, the formation of arrow Poincaré co-categories
commutes with shifting the Poincaré structure. Using Lemma 2.4.5 and Proposi-
tion 2.4.3 we then obtain a sequence of equivalences

Pn(Met(C, ?)) =~ Pn(Ar(C, 2!"1)) ~ Fm(C, o=1)).

Unwinding the definitions, this composed map sends a tuple (w — x, ¢, 1), consisting
of a Poincaré object (x, ¢) equipped with a Lagrangian (w — x, 1), to the object
z = fib(w — x), equipped with the shifted hermitian structure encoded by the pair
of null-homotopies of ¢ |, (one restricted from 1 and one induced by the null-homotopy
of the composed map z — w — x).

Corollary 2.4.6 (The algebraic Thom isomorphism) The association [w — x] >
fib(w — x) underlines a natural equivalence of spaces

Pn(Met(C, 9)) ~ Fm(C, ?[~1)

between Poincaré objects in C equipped with a Lagrangian and (—1)-shifted hermitian
objects in C.

Remark 2.4.7 Combining Remark 2.3.14 with the algebraic Thom isomorphism of

Corollary 2.4.6 we may identify the L-groups of (C, ?) with the homology monoids
of the chain complex of monoids of the form

. = moFm(C, ") = 7oFm(C, 917" — moFm(C, o) — .
where the map moFm(C, 91~/1) — moFm(C, Q[fH'l]) sends an (—i)-fold hermitian
object (x, g) toits Ranicki boundary cof[x — Q'De(x)], endowed with its associated

(—i + 1)-fold Poincaré form.

We finish this section by framing the observation that the hyperbolic and arrow
constructions naturally commute with each other

Lemma 2.4.8 For a stable co-category C, the natural equivalence

Ar(C x C°?) >~ Ar(C) x Ar(C°P) ~ Ar(C) x Ar(C)°P (54)
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in which the second equivalence sends (f:z — w, f': 7 — w) to (f:z —
w, w < 7' : f), extends to an equivalence of Poincaré oo-categories

Ar(Hyp(C)) ~ Hyp(Ar(C)).

Proof Transporting the Poincaré structure of Ar(Hyp(C)) along the equivalence (54)
yields the quadratic functor

(f:z=w, 712 = w) o (@, w) XByyy (e e Biyp (2, w), (w, )
>~ home(z, w/) Xhome (z,w’) x home (z,w’) [hom¢(z, Z/) x home (w, w/)]: hom¢(z, Z/)
Xhome (z,w’) home (w, w') = homayc) (f, f7).

We thus finish the proof by recognizing the last term as the quadratic functor of
Hyp(Ar(C)). O

Combining Lemma 2.4.8 with Lemma 2.4.5 and Remark 2.2.4 we immediately
conclude

Corollary 2.4.9 For a stable co-category C there is a natural equivalence of Poincaré
oo-categories

Met(Hyp(C)) ~ Hyp(Ar(C)),
which, on the underlying stable co-categories, is given by the equivalence
Ar(C x C°?) >~ Ar(C) x Ar(C°?) >~ Ar(C) x Ar(C)°P,

where the second equivalence is the product of the identity of Ar(C) and the equivalence
Ar(C°P) >~ Ar(C)°P which sends an arrow x < w: g in C°P to the canonical arrow
fib(g) — w. In particular, the Poincaré functor met: Met Hyp(C) — Hyp(C) from
Lemma 2.3.7 (applied to Hyp(C)) admits a section in Cat®..

2.5 The Grothendieck-Witt group

In this section we define the Grothendieck-Witt group of a Poincaré co-category. In
the setting of ordinary rings, the Grothendieck-Witt group was classically defined as
the group completion of the monoid of isomorphism classes of pairs (P, g) where P
is a finite dimensional projective module and ¢ is a non-degenerate hermitian form
of some flavour (symmetric, quadratic, anti-symmetric, etc.). It was later extended
to more general contexts such as vectors bundles over algebraic varieties [41] and
forms in abstract additive categories with duality [54]. In doing so it was realized that
the simple definition via group completion needs to be slightly modified to take into
account information coming from non-split short exact sequences. In particular, one
had to quotient out the group completion by the relation [x, g] ~ [hyp(w)] identifying
the class of a metabolic object with Lagrangian w with that of the associated hyperbolic
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object. In fact, the latter relation already implies the group property for the resulting
quotient (as we will see below in our context), and hence can be done on the level
of monoids without explicitly group completing. On the other hand, in the case of
modules over rings (or, more generally, in contexts in which all short exact sequences
split) the relation [x, ¢] ~ [hyp(w)] automatically holds in the group completion since
every metabolic object is stably hyperbolic.

In the present section we will give a definition of the Grothendieck-Witt group in
the context of Poincaré co-categories, and extract some of its basic properties. Using
the work of the fourth and ninth authors [28], this definition can be compared with the
classical one in the case of modules over rings using suitable Poincaré structures on
DP(R), see Remark 4.2.28 below for the precise statement.

For the following definition, recall the map hyp: «C — Pn(C, ?) induced on
Poincaré objects by the Poincaré functor hyp: Hyp(C) — (C, ?) under the equiv-
alence Pn(Hyp(C)) =~ (C of Proposition 2.2.5. Explicitly, this map sends an object
x € C to the Poincaré object hyp(x) = x @ Dx equipped with its canonical Poincaré
form, see Sect. 2.2.

Definition 2.5.1 Let (C, ?) be a Poincaré co-category. We define GW(C, ?) to be the
quotient in the category of commutative monoids of 7oPn(C, ?) (with its commutative
monoid structure given by direct sums) by the relations

[x,q] ~ [hyp(w)] (55)

for every Poincaré object (x, g) with Lagrangian w — x.

Remark 2.5.2 By definition we may identify GW(C, ?) with the coequalizer of the
pair of maps

moPn Met(C, ) = moPn(C, ?),

where the first map is induced by the Poincaré functor met: Met(C, ?) — (C, ?) and

I: h
the second is induced by the composed Poincaré functor Met(C, ?) = Hyp(C) Rl
(C, Q) discussed in Remark 2.3.9.

We quickly summarize a few properties which follow directly from the definition
of GWy.

Lemma 2.5.3 i) For every exact sequence 77 — z — 7" in C the relation
[hyp(2)] ~ [hyp(z)] + [hyp(z")]

holds in GWy(C, 9).
ii) For every Poincaré object [x, q] € Pn(C, Q) the relation

[x, gl + [x, —q] + [hyp(L2x)] ~ [hyp(x)] + [hyp(2x)] ~ 0

holds in GW(C, ?).
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Proof For i) note that if z/ — z — 7z’ is an exact sequence in C then w := 7' @ D¢z”
is naturally a Lagrangian in hyp(z), and hyp(w) = hyp(z’) & hyp(z").
To prove ii), the first identification is given by (55) applied to the metabolic object

(x A x @ x,q & —q) and the second relation is given by i) applied to the exact
sequence Q2x — 0 — x. O

Corollary 2.5.4 The commutative monoid GW(C, Q) is always a group. We refer to it
as the Grothendieck-Witt group of (C, ?).

Example 2.5.5 For a stable co-category C, the isomorphism
moPn(Hyp(C)) = 7ot(C) (56)

induced on components of the equivalence of Proposition 2.2.5, descends to a group
isomorphism

GW(Hyp(()) = Ko(0).

Indeed, the isomorphism (56) relates the class of z € C to the Poincaré class of (z, z) €
C x C° equipped with its canonical Poincaré form id; € hom¢(z,z) = @nyp(z, 2).
An isotropic object in ((z, z), id;) is then given by a pair of maps 7’ — z,z — z” in
C, such that the composite 7/ — z — z”, which corresponds to the pullback of the
Poincaré formid; to @uyp (2, z”) = home(z’, ), vanishes. Such an isotropic object is
a Lagrangian precisely when the resulting sequence 7’ — z — z” is exact. Moreover
the hyperbolic objecton (z’, z”) is given by the object (z/®z”, 2’ ®z7") € CxCP.Itthen
follows that under the isomorphism (56), the defining relations of the Grothendieck-
Witt group can be written as [z] = [z'] + [z”] for every exact sequence 7/ — z — 7,
which are exactly the relations defining the quotient ot (C) — Ko(C).

Recall from Definition 2.3.11 that the zero’th L-group Lo(C, ?) is defined as the
cokernel of the monoid homomorphism 7oPn?(C,?) — moPn(C, ?). In particular,
the quotient map 7oPn(C, ?) — Lo(C, ?) sends the class of any metabolic object
(and in particular any hyperbolic object) to zero, and hence factors through a group
homomorphism

GWo(C,?) — Lo(C, 9),

which is necessarily surjective, as we can identify Lo(C, ?) with the quotient group
of GW((C, ?) by the subgroup spanned by the classes of metabolic objects. To obtain
more information about this kernel, we note that the map

7oPn’(C,9) - mo(lC) [w — x]—> w
induced by the Poincaré functor lag: Met(C, ) — Hyp(C) of Construction 2.3.8, is
surjective: any object z € C is a Lagrangian in the Poincaré object hyp(z). In addition,

the canonical map

7o (tC) — Ko (C)
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to the zero’th algebraic K-theory group of C is surjective as well: we may identify
Ko(C) with the quotient of 7¢(¢C) in the category of commutative monoids by the
relations [z] ~ [z/] + [z”] for every exact sequence 7/ — z — 7. By Lemma 2.5.3i)
the homomorphism hyp: 7o(:C) — moPn(C, ?) then descends to a homomorphism
of abelian groups

[hyp]: Ko(C) — GWy(C, ?), (57)

which by Example 2.5.5 we may also identify with the map induced on GW by the
Poincaré functor hyp: Hyp(C) — C. Comparing the relevant universal properties we
then see that GW(C, ?) sits in a pushout square of commutative monoids of the form

7oPn? (€, 9) U ZoPn(C, Q)
[lag] (58)

Ko@) -1 GWo(C.9)

where [lag] denotes the composed map moPn?(C,9) — m(tlC) — Ko(C). It then
follows that Lo(C, ?) can equivalently be obtained as the cokernel of the map of
abelian groups [hyp]: Ko(C) - GWq(C, ?). On the other hand, by Corollary 2.2.10
the map [hyp] is C,-equivariant with respect to the induced C;-action on K¢ and the
trivial C-action on GW¢(C, ?). We then obtain an induced exact sequence of abelian
groups

Ko(C)c, = GWo(C,?) — Lo(C,?) — 0. (59)
In Paper [2] we will show that this sequence comes from an exact sequence of spectra
K(C)nc, = GW(C,?) — L, 9),

the Tate exact sequence, encoding the fundamental relationship between these three
invariants. In particular, this allows one to extend (59) to a long exact sequence involv-
ing the higher L-groups and higher Grothendieck-Witt groups, yielding a powerful tool
for computing the latter. In Paper [3] we will exploit these ideas for computing the
higher Grothendieck-Witt groups of the integers.

3 Poincaré structures on module categories

In this section we discuss hermitian and Poincaré structures on co-categories of mod-
ules over ring spectra. In particular, we fix a base Ex-ring spectrum k and consider
an Ej-algebra A in the symmetric monoidal co-category Mody of k-module spectra.
We denote by Algg, := Algg, (Modk) the co-category of E;-algebra objects in Mody,
which we simply refer to as E;-algebras. Given an E;-algebra A € Algg,, we denote
by Mod, the oo-category of left A-module objects in Mody, which we refer to as



Hermitian K-theory for stable co-categories I: Foundations Page 69 of 269 10

A-modules. Our goal is to describe and study hermitian and Poincaré structures on the
full subcategory Mod% € Mod, of compact A-modules in Modg, as these account
for many examples of interest motivating the present work (see also Sect. 4 for some
more specific examples). More generally, one often wishes to consider a dense stable
subcategory of Mod<, that is, a stable (and in particular full) subcategory which gener-
ates all of Mod4 under retracts. For example, one may consider the stable subcategory
Modg C Mod? of finitely presented A-module spectra, which is the smallest stable
subcategory containing the A-module A. By the work of Thomason [65], the dense
stable subcategories of Mod} are classified by subgroups ¢ € Ko(Mod%), where
to such a ¢ corresponds the dense subcategory Mod$, € Mod{ consisting of those
compact A-modules M whose class [M] € Ko(Mod%) lies in c. In this context, let
us point out that studying hermitian and Poincaré structures on Mod¢ for a general
¢ € Ko(Mod9) is not really more complicated then studying hermitian and Poincaré
structures in the maximal case of Mod%. Indeed, by Lemma 1.4.1 left Kan extension
and restriction form an adjunction

Fund(Mod) :Z* Fun’(Mod?%),

and Mod € Mod being a dense full subcategory implies that this adjunction is an
equivalence (cf. [2], Remark 1.3.4). As will follow from our more detailed analysis
below, this equivalence identifies the oo-category FunP(Mod¢) of Poincaré struc-
tures on Mod¢, with the full subcategory of FunP(Mod9) spanned by those Poincaré
structures whose associated duality preserves Mod, or, equivalently, preserves the
subgroup ¢ € Ko(Mod%) (see Remark 3.3.4).

The present section is organised as follows. We begin in Sect. 3.1 by introducing
the notion of a k-module with involution, and show how it can be used to construct
bilinear functors on module co-categories. We then extend this notion in Sect. 3.2 to
a k-module with genuine involution, which allows us to refine the associated bilinear
functor to a hermitian or Poincaré structure. The basic operations of restriction and
induction of modules with genuine involution along maps of ring spectra are discussed
in Sect. 3.4.

We point out that the co-categories Mod¢, we will consider do not depend on k, that
is, they only depend on the underlying E-ring spectrum of A. However, the notion of a
k-module with (genuine) involution does depend on k, and affects the type of hermitian
structures on Mod¢ one can obtain in this way. More precisely, we will see in Sect. 3.3
that when k = S, modules with genuine involution precisely correspond to hermitian
structure on Mod, while for a general k one recovers hermitian structures equipped
with a certain additional k-linear structure, the precise meaning of which is described
in Remark 3.3.2 and Example 5.4.13. The reader who wishes to avoid this additional
layer of structure is invited to assume k = S throughout. On the other hand, the reader
who prefers to reason in terms of chain-complexes instead of spectra is invited to
consider k = Z. The latter case (and more generally, that of a complex-oriented k)
also leads to better periodicity properties, as we discuss Sect. 3.5.
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3.1 Ring spectra and involutions

In this section we will define the notion of a k-module with involution over an E;-
algebra A and show how it can be used to construct bilinear functors on Mod? . We will
identify the k-modules with involution which lead to perfect bilinear functors as those
which are invertible in a suitable sense. An important class of invertible k-modules
with involution arise from E[-algebras with anti-involutions, a case for which we will
present a convenient recognition criterion, see Proposition 3.1.14.

To begin, we note that since ®y is a symmetric monoidal structure on Mody the
monoidal product

®r: Mody; x Mod; — Mody

itself refines to a monoidal functor, which then sends the algebra object (A, A) in
Mody; x Modg to the algebra object A ®; A in Mody, and thus refines to a functor

Mody x Mods — Modag, 4 X, Y)—> X®Y. (60)

In addition, since ®j is a symmetric monoidal structure the functor

Qk: Mody x Mod;y — Mody is Cy-equivariant with respect the flip action on the
domain and trivial action on the target, and consequently (60) inherits a C-equivariant
structure with respect to the flip action on the domain and the C;-action on the target
induced by the flip action on A ®; A. Given an (A ®; A)-module M, let us denote by

By Mod4 xModg — Sp (X, Y) > homug,a(X @ Y, M)

the resulting bilinear form. The association M + By, then assembles to form a
functor

B(_)Z MOdA®kA — Funb(Modﬁ) (61)

which by the above inherits a C;-equivariant structure with respect to the flip-induced
C,-actions on both sides.

Definition 3.1.1 Let A be an E;-algebra over k. By a k-module with involution over
A we will mean an object M of the oo-category (Mod g, A)PC2 where as above C,
acts on Mod s, 4 via its flip action on A ®; A. When k = S we will often omit k and
simply write module with involution.

Concretely, a k-module with involution over A consists of a spectrum M with a Cp-
action and an (A ®j A)-module structure, such that the involution is linear over the ring
map A ®x A — A ®i A which switches the two factors. Since (61) is C-equivariant
the bilinear functor

By (X,Y) =homyg a(X ® Y, M).
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on Mod? associated to M consequently inherits the structure of a symmetric bilinear
functor.

Definition 3.1.2 Let M be a k-module with involution over an E-algebra A. We denote
by

Q?V,, s Mod})® — Sp

the quadratic and symmetric hermitian structures associated to the symmetric bilinear
functor By; € Fun® (Mod%) as in Example 1.1.17 and Definition 1.2.11.

If M is a k-module with involution over A, these are given explicitly by the formulas

9%,(X) = homag,a(X ® X, M)nc,  and 5/(X) = homag, 4 (X ® X, M)MC2.

Remark 3.1.3 Given a subgroup ¢ € Ko(Mod%) we may restrict By to obtain a sym-
metric bilinear functor on Mod¢, and similarly for the associated hermitian structures
9?1/1 and ?j,. For simplicity we will generally not distinguish in notation between these
functors and their respective restrictions to Mod¢, for a given c.

We may consider an (A ®; A)-module M as a k-module spectrum equipped with
two commuting actions of A. The first A-action then promotes M to an object of
Mod 4, while the second action refines to an action of A on M via A-module maps. In
particular, the second A-action can be encoded via a map

A — homy (M, M). (62)

If M is a k-module with involution over A then the involution determines an equiva-
lence between the two different A-module structures. In particular, in this case it does
not matter which action is considered first and which is considered second.

Definition 3.1.4 We will say that a k-module with involution M over A is invertible if
it is compact as an A-module (with respect to either the first or the second A-action)
and the map (62) is an equivalence.

Notation 3.1.5 If M is a k-module with involution over A then for every A-module
X we may form the mapping spectrum hom 4 (X, M), where we consider M as an A-
module via its first A-action. This spectrum then carries an A-action via the residual
second A-action on M, and so we may view homy (X, M) as an A-module. In what
follows we will always consider hom 4 (X, M) as an A-module in this manner, without
indicating it explicitly in the notation.

Proposition 3.1.6 Let A be an E1-algebra and M a k-module with involution over A.
Then for a subgroup ¢ € Ko(Mod%) the following statements hold:

i) The restriction of By to Mod is non-degenerate if and only if the A-module
hom4 (X, M) (see Notation 3.1.5) belongs to Mod¢ for every X € Mod¢.
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ii) When the equivalent conditions of i) hold the associated duality on Mod¢ is given
by

Dy (X) := homu (X, M).

This duality is furthermore an equivalence if and only if M is in addition invertible.

Remark 3.1.7 In the situation of Proposition 3.1.6, if Mod¢, contains A then the con-
dition in i) necessitates in particular that M belongs to Mod¢, (take X = A). If Mod,
is either Mod% or Mod', then M belonging to Mod, is also sufficient: for Mod", this
is because A generates Modg under finite colimits and desuspensions and for Mod?
itis because A generates Mod¢ under finite colimits, desuspensions and retracts, and
Mod9 is furthermore idempotent complete.

Remark 3.1.8 It follows from Proposition 3.1.6 and Remark 3.1.7 that M is invertible
if and only if it is compact as an A-module and the contravariant functor X >
hom 4 (X, M) from Mod to itself is an equivalence. Now for any E;-algebra A the
functor X — hom4 (X, A) determines an equivalence

Mod4 — (Mod%ep)®P.

In addition, for M compact the natural map hom (X, A)®4 M — homy (X, M) is an
equivalence. It then follows that for a k-module with involution M which is compact
as an A-module the condition of being invertible is equivalent to the condition that

(—) ®4 M: Mod%e — Mod4

is an equivalence of oco-categories.

Proof of Proposition 3.1.6 We begin with the first claim. For a fixed compact A-module
Y, the functor X +— homug,a(X ® Y, M) from ModZp to Sp is represented by
the A-module homy4 (Y, M), where the latter is considered as an A-module via its
second A-action. Since the functor Mods, — Ind(Mod9) = Fun®((Mod¢)?, Sp)
sending a module to the presheaf it represents on Mod¢ is fully-faithful (in fact, it
is an equivalence) it follows that By (—, ¥) is representable in Mod¢, if and only if
hom 4 (Y, M) lies in Mod¢,, in which case hom4 (Y, M) serves as a representing object
already in Mod¢. This proves i) and the first part of ii).

To prove the second part of ii) let now suppose that the condition in i) holds, that
is, hom4 (X, M) belongs to Mod¢, for every X € Mod¢,. This means in particular
that hom4 (X, M) is compact for every X € Mod¢. Since Mod¢ is dense in Mod%
it follows that A is a retract of an object in Mod¢, and hence M = homu (A, M) is
compact as well. We now wish to show that the evaluation map

X — DyDy(X) = homy (homa (X, M), M)

is an equivalence for every X € Mod¢ if and only if M is furthermore invertible.
Using again that Mod¢ generates Mod¢, under retracts the above evaluation map is an
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equivalence on Mod¢ if and only if it is an equivalence on all of Mod%. On the other
hand, since Mod¢, is generated under finite colimits and retracts by A it will suffice to
check the component of the evaluation map at X = A, in which case it becomes the
map

A — homy (homy (A, M), M)) = homa(M, M)

which by definition is an equivalence if and only if M is invertible. O

We now consider some examples. An Ej-algebra with anti-involution (over k) is
an object of AlglEl(lj2 = Algg, (Mody)"C2, where the action of C, on the co-category of
E1-algebras is given by sending an algebra A to its opposite A°P.

Example 3.1.9 Let A be an E;-algebra with anti-involution t: A°® — A. Then A can
be naturally considered as an invertible k-module with involution over itself. Indeed,
by using that the forgetful functor Algg, — Sp is equivariant with respect to the

trivial action on the target, we obtain a functor Alglé(l:2 — Fun(BC;, Sp), which
allows us to view A as a spectrum with Cp-action. In addition, by construction this
action switches between the canonical left and right actions of A on itself. More
precisely, viewing A as an (A ®; A°P)-module, this Cy-action is linear over the C;-
action on A ®; A°P which flips the two components and applies the anti-involution t.
Equivalently, the anti-involution determines an equivalence of E | -algebras A®; A°P ~
A ®j A intertwining the above C;-action with the flip action on A ®; A, and we may
hence view A as an object of Modgcgfk 4- Informally, the A ®; A-action on A is given
by (a ®b)-x = a-x - t(b). We may then recover the anti-involution t as the induced
map of Ej-algebras A — homy (A, A) = A°P. The latter is therefore an equivalence,
and so A is invertible.

Example 3.1.10 The restriction of the Cz-action on Algg, to Eo-algebras is canoni-
cally trivialised, so that we obtain a functor

Fun(BC,, Algg ) — Algp. 2.

In particular, E-algebras with C-actions give rise to an Ej-algebra with involution.
For example, any E;-algebra equipped with the trivial C,-action, determines an E;-
algebra with involution.

More generally, when A is an Egg-algebra, any A-module M with Cj-action
canonically defines a k-module with involution over A, with A ®; A acting via the
multiplication map A ®; A — A. By Remark 3.1.8, the invertibility condition from
3.1.4 is in this case equivalent to the ® 4-invertibility of M, or in other words to
M € Pic(A) upon disregarding Cp-actions.

Example 3.1.11 An important source of E-algebras with anti-involution arises from
the group algebra construction. We will study this example and its relation to visible
L-theory in further detail in Sect. 4.3.
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Examples 3.1.12 Let R be an ordinary associative ring. Using the Eilenberg—Mac Lane
embedding H: Ab < Sp we may associate to R an E-ring spectrum HR, and by
[47, Theorem 7.1.2.1] we have a natural equivalence

Mod{ , =~ DP(R)

between the co-category of compact HR-module spectra and the perfect derived oco-
category of R, defined as in Example 1.2.12. An anti-involution on HR is then the
same as an anti-involution on R, that is, an isomorphism t: R — R°P such that
72 = id. We will study this case in further detail in Sect. 4.2. Ordinary rings which
carry anti-involutions are then fairly common, see Examples 4.2.7.

Example 3.1.13 Asin Example 3.1.12, suppose that R is an ordinary associative ring.
Recall that a Wall anti-structure [68] on R consists of an anti-automorphism 7: R —
R°P and a unit € € R* such that 7(r) = ¢ 're and 7(¢) = ¢~!. The most common
type of these are the central Wall anti-structures, namely, those in which € is in the
center and t is an anti-involution. Given a Wall anti-structure we can consider R as an
(R ®7 R)-module via the action (a ® b)(c¢) = abt(c), and endow it with an involution
given by x — et (x). Applying the Eilenberg—Mac Lane functor this results in an
invertible k-module with involution over the E;-ring spectrum HR, whose underlying
HR-module is HR, but which is generally not the one associated to any anti-involution
on HR.

The following lemma gives a recognition criterion for k-modules with involution
over A which come from anti-involutions of A. Essentially, it reflects the idea that the
datum of an anti-involution on A is equivalent to that of a perfect duality D: Mod} —
(Mod4%)°P together with a symmetric Poincaré form u# € homy (A, D(A))"©2 on the
A-module A:

Proposition 3.1.14 Let A be an E|-algebra and M a k-module with involution over
A. Then M comes from an anti-involution on A as in Example 3.1.9 if and only if
there exists a Cr-equivariant map of spectra u: S — M (where Ca-acts trivially on
S) such that the induced A-module map A — M (using, say the first A-action on M),
is an equivalence. In this case, the anti-involution on A can be recovered via the map
A — homy (M, M) >~ homy (A, A) = AP associated to the second A-action on M.

The proof of Proposition 3.1.14 will require some preparation. Given a stable co-
category C, the formation of mapping spectra allows one to consider C as an co-
category enriched in spectra, see [22, Example 7.4.14]. This enrichment is functorial
in C, that is, it can be organised into a functor

Caty — Cats, Cr Cgsp (63)

where the latter is the co-category of Sp-enriched oco-categories, see [14, Proposition
4.10] (and [26, Theorem 1.1] for the comparison of the model categorical and co-
categorical approaches to spectrally enriched categories). The functor (63) is in fact
fully-faithful and exhibits Catg} as an accessible localisation of Cat g, by the collection
of triangulated equivalences, see [14, Theorem 4.22].
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Remark 3.1.15 Every spectrally enriched co-category has an “underlying co-category”
obtained by applying the functor 2°° = Map(S, —): Sp — S to all mapping spectra.
In particular, the underlying co-category of the spectrally enriched category Cs,, is
just C itself (or rather, its image in Caty,). More formally, the functor (63) consti-
tutes a lift of the inclusion CatZ} < Cat,, along the underlying co-category functor
Cats, — Cato.

Let Caty , = Catyy Xcat,, (Catoo)p0, denote the oo-category of stable co-
categories C equipped with a distinguished object x € C, and similarly, let Catgs), ,, =
Cats, Xcaty (Catoo)p0 / denote the oo-category of spectrally enriched categories
equipped with a distinguished object. Then we may consider the composite

Catg’é’* — Catg), , — Algg, (64)

where the first functor is induced from (63) and the second is the functor of [22,
Theorem 6.3.2(iii)], which can be described on objects as sending a pointed spectrally
enriched category (D, x) to the endomorphism spectrum Mapp (x, x). As shown in
loc. cit. this functor has a fully-faithful left adjoint B: Algg — Catg), , which sends
a ring spectrum A to the pointed spectrally enriched category (BA, x) containing a
single object x whose endomorphism ring is A. The essential image of B is then given
by those pointed spectrally enriched categories (D, x) for which x is the only object
up to equivalence.

Proposition 3.1.16 Let (C, Q) be a Poincaré oo-category and (x, q) a Poincaré object
in C. Then the image hom¢(x, x) € AlgE1 of (C, x) under (64) inherits a canonical
anti-involution, that it, it lifts to an object of Algglcz.
Proof We first note that the spectral enrichment functor (63) commutes with taking
opposites. Indeed, since (63) is fully-faithful and its essential image, spanned by the
pre-triangulated spectrally enriched categories, is closed under opposites, the op action
on Catg, induces a Cz-action on Catgy. This action then coincides with the action
induced by the inclusion of CatZ; in Caty, by Remark 3.1.15 and the fact that the
underlying oo-category functor Cats, — Caty visibly commutes with opposites
since it is induced by a functor Sp — S on the level of enriching co-categories.

Now since A? ~ (A%)°P via an essentially unique isomorphism the op action on
Catgy induces a C-action on Catgy ., which can be described on objects by the formula
(C, x) > (C°P, x). Similarly, the op action on Cats,, induces a C;-action on Catg), .
In addition, the endomorphism functor Cats, . — Algg ' in (64) is Cp-equivariant
with respect to the op actions on both sides, as can be seen by the fact that it admits a
fully-faithful right adjoint B: Algg — Cats,, , which is itself compatible with taking
opposites essentially by construction. Now consider the diagram

C,x) € Cag, — Algg, > home(x, x)

00, *

|

C e Cag
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in which both arrows are C,-equivariant with respect to the op action. The perfect
duality D¢ promotes C to a C,-fixed object of CatS} (see (27)). The fibre of Catgé’* —
CatZ over C can be identified with :C, with its C-action induced by Deg. To finish the
proof it will suffice to show that x € (C refines to a C,-fixed point. Indeed, this now
follows from Corollary 2.2.10. O

Proof of Proposition 3.1.14 The only if direction is clear, since any anti-involution on
A preserves the unit map u: S — A. To prove the other direction, suppose that M is a
k-module with involution over A and we are given a Cy-equivariant map u: S — M
with respect to the trivial C-action on S, such that the induced A-module map A — M
is an equivalence. Since u is Cp-invariant it follows that this condition holds for both
the first and second A-actions. On the other hand, it also holds for the A°P-action on A
that the analogously defined map is an equivalence. The corresponding statement also
holds for the hom 4 (M, M)-action on M. We hence obtain a commutative diagram

A —— homyq(M, M) =~ AP

< |= (65)

M—— M

in which both vertical maps (induced by the base point u: S — M) are equivalences,
and the bottom horizontal map is the involution on M. It then follows that the top hori-
zontal map A — hom4 (M, M) is an equivalence as well. In particular, M is invertible
and hence the induced bilinear functor on Mod¢ is perfect by Lemma 3.1.6, with asso-
ciated duality X + hom (X, M) on Mod4. The C;-equivariant mapu: S — M then
determines a form

qu € 25,(A) =hom4(A ®; A, M)

which is Poincaré by the condition that the induced map A — M = D(A) is an equiv-
alence. We may then identify the top horizontal equivalence in (65) as the underlying
equivalence of the anti-involution on hom4 (A, A) = homy4 (D(A), D(A))°P induced
by the Poincaré form g,, by Proposition 3.1.16. O

3.2 Modules with genuine involution

Our goal in this section is to refine the definition of a k-module with involution studied
in Sect. 3.1 above in order to obtain a notion capable of encoding not just bilinear
but also quadratic functors on Mod?%, and similarly on Mod¢, for a given subgroup
¢ € Ko(Mod%). To begin, recall that for a spectrum X there is a canonical map
X — (X ®s X)©2, known as the Tate diagonal, which enjoys a variety of favourable
formal properties, see [53]. If X is now a k-module then we can consider the composite
map

X = (X ®s X)'? - (X @ X)'2, (66)
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where the second map is induced by the lax monoidal structure of the forgetful functor
Mod; — Sp. For X = k the map (66) gives the composite map

Fr: k — (k ®s k)€ — k'©

which is known as the Tate Frobenius map. For a k-module spectrum X we may
then consider the spectrum (X ®; X )‘CZ, which is naturally a kC2_module, as a k-
module spectrum, by restricting structure along the Tate Frobenius. With this k-module
structure the map (66) becomes k-linear, and we will henceforth refer to it as the k-
linear Tate diagonal.

Remark 3.2.1 The functor id: Sp — Sp is stably corepresented by S, and so for any
exactfunctor F': Sp — Sp, the space of natural transformations id = F identifies, via
evaluation at S, with the space Q°° F (S) of maps S — F(S). Under this identification,
the Tate diagonal id = ((—) ® (—))tCz corresponds to the image in Q[SC2] of the
unit e € [Q®S]C2 = Q®[SPC2] (where we consider 2*°S = Map(S, S) as a monoid
with respect to composition, and the C;-equivariant structure, as the Cp-action on S,
is constant). On the other hand, the functor Q°°: Sp — § is the space valued functor
corepresented by S, and hence natural transformations Q% = G identify with maps
x — G(S) for any functor G: Sp — S. The point ¢ € [Q°°S]'C2 then determines a
factorization of QP A: Q¥ (—) = Q®[((—) ® (—))2] as

Q°(—) = [Q°((—) @ (N2 = Q%[((—) ® (—)"?] = Q®[((—) ® (—)'].

Furthermore, since e is a monoid unit it lifts along QS x QS — Q°°S to the point
(e, e), and this can be done also on the level of C2-homotopy fixed points where C, acts
on the domain by flipping the components. We conclude that the above factorization
of QPA: Q®(—) = Q®[((—) ® (—))C2] refines to a factorization

Q®(—) = [Q°(—) x (' = [Q%((-)
(NI = Q®[((—) ® (—)'2] = Q™ [((-) ® (=)',

where the first map is simply the C;-equivariant diagonal. We will use this observation
in the proof of Lemma 67 below.

Warning 3.2.2 Since k is the unit of Mody the flip C»-action on k ®; k >~ k is trivial.
However, the Tate Frobenius k — k2 is generally not equivalent to the composite
k — k"2 — k'C2 In particular, if we were to endow (X ®; X)'2 with the k-module
structure restricted from its £'“2-module structure along k — k"2 — k'©2 (which
would be the k-module structure we would obtain by applying to X ®; X the Tate
construction internally in Mody) then (66) would generally not be k-linear.

Definition 3.2.3 Let A be a Ej-algebra. A module with genuine involution over A is a
triple (M, N, o) which consists of

— a k-module with involution M over A in the sense of Definition 3.1.1,
— an A-module N, and
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— an A-linear map f: N — M'©

Here we view M2, which is canonically an (A ®; A)[C2 -module, as an A-module
through the k-linear Tate diagonal A — (A ®; A)C2.

Remark 3.2.4 When k£ = S the data of a module with genuine involution over A can
equivalently be described as a genuine Cp-spectrum equipped with an action of the
Hill-Hopkins—Ravenel norm N A of A, first introduced in [31] and later reinterpreted
from the oo-categorical perspective in [11]. The genuine C;-spectrum NA has as
underlying Ca-spectrum A ®s A with the flip Cz-action, geometric fixed points A, and
reference map A — (A ®s A)'? the Tate-diagonal considered in [53]. It is an algebra
object with respect to the symmetric monoidal structure on genuine Cp-spectra, and
the data of a module over this algebra object consists exactly of an (A ®s A)-module
with Cs-action (which is M in our case), a module over the geometric fixed points A
(which is N in our case), and a reference map a: N — M'C2 refining M to a genuine
C,-spectrum with geometric fixed points N.

More generally, for an arbitrary base E-ring spectrum k and E;-algebra A over
k, the notion of a k-module with genuine involution over A is equivalent to that of
a genuine Cy-spectrum equipped with an action of the k-linear norm Ny A of A: this
is the genuine C;-spectrum whose underlying Cs-spectrum is A ®; A with the flip
C,-action, whose geometric fixed point spectrum is A, and whose reference map
A — (A ®; A)2 is the k-linear Tate-diagonal mentioned above.

Lemma3.2.5 For M € Modg%kA and X € Mod¢ there is an equivalence

hom g, 4 (X @i X, M) ~ hom 4 (X, M'C?) (67)

natural in M and X.

Proof Consider the functor F: (Mod‘;{)op — Sp given by X — homyg, 4 (X ®x
X, M )‘C2. This functor is exact, thus by Morita theory it is of the form hom4 (X, N)
for some A-module N. Setting X = A we find that N = M as a spectrum.
Furthermore, the right action of 2°°A on A translates under the functor F to the
diagonal action of 2> A on M'2, i.e., the action through the composite

Q%A L (QPA x QAT 5 Q%4 @5 AT > QF(A @5 )2 - QF(A ®; A)',

which at the same time also underlines the k-linear Tate diagonal by Remark 3.2.1.
Applying the same observation to shifts of A and using exactness then fully identifies
the A-module structure on M2, showing the claim. O

Construction 3.2.6 Let (M, N, o) be a k-module with genuine involution over A. We
define a quadratic functor %, on perfect A-modules by the pullback
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9 (X) —— homyu (X, N)

| ! (68)

98, (X) — homa(X, MC2)

where the lower horizontal map is given by the composite
23/ (X)=homg,a (X ® X, M)"— homag,a (X ® X, M) homy (X, M'?),

where the last equivalence is via Lemma 3.2.5.

By construction the underlying bilinear part of €9, is By, and hence the condition
that €, is Poincaré depends only on M, via the criterion of Proposition 3.1.6. In
addition, by Lemma 1.1.10 the trace map 9(/]1/1 — @, factors canonically as

Q1 — 9% — 9.

If M©2 = 0, for example if A is an S[%]-algebra, then (X)) ~ 9,(X) @
homy (X, N).

Example 3.2.7 Let M be a k-module with involution over an Ej-algebra A. The k-
modules with genuine involution (M, 0,0 — M'2) and (M, M'C2, M'C2 = M'C2)
give rise respectively to the quadratic and symmetric functors 9(1]1/1 and ?}, of Defini-
tion 3.1.2.

Example 3.2.8 Let M be a k-module with involution over an E-algebra A and assume
that A is connective (so that the truncation of an A-module admits a canonical A-
module structure). Then there is for every m € Z a k-module with genuine involution
given by

(M, T2y M, 12, M — M)

with the reference map being the m-connective cover. Applying Construction 3.2.6
these give rise to quadratic functors Qf,,m that sit between the quadratic and the sym-
metric one, i.e., there are maps

W s el s (69)

If M'C2 vanishes, e.g. if 2 is invertible in A, then all of these maps are equivalences.
The limit and colimit of these diagrams of Poincaré structures are given by

1im[~-~—>9f4m—>9f4m71 — 1=
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and

colim[--- — Q%,Im — Q;{"*l — 1> 9.

Indeed, inspecting the defining pullback squares (68) for Qf,lm and using that pull-
backs and mapping spectra out of compact A-modules respect both limits and
colimits this follows from the fact that lim t>,, M €2 — ( while the induced map
colim 75, M'©2 — M'C2 is an equivalence. We may hence consider the tower (69) as
interpolating between the quadratic and symmetric Poincaré structures on Mod%. We
will study this construction in further detail in Sect. 4.2 in the case where A is (the
Eilenberg—Mac Lane spectrum of) an ordinary ring.

Example 3.2.9 Let A be a E|-algebra with anti-involution. In Example 3.1.9 we have
seen that A can be considered as an invertible k-module with involution over itself. In
order to promote A to a k-module with genuine involution we need an A-module N
and amap N — A2 of A-modules. Such a triple (A, N, @) is called an E-algebra
with genuine anti-involution. Any such E;-algebra with genuine anti-involution has
an underlying genuine C,-spectrum, the module N taking the role of the geometric
fixed points. Since A is invertible as a k-module with involution by Proposition 3.1.6
and Remark 3.1.7 imply that the associated hermitian structure ?% on Mod4 and on
Modf4 are both Poincaré.

Example 3.2.10 Let A be an orthogonal ring spectrum with anti-involution in the
sense of [20]. This gives rise to a genuine C,-spectrum whose underlying spectrum
with Cs-action is the underlying spectrum of A, whose geometric fixed points A?C2
is canonically an A-module, and where the map o : A?®? — A2 is A-linear. We
therefore obtain a ring spectrum with genuine anti-involution (A, A?®?, ).

Example 3.2.11 Consider the sphere spectrum S with the trivial C;-action. We may
then view S as an associative ring spectrum with anti-involution, and refine it to
a ring spectrum with genuine anti-involution using as reference map the composite
S — Sh© 5 S which also agrees in this case with the Tate diagonal. The Poincaré
structure associated to this genuine anti-involution on S is the universal Poincaré
structure 9" of Example 1.2.15.

Example 3.2.12 Let A be an E,-k-algebra equipped with a C;-action. We may then
view A as an associative k-algebra with anti-involution, and refine it to a k-algebra
with genuine anti-involution using as reference map the composite

t: A > (A®; A - A
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where the first map is the k-linear Tate diagonal and the second map is induced by the
C,-equivariant commutative k-algebra map A ®; A — A whose restriction to the first
component is the identity A — A and restriction to the second component is given
by the generator of the C;-action. This yields a Poincaré structure on Mod?%, which
we denote by ¢!, and refer to as the Tate Poincaré structure associated to the given
C,-action. The universal Poincaré structure 9" on Sp' then corresponds to the case
where A = k = S and the C,-action is trivial.

Example 3.2.13 Given an Ej-algebra A we may form the E;-algebra with anti-
involution A @ A°P where the involution flips the two factors. We may then refine
this involution to a genuine one by taking the zero map 0 — (A @ A°P)'C2 = 0, which
at the same time is also an equivalence. The resulting Poincaré structure Qg @Aop ON
Mod g 4op is then both quadratic and symmetric (see Example 3.2.7). We now note

that the projections A @ AP — A and A @ A°P — A°P induce an equivalence
Mod g 4o — Mod? x Mod%o, 2 Mod? x (Mod%)°P,

under which the Poincaré structure in question corresponds to the hyperbolic structure
of Definition 2.2.2, and so

(MOdCX@A()p s Qg@AOP) ~ Hyp(MOd(X)

3.3 Classification of hermitian structures

We shall henceforth focus on the case where k = S is the sphere spectrum. We
will show that in this case, modules with genuine involution do not only provide a
convenient way of producing hermitian structures on Mod¢ but that these two notions
become in fact equivalent. To formulate this more precisely, we proceed to organise
modules with genuine involution over A into an co-category Modn4, defined as the
pullback

Modng —— Ar(Mody)

l I (70)

hC (—)€2
ModA@fSA —— Mody

of the arrow category Ar(Mod 4) and the co-category (Mod s gg A )PC2 of modules with
involution. The right vertical map is the projection onto the target, and the bottom
horizontal map sends a module with involution M to the Tate construction M G2
considered as an A-module via the Tate diagonal map A — (A ®g A)2.
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We would like to relate Modn4 and Fun4(Mod%) by constructing a commutative
diagram

Modna > Ar(Mod,)
Fun4 (Mod‘;;)/ ‘ Ar(Fun®™((Mod%)”, tS'p))/
|
Mod};%S 4 > Mod 4
/
FunS(Mod;g)/ » Fun®™ ((Mod%)™, Sp)
(71)

where the front square is the pullback square of Corollary 1.3.12 which exhibits the
analogous decomposition of the oco-category of quadratic functors Fun(Mod%) into
linear and bilinear parts. We then define the right face of (71) to be the square induced
by the Yoneda map

Mods — Fun®™((Mod%)®, Sp) N +— homy(—, N),
and the bottom arrow in the left face is the functor

Modg%SA — Fun*(Mod%) M + homug.a((—) ®s (—), M)

introduced above. The commuting homotopy in the bottom square of (71) is then
provided by Lemma 3.2.5. The cube is then uniquely determined by the fact that its
front face is a cartesian square.

Theorem 3.3.1 The cube (71), considered as a natural transformation from its back
face to its front face, is an equivalence. In particular, the resulting arrow

Modna — Fun4(Mod%)

is an equivalence of co-categories, whose action on objects is given by (M, N, o) —
4.
M

Remark 3.3.2 For a general k one can still define the pullback of co-categories
hC
Modn, 4 = MOdAékA XMod, Ar(Mody),
and construct a functor

Modn, 4 — Fun4(Mod%), (72)
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which in general will not be an equivalence. Here we use the notation Mody, 4 to
indicate that we may think of this as the oco-category of modules in genuine Cs-
spectra over the k-linear norm Ny A of A, see Remark 3.2.4. Alternatively, we may
also identify Modn;, 4 with the oco-category of hermitian structures on Mod} equipped
with an action of the Tate hermitian structure 9}( € Fun(Mody’) of Example 3.2.12.
Here we have that Mod{’ acts on Mod¢ by the fact that A is a k-algebra, and this
induces an action of Fun4(Mod}?) on Fun4(Mod%) by means of Day convolution, see
Sect. 5.3 and Example 5.4.13. The functor (72) then corresponds to forgetting the
Q.-module structure.

Proof of Theorem 3.3.1 Since the back and front faces are both cartesian squares it will
suffice to show that its right and back faces determine equivalences from their back
edge to their front edge. For this, it will suffice to show that the functors

hC,

Mods — Fun®™((Mod%)°?, Sp) and Mod & 4

— Fun®(Mod%)

are equivalences. For the former, we note that since Sp is stable we have that post-
composition with Q°°: Sp — S induces an equivalence

Fun®((Mod%)?, Sp) >~ Fun"*((Mod%)°?, S) =~ Ind(Mod%)

and consequently the claim follows from the fact that Mod 4 is generated by Mod
under colimits. For the second map, by its construction it will suffice to show that the
functor

Modagea — Fun®(Mod%) M > homag.a((—) ®s (=), M) (73)
is an equivalence of oo-categories. For this, recall that by [47, Theorem 4.8.5.16] and
[47, Remark 4.8.5.19] the association A — Mody4 refines to a symmetric monoidal
functor

Osp: Algg, = Algg, (Sp) — LModgp(PrL)
from E-ring spectra to the co-category of Sp-modules in presentable co-categories,
and the latter can be identified with the full subcategory of Pr’ spanned by the stable
presentable co-categories. In particular, the bilinear functor

Mods x Mods — Mod sgga X, Y)—» X®sY

induces an equivalence
Mod s ®s, Mods = Modgga, (74)
where ®s, denotes the tensor product of stable presentable oo-categories (which

can also be viewed as Sp-modules in presentable co-categories). Since Mod4 and
Modagga are compactly generated by Mod¢ and Modfﬁ{®S 4 Tespectively and the
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bilinear functor (X, Y) — X ®gs Y maps a pair of compact A-modules to a compact
(A ®s A)-module we see that the equivalence (74) is induced on Ind-categories by
the functor

Mod% ® Mod — Modﬁ%A, (75)

induced by the same bilinear functor (X, Y) — X ®gY, where ® is the tensor product
of stable co-categories, and we use the fact that Ind(—) is symmetric monoidal. It then
follows that restriction along (75) induces an equivalence

Fun®™((Mod% g 1), Sp) = Fun™((Mod} ® Mod})*®, Sp) ~

Fun™((Mod%)® ® (Mod%)P, Sp) ~ Fun®(Mod?).

Since the Yoneda map Modsgga — Fun""((Modﬁ®S )%, Sp) is an equivalence by
the argument above we may now conclude that (73) is an equivalence, and so the proof
is complete. O

Remark 3.3.3 As explained in the introduction of the present section, left Kan
extension and restriction determine inverse equivalences between Fun4(Mod¢) and
Fun4(Mod%) for every subgroup ¢ € Ko(Mod%). Theorem 3.3.1 then implies that the
association (M, N, a) > 29, also determines an equivalence Modn 4 =~ Fun(Mod¢)
for every ¢ € Ko(Mod%).

Remark 3.3.4 It follows from Theorem 3.3.1 and Proposition 3.1.6 that the association
(M, N, a) — 4, determines a bijective correspondence between equivalence classes
of invertible modules with genuine involution (M, N, @) € Modn4 and equivalence
classes of Poincaré structures on Mod¢. More generally, for a given subgroup ¢ C
Ko(Mod9) we obtain a classification of Poincaré structures on Modc via invertible
modules with genuine involution (M, N, «) such that the assomated duality Dy, =
hom 4 (—, M) on Mod preserves Mod¢ (or, equivalently, preserves ¢ € Ko(Mod%)).
In the case of Modg the last condmon amounts to M itself being in ModL, see
Remark 3.1.7. We note that under these correspondences maps of Poincaré structures
(see Definition 1.2.8) correspond to those maps (M, N, o) — (M’, N’, a’) in Modn 4
for which the map M — M’ is an equivalence.

3.4 Restriction and induction

In the present subsection we keep the assumption that k = S and consider the functorial
dependence of Modny4 in A, and the compatibility of this functoriality with the one
for hermitian structures along the equivalence of Theorem 3.3.1. Let¢: A — B be a
map of Ej-algebras and let

P+ Mod4 — Mod} (76)
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be the induction functor sending X to B ®4 X. Then the restriction functor
p(’;: Fun9(Mod%) — Fun(Mod9%)
corresponds, under the equivalence of Theorem 3.3.1, to a functor
¢*: Modnpg — Modna, a7

which we consider as the restriction of structure operation for modules with gen-
uine involution. As explained in Sect. 1.3, restriction of quadratic functors commutes
with taking linear and bilinear parts and with the formation of symmetric Poincaré
structures, that is, it acts compatibly on the entire pullback square

Fun4(C) — Ar(Fun®(C°, Sp))

B It (78)

Fun®*(C) —— Fun®(C°P, Sp).

Under the equivalence of Theorem 3.3.1 we obtain the same for the restriction
functor (77), that is, it extends to the entire defining squares (70) for A and B.
On the other hand, the Yoneda equivalences Mods =~ Fun®((Mod%)°?, Sp) and
Mod g ~ Fun®™((Mod%)°P, Sp) fit into a commutative square

Mod g ¢ » Mod

l: l: (79)

Fun® (Mod$)®, Sp) —» Fun®™((Mod3)°”. Sp)

in which the top horizontal arrow is the forgetful functor from B-modules to A-modules
and the bottom horizontal functor is restriction along py. Indeed, the commutativity is
given by the adjunction equivalence homp (py X, M) >~ hom4 (X, ¢*M). Similarly,
the equivalences Mod ggga Fun® (Mod%) and Modpggp =~ Fun® (Mod$) fit into a
commutative square

$89)"
Modpggp ——— Modagga

l: l: (80)

(Poxpo)*
Fun®(Mod$) —2“"*", Fun®(Mod?)

We may thus conclude that for (M, N, «) € Modnp the restriction functor (77) is
obtained by simply restricting the (B ®s B)-module structure on M to A ®s A, the
B-module structure on N to A, and viewing o as a map of A-modules by forgetting
its compatibility with the B-module structures on its domain and codomain.
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We now proceed to discuss how the operation of left Kan extension is mirrored
along the equivalence of Theorem 3.3.1. Recall that by Lemma 1.4.1 the operation of
left Kan extensions Fun((Mod%)°P, Sp) — Fun((Mod$%)°?, Sp) preserves quadratic
functors, and the resulting functor

(pe)r: Fun(Mod4) — Fun?(Mod%) (81)
is compatible with taking linear and bilinear parts, that is

Bpgne = (pgp X pp)Be and A(py)e = (pg)iAe.

By Lemma 1.4.1 and Corollary 1.4.4 we may then conclude the following:

Corollary 3.4.1 Under the equivalence of Theorem 3.3.1, the left Kan extension func-
tor (81) corresponds to the functor

(15!1 MOdNA =d MOdNB

sending a module with genuine involution (M, N, o) € Modna to the module with
genuine involution

H(M, N, o) = (ppapM, ppN, p1o) = (B ®s B) Qagga M, B ®4 N, $a) € Modnp
where ¢\« is given by the composite
B®sN — B®xs M — ((B ®s B) ®agga M)

of B ®4 o and the Beck—Chevalley transformation on the lax commuting square on
the right

_HtC _\tC
(Mod g, 5)"C2 ‘5 Modjg (Mod g 1) = Mod 4
! l ! / l (82)
hC (—) 2 hC (—)2
(MOdA®SA) 2 % Mody (MOdB(X)SB) 2 — Modp

which is obtained from the commuting square on the left after replacing the vertical
forgetful functors by their left adjoints B o (—) and (B®s B)®@ agg (—), respectively.

We now wish to apply the above discussion in order to obtain explicit data which
permits us to refine pgy: Mod} — Mod$ to a hermitian functor with respect to a pair
of hermitian structures coming from modules with genuine involution (M4, N4, @) €
Modna and (M, Np, B) € Modnp. In terms of quadratic functors, this data is a
natural transformation

. o *oB
n: QMA :>p¢9MB.
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Under the above equivalences, the transformation 7 corresponds to a map
(Ma, Ng, o) = ¢*(Mp, Np, B) in Modn4, or equivalently by adjunction, to a map
(Mg, Na, ) > (Mp, Np, B). Let us summarise the situation in explicit terms as
follows:

Corollary 3.4.2 Keeping the notation above, the data of a hermitian
functor (Mod¥, 9‘;{,1A) — (Mod%, 9/;,13) covering the induction functor py can be
encoded by a triple (8, y, o) where §: My — Mp andy: Ny — Np in Modg%SA
and Mod 4 respectively, and o is a commutation homotopy in the square

NAL)NB

[

tCy 82 tC
My~ — My

Equivalently, we may provide the adjoints §: (B ®s B) ®agsa Mg — Mp and
Y: BaN4gy — Npin Mod?%g g and Mod g respectively, together with a commutative
square of the form

I

B®4s Ng » Np

id®Aocl lﬁ
C <tCy

B @ My> — ((B®s B) ®agea Ma) * 2 My>

where the left lower horizontal map is the Beck—Chevalley map (82). It can also be

identified with the composition of the Tate diagonal and the lax monoidal structure of
(_)tCQ.

Lemma 3.4.3 [In the situation of Corollary 3.4.2, the hermitian functor
(g, m: (Mod%, 9% ) — (Mod%, 95, )

associated to a map (8,y,0): (Ma, Na, ) — ¢*(Mp, N, B) is Poincaré if and
only if the composite

s
B®aMy— (BQ®s B)Qagga Mg — Mp
is an equivalence, where the first map is induced by the left unit B — B ®gs B.

Proof By definition, the hermitian functor (p,,, 1) is Poincaré if and only if the induced
map

B ®4 Dy, (X) = B®a homy (X, My) —> homp(B ®4 X, Mp) =Dy (B ®4 X)
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is an equivalence of B-modules for every perfect A-module X. Since Mod is gen-
erated under finite colimits and retracts by A this map is an equivalence for every
X € Mod if and only if it is an equivalence for X = A. But this is exactly the
statement that the induced map

B®aMy=B®shomy(A, My) — homp(B, Mp) = Mp

is an equivalence, as desired. O

Definition 3.4.4 In the situation of Lemma 3.4.3, when the condition that the induced
map B ®4 M4 — Mp is an equivalence holds, we say that the morphism (6, y, o)
is ¢-invertible. In particular, Lemma 3.4.3 says that the hermitian functor induced by
(8, y, o) is Poincaré if and only if (8, y, o) is ¢-invertible.

Example 3.4.5 Suppose that (¢, 7): (A, Ng,) — (B, Np, ) is a map of E;-
algebras with genuine anti-involution (Example 3.2.9), so that ¢: A — B is a map
of rings with anti-involution and 7: N4y — ¢*Np is a map of A-modules. Then both
(A, N4, @) and (B, Np, f) are invertible as modules with genuine involution over
A and B respectively and t is ¢-invertible. In particular, in this situation we always
obtain an induced Poincaré functor (pg, 7): (Mod%, 2%4) — (Mod$, Qg).

Example 3.4.6 Suppose that ¢: A — B is a map of Ej-algebras. A module with
involution M4 € (Mod zgg 4)"C2 then determines a symmetric bilinear functor with
associated quadratic hermitian structure Qg,IA on A encoded by the module with genuine

involution (M4,0,0 — M;‘CZ). The left Kan extension of Q?WA to Mod‘g is then

encoded by the module with genuine involution (Mp,0,0 — M;CZ) for Mp =
M4 @ag:4 (B ®s B), and so

(P02, ~ 9%, .

On the other hand, the associated symmetric hermitian structure S?j,IA is encoded by the
module with genuine involution (M4, M ;Cz ,id: M ;Cz - M ;\Cz), and hence its left
Kan extension to Mod{, is encoded by the module with genuine involution (Mg, B®

M;Cz, B®a M;Cz — M}gcz), which is generally not the symmetric hermitian structure
9;,13, unless B is perfect as an A°P-module (indeed, for a fixed M the underlying map

of spectra B®4 M G, (BQa M )tCz can be considered as a natural transformation
between two exact functors in the argument B € Mod%,, which is an equivalence on
B = A°P and hence on any perfect B). As a counter-example consider S — S[%]:
by Lin’s theorem [42] one has that S ~ S5 so S[%] ®s S*€2 ~ HQ, whereas
(S[31®s S[A1'C2 ~ 0 since 2 is invertible on S[}] ®s S[3] ~ S[}].

3.5 Ranicki periodicity

In this final section we will discuss the effect of shifting Poincaré structures on module
oo-categories. In the case of ordinary rings, this is the basis for the classical 4-fold
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periodicity in L-theory. To unravel the essence of this phenomenon, we introduce the
notion of an no -orientation on modules with involution, and explain how it combines
with shifting to yield a 2n-fold periodicity effect on the level of L-groups. In Paper
[2] we will extend these results to the level of both L-spectra and Grothendieck-Witt
spectra, yielding in particular a generalisation of Karoubi’s fundamental theorem. For
the remainder of this subsection we fix an arbitrary base Eq,-ring k.

Recall that for a quadratic functor ? on a stable co-category C, and an integer
n € 7, we denoted by 9"l the quadratic functor on C given by 971 (x) = £"Q(x) (see
Definition 1.2.16). Since the formation of linear and bilinear parts is exact the shifted
quadratic functor 91"l has bilinear part ¥"Be, linear part ¥" Ag, and structure map
" Ag(x) — T"B(x, x)2 induced by the structure map of ? on n-fold suspensions.
If C is now of the form Mod} for some E-algebra A over k and ? = 4, for some k-
module with genuine involution (M, N, @) over A, then 2" = %194, is the quadratic
functor associated to the k-module with genuine involution (X¥"M, X" N, ¥"«a), and
we write

Q)M ~ QX | (83)

A second natural operation we can perform on the quadratic functor 9§, is to pre-
compose it with £". In this case the hermitian co-category (Mod%, 25, o ") is
canonically equivalent to (Mod%, 29,) via the functor £": Mod} — Mod%. How-
ever, the reparametrised quadratic functor 9§, o X" is also directly identified with the
quadratic functor associated to another k-module with genuine involution. To deter-
mine it, let us introduce some notation. Given a finite dimensional real representation
V for the group Cy, let us denote by SV the associated one-point compactification of
V, which is a sphere of dimension dim (V') equipped with a based C»-action. Similarly,
we will denote by SV = £°°(5") the associated suspension spectrum with C>-action.
Given a spectrum X with a Cz-action, we will denote by =V X := SY ®g X the smash
product of S" and X equipped with its diagonal C,-action. Similarly, the co-category
Modl}fék 4 of k-modules with involution over A is naturally tensored over spectra
with C;-action, and given a k-module with involution M over A we will denote by
2VM = SV ®s M the associated tensor of M by S¥. We will denote by o the 1-
dimensional sign representation of C, and p the 2-dimensional regular representation
of Cy. In particular, p decomposes of the direct sum of a trivial representation and a
sign representation, which we write as p = 1 4+ 0. More generally, we will denote by
a + bp + co the direct sum of a copies of the 1-dimensional trivial representation, b
copies of p, and c copies of .
We will require the following lemma:

Lemma 3.5.1 Let X be a spectrum with a Cy-action. Then the map
XtC2 N (Z(T X)tC27

induced by the Cy-equivariant map S — S°, is an equivalence. In particular, the Tate

construction is invariant under tensoring with the sign representation sphere spectrum
Se.
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Proof The cofibre of the map S° — S§ is given by the pointed C,-space ¥ (C2) and
so the cofibre of X — X7 X is given by Z‘fH(Cz) ®s X. The claim now follows
since the latter is an induced C;-spectrum and thus its Tate construction vanishes. O

Remark 3.5.2 Instead of tensoring with the map S® — S° we may also cotensor with
it, yielding a map Q%X — X, which induces an equivalence on Tate constructions
since its fibre is an induced C-spectrum by the same argument as in the proof of
Lemma 3.5.1. Iterating these constructions we then obtain for every non-negative n

equivalences of the form X'C2 S (29 X)C2 and (Q10 X)1C2 S X1C2,

Proposition 3.5.3 Let (M, N, o) be a k-module with genuine involution over an E1-
algebra A. Then for n € Z there are equivalences of quadratic functors

m
@plrtmlo mn ~ Xl
where the right hand side is the quadratic functor associated to the k-module with
genuine involution

("M RN, T )

defined using the identification (™" M)'C2 ~ £ M2 jssued from Lemma 3.5.1
and Remark 3.5.2. In particular, the functor Q": Mod} — Mod} refines to an
equivalence

Mod%, (¥5)P") S (Mod%, (25" o (£")°P) = (Mod%, 95,8, )
of hermitian oco-categories (or Poincaré when M is invertible). The same statement
holds if we replace Mod$ by Mod¢, for some subgroup ¢ € Ko(Mod?).

Proof In light of (83) it will suffice to prove the case m = —n. In this case we need
to show that 9, o X" =~ 9%::2‘,”- Replacing (M, N, «) by (2"°M, "N, &"a) we
observe that the claim for n implies the same for —n, and so we may assume that n
is positive. Arguing by induction, it is then enough to prove the case n = 1 = —m.
Inspecting the explicit formula for the linear and bilinear parts one directly sees that
they commute with pre-composing with X°P, that is, for a quadratic functor ? we have
natural equivalences

Boosor >~ Bo o (2P, £°P) and Agoxor 2 Ag o 2P,

It then follows that the canonical interchange map ? o X°° = Q o ? induces an
equivalences on linear parts, and on bilinear parts gives the corresponding interchange
map

Bo(ZX, TY) — QBe(X,Y)
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associated to Be, where here we view B¢ as a functor in a single input, the tuple (X, ).
If we however break this input into two separate variables and take into account the
symmetric structure of B, then the above interchange map factors as a composite

Bo(TX,TY) = Q”Bo(X,Y) — QBo(X,Y),

where the second map is induced by cotensoring along the “smash diagonal” S! — 7,
and the first arises from the interchange map of each variable separately, which is an
equivalence since Bo is bilinear. If we now evaluate at ¥ = X then we obtain a
composite of C-equivariant maps

Bo(ZX, TX) = Q’Bo(X, X) — QBo(X, X),

which induces an equivalence on Tate constructions by Lemma 3.5.1 and Remark 3.5.2
(indeed, under the representation sphere isomorphism S? = §'+9 the smash diagonal
identifies with the suspension of the map S° — $7). We therefore conclude that the
interchange map 2 0 X°° = Qo ? identifies the reference map Agoxop = (BSOEDP)tC2
of @ o X with the desuspension of the reference map o: Ag = (Bg o A)2 of ©.
We summarize the above arguments in the following commutative diagram

Q0¥ — 5 AgoZP ————— AgoZ® — = QoA

| l l los

(BgoAoXP)PC2 — 3 (BooAoXP)C2 — 3 (QoByoA) 2 — % Qo(BgoA)2

l I | |

(QPoBgo A2 — 3 (QP0BgoA) 2 —Z % (QoBgoA) 2 — =3 Qo(BgyoA)2

which may be viewed as an equivalence between the top left square and the external
rectangle. As such, it identifies the classifying square of ? o X°P with one having
bilinear term 2” o Be, linear term 2 o A¢, and reference map Qo. Applying this
in the case of ¢ = 2%, o £° we now conclude that 9%, o X°P is represented by
the module with genuine involution (2° M, QN, Q«) defined using the identification
(2P M)C2 ~ QM2 as desired. O

Remark 3.5.4 We will show in Sect. 7.4 (see Corollary 7.4.17) that any quadratic
functor : C°* — Sp canonically refines to the genuine fixed points of a functor
Q: C% — SpE©2 to genuine Ca-spectra. Thus one can make sense of tensoring any
quadratic functor with S"~™7, equipped with its genuine C,-structure in which the
geometric fixed points are S"”. A version of the above calculations also holds in this
generality, see Proposition 7.4.19. For example, one finds that twisting a quadratic
functor by S' 7 corresponds to the operation @ > 9>/ o X, while twisting by S~
corresponds to the operation @ — 91721 o . We shall see in the examples below that
these really are two inequivalent operations.
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Our next goal is to use the above calculations to deduce periodicity properties for
the L-groups of certain rings. For this, we will use the notion of orientation, suitably
adapted to the present setting.

Construction 3.5.5 Suppose given an Ej-group G and a spherical character of G, that
is, a map of Eq-groups x : G — gl;(S) = Auts,(S). We may consequently view G
as acting on the sphere spectrum S, and will write S for the associated G-spectrum.
Moreover, since every stable co-category C is canonically tensored over Sp', the
character x determines an action of G on any object X € C, by identifying X with the
underlying object of XX := SX ® X. More generally, if X is already equipped with a
G-action, then we may tensor X with SX to obtain a new G-object XX = SX @ X with
the same underlying object X, that which can be called rwisting X by x. Even more
generally, if C itself admits a G-action, then we can similarly twist a G-fixed object
X € CM° by x to obtain a new G-fixed object XX € C'C. By a y-orientation on such
a G-fixed object X we will then mean an equivalence

b=’

of G-fixed objects, refining the identity X = X in C. When the G-action on both C
and X is trivial and C admits quotients for G-objects, the data of a x -orientation can
equivalently by encoded via a factorisation

X - X — X

of the identity X = X, where the first map is the canonical map from the underlying
object to the quotient.

Given an E1-group G and a spherical character x: G — gl;(S), we will refer to
the homotopy quotient S})I(G as the Thom spectrum of x, and will denote it also by
Th(x). Recall that Bgl; (S) identifies with the classifying space for stable spherical
fibrations. In particular, it carries the universal stable spherical fibration y and the
definition above coincides with the usual Thom spectrum for (B x)*(y). In particular,
when y factors over the J-homomorphism

G— 0> g9,

the spectrum Th( ) is indeed the Thom spectrum of the associated stable vector bundle.
If C is now a cocomplete, stable co-category, so that the action of Sp extends to all of
Sp in a colimit preserving manner, then we may use the Thom spectrum to describe
orientations, at least for objects with trivial G-action. In particular, a x -orientation on
suchan X € C is equivalent to the data of a factorisation of the identity map X = X as

X —>Th(x)® X — X,

where the first map is the tensor with X of the map to the quotient S — SffG = Th(x)
induced by the initial E{-group map * — G. In that case, an orientation also deter-
mines an equivalence Xl)fG =Th(x) ® X ~ BG ® X = X}, a generalisation of the
classical Thom isomorphism, where the last term refers to the homotopy quotient of
X by the trivial G-action.
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Notation 3.5.6 Let G be an E;-group equipped with a spherical character x. By a
x -oriented Exo-ring spectrum we will mean an Eq-ring spectrum E, which, when
considered as a module over itself acted trivially upon by G, is equipped with a
x-orientation. In particular, identifying homg(E, E) = homg,(S, E) such a x-
orientation is equivalent to a refinement of the unit map S — E to a G-equivariant
map S — EX, where S is considered as having trivial G-action. As above, may also
encode this data as a factorisation of the unit map as a composite S — Th(x) — E.

Remark 3.5.7 Let G be an E;-group equipped with a spherical character x and C
a stable presentable oo-category (so that Sp acts on C). If E is a x-oriented Eqo-
ring spectrum (in the sense of Notation 3.5.6) then any E-module object in C"C is
automatically x-oriented. Indeed, for such an X the y-orientation of E induces a

x-orientation XX = SX @ X = (SX¥ Qs E) Qg X = EQr X =X.

Example 3.5.8 Consider the E{-group U(1) together with its standard spherical char-
acter x : U(1) — gl (S) coming from the tautological complex representation of U(1).
As the Thom space of the associated line bundle on BU(1) = CP is equivalent via
the zero section to CP*° one has

Th(x) = MU(1) = ®2CP>.

For an Eo,-ring spectrum E, the data of a x-orientation on E (as an E-module with
constant action, see Notation 3.5.6) is given by a factorisation in the co-category of
spectra

S? > 2°CP® - ¥2E

of the 2-fold suspended unit S — E, a structure otherwise known as a complex
orientation on E.

Remark 3.5.9 Suppose that G is not just an Ej-group but an Ey-group, and that
x: G — gl (S)is an Eoc-map. Then the corresponding Thom spectrum Th(x) = Sfl(G
inherits the structure of an E,-ring with unit the canonical map S — St)fG = Th(y) to
the quotient. This unit then tautologically factors through Th(y ), and hence Th() is
canonically x-oriented. This means, in particular, that any E..-algebra over Th() is
canonically y-oriented. We note however that the structure of a Th(x )-algebra (that is,
the structure of an Eqo-map Th(x) — E) is generally finer then that of a y -orientation,
which in turn corresponds to a map Th(y) — E merely on the level of plain spectrum
under S. This is a reflection of the fact that G has a much richer structure than just an
E-group, namely, an E,-group structure. One may take this additional structure into
account by defining a suitable notion of an E- ) -orientation on an E-ring spectra
E, in which case one would obtain a notion equivalent to that of an E;-algebra over

Th(x).
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Example 3.5.10 For concrete examples of the previous remark, consider the diagram
of Exo-groups

Sp—— U

l |

String —— Spin —— Spin® > SO > O y gl (S)

yielding by restriction spherical characters on all the appearing Eo.-groups. We then

have that the corresponding Thom spectra MSp, MU, MString, MSpin, MSpin¢, MSO
and MO are each oriented with respect to its respective spherical character. Similarly,
any E-algebra over any of these Thom spectra will inherit the corresponding orien-
tation.

Remark 3.5.11 The notions of a complex (or U(1)-) orientation appearing in Exam-
ple 3.5.8 and the notion of a U-orientation appearing in Example 3.5.10 are closely
related. On the one hand, the E-group map U(1) — U allows one to restrict any U-
orientation to a U(1)-orientation. In concrete terms, this means that any map MU — E
on the level of plain spectra under S restricts to a map MU(1) = Z®°72CP>® — E
of the same nature. On the other hand, it is a well-known consequence of the splitting
principle that any complex orientation MU(1) — E extends to a map MU — E,
which is furthermore compatible with the ring spectrum structure on both sides up to
(non-coherent) homotopy, see [5, Part II], or [48, Lecture 6]. In particular, the map
from the space of U-orientations on E to the space of complex orientations on E is
surjective on components, though is generally not an equivalence. Both these struc-
tures are weaker than that of being an E-algebra over MU, which would correspond,
as in Remark 3.5.9, to a suitable Ey,-enhancement of the notion of a U-orientation,
see [32].

‘We now return to our context of modules with involutions and hermitian structures.

Definition 3.5.12 For n > 0 we will use the term no-orientation to refer to an ori-

entation with respect to the spherical character x,,: C2 — gl;(S) determined by
Sna—n.

Fixing an Ej-algebra over k, we will be interested in the notion of no -orientation for
k-modules with involution M over an E;-algebra A over &, viewed as C,-fixed objects
with respect to the Cp-action on Mod sg, 4. We note that for A = k, the notion of an
no-orientation on M = k with trivial C-action reduces to that of an no -orientation
on the E,-ring k in the sense of Notation 3.5.6.

Remarks 3.5.13 i) Every object in Modg%fk 4 1s canonically a k-module object, and
so by Remark 3.5.7 we have that an no-orientation on k itself determines such an
orientation on any k-module with involution over any E-algebra A over k.

ii) An no-orientation determines an N o -orientation for any multiple N of n.

iii) By Lemma 3.5.1 the Tate construction swallows sign suspensions, and so if M is
no-oriented then M2 is n-periodic, that is " M'C2 ~ M€z,
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Of particular importance are the cases n = 1, 2. In particular, a 20 -orientation

determines a refinement of the identity map M = M to a Cp-equivariant map

S7 @s M ~ S ®s M,

and we shall denote this common value by —M. If the 2o -orientation comes from a
o -orientation, then —M ~ M.

Examples 3.5.14 i) If k is an E-algebra over HZ (e.g., k = HR for some discrete

ii)

iii)

iv)

V)

ring R) then k admits a 2o -orientation. Indeed, it suffices to check this for k =
HZ. Since Mapyy,(HZ, HZ) = Z is discrete and the action of the generator of
C; on S?°~2 is homotopic to the identity, it follows that the induced action on
S22 ®g HZ is trivial, and consequently 1 € Z admits a unique lift to a fixed
point. For such a k we then have by Remark 3.5.7 that any k-module with involution
M over any k-Ej-algebra A is 20 -oriented. More generally, even if k itself is not
an Exo-algebra over HZ, it is still true that any HZ-module object in Modg%k 4 18
canonically 2o -oriented, see Remark 3.5.7. When M is furthermore discrete (that
is, in the image of the Eilenberg—Mac Lane functor) the meaning of —M reduces
to the naive one, that simply inserts a sign into the involution.

If k is an Exy-algebra over HF; then the same argument applied to S® provides a
o -orientation, since the action of the generator of C, on S? is the negative of the
identity. Any k-module with involution over any k-E;-algebra A is then o -oriented.
More generally, even if k itself is not an E.-algebra over HIF,, it still true that any
HF;,-module object in Modg%k 4 18 canonically o-oriented, see Remark 3.5.7.
As a partial converse to the above we note that if the E,-ring k is o-oriented then
at least the underlying E;-algebra of k refines to a E>-HIF,-algebra, and hence any
module with involution over any E-k-algebra A is canonically an HF,-module
objectin Mod};\%k 4- This is because any o -orientation on k determines a homotopy
2 ~ 0 on it, and by Mahowald’s theorem HIF3 is the initial E>-ring spectrum with
a homotopy 2 ~ 0 (see [6, Theorem 5.1] for a recent treatment, where we recall
that for p = 2 no completion is necessary).

The module with involution HF, ®g HF, over HF, (equipped with the flip action)
does not admit an no-orientation for any #, even though the underlying spectrum
of M is an HF,-module. Indeed, by Lin’s theorem [42] (see [53, Theorem III.1.7]
for a treatment in the present language), the Tate diagonal provides an equivalence

HF, — (HF, ®s HF,)2.

In particular, the latter spectrum is not periodic, and so HF, ®g HF; cannot be no -
oriented, see Remark 3.5.13iii). We note that this does not contradict Remark 3.5.7,
since the HIF;-action on the underlying spectrum of M is not compatible with its
Cj-action.

In a similar vein, the sphere does not admit an no -orientation for any n, since we
would obtain an equivalence

K ®s (StCZ) ~ (Sn)tCQ ~ (Snc)tCZ ~ StC2,
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Vi)

Vii)

viii)

ix)

but from Segal’s conjecture (a consequence of Lin’s theorem) S'2 is the 2-
completion of S, which is not periodic.

The Eo-ring S[1/2] admits a unique 2o -orientation. To see this, one can compute
(S ~"[1/2])"C2 using the (collapsing) homotopy fixed point spectral sequence,
to see

T (ST [1/2DPC = 7, (S[1/2]) 2.

But if n is even, the induced C;-action on 7, (S[1/2]) is trivial, so we in particular
get that the forgetful map

(S*2[1/2)" — S[1/2]

is an equivalence, so S[1/2] admits a unique 2o -orientation. It follows that if & is
an S[1/2]-algebra (that s, 2 acts invertibly on k) then any k-module with involution
over any k-Ej-algebra A is 2¢0-oriented. More generally, it is enough to assume
that 2 acts invertibly on M itself, rather than on k. Indeed, in this case M refines to
an S[1/2]-module object in Modg%k 4> and is hence 20 -oriented by Remark 3.5.7.
The representation o being real we find that the spherical character x, factors
through the Eo,-group map xo: O — gl;(S), and so any xop-orientation deter-
mines a o -orientation. By Example 3.5.10 we consequently deduce that MO, as
well as any E-algebra over MO, is o -oriented.

Similarly, the representation 2o refines to a complex representation and the spher-
ical character x», factors through U. By Example 3.5.10 we consequently deduce
that MU, as well as any Ey-algebra over MU, is 2o -oriented. Since the map
U — O factors through Spin®, this applies in particular to any Ey-algebra over
MSpin®, such as ku or KU. More generally, since x, actually factors through U(1),
any complex orientation on k determines a 2o -orientation on it, see Example 3.5.8
and Remark 3.5.11. In particular, if k is a complex oriented Eo-ring spectrum
(e.g., k = MU, ku, KU or any of the Lubin—Tate spectra) then any k-module with
involution M over any k-E1-algebra A is 2o -oriented.

Further up, the representation 40 is quaternion and the spherical character x4,
factors through Sp, and so any E;-algebra over MSp, is 4o -oriented. Since
the map Sp — O factors through Spin, this applies in particular to any Eoo-
algebra over MSpin, such as ko or KO. Finally, the representation 8o refines to a
string representation since its Steifel-Whitney classes vanish in degrees < 8 and
H*(C,,Z) = H*(C>, 7./2), and so any E;-algebra over MString (such as tmf)
is 8o -oriented.

We can now specialise Proposition 3.5.3 to the case of oriented modules with

involutions.

Corollary 3.5.15 Let A be an Eq-algebra andlet (M, N,a: N — MtC2) be an invert-
ible k-module with genuine involution over A, such that M is no-oriented, and
¢ C Ko(A) a subgroup closed under the induced involution. Then the n-fold loop
Sfunctor Q" refines to an equivalence of Poincaré co-categories



Hermitian K-theory for stable co-categories I: Foundations Page 97 of 269 10

(ModS, (2%)") S (Mod$, 95,'¢).

Ifn =2, e.g., if k is discrete or complex oriented, or if 2 acts invertibly on M, then
the loop functor Q2 furthermore refines to an equivalence

(ModS,, (95)1) = (Mod$, 92%)).

Proof Apply Proposition 3.5.3 with m = n and use that X"°™"M ~ M when M
is no-oriented. The second claim is essentially by definition (but is useful to note
nonetheless, since —M := %°~!M is explicitly given by a sign twist when M is
discrete). O

Corollary 3.5.16 Let A be an E|-algebra over k and let M be an invertible k-module
with involution over A, such that M is no-oriented, and ¢ € Ky(A) a subgroup
closed under the induced involution. Then the n-fold loop functor Q" refines to give
equivalences of Poincaré oco-categories

(Mods,, (25)") S (Mod$, %5,) and (ModS, (25)1") S (Mod$, ¢5,).

Forn =2, e.g., if k is discrete or complex oriented, or if 2 acts invertibly on M, then
the loop functor Q2 refines to give equivalences of Poincaré oo-categories

(ModS,, (¥5)1) = (Mod¢, 9% ,,) and (ModS, (23)) = (ModS, 9% ,,).
Corollary 3.5.17 Let A be an E{-algebra over k and let M be an invertible k-module
with involution over A, such that M is no-oriented and ¢ C Ko(A) a subgroup

closed under the induced involution. Then the n-fold loop functor Q" refines to give
equivalences of Poincaré oo-categories

(Mods,, (95)1") 5 (Mod, 95™)

Forn =2, e.g., if k is discrete or complex oriented, or if 2 acts invertibly on M, then
the loop functor Q2 refines to give equivalences of Poincaré oo-categories

(ModS,, (95M1) S (Mod¢, 9=+,
Proof This is a particular case of Corollary 3.5.15 since the operation « — X"« sends
the m-connective cover map 7=, M'©> — M2 to the (m + n)-connective cover map

Tomin (Z"MC©?) — 2" M©2, O

The following periodicity result for L-groups immediately follows (see also
Remark 4.2.25 for the relation with classical L-group periodicity):
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Corollary 3.5.18 (Ranicki periodicity) Let A be an E-algebra over k and let M be a
no -oriented invertible k-module with involution over A, and ¢ € Ky(A) a subgroup
closed under the induced involution. Then for d € 7 we have canonical isomorphisms

Lg—24 (Mod§, 93,)= Ly (Mod$, 9},) and Lg—2, (Mod, 9},)=La (Mod$, 25,).
and when A is connective, for d, m € 7 we have canonical isomorphisms
La-2, (Mod$, 93) = Ly (Mod, 95" 2).

Ifn =2 (e.g, k is discrete or complex oriented, or if 2 acts invertibly on M) then we
also have canonical isomorphisms

Lg—2 (Mod$, 9},) =Ly (Mod§, 9 /) and Lg_p (Mod, 9},) =Ly (Mod§,94,,).
and when A is connective, for d, m € 7. we have canonical isomorphisms
c o=m\ ~ ¢ o=m+l
Ld—2 (MOdA, QM ) = Ld (MOdA, QiM )

In summary, the quadratic and symmetric L-groups of discrete (or complex oriented)
rings are 4-periodic, and those of HF;-algebras are 2-periodic. In other cases, such
as MSp- or MSpin-algebras, one has 8-periodic L-groups, while MString-algebras
have 16-periodic L-groups. For example, L (ku), Lf (ko) and L (tmf) are 4, 8 and 16
periodic, respectively, and similarly for the non-connective variants. We will upgrade
these periodicity results to the spectrum level in the second instalment, and show that
it neatly combines with a spectrum-level Karoubi periodicity yielding what we call
Karoubi—Ranicki periodicity, see [2], §4.5.

Regarding the quadratic L-groups let us also mention that for a connective ring
spectrum R, the algebraic m-m-theorem of Weiss and Williams from [71] implies
that generally LE(R) = LE (mo(R)), so that the quadratic L-groups in fact end up
4-periodic; we give an account of this result in [3], Corollary 1.2.33.

4 Examples

In this section we discuss several examples of interest of Poincaré oco-categories in fur-
ther detail. We begin in Sect. 4.1 with the important example of the universal Poincaré
oo-category (Spf, @), which is characterized by the property that Poincaré functors
out of it pick out Poincaré objects in the codomain. In Sect. 4.2 we consider perfect
derived oco-categories of ordinary rings and show how to translate the classical lan-
guage of forms on projective modules into that of the present paper via the process of
deriving quadratic functors. These examples form the main link between the present
work and classical hermitian K-theory, and will be the main focus of applications in
Paper [3]. In Sect. 4.3 we turn to a specific family of ring spectra with anti-involution,
the group ring spectra, which carries a special interest due to its relation with surgery
theory. In particular, we explain how to construct modules with genuine involution
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over such ring spectra whose associated L-groups capture various flavours of visible
L-groups, for example, the visible symmetric L-groups defined by [70] (see Exam-
ple 4.3.6). Finally, in Sect. 4.4 we discuss the closely related case of parametrised
spectra, which serves as a base-point-free version of group rings, and show how to
construct Poincaré structures producing the parametrised spectra variant of visible
L-theory as studied in [73] (see Corollary 4.4.14).

4.1 The universal Poincaré category

In this section we discuss the Poincaré co-category (Sp', @") of Example 1.2.15, which
we call the universal Poincaré oo-category. This term is motivated by the following
mapping property which we will prove below: the Poincaré oo-category (Sp', Q%)
corepresents the functor Pn: Cat}, — S which assigns to a Poincaré oo-category its
space of Poincaré forms. To exhibit this, consider the map

S — 94(S) (84)

given by the identity S — DS = S on the linear part and by the unit map S —
(DS ® DS)PC2 = SPC2 on the bilinear part. These two maps canonically lead to the
‘same’ map to (DS ® DS)'©2 = S’ since the Tate diagonal of S agrees with the
composite S — SPC2 — S by construction. In particular, the composite S —
U(S) — Beu(S,S) = D(S ® S) =~ S is the identity. We then note that the map (84)
corresponds to a hermitian form g% € Q°°9%(S) such that q&‘: S — DS = Sis the
identity, and in particular ¢" is Poincaré. We will refer to it as the universal Poincaré
form.

Lemma 4.1.1 For every quadratic functor Q: (SpH°P — Sp, the map
hom (2", Q) — Q(S), (85)

induced by the universal form (84), is an equivalence of spectra.

Proof Since the collection of @ € Fun4 (Spf) for which (85) is an equivalence is closed
under limits it will suffice by Proposition 1.3.11 to prove the claim whenever ? is either
exact or of the form ?(x) = B(x, x) for some symmetric bilinear functor B. In the
former case, the claim follows since the linear part of ?" is D by construction and the
composite S — ?"(S) — DS exhibits D as (stably) represented by S. On the other
hand, if © is of the form B(x, x) for some symmetric bilinear functor B then the result
follows from Lemma 1.1.7 since the image of the universal form (84) in

Bou(S,S) =D ®S) =hom(S® S, S) = hom(S, S)

corresponds to the identity S — S by construction, and thus exhibits the underlying
bilinear part

Bou € Fun®(Spf) >~ Fun®™ ((Sp! @ Sp")°P, Sp') ~ Fun™ ((Sp")°P, Sp)
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as stably represented by S as well. O

Lemma 4.1.2 The sphere spectrum'S € Sp' exhibits Sp' as corepresenting the core
groupoid functor

Cr:CatZ - S CrC.

Proof Let Si™ be the co-category of finite pointed spaces. Then the inclusion Sfit —
Sp' exhibits Sp' as the Spanier—Whitehead stabilisation of Sfin “and in particular, for
every stable co-category D the restriction functor

Fun®* (Spf, D) — Fun™* (an, D)

is an equivalence, where Fun™*(—, —) C Fun(—, —) denotes the full subcategory
spanned by the right exact (i.e., finite colimits preserving) functors, see, e.g., [46,
Proposition C.1.1.7]. On the other hand, for D stable we may identify right exact
functors an — D with those which are reduced and excisive, and hence with spectrum
objects in D. We thus obtain that for D stable the evaluation functor

Fun®™(Sp, D) ~ Funrex(Sf“, D) ~ Sp(D) - D

is an equivalence, and hence induces an equivalence
Map(Sp', D) ~ CrD
on the level of core groupoids. O
We now come to the main result of this section:

Proposition 4.1.3 (Universality of the universal Poincaré oo-category) The universal
Poincaré object (S, q*) exhibits (Sp*, ®") as corepresenting the functor Pn. Similarly,
when considered as a hermitian co-category, the underlying universal hermitian object
exhibits (Sp', @) as corepresenting the functor Fm.

Proof We begin with the second claim. We need to show that for every (C, ?) € Catgo
the map

Mapc,» ((Sp', 2, (C,9)) — Fm(C, 2)

sending (f, n): (Spt, 9" — (C, 9) to (F(S), ns(g™)) is an equivalence. Consider the
commutative square

Mapc,y ((Sp", €%, (€, 9) — Fm(C, 9)

| l (86)

Mapc,e (Sp', €) ———— Cr(C)



Hermitian K-theory for stable co-categories I: Foundations Page 101 of 269 10

furnished by Lemma 2.1.2, where the bottom horizontal map is the one induced by
the object S € (Sp, which is an equivalence by Lemma 4.1.2. It will hence suffice to
show that for every exact functor f : Spf — C the top horizontal map in (86) induces
an equivalence on vertical fibres. Now by the construction of Cat}go as a cartesian
fibration we have that the fibre of the left vertical map over f: Sp’ — C is given by
the space of natural transformations Nat(?", f*?). On the other hand, the fibres of the
right vertical map over f(S) is the space Q°?( f(S)) of hermitian forms on f(S) € C
by construction. Lemma 4.1.1 then implies that the induced map

Nat(?", £*9) — F*2(S) = 2(f(S))

on vertical fibres is an equivalence. This shows that (S, g") exhibits (Spf, Q") as
corepresenting the functor Fm in Catgo. To obtain the analogous claim for Poincaré
forms we observe that the corresponding map

Nat(Beu, (f x f)*Be) = (f x f)*Be(S,S) = Be(f(S), f(S)),

induced by the image of the universal Poincaré form in Be(S, S), identifies under
Lemma 1.2.4 with the map

Nat(fD, D¢ f) — Map(f(S), D f (S)) (87)

which sends a natural transformation 7: fD = Dg f°P to the composite

f*qﬁ’ )
f(S) —> f(DS) = De f(S).

Since g is an equivalence this map sends natural equivalences fD = Do f°P to

equivalences f(S) = Do f(S). To finish the proof it will hence suffice to show
that (87) also detects equivalences. Indeed, since qj‘; is an equivalence, this follows

from the fact that S generates Sp' under finite colimits and so a natural transformation
between two exact functors on Sp' is an equivalence if and only if it evaluates to an
equivalence on S. O

4.2 Ordinary rings and derived structures

In this section we consider the case of ordinary rings and explain how classical inputs
for Grothendieck-Witt- and L-theory can be encoded as Poincaré structures on the co-
category of perfect chain complexes. Our main result (see Proposition 4.2.18 below)
is that such Poincaré structures are essentially uniquely determined by their values on
projective modules. This leads to the formation of derived versions of classical notions
of hermitian forms, constituting the main link through which the point of view taken
in this paper series interacts with its classical counterpart.
Let R be an ordinary associative ring. Recall the Eilenberg—MacLane inclusion

H: Ab = Sp° — Sp
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of abelian groups as the heart of the canonical ¢-structure on spectra. Since this ¢-
structure is compatible with tensor products the functor H is naturally lax symmetric
monoidal, and consequently HR is naturally an E;-ring spectrum, or more precisely,
an E{-algebra over the E-ring spectrum HZ. We then have natural equivalences [47,
Theorem 7.1.2.1]

Modyz ~ D(Z) and Mod{j, ~ DP(R) (88)

between the oo-categories of HZ-module spectra and compact HR-modules in
HZ-module spectra, as considered in Sect. 3, and the derived and perfect derived
oo-categories of Z and R, respectively, see Example 1.2.12 and Example 3.1.12. Sim-
ilarly, we have an equivalence Modlf{ R Df(R) between the co-category of finitely
presented R-modules in Modyyz, and the finitely presented derived category D (R),
obtained from the category of bounded complexes of finitely generated free R-modules

by inverting quasi-isomorphisms.

Notation 4.2.1 In what follows we will need to consider both the ordinary tensor prod-
uct over Z and the tensor product of HZ-module spectra over HZ, which corresponds,
under the equivalence (88), to the derived tensor product ®]i of complexes over Z.
We will consequently write ®7 for the former and ®gz for the latter. In particular, for
two ordinary R-modules M and N one has a canonical map

HM ®uyz HN — H(M ®7 N)

which is generally not an isomorphism, though it does exhibit its target as the Oth
truncation of its domain, and in particular determines an isomorphism

To(HM ®uz HN) = M ®z N.

As described in Sect. 3, we may construct bilinear functors on Mody;, from HZ-
modules with involution over HR (Definition 3.1.1), and hermitian structures on
Mody; from HZ-modules with genuine involution over HR (Definition 3.2.3). In
this context, it is natural to focus attention on HZ-modules with involution which
arise by taking Eilenberg—MacLane spectra of ordinary Z-modules with involutions,
by which we mean:

Definition 4.2.2 By a Z-module with involution over R we will mean an (R ®z R)-
module M in the ordinary sense together with an involution of abelian groupso : M —

M which is linear over the flip isomorphism R ®7 R =R ®7 R, that is, which satisfies
0((a®b)x) = (b a)o(x).

We will generally write such Z-modules with involution as pairs (M, ). We will
then denote by B, the bilinear functor on DP (R) corresponding to the bilinear functor
By on Modpg via the equivalence (88). The following lemma ensures that the value
of this bilinear form on projective modules is of a classical nature:
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Lemma4.2.3 For P, Q € Proj(R) the canonical map

HHOmR®ZR(P ®Z Qa M) - homHR®HzHR(HP ®HZ HQa HM) = BM(P7 Q)
(89)

is an equivalence. In particular, By sends pairs of projective modules to (Eilenberg—
MacLane spectra of) abelian groups.

Proof. For P € Proj(R) the condition that (89) is an equivalence is closed under direct
sums and retracts, and so it suffices to check it for R = P, where it can be identified
with the identity map

HM ~ HHomgg,r(R ®7 R, M) — homprgy,nr HR ®uz HR,HM) ~ HM. O

The bilinear functor By, is perfect if and only if HM is invertible, that is, HM is
perfect as an HR-module and the map HR — Endyg(HM) is an equivalence (see
Definition 3.1.4).

Definition 4.2.4 We will say that a Z-module with involution M over R (in the sense
of Definition 4.2.2) is invertible if HM is invertible as an HZ-module with involution
over HR and in addition M is projective as an R-module.

Remark 4.2.5 For a Z-module with involution M over R which is projective as an
R-module we have homygg (HM, HM) = HHomg (M, M), and so for such modules
invertibility is equivalent to the map R — Homgz (M, M) being an isomorphism.

The projectivity assumption in Definition 4.2.2 is meant to insure that the duality

Dys: DP(R)P il DP(R) associated to the perfect bilinear functor By, preserves
the (ordinary) full subcategory Proj(R) € DP(R) of finitely generated projective
R-modules, and determines in particular a duality of ordinary categories

Dy : Proj(R)®® = Proj(R) Dy (X) = Homg(X, M),

where Hompg (X, M) is given an R-module structure using the second R-action. This
is also consistent with the classical terminology concerning invertible modules, see,
e.g., Example 4.2.6 just below.

Example 4.2.6 If R is commutative then any R-module M can be considered as an
(R ®z R)-module via the multiplication homomorphism R ®7 R — R. In particular,
the two R-actions coincide, and we may endow M with the trivial involution. For
a projective M this results in an invertible Z-module with involution if and only
if M is invertible as an object in the symmetric monoidal category Proj(R). From
the perspective of algebraic geometry, such modules correspond to line bundles over
spec(R).

Examples 4.2.7 Suppose that R is equipped with an anti-involution, that is, an abelian

group involutione: R = R which satisfies ab = ba. In this case R can be considered
as a Z-module with involution over itself via the (R ®7 R)-action (a ® b)x = axb
and the involution ¢ = ‘. Some examples of interest of such rings include:
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i) Any commutative ring with an automorphism of order 2 gives rise to a ring with
anti-involution. For example, the field C of complex numbers can be considered
as a ring with anti-involution via complex conjugation.

ii) The group ring Z[G] associated to a discrete group G carries a natural anti-
involution given on additive generators by g — g~!. This example is a recurring
one in geometric applications of L-theory (see also Sect. 4.3). More generally
one can consider an orientation character x: G — Cp = {%1} and define the
x -twisted anti-involution by setting g — x(g)g ™.

iii) For a commutative ring k the k-algebra of n x n-matrices Mat, (k) admits an
anti-involution A — A’ given by sending a matrix to its transpose. This more
generally works for k a ring with anti-involution.

iv) For a commutative ring k and a, b € k, the quaternion k-algebra Q; (a, b) is the
algebra generated over k by elements i, j under the relation i> = a, j> = b, ij =
— ji. It admits an anti-involution sending i to —i and j to —j.

Another common source of invertible Z-modules with involution is the following.
Recall that an anti-structure in the sense of Wall [68] on a ring R consists of a ring
isomorphism

o: RP - R,

together with a unit € € R*, such that € = ¢! and 7 = € !re. In particular, if €
belongs to the center of R then ‘e is an anti-involution, and this is arguably the most
common case studied in the literature. Specifically, one often considers the case where
€ = %1, which, for example, in the case of the integers Z, are also the only .

Given a Wall anti-structure (e, €), we may consider R as an (R ®7 R)-module with
action given by (a ® b) - r = arb. The map a > €a is then an involution on R which
is linear over the flip action on R ®7 R, and so we obtain the structure of a Z-module
with involution. This Z-module with involution is always invertible: the induced map
R — Hompg (R, R) = R°P identifies with r > 7 (see Remark 4.2.5).

Remark 4.2.8 A Wall anti-structure captures the most general form of an invertible
Z-module with involution over R whose underlying R-module is R. Indeed, giving
the R-module R a second commuting R-action is equivalent to providing a ring homo-
morphisme: R — Hompg (R, R) = R°P, which is furthermore an isomorphism if the
desired (R ®7 R)-module is to be invertible (see Remark 4.2.5). The (R ®7z R)-action
can then be written in terms of ® by (a ® b)(c) = ach.If o: R — R is now an
abelian group isomorphism which switches the two R-actions then o is completely
determined by the value € := o (1) € R, in terms of which o can be written as

o(r)=0o@r-1) = o (1)F = eF.

Since o and e are both isomorphisms of abelian groups so is the map r — € - r, and
hence € must be a unit. In addition, since o switches the two R-actions we also have

re=ro(l)=0(1-7) =e€r
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and hence 7 = €~ !re. Finally, the condition that ¢ is an involution implies that
l1=00(1) =€€

and hence € = ¢!, In particular, the pair (s, €) is a Wall anti-structure on R and the
Z-module with involution we obtain is the one associated to that structure.

Remark 4.2.9 If (e, €) is a Wall anti-structure on a ring R and u € R* is a unit
then we can obtain a new Wall anti-structure by replacing @ with u~'eu and € with
€ (ﬁ)_lu. One then says that the two Wall anti-structures (e, €) and (uou, e (ﬁ)_lu)
are conjugated. In this case the associated Z-modules with involution over R are
isomorphic via the map R — R sending x to xu. In fact, any isomorphism between
the Z-modules with involution associated to two Wall anti-structures is of this form,
and so two Wall anti-structures are conjugated if and only if their associated Z-modules
with involution are isomorphic as such.

The construction below, which was shared with the authors by Uriya First, gives
an example of a Wall anti-structure which is not conjugated to any central Wall anti-
structure:

Example 4.2.10 Let K be a field which admits an automorphism o : K — K of order
4. Define R = K[x, x~!; 6?] to be the twisted Laurent polynomial ring generated
over K by an invertible generator x which satisfies the relation x lax = o2(a) for
a € K. We may then extend o to an anti-automorphism on R defined on monomials
by

axi = xlo(a) = o H ()x .

Then axi = o2(a)x! = x '(ax’)x and xx = 1, so that we obtain a Wall anti-
structure (e, €) with € = x. This Wall anti-structure is not conjugated to any central
Wall anti-structure: indeed, the units of R are exactly the monomials ax!, and if we
conjugate the above Wall anti-structure by ax’ then the new e will be of the form
,3x2i+] for a suitable 8 € K, and as such cannot be in the center, since it does not
commute with K C R.

Let us now also give a non-commutative example of an invertible Z-module with
involution whose underlying module is not the ring itself:

Example 4.2.11 Let B = Qg(—5, —13) be the quaternion algebra over Q and let
A C B be the subring generated over Z by 1,i, j and 8 = H”’Tﬁ” Then A is
a maximal order in the quaternion algebra B, that is, it is finitely generated as a
Z-module and is not contained in any other subring with this property. Invertible
bimodules over maximal orders are relatively well understood, and can all be realized
as invertible two-sided ideals in A. In particular, the two-sided ideal / € A which
is generated by 2,i — 1, j — 1 is an invertible ideal of index 4 in A (the quotient
A/l = TF,[B]/(B> — B + 1) is a finite field of order 4). One can then verify that this
ideal is not principal by checking that A contains no elements of norm 2, and so this
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A-bimodule is not isomorphic to A as aleft A-module. At the same time, the involution
on B sending i to —i and j to —j restricts to an involution on A, through which we
can consider 7 as an A ® A-module, and since this involution preserves I it endows it
with the structure of an involution which is linear over the flipmap AQ A - A® A.
Then I gives an invertible Z-module with involution over A which is not isomorphic
to A as a left A-module.

We now fix aring R and an invertible Z-module with involution M over R. Let us
say that a Poincaré structure € on DP(R) is compatible with M if its associated duality
is given by Dy, (equivalently, if its symmetric bilinear part is B ).

Example 4.2.12 As in Definition 3.1.2 we have the quadratic and symmetric Poincaré
structures 9;1,, and Q?\/I associated to the bilinear functor Bjs, which are compatible
with M by construction.

Example 4.2.13 As in Example 3.2.8, for an integer m € Z one can consider the
associated HZ-module with genuine involution

HM, 7=, HM'® 1,2 72, HM'©? — HM'2)

over HR, where 1, : 7>, HM'©> — HM'® is the m-connective cover of HM“2. The
associated Poincaré structure

Q= DP(R)” — Sp.
defined as in Construction 3.2.6, is then compatible with M.

Remark 4.2.14 By Theorem 3.3.1 the data of a Poincaré structure on DP(R) compat-
ible with M is equivalent to that of an HR-module spectrum N equipped with a map
of HR-module spectra N — HM'C2. The above examples then correspond to the case
where this map is the identity (the symmetric structure), the map from the zero module
(the quadratic structure), or the various connective covers.

Warning 4.2.15 In the construction above, the HR-module HM'©2 is such that the
induced R-module structure on wo(HM)'©2 = Hy(Co, M) = coker[Tc,: Mc, —
M®©2] is given by

rim] = [(r ® rym]

where [m] is the class mod norms of a C,-fixed element m € M. This can lead to some
confusion when R is commutative and the involution on M is R-linear. In this case,
another natural action of R on M is available by realizing the Tate construction in HR-
modules. The associated action on homotopy groups is then given by r[m] = [rm],
which is generally different from the action above (see also Warning 3.2.2).

Remark 4.2.16 By construction the linear part of the Poincaré structure Qf,lm is given
by the formula X — homug (X, t>,HM tC2), where in the last term we have identified
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X with the corresponding H R-module spectrum via the equivalence (88). In particular,
Qf,lm (X) sits in an exact sequence of spectra

1,(X) — 937 (X) — hompg(X, 75, HM'®?),
which can be used to obtained connectivity estimates on the gap between 91%,1'" and 9?‘6,.
On the other hand, from the fibre sequence 7=, HM'©> — HM'©2 — ¢_,, HM'®2
we see that 9;{” (X) also sits in an exact sequence of spectra

="(X) — 2, (X) — hompg(X, T<m_1HM'?),

and this can be used to obtain coconnectivity estimates on the gap between 9;}” and
-

Our principal goal in this section to construct a link between Poincaré structures
on DP(R) compatible with a given M and the classical framework of M-valued forms
on projective R-modules. For this, let Ch® (Proj(R)) be the category of bounded chain
complexes of finitely generated projective R-modules, so that the co-category DP(R)
can be identified with the co-categorical localisation of Ch? (Proj(R)) by the collection
of quasi-isomorphisms. The inclusion Proj(R) < Ch (Proj(R)) as chain-complexes
concentrated in degree O determines a fully-faithful functor

Proj(R) — DP(R), P+ P[O]. (90)

We also point out that the category Proj(R) is additive, and the inclusion (90) is additive
in the sense that it preserves direct sums. One can then show that (90) exhibits DP(R)
as the initial stable co-category equipped with additive functor from Proj(R). It is also
sometimes called the stable envelope of Proj(R).

The following definition is originally due to Eilenberg and MacLane [21, Theo-
rem 9.11].

Definition 4.2.17 Let C, D be additive co-categories. We will say that a reduced (that
is, zero object preserving) functor @: C — D is polynomial of degree 2 if its cross-
effects Bo(X, Y) (defined as in Definition 1.1.4 as the kernel of the split surjection
X BY) = AX) ®R(Y)) preserves direct sums in each variable separately. We will
denote by

Fun> "% (C, D) C Fun(C, D)

the full subcategory spanned by reduced functors which are polynomial of degree 2.

We now arrive to the main result of this section:

Proposition 4.2.18 Let R be an associative ring. Then restriction along the inclusion
Proj(R) C DP(R) yields an equivalence of co-categories

Fund(DP(R)) = FunZ ™" (Proj(R)°, Sp).
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Since the Eilenberg—MacLane embedding H: Ab — Sp is fully-faithful and addi-
tive, Proposition 4.2.18 implies in particular that if €, : Proj(R)°P — Abisareduced
polynomial functor of degree 2 then the composed functor Proj(R)°? — Ab — Sp
extends to a quadratic functor ?: DP(R)°P — Sp in an essentially unique manner. We
will refer to such an extension

Q: DP(R)? — Sp

as the derived quadratic functor of ;.

Remark 4.2.19 For perfect complexes X € DP(R) concentrated in non-negative
degrees one can express the value of the derived functor ? as follows. One first translates
X to asimplicial R-module using the Dold—Kan correspondence. Applying the functor
Pproj levelwise yields a cosimplicial abelian group which one can then re-translate into
anon-positively graded chain complex over Z, and consequently into a spectrum. This
is the classical description of non-abelian derived functors on non-negatively graded
complexes due to Dold and Puppe [19].

The proof of Proposition 4.2.18 will be given below. Before, let us explore some
of its consequences. As their higher categorical counterparts, reduced degree 2 poly-
nomial functors Proj(R)°® — Ab can be used to encode various types of hermitian
forms. To make this more explicit, consider for a projective module P € Proj(R) the
abelian group Homgg g (P ®z P, M) of M-valued R-bilinear forms 8: PQz P — M.
This abelian group carries an involution which sends a form g to the form

(v, u) = o (Bu, v)),

where o : M — M is the involution of M. The C;-orbits and C,-fixed points of o are
then related via the trace map

Tc,: Homgg,r(P ®z P, M)c,— Homgg, (P ®z P, M) [B]— B(v, u)+0B(u, v),

which sends an orbit to the sum of its representatives.

Definition 4.2.20 Let R be aring and (M, o) an invertible Z-module with involution
over R. We define functors Proj(R)°® — Ab by the formulas

200j(P) = Homga,r(P ®7 P, M)c,,  25,4;(P) = Homge,r(P ®z P, M)®,

and

. TCZ .
oo (P) = lm[ngj(P) — Qi;mj(P)].
For P € Proj(R) we will refer to these as the abelian groups of o-quadratic, -
symmetric, and o-even forms on P, respectively. These functors are visibly reduced
and the cross-effect of each of them is (P, Q) — Hompgg,r (P ®z Q, M), which is
additive in each variable separately. In particular, they are polynomial of degree 2.
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Remark 4.2.21 Tt follows from Lemma 4.2.3 that

99 i(P) = Hompgg, r(P ®z P, M)c, = [moBy (P, P)lc,
= 7B (P. P)hc,] = 0%, (PLOD),

and similarly

2 i (P) = Homgg, r(P ®z P, M) = [moBy (P, P)]?
= mo[Bp (P, P)"2] = 7093, (P[O]),

By definition, a o-symmetric form is an R-bilinear form ¢: P ®7 P — M such
that ¢ (b,a) = o(¢(a, b)). On the other hand, the data of a o-quadratic form, or
a Cy-orbit [8] € Homgrgr(P ®z P, M)c,, is equivalent to that of a pair (¢, q),
where ¢ € Hompgr(P ®7 P, M) is a o-symmetric form and g: P — Mc, is a
set-theoretic function which satisfies

) gv+u)—q) —q) =[¢(v,u)] € Mc, forv,u € P;
i) g(rv) = (r®r)q(v)forve Pandr € R;
iii) the image of ¢(v) under the trace map Mc, — M C2 is the C,-fixed element
¢(v,v) forv e P.

To obtain this description, note that the abelian group of such pairs (¢, g¢) forms
a reduced degree 2 polynomial functor ?’: Proj(R) — Ab, which receives a natural
transformation QEroj = ¥ sending [B] € QEmj (P) tothe pair (¢, q), where ¢ = Tc,[B]
is the trace of B and g (x) = [B(x, x)] € Mc,. One can then verify in a straightforward
manner that this natural transformation induces an isomorphism on cross-effects and
an isomorphism on the value on P = R, and is hence an isomorphism on every
P € Proj(R) (see also [68, Theorem 1], where this argument is elaborated in the case
where M comes from a Wall anti-structure).

When R is commutative and M = R with trivial involution the above notion of a
quadratic form identifies with the usual one. In this case even forms are symmetric
forms which admit a quadratic refinement in the classical sense (which is not kept
as part of the structure). For example, when M = R = Z with trivial involution
then a symmetric bilinear form b on P admits a quadratic refinement if and only if
b(x,x) € 2Z for all x € P, hence the terminology “even forms”. In this case the
quadratic refinement is even unique, though this is by no means the case in general. If
R is commutative and M = R with involution o (x) = —x then o-symmetric forms
are skew-symmetric forms, while the o -even forms are the alternating ones. For non-
commutative R this way of viewing quadratic forms was first devised by Tits [66]
for central simple algebras, and later generalized by Wall [68] to arbitrary rings with
anti-structure as above.

By Proposition 4.2.18 each of the functors S?gmj, Q;Oj and Qimj extends in an essen-
tially unique manner to its corresponding derived quadratic functor DP — Sp. The
following proposition identifies these in terms of Poincaré structures we have already
encountered:
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Proposition 4.2.22 The derived quadratic functors of Qproy 9;}’0] and 9;“)] are canon-

ically equivalent to the Poincaré structures 9 9;11 and 97 M , respectively.

Proof By Lemma 4.2.3 we have that for P € Proj(P) the spectrum B, (P[0], P[0])
belongs to SpO and so QL(P [0]) is connective and ?j,(P[0]) is coconnective. By
Remark 4.2.16 we then get that for m = 0, 1, 2 the spectrum QI%IW’(P[O]) is both
connective and coconnective, and hence lies in the heart as well. Now consider the
pair of maps

7094, (P[0]) — 7023, (P[0]) — 7%}, (P[O]).

By Remark 4.2.16 the first map above is an isomorphism when m = 2 and the second
map is an isomorphism when m = 0. Finally, when m = 1 the same remark gives that
the first map is surjective and the second is injective. In light of Remark 4.2.21 we

now get an identification of 7109>m (P[0]) form = 0, 1, 2 with Q;rOJ(P) 9;}’0] (P) and
prOJ -(P) respectively. By the uniqueness of Proposition 4.2.18 we may identify Q—

for m = 0, 1, 2 with the desired derived quadratic functors. O

Notation 4.2.23 In light of Proposition 4.2.22 we will denote the Poincaré structures
922 9>1 and 97 ; O also by ng Qge and Qg , and refer to them as the genuine quadratic,
genuine even and genuine symmetrlc Pomcaré structures on R associated to M.

Combining Proposition 4.2.22 with Corollary 3.5.17 we conclude:

Corollary 4.2.24 The loop functor Q: DP(R) — DP(R) refines to equivalences of
Poincaré oo-categories

(DP(R), (8591 S (DP(R), @)
and
(DP(R), (5)1) S (DP(R), 924,,).

Remark 4.2.25 The L-groups of DP(R) with respect to the Poincaré structures 9?{,1
and ¢, identify with Ranicki’s 4-periodic quadratic and symmetric L-groups, see
Example 2.3.17. The L-groups of the genuine Poincaré structures ng Qge ?gs
generally not 4-periodic, though one has the relation

L,—2(DP(R), 95)) =~ L, (DP(R), 9%%,,) ~ L,12(DP(R), 951

by Corollary 4.2.24. We will show in Paper [3] that the L-groups of the genuine
symmetric Poincaré structure actually rediscover an older non-periodic variant of
the symmetric L-groups, originally introduced by Ranicki [57] using n-dimensional
Poincaré complexes to define the n’th L-group.
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The notions of o-symmetric, o-even and o-quadratic M-valued forms were gen-
eralized by Bak [8] to the setting where one is given, in addition to M, a subgroup
Q C M containing the image of the trace map Mc, — M©2, and closed under the
quadratic action of R on M G given by (a, m) — (a ® a)m. Here we use the term
quadratic action to designate the fact that it is encoded by a quadratic monoid map
(R,-,1,0) — Endz (M C2), rather than a ring homomorphism. In particular, the cross
effect

(a Lbym:= ((a+b)®(a+b))m—(a®a)m—(b®b)m=(a®b+b®a)m

of this action is not trivial, but instead given by a bilinear map R ® R — Endz(M©?),
which in this case is induced by the symmetrization of the (R®Q R)-action on M. We will
refer to abelian groups equipped with this kind of action as quadratic modules. This
notion was subsequently generalized by Schlichting [60] by removing the condition
that Q injects in M:

Definition 4.2.26 (Schlichting) Let R be a ring equipped with an invertible Z-module
with involution M. A form parameter A on (R, M) is a quadratic R-module Q lying
in a sequence of quadratic modules

Mc, > 05 M©

whose composition is the trace map, and such that the cross-effect of the R-action on
Q satisfies (a L b)x = 7((a @ b)p(x)).

We note that any reduced degree 2 polynomial functor ?: Proj(R)°? — Ab with
cross-effect Be determines a form parameter on (R, Be(R, R)) by taking QO = ?(R),
with the maps

Bo(R, R)c, — 2(R) — Bo(R, R)©

induced by the Cj-equivariant diagonal and collapse maps relating R and R &
R. Schlichting then proves (see [60, Lemma A.16]) that the association ? +

(Bo(R, R),?(R)) determines an equivalence between the category

Fungfpoly (Proj(R)°P, Ab) and the category of form parameters as above (more pre-

cisely, Schlichting proves this for Proj(R) replaced with the category of finitely
generated free R-modules, but Funifp(’ly(—, Ab) is invariant under idempotent com-
pletion). Explicitly, an inverse to this map is given by sending a form parameter

A=[Mc, > Q L. M©] to the functor

i s PrOj(R)P — Ab
which associates to a projective R-module P its group of A-hermitian forms, which by
definition consists of pairs (¢, g) where ¢: P ®z P — M is ao-symmetric M-valued
form and ¢g: P — Q is a map of sets such that
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i) g(rv) = rq(v) for v € P and r € R, where rq(v) stands for the (quadratic)
action of r on g(v) € Q.
i) gv+u)—q) —qu) =1(p(v,u)) € Q forv,u € P;
i) pg(v) = ¢ (v, v).

The cross effect of ngj isthen givenby (P, P') > Homg (P ®z P’, M).In particular,
for 0 = M2 we get the notion of a o-symmetric M-valued form, for Q = Mc, we
get the notion of a o-quadratic M-valued form, and for Q = im[Mc, — M 2] we
get the notion of a o-even M-valued form. Using Proposition 4.2.18 we may extend

the composite functor Proj(R)°P — Ab <> Sp to a quadratic functor
A
9%,,: DP(R)? — Sp

in an essentially unique manner. By Lemma 4.2.3 the bilinear part of Qﬁ;‘ is By and it

is hence Poincaré and compatible with M. Writing A]gé := Agg. for the linear part of
M

Q;gv); and evaluating at R € DP(R) we obtain a fibre sequence
Bu (R, Rync, — 257 (R) — A%(R),
which we may rewrite as
Mic, > Q — AY(R).

This determines the linear part of Q%;‘ tobe A% ~ hom r(—, N), where the underlying
spectrum of N is given by the cofibre of the composed map Myc, - Mc, — Q. In

particular, in the classification of Theorem 3.3.1 the Poincaré structure Qﬁ;‘ corresponds
to the module with genuine involution

gk := (M, cof [Mpc, — Q], cof[Mpc, — Q] — M),

Remark 4.2.27 To clarify the relation between form parameters and modules with
genuine involution one may use the framework of genuine Cy-spectra. Recall from
Remark 3.2.4 that modules with genuine involution over the E;-ring spectrum HR
can be identified with module objects in genuine C;-spectra over the Hill-Hopkins—
Ravenel norm NHR, the latter being the genuine C,-spectrum whose underlying
C,-spectrum is HR ®g HR with the flip C;-action, whose geometric fixed point spec-
trum is HR, and whose reference map HR — (HR ®sHR)2 is the Tate-diagonal. We
then note that the stable co-category of genuine C;-spectra admits a t-structure whose
connective objects are those whose underlying spectrum and geometric fixed points
are both connective. In particular, NHR is a connective algebra object in C;-spectra,
and so its co-category of modules inherits a t-structure created by the forget-the-action
functor. Let us now switch to viewing genuine C;-spectra as Sp-valued Mackey func-
tors, that is, product preserving functors from the span co-category of finite C,-sets to
Sp, see [10] and [11]. In this framework the above t-structure is the objectwise one:
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indeed, the condition that the underlying spectrum and the geometric fixed points spec-
trum are both connective is equivalent to the condition that the underlying spectrum
and genuine fixed points being both connective. As a result, the heart of this t-structure
can be identified with the category of .Ab-valued Mackey functors, and similarly the
heart of the induced t-structure on NHR-modules can be identified with Ab-valued
Mackey functors which are modules over moNHR. The latter can be computed by
translating NHR into an Sp-valued Mackey functor and then taking 7y objectwise.
This computation was carried out in [20, Proposition 5.5] yielding the .Ab-valued
Mackey functor encoded by the arrows

(R®z R)c, > W5 (Rez R, 1)

where W is the abelian group whose underlying set of elements is R x (R ®z R)c,,
and whose addition law is given by

(a,v)+ (b, u)=(a+b,v+u—[a®b]).

Here, the map 7 is the inclusion v +— (0, v) and the map p sends (a, v) to (@ ® a) +
Tc, (v), where Tc, is the trace map from (R ®z R)c, to (R®z, R)CZ. Now on the level
of spectral Mackey functors the tensor product of genuine C,-spectra is determined
by Day convolution along the symmetric monoidal structure induced on the level of
spans by the cartesian product of finite C;-sets. The Mackey object (91) inherits from
NHR an associative algebra structure with respect to this monoidal structure, and this
means in particular that W — (R ®z R)©? is a map of associative algebras and that
(R ®z R)c, — W is a map of W-bimodules (where W acts on (R ®z R)c, via the
action of (R ®z R)C2 on the latter inherited from its equivariant action on R ®z R).
The ring structure on W was also calculated in [20, Proposition 5.5] and is given by

(a,v)(b,u) = (ab, (@ @ a)u + v(b ® b) + uTc,(v)) = (ab, (a ® a)u + v(b ® b) + Tc, (u)v).

Unwinding the definitions, we then see that the notion of a module over W corresponds
exactly to that of an abelian group equipped with a quadratic R-action, and that the
data of a module over (91) in .Ab-valued Mackey functors corresponds exactly to the
notion of a form parameter as in Definition 4.2.26. In summary, we may reproduce the
category of form parameters as the heart under the above t-structure of the co-category
Modnyg of NHR-modules in genuine Cy-spectra, or, equivalently, of modules with
genuine involution over HR. The latter identifies with Funq(Modﬁ ) under the equiv-
alence of Theorem 3.3.1, and in that setting we may identify the heart with the full
subcategory spanned by the derived quadratic functors, that is, those quadratic functors
Mod{;, — Sp which send Proj(R) to Ab = Sp® (and to which Proposition 4.2.18
pertains). In particular, the derived quadratic functor corresponding to a given form
parameterA = [Mc, - Q - M C2]is exactly Qg)‘, and the corresponding HZ-module
with genuine involution (HM, cof[HMyc, — HQ], cof[HMyc, — HQ] — HM 1C2)
is then obtained by extracting the underlying spectrum and geometric fixed points of
the Mackey functor HA associated to A, where the HR-action on the geometric fixed
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points cof [HMpc, — HQ] is induced by the action of NHR (whose geometric fixed
points is HR) on HA.

Remark 4.2.28 In [28] the fourth and ninth authors show that the Grothendieck-Witt
groups (the one defined in Sect. 2.5 as well as the higher ones we will define in
Paper [2]) of derived Poincaré structures as above can be described in terms of the
group completion of the corresponding monoid of Poincaré forms on projective mod-
ules. It then follows that for an invertible Z-module with involution (M, o) over R
the Grothendieck-Witt groups of (DP(R), 9%) coincide with the Grothendieck-Witt
groups of A-hermitian forms as defined and studied by Bak [8], see also [38] and [60].
In particular, the Grothendieck-Witt groups of DP(R) with respect to the genuine
quadratic, genuine even and genuine symmetric Poincaré structures are the classical
o-quadratic, o-even and o-symmetric Grothendieck-Witt groups of R with coeffi-
cients in M.

We now show how to extend the equivalences of Corollary 4.2.24 to more general
form parameters. For this, as explained in [60], note that to a form parameter Mc, —
Q — M®2 may associate another form parameter

b= [(=M)c, — M/im(p) — (=M)?].

Indeed, this construction is well-defined since im(p) is contained in the kernel of the
map | —o: M — M and contains the image of the map 1 + o : M — M. Hermitian
forms with respect to the form parameter % on —M then correspond to what Bak [8]
called A-quadratic forms.

Proposition 4.2.29 Let (Q, p, T) be a form parameter on M in which p: Q — M2
is injective. Then the loop functor 2: DP(R) — DP(R) refines to an equivalence of
Poincaré oco-categories

~

(DP(R). (@2)2) 5 (DP(R), 9%,)

Proof. Applying Corollary 1.1.21 in the case where y = 0 we get for P € Proj(R) an
equivalence

2208 (P[1]) = X fib [2%) (P[0]) — By (P[0], P[O])] = cof [2%) (P[0]) — By (P[O], P[OD)].

Now since p: Q — M2 is injective the notion of a A-hermitian form (¢, ¢) on P
simply reduces to a symmetric M -valued form ¢ such that¢ (v, v) € Qforv € P (from
which the data of ¢ is uniquely determined). It then follows that the map 9%; (P[0]) —
By (P[0], P[0]) is injective, and so its cofiber in Sp is just the Eilenberg—MacLane
spectrum of its cokernel in Ab. By the equivalence of Proposition 4.2.18 we now
conclude that the Poincaré structure (Qﬁ,)[‘ o )2 is the derived Poincaré structure of
the degree 2 polynomial functor Proj(R)°° — Ab given by
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(P = coker[?g/\

oo (P) — Homgg, r(P ®z P, M)].

We now claim that ¢’ is naturally equivalent to Qﬁﬁoj. Indeed, unwinding the definitions
we see that the transfer map

Hompgg, (P ®z P, M) — 95.(P)
ZA

vanishes on mej

(P) and hence determines a natural transformation

/ gk

= Qij.

One then readily verifies that this natural transformation is an equivalence on cross
effects (which on both sides identify with bilinear forms to —M). It will hence suffice
to check that this natural transformation evaluates to an isomorphism on the projective
R-module R. Indeed, its component at R is the tautological identification

%)

2 (R) = M/Q = Qproj

(R). i
Remark 4.2.30 In Paper [2] we prove a version of Karoubi’s fundamental theo-
rem in the setting of Poincaré oco-categories. When applied to the various derived
Poincaré structures on DP(R) mentioned above (and using the comparison state-
ment of Remark 4.2.28), this yields a complete solution to both conjectures made
by Karoubi in [38] concerning potential generalizations of his fundamental theorem
to the case where 2 is not assumed invertible. More precisely, when combined with
Corollary 4.2.24 one obtains the statement of [38, Conjecture 1], and when combined
with Proposition 4.2.29 the statement of [38, Conjecture 2]. We point out that while
these conjectures pertain to the classical theory of forms as encoded by the vari-
ous polynomial functors above, the equivalences of Poincaré oo-categories appearing
in Corollary 4.2.24 and Proposition 4.2.29 are only visible after deriving these into
Poincaré structures on DP(R).

‘We now turn to the proof of Proposition4.2.18. Let A<, € A be the full subcategory

spanned by those totally ordered sets with at most n + 1 elements.

Definition 4.2.31 Let C and D be small co-categories.

i) Adiagram p: A’ — Ciscalled finite if it is left Kan extended from its restriction
to A(;I;, for some n. A colimit over such a diagram is called a finite geometric
realisation. Dually, a diagram A — C is called finite if it is right Kan extended
from its restriction to A<, for some n. A limit over such a diagram is called a
finite totalization.

ii) An oo-category C is said to admit finite geometric realizations if every finite dia-
gram A°? — C in C admits a colimit. Dually, C is said to admit finite totalizations
if every finite diagram A — C admits a limit.
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iii) A functor f: C — D is said to preserve finite geometric realizations if its sends
colimit cones p: (A°P)> — C over finite diagrams p: A°?P — C to colimit cones
in D. Here, it is not required that f o p: A°® — D remains finite in the above
sense. Dually, a functor f is said to preserve finite totalizations if its sends limit
cones p: (A°P)? — C over finite diagrams p: A — C to limit cones in D. Again,
it is not required that f o p: A°? — D remains finite.

We will denote by Fun®in (C, D) € Fun(C, D) the full subcategory spanned by the
functors which preserve finite geometric realizations.

Remark 4.2.32 If an oo-category C admits finite colimits then it admits finite geometric
realizations, since the co-category A2 is finite (see e.g. Example 6.5.3 below) and
colimits of left Kan extended diagrams X: A°® — C can be calculated on their
restriction to A% . In addition, if C and D are co-categories with finite colimits and
f:C — D preserves finite colimits then f sends finite diagrams X: A°®? — C to
finite diagrams; indeed, this follows from the pointwise formula for left Kan extensions
since for each [m] € A° the comma category (A(;pn) /im 18 finite. It then follows that
such an f also preserves finite geometric realizations. A similar statement holds for
finite totalizations under the analogous assumptions concerning finite limits.

Lemma 4.2.33 Let C be an oo-category which admits finite colimits and D an oo-
category which admits sifted colimits. Then restriction along the Yoneda embedding
C — Ind(C) induces an equivalence

Fun® (Ind(C), D) — Fun®in(C, D)

between the full subcategory of functors Ind(C) — D which preserve sifted colimits
on the left hand side and functors C — D which preserve finite geometric realizations
on the right.

Proof We first note that by the universal property of ind-categories [43, Proposi-
tion 5.3.5.10] we have that Ind(C) admits filtered colimits and restriction along
t: C — Ind(C) determines an equivalence

Fun(Ind(C), D) = Fun(C, D),

where the left hand side stands for the full subcategory of Fun(Ind(C), D) spanned
by the functors which preserves filtered colimits. It will hence suffice to show that if
f: Ind(C) — D is a functor which preserves filtered colimits then f preserves sifted
colimits if and only if f o preserves finite geometric realizations. To begin, note
that if f: Ind(C) — D preserves sifted colimits then it preserves in particular finite
geometric realizations. Since the inclusion ¢: C — Ind(C) preserves finite colimits it
preserves finite diagrams and finite geometric realizations by Remark 4.2.32. It then
follows that in this case f o ¢ preserves finite geometric realizations. To prove the
other direction, let us now suppose that f: Ind(C) — D is a functor which preserves
filtered colimits such that f o ¢ preserves finite geometric realizations. We wish to
show that f preserves all sifted colimits. By [43, Corollary 5.5.8.17] it will suffice to
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show that f preserves geometric realizations. Let f,, : A;pn — A°P be the inclusion.
Then every A°P-diagram p: A°? — Ind(C) can be written as a sequential (and in
particular filtered) colimit of finite diagrams of the form

p == colim(t, )1 (t,)* p.
n

Since f preserves filtered colimits it will suffice to prove that f preserves finite
geometric realizations. Now let p,, : A(;pn — Ind(C) be a diagram indexed on A;Pn. We
claim that p,, can be written as a filtered colimit of AP <p-diagrams taking values in C. To
see this, consider the smallest full subcategory £ C Fun(A<n, Ind(C)) which contains
the left Kan extended functors (ix )1t (x), where x € Cisanobjectand iy : {[k]} — A<n
is the inclusion of the object [k], and closed under finite colimits. Then £ forms
a collection of compact generators for Fun(A<n, Ind(C)) and hence every diagram
On: A(;pn — Ind(C) is a filtered colimit of diagrams in £. Since the mapping sets
in A(;pn are finite the functors (ix)t(x) takes values in the image of C, and hence
factor through A;Pn -diagrams in C. It will hence suffice to show that f preserves finite
geometric realizations of simplicial diagrams which factor through ¢: C < Ind(C).
Indeed, since C admits finite geometric realizations which are preserved by ¢ this
follows from the assumption that f o ¢ preserves finite geometric realizations. O

Lemma 4.2.34 Any quadratic functor Q: C°° — Sp preserves finite geometric real-
izations and finite totalizations.

Proof 1t suffices to show the claim for the special cases where ? is either exact or of the
form x — B(x, x) for a bilinear functor B: C°? x C°? — Sp, since these generate all
quadratic functors under both limits and colimits: indeed, a general quadratic functor
Q is both the fibre of a map from Bo(—, —)MC2 ¢4 an exact functor and the cofibre of
a map from an exact functor to Be(—, —)nc,. The case where ¢ is exact follows from
Remark 4.2.32. We hence suppose that 2(x) = B(x, x) for some bilinear B, and let
X : A°P — C be a finite diagram. Since A is sifted we then have

colim ?(X,) =~ cohmB(Xn, X;) >~ colimcolim B(X,,, X,,,).
[n]leA [nleA [m]eA

Now for each fixed x € C the functor B(x, —) is exact and hence preserves finite
geometric realizations by Remark 4.2.32. Similarly, for each fixed y € C the functor
B(—, y) preserves finite geometric realizations. We hence get that

colim cohmB(X,,, Xm) =~ cohm B(X,, cohm Xm) =~ B(cohm Xu, cohm Xm).
[n]€A [m]eA [m

Using again that A is sifted we consequently get B(colim, X, colim,, X;)
?(colim,, X},), as desired. O

Our strategy for the proof of Proposition 4.2.18 is to break the inclusion Proj(R) «—>
DP(R) into the composite of two inclusions

Proj(R) < DP(R)>0 < DP(R),
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where DP(R)>o € DP(R) is the image under the localisation functor Chb (Proj(R)) —
DP(R) of the full subcategory Chb>0(Proj(R)) C ChP(Proj(R)) spanned by the com-
plexes concentrated in non-negative degrees. To make this strategy work we would
like to have a notion of a (contravariant) quadratic functor from DP(R)>q to spectra.

Recall from Definition 1.1.1 that a functor ?: DP(R)>o — SpP is said to be 2-
excisive if it sends strongly cocartesian cubes in DP(R) > to exact cubes in Sp°P. We
will denote by

Funi—eXC(DP(R)ZO) - FUH(DP(R)E(), SpOP)OP

the full subcategory spanned by the reduced 2-excisive functors DP(R)>o — Sp°P.

Remark 4.2.35 1t follows from [47, Proposition 6.1.3.22] that the cross effect of any
reduced 2-excisive functor ¢: DP(R)>9 — Sp°P is reduced and 1-excisive in each
variable separately.

Lemma 4.2.36 Restriction along the inclusion DP(R)>o € DP(R) yields an equiva-
lence

Fund(DP(R)) = Fun2~%°(DP(R)=0). (92)

Proof Consider the composite

Fun, (DP(R)%, Sp) — Fun. (DP(R), Sp) ® Fund(DP(R)) (93)

where the first functor is given by right Kan extension along the inclusion
t: DP (R);p0 < DP(R)°P (a procedure which preserves reduced functors by the point-

wise formula for Kan extensions) and the second by the right adjoint P? to the inclusion
Fun4(DP(R)) C Fun,(DP(R)°P, Sp) described in Construction (1.1.26). Since (93)
is a composite of right adjoints it is itself right adjoint to the composite

Fun(DP(R)) < Fun,(DP(R)*®, Sp) — Fun, (DP(R)%), Sp). (94)

Since (94) factors through the full subcategory of quadratic functors the unit and counit
of the adjunction between (93) and (94) also yield an adjunction

Fun2~%¢(DP(R)=0) <L’ Fund(DP(R)) (95)
where the right adjoint is obtained by restricting the domain of (93) and the left adjoint
is the restriction functor (92) under consideration. We claim that the adjunction (95)

is an equivalence. To begin, we first show that for @ € Fun2~**(DP(R)¢) the counit
1*P%(1,9) — Qis an equivalence. We note that this counit is given itself by a composite

FP2(1,Q) = F1, 9 — @ (96)
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where the second map is the counit of (* < t,, which is an equivalence since ¢ is
fully-faithful. The first map in turn is the one obtained by applying ¢* to the counit
P?(1,9) — 149. We hence need to show that the component

P?(1,2)(X) — 1,2(X) (97)

is an equivalence for X in the image of the inclusion DP(R)=o € DP(R). For this we
recall that P? is defined via a sequential limit

P2(R) := lim[- - - — T?*T*(R) — T*(R) — R]

where 72(R)(X) = T cof[BR(ZX, £X) — R(EX)], see Construction 1.1.26. It
will then suffice to show that for X € DP(R)so the sequence

YBo(TX, TX) — TTX) — 2(X)

is exact. Indeed, this follows by the exact same argument as the dual version of
Lemma 1.1.19 (see Remark 1.1.20) in the case where z and w are zero objects, using
that © is assumed to be reduced and 2-excisive on DP(R)>p.

As the counit is an equivalence, to finish the proof it will suffice to show that ¢*
is conservative, or equivalently (since its domain is stable), detects zero objects. In
particular, we need to show that if ?: DP(R)°P — Sp is a quadratic functor which
vanishes on DP(R)>¢ then ? is the zero functor. Indeed, for such a ¢ we will have that
(T?%)°"(?) vanishes on (DP(R))>_, := % "DP(R)=o and hence that

Q@ ~PX(@Q) =lim[--- — T?>7T%©®) — T2@©Q) — 9] =0,
since any X € DP(R) lies in DP(R)>_, for some n. O

Lemma 4.2.37 Restriction along the inclusion Proj(R) € DP(R)>¢ yields an equiva-
lence

Fun}™**“(DP(R)=0) = Funi ™" (Proj(R). Sp)

Proof Let D(R)>0 € D(R) denote the full subcategory spanned by the objects repre-
sented by non-negatively graded complexes. By [47, Proposition 1.3.3.14] restriction
along the inclusion Proj(R) — D(R)>( yields an equivalence

Funsif(D(R);pO’ Sp) i) Fun(Proj(R)Op, Sp)’

where the left hand side denotes the full subcategory of Fun(D(R)(;pO, Sp) spanned
by the functors which preserve sifted limits. It then follows from Lemma 4.2.33 that
restriction along the inclusion Proj(R) — DP(R)>¢ induces an equivalence

Fun®™(DP(R)X), Sp) = Fun(Proj(R), Sp) ©8)

>0’
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where on the left hand side we have the oo-category of functors DP(R)(;p0 — Sp
which preserve finite geometric realizations. By Lemma 4.2.34 the latter contains
Funi_eXC(Dp(R)zo) as a full subcategory. We now claim that under the equiva-
lence (98) the reduced 2-excisive functors on the left hand side correspond to the
functors that are reduced and polynomial of degree 2 on the right hand side. First,
since the inclusion Proj(R) — DP(R)s¢ is additive and reduced 2-excisive func-
tors have cross effects which are reduced and 1-excisive in each variable separately
(see [47, Proposition 6.1.3.22]) it follows that reduced 2-excisive functors restrict
to reduced functors which are polynomial of degree 2. Conversely, suppose that
R: DP (R)(;p0 — Sp is a functor which preserves finite geometric realizations whose
restriction to Proj(R)°P is reduced and polynomial of degree 2. Since Proj(R) con-
tains the zero object of DP(R)>¢ we have that R is reduced. To show that R is
2-excisive we need to show that it sends strongly cocartesian cubes in DP(R)> to
exact cubes of spectra. For this, let p: (AH? > DP(R)>o be a strongly cocarte-
sian cube. We want to reduce to the case where p takes values in the subcategory
of finite projective modules and injections. Let us identify (A')3 with the nerve of
the poset P([2]) of subsets of [2] = {0, 1, 2}. Let P<1([2]) € P([2]) be the full
subposet spanned by {}, {0}, {1}, {2}. Since DP(R)x¢ is the localisation of the cofi-
bration category ChZO(Proj(R)) it follows from [17, Theorem 7.6.17] that we can
represent ,O|'p$1 (2 by a diagram 7: P<1([2]) — ChEO(Proj(R)) in which each map
ci: t({}) — t({i}) is levelwise injective with projective kernel. The Dold—Kan cor-
respondence then associates to t a diagram t’: P<;([2]) — Proj(R)2” of simplicial
R-modules such that each of the maps ¢;: T({}) — t({i}) is levelwise injective with
projective cokernel (see [56, §11.4.12]). In addition, since t takes values in bounded
complexes we can find an n > 0 such that it takes values in complexes concentrated in
degrees 0 to n. Under the Dold—Kan correspondence such complexes map to simplicial
R-modules which are left Kan extended from their restriction to A%, . Switching the
simplicial dimension with the P ([2])-dimension we may conclude that |p_, (2
can be written as a finite geometric realisation of a simplicial family of diagrams
7, ¢ P<1([2]) = Proj(R) such that each 7, has the property that 7, ({}) — 7, ({i}) isa
splitinjective map of projective modules. Left Kan extending from P< ([2]) we obtain
arepresentation of p as a finite geometric realisation of a simplicial family of strongly
cocartesian cubes pj,: P([2]) — Proj(R) such that each p,({}) — p,({i}) is a split
injective map of projective modules. Since R preserves finite geometric realizations
it will suffice to show that ‘R sends each p,, to an exact cube of spectra. Now since
Proj(R) is closed in DP(R)>( under pushouts with one leg split injective it follows
that each p, is a strongly cocartesian cube in Proj(R). More explicitly, we may pick
projective modules X, YO, ¥!, Y2 such that / ({}) = X" and 7/ ({i}) = X, ® Y} for
i =0,1,2,in which case p, : P([2]) — DP(R) is given by

[2]2Sr—>X,,69|:€B Y,i}
ieS
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To finish the proof we need to show that the resulting cube of spectra

S RX @[ 8 7,]) (99)
1S

is exact. Let B(—, —) be the cross-effect of R. The assumption that R|prj(r) is poly-
nomial of degree 2 means that the restriction of B to Proj(R) x Proj(R) preserve direct
sums in each variable separately. The cube of spectra R o p,, thus decomposes as a
direct sum of four components

S R(X) @ [@iesRIYD| @ [@iesB (X, Y | @ @i jesBOs, ¥

The first component is constant and is hence an exact cube, and the second and third
components are visibly exact. Finally, the fourth component S — ®; < jesB(Y, ,’;, ;)
is also an exact cube since it vanishes on S of size smaller than 2 and exhibits its value
at S = {0, 1, 2} as the product of its values on {0, 1}, {1, 2} and {0, 2}. We have thus
showed that the cube of spectra (99) is exact, and so the proof is complete. O

Proof of Proposition 4.2.18 Combine Lemma 4.2.36 and Lemma 4.2.37. O

4.3 Group-rings and visible structures

In this section we will consider group rings, and more generally, group ring spectra,
which provide important examples of rings with anti-involutions, and whose various
types of L-groups play a role in surgery theory and manifold classification, see Exam-
ple 4.3.6. As in the work of Weiss—Williams [73], these geometric applications are
sometimes better serviced by replacing modules over group rings by parametrised
spectra, a point of view we will take up in Sect. 4.4.

Recall that for an ordinary group G equipped with a homomorphism x: G —
{—1, 1}, one may endow the group ring ZG with the associated y -twisted involution

T ZG = (ZG)°P, defined by sending g € ZG to x(g)g~". In what follows we will
consider a generalization of this setup where G is replaced by an E;-group, that is,
a group-like E1-monoid in spaces, and instead of Z the coefficients are taken in the
sphere spectrum. More precisely, for such a G the suspension spectrum S[G] := ¥°G
inherits the structure of an E{ -ring spectrum, which is called the group ring spectrum of
G . This E;-ring spectrum is characterized by the fact that its module spectra correspond
to spectra with a G-action, a notion which we will call here (naive) G-spectra, and
consequently also use the notations Modg := Modsg) and Modg; := Modg;,, as
well as the shorthand ®¢ for ®g|c). In this section we consider data giving rise to
Poincaré structures on Mod‘S”[G]. We also consider variants for the group algebras
A[G] := A ®s S[G] with coefficients in some E{-ring spectrum A. A closely related
construction involving parametrised spectra over a space will be explored in Sect. 4.4.

Recall that a spectrum E € Sp is called invertible if there exists a spectrum E’ such
that E ®s E’ >~ S. In this case E is necessarily of the form X"S for a unique n € Z,
to which we refer as the rank of E. By a character of an Ej-group G we will mean
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a pair (E, x) where E is an invertible spectrum and x: G — Aut(E) ~ gl;(S) is a
homomorphism of E{-groups, encoding an action of G on E.

Construction 4.3.1 Let G be an E-group equipped with a character (E, x). We define
a module with genuine involution on the group ring S[G] as follows. First, since the
diagonal map G — G x G is naturally equivariant with respect to the flip C-action
on G x G and the trivial action on G, it follows that the induction functor

MOdG —> MOdeG
refines to a functor
Modg — [Modg 1",

where C; acts on Modg«¢ via its flip action on G x G. In particular, the G x G-
spectrum

E[GT]:=S[G x G]®g E =S[G x G] ®s[c1 E

induced from the G-spectrum E is naturally a Cp-equivariant object of Modg «¢.
Identifying S[G] ®s S[G] with S[G x G] we then see that the Tate diagonal

Ag: SIG] = SIG x G

is given by the composite S[G] — S[G x G]"> — S[G x G]** in which the first map
is induced by the Cy-equivariant diagonal G — G x G. In particular, the G-action
on E[G™]*2 is induced by the G-action on E[G ] restricted from G x G along the
diagonal, and we may then consider the composite map of G-spectra

A E
n: E ~S[Gl®c E 2929, (516 x 6)'C2 @ E — (SIG x Gl ®¢ E)'C2 = E[G~ €2,

and we call the resulting module with genuine involution (E[G ], E, 1) the x-twisted
visible module. We will denote the corresponding hermitian structure on Mod{; by
9} and refer to it as the x-twisted visible structure on Modg,. Similarly, for a given
subgroup ¢ & Ko(Modg) we may restrict ?) to obtain the corresponding visible
hermitian structure on Modg;.

Lemma4.3.2 Letn be suchthat E >~ X"S as spectra. Then the (S[G1®sS[G])-module
E[G ™ lisinvertible and equivalent to X" S[G] as an S[G]-module. Furthermore, under
this equivalence the involution on E[G™] corresponds to the n-fold suspension of a
ring spectrum anti-involution

7, : S[G] — S[G]®P,
sothat (X "E[G™], Z"E, ¥7""n) promotes S[G] to a genuine ring with involution.

In particular, the visible structure 9‘)’( on both Modg, and ModfG is Poincaré (see
Example 3.2.9).
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We will use the notation S, [G] to denote the group ring of G considered with the
anti-involution 1, : S[G] — S[G]°" of Lemma 4.3.2. Explicitly, 7, is the ring map
induced by the composed map

G — gli(S) x G — gl,(S[G]P),

in which the first map is given by g — (x(g), g~ !). In particular, on 7oS[G] =
Z[moG] this involution can be written as ), a; & — Y _; @i x0(gi)g; ! where

xo: m0G — mogl (S) = {1, —1}

is the induced homomorphism on 7.

Proof of Lemma 4.3.2 By Proposition 3.1.14 it will suffice to exhibit a Cy-equivariant
map u: S — X "E[G™] which freely generates X" E[G ] as an S[G]-module.
Indeed, this is given by the C;-equivariant map

S~¥"E®cSIG] > X 7"E ®¢ SIG x Gl =XT"E[G™],

induced by the diagonal map G — G x G. This map exhibits " E[G ] as a free
S[G]-module on a single generator since the shear map G x G — G x G (given
informally by (g, h) — (g, gh)) is an equivalence by the group-like property. O

The following variant is also of interest:

Variant 4.3.3 (Visible structures with coefficients) Let G be an E;-group equipped
with a character (E, x) and let (A, N, o) be an E;-ring spectrum with genuine invo-
lution. The E{-ring

A[G] :== A ®s S[G]

can be endowed with a module with genuine involution by tensoring the visible module
(E[G™], E, n) of Construction 4.3.1 with (A, N, «), using the monoidal structure on
genuine C,-spectra (see Remark 3.2.4). Explicitly, this yields the module with genuine
involution

(A[GT,N®sE,a®sn) = (A®s E[G™],N ®s E,a ®s 1)
where
a®sn: N®sE - A @ E[GT1© - (A ®s E[G])'C

is obtained via the lax monoidal structure map of the Tate construction. We will denote
the corresponding hermitian structure on Mod‘/‘i[G] by 9% e and refer to it as the x-
twisted visible structure on Modﬁ[G]. It then follows from Lemma 4.3.2 that this
hermitian structure is Poincaré and identifies up to a shift with the Poincaré structure

associated to a genuine refinement of the anti-involution 74 , : A[G] 3 (A[G])°P
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induced by the anti-involution of A and y-twisted anti-involution of S[G]. We will
refer to T4, as the x-twisted anti-involution on A[G].

Example 4.3.4 When G is discrete a common choice of a twisting is via a sign homo-
morphism x : G — {—1, 1}. This can be made into a G-character (E, x) once we fix
what is meant by the sign action on S. Here (at least) two equally natural options are
possible: one can either take £ = S”~! to be the desuspension of the sign represen-
tation sphere, or take £ = S!~7 to be its inverse. These are generally not equivalent
as spectra with Cp-action, see Example 3.5.14 iii).

Example 4.3.5 Let G be an E;-group equipped with a character (E, x).If (A,0,0 —
A©2) is an E;-ring spectrum with genuine involution associated to the quadratic
genuine refinement of an anti-involution on A, then the associated x-twisted visible
Poincaré structure on Mod} coincides with the quadratic Poincaré structure associated
to the x-twisted duality on Mod% ;.

Example 4.3.6 (The visible symmetric structure) Let G be an E{-group equipped with
a character (E, x) and let A be an E;-ring spectrum with anti-involution. We refer
to the x-twisted Poincaré structure on Mod%[G] associated to the Eq-ring spectrum

with genuine involution (A, A2, id: A©> — A'C2) as the visible symmetric Poincaré
structure, and denote it by QIV(; € Fund(Mod,)- Its reference map AC Qs E —

Ay [G~1%2 can then be factored as a composite

A© ®5S[G1®6 E

A[G x G]©* @G E

(A[G x G]1®¢ E)‘C2 = A,[G71, (100)

AtCz ®S E

= =

where « is induced by the Tate diagonal of S[G] and the lax symmetric monoidal
structure of (—)tCZ, and B is the canonical interchange map between (—) ®g E and
(—)©2. When G and A are discrete the L-groups of this Poincaré structure recover
the visible symmetric L-groups A[G], first defined by Weiss [70]. Indeed, translating
the definition of [70] to the present setting gives a Poincaré structure with linear part
classified by the A[G]-module A[G x G]'*? ®¢ E with reference map f as above.
To compare the two it will hence suffice to show that « is an equivalence when G and
A are discrete. Indeed, we can factor « as a composite

A'© @5 S[G1®6 E - AlGI> ®6 E — AlG x G1'* ®G E

where the first map is an equivalence in this case since the Tate construction preserves
filtered colimits of discrete spectra and the second map is an equivalence since the
cofibre of the map S[G] — S[G x G] is an induced C;-module when G is discrete.

Example 4.3.7 (The visible genuine structure) Let G be an E-group equipped with a
character (E, x) and let A be a connective E;-ring spectrum with anti-involution. We
will refer to the x-twisted Poincaré structure on Modﬁ[G] associated to the E;-ring

spectrum with genuine involution (A, erAtCZ, tm) as the visible genuine Poincaré
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structure, and denote it by S?szm € Funq(Modﬁ[G]). Its linear part is then classified
by the A[G]-module 75, A2 @5 E =~ 72,1 (A®? ®g E), where n is the rank of E.

In some circumstances, the visible symmetric Poincaré structure on A[G] identifies
with the symmetric one:

Lemma 4.3.8 Let A be an E;-ring spectrum with anti-involution, G an E1-group and

(E, x) a G-character of rank n. If either BG is a finitely dominated space or G is a

discrete group with no non-trivial 2-torsion then the comparison map 9:'4_; = (G-1
’ X

is an equivalence.

Remarks 4.3.9 i) The two different conditions considered in Lemma 4.3.8 are not
completely unrelated: if G is a discrete group then the condition that BG is finitely
dominated implies that G has no non-trivial torsion (indeed, for such a G the
constant module Z admits a finite projective resolution, and so all subgroups of G
have finite cohomological dimension, see, e.g., [15, Corollary VIII.2.5]).

ii) The proof of Lemma 4.3.8 in the case of G discrete with no non-trivial 2-torsion
extends to more general groups: the same argument works for example for Lie
groups with no non-trivial 2-torsion which are sufficiently nice in the sense G
is a finite dimensional C>-CW-complex considered with respect to the C;-action

g gL

In the circumstances of Lemma 4.3.2, the visible genuine Poincaré structure on
A[G] also identifies with the truncated structure of Example 3.2.8, up to a shift in the
truncation point by the rank of E:

Corollary 4.3.10 Let A be a connective E|-ring spectrum with anti-involution, G an
E1-group and (E, x) a G-character of rank n. If either BG is a finitely dominated
space or G is a discrete group with no 2-torsion then

v—=>m ., g=m+n
o=

Proof of Lemma 4.3.8 The comparison claim is equivalent to the statement that under
the given assumptions the reference map A2 @g E — A X[G’]‘C2 of the visible
symmetric structure is an equivalence.

Assume first that G is a discrete group with no 2-torsion. Then we may identify
Ay[GT] = ®gec[A ®s E] with the involution acting by applying the involution of
A on each factor and then switching the component associated to g € G with the
component associated to g~!. Under the identification A'®> ®g E ~ (A ®g E)'C? the
reference map is then induced on Tate objects by the inclusion of the component of
1 € G. When G has no 2-torsion the cofibre of this inclusion is an induced C;-module,
and so the induced map on Tate objects is an equivalence.

Now assume that BG is a compact space. We then factor the reference map of the
visible symmetric structure as in (100). Since BG is compact it follows that £, which
can be written as a BG-indexed colimit of free S[G]-modules, is itself a compact
S[G]-module, and so the arrow S in (100) is an equivalence. Now consider the exact
functor T: Mody, — Sp given by T(X) — (X ®4 X)'©2, where X denotes X,
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but considered as a right A-module via the involution on A. In particular, we have
a canonical equivalence T(A) ~ A2, Then the interchange map 7(A) @s E —
T (A ®s E) is an equivalence since E is finite as a spectrum, but can also be factored
as a composite of interchange maps

T(A) ®s E=T(A) Qs SIG]®c E - T(AIG]) ® E — T(A[G]®¢ E) =T(A®s E)

in which the second interchange map is an equivalence since E is perfect as an S[G]-
module. It then follows that the first interchange map

A @5 S[G] ®¢ E = T(A) ®s S[G] ®6 E — T(A[G]) ®¢ E = A[G x G]' ®¢ E

is an equivalence as well. Unwinding the definitions, this map can be identified with
o, and so the desired result is obtained. O

Remark 4.3.11 Let G be an Ej-group equipped with a character (E, x). Consider
the universal Poincaré structure ?" on Sp' associated to the module with genuine
involution (S, S, S — S©). Since any stable co-category is tensored over Sp the
character x induces an action of G on E ® 9" € Fun4(Sp"), and hence on (Sp', E ®
QU) € Catd,. Using the point of view of parametrised spectra, we will show in Sect. 6.1
that the visible Poincaré structure (Modg, Q}'() on finitely presented S[G]-modules

can be universally characterized as the quotient of (Spf, E®9%?") by Gin Cat’, (see
Proposition 6.1.9 and Example 4.4.5). The Poincaré co-category (Modg;, 2} ) can then
be identified with the corresponding quotient only computed in idempotent complete
Poincaré oco-categories.

More generally, if (A, N, ) is an Ej-ring spectrum with genuine anti-involution
then (Modi[G], 9%’)() represents the quotient of the associated G-action

on (Modg, E ® 29); this can be deduced from the above claim by identifying
(Modg[G], Q%, X) with a suitable tensor product of (Modf ,99) and (Modfc, 9‘)’(), see
Sect. 5.2 and Example 5.1.6.

Variant 4.3.12 Construction 4.3.1 can be generalized by introducing the following
additional pieces of data: a Cp-action 7: C; — Aut(G) on G, an additional E;-
group H, and a Cp-equivariant map H — G, where C, acts trivially on H. We
may consider such a structure as a genuine Cp-action on G. The data of a character
(E, x) for G then needs to be promoted to that of C-equivariant character x : G —
Aut(E) (where Cy-acts trivially on the target), and the induced C;-action on the
restricted character x|y should be equipped with a trivialization. To all this data
one can associate a module with genuine involution (E[G™ ], E[G/H], n) where
E[G™"] := E[G x G] ®¢ E is the (G x G)-spectrum induced from E, this time
along the t-diagonal (7,id): G — G x G, and E[G/H] is the G-module induced
from the H-character (E, x|g) along the map H — G. Since the map (z,id) is
Cy-equivariant with respect to flip action on G x G, and y is Cp-equivariant, the
(G x G)-module E[G "] inherits an involution compatible with the flip involution
of G x G, and hence the structure of a module with involution over S[G]. At the
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same time, since the usual diagonal G — G x G is Cz-equivariant with respect to the
trivial action on the domain, and coincides with the t-diagonal when restricted to H,
it induces a Cy-equivariant map S[G] ®y E — S[G x G] ®¢ E with respect to the
trivial action on the domain. The composed map

n: E[G/H] = S[G]®y E — (S[G x G]®g E)'2 — (S[G x G| ®¢ E)'C? = E[G™T]'2

then constitutes a structure map exhibiting (E[G'], E[G/H], n) as amodule with gen-
uine involution over S[G], yielding a hermitian structure QXM on Modg, or on Modg
for some subgroup ¢ € Ko(Modg,). The case of Construction 4.3.1 can be recovered
as corresponding to the trivial involution on G with H = G and H — G the identity
map. Arguing as in the proof of Lemma 4.3.2 we can check that this module with
genuine involution is invertible and corresponds, up to a shift, to a genuine refinement
of a suitable anti-involution on S[G], whose underlying equivalence S[G] — S[G]°P
is induced by the map G — gl;(S) x G given by g — (x(g), t(g)™1). As in
Remark 4.3.11 the Poincaré oo-category (Mod’., 2% .7) can be characterized as a cer-
tain colimit in Cat2,. This can be interpreted as reflecting the structure of Cat2, as a
C,-category, see Sect. 7.4, which admits quotients by actions of genuine C;-groups.

4.4 Parametrised spectra

In this section we will discuss Poincaré structures on the oo-category of compact
parametrised spectra over a space X, whose L-groups reproduces the visible L-groups
of [73] (see Corollary 4.4.14 below). We will then show how to construct visible
signatures for Poincaré duality spaces in this setting.

Let us begin by establishing some terminology. We write Spy := Fun(X, Sp)
for the oco-category of functors X — Sp, to which we will refer to as local systems
of spectra, or as parametrised spectra over X. We then denote by Sp§ € Spy the
full subcategory spanned by the compact objects, and by Spg( C Sp§ the smallest
full stable subcategory containing the local systems x| E left Kan extended from finite
spectra E € Sp' along point inclusions {x} C X. We then note that Sp is idempotent
complete and the inclusion Spg( C Sp§ is dense, and so exhibits Sp% is the idem-
potent completion of Spgf. When X is connected and pointed we may identify these
subcategories with those of compact and finitely presented S[€2X]-modules, respec-
tively. The situation then renders in the context of Sect. 4.3, and we may consider the
visible Poincaré structures associated to various 2 X-characters. The point of view of
parametrised spectra has however the advantage of working without a preferred base
point, and not being restricted to connected spaces. The unpointed setting is more nat-
ural, for example, when the input is a Poincaré duality space, as arising in the surgery
classification of manifolds. The unpointed analogue of a ©2X-character is then given
by a spherical fibration, that is, a local system & : X — Sp which takes values in the
full subgroupoid Pic(S) C (Sp spanned by the invertible spectra.
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Construction 4.4.1 Let X be a space and £: X — Pic(S) a spherical fibration on X.
We associate to & a symmetric bilinear functor on Sp§ = Fun(X, Sp)® by setting

Be(L, L') :=homyxx (L K L, A(§)), (101)

where the mapping spectra takes place in the co-category Fun(X x X, Sp), X is the
exterior tensor product, and A is left Kan extension along the diagonal A: X —
X x X. The associated symmetric and quadratic hermitian structure on Sp$, are then
given by

9 (L) = homyxx (L B L, A(§))"®
and

24 (L) = homyx (L K L, Ay(§))nc,

respectively. By abuse of notation, we will also denote by Bg, Qg and Qg the respective

restrictions of these functors to the dense subcategory Spg( c Sp%.

The above construction is functorial in X in the following sense. Let us call a map
of spaces with spherical fibrations a pair (f, t) where f: X — Y is a map between
spaces equipped with spherical fibrations £y and &y respectively, and 7: §x — f*&y
is a natural transformation. We may then associate to f the corresponding left Kan
extension functors

fi: Spg( — Spl; and fi: Spy — Spy.
The natural transformation t then induces a map

Bey (L, L') =homyx (L K L', AjEx) <> homyxx (LK L', Ay f*Ey)
—homyxx(LX L', (f x f)*Aéy)
~homyxy ((f x fHiI(LKE L"), Aéy) ~Bg, (fiL, fil")

which is natural in L and L', so that we obtained an induced symmetric functor
(Spgf, Bgy) — (Sp§, Bg,) and (Sp%,Bey) — (SpY, Bey) (102)

covering the left Kan extension functor f.

Our first goal is to show that the above construction gives a perfect bilinear functor
and identify the associated duality. For this, note that for a fixed local system L € Spy
the association L' + LXI L’ € Spy, x is colimit preserving and hence admits a right
adjoint

homg(L, —): Spxxx = Spx,
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which we can compute explicitly to be

hom® (L, T), ~ homy (xS, hom®(L, T)) ~
homy x (L X xS, T) >~ homyx x ((jx)1L, T) =~ homy (L, T|xxx))
(103)

where x: % — X is the insertion of the point x and j,: X x {x} = X x X is the
corresponding insertion of the horizontal slice at height x.

Lemma 4.4.2 For a spherical fibration &, the bilinear functor (101) is non-degenerate
with duality

D:L :=hom™ (L, A§).

Furthermore, if (f,1): (X, &x) — (Y, &y) isamap of spaces with spherical fibrations
suchthat t: Ex — f*&y is an equivalence then the induced symmetric functor (102)
is duality preserving.

Proof Indeed, by adjunction we have
Be (L, L') = homy, x (L K L, A§) = homy (L', hom™ (L, A§)),

and so Bg, is non-degenerate. To see the second claim, fix amap f: X — Y and
an equivalence 7: £x — &y. Since Sp§ is compactly generated by the collection
of objects x;S, for x: * — X a point, it suffices to check that the induced map
fIDL — DfiL is an equivalence for L = x;S. For this, it will suffice to prove the
claim for the maps x: * — X and f(x): * — Y. In other words, we may as well
assume that X = * and f is the inclusion of a point y € Y. Let &, € Sp be the value
of £y at y, so that the goal becomes showing that the canonical symmetric functor

(Sp”,Bg,) — (Spy. Bgy)

is duality preserving. We now observe that if E € Sp® is a compact spectrum then we
can factor the map »Dg (E ) = D¢, (E) as the composite

1 (Dgy (E)) = »(Ds(E) s &y) ~ Ds(E) ®s y1&§y—>Ds(E) ®s (Ady)ljyixy
~ hom™ (y E, A&y)=Ds, (1 E)

where the fourth equivalence is by the formula in (103) and the third arrow is the
Beck—Chevalley transformation for the square

b} — it xY

l l

Y 25 vxY
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where the top horizontal map picks the point (y, y) € {y} x Y. This transformation is
an equivalence since the square is cartesian. O

Corollary 4.4.3 For a spherical fibration &, the &-twisted duality
D:L = hom™ (L, A§)

is perfect. In particular, the associated symmetric and quadratic hermitian structures
92 and 92 are Poincaré, and their restrictions to Spgf are Poincaré as well.

Proof We need to show that the evaluation map L — D°PDL is an equivalence for
any L € Sp§. Since Sp% is compactly generated by the collection of objects x;S, for
x: % — X apoint, it suffices to check this for L = x;S. Invoking Lemma 4.4.2 it will
suffice to show that the duality D¢, on Sp{}, = Sp® is non-degenerate, that is, we may
assume that X is a point. But then for any invertible spectrum E € Pic(S) we have
that Dg(—) >~ E ®s Dg and is hence a perfect duality, the case of Dg being the usual
Spanier—Whitehead duality. Finally, 9; and 9? also restrict to Poincaré structures on

Sp% by Observation 1.2.19; indeed, the equivalence Dgx) E >~ x1Dg, E, implies that
Spy is closed under the duality in Sp%. O

Out next goal is to construct a Poincaré structure on Sp%, which in some sense
interpolates between the quadratic and symmetric structures. This structure is called
the visible Poincaré structure. To construct it, we first need to identify the linear part
of the symmetric Poincaré structure 92. By definition, it is given by the formula

L +— homyyx (LKL, A(£)2, (104)

which consequently constitutes an exact (contravariant) functor on Sp% . Such functors
are always represented by an objectin Ind(Sp%;) >~ Spy, and so there exists a (possibly
non-compact) parametrised spectrum N : X — Sp such that

homyx x (L X L, A(£))*? = homy (L, N)

for L € Sp%. To identify it, it suffices to check the values of (104) at the generators
xS of Sp%. In particular, N is canonically identified with the parametrised spectrum

x > homy,x (1S B xS, Aig)' S = (A(E) (r.1)',
or simply, N = (A*A£)'C2. We thus obtain a natural transformation
homyx (L B L, AE)' — homy (L, (A*A£)) (105)

which is an equivalence for L € Sp§.
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Definition 4.4.4 Let X be space and £: X — Pic(S) a spherical fibration on X. We
define the &-twisted visible Poincaré structure 9; : Sp§ — Sp by the top pullback
square

2 (D) + homy (L, &)
homy,x (L B4 L, 4,6)" s homy (L, (A*A,&)C2)

\/

hom y, (L [X L, A &)

where the right vertical map is induced by the canonical map £ — (A*A£)PC2 —
(A*A) (5))tc2, which we can also identify with the composite & — étCZ —
(A*A(£))'C2 (the first Tate construction being taken with respect to the trivial action).
By abuse of notation, we will also denote by Qg its restriction to the duality invariant

dense subcategory Spl; C Sp§. By construction, the linear part of 9; is given by
AY(~) := homy (—, £).

Example 4.4.5 If X is connected with base point x € X then Sp} and Sp§ are
naturally equivalent to Modgzx x and Mod?’zx x» respectively, and & can be encoded via
a suitable 2, X-character x. Under this equivalence, the visible Poincaré structure 9;
corresponds to the visible Poincaré structure ¢} of Construction 4.3.1.

Remark 4.4.6 Givenamap (f, t): (X, &x) — (Y, &y) of spaces with spherical fibra-
tions, the functoriality of Construction 4.4.1 together with the naturality of the maps
£ — (A*AE)C2 5 (A*A(£))2 in £ combine to yield induced hermitian functors

(Sp. %) = (Spy. 9,) and (Sp%. ®,) — (Spy. 9F,).

These are furthermore Poincaré when t: & — f*&y is an equivalence by
Lemma 4.4.2.

Proposition 4.4.7 Let X be a space equipped with a spherical fibration £: X —
Pic(S), and for x € X consider the associated maps (x,id): ({x}, &) — (X, &) of
spaces with spherical fibrations obtained by embedding the various x inside X. Then
the natural transformation

s \4 \
c)(c)ll)gn()»x)g??gx = QE (106)
induced by the associated Poincaré functors (Ax, nx): (Sp{x}, 9;1) — (Sp%. 9;) of
Remark 4.4.6, is an equivalence of quadratic functors on Sp%.

Remark 4.4.8 Since Spg( C Sp§ isafullinclusion through which all the exact functors
Ao Spf— Sp§ factor, the pointwise formula for left Kan extensions shows that
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the statement made in Proposition 4.4.7 about the Poincaré structure 9; on Sp§ is

also inherited by its restriction to Spgf. In other words, that restriction is in turn
given by the corresponding colimit of left Kan extensions of 925" along the various

Ay Spfx} — Spg(.
Remark 4.4.9 The universal property of the visible Poincaré structure 9; described in

Proposition 4.4.7 also determines universal properties of a similar nature for (Spg(, 9;)
and (Sp%, 9;) as Poincaré oo-categories. More precisely, we will prove in Sect. 6.1
that the collection of Poincaré functors (Ay, 7x): (Sp', ng) — (Spg(, Qg) exhibits
(Spg(, 9%’) as the colimit in Cat, of the diagram x — (Sp!, Q‘S’X ), see Proposition 6.1.9.
Similarly, (Sp%, Qg) is the colimit of the same diagram, but calculated inside idem-
potent complete Poincaré oco-categories. We will discuss idempotent completion of
Poincaré oco-categories in further details in Paper [2].

Remark 4.4.10 Denoting by Sy the constant spherical fibration on X with value S, the
proof of Proposition 4.4.7 given below also establishes an identification

Bg (Dsy (L), Dsy (L)) =~ C)?li)rfn[Lx ®s L), ®s &1
as symmetric bilinear functors Sp§; x Sp§y — Sp (in L, L'), and an equivalence
§(Dsy (L)) = colim[L, ®s £]
xeX

as functors Sp§ — Sp. Under these equivalences the defining pullback square of
92_’ (Ds, (L)) becomes

Qg (DSx L) ? COlimxeX [Lx ®s ’i:x]

! !

. hC . C
(colimyex[Ly ®s Ly ®s &) > — (colimyex[Ly ®s Ly ®s &)

where the right vertical map is given by the composite
colim Ly ®g &, — colim[(L, ®s LX)tC2 ®s &x] — (colim[Lx ®s Ly Qs éx])tC2
xeX xeX xeX

using the Tate diagonal of L,.

Proof of Proposition 4.4.7 Being a map of quadratic functors, it suffices by Corol-
lary 1.3.12 to show that (106) induces an equivalence on bilinear and linear parts. Since
taking linear and bilinear parts commutes with colimits, and by Proposition 1.4.3 also
with left Kan extensions, the two maps that we need to consider are

colim(Ay x A,)1Bg, = Bg and colim(kx)gAg = Ag. (107)
xeX ; xeX x



Hermitian K-theory for stable co-categories I: Foundations Page 133 of 269 10

Let Eé‘x and Kgx be the left Kan extensions of B¢ and A\éx to Pro(Sp")°P x Pro(Sp!)°p

and Pro(Sp©)°P, respectively. As in the proof of Lemma 1.4.1, we may compute the
left Kan extensions of Bg, and A;x along A, x A, and X, respectively by restricting

ng and K;x along a given pro-left adjoint
Sp§ — Pro(Spf),

that is, a restriction to Spy of a left adjoint to the induced functor
Pro(Ay): Pro(Sp') — Pro(Sp%). To produce such a pro-left adjoint, we note that

for every x € X, the duality Dy, : (Sp")°P = Sp' induces an equivalence

Pro(Dg, )

D, : Sp° = Ind(Sp")* = Pro((Sp")°P) ——= Pro(Sp?).

Now since evaluation at x is right adjoint to left Kan extension Sp — Spy along
{x} € X it now follows that a pro-left adjoint for A, is given by the composite

D op D
Sp%y LN (Sp)°P < Sp¥ S, Spop N Pro(Sp").

Using this pro-left adjoint to express the left Kan extension of B, along (A, x Ay)
we now obtain

[(lx X A)1Be, I(L, L) ~ Bg, (Dg, (D¢ L)), Dg, (Dg L))
and
[0 A} (L) ~ A (De, (DeL)y)).

To compute these terms further, let us first unwind the pre-compositions of B¢, and
Agx with the duality Dg, . For finite spectra E, E’, E” we have

B, (D¢, E. Dg, E') = hom(Dg, E ®5 Dg, E, §) = (E ®s &, ') @5 (E' ®s &) @5 &
and

A (Dg, E”) = hom(Dg E”, &) = E”.
Now the two expressions on the right hand sides are well-defined for E, E’, E” which
are not necessarily finite, and are colimit preserving in each of these inputs separately.
These formulas hence also describe the left Kan extensions of Bg, (D¢, (—), Dg, (—))

and Agx (D¢, (—)) to Sp x Sp and Sp, respectively. We may consequently conclude
that

Be, (Dg, ((D£L),), De, (De L)) ~ (D L), ®s &7 1) @s (D)), ®s € ®s &x
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and
A} (Dg, (DgL")y)) =~ (Dg L"),
Combining all the above with the equivalences
(DgL)x >~ homy (L, (A1§)|xx(x}) = homx (L, x1€y)

supplied by (103) and the Beck—Chevalley property, we now conclude that for local
systems L, L' € Sp§ we have

[(kx X A)Bg, I(L, L) ~ (homy (L, xi&x) ®s &; ) @ (homy (L', xiEy) ®s &7 1) ®g £x
~ homyx (L, x1S) ®s homx (L', x1S) Qg &,

and

[ AE (L") 2 homy (L, xi&x).

We may now finally identify the maps (107) in explicit terms as follows. The first map
in (107) identifies with the composite

colim [homyx (L, xS) ®s homx (L', x:S) ®s &« | ey, colim hom yx (LRL, [(x, x)S] ® &)
Xe xXe

Br 1
—5 homyxx (LR L', Ag),

where «; ;/ is induced on colimits by the functoriality of X and the identification
xSMxS > (x, x)1S, and By, 1 is given by post-composition with the map [(x, x)S]®
Er >~ (x, xnEy = Ay(n&y) — A€ induced by the counit maps xi&, — &.In a similar
manner, the second map in (107) now becomes the map

coli}r{n homy (L”, xi&,) RN homy (L”, £).
Xe

induced by the counit maps x;&, — &. We now note that the collection of counit
maps x1&, — & exhibit £ as the colimit in Sp§ of the diagram x +— x&,. Indeed,
identifying x,&, back with A& |y x(x}, this is just the statement that the map A)§ —
7€ exhibits £ as the left Kan extension of A& along the projectionr1: X x X — X
on the first argument, which is clear since w1 A >~ id. We then conclude that 8 ;-
and y;~ are equivalences when L, L', L” are perfect since in this case the functors
homyxx(L X L', —) and homx (L"”, —) are colimit preserving. To see that «y ;/ is
an equivalence, we note that since it is a natural transformation of bilinear functors in
L, L', to check that it is an equivalence on perfect L, L' it suffices to verify the case
where L = y\E and L' = y/E’ for points y, y’ € X, since local systems of this form
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generate all perfect local systems under finite colimits and retracts. Then o, g /£ can
be identified with the map '

colim [(18)y ® (xS)y ®s &] — colim [((x, x)S) 5,y @5 &]
which is an equivalence since the maps

(01S)y ® (1S)y = ZF Map(x, y) ®s =5 Map(x, y)
— T (Map(x, y) x Map(x, y)) = ((x, x)1S)(y,y)

are equivalences for every x € X. O

Letus now pause to explain the relation between the Poincaré co-category (Sp%, Qg)
with the construction used in Weiss—Williams [73] to define visible L-theory. To sim-
plify the discussion, let us consider the case where § = Sy, though the argument in the
general case proceeds in a similar manner. To begin, recall first that the straightening-
unstraightening equivalence Fun(X, §) >~ §,x induces an equivalence

Spx = Fun(X, Sp) =~ Sp(Fun(X, 8).,) =~ Sp(Sx//x).

where Sx//x := (S/x)idy, is the co-category of retractive spaces over X . This restricts
to an equivalence between the full subcategory Sp§y € Spy of perfect parametrised
spectra and the full subcategory of Sp(Sx//x) spanned by the suspension spectra
of finitely dominated retractive spaces [X — Y — X] € Sg?/ /X" Here the full

subcategory Sg?/ /x S Sx//x of finitely dominated retractive spaces is the closure
under retracts of the full subcategory of Spy, x spanned by the retractive spaces
X — Y — X such that X — Y can be represented by an inclusion of simplicial sets
with Y having only finitely many non-degenerated simplices not in X. In particular,
we may identify Sp§ with the Spanier—Whitehead stabilisation of S)f(d/ ne

If we now represent X by a CW-complex then the co-category ngl/ /x can be mod-
elled by the Waldhausen category R(X) of finitely dominated retractive topological
spaces X — Y — X such that X — Y is a Serre cofibration, with weak equivalences
W the weak homotopy equivalences, that is, S)f?/ /x = R(X )[W‘l]. Indeed, this is a
standard consequence of the fact that Sx,/x is presented by the Serre model struc-
ture on Topy,/x, and R(X) < Topy,,x is a full subcategory consisting of cofibrant
objects and closed under weak equivalences between cofibrant objects. From this one
may obtain a Waldhausen model sR(X) for the Spanier—Whitehead stabilisation by
considering the category whose objects are pairs (Y, k) where X — ¥ — X isa
finitely dominated retractive topological space over X and k € Z is an integer, with
the set of maps from (Y, k) to (Y’, k) being

Homgg x)((Y, k), (Y', k")) := colkir]? Homgp x) (" Fy, " Ky").
n>k,k’'

The object (Y, k) should be considered as the formal k’th desuspension of X i>

Y i) X. Endowing sR(X) with the collection s W of stable weak homotopy equiv-
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alences, that is, the maps (Y,k) — (Y’, k') which can be represented by a weak
homotopy equivalence " ¥y — "K'y’ for some n, one obtains a model for per-
fect parametrised spectra, in the sense that SRX)[sW1] ~ Sp%- Indeed, this is a
formal consequence of the above and the commutation of localisation with colimits:

(colim[R(X) = R(X) = ...])[sW™']
~ colim[R(X)[W™'1 = RXOW™] S .. .1~ Sp2,
where we note that the sequential colimit on the left hand side (before localisation) is
given by sR(X) both as ordinary categories and as co-categories. In this presentation,
the object (Y, k) corresponds to the local system x — £°7%Y, where ¥, denotes
the homotopy fibre of f: Y — X over x, considered as a pointed space using the

map X — Y. The Waldhausen category sR(X) is equipped with a stable Spanier—
Whitehead product (see discussion at the end of Sect. 2.3):

Oe: SR(X) x sSR(X) — SpQ
given by
(Y. k) @u (Y K) = 2y Al 1),

that is, by (the implicit 2-spectrum replacement of) the shifted suspension spectrum
of the pointed space

YA Y =1y <A Y[ Y] =1 xx X xx YY[Y ] Y],
X X

the symbol / standing for collapsing a subspace to a point. Here X/ is the space of
paths in X, used here to form an explicit functorial model for the homotopy fibre
product. This Spanier—Whitehead product preserves weak equivalences in each entry
and thus descends to a bilinear functor

BWW: Sp% x Spy — Sp,

which we can now compare with the bilinear functor on parametrised spectra consid-
ered here:

Lemma 4.4.11 The bilinear functor BXVW is naturally equivalent to the bilinear func-
tor

(L,L") — Bgy(Dsy L, Ds, L').
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Proof Since X is colimit preserving and symmetric monoidal for A we have
ROk (y Al Yy~ mookK (colim ¥, A Y
~ colim £ % ¥ (y, A Y))
xeX
~ colim[Z®7*Y, ®g Eoo_k/Y;]
xeX
~ Bgy (Dsy [x = Z°7FY,], Dgy[x > S°7FY))),

where the last equivalence is by Remark 4.4.10. Since sR(X) — Sp§ is alocalisation
functor this natural equivalence descends to a natural equivalence BX"W (L, L") ~
Bs, (Dsy L, Ds, L"), as desired. O

Combining Lemma 4.4.11 with Proposition 2.3.15 and Remark 2.3.16 we now
deduce

Corollary 4.4.12 The symmetric and quadratic L-groups associated to the Spanier—
Whitehead product ©, are naturally equivalent to the L-groups of the Poincaré
structures S?éx and 9%)( of Construction 4.4.1.

We would like to extend this comparison to visible L-groups. These are defined in
[73] by replacing the notion of symmetric co-forms on (Y, k), given by the homotopy
fixed points spectrum ((Y, k) O, (¥, k)2, with the corresponding genuine fixed
points ((Y, k) O (¥, k)2, where (Y, k) Oe (Y, k) is considered as a genuine C;-
spectrum by identifying it with the shifted suspension Ca-spectrum X2 (y Aél( Y).
Here p is the regular C;-representation and Y /\’)'( Y is considered as a genuine Cp-space
whose C;-fixed points are its point-set level fixed points

¥ Ay V)2 = [y xx X0V /X ~ v/X.

The natural map ((Y, k) ©e (Y, N = (Y, k) O (Y, k)PC2 then enables one
to define unimodular visible co-forms and hence visible L-groups by applying the
machinery of [72]. We note that the functor (Y, k) — (Y, k) O (Y, k))C2 preserves
weak equivalences and hence descends to a functor

QWW. Sp§ — Sp.

which we would like to compare with the visible Poincaré structure on parametrised
spectra considered here:

Proposition 4.4.13 The functor @V is naturally equivalent to the quadratic functor
L 95 (DsyL).

Before we come to the proof of Proposition 4.4.13, let first recall that the notion of
genuine C;-spectra admits a variety of point-set models, among which are orthogonal
C,-spectra [50,61], symmetric Cy-spectra [49], prespectra indexed over the poset of
finite dimensional sub-representations of a complete Co-universe [50], or alternatively



10  Page 138 of 269 B. Calmes et al.

over a submonoid of the representation ring of C, [49], this last model being the one
employed in [71] using the submonoid spanned by the regular representation. All these
models are known to be Quillen equivalent to each other, see [50, Theorem 4.16], [49,
Theorem 6.2] and [49, Theorem 10.2]. On the other, the notion of C;-spectra can also be
defined oco-categorically using either Mackey functors or the stabilisation of C,-spaces
along the regular representation sphere [10,11,51,62], and this approach is equivalent
to the model categorical one by [51, Theorem A.4]. The last equivalence between the
oo-categorical and model categorical approaches is furthermore compatible with the
formation of genuine fixed points on the one hand, and the formation of suspension
C,-spectra on the other. In particular, the construction of Weiss and Williams can be
performed using any of these models by simply implementing the formation of genuine
fixed points and suspension C;-spectra in the relevant context. We consequently may
and will freely apply ideas and results from the theory of genuine C,-spectra in the
setting of [73].

Proof of Proposition 4.4.13 Since sR(X)[sW~!'] — Sp% is a localisation functor it

will suffice to construct, naturally in a given retractive space X Sy —f> X e sR(X),
an equivalence

9%, Dsy[x —> XY, ]) ~ [(Y, k) O (¥, )]

Now since (Y, k) O, (Y, k) is a shifted suspension Cp-spectrum its geometric fixed
points are given by

[(Y, k) Ou (Y, k)P = 2°7F[y Al ¥1C2 ~ k(v /X),

and its isotropy separation square is

(Y, k) @s (Y, K)]? — kY AL y1®2 ~  m-kmeoy/X)

l l

[zoeke(y A )P o [mooke(y Al ¥)]

- tC
~ RkEmew AL VT,
where the right vertical map is the k-fold desuspension of the composite

TR /X) =[S ALV o[22 AL )

induced by the C;-equivariant diagonal Y /X — Y Aél( Y=[Y x];( Y1/IY ]_[X Y]. To
construct the desired equivalence we would like to compare this isotropy separation
square with the square

Q (Dsy[x > T°Y, ) ———— colim soky, ~ =% colim £®Y,

l \L xeX

(colimE* ¥, @ T 1)) — (colim[Z7Y, @ T¥TY,)? = 7 (colimZY, @5 B¥Y,])
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produced by Remark 4.4.10. Indeed, since in the co-category of pointed spaces we have
colimy, Yy @ Y/X andcolimy, Yy AY, =Y /\é‘( Y, and since X *° is colimit preserving
and symmetric monoidal for A, we may proceed as in the proof of Lemma 4.4.11 to
identify the three bottom right corners in the two squares, as well as the map from
the homotopy fixed points to the corresponding Tate object, which in both cases is
the component of the natural transformation (—)PC2 = (—)!C2. To obtain an induced
equivalence on the top left corner it is will now suffice to identify the right vertical
map in the two squares. Peeling away the k-fold desuspension and using the fact that
the Tate diagonal of X°°Y, is induced by the diagonal Y, — Y, A Y, on the level of
pointed spaces, the desired identification is now encoded by the following canonical
commutative diagram

colim £°Y, —— colim [E¥Y, ®g =Y 2 —— colim [E¥Y, ® =Y, '
xXe xXe

ol H i l

"2y [colim(Z®Y, @5 Z°Y,)]
xeX

L F E

IOV /X ——— [2°0 ALY 5 [Eo(r AL Y

. . «
colim Z¥Y, —— [c)?g/n(zooyx ®s Z%Y,)] 2

O

Corollary 4.4.14 The visible L-groups of [73] are naturally equivalent to the L-groups
of the visible Poincaré structure Qéx.

Proof The visible L-groups are (litterally) defined in [73] by invoking the construction
of [73] and replacing everywhere symmetric Poincaré objects by visible ones. The
proof of the present corollary is then identical to that of Proposition 2.3.15, replacing
everywhere symmetric Poincaré objects by visible ones, using Proposition4.4.13. O

Variant 4.4.15 Let X be a space with a spherical fibration £: X — Pic(S) and let
(A, N, o) be aring spectrum with genuine involution. We may then form a Poincaré
structure 9;” on the oco-category Fun(X, Mod4)® of compact local systems of A-
modules by the top pullback square

QE’“(L) homy (L, & ®g N)

!

homy (L, (A*A£)' @g A2)

l

homyy x (L B L, A ®g AN homy (L, (A*AE ®g A)?)

\ /

homy x (L B L, Ag ®g A)C2
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Here we note that the Cy-equivariant structure of A& ®s A with respect to the flip
action on X x X is induced by the equivariant structure of A& and the involution on A.
Arguing as in Lemma 4.4.2 and Corollary 4.4.3 one sees again that the hermitian co-
category (Fun(X, Mod,4)®, Qg’a) is functorial in maps (f, 7): (X, &x) — (¥, &y) of
spaces with spherical fibrations and that QV’“ is again Poincaré with underlying perfect

duality L +— hom® 2L, A (E) ®s A), where homgg(L —) denotes the right adjoint of
the functor

L (—): Fun(X,Mod,) — Fun(X x X, Modsgga).

Remark 4.4.16 In addition to its functoriality in maps of spaces with spherical fibra-
tions, the construction of Variant 4.4.15 is also functorial in maps in (A, N, o) —
(B, K, B) of rings with genuine involution. In fact, the Poincaré oco-category
(Fun(X, ModA)®, 9;") depends functorially on the pair of Poincaré co-categories
(Sp%, 9;) and (Mody4, 2%): we may identify it with their tensor product (Sp%, 9;) ®s
(Mod 4, 9%) € Catgo, a construction we will study in Sect. 5. As in Remark 4.4.9,
one can then identify (Fun(X, Mod4)®, QV’“) with the colimit in Cat®, of the diagram
x > (Mody, QV D‘) The Poincaré structures QE "% are then the ones associated to the
module with genulne involution (A, N, @) ®s & = (A ®s &, N ®s &, ay), where
oy is the composed map N ®s &, — A2 ®g s;cz — (A ®g &)z,

For the remainder of this section we will show how to construct visible signatures for
Poincaré duality spaces in the present context. We take a purely homotopy theoretical
approach to Poincaré duality spaces and their Spivak normal fibration following [40].
Let X be a finite space (that is, a space which can be realized by a simplicial set
with only finitely many non-degenerate simplices). The right Kan extension functor
r«: Spx — Sp along r: X — x is given by taking the limit along X, which is
in particular a finite limit and hence preserves colimits by the stability of Spy. It is
thus equivalent to a functor of the form r(Fx ® (—)) for an essentially unique Fy,
which is then called the dualizing complex of X. Here ® stands for the pointwise
tensor product of X-parametrised spectra. We say that X is a Poincaré duality space
if the parametrised spectrum Fyx: X — Sp factors through the full subgroupoid
Pic(S) € Sp of invertible objects. In this case we denote the resulting spherical
fibration by v := FYx, and call it the Spivak normal fibration of X. We note that the
identification of r1(v ® (—)) with r, can equivalently be encoded via a unit map

ce: E—->nv®r*E) ~n() ®s E

exhibiting (v ® (—)) as right adjoint to r*. Since Fun®* (Spt, Sp") ~ Sp' via evalu-
ation at S the natural transformation ¢(_ is canonically of the form ¢ ®s (—), where

c=cs:S— nW) (108)

is its component at S. One may then say that a map c: S — r(v) exhibits v as the
Spivak normal fibration of X if the associated natural transformation
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c®s (5): (=) =n) & () xnVer-(-))

exhibits ri(v®(—)) asright adjoint to r*. The map c is then called the Thom—Pontryagin
map of v.

Example 4.4.17 If M is a closed smooth manifold then the underlying space of M
is a Poincaré duality space. Furthermore, if 1: M < RY is a smooth embedding
with normal bundle E = TM~+ C *TR" and associated spherical fibration £, and
M C U C R¥ is a chosen tubular neighborhood, then the Thom—Pontryagin collapse
map

sV - RY/®RV\U) ~ M*F
induces a map of spectra
S — 2 NME ~ 2 Neg,
that exhibits =~V &g as the Spivak normal fibration of M. Since E @ TM = *TRN

is a trivial N-dimensional vector bundle we can identify V&g ~ &r, 1:,1, where &7y
is the spherical fibration underlying the tangent bundle.

Remark 4.4.18 Let X be a finite space with Spivak normal fibration v and Thom-—
Pontryagin map c. Suppose that £ is a stable co-category, so that £ is canonically
tensored over Spf. We may then consider the restriction functor r*: £ — Fun(X, &),
together with the associated left and right Kan extensions ry, r,: Fun(X,€&) — &
(which exist because X is finite and every stable oo-category admits finite limits and
colimits). The Thom—Pontryagin map then determines a natural transformation of
functors from & to itself whose component at A € £ is
cR®sA: A= n(v)®s A>~nkverrA).

This natural transformation then exhibits r (v ® (—)) as right adjoint to r*. Indeed,
for A € £ and B: X — &£ the composed map

homy (r*A, B) — homg(r(v ® r*A), (v ® B)) — homg (A, ri(v ® B))
is an equivalence, as can be seen by comparing it with the composed map
homy (r*S, B4) — hom(rv, n(v ® B4)) — hom(S, n(v ® B4)),
where B4 is the local system x — homg (A, By), and we are using that

c)(c)éi)lfn (vx ® homg (A, By)) = homg (A, c)(c)éi)lfn vy @ By)

since X is finite and each v, is a finite spectrum.
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We now proceed to construct the visible signature of a Poincaré duality spaces X.
Let p1, p2: X x X — X denote the two projections. Applying Remark 4.4.18 to
& = Spx we obtain that the natural map

c®sL:L—n®®sL>(p)((p)*v® (p2)*L) (109)

for L € Spy acts as a unit exhibiting (p2)1((p1)*v ® (—)) as right adjoint to (p2)*.
Since (p1)*v is invertible tensoring with it is left and right inverse to tensoring with
( pl)*v_l, and hence the above map also acts as a unit exhibiting (p2)1: Spy.x —
Spy as right adjoint to (p1)*v ® (p2)*(—) = v X (—). We consequently obtain a
canonical equivalence

hom® (v, —) ~ (p2)1(—)

of functors Spy,x — Spx. Evaluating at A& for some spherical fibration & we
obtain a canonical equivalence

Dg () =~ hom™ (v, A1) = (p2)AE ~ &, (110)

In other words, for every spherical fibration £ on X, the &-twisted duality switches
between £ and v. Taking £ = v we then get

D,(v) = v,

that is, v is equivalent to its own v-twisted dual. We now claim that this equivalence
is induced by a canonical Poincaré form ¢ € Q°°¢}(v). To see this, note that by
Remark 4.4.10 and the equivalence (110) we have a C;-equivariant equivalence

Bs (v, v) > Bg(Dsy (Sx), Ds, (Sx)) =~ Coéi)I(IlS ®s S ®s & ~ co;i}x(n & = né,

where the Cy-action on the third term is by switching the two S factors, and the
Cs-action on the last two terms is trivial. In particular, the Cy-action on Bg (v, v) is
equivalent to a constant action. Taking & = v we then obtain:

Corollary 4.4.19 The equivalence v — D, v constructed above canonically refines
to a self-dual equivalence, yielding in particular a symmetric Poincaré form qg €
Q5 (v) = B, (v, V)2,

We would like to lift the symmetric form g from ?5 (v) to a visible form g, € ?7.
For this, we note that by using the second formula in Remark 4.4.10 we obtain an
equivalence

homy (v, &) >~ A;(Dsy (Sx)) = né,

and so we can write the pullback square defining the visible Poincaré structure evalu-
ated at v as
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ROW) —— né

l |

(&) — (&)

where the C,-fixed points and Tate construction are performed with respect to the
trivial action on ré, and the right vertical map is given by the composite rné —
(n&)PC2 — (r£)C2, Taking again & = v we then obtain:

Corollary 4.4.20 Then the symmetric Poincaré form of Corollary 4.4.19 canonically
lifts to a visible Poincaré form q, € ) (v).

The Poincaré object (v, gv) € Pn(Sp%, ?)) is called the visible signature of the
Poincaré duality space X.

Remark 4.4.21 Since X is finite any spherical fibration & is a finite colimit & =~
colimycx x1&y, and hence belongs to Spg(. It then follows that the visible signature
(v, gv) is naturally a Poincaré object in (Spt, 9;).

5 Monoidal structures and multiplicativity

In this section we will show that the tensor product of stable co-categories refines to
give symmetric monoidal structures on the co-categories Catgo and Cat5,. We give a
careful analysis of algebra objects in Catb,, and use it to show that many examples
of interest, such as the symmetric and genuine symmetric Poincaré structures on
perfect derived categories of commutative rings, admit such an algebra structure. The
significance of this fact is that for an algebra object in Cat,, the L-groups and the
Grothendieck-Witt group inherit the structure of rings. We will show in Paper [4] that
this phenomenon extends to an E.-structure on the level of Grothendieck-Witt- and
L-theory spectra, a structure which plays a key role in the study of these invariants in
the commutative setting.

This section is organized as follows. In Sect. 5.1 we define the tensor product of
hermitian and Poincaré oo-categories and give a formula for the linear and bilinear
parts of the hermitian structure on the tensor product in term of the linear and bilinear
parts of the individual terms. In Sect. 5.2 we show that this operation organizes into
a symmetric monoidal structure on the co-categories Catgo and Catb;, such that the
forgetful functors Cats, — Cat? — Cat® are symmetric monoidal. In Sect. 5.3
we analyse what it means for a hermitian or Poincaré oo-category to be an algebra
with respect to this structure, and use this analysis in Sect. 5.4 in order to identify
various examples of interest of symmetric monoidal Poincaré co-categories. Finally, in
Sect. 7.5 we show that the Grothendieck-Witt group and zero’th L-group are symmetric
monoidal functors on Cat2,, and hence their values on a given symmetric monoidal
Poincaré oo-category are rings. Similarly, we show that in this case the collection of
all L-groups acquires the structure of a graded-commutative ring.
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5.1 Tensor products of hermitian oo-categories

In this first part we define the tensor product of hermitian co-categories on the level of
objects and show that the tensor product of Poincaré oo-categories is again Poincaré.
We begin by recalling the tensor product of stable co-categories due to Lurie.

Construction 5.1.1 Applying the construction of [47, §4.8.1] with respect to the collec-
tion /C of finite simplicial sets yields a symmetric monoidal structure on the co-category
Caty, whose objects are small co-categories with finite colimits and whose mor-
phisms are functors which preserve finite colimits. For a pair of co-categories with
finite colimits C and C’, their tensor product C @ C’ € Cat’s is equipped with a func-
tor C x C' — C ® C’ which preserves finite colimits in each variable, and is initial
with this property. Now the oo-category Caty embeds fully-faithful in Cat’y', and is
furthermore a reflective subcategory: a left adjoint to the inclusion CatSy C Catyy is
given by tensoring with Sp. To see this, observe that for an co-category C with finite
colimits, the tensor product of C and Spf yields an oco-category with finite colimits
C ® Sp' e Cat'* which is a module over Sp'. Since 0 € Sp' is a self-dual object
it acts via a self-adjoint functor and hence C ® Sptis pointed. In addition, since the
object =S € Sp' is invertible we get that suspension is invertible on C ® Sp and so
the latter is furthermore stable. To see that this operation gives a left adjoint to the
inclusion CatZl € Caty* we note that for every stable co-category D the restriction
functor

Fun™*(C ® Sp', D) = Fun™*(C, Fun™*(Spf, D)) = Fun™*(C, Fun®* (Sp', D)) — Fun™*(C, D)

is an equivalence by Lemma 4.1.2. It then follows from [47, Proposition 4.1.7.4] that
the symmetric monoidal structure ® descends to CatZ} . In particular, the unit of CatS is
given by Sp', and if C, C’ are stable then C®C’ is universal among stable oo-categories
receiving a bilinear functor 8: C x C’ — C ®(C’: given a stable co-category D, restric-
tion along B induces an equivalence between the co-category of exact functors from
C ® C' — D and the oco-category of bilinear functors C x C' — D. We will refer
to Exo-algebra objects in (Cat®)® as stably symmetric monoidal co-categories. Con-
cretely, this means a symmetric monoidal co-category whose underlying co-category
is stable and the tensor product is exact in each variable.

We now refine this construction to the level of hermitian co-categories.

Construction 5.1.2 For a pair of hermitian co-categories (C, ?) and (C’, 2'), we define
their tensor product

C.9RC,Y:=Cecl.2e?)

to be the hermitian co-category whose underlying stable co-category is the tensor
product of the underlying stable co-categories, and whose hermitian structure

PR :=PBeX?): CPRCP - Sp
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is obtained by applying the 2-excisive approximation functor of Construction 1.1.26
to the left Kan extension along 8: C x C' — C ® C’ of the ‘external’ tensor product

QR P x ' 2, 5 5p B sp.

Here we note that 8,(? X ?’) is already reduced since 2 X ¢’ is reduced and 8 preserve
zero objects, and so Construction 1.1.26 is applicable to it.

Note that the tensor product (C,?) ® (C',?) = (C ® (', ? ® ¢') carries by design
a similar universal property to the tensor product C ® C’ of stable co-categories: for
any hermitian oco-category (C”, ?”), maps from the tensor product (C,?) ® (C',?)
to (C”, Q") correspond to bilinear maps b: C x C' — C” together with a natural
transformation ® X1 ¢ — 5*?”, i.e. a natural transformation in the square

CoP x ' 2% 5p « Sp

b / ls

cror 2 Sp.

Our next goal is to identify the linear and bilinear parts of the hermitian structure
on (C,?) ® (C’, ?) in more explicit terms. To this end, let A¢, A¢r denote the linear
parts and Be, Be' the bilinear parts of the hermitian structures Q and ¢’, respectively.
The functor

AoxAgr

Ao X Agr: CP x C'P Sp x Sp 8 Sp

is then bilinear, and therefore extends along 8 to a linear functor A9 ® A¢: CP? ®
C’°P — Sp in an essentially unique manner. Similarly, the multilinear functor

BoxBos
Bo X Bg/: CP x CP x C'°P x C'°P ikl Sp x Sp 8 Sp
extends to a bilinear functor
Be ® By: (CP @ C'P) x (CP ® C'P) — Sp.

The symmetric structures of B¢ and B¢s then determine a C,-fixed structure on BoXBer
with respect to the Cp-action which permutes the two C°P-coordinates and the two C'°P-
coordinates. This structure then descends to a symmetric structure on Be ® Bes by its
universal characterization.

Proposition 5.1.3 For hermitian oo-categories (C, ), (C', Q') there is a canonical
pullback square

QY — 5 Ao ® Ay

! | (111)

[Be ®Be)2]"? — [(Be ® Bg)A]?
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of functors C°P @ C'°°? — Sp. In particular the linear part of @ ® ¢ is given by
Ao ® Ag¢r and its symmetric bilinear part by Be ® Bor.

Proof By definition the functor 2 ® ¢ = P, 8/(? K ?') is characterized by the fact that
for every quadratic functor ¢”: C°? ® C'® — Sp the natural map

Nat(@ ® ¢, 9") — Nat(? K ¢, g*¢”)

is an equivalence. Using this universal mapping property the commutative square (111)
is then obtained from the external square in the diagram

QX ¢ Ao R Agr

l l

[Be)2]"? B[(Be)2]"? — [(Bo)A] B [(Be)?]

l l

[(Be ®Bg)A]"? — 5 [(Be ®Bg)*]

tCy
tCy

where the top square is obtained by taking the external product of the classifying
squares of ? and @/, and the bottom square witnesses the lax symmetric monoidal
structure of the homotopy fixed points functor and the projection to the Tate construc-
tion. To show that the resulting square (111) is a pullback square we need to show that
the induced map

Nat ((AQ ® Ag¢r) X[(Be®@Bgr)A1C2 [(Be® BQ/)A]hCZ, 9”) — Nat(? X ¢, g*9")
(112)

is an equivalence for any quadratic functor 9”. Let us analyse both sides of the map
(112). We start with the following claim (see Sect. 1.3 for the terminology of homo-
geneous and cohomogeneous and their basic properties):

Claim 1: Nat(? X ¢, 8*9”) = 0 if either Q is exact and ?” is cohomogeneous
or ? is homogeneous and 9" is exact.

To see this claim we note that for a fixed object ¢’ € C’ we have that the space of
natural transformations

Nat(Q(—) ® 2'(c¢"), ?"(B(=, "))

(natural in (—)) vanishes under these assumptions since the left hand functor is exact
(resp. homogeneous) and the right hand functor is cohomogeneous (resp. exact). But
the space Nat(? X1 ', 8*9”) can be written as a limit of these spaces over the twisted
arrow category of C’ so that the claim follows. We also have the following claim

Claim 2: Nat ((AQ ® Ag¢r) X[(Be®Bg)A1C2 [(Be ® Bo)A 12, Q”) = 0 if either
? is exact and ?” is cohomogeneous or ? is homogeneous and ?” is exact.
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which follows by the same argument as above since under the assumptions the pullback
is either A¢ ® Ag or [(Be ® Bo)2Inc, -

Together the last two claims show that the map (111) is an equivalence under the
assumption that either @ is exact and ?” is cohomogeneous or ¢ is homogeneous and
?” is exact. Now 2 can be fit in an exact sequence between a homogeneous functor
and an exact functor, and 9" can be fit in an exact sequence between an exact and a
cohomogeneous functors. Since both sides of (111) are natural and exact in 2, 2" and
Q" we can thus assume without loss of generality that @ and 9" are both exact or Q is
homogeneous and ?” is cohomogeneous. Since everything is symmetric in ¢ and ¢’
we can also make the same reduction in this variable so that we only need to show the
fact that (111) is a pullback under the following assumptions:

Claim 3: Either all three functors ?, ¢’, ?” are exact or Q and 9’ are homogeneous
and ?” is cohomogeneous.

In the first case the statement unwinds to the universal property of C ® C’ and in the
second case it unwinds (also using the universal property) to the statement that maps
from a homogeneous functor to a cohomogeneous functor are equivalent to maps
between the associated symmetric bilinear functors. O

Corollary 5.1.4 If (C, Q) and (C', ®') are Poincaré with duality functors D¢, Des then
C, DR, ) is Poincaré with duality functor Dg ® D¢/ : (CQC')°P = CPR(C'P —
CC.

Proof We get from Proposition 5.1.3 that the cross effect of the quadratic functor on
C ® (' is given by Be ® Bg/, which coincides with the left Kan extension of B X Be/
along the map

B x B: (CP x C'P) x (CP x C"P) — (C°P ® C'°P) x (C°P ® C'°P),
where
[Bo ®Bo/1(x,x’, y,y") = Bo(x,y) ® Be/(x', y') = home (x, Dgy) ® home/ (x, Do/ y').

We want to show that this is represented by the functor D¢ ® Der. Now the left Kan
extension along § x 8 can be computed by composing left Kan extensions along 8 x id
and id x 8. Then for y € C, y’ € C’ we then have

[(B x id)Be K Bollcae x(yixiy) = Bi[Be(—, ¥) @ Ber(—, y)] =
Bi[hom¢ (—, Dey) ® home: (—, Dery’)] = homeger (—, Doy ® Dery'),
and the left Kan extension along 8 of the functor (y, y’) + Doy ® De¢/y’ is De ® Degr.
O

Proposition 5.1.5 Recall the universal Poincaré oo-category (Sp', ") of Sect. 4.1.
Then we have a natural equivalence

(€, 9 Sph, ™ ~ (.9

for (C,9) € Catl.
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Proof We first note that Sp' is the unit with respect to the tensor product of stable
oo-categories (see Construction 5.1.1), and that (Sp")°P ~ Sp' through Spanier—
Whitehead duality. By definition, the linear part of 9*: (Sp')°P — Sp is Spanier—
Whitehead duality D and the bilinear part is the composite

(SpHP x (SpHor 25 (Sphor 2 Spf,

which also corresponds to Spanier Whitehead duality (Sp")°P — Sp under the equiv-
alence (SpH)°P® (Sp")°P ~ (Sp)°P. Now using Proposition 5.1.3 the claim is reduced
to the statement that for any exact functor A : C°? — Sp the functor

CP = (C®SpH® = P @ (SpHP 222 spesp 2 sp

is equivalent to A. Indeed, the composite C°P = (C ® Sp!)°P — C°P @ (Sp!)°P sends
ceCPtoc®S. O

Example 5.1.6 Let A, B be E;-ring spectra equipped with modules with genuine invo-
lutions (M4, Na, o) and (Mg, Np, B) respectively (see Sect. 3.2). As discussed in the
proof of Theorem 3.3.1, it follows from [47, Theorem 4.8.5.16 and Remark 4.8.5.19]
that the exact functor

Mod!; ® Mod}; — Mod',g_p. (113)

induced by the bilinear functor (X, ¥Y) — X ® Y, yields an equivalence Mods ®s,

Modp > Mod A®gB upon passing to Ind-categories, where ® s, denotes the tensor
product of stable presentable co-categories. In particular, the functor (113) is neces-
sarily a dense full inclusion, which is therefore an equivalence since its image contains
A ® B and its target contains no proper stable subcategories with that property. More
generally, given subgroups ¢ € Ko(Mod%) and d € Ko(Mod$) we obtain an equiv-
alence

Mod¢, ® Mod?, = Mod} s, 5
where e C Ko(Mod% ®s ) is the image of ¢ ® d under the induced map Ko(Mod%) ®
Ko(Mod}) — Ko(Mod9 ®s 5)- We note that in general e might fail to be all of

K()(M()d‘;{®S g)» even if ¢ and d are all of Ko(Mod%) and Ko(Mod%), respectively.
It then follows from Proposition 5.1.3 that

(ModS,, 95,) ® (Mod%, 2 ) =~ (Mod . ¥rm 1)

where the reference map on the right hand side is the composite
o« ® B: Na® Ng — My @5 My* — (Ma @5 Mp)',

obtained using the lax monoidal structure of the Tate construction.
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5.2 Construction of the symmetric monoidal structure

In this section we will show that the notion of tensor product constructed in Sect. 5.1
above can be enhanced to symmetric monoidal structures on CatgO and on Cat®,. The
construction is somewhat technical and can be skipped on a first read.

Construction 5.2.1 For an oo-category D we will denote by
(Cato) /yp — Cateo
the cartesian fibration classified by the functor
Cat® — Cate C+— Fun(C, D).

We will refer to (Cateo),/p as the lax slice over D. The objects of (Cateo),//p are
given by functors C — D and the morphisms by diagrams

filled by a non-invertible 2-cell p = gf. The actual slice (Cat)p is a non-full
subcategory of (Cat),/p which contains all objects but only those 1-morphisms for
which the natural transformation p = ¢f is an equivalence.

Remark 5.2.2 The co-category (Cat)//p can be characterized by the following uni-
versal mapping property: the data of a functor from & to (Catx)//p is equivalent to
the data of a diagram in Cat, of the form

C — D
r| (114)
£

with p a cocartesian fibration. In this description functors from £ to the actual
slice (Cate),;p correspond to diagrams as above where the functor C — D send
p-cocartesian lifts to equivalences in D. This description also uniquely determines
(Cato)//p since it describes the represented functor Ho(Cat)P — Set.

Lemma 5.2.3 Let D be a symmetric monoidal co-category. Then (Cateo) //p admits a
symmetric monoidal refinement (Catoo)%p with the following properties:

i) The tensor product of f: C — D and g: C' — D in (Cate)//p is given by the
composite

cxc 4 pxp 8D
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and the tensor unit by the functor pt — D corresponding to the tensor unit of D.
ii) The forgetful functor (Catx),/p — Catoo admits a symmetric monoidal refine-
ment (Catoo)@}p — Cat, with respect to the cartesian symmetric monoidal
structure on Catoo.
iii) For any oo-operad O%, the space of O-algebras in (Catoo)%p is naturally equiv-
alent to the space of diagrams of co-operads

c® — D®
|

O®

where p is a cocartesian fibration of co-operads (see [47, Definition 2.1.2.13]). In
other words, a pair consisting of an O-monoidal co-category C together with a lax
O-monoidal functor from C to D, where the latter is consider as an O-monoidal
oo-category by pullback along the terminal map of co-operads O — Exo.

Remark 5.2.4 Property iii) of Lemma 5.2.3 determines the symmetric monoidal oo-
category (Catoo)%p uniquely. Indeed, a symmetric monoidal co-category is uniquely
determined by its underlying co-operad, and Property iii) determines the functor

Ho(Op,,)®® — Set

represented by the underlying co-operad (Catoo)%p. One can in fact show that the first
two properties of the lemma are direct consequences of the third (see the arguments
in the proof of Lemma 5.2.3 below).

Proof of Lemma 5.2.3 For a fixed symmetric monoidal co-category D with underlying
oo-operad D®, we consider the co-category X’ whose objects are given by diagrams
of co-operads of the form

c® s D®

”l (115)
O®

where p is a cocartesian fibration of co-operads. The morphisms in X are those maps of
such diagrams which are the identity on D® and preserve p-cocartesian arrows in the
C® component. Projecting to the O®-component defines a functor X — Op,, which
is a cartesian fibration classified by some functor Opgs — Catq,. Postcomposing the
latter with the groupoid core functor we obtain a functor

q:Op - S

sending an oo-operad O to the space consisting of pairs of a cocartesian fibration
p: C® — O of co-operads together with a map C® — D® of oo-operads. We now
claim that the functor ¢ is representable by an co-operad. To see this we use that Op,
is a presentable co-category by [47, Section 2.1.4] so that we have to check that the
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functor g preserves limits by [43, Proposition 5.5.2.2]. This can be seen as follows: a
cocartesian fibration C® — O® = colim; (’);8 over a colimit of co-operads is classified
by a map of co-operads x : colim; (915® — Cat} where Cat} is equipped with the
structure of an oo-operad induced by the cartesian symmetric monoidal structure on
Cats (see [47, Remark 2.4.2.6]). The space of such functors is thus a limit of the
spaces of maps of oo-operads ; : (’)f@ — Cat,. In particular the space of cocartesian
fibrations over colim; (’)i® is the limit of the spaces of cocartesian fibrations over (’);.8 .
In addition, for every cocartesian fibration C® — (O® of co-operads the natural map

colimC® — C® (116)

1

is an equivalence of co-operads, where CZ® =C%® xpo (9? is the corresponding fibre
product (computed in Op,,). This follows from the fact that the functor

C® xpo —: (Opy) 08 — (Opyy) 00

commutes with colimits of co-operads since it has a right adjoint given by the relative
Day convolution Fun® (C, —)®, see [47, Construction 2.2.6.7 and Remark 2.2.6.8].
The colimit description of (116) then implies that the space of maps C® — D®
of oco-operads is given by the limit of the space of maps Ci® — D®. Together this
shows that the functor g preserves limits and is thus representable. We denote the
representing object by (Cat2) /D~ We note that by Remark 5.2.2 the underlying oo-
category ((Cat®), /D)<1> identifies with (Catso),/p; indeed, when O® is the image
of an oco-category £ under the full inclusion Cato, € Op,,, the data of a diagram as
in (115) with p a cocartesian fibration of co-operads reduces to that of a diagram of the
form (114), with p a cocartesian fibration of co-categories. To show (Catg%) //Disa
symmetric monoidal structure on (Cats) //p we will need a more explicit description
of the multi-mapping spaces in (Cat%)) //D-

Let C,, (sometimes called the n-corolla) be the co-operad freely generated by a
single n-ary operation x, ..., X, — x with colours x1, ..., x, and x.! The space of
maps C® — (Cat®) //D is then by the defining property of (Cat®) /D the classifying
space of pairs of a C,,-monoidal co-category C and a lax C,,-monoidal functor C — D.
As the oo-operad Cy, is free a C,,-monoidal co-category is simply given by a sequence

{C1, ..., Cy; C} of co-categories together with a functor «: C; x ... x C, — C, and
a lax C,-monoidal functor from this to D corresponds to a collection of functors
{fi:Ct = D,..., fu: C, = D; f: C — D} together with a transformation in the
square
Cix...xCy M) Dx...xD
Je <, le
C > D.

! This is in fact the nerve of an ordinary operad which can for example be seen using the theory of dendroidal
sets, but we shall not need this fact here.
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As aresult we find that the corresponding multi-mapping space, which can be identified
with the pullback

Mul iy, (fie - fui f) — Mapoy_ (Ca. (Cat@,)p) Tl Ve

| !

oo fon ) .
pt ——= 5 [T, Mapop, (T1iv®, (Catd) /p) .

is given by the spaces of maps in (Cat),/p from the object

®

Sy xD&D (117)

Cix...xCy

to the object f: C — D. In particular, this multi-mapping space is corepresented by
the object (117) and so the co-operad (Catoo)%p is corepresentable in the sense of

[47, Definition 6.2.4.3], that is, the functor (Catoo)%p — Fin, is alocally cocartesian

fibration. To see that it is actually cocartesian, i.e. (Catoo)% p is symmetric monoidal,
we have to additionally verify that the induced maps from [47, Example 6.2.4.9] are
equivalences. This is however clear in the case at hand.

Finally, let us verify that (Catoo)%p satisfies the required Properties 1)-iii). Indeed,
Property iii) is satisfied by construction and Property i) follows from the explicit
description of multi-mapping spaces above. To prove Property ii) we note that the co-
operad Cat}, represents the functor Op2 — S which sends an co-operad O® to the
space of cocartesian fibrations £%¥ — O (this follows from [47, Remark 2.4.2.6]).
The functor (Cat)//p — Catoo which forgets the map refines to a transformation of
represented functors Opas — S (again given by forgetting the map to D®). Thus we
get a lax symmetric monoidal structure on the functor (Cateo),/p — Cateo and by
the description of the tensor product given above it follows that this functor is actually
symmetric monoidal as opposed to merely lax symmetric monoidal. O

Remark 5.2.5 Itisalso possible to give a direct construction of the symmetric monoidal
oo-category (Catm)%D as follows. Let LaxAr € (Catoo) /51 be the full subcategory

spanned by the cartesian fibrations M — A'. We note that such a cartesian fibration
encodes the data of an functor (A!)°P — Cate, corresponding to an arrow M| —
My in Cateo, where M; = M x 1 Al} is the fibre of M over i € {0, 1}. By
definition the morphisms in LaxAr(Cat) simply correspond to functors M — M’
over A!, and these are not required to preserve cartesian edges. As a result, morphisms
in LaxAr correspond to lax natural transformations of arrows, that is, to squares which
commute up to a specified transformation. We then endow LaxAr with the cartesian
monoidal structure LaxAr*, which is simply given by fibre product over A! (since
cartesian fibrations are closed under fibre products) and we define (Catwo),/p to be
the fibre of the functor

fo: LaxAr(Cats) — Catyy [M — A M
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over D. Since fj is product preserving and D is an E,-monoid object in Cat, the fibre
(Cato) //p inherits a symmetric monoidal structure, which we denote by (Catoo)?/p.

We now claim that the underlying co-operad of (Catog)%D represents the same functor
described in Property iii), and hence identifies with the construction given above. To
see this, let us first identify the functor represented by LaxAr™. For O an co-operad,
O-algebra objects in LaxAr* correspond to O-monoids, which are simply functors
O® — LaxAr in which certain diagrams are cartesian. But the co-category of functors
O® — LaxAr embeds in the co-category of functors O® — (Cate) /al>and the latter
correspond via unstraightening to cocartesian fibrations p: & — O® equipped with a
map £ — A which sends p-cocartesian edges to equivalences. The condition that the
associated functor O® — (Catso) /Al lands in LaxAr corresponds in these terms to the
condition that for every x in O® the restricted map £ — A! is a cartesian fibration.
By the dual of [43, Corollary 4.3.1.15], this is equivalent to saying that £ — Al isa
cartesian fibration whose cartesian edges all map to equivalences in O®. Straightening
over A!, this data is equivalent to that of a map £ — & of co-categories over O®
such that the maps & — O® and & — O® are cocartesian fibrations. The monoid
condition is then equivalent to the condition that for i = 0, 1 the cocartesian fibration
& — OP exhibits & as an O-monoidal co-category and that the functor £ — &
preserves inert maps. We hence get that the data of an (O-algebra object in LaxAr™ is
equivalent to that of a pair of O-monoidal co-categories &, &1 equipped with a lax
O-monoidal functor £ — &p. We may then conclude that the data of an (O-algebra
object in (Catw)//p is equivalent to that of an O-monoidal oo-category &1 equipped
with a lax @-monoidal functor &, — D.

We will now apply the construction of Lemma 5.2.3 to the category D = Sp of
spectra, equipped with its symmetric monoidal structure given by the tensor product
of spectra, and form the pullback along the autoequivalence (—)°P: Cato, — Catno.
More precisely we define a symmetric monoidal co-category ((Catoo)op / /3,,)® as the
pullback

((Catoo)opy/sp)® — ((Catoo)ys5p)®

l l

C X (=) X
atoo T> Catoo

Objects of this symmetric monoidal co-category are given by pairs (C, ?) consisting
of an oo-category C and a functor ?: C°? — Sp. Morphisms

(Cla 91) ® e ® (Cl’h Ql’l) - (C/’ Q/)
in ((Catoo)op//gl,,)® are given by pairs (f, 1) of a functor f: C; x ... xC, — C' and

a natural transformation : 9 X ... X Q, = ¢’ o f°P. This description also holds for
n=0.
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Construction 5.2.6 We define the co-operad (Catgo)® as the suboperad of
((Catoo)op//gp)® spanned by those objects ((Cy, 21), ..., (Cu, %))

€ ((Catoo)op / /5,,)® such that each C; is stable and each ; is quadratic, and those maps
(f, n) as above such that f: C; x ... x C, — (' is exact in each variable.

We note that the underlying oco-category of (Catgo)® is indeed given by CatgO
since it is, essentially by definition, the Grothendieck construction of the functor
C +— Fun4(C) which is a subcategory of the lax slice (Cateo)op//Sp-

By definition we have that the composed lax symmetric monoidal functor
®
(Cath))® — ((Catoo)opy/sp)” — Catll
factors through the suboperad
(Cath )® — (Cat™)® C CatX

spanned by the tuples of stable oo-categories and tuples of functors which are exact
in each variable.

Theorem 5.2.7 i) The cc-operad (Catgo)® is symmetric monoidal with tensor prod-
uct given by the tensor product of Construction 5.1.2 and tensor unit given by
(Sp*, .

ii) The resulting map p®: (Catgo)‘g’ — (Cat)® is a cocartesian fibration of co-
operads and in particular a symmetric monoidal functor.

iii) This symmetric monoidal structure on Catgo restricts to a symmetric monoidal
structure on the subcategory Cat.

Proof By design, the hermitian co-category (C1, ?1) ® (C2, ?2) of Construction 5.1.2
corepresents the binary multi-mapping space functor

Mulgn ((C1, 1), (C2, £2); —) - Catl, — S.

Similarly, the object (Sp, @") corepresents the nullary operations
Mul,p (% ) @ Caty, — S

since the morphisms (pt, S) — (Sp', 9V) exhibits the target as the initial hermitian co-
category under (pt, S) by Proposition 4.1.3. These constructions thus produce locally
cocartesian lifts for the active arrows (0) — (1) and (2) — (1), and more generally
for every active arrow «: (n) — (m) whose fibres are of size < 2. Since the latter
generate all maps in Com, to prove i) it will now suffice to show that these locally
cocartesian lifts are cocartesian. Taking into account the decomposition of mapping
spaces in co-operads it will be enough to verify that the induced maps

Mulc,n ((€1,91) ® (€2, 92), (C3,93), -+, (G )i =) = Muln (€1, 21 o, ) =)
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and
Mule,n (<3Pf’ 2", (€1, 21); -+, (Cn, ) —) = Mule,n (€1.90). .. Cn. %)i —)

are equivalences of functors CatgO — S§. We will give the argument for the first
assertion, the second works similar. The first assertion unwinds to the statement that
natural transformations from the functor

P RN)YKUK...KQ: (C1RC) xC3x...xC, —> Sp

to any functor (C; ® C3) X C3 X ... x C, — Sp pulled back from a quadratic functor
C1 ®...Q®C, — Sp are equivalent to natural transformations from

QNHRBX...KP:Ci xCxC3x...xC, > Sp

to the restriction of the same functor. After fixing objects x3 € C3, x4 € Cy4, ... it is
certainly true that the space of natural transformations between the restricted functors
along

CI®C) = C1®C) xC3x...xCy (x1 ® x2) = ((x1 ® x2), X3, ..., Xp)
CilxCh—=CixChxCyx...xCy (x1, x2) = (X1, %2, X3, ..., Xn)

agree by the universal properties of left Kan extension g and 2-excisive approximation
P>. The claim then follows since the space of transformations is a limit over these
restricted spaces.

To see ii) first observe that the operad map p®: (Catl )® — (Cat)® preserves
cocartesian edges, as is visible by the explicit formula for the tensor product above.
In particular, it is a symmetric monoidal functor. Since the functor on underlying
oo-categories p: Cath, — Cat® is a cocartesian fibration by Corollary 1.4.2 it
now follows from [43, Proposition 2.4.2.11] that p® is a locally cocartesian fibra-
tion. To show that p® is a cocartesian fibration one needs to additionally verify
that for every arrow in a: (n) — (m) in Com®, the associated transition func-

tor oy: (C.'cltgo)%fl> — (Catgo)(a> sends locally p‘a)-cocartesian edges to locally

p‘(}?n)—cocartesian edges (indeed, by the explicit description of locally p®-cocartesian

edges provided in [43, Proposition 2.4.2.11], this would imply that these are closed
under composition, and are hence all p®-cocartesian by [43, Proposition 2.4.2.8]).
Unwinding the definitions and using Corollary 1.4.2 we observe that this statement is
straightforward when « is inert, and for « active amounts to verifying that for every
commutative square of the form

S1X X [y
C;X..xC, —— D x..xD,

b b

C ®...®cnfM”Dl ®..Q D,
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and every collection of quadratic functors ¢; € Fun4(C;), the natural map
(1@ ® fu) P2 K-+ - W] — P2 /1121 B - - I £ 2]

is an equivalence. Since f; ® - - - ® f, is exact, restriction along it preserves quadratic
functors and hence left Kan extension along it commutes with P>. We may conse-
quently identify the above map with the image under P, 8 of the map

(fllglgfn)'[gllglggn]_) fl!gllg"'lenlgn-

The latter is then easily seen to be an equivalence by the pointwise formula for left
Kan extension and the fact that tensor products of spectra commute with colimits in
each variable.

For Assertion iii) about CatS, since every equivalence between Poincaré oo-
categories belongs to Catd, it suffice to check that the tensor product of (Catgo)®
preserves Poincaré oco-categories, which is Corollary 5.1.4, and that the tensor unit
(Spf, Q") is Poincaré, which was already observed in Example 1.2.15. O

Corollary 5.2.8 The functors Pn: Cat}, — S and He: Cat, — S admit canonical
lax symmetric monoidal structures.

Proof By Theorem 5.2.7 and Proposition 4.1.3 both of these functors are corepre-
sented by the respective tensor units, so that the result immediately follows from [52,
Corollary 3.10]. O

We now point out that both
(Catl)® < (Catly)® — ((Catoo)opy/sp)”
are subcategory inclusions, and hence induce subcategory inclusions
Algp(Cathy) = Algy(Catlh)) — Algp ((Catos)op//sp) (118)
on the level of algebras for every co-operad O. By Lemma 5.2.3 an (J-algebra in
((Catoo)op / /8p)® consists of an O-monoidal co-category C equipped with a lax O-

monoidal functor 2: C°? — Sp. By construction, such an (J-algebra belongs to the
essential image of Alg (Catgo) if and only if the following conditions hold:

i) forevery colour ¢t € O the corresponding co-category C; is stable and the functor
Q: C;? — Sp is quadratic;
ii) for every multi-map «: {t1, ..., t,} — t’ in O the induced functor

ax: Cy X ... xCp — Cy

is exact in each variable.
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In addition, such an O-algebra is further in the essential image of Alg@(Catgo) if and
only if for every colour t € O, the corresponding hermitian co-category (C;, ?;) is
Poincaré, and for every multi-map «: {t{,...,,} — ¢ in O and each tuple x| €
Ciy, ..., x, €C, of objects the corresponding hermitian functor

Oy 2 (Ctla 91‘1) ® ... ® (Ctnv Qt,«,) - (Ct,? Qt’)

is Poincaré.

Notation 5.2.9 For an co-operad O, we will refer to O-algebra objects (C, ?) in Catl,
with respect to the symmetric monoidal structure of Theorem 5.2.7 as O-monoidal
hermitian co-categories, and similarly to O-algebra objects in Caty, as O- monoidal
Poincaré co-categories. We will then refer to the hermitian (resp. Poincaré) structure
Q as an O-monoidal hermitian (resp. Poincaré) structure. When O = Com we will
replace as customary the term O-monoidal by symmetric monoidal.

5.3 Day convolution of hermitian structures

In this section we will analyse in more explicit terms symmetric monoidal hermi-
tian and Poincaré structures over a fixed stably symmetric monoidal co-category C,
and show that they can be encoded in terms of their linear and bilinear parts. To this
end, recall that for two symmetric monoidal co-categories &£, D, there is an associ-
ated oo-operad Fun(€, D)® with underlying oco-category Fun(€, D), called the Day
convolution oo-operad, see [24], [47, §2.2.6], and [18] for the classical counterpart.
It is characterized by the following universal property: there is an evaluation map of
oo-operads

ev: £ Xome Fun(€, D)® — D®,

refining the usual evaluation map, such that for every oo-operad O®, the composed
map

evy

Algp(Fun(&, D)) — Algey.. 0(€ Xcom Fun(€, D)) — Alge, ... 0(D)

is an equivalence of oo-categories. Here, we may identify Alge, . o(D) =~
Algg . 0/0(D X com O) with the co-category of lax O-monoidal functors from € to
D, both considered as O-monoidal co-categories by pulling back along @ — Com.
In particular, for O® = Com® we get an equivalence between commutative alge-
bra objects in Fun(&, D) and lax symmetric monoidal functors £ — D. On the other
hand, taking O® to be the underlying oco-operad of a symmetric monoidal co-category
C, we get that lax symmetric monoidal functors C — Fun(&, D) correspond to lax
symmetric monoidal functors C x £ — D.

By [47, Corollary 2.2.6.12] the multi-mapping space in Fun(&, D)® from a col-
lection {¢;: &€ — Dl}i=1...n to ¥: E — D is given by the space of natural

,,,,,



10  Page 158 of 269 B. Calmes et al.

transformations in the square

E x x & DX Dy xD

of __— s
£ v

> D.

If £ is small, D admits small colimits, and the tensor product in D preserves small
colimits in each variable, then Fun(&, D)® is a symmetric monoidal co-category, with
tensor product 91 ® @2 : £ — D given by the left Kan extension of 1 K¢y: € X E —
D xD — Dalong £ x £ — & (see [47, Proposition 2.2.6.16]). Furthermore, in
this case Fun(&, D) admits small colimits and the Day convolution product preserves
small colimits in each variable [24, Lemma 2.13].

Remark 5.3.1 Comparing universal properties we see that if C, £ are small symmetric
monoidal co-categories and D is an co-category with small colimits which is endowed
with a symmetric monoidal structure which preserves colimits in each variable, then
there is a natural equivalence of symmetric monoidal co-categories

Fun(C x &€, D) ~ Fun(C, Fun(&, D)),

where the left hand side is equipped with the Day convolution structure, and the right
hand side with the twice nested Day convolution structure.

We now relate this concept to the constructions we made in the previous sections.
Given a small symmetric monoidal oco-category C, consider the pullback square of
oo-operads

Fun(C°, Sp)® —— Ew

| e

((Catoo)op//gp)® — Cat}

refining the pullback square of co-categories which identifies Fun(C°P, Sp) as the fibre
of the cartesian fibration (Catoo)op//sp — Cateo Over C € Caty,. We then have the
following:

Lemma5.3.2 Let C be a small stably symmetric monoidal co-category. Then the
oo-operad Fun(C°P, Sp) is a symmetric monoidal oo-category. Furthermore, we
may identify the symmetric monoidal structure on Fun(C°P, Sp) with Day convo-
lution. In particular, for an oco-operad O, the data of an O-algebra structure on
? € Fun(C°P, Sp) corresponds, naturally in O, to that of a lax O-monoidal refinement
of @, where C and Sp are considered as O-monoidal co-categories by pulling back
along O — Com.
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Remark 5.3.3 It follows from Lemma 5.3.2 that the tensor product of 2,9 €
Fun(C°P, Sp) is given by the left Kan extension of the functor X1¢": C°P x C°P? — Sp
along C°P x C°P — (C°P,

Proof Since ((Catoo)op / /D)® — Cat, is a cocartesian fibration it follows that
Fun(C°, Sp)® — E is also a cocartesian fibration, so that Fun(C°P, Sp)® is a sym-
metric monoidal co-category. By the description of algebra objects in ((Catoo)Op / /p)®
given in Lemma 5.2.3iii) and the fact that taking algebra objects is compatible with
limits of oo-operads we get that O-algebras in Fun(C°P, Sp)® are given by lax O-
monoidal functors C°P? — Sp, and this description is natural in O, which allows us to
identify the monoidal structure on Fun(C°P, Sp) with Day convolution. O

We now wish to understand in similar terms the hermitian context, in which one
considers guadratic functors C°® — Sp. For this, let us consider the setting of Day
convolution when the target D is a presentably symmetric monoidal oco-category,
that is, it is presentable and the tensor product preserves small colimits in each
variable. In this case, for a small co-category &, the functor category Fun(&, D)
is again presentably symmetric monoidal with respect to Day convolution. Sup-
pose now that Z = {p,: K; — &} is a small collection of diagrams in £. Let
Funz (&, D) C Fun(&, D) be the full subcategory spanned by those functors £ — D
which send every diagram in 7 to a limit diagram. We claim that Funz (&, D) is an
accessible localisation of Fun(&, D). Indeed, choose a small set of generators 7' for
D, and for o € 7 let us denote by p, = (p,)lk, the corresponding restriction. Then
forevery a € T and o € 7 the diagram p, induces a map

Soa colim jpd’ ® a — jpa(x) ®a,

where j: £ — Fun(&, S) is the Yoneda embedding and ® denotes the canonical
bifunctor Fun(€, §) x D — Fun(&, D) induced levelwise by the tensoring of the
presentable co-category D over spaces. Let S = {$q,q}aeT aer. We may then identify
Funz (&, D) C Fun(&, D) with the full subcategory spanned by the S-local objects.
Since S is a set it follows from [43, Proposition 5.5.4.15] that Funz (&, D) is also
presentable and its inclusion admits a left adjoint

L: Fun(&, D) — Funz (€, D).

We then have that L exhibits Funz (&, D) as the localisation of Fun(&, D) by the
set of maps S. Since L is a left adjoint functor we also refer to it as a left Bousfield
localisation.

We now consider the above setup in the context of Day convolution. Recall that
in general, a left Bousfield localisation functor L: A — B, with fully-faithful right
adjoint R: B — A, is said to be compatible with respect to a given symmetric
monoidal structure A® on A, if for every f: x — y in A such that L( f) is an equiva-
lence, and every z € A, the map L(z® f) is again an equivalence. By [47, Proposition
2.2.1.9] the co-category B then inherits a symmetric monoidal structure B%® such that
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L refines to a symmetric monoidal functor L®: A® — B® and R refines to a fully-
faithful inclusion of co-operads R® : B® — A®.In addition, the symmetric monoidal
functor L® exhibits B% as universal among symmetric monoidal co-categories receiv-
ing a symmetric monoidal functor from A which inverts the maps inverted by L.
Indeed, the symmetric monoidal functor L® must factor through such a symmet-
ric monoidal localisation by [47, Proposition 4.1.7.4], and the resulting comparison
between the two symmetric monoidal oco-categories under A® is an equivalence since
it is an equivalence on the level of underlying oco-categories. We will consequently
refer to L?® as a symmetric monoidal Bousfield localisation.

Lemma5.3.4 Given £,D and I be as above, let us denote by Funz (£, D)® C
Fun(&, D)® the full suboperad spanned by Fung(E, D). Suppose that T is closed
under post-composition with x ® (—): £ — & forevery x € &, that is, if py € T then
(x ® (=) o py is also in I. Then the left Bousfield localisation functor L is compat-
ible with Day convolution, and hence extends to a symmetric monoidal localisation
Bousfield localisation functor

L®: Fun(&, D)® — Fung(E, D)®.

In particular, Funz (€, D)® inherits a symmetric monoidal oo-category, universally
obtained from Fun(&, D) by inverting the set of maps S.

Remark 5.3.5 In the situation of Lemma 5.3.4, the tensor product ®7 in Funz (&, D)®
can be expressed in terms of the tensor product ®p,y in Fun(&, D) ® and the localisation
functor. Explicitly, the tensor product of ¢, ¥ € Funz (&, D) is given by L(¢ ®pay ¥).

Remark 5.3.6 In the situation of Lemma 5.3.4, since Day convolution preserves small
colimits in each variable and L preserves colimits it follows from Remark 5.3.5 that the
localised tensor product on Funz (€, D) also preserves small colimits in each variable.

Proof of Lemma 5.3.4 Let W be the collection of all maps in Fun(&, D) whose image
under L is an equivalence. We need to show that W is closed under Day convolution
against objects, that is, to show that for T € W and ¢ € Fun(&, D), we have that
T ®pay ¢ is again in W. By [43, Proposition 5.5.4.15] we have that W is generated as
a strongly saturated class by the set S = {sq 4} above, and so it will suffice to show
that S is closed under Day convolution against ¢ € Fun(€, D). Since Day convolution
preserves colimits in each variable we may as well check this for a generating set of
Fun(&, D). Such a generating set is given, for example, by the functors of the form
j(x)®a,forx € Eanda € T, where j is the Yoneda embedding as above. Since j is
symmetric monoidal ([24, §3] or [47, Corollary 4.8.1.12 and Remark 4.8.1.13]) and
using again that Day convolution preserves colimits in each variable, the closure of S
under Day convolution with these generators now follows from our condition that 7
is closed under post-composition with x ® (—) for every x € £. O
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We now apply the above ideas in the context of quadratic functors. For a given
stable co-category C, the co-category Fun4(C) sits in a diagram

Fun?(C) —— Fun(C°, Sp) —— A°

| | lc (119)

Cath, —— ((Catoo)op//sp)” — Catoo

in which all squares are pullbacks. We then refine this diagram to a diagram of oco-
operads

Fun4(C)® —— Fun(C°, Sp)® —— Ew

| ! lc (120)

(Cat?)® — ((Catog)op/sp)” — Cat®,

by extending the lower and right part and defining the co-operads Fun(CP, Sp)®,
Fun4(C)® as the respective pullbacks. Since taking algebra objects is compatible with
limits in the target it follows that for an co-operad O we have a pullback square

Algy(Fun(C)) —— {C}

l |

Algp(Cath)) —— Algo(Cato),

and so (-algebras in Fun(C) correspond to O-monoidal hermitian co-categories
refining the underlying O-monoidal oo-category of C. On the other hand, since
Fun4(C) C Fun(C°P, Sp) is a full inclusion and the monoidal structure on the lat-
ter identifies with Day convolution by Lemma 5.3.2, we may identify the data of an
O-algebra structure on a given quadratic functor 2: C°? — Sp with that of a lax
O-monoidal structure. We will refer to such ¢ as O-monoidal hermitian refinements
of C.

Corollary 5.3.7 Let C be a small stably symmetric monoidal oo-category. Then the full
inclusion of co-operads

Fun?(C)® C Fun(C, Sp)®

admits a symmetric monoidal left adjoint exhibiting Fund(C)® as a symmetric
monoidal localisation of Fun(CP, Sp)®. In particular, the oo-operad Fund(C)® is
a symmetric monoidal co-category.

Remark 5.3.8 It follows from Corollary 5.3.7 that the tensor productof 2, 9" € Fun4(C)
is given by their Day convolution followed by an application of the left adjoint to the
inclusion Fun4(C) € Fun(C°P, Sp). Since ?, ¢ are in particular reduced the result
of this left Kan extension is reduced and hence the left adjoint in question can be
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implemented via the 2-excisive approximation of Construction 1.1.26. Comparing this
description with Construction 5.1.2 we may equivalently describe the tensor product of
?, 92" € Fun4(C) as the left Kan extension of the quadratic functor ®?’" € Fun!(C®C)
along C°P @ C°P — C°P.

Proof of Corollary 5.3.7 This is a particular case of Lemma 5.3.4 since the condition
of being a quadratic functor is equivalent to that of being reduced and 2-excisive
(Proposition 1.1.13) which in turn can be formulated as sending a suitable set of
diagrams in C°P (consisting of the constant diagram on 0 and all strongly exact 3-
cubes) to limit diagrams. O

Our next goal is to understand the monoidal structure on Fund(C)® in terms
of decomposition into linear and bilinear components, as described in Corol-
lary 5.3.14 below. Towards this end, we begin with the following direct application of
Lemma 5.3.4:

Corollary 5.3.9 Let C be a small stably symmetric monoidal oco-category C. Then the
following holds:

i) The full suboperad Fun® (C°P, Sp)® C Fun(C°, Sp)® is a symmetric monoidal
localisation of the Day convolution product on Fun(C°P, Sp).

ii) The full suboperad Fun®(C)® C Fun(C x C°P, Sp)® is a symmetric monoidal
localisation of the Day convolution product on Fun(C°? x C°P, Sp).

Proof In case i) we apply Lemma 5.3.4 with respect to the collection of diagrams in
C°P consisting of the constant diagram on 0 and all exact squares. For ii) we apply
Lemma 5.3.4 with respect to the collection of diagrams in C°? x C°P consisting of
the constant diagrams on (x, 0) and (0, x) for all x € C°P and all squares of the form
{x} x o0 and o x {x} where o: Al x Al — CP is an exact square. o

Remark 5.3.10 As in Remark 5.3.5, the tensor product of A, A’ € Fun®*(C°P, Sp)
is obtained by taking their Day convolution A ®pay A’ and applying to it the left
adjoint to the inclusion Fun®*(C°P, Sp) € Fun(C°P, Sp). Similarly, in ii) the tensor
product of B, B’ € Fun®(C) is obtained by taking their Day convolution B ®pay B’
as functors C°P x C°? — Sp, and then applying to it the left adjoint to the inclusion
Fun®(C) € Fun(C° x C°P, Sp).

Remark 5.3.11 It follows from Remark 5.3.6 that the tensor products on Fun4(C),
Fun® (C°P, Sp) and Fun®(C) of Corollaries 5.3.7 and 5.3.9 all preserve small colimits
in each variable.

Combining Corollaries 5.3.7 and 5.3.9 we obtain

Corollary 5.3.12 The linear part functor A refines to a symmetric monoidal local-
isation functor

A?_): Fun4(C)® — Fun®™(C°?, Sp)®.



Hermitian K-theory for stable co-categories I: Foundations Page 163 of 269 10

We would like to establish a similar property for the bilinear part functor. To this
end, consider the commutative diagram

Fun®(C) — BiFun(C) — Fun,(C° x C°P, Sp) — Fun(C° x C°P, Sp)

l l l l

Fun4(C) — Fun,(€) =—— Fun,(C) ———— Fun(C)
(121)

in which the horizontal arrows are the relevant inclusions and the vertical arrows are
all induced by restriction along the diagonal C°? — C°P x C°P. An application of
Lemma 5.3.4 shows that all co-categories in this diagram inherit symmetric monoidal
structures from the Day convolution product on the functor co-categories in the right
most column, and such that all horizontal inclusions admit symmetric monoidal left
adjoints, which are also localisation functors. In addition, the right most vertical func-
tor, given by restriction along the diagonal C°? — C°P x C°P, admits a left adjoint via
the corresponding left Kan extension. Since the diagonal is symmetric monoidal, so is
the corresponding left Kan extension. In addition, since the diagonal admits itself a two
sided adjoint via the direct sum functor @ : C°P x C°P? — C°P this left Kan extension is
just given by restriction along . By the universal property of all the appearing locali-
sations it then follows that the vertical arrows in (121) admit symmetric monoidal left
adjoints and we consequently obtain a diagram of symmetric monoidal co-categories
and symmetric monoidal functors

Fun®(C)® <— BiFun(C)® <— Funy(C°P x C°P, 5p)® <— Fun(C°P x C°P, Sp)®

oo T 1 1 az)

Fun4(C)® ¢— Funy(C)® =——= Fun,(O)® ¢————— Fun(O)®

in which all horizontal functors are symmetric monoidal localisations and all vertical
functors are given by restriction along @: C°P x C°P? — C°P followed by the projection
to the relevant full subcategory of Fun, (C°P x C°P, Sp). In particular, the top middle
horizontal arrow in (122) is the bi-reduction functor of Lemma 1.1.3 and the second
from the left vertical functor in (122) is the cross-effect functor of Definition 1.1.4.
Since the cross-effect of any quadratic functor is bilinear this formula also holds for
the left most vertical arrow, that is, we may identify it with the bilinear part functor
B(_). Arguing as in the proof of Lemma 1.1.9 we see that this symmetric monoidal
refinement of B(_) is C-equivariant with respect to the flip action on Fun®(C)® and
the trivial action on Fun4(C)®, and consequently refines to a symmetric monoidal
functor

sz’_): Fun4(C)® — Fun®(C)®, (123)
where the target is endowed with the symmetric monoidal structure obtained by

taking the C,-fixed points of Fun®(C)® in the oo-category of symmetric monoidal
oo-categories.
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Now recall that the symmetric bilinear part functor
B(): Fun?(C) — Fun®(C)

is also a left Bousfield localisation functor, since it admits a fully-faithful right adjoint
(in fact, it admits fully-faithful adjoints from both sides). We now verify that the same
holds for its symmetric monoidal refinement just constructed:

Lemma 5.3.13 The symmetric monoidal functor (123) is a symmetric monoidal local-
isation functor.

Proof 1t will suffice to show that the localisation functor B(_) is compatible with the
symmetric monoidal structure (the resulting comparison between the corresponding
localisation and sz’_) is then necessarily an equivalence since it is an equivalence on
the level of underlying oco-categories). Now the maps that are sent to equivalences
by B(_) are exactly the maps whose cofibre is exact. Since left Kan extensions along
exact functors preserve exact functors (Lemma 1.4.1) it will suffice to show that if
9, 9" € Fun4(C) are such that ¢’ is exact then 2 ® " € Fun4(C ® C) (defined as in Con-
struction 5.1.2) is exact. Indeed, its bilinear part is B¢ ® B¢s = 0 by Proposition 5.1.3.

O

We now combine the symmetric monoidal structures of Corollaries 5.3.7 and 5.3.9
to enhance the classification of hermitian structures of Corollary 1.3.12 to a symmetric
monoidal one:

Corollary 5.3.14 (Monoidal classification of hermitian structures) The pullback square
of Corollary 1.3.12 refines to a pullback square in Op,

Fund(C)® 25 Ar(Fun®(CP, Sp))®
b | | (124)

Fun®(C)® —— Fun®*(C°P, Sp)®,

in which all corners are symmetric monoidal co-categories and the vertical functors
are symmetric monoidal. Here the left vertical arrow is (123), the bottom right corner
is endowed with the symmetric monoidal structure of Corollary 5.3.9, and the arrow
category carries the corresponding pointwise symmetric monoidal structure.

Concretely, this means that for a given co-operad O, the data of an (J-monoidal
hermitian refinement of a stably symmetric monoidal C can be identified with that of
atriple (B, A,a: A = [BA1C2) where B: C°P x C°? — Sp is a lax @-monoidal
symmetric bilinear functor, A: C°? — Sp is a lax O-monoidal exact functor, and
A = [BA]'2 is a lax @-monoidal transformation.

Proof of Corollary 5.3.14 Recall from Remark 1.3.7 that the pair of fully-faithful exact
functors

QS
Fun®(C) - Fun(C) < Fun®(C°P, Sp)
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form a stable recollement. We may then invoke the theory of monoidal recollements as
developed in [55] to promote our classification of hermitian structures to a monoidal
one. More precisely, combining Corollary 5.3.12 and Lemma 5.3.13 it follows that the
above stable recollement is symmetric monoidal in the sense of [55, Definition 1.19].
The symmetric monoidal refinement of the classification square is then a consequence
of [55, Proposition 1.26]. O

Recall from Definition 1.2.8 that for a given stable co-category C, the co-category
FunP (C) is the non-full subcategory of Fun4(C) consisting of the Poincaré structures on
C and the duality preserving natural transformations between them. We can refine this
inclusion to a (non-full) inclusion of co-operads by extending (120) to a commutative
diagram of oco-operads

FunP(C)® —— Fun4(C)® —— Fun(C°, Sp)® —— E

! ! ! e

(Catd)® —— (Cath))® —— ((Catoo)opy/sp)” — Cat.

in which all squares are pullbacks. For an oco-operad O, the data of an O-algebra
structure on a given Poincaré structure ¢ € FunP(C) then corresponds to that of an
O-monoidal structure on (C,?) € Catd, which refines the underlying O-monoidal
structure of C.

Construction 5.3.15 Applying Remark 5.3.1 and the uniqueness of localised symmet-
ric monoidal structures we deduce that the equivalence

Fun®(C) =~ Fun®™(C°, Fun®™(C°, Sp)) = Fun®™(C, Ind(C)),
refines to a symmetric monoidal equivalence
Fun®(C)® ~ Fun®™(C, Ind(C))®,

where the domain is endowed with the localised Day convolution product and the target
with the corresponding nested localised Day convolution. Passing to non-degenerate
bilinear functors we obtain an equivalence

Fun™(C)® ~ Fun®™(C°, C)® (126)

between the full suboperad of Fun®(C)® spanned by the non-degenerate bilinear func-
tors and the full suboperad of the Day convolution oco-operad Fun(C°, C)® spanned
by the exact functors. We note that the latter may fail to be a symmetric monoidal
oo-category since C generally does not admit small colimits. To avoid confusion, let
us try to make the equivalence (126) more explicit. Given non-degenerate bilinear
functors By, ..., B, and B/, a multi-map {By, ..., B,} — B’ in Fun"(C)® is given
by a natural transformation

m°? x m°P)[B1X...XB,] = @®P xm°®)B; ®...®B,] = B/, (127)
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wherem: C x ...x C — C is the symmetric monoidal product of C,and m: C®...®
C — C is the exact functor induced by it. Here we point out that the domain in (127)
is generally not non-degenerate, which is why Fun"(C)® is usually not a symmetric
monoidal co-category. By adjunction we may equivalently describe the data of (127)
via a natural transformation in the square

[CP®...0CP x[CP®...0CP] 22 oye o8

7O jioP A (128)
l 4/13, l®

COP x C°P > Sp.

By Corollary 5.1.4 (and its proof), the bilinear functor B; ®. . . ® B, is non-degenerate
andrepresentedby D, ®...Dg, : C?P®...®C®P — C®...®C,whereDg, : CP — C
is the exact functor representing the non-degenerate bilinear functor B;. The corre-
sponding multi-map on the right hand side of (126) is then given by the map

m;[DBl X... |Z|DB,1] = I")\"l![DB1 ... ®DB,1] — Dy

induced by the natural transformation in the square

Dg, ®...®Dg,
CP®.. QCP 2" Xere .®C
- = (129)
o = , C.
D/

associated to (128) by Lemma (1.2.4).

We now define FunP?(C)® <> Fun"™(C)® to be the non-full suboperad spanned
by the perfect bilinear functors and those multi-maps whose corresponding natural
transformation (129) is an equivalence. Similarly, we define FunP*(C)® to be the
suboperad of the symmetric monoidal co-category Fun®*(C)® = [Fun®(C)®]"2 sitting
in the pullback square

FunP*(C)® —— Fun®(C)®

| l

FunP?(C)® — Fun®(C)®.

We note that by construction, the underlying co-categories of FunP®(C)® and
FunP*(C)® are the subcategories FunP®(C) and FunP*(C) of Fun®(C) and Fun®(C)
respectively, spanned by the perfect (symmetric) bilinear functors respectively and
duality preserving (symmetric) transformations between them.
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Lemma 5.3.16 The pullback square

FunP(C) —— Fun4(C)

1 !

FunP®(C) — Fun®(C),
refines to a pullback square of co-operads

FunP(C)® —— Fun4(C)®

| l

FunP(C)® — Fun®(C)®,

Proof Since FunP?(C)® — Fun®(C)® is a suboperad this follows from the fact that a
hermitian functor

m,m: C.M®...0C,2%) — C,?)

lying over the monoidal product7i: C ® ... ® C — C of C is Poincaré exactly when
the corresponding natural transformation

IT’t(DQl ®...®Dg,) — Do/m°P

is an equivalence, where we have used the identification of the duality on a Poincaré
tensor product of Corollary 5.1.4. O

Corollary 5.3.17 (Monoidal classification of Poincaré structures) The pullback square
of Corollary 1.3.13 refines to a pullback square in Op,

Fun?(€)® —25 Ar(Fun®(C°P, Sp))®
BE,| i (130)

FunP*(C)® — Fun®(C°?, Sp)®,

in which all corners are symmetric monoidal co-categories and the vertical functors
are symmetric monoidal.

Corollary 5.3.18 Let C be a stably symmetric monoidal co-category, O an co-operad
and ?: C°? — Sp a lax O-monoidal quadratic functor, so that Be and A¢ inherit
lax O-monoidal structures by Corollary 5.3.14. Then the corresponding O-monoidal
hermitian co-category (C, ) is O-monoidal Poincaré if and only if the following holds:

i) The underlying hermitian co-category (C, Q) is Poincaré.

ii) The lax O-monoidal structure on De: C? — C induced from that of Be via
Construction 5.3.15 is (strongly) O-monoidal. In particular, D¢ is an equivalence
of O-monoidal co-categories.
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Concretely, Corollary 5.3.18 implies that for a stably symmetric monoidal co-
category C, providing a compatible O-monoidal Poincaré structure on C is equivalent

to providing a self-dual equivalence of O-monoidal co-categories D: C°P S Ca
lax O-monoidal exact functor A: C°? — Sp, and a lax O-monoidal transformation
A(=) = [hom(—, D(=))]'*>.

Proof of Corollary 5.3.18 In light of Corollary 5.3.17 it will suffice to show that for a
lax @-monoidal bilinear functor B, the corresponding O-algebra object in Fun®(C)®
lies in the non-full subcategory Algy (Funpb ) C AlgO(Funb (C)) if and only if B
is perfect and the associated lax O-monoidal structure on Dg is strongly O-monoidal.
To see this, note that under the equivalence (126) of Construction 5.3.15, the sub-
operad FunP®(C)® corresponds to the suboperad Fun®(C°P, C)® < Fun®™(C°P, C)®
spanned by the colours corresponding to equivalences D: CP > C and the multi-
maps {Dy, ...D,} — D’ corresponding to natural transformations

mD; ®...®D,) = Dm?

which are equivalences. We now observe that by the universal property of the tensor
product of stable co-categories, such a natural transformation of exact functors is
an equivalence if and only if it is sent to an equivalence of multi-linear maps after
pre-composing both sides with the functor

Cx..xC—-C®...xC.

We may hence equivalently define this suboperad of Fun®*(C°P, C)® to be spanned
by the colours corresponding to equivalences and the multi-maps {Dy, ...D,} — D’
corresponding to natural equivalences

mD;X...XD,) = D'm,

where m is the composite C ... xC - C®...QC = C.Itthen follows directly from
the definitions that (O-algebra objects in this suboperad correspond to equivalences
D: C° — C equipped with strong O-monoidal structures, as desired. O

5.4 Examples
In this section we want to give some examples of algebras and modules in Cat,.

Example 5.4.1 Consider the Poincaré co-category (Sp', 9%). It is the tensor unit of
Cat, and thus admits a structure of commutative algebra. This algebra structure is
given by the usual smash product on Sp' and the canonical commutative algebra
structure on the universal quadratic functor " induced by it being the image under the
symmetric monoidal left adjoint Fun( (Spf)OP, S) — Fun4( (Spf)‘)p, S) of the Yoneda
image of S € Sp.
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Example 5.4.2 Since the forgetful functor U : Cath, — Cat<} is symmetric monoidal
by Theorem 5.2.7 every symmetric monoidal Poincaré oco-category (C, ?) yields a
stably symmetric monoidal co-category C upon forgetting ?. In the other direction,
we will show in Sect. 7.2 that the formation of hyperbolic categories C — Hyp(C)
(see Sect. 2.2) gives both a left and a right adjoint to U, and hence Hyp is both
lax and oplax monoidal, see Remark 7.2.23 below. It then follows in particular that
if C is a stably symmetric monoidal co-category then Hyp(C) inherits a symmetric
monoidal structure. Unwinding the definitions, this structure is given explicitly by the
operation (x, y)® (x, ') = (x®x’, y®y’) with the canonical lax monoidal structure
on Ppyp(x, y) = home(x, y). Similarly, if (C, ?) is a symmetric monoidal Poincaré
oo-category then the Poincaré functor

fgt: (C,?) — Hyp(C)

sending x to (x, Dx) (see Sect. 2.2) is canonically a symmetric monoidal Poincaré
functor, since fgt acts as the unit of the symmetric monoidal adjunction U - Hyp,
see Remark 7.2.22. On the other hand, the Poincaré functor hyp: Hyp(C) — (C,?)
sending (x, y) to x @ Dy (see Sect. 2.2) is not symmetric monoidal in general, though
we will show below that it is a morphism of (C, 2)-module objects in Cat?..

Example 5.4.3 We will show below (see Remark 7.3.18) that the association (C, ?) +—
Ar(C, ?) from Cat, to Cat®, (see Definition 2.4.1) refines to a lax symmetric monoidal
functor. It then follows that if (C, ?) is a Poincaré oo-category then Ar(C, ) inherits a
symmetric monoidal structure. On the level of underlying objects this is given simply
by the levelwise product of arrows: [x — y]® [x' — Y] =[x ® x’ = y ® y']. The
Poincaré functor

id: (C,?) — Ar(C,?) x> [x =x]

then inherits the structure of a symmetric monoidal Poincaré functor by its role as a
unit of a symmetric monoidal adjunction, see Remark 7.3.17.

We now consider the case of modules over ring spectra studied in Sect. 3. We will
specialize to the case where A is an E-ring spectrum, that is, an algebra object in Sp
over the commutative co-operad, and the base E-ring k is just the sphere spectrum
(though see Example 5.4.13 for a perspective incorporating a general k). The co-
category Mod?} then carries a symmetric monoidal structure given by tensoring over
A. We then consider the data needed in order to promote (Mod‘;{)@’ to a symmetric
monoidal hermitian or Poincaré oo-category.

To begin, by Corollary 5.3.7 and Remark 5.3.8, the oo-category Fun(Mod%)
inherits a symmetric monoidal structure, given by Day convolution followed by 2-
excisive approximation, such that symmetric monoidal hermitian refinements of Mod%
correspond to algebra objects ¢ € Algg_ (Fun9(Mod%)). By Theorem 3.3.1 we have
a natural equivalence Fun4(Mod%) >~ Modn, between the co-category of hermitian
structures on Mod% and that of modules with genuine involution over A, and so by
transport of structure the symmetric monoidal structure on Fun4(Mod%) induces one
on Modn4.
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Definition 5.4.4 For an E,-ring spectrum A and an oo-operad O, we refer to an O-
algebra object in Modn 4 with respect to the above symmetric monoidal structure as
an (0-algebra with genuine involution over A.

Warning 5.4.5 Notation 5.4.4 for O = E; should not be confused with that of an
Ej-algebra with genuine anti-involution as in Example 3.2.9.

As described in the proof of Corollary 5.3.14, the recollement (Fun (Mod%), Fun®
((Mod4)°P, Sp)) on Fun(Mod%) is compatible with the symmetrlc m0n01dal struc-

ture and hence the same holds for the recollement (Mod A ®S 4»Mod ) on Modna. It
then follows that the square

MOdNA —_— AI‘(MOdA)

Lo e b

hC (=)
ModA(Xz)SA ——— Modyu

refines to a square of symmetric monoidal co-categories and lax symmetric monoidal
functors, such that the equivalence (71) becomes a symmetric monoidal one. To
identify the resulting symmetric monoidal structure on the individual components

Mod}/f@?S 4>Moda we have the following:

Lemma 5.4.6 Let A be an E-ring spectrum.

i) Under the equivalence Funex((Mod‘A’)"P, Sp) >~ Mody the symmetric monoidal
structure on the left hand side induced by Day convolution corresponds to the
symmetric monoidal structure ® 4 on Mod 4.

ii) Under the equivalence Funb(Mod ) =~ Fun®((Mod% Ao )%, 8p) >~ Modagga
the symmetric monoidal structure on the left hand side mduced by Day convolution
corresponds to the symmetric monoidal structure @ aogs4 on Modagga.

Proof We begin with i). By Corollary [47, Corollary 4.8.1.14] there is a unique
symmetric monoidal structure on Ind(Mod%) which preserves filtered colimits in
each variable and such that the inclusion Mod% <> Ind(Mod%) is symmetric
monoidal. These two properties are satisfied by the tensor product on Mod,, and
by Remark 5.3.11 the first property holds for the localised Day convolution prod-
uct. To finish the proof it is hence left to verify that for a stable co-category £ the
stable Yoneda embedding £ — Fun®(£°P, Sp) admits a symmetric monoidal struc-
ture. Indeed, it follows from [52, Proposition 6.3] that the stable Yoneda embedding
coincides with the composite

¥Po(—
& — Fun(&E?, S) +—()> Fun(€°P, Sp) — Fun®*(£°P, Sp),

where the first arrow is the ordinary Yoneda embedding, which is naturally symmet-
ric monoidal [24, §3], the second is post-composition with the symmetric monoidal
suspension infinity functor X°, and the last one is the left adjoint of the inclusion
Fun® (£°P, Sp) C Fun(&E°P, S), which is symmetric monoidal by Corollary 5.3.9.
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We now prove ii). In light of 1), it will suffice to show the localised Day convolution
structures on Funb(Mod‘;{) and Fun‘”‘(Mod‘;{®S 4) coincide. For this we consider the
commutative square

Fun®(Mod$% ) ———— Fun®(Mod%)

l l

Fun(Modﬁ@)SA) — Fun((Mod%)°? x (Mod%)°P, Sp)

where the horizontal maps are induced by restriction along the bifunctor (X, Y)
X ®s Y from Mod} x Mod% to Mod%, and the vertical maps are the relevant full
inclusions. Passing to left adjoints and using the universal property of localisation we
obtain a commutative square

Fun®(Mod4g_,) ¢—————— Fun®(Mod$)

1 1

Fun(Modﬁg)SA) +—— Fun((Mod%)°? x (Mod%)°P, Sp)

in which the horizontal maps are induced by left Kan extension along (X, Y) —
X ®§ Y, followed by projection to Fun®* (M(.)d‘;{®S A). in case of the top arrow. In
particular, all arrows carry a natural symmetric monoidal structure, and so the top
horizontal equivalence identifies the localised Day convolution structures on both
sides. O

Corollary 5.4.7 Let A be anE-ring spectrum and O an co-operad. Then the data of an
O-monoidal hermitian refinement of (Modﬁ)® correspondstoatriple (B,C,a: C —
BC2) where B € Algl;%S 4 is an O-(A ®s A)-algebra equipped with a symmetry with
respect to the flip action on A ®@s A, C is an O-A-algebra, and o is a map of O-A-
algebras.

Corollary 5.4.8 Let A be an Eqo-ring spectrum and O an oo-operad. Suppose that O
is unital. Then B, an O-algebra with genuine involution over A, determines an O-
monoidal Poincaré structure on (MOd‘A’)‘X’ if and only if the underlying O-A-algebra
of B (with respect to either of the two component inclusions A — A Qs A, this makes
no difference due to the symmetry of B) is initial.

Remark 5.4.9 In the situation of Corollary 5.4.8, the initiality condition on B can be
more explicitly formulated by saying that for every colour ¢t € O the composed map
A — A ®s A — B; associated to the essentially unique null-operation {} — ¢ and
either of the two component inclusions A — A ®g A, is an equivalence.

Proof of Corollary 5.4.8 Let 2% be the O-monoidal hermitian structure on Mod%
associated to the O-algebra with genuine involution (B, C,«: C — BC2), By Corol-
lary 5.3.18 this hermitian structure is O-monoidal Poincaré if and only if 2% is Poincaré
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and the associated lax (O-monoidal functor Dg = homy4(—, B) is O-monoidal. This
condition requires in particular that the map

lMod‘X =A— hOHlA(A, B) =

in question is an equivalence. On the other hand, when this condition holds we get
from Proposition 3.1.14 that (B, C, «) is induced by an anti-involution on A, and
hence in particular €% is Poincaré by Example 3.1.9. In addition, in this case we may
write the duality as a composition of the standard duality D4 and the Cj-action on
Mod‘/‘; induced by the involution on B = A, both of which are O-monoidal. O

Taking O = E in Corollary 5.4.8, we note that the data of a symmetric Eqo-
(A ®g A)-algebra whose underlying A-algebra is initial is the same as the data of
a Cp-action on A as an E-ring spectrum. We hence get that symmetric monoidal
Poincaré refinements of (Mod% )® correspond to the data of a Cp-action on A as an
Eo-ring spectrum, together W1th a map of Ey-A-algebras C — A2, Here A'® is
considered as a Eqo-A-ring spectrum via the Tate Frobenius A — A'C2, We will refer
to such a triple (4, C, C — A'©?) as an Eo-ring spectrum with genuine involution.

Examples 5.4.10 Let A € Alghcz be an Eo-ring spectrum equipped with an involu-
tion. We then have the followmg examples of genuine refinements of interest:

i) The map id: A2 — A'C2 determines an En,-ring spectrum with genuine involu-
tion (A, A2, id), and hence a symmetric monoidal refinement of the associated
symmetric Poincaré structure 9% on Mod.

ii) If A is connective then the commutatlve A-algebra map fy: t>0AtC2 - AC
determines an Eyo-ring spectrum with genuine involution (A, rzoA[CZ, tp), and
hence a symmetric monoidal refinement of the Poincaré co-category (Mod?%, 9%0)
of Example 3.2.8. When A is discrete, this is the genuine symmetric Poincaré
structure, see 4.2.

iii) The twisted Tate Frobenius map t: A — (A ®s A)'©2 — A2 which in this
context is also the unit map of the En.-A-algebra A2, determines an Eo-ring
spectrum with genuine involution (A, A, t), and hence a symmetric monoidal
refinement of the Poincaré structure ¢', of Example 3.2.12.

We now consider some examples where O is not the commutative co-operad, but
instead the operad MCom whose algebras are pairs (A, M) of a commutative algebra
and a module over it [47, Definition 3.3.3.8]. In particular, the data of an O-monoidal
hermitian (resp. Poincaré) oo-category consists of a pair ((C, ?), (£, ¥)) where (C, ?)
is a symmetric monoidal hermitian (resp. Poincaré) oo-category and (£, W) is amodule
over (C,9) in CatgO (resp. Catd,). Consider the case where & is C considered as a
module over itself, so that ¥ is a module over ? in Fun4(C)®. By Corollary 5.3.14
the data of such a ?-module corresponds to a choice of Be-module B € Fun®(C),
a A¢-module A € Fun®*(C°P, Sp), and a A¢-module map o: A — [BA]'C2. For
example, we may always take B = Bo considered as a module over itself. In this case,
if (C, ?) is a symmetric monoidal Poincaré co-category then all the structure maps in
the MCom-algebra structure on ((C, ?), (C, 9)) are Poincaré, since on the level of the
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underlying bilinear forms these maps come from the structure of (C, ) as a module
over itself. Similarly, any commutative triangle

A s A/
™ e

(B

of Ag-modules in Fun® (C°, Sp) induces a morphism (C, ?%) — (C, 9@) of (C, ?)-
module objects in Cat.

Example 5.4.11 Let (C,?) be a symmetric monoidal hermitian co-category with
underlying bilinear part B = Be¢. Then the associated quadratic hermitian co-category
(C, QqB) is canonically a module over (C, ?), and the natural hermitian functor

C, %) — (.9 (131)

is a map of (C, ?)-module objects in Catgo. In addition, if (C, ®?) is Poincaré then
, QqB) is a module over (C, ) in Cat5, and the corresponding Poincaré functor (131)
is a morphism of (C, ?)-module objects in Cat?..

When C = Mod} for some Ex-algebra A and ® = 99 for some Cz-action on
A and some map of En.-A-algebras a: C — A2 then Corollary 5.4.8 tells us that
the notion of a Ag-module in Fun®* (C°P, Sp) is equivalent to that of a C-module D
equipped with a C-module map to A2,

Example 5.4.12 Let A be a connective Eo,-ring spectrum equipped with an involution.
Then for every m € Z the truncated Poincaré structure (Mod?%, Qim) € Catd, of
Example 3.2.8 is canonically a module over the symmetric monoidal Poincaré oco-
category (Mod%, 9%0) of Example 5.4.10ii). Indeed, this follows from the above since
T>m A is canonically a module over the algebra -0 A for every m. Similarly, the
canonical Poincaré functor

(Mod%, 95™) — (Mod%, 95" 1)

refines to a map of (Mod%, 9%0)-modules.

Example 5.4.13 Let k be an Ey-ring spectrum and A an E;-algebra over k. Then
Mod{ is a symmetric monoidal oo-category which acts on Mod?, giving an MCom®-
algebra object in CatZ;. The fibre product (Catgo)® X (Cate)® MCom® then encodes
the Day convolution symmetric monoidal structure on Fun(Mody}’) and an action
of this structure on Fun(Mod%). On the level of modules with genuine involution
this is an action of Modyn; on Mody4, which can also be encoded via the action
of Nk on NA in C-spectra. By Example 5.4.10iii) the Tate Poincaré structure 9} is
a commutative algebra object in Funq(Mod;g) ~ Modny corresponding to the Tate
Frobenius triple k™" := (k, k, k — k'©2) encoding a commutative algebra object in
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modules with genuine involution over k, or, equivalently, a commutative Nk-algebra
object in genuine C;-spectra. We may then identify the k-linear norm N; A of A (see
Remark 3.2.4 and Remark 3.3.2) with the tensor product NA ®ny k™, and deduce
that N; A-modules in genuine C,-spectra correspond to k'"-modules in NA-modules,
and hence to ¢} -module objects in Fun(Mod%). In summary, the hermitian structures
on Mod} associated to k-modules with genuine involution as in Sect. 3.2 (with base
Eco-ring k) are exactly hermitian structures on Mod% which are Q}C—modules, and so
such k-modules with genuine involution classify refinements of Mod¢ to (Mod{’, ¢})-
module objects in Catl .

6 The category of Poincaré categories

In the present section we study the global structural properties of the co-categories
Catb, and Catgo. We begin in Sect. 6.1 by showing that Cat2, and Catgo have all limits
and colimits, and that those are preserved by the inclusion Catd, < Catg<> and by the
forgetful functor Catll) — Cat%. In Sect. 6.2 we prove that the symmetric monoidal
structures on Catgo and Catgo constructed in Sect. 5.2 are closed, that is, they are
equipped with a compatible notion of internal mapping objects, which we refer to as
internal functor categories. This implies, in particular, that these monoidal structures
preserve colimits in each variable separately. We then show in Sects. 6.3 and 6.4 that
Cat_ is tensored and cotensored over Caty, in a manner compatible with its closed
symmetric monoidal structure. Taken together, these properties imply that CatgO (just
like Caty,) can be viewed as an (oo, 2)-category, that is furthermore enriched over
itself. Though this point of view does not directly extend to Catd,, in some special
cases, such as poset of faces of finite simplicial complexes, the tensor and cotensor
constructions do preserve Poincaré co-categories. We prove this in the final Sect. 6.6,
after dedicating Sect. 6.5 to the role played by imposing certain finiteness conditions
on the (co)tensoring co-category.

In addition to its conceptual aspect, we will also make concrete use of the material
of this section in a variety of contexts, including Sect. 7.3 in the present paper, and
later in Paper [2], notably via the Q-construction which is used in the definition of the
Grothendieck-Witt spectrum, and the dual Q-construction which is used in establishing
its universal property.

6.1 Limits and colimits

In this section we prove that Cat and Cat5, have all small limits and colimits and that
the functors Cath, — Cat and Cat  — Cat® preserve these limits and colimits.
Since the former is conservative it follows automatically that it also detects limits and
colimits. We then verify a few (co)limit-related results which will be useful later on,
including the semi-additivity of CatgO and Catgo, and the fact that the functors Pn and
Fm preserve filtered colimits.

We begin by recording the following statement, to which we could not find a
reference in this form:
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Proposition 6.1.1 The oco-category CatZy admits all small limits and colimits. Limits
and filtered colimits are preserved by the inclusion Catdy — Cato.

Proof The statement for limits is [47, Theorem 1.1.4.4] and for filtered colimits is
given by [47, Proposition 1.1.4.6]. For general colimits we consider the fully-faithful
embedding of Caty inside the co-category Cat’y: of co-categories with finite colimits
and right exact functors between them. The latter admits small colimits by [43, Lemma
6.3.4.4]. On the other hand, the embedding CatZy C Cat* admits a left adjoint given
by tensoring with Sp, see Construction 5.1.1. It then follows that CatZ} has small
colimits obtained by forming colimits in Caty and then tensoring with Spt. O

Proposition 6.1.2 The oo-category CatgO admits all small limits and colimits, and
these are preserved by the forgetful functor 7 : CatgO — Cat.

Proof By construction the forgetful functor 7 : CatgQ — CatZ is a cartesian fibration
classified by the functor C +— Fun94(C). By Corollary 1.4.2 we have that 7 is also a
cocartesian fibration and by Remark 1.1.15 the fibres Fun4(C) of 7 admits small limits
and colimits. Given an exact functor f: C — D the associated cartesian transition
functor f*: Fun9(D) — Fun9(C) preserves limits and the cocartesian transition
functor fi: Fun9(C) — Fun4(D) preserves colimits (indeed fi is left adjoint to f*).
Now the base CatZ of this bicartesian fibration admits small limits and colimits by
Proposition 6.1.1. It then follows from [43, 4.3.1.11] and [43, 4.3.1.5.(2)] that Cat}o‘o
admits all small limits and colimits and that these are preserved by 7. O

Remark 6.1.3 To make the content (and proof) of Proposition 6.1.2 more explicit, let
K be asimplicial setand p: K — CatgO adiagram. Then the limit of p is computed as
follows: one first extends the diagram g := wp: K — CatZ of stable co-categories
to a limit diagram g: K< — CatZ. Let Co, = g(00) be the image of the cone point
(which we denote by the symbol 00), so that g exhibits Co as the limit of g in CatZ;.
Interpreting g as a natural transformation with target g : K — CatZ; and domain the
constant diagram K — CatZ} with value Co, we may lift it to a pointwise i -cartesian
natural transformation with target p and domain some diagram po,: K — CatgO
which is concentrated in the fibre of Coo. In other words, po, encodes a diagram
Poo: K — Fun4(Cs). The hermitian co-category (Coo, limg poo) is then the limit
of the original diagram p. Somewhat informally, though more explicitly, we may
describe the diagram p, via the formula k — r,f?k, where (Ci, @) is the hermitian
oo-category associated to k by the diagram p and ri: Coc — Cy is the exact functor
associated to the map co — k in K © by the limit diagram p. Since Fun4(C) is closed
in Fun(C%, Sp) under limits the limit of ps, can also be computed in Fun(Cay, Sp),
that is, object-wise. Similarly, in order to compute the colimit of p we first extend
q = mp to a colimit diagram g: K* — Cat. Let Co, = g(00) be the image of the
cone point, and i : Cy — C the exact functor associated to the arrow k — oo in K.
Then as above we can “push” the diagram p to the fibre over Co, yielding a diagram
Poo: K — Fun4(Cs) given by the formula k +—> (ix)2%. The colimit of p in Catg<> is
then given by

(Coo, colim poo) = (Coo, colim (ix )1 %),
K keK
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where the colimit of ps, is computed in Fun4(Cs). This last colimit can also be
computed in Fun(Cst, Sp) since Fund(Cyo) is closed in Fun(Ca, Sp) under colimits
(see Remark 1.1.15).

Proposition 6.1.4 The co-category Cati, has small limits and colimits and the inclu-

sion Cath, — Catgo preserves small limits and colimits.

The proof of Proposition 6.1.4 will require the following lemma.

Lemma6.1.5 Let p : K¥ — CatZ be a colimit diagram of stable oo-categories and
let f: Coo := p(c0) = D be an exact functor to a cocomplete stable co-category.
Then the canonical map

colim(iy)if f — f

is an equivalence, where iy : Cy := p(k) — Coo is the map associated to k — oo by

2

Proof For any diagram p : K — Cat}, the functor
i* : Fun®(Coo, D) — lim Fun®™(Cy, D)
keK
sending f to { f o ix}rek has aleft adjoint given by
iv: {fidkex F> colim(ix): fi.
keK

Indeed, this follows for example by the general formula of [33, Theorem B]. Our claim
is then equivalent to the statement that the counit

Wi*f — f

is an equivalence if p is a colimit diagram. But Fun®(—, D) : (Cat})°? — CatZ is
a right adjoint (in fact, its own right adjoint) and so it preserves all limits. Hence i* is
an equivalence of co-categories and in particular the counit is an equivalence of exact
functors. O

Proofof 6.1.4 We begin with the case of colimits. Let p : K — Cat®, be a diagram. By
Proposition 6.1.2 we may find a colimit diagram p: K* — Catgo in Catgo extending
(the image of) p. We will show that the image of P is contained in Cat, and forms
a colimit diagram there. Let (Coo, x0) = P(00) be the image of the cone point and
for k € K let (i, nx): (Ck, %) — (Coo, 20) be the hermitian functor associated to
the map k — oo in K” by p. In particular, the collection of natural transformations
n,?d: (ix)12% — 20 exhibits 2 as the colimit of the diagram k& +— (ig)12%. Our
argument proceeds in two steps:
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Step 1. The hermitian co-category (Coo, 200) is Poincaré, and all the hermitian
functors (ix, nk): (Ci, %) = (Coo, Ls0) are Poincaré.
Let Dyg: C,(:p — Ci be the duality associated to 9. Let ¢ := wp: K — CatZ be
the underlying diagram of stable co-categories and let us denote by gop: K — Catg}

the composite of ¢ and the equivalence (—)°P: CatZ = CatZ. Since the diagram
p takes values in Poincaré oo-categories and duality preserving functors the functors
Dy form the components of a natural transformation g, = ¢, which consequently
induce a functor

Doo: C¥ — Coo,

where we note that (—)°P: CatZ — Catg} preserves colimits since itis an equivalence.
We claim that Do, represents the bilinear part of ?4. Indeed, since bilinear parts
commute with left Kan extensions (Lemma 1.4.3) and colimits (by Lemma 1.1.7) the
bilinear part of 24, is given by

colim(i” x ;" )iBe, (=, =) = colim ;" x i) homg, (=, De(=))
=~ colim(id x i,")rhom¢_ (—, ixDx(—)) =
keK
~ . . .0p .op
~ Cl?éllgn(ld x i )rhome (—, Deoiy (—))

~ cl?lilgl(id x i;")1(id x i;)* home, (—, Dog—) = hom¢,, (—, Doo(—)),
(S

where the last equivalence is by Lemma 6.1.5. We have thus established that the
hermitian oco-category (Coo, Yc0) is non-degenerate and all the hermitian functors
Gr, ni): (Cr, %) = (Coo, 20) are duality preserving. To finish the proof it will hence
suffice to show that ?, is perfect. But this follows from Remark 1.2.9 since D, is an
equivalence, being the functor induced on limits by a natural equivalence of diagrams
qop = .

Step 2. If (D, ®) is a Poincaré oo-category then a hermitian functor (f,n): (Coo,
Q) = (D, @) is Poincaré if and only if (f o iy, i,’:n) is Poincaré for every k € K.
The hermitian functor (f, ) is a Poincaré functor if and only if the associated natural
transformation

fDoo = Do [P (132)

isan equivalence. Since C is the colimit of p in CatZ} the natural transformation (132)
is an equivalence if and only if the natural transformation

. O] . O]
fDoozkp — Doof()pzkp
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is an equivalence for all k € K. But, since the iy are all Poincaré functors, there is a
commutative diagram

foDgoi? — Do fPoi’

g

foixoDyg

Thus, (132) is an equivalence if and only if (f o i, i;/n) is a Poincaré functor for all
keK.

The case of limits is similar and slightly easier. Indeed, as above, the natural equiv-
alence of diagrams gop = ¢ induced by the collection of dualities Dy induces an
equivalence

Doo: Co¥ =li11<nqop — 1111(1151 =Cxo

This time, showing that D, represents the bilinear form of 2, = limgeg r,f?k (where
rg: Coo = Cy are the canonical maps) is even simpler. Indeed, since taking bilinear
forms commutes with restriction (Remark 1.1.6), and limits (by Lemma 1.1.7), the
bilinear part of 24, is given by

li *Bo, ~ limh -),D —
klelg(rerk) o = lim omg, (1 (=), D (e (—)))

= IPEIII% hoka (rk(_)7 Ik © DOO) = homC(_, DOO(_))7

and this concludes the proof of Step 1 in the case of limits. The proof of Step 2 is
completely dual to that of colimits. O

Remark 6.1.6 By Proposition 6.1.4 the co-category Cat®, has small limits and colimits,
and those are preserved by the inclusion in Catgo, which itself also has small limits
and colimits. Since the forgetful functor CatgO — Cat}o‘0 is conservative, it also detects
limits and colimits. One then says that limits and colimits in Catd, are computed in
Cath,.

Proposition 6.1.7 The oo-categories Catg, CatgO and Catby, are all semi-additive, i.e.

finite products and coproducts agree.

Proof For CatZ}, as in the proof of Proposition 6.1.1 we can embed CatZ} as areflective
full subcategory of CatS'. It will then suffice to verify that Cat’y: is semi-additive,
which in turn follows from [43, Lemma 7.3.3.4]. In particular, the coproduct of C and
C’ in CatZ} is given by the product C x C’, and exhibited by the two inclusions

iiCx{0} = CxC < {0)xC :i.

Turning to the other two cases, we first observe that since limits and colimits in Catgo
are computed in Catl;Q (Remark 6.1.6) it is in fact sufficient to show that Catgo 1s semi-
additive. We first observe that Catgo is pointed. Indeed, the hermitian co-category
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({0}, 0), whose underlying stable co-category consists of a single object 0, equipped
with the hermitian structure which sends 0 to the zero spectrum, is both initial and
final in Catgo.

Now let (C, ?) and (C’, ?’) be two hermitian co-categories. By the explicit descrip-
tion of Remark 6.1.3 we have that the coproduct of (C, ?) and (C’, ¢’) in Catgo is given
by (C x C',i)? @ i|?"), while the product is given by (C x C', p*@ & (p')*?’), where
p, p’ are the projections on C and C’, respectively. It will hence suffice to show that
the canonical natural transformation

@i = p*ed (p)*Y (133)

is an equivalence. But, since i is also right adjoint to p and i’ is right adjoint to p’ we
have natural equivalences

i? >~ p*? and i|? ~ (p')*?,

under which the canonical map (133) becomes the identity, since p oi and p’ o i’ are
the respective identities while p o i’ and p’ o i are the zero functors. O

The following result will be useful for us in Paper [4] for proving that Cat5, and
CatgO are compactly generated presentable co-categories:

Proposition 6.1.8 The functors Fm: CatgO — S and Pn: Cat}, — S commute with
filtered colimits. In particular, the object (Spf, Q") which corepresents these functors
(Proposition 4.1.3) is compact in both Catgo and Catgo.

Proof Let us first prove the statement for Fm. Let £ — Cato, be the presentable
fibration classified by the functor Cato, — CAT sending C to Psh(C), so the objects
of £ are given by apair (C, §) where S: C°? — Sisapresheaf, and morphisms are pairs
(f,n) where f: C — C’is afunctor and n: § — f*S’ is a natural transformation.
There is a functor @: CatgO — & lying above the inclusion CatZl — Caty, sending
(C, Q) to (C, 2°°%). Then we can factor Fm(—) as

cath, S

where the second functor is the functor corepresented by the final object * :=
(A x: A’ — S) in &£. Note that ® is a morphism of cocartesian fibrations by
Proposition 1.4.3 and that it preserves filtered colimits fibrewise. Moreover it lies
above the inclusion CatZ — Caty,, which preserves filtered colimits by [47, Propo-
sition 1.1.4.6]. Hence the functor @ preserves filtered colimits. It will hence suffice to
show that x is compact in £. Now by the naturality of the straightening-unstraightening
equivalence as recorded in [23, Corollary A.31], the unstraightening procedure deter-
mines an equivalence £ ~ RFib, where RFib C Ar(Caty) is the full subcategory
spanned by the right fibrations. It will hence suffice to show that the final object in
RFib is compact. This object corresponds to the identity right fibration A? — A©,
which is compact when considered as an object of Ar(Cats) since A is compact
in Catn. It will hence suffice to show that the inclusion RFib C Ar(Caty,) is closed
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under filtered colimits. Indeed, the condition of being a right fibration can be phrased
as being local with respect to the maps in Ar(Caty,) encoded by the squares of the
form

Af—)A”

L

A}‘l s Al’l

with 0 < i < n. This is an arrow between two compact objects of Ar(Cats,) and
hence the locality condition it defines is closed under filtered colimits.

Now we want to prove the statement for Pn. We know that the functors Catyl — S
sending C to «C and C — ( TWAr(C) ~ tFun(A!, C) commute with filtered colimits
since AY and A! are compact in Caty, and the inclusion Catly C Cato, preserves
filtered colimits by [47, Proposition 1.1.4.6]. We then consider the cartesian square
(see (44))

Pn(C,?) —— Fm(C, ?)

l l

TwAr(i/C) — (TwAr(C)

where we identify TwAr(:.C) with the subspace of t TwAr(C) spanned by those arrows
that are equivalences in C. Since all the corners of the square except Pn preserve filtered
colimits in CatgO (and so in Cat®,), so does Pn. O

We finish this subsection by describing an example of a colimit in Catd, arising
from visible Poincaré structures on parametrised spectra. Recall from Sect. 4.4 that
given a space X and a spherical fibration £: X — Pic(S), one may endow the co-
category Sp% of finitely presented parametrised spectra over X with the &-twisted
visible Poincaré structure 9}5’, whose L-groups are the associated visible L-groups
studied in [73] (see Corollary 4.4.14). We now show that this construction actually
produces the colimit of a suitable diagram of Poincaré oo-categories. Note first that,
as inspecting the definitions reveals, for every x € X the Poincaré structure 9;{{ on

Sp’{;} = Sp' identifies with the tensor &, ® 9", defined using the action of Spf on

Fun?(Sp") canonically determined by the stability of the latter. We may then consider
the composite diagram

X —55 PicS) — Sp' 228 Fund(Spf) — Cat,
(134)

X b Ec ng F (Spt, Q‘S’X)

where the last arrow places the fibre of the cartesian fibration Catl, — Cat® over
Spf € CatZ. This diagram can then be viewed as a diagram in Cat®: indeed, each
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(Spf, 9;}() is Poincaré by Corollary 4.4.3 and all the hermitian functors involved are
equivalences in Catlolo and hence in particular duality preserving.

Proposition 6.1.9 Let X be a space equipped with a spherical fibration £: X —
Pic(S). Then the collection of Poincaré functors

(e ) s (SP5 Q) — (Sply. 9,

associated by Remark 4.4.6 to the various point inclusions {x} — X, exhibits
(Spg(, ?¢) as the colimit in Catb,, of the diagram

X - Catly x> (Spf, ng)

constructed in (134).

Remark 6.1.10 In the situation of Proposition 6.1.9, if & = Sy is the constant spher-
ical fibration with value S then the composed diagram (134) is constant with value
(Spf, @%), and we may view the statement of the proposition as identifying (Spl}, QéX)
with the rensor of the Poincaré oo-category (Sp, @*) and the space X. We will discuss
such tensors from a more general perspective in Sect. 6.4 below.

Proof of Proposition 6.1.9 By Proposition 6.1.4 it will suffice to check that the under-
lying hermitian functors exhibit (Spg(, Qg) as the colimit in CatgO of the diagram in
question. By the explicit description of colimits in Catgo given in Remark 6.1.3 and
the fact that we have already established this colimit property on the level of quadratic
functors in Proposition 4.4.7 (see Remark 4.4.8), all that is left is to check that the
collection of exact functors A, : Sp' — Spg( exhibit Spgf as the colimit in CatZ} of
the constant X-indexed diagram with value Sp'. We now note that the equivalence
(—)°P: Cateo = Cat, preserves stable co-categories and exact functors, and hence
restricts to an equivalence (—)°P: Cat$ = CatZ{. We may hence show instead that
the diagram in question becomes a colimit diagram after applying (—)°P. We now
observe that

Sp ~ Ind(Sp’) ~ Pro((Sp")°P)°P,
and consequently
Fun(X, Sp)°®® ~ Fun(X°P, Pro((Sp")°P)).

Under the last equivalence, the full subcategory (Z’)"z)g()Op of finitely presented
parametrised spectra corresponds to the full subcategory ((Sp")°P)y < Fun(X°P,
Pro((Sp")°P)) generated under finite limits by the functors X°P — Pro((Sp")°P) right
Kan extended along point inclusions {x} € X°P from functors {x} — Pro((Sp")°P)
with value in (Spf)"p. The desired result now follows from the fact that the functor

SPHP x X — (SpHP)x  (E,x) — x.E
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exhibits ((Sp!)°P)x as the rensor of (Sp")°P over X in CatZ}, see Remark 6.4.2 below.
O

6.2 Internal functor categories

In the present section we will show that the symmetric monoidal structures on Catgo
and Cat®, constructed in Sect. 5.2 are closed. In particular, for two hermitian co-
categories (C, ?) and (C', ?’), we will promote the stable co-category Fun®*(C, C’) of
exact functors from C to C’ to a hermitian co-category Fun®*((C, ?), (C’/, ?')), charac-
terized by a natural equivalence

Mapc,n (€7, "), Fun™((C, 9), (C", 2))) = Mapc, (", 2") ® (C, D), (€', 2))

for (C",9") € Catgo. Furthermore, if (C, ?) and (C’, €’) are Poincaré oo-categories,
then the hermitian co-category Fun®* ((C, ?), (C’, ?')) is Poincaré as well and satisfies

Mapc,p ((C", "), Fun™((C, ?), (€', 2))) = Map¢,p_((C",?") ® (C, 9), (C', ).

The internal functor category Fun®*((C,®), (C’,?')) enjoys the following use-
ful property: its hermitian objects correspond exactly to the hermitian functors
C,?9 — (C,9?), and when (C,?) and (C’, ?") are Poincaré the Poincaré objects
in Fun®*((C, ?), (C’, ?)) correspond to Poincaré functors (C, ?) — (C’, ?’). In partic-
ular, this allows one to view the notions of hermitian functors and hermitian objects
in a unified setting, and describe the relation between hermitian and Poincaré functors
in terms of that which holds between hermitian and Poincaré objects.

Definition 6.2.1 Let (C, ?) and (C’, ?') be two hermitian co-categories. We set
natg/: Fun®™(C,C)? — Sp, f > nat(®, f*?),

where nat denotes the spectrum of natural transformations between two spectrum
valued functors.

Proposition 6.2.2 The functor natg : Fun®™(C, C")°P — Sp is quadratic. Its bilinear
part is given by

B g (f+ 8) = nat®Be, (f x 8)"Be))

and its linear part makes the diagram

A () nat(Ag, f*Ag)

! |

B, (f: N~ natQ, f*BS) 2 ——— nat (2, f*(B3)'©?),
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cartesian, where the left bottom equivalence is by the adjunction of Lemma 1.1.7. Here,
as in Sect. 1.1, for a bilinear form B we denote by B® = A*B its pre-composition
with the diagonal. If both @ and @' are non-degenerate, so is natg with duality given
by

Dnatg/(f) = D¢ fongp‘

Finally, if both @ and @' are perfect, then so is natg,.

Proof We begin by computing the cross effect of natg. It is given by

By (f+8) =fib [ nat(@, (f ® 9)®) —> nat(@, £*¢) @ nat(?, g*2")|
~nat (2, fib[(f ® g)*¢ — f*¢ @ g*?])
~nat (2, (f x ¢)"Be)®) = nat (Be, (f x ¢)*Be)

where the last equivalence is by the adjunction of Lemma 1.1.7. In particular, the cross
effect of natg is bilinear. Taking f = g we similarly get that

B2 y (f) ~nat (Be, (f x f)*Be¢/) ~ nat(, f*Bg), (135)

nat

and hence

fib [nata (f) — (Bfatg, (NI] = nat(Q, f*fibl® — (B2, (136)

Since fib[? — Bé] is exact by Proposition 1.1.13 it then follows that (136) is exact
in f, and hence by the same proposition we have that natg/ is quadratic.

We now compute the linear part of natg/. Applying nat(?, f*(—)) to the classifying

square of ¢’ and using the equivalence (135) and the equivalence nat(Ag, f*Ag) =
nat(?, f*Aq) given by Lemma 1.1.24 we obtain an exact square

natg/(f) —— nat(Ae, f*Ag)

l l

B g (/2 N)'? — nat(@, f*(B3) )

in which the terms on the left hand side are quadratic in f and the terms on the right
hand side are exact in f. The desired formula for A ¢/ is now obtained by taking
?
linear parts.
Now suppose that @ and @’ are non-degenerate. Applying Lemma 1.2.4 and the
adjunction between D¢ and Dgp we obtain natural equivalences

B, (f+8) = nat(Be, (f x 8)"Bg) = nat(fDe, Deg’®) = nat(f, Dgrg DY),
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which shows that natg is non-degenerate with duality D ¢/ (f) =~ Do/ f Ongp. IfQ
?

and @’ are in addition perfect then the dualities D¢ and Der are equivalences and hence
SO is Dnat‘?’ by the above formula. The hermitian structure natg is then also perfect,
Q

as desired. O

Definition 6.2.3 For hermitian co-categories (C, ?), (C’, ') we will denote by
Fun®™((C, 9), (C', ?)) := (Fun®™*(C, C'), natd )

the hermitian co-category given by Proposition 6.2.2. We will refer to Fun® ((C, ?),
(C’, ) as the internal functor category from (C, Q) to (C/, ?).

Remark6.2.4 If (C,?) and (C’,?) are Poincaré then Fun®*((C,9), (C’,?")) is
Poincaré. This follows from the last part of Proposition 6.2.2.

Example 6.2.5 Let (C, ?) be a hermitian co-category. Then under the natural equiv-
alence Fun®™ (Sp', C) ~ C given by evaluation at the sphere spectrum, the functor

natgu corresponds to ? by virtue of Lemma 4.1.1. We consequently obtain a natural
equivalence

Fun®™ ((Sp', 9%), (C,9) ~ (C,?)
of hermitian co-categories.

Construction 6.2.6 For two hermitian co-categories (C, ?), (C’, ?') we construct a her-
mitian functor

ev: (C,9) ® Fun™((C,9), (C",?)) — (C', ?)
as follows. We first observe that by definition of the monoidal structure on Catgo,
specifying such a hermitian functor is equivalent to specifying a functor f: C x

Fun®*(C, C’) — C’ which is exact in each variable separately, together with a natural
transformation

n: @ @nats = f*¢
of functors C°P x Fun®*(C, C")°P — Sp. In the case at hand we then take as f the
usual evaluation functor ev: C x Fun®*(C, C') — C’. To construct n we use the curry-
equivalence
Fun(C°? x Fun®*(C, C")°?, Sp) ~ Fun(Fun®*(C, C")°?, Fun(C®?, Sp)),

and pull the evaluation transformation

? ®nat(?, —) = idrun(Cor,Sp)
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back along the postcomposition functor
9" o (=): Fun®*(C, C")°? — Fun(C?, Sp),
which is the curry of ev*®’.

Proposition 6.2.7 Let (C,?) and (C', Q") be two hermitian oo-categories. Then the
evaluation functor (ev, n) of Construction 6.2.6 exhibits Fun®* ((C, ?), (C’, ?)) as the
internal mapping object in the symmetric monoidal co-category Catgo. That is, for
any (C", ") hermitian co-category the composite

Mapc, (€, 2"), Fun®™((C, ®), (C', 2)))
— Mapg,n ((C,9) @ (C", 2", (€, @ Fun™((C, D). (C".?)))

5 Mapeys ((C.9) ® (€.2). (€. 2))

is an equivalence of spaces.
By the Yoneda lemma we immediately find:

Corollary 6.2.8 The association (C,?), (C’,?) = Fun®™*((C, ?), (C’, ?)) canonically
extends to a functor (Cath )°P x Catl, — Cat? in a way that renders the evaluation
map of Construction 6.2.6 a natural transformation.

Corollary 6.2.9 The symmetric monoidal structures on Catgo constructed in Sect. 5.2
is closed.

Corollary 6.2.10 The symmetric monoidal product on Catlgo preserves small colimits
in each variable.

Remark 6.2.11 Since the hermitian evaluation functor of Construction 6.2.6 refines
by definition the usual evaluation functor of CatZ}, it follows that the forgetful functor

U: Cath, — Cat® is not only symmetric monoidal (Theorem 5.2.7ii), but also closed
symmetric monoidal, that is, for (C, ?), (C’,?) € Catgo the composed map

U(C,9) ® UFun™((C, 9), (C', ?)) = U((C, ?) ® Fun™((C, 9), (C', ?))) 2% u(c, ¢)

exhibits UFun®((C, ®), (C’, ?)) as the internal mapping object in CatZ from
U(C,?) =CtoU(C',?) = C'. In other words, the transposed map

UFun®™((C, 9), (C',?)) — Fun®™(U(C, 2), U, ?))

is an equivalence.
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Proof of Proposition 6.2.7 The forgetful functor Catll, — Cat® induces a commuta-
tive diagram

Mapc,n ((C”,2"), Fun®((C, 9), (€, £))) — Mapc,n ((C,9) ® (C",2"), (C', )

! !

Mapcyex (C”, Fun™(C, C")) _— Mapcyex (C ® C”, C')

(137)
in which the bottom horizontal arrow is an equivalence since on the level of sta-
ble oco-categories, the bilinear functor ev: C x Fun®*(C,C’) — (' already exhibits
Fun®*(C,C’) € CatZ as the internal mapping object from C to C’ in CatS. It will
hence suffice to show that the map induced by (137) on vertical homotopy fibres
is an equivalence. Let us thus fix a linear functor g: C” — Fun®*(C, C’), and write
g: C®C" — (' forits image in the bottom right corner of (137). Since Catl, — Cat®X
is a cartesian fibration the induced map on vertical fibres in (137) can be identified
with the composed map of spaces of natural transformations

Nat(9”, g*nath ) — Nat(? ® 9,2 ® g*natd ) — Nat(@ ® 9/, 3*?),  (138)

where the second map is induced by the natural transformation : 2 ® natg/ = ev*¢
of Construction 6.2.6, restricted along (id, g): C x " — C x Fun®*(C, (’). Let
us now identify functors (C x C”)°? — Sp with functors C"? — Fun(C°P, Sp),
and write ': Fun®(C, C")°? — Fun(C°®, Sp) for the curried functor determined by
ev*?’: (C x Fun®*(C, C’))°°? — Sp. Unwinding the definitions we may rewrite (138)
as

Mapp,crov 5, (27, nat(Q, D))
—> Mappy,cror pun(cor,Spy) (2 ® 27, @ @ nat(®, YY)
— Mapl:un(cuup’Fun(Cop’Sp)) @® 9//, g*?),

where we understand nat(?, —): Fun(C”°?, Fun(C°, Sp)) — Fun(C”°?, Sp) as the
functor obtained by applying nat(?, —): Fun(C°, Sp) — Sp levelwise. To finish the
proof it will hence suffice to show that the evaluation natural transformation

? ® nat(?, —) = idpun(cor,Sp)
exhibits
?® —: Fun(C”?, Sp) — Fun(C"?, Fun(C°, Sp))
as left adjoint to

nat(?, —): Fun(C”, Fun(C°, Sp)) — Fun(C"", Sp).
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Indeed, this is simply the adjunction induced by the canonical adjunction
R (—): Sp zFun(COP, Sp): nat(?, —)

encoding the structure of Fun(C°P, Sp) as tensored over Sp. O

Specializing Proposition 6.2.7 to the unit Poincaré oco-category (C”,?")
(Sp', @) and using Proposition 4.1.3 we recover a natural equivalence

Fm(Fun™((C. 9). (€', ) = Mapc,n ((C.9), (€', ), (139)

which by comparing with the analogous claim for CatZ} we can place in a commutative
square

Fm(Fun®((C, ), (€', 2))) = Map¢, ((C, ), (', 2)

| !

tFun™(C, C") ————— Mapcye (C,C")

In particular, the equivalence (139) is of a somewhat tautological nature: a hermitian
object in Fun®™* ((C, ?), (C’, ?')) consists of a pair (f, n), where f: C — C’ is an exact
functor and n € Qoonatg( f) is a form for natg/, that which by definition means a
natural transformation n: = f*¢'. The equivalence (139) then associates to this
hermitian object the same pair (f, n), now considered as a hermitian functor from
(C,?) to (€', ?). Consulting the proof of Proposition 6.2.2 we observe that when
(C, Q) and (C’, ¥') are non-degenerate the map

]’]ﬁ: f — Dnatg,f = DQ/ fongp
associated to a hermitian object (f, 1), corresponds to the map
Ty fDQ — DQ/fOp
(see Definition 1.2.5) via the adjunction between pre-composition with D¢ and pre-
composition with Dgp. When D¢ is an equivalence we thus have that n; is an
equivalence if and only if 7, is an equivalence. In particular, for Poincaré oo-categories
(C,9), (C',?) we have that a hermitian object (f, n) in Fun®*((C, ?), (C’, ?)) is

Poincaré if and only if the corresponding hermitian functor (f, n): (C,?) — (C’, ?)
is Poincaré. In particular, in this case the equivalence (139) restricts to an equivalence

Pn(Fun®((C, 9), (€', 9))) = Mapc,n (€, 9), (€', ). (140)

We may summarize the situation as follows:



10  Page 188 of 269 B. Calmes et al.

Corollary 6.2.12 For a hermitian oo-category (C, %), the hermitian object idc ¢g)
in Fun®™((C, ?), (C, ?)) corresponding to the identity under the equivalence (139),
exhibits (C, Q) as corepresenting the functor

(C,9) = Fm(Fun™((C, 9), (C',?)))

in Catgo. In addition, if (C, ?) is Poincaré then id ¢ ) is Poincaré and exhibits (C, ?)
as corepresenting the functor

(C,9) = Pn(Fun®*((C, 9), (C', ?)))

in Cat2..

Corollary 6.2.13 Ler (C,?), (C',?) and (C”,?") be hermitian oo-categories. Then
there is an equivalence of hermitian oo-categories

Fun®((C", ?"), Fun®((C, ?), (€', 2))) = Fun®™((C, ?) ® (C", 2"), (C', ?)).
(141)
which is natural in (C, ?), (C', 2), (C", ?"). In addition, for (C",?") = Fun®*((C, ?),
(C', ?)) this equivalence sends the hermitian object on the left hand side corresponding

to the identity to the hermitian object on the right side corresponding to the evaluation
functor of Construction 6.2.6.

Proof This is a formal consequence of the Yoneda lemma that holds true in any
closed symmetric monoidal co-category. Indeed, embedding both sides in presheaves
to spaces we may use Proposition 6.2.7 and Corollary 6.2.8 to construct natural equiv-
alences between the resulting presheaves
Mapc,n (=), Fun®™((C", 2"), Fun®((C, 9), (C’, 2")))

~ Mapc,n (€7, 2") ® (=), Fun™((C, ), (C', 2))))

= MapCatgc ((Cv 9) ® (C//v 9//) ® (_)7 (C/v 9/))

~ Mapcyn (=, Fun™((C, 9) ® (€, 2"), (C", 2))).

The additional claim in the case (C”, 2”) = Fun®*((C, ?), (C’, ")) can be obtained by
taking (D, ®) = (Sp', ?") and tracing through the equivalences on both sides. O

Taking Poincaré objects in (141) and using the equivalence (140) we thus conclude:

Corollary 6.2.14 Let (C, ?) and (C', ?') be two Poincaré oo-categories. Then the evalu-
ation functor (ev, n) of Construction 6.2.6 is Poincaré and exhibits (Fun®* (C, C'), natg)
as the internal mapping objects in the symmetric monoidal category CatS. In partic-
ular, it determines an equivalence of spaces

Mapc,p (€7, "), Fun™((C, 9), (€', 2))) = Map¢,p_((C,?) ® (C",2"), (C', )

for (C",9") € Catd.
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Corollary 6.2.15 The symmetric monoidal structure on CatS, constructed in Sect. 5.2
is closed.

Corollary 6.2.16 The association (C, %), (C',?) — Fun®™((C, ?), (C',?")) canoni-
cally extends to a functor (Catgo)op X Catgo — Catg<> in a way that renders the
evaluation map of Construction 6.2.6 a natural transformation.

Corollary 6.2.17 The symmetric monoidal product on Cath, preserves small colimits
in each variable.

Remark 6.2.18 Since the evaluation functor used in Corollary 6.2.14 to exhibit internal
functor categories in Cat2, is the same as the one that was used to exhibit internal
functor categories in Cath, it follows formally that the inclusion Cath, < Cat'l_ is not
only symmetric monoidal (Theorem 5.2.7iii)), but also closed symmetric monoidal,
that is, preserves internal functor categories. It then follows from Remark 6.2.11 that
the composed functor

P h ex
Catg, — Catl, — Catgy

is closed symmetric monoidal as well.

Definition 6.2.19 For hermitian oo-categories (C, ?) and (C’, ?') we define the cate-
gory of hermitian functors from (C, ?) to (C’, ¥’) to be

Fun®((C, 9), (C', ?)) := He(Fun®((C, ?), (C', ?))).

Remark 6.2.20 Combining Corollary 6.2.13 and Corollary 6.2.12 we deduce that for
hermitian oo-categories (C, ?), (C’, ?") and (C”, ?"), the evaluation functor of Con-
struction 6.2.6 determines a natural equivalence

Fun®((C”, ?"), Fun®™((C, ?), (C’, ?))) ~ Fun™((C,?) ® (C",?"), (C’, ?)).

Remark 6.2.21 Proposition 6.2.7 tells us that Catlgo is a closed monoidal category, so
we can turn it into an oco-category enriched over itself via [22, Cor. 7.4.10]. In par-
ticular, for three hermitian co-categories (C, ?), (C’, ") and (C”, ") we have natural
composition hermitian functors

Fun®™((C, ?), (C’, ?)) ® Fun®*((C', ¢), (C", ?")) — Fun®™*((C, ?), (C",?")).

which one can of course also easily write down without using enriched technology.
Applying [22, Cor. 5.7.6] to the lax monoidal functor He: CatgO — Caty, We see
that Catgo is canonically endowed with an enrichment over Cats,, with composition
functors

Fun((C, 9), (C', ?)) x Fun"((C’, ¥, (C",?")) — Fun"((C, 9), (C",9")),

and identities given by the tautological hermitian objects id ¢ ¢y of Corollary 6.2.12. In
particular, one should consider Catgo as an (oo, 2)-category, with mapping categories
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given by Fun"(—, —). Though we will not make explicit use of this point of view,
these hermitian functor categories will play a role in Sects. 6.3-6.4 when we study
the tensor-cotensor constructions, a structure most naturally viewed with the (oo, 2)-
categorical perspective in mind.

6.3 Cotensoring of hermitian categories

Given a hermitian co-category (C, ?) and an oo-category Z, our goal in this section
is to promote the diagram category ¢? := Fun(Z, () to a hermitian oo-category
(€, 9%, which we call the cotensor of (C, ) by Z. We will characterize the resulting
hermitian co-category by a universal property, see Proposition 6.3.10 below, which
can be considered as witnessing it being the cotensor structure of Catlo‘o over Catoo
with respect to the enrichment of the former in the latter described in Sect. 6.2. This
construction will feature prominently in Paper [2] via the hermitian Q-construction.

Construction 6.3.1 Let Z be a small co-category and (C, ?) a hermitian co-category.
We will denote by CZ := Fun(Z, C) the stable co-category of functors Z — C. Let
ev: T x CL — C be the evaluation functor, which, under the exponential equivalence

Fun(Z x C*,C) ~ Fun(Z, Fun(C%, C))

corresponds to the functor which associates to i € Z the evaluation-at-i functor
ev;: CL — C. Define a functor 9 : (C%)oP — Sp by

o := lim ev’Q.
ieZor

On a given diagram ¢ € CZ the functor 97 is given by the formula

L (p) = lim Ap(i)).
ieZop

Proposition 6.3.2 The functor 9<: CT — Sp is quadratic. lts bilinear part is given
by

B (g, ¥) := lim Bo(p(i), ¥(i)),

and the linear part AT makes the square

At (p) > lim Aq(p(i))
ieZop

| !

BL (g, ¢)'? = [limjezer Bo(p(1), p()I'? —— lim Bo(p(), (1)
(142)
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cartesian. If Q is non-degenerate and C admits (I;)°P-shaped limits for all i € I, then
o7 is also non-degenerate with duality given by

[D*@]e = lim Dele(i).

Remark 6.3.3 If 7 is a finite co-category then AL(p) = limzop Agy®P, since the
bottom horizontal map in (142) is then an equivalence.

Proof of Proposition 6.3.2 The functor 97 is defined as a limit of the functors evie,
each of which is quadratic since ? itself is quadratic and each ev; is exact. Since the
collection of quadratic functors is closed under limits (Remark 1.1.15) it follows that
97 is quadratic. Since the formation of bilinear parts is compatible with restriction
(Remark 1.1.6) and commutes with limits (e.g, by Lemma 1.1.7), it follows that

B ~ lim (ev] x ev])Be,
ieZop

and in particular
BZ (¢, ) = lim Bo(p(i), ¢(i)).
ieZop

The formation of linear parts however does not commute with limits. To compute it,
we apply limzop to the square classifying @ via Corollary 1.3.12, yielding the square

?(p) ——— lim Ae(p())

| !

B, )" — lim Bo(p(D), 9(0)'
l

of quadratic functors in ¢ whose left hand side consists of exact functors. Taking linear
parts we then get the desired description of AZ.

We now prove the desired formula for the duality. For this, we henceforth assume
that (C, ?) is non-degenerate and that C admits (Z/;)°P-indexed limits for every i € T.
Let s: TwAr(Z) — Z and t: TwAr(Z) — Z°P be the source and target functors,
respectively. Define DZ: (C1)°P — CZ by the composite formula

(CI)Op Deo(-) CZOP i) CTWAr(I) ﬁ) CI

where s, stands for right Kan extension. This right Kan extension indeed exists: since
s: TwAr(Z) — T is a cartesian fibration classified by the functor i — (Z;/)°P this
right Kan extension is given by the explicit formula

DI N — li D .
(D™ (@)]() o o 2 (@()))
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where the required limits exist in C by assumption. We now claim that D? represents
the bilinear functor BZ. To prove this, note first that since the right Kan extension
functor s, is right adjoint to the corresponding restriction functor s* we get that

nat(¢, DT (1)) = nat(g, s,t*Dey) =~ nat(s*g, r*Det))
~ lim  home(p(se). Deytp) = lim  Bo(p(se). Y (1)),

[o:a= Ble
TwAr(TwAr(Z))°P TwAr(TwAr(Z))°P

where we have used the standard formula for the spectrum of natural transformations
as a limit over the twisted arrow category. We wish to show that the last limit above is
equivalent to lim; 7o Bo(¢(i), ¥ (i)). For this we will make use of several cofinality
arguments. To facilitate readability in what follows, we invite the reader to visualize
an object [0 : ¢ = B] € TwAr(TwAr(Z))°P as a diagram of the form

i 21
LT

j— k

To begin, consider the commutative diagram

i—>j—k—>1¢€ TwAr(TwAr(I))T\ml)TwAr(Z x I°P) = TwAr(Z) x TWAr(Z°P) > ([i — jl, [l < k])
t txt
il L e I 1 I

=k e TwAr(@)P —=2 4 (T x IOP)oP IP x T > (. k)

Since (s x t): TwAr(C) — C x C°P is a right fibration it induces an equivalence on
over categories. It then follows that the commutative square on the left is cartesian,
and hence the induced map

TWAr(TWAK(Z)) = TWAr(Z)® X (o0 7) [TWAT(Z) x TWAr(Z%)]
~ TwAr(Z) x7op TWAr(Z)°P x7 TwAr(Z°P)

is an equivalence. In particular, the projection
TwAr(TwAr(Z)) — TwAr(Z) xzoo TwAr(Z)? (143)

is a cartesian fibration whose fibres have terminal objects, being pulled back from the
(target) cartesian fibration TwWAr(Z°?) — 7 given by [/ < k] — k which has this
property. By [43, Lemma 4.1.3.2] it then follows that the functor (143) is cofinal. To
avoid confusion, we note that in the fibre product in (143), the map TwAr(Z) — Z°P
is the target projection [i — j] + j and the map TwAr(Z)°? — Z°P is the opposite
of the source projection [j — k] + j. Now the composed functor

TwAr(Z) x7op TWAr(Z)? — TwWAr(Z) xzop [Z° x I] = TWAr(Z) x I — T
(144)
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is cocartesian fibration, being a composition of a left fibration and a constant cocarte-
sian fibration. By compatibility with base change we see that this cocartesian fibration
is classified by the functor k — TwAr(Z) xgzeoo (Z;;)°P. Since the projection
Z/ — 1 is a right fibration it follows by the same argument as above that the
map TwAr(Z,,) — TwAr(Z) xzo (Z;;)°P (induced by the target projection) is an
equivalence. The cocartesian (144) is hence also classified by the equivalent functor
k +— TwAr(Z ). Now consider the map of cocartesian fibrations (over Z)

TwATr(Z) x7op TWAr(Z)°P ~ / TwAr(Zy) — / Iy ~ Ar(Z) (145)
7 T

induced by the source projections TWAr(Z,x) — Zi. Then (145) is a map of cocarte-
sian fibrations which is fibrewise cofinal by Lemma [43, Lemma 4.1.3.2] and is hence
itself cofinal. Since cofinal maps are closed under composition we may now conclude
that the composed projection

TwAr(TwAr(Z2)) — Ar(Z)

is cofinal. On the other hand the canonical inclusion Z — Ar(Z) sending x to id, is
also cofinal since it has a left adjoint (the target functor). We may therefore conclude
that

lim  Beo(p(sa), ¥ (1)) > lim _ Beo(p(i), (k) = lim Be(p(i), ¥ (i),
[o:a=ple [i—k]eAr(Z)°pP ieZor
TwAr(TwAr(Z))°P

and so D7 represents Bo, as desired. O
Definition 6.3.4 For a hermitian co-category (C, ?) and an oco-category Z we will
denote by (C, 9T := (€%, 97) the co-category given by Proposition 6.3.2. We will
refer to it as the cotensor of (C,?) by I.

Remark 6.3.5 If 7 is a finite poset then the comma oco-categories Z/; are finite for every
i € 7, and hence every stable co-category admits (Z;)°P indexed limits. In particular,
in this case (C, 9)7 is non-degenerate as soon as (C, ?) is non-degenerate.

Example 6.3.6 For 7 = TwAr(A') we may identify CT with the oo-category of spans
x < w — yinC, with 97 given by

o ([x < w = y]) = 2x) xow) 20,
and the duality (when (C, ?) is non-degenerate) given by
D ([x < w — y]) = [Dex < Dox Xpyy Doy — Deyl.

It is then straightforward to verify that this duality is perfect whenever Dy is perfect, in
which case (C, 2)7 is Poincaré. This example will feature prominently in subsequent
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parts of the present paper in the context of the cobordism category of a Poincaré oco-
category, where we will view the above duality as an algebraic incarnation of Lefschetz
duality for manifolds.

Warning 6.3.7 For a Poincaré (C, ?) and 7 arbitrary, the hermitian co-category (C, Q)L
might fail to be Poincaré, even if Z is a finite poset. This happens for example if 7
has a final object but is not itself equivalent to a point; indeed, in this case the image
of D7 is the full subcategory of CZ spanned by the constant diagrams. On the other
hand, we will see in Sect. 6.4 that cotensor by Z does preserve Poincaré co-categories
when 7 is the poset of faces of a finite simplicial complex.

We go on to establish the universal property of these hermitian diagram categories,
from which we will also deduce their functoriality. We will require the following

lemma:

Lemma 6.3.8 Let 7 be a small co-category and C, C' be two hermitian co-categories.
Then the fibre of the map

Fun(Z, Fun™((C, 9), (C’, ?))) — Fun(Z, Fun®™(C, C'))
over a functor f: T x C — C' is naturally equivalent to the space Nat(p5%, f*?') of

natural transformations p3? = f*, where pc: T x C — C denotes the projection
to C.

Proof We want to describe the space of dotted lifts

Fun"(C, C)

T l

T /—f> Fun®*(C, C")

Recall that the vertical map above is the right fibration classified by functor
Qoonatg : Fun®™(C, C")°P — 8, and so by [43, Corollary 3.3.3.2], the space of sec-
tions of this right fibration coincides with the limit

lim Q%natd (f;) = lim Nat(?, £*¢) ~ Nat (?, lim £*?’).
P ©7nets () = i, Nat(® 9 =Nt (5, i, /79
On the other hand, we have
Nat(p5®, f*') >~ Nat(Q, ps f*?') ~ Nat(?, _li%nP 159,
ie 0]

since right Kan extensions along p¢ are computed by taking the limit fibrewise, as
can be seen from the pointwise formula for right Kan extensions. Hence the two
constructions are naturally equivalent. O
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Construction 6.3.9 For a hermitian oco-category (C, ?) and an co-category Z we define
a functor

&v: 7 — Fun"((C, 9%, (C. ?)
as follows. Let p: Z° x €Ty — (CT)°P be the projection on the second factor and
ev: I% x (CL1yp — cop

the evaluation. By Lemma 6.3.8 the additional data needed in order to define ev is a
natural transformation

r: p et = ev*Q. (146)
We then define t by taking the counit transformation

const lim = id ,
Zop " Top Fun(Z°P,Sp)

currying it into morphism in Fun(Z°° x Fun(Z°®, Sp), Sp) and finally pre-composing
with the functor

I% x (CF)°P — I x Fun(Z°, Sp)

induced by ©.

Proposition 6.3.10 Let (C,?) and (C', Q') be two hermitian oo-categories and T a
small oo-category. Then the composite map

Fun"((C', 9). (€, 9F) xT L= Funh((C, 9), . 9)F)
x Fun™((C, 9)%, (C, 9)) — Fun((C’, ?), (C, ?))

defined using the functor &v of Construction 6.3.9 and the composition functor of
Remark 6.2.21, determines an equivalence of oco-categories

Fun"((C’, ), (C, 9%) = Fun(Z, Fun"((C’, ?). (C. D)), (147)
and in particular an equivalence
Mapc,p (€', 9), (€, D) = tFun(Z, Fun"((C, ?), (C, D). (148)

We will give the proof of Proposition 6.3.10 at the end of this subsection. Before let
us explore some of its consequences. First, as in the case of internal functor categories,
the Yoneda lemma immediately implies:
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Corollary 6.3.11 The association (Z, (C, Q) — (C, 9)7 extends canonically to a func-
tor Catd x CatgO — Catgo that renders the equivalence from Proposition 6.3.10
natural.

Remark 6.3.12 Unwinding the definitions, if «: Z — J is a functor of small co-
categories and (C, ?) is a hermitian oo-category then the hermitian functor

@, n%): (€, 97 -,

issued via the functoriality of Corollary 6.3.11 is given by the usual restriction functor
a*: ¢ — CT on the underlying stable oco-categories accompanied by the usual
restriction-induced map

ng: 97 () = jleigq)pﬁ?(w(j)) — lim 2(p(a(@) = % (a*p)

on limits.

Remark 6.3.13 As pointed out in Warning 6.3.7, the cotensor construction does not
restrict to a functor Catgg X Catgo — Catgo. In particular, while this construction is
best understood by considering Cat];o as an (0o, 2)-category, the (0o, 2)-categorical
perspective does not seem to extend to Catl, in a meaningful manner.

Remark 6.3.14 It follows from Proposition 6.3.10 that when Z is an co-groupoid the
cotensor (C, Q)I coincides with the limit in Catgo of the constant Z-diagram with value
(C, ®). In particular, it follows form Proposition 6.1.4 that for such an 7 the functor
(€, Q) — (C, )T does preserve Poincaré oo-categories.

Taking (C/, ?') = (Sp®, ") in Proposition 6.3.10 yields:
Corollary 6.3.15 There is a natural equivalence He((C, %) ~ Fun(Z, He(C, ?)).

Remark 6.3.16 We know of no analogous formula for the Poincaré objects of (C, Q)L
when the latter happens to be Poincaré. It is certainly not true, for example, that the
individual objects of a Poincaré diagram are Poincaré objects themselves, as demon-
strated by the case Z = TwAr(A'), see Example 6.3.6.

The following is again a formal consequence:

Corollary 6.3.17 For any hermitian oo-categories (C, ), (C', ?') and any oo-category
7 there is a canonical equivalence

Fun®™((C, 9), (C', 9)%) ~ Fun®*((C, 9), (C’, ¥ )%

of hermitian co-categories.

Proposition 6.3.18 Let (C, Q) be non-degenerate and o: T — J a functor between
small categories, such that (C, ?) admits both (1;/)°P- and (J;,)°P-shaped limits for
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alli € T and j € J. If the induced maps L;; — Ju(i)) are cofinal for everyi € T
then the hermitian functor

@, n%): (C, 97 - €, 9

is duality preserving. In particular, if (C, )7 and (C, )% are Poincaré then (o*, n%)
is a Poincaré functor.

Proof This follows directly from the explicit description of the duality in Proposi-
tion 6.3.2. O

Remark 6.3.19 In the situation of Proposition 6.3.18, if « is a map of posets, then
the given criterion for preservation of duality can be rephrased more explicitly by
saying that for every i € 7 and j € J with j > «(i), the realisation of the poset
{keZ|i<k,j<ua(k)}iscontractible.

Proof of Proposition 6.3.10 We argue similarly to the proof of Proposition 6.2.7. The
forgetful functor determines a commutative diagram of co-categories

Fun®((C’, ?), (C,9%) — Fun(Z, Fun"((C’, ?), (C, ?)))

l l (149)

FuneX(C/’ CI) ;> FUH(I, Fun®* (C/, C))

in which the vertical maps are right fibrations and where the bottom arrow is an
equivalence since the functor ev’ : Z — Fun®*(CZ, C’) underlying & already exhibits
CT as the cotensor of C over Z in CatX. It will hence suffice to show the map induced
by (149) on vertical fibres is an equivalence. Let us hence fix an exact functor g: ¢’ —
¢ and let g7 = {gi} : T — Fun®**(C’, C) be its image in the bottom right corner
of (149). Now the fibre of the right vertical map in (149) over g7 is the space of sections
of the base change

Fun"((C', 2, (C, ) Xpumexcr.0) L — Z, (150)

where the fibre product is taken with respect to the map g7. By the compatibility of
base change and straightening we see that (150) is the right fibration classified by the
functor i +> Nat(¢’, gl.*(_?). By [43, Corollary 3.3.3.2] evaluation at the various i € Z
exhibits the space of sections of (150) as the limit lim; Nat(?’, g*?). We may then
identify the map induced by (149) from the fibre over g to the fibre of gz with the
map

Nat(¢', g*¢%) — lim Nat(?, g*9)
1

whose components Nat(?’, g*QI) — Nat(?, g;“}) are induced by the components
5: 9% - evi? of (146). Since pulling back functors preserves limits the desired
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result now follows from the fact that the collection of maps 97 — ev’? exhibit Q7 as
the limit of the diagram {ev?}, by definition. O

6.4 Tensoring of hermitian categories

In this section we will consider the dual of the cotensor construction studied in Sect. 6.3,
which we will refer to as fensoring a Poincaré oo-category (C, ?) by an co-category Z.
In general this construction is somewhat less accessible then the cotensor construction,
but we will be able to say more about it when 7 satisfies certain finiteness conditions,
see Sect. 6.5 below. We will exploit the tensor construction in Paper [2] in order to
form the dual Q-construction, which is needed in the proof of the universal property
of the Grothendieck-Witt spectrum.

Construction 6.4.1 Let (C, ?) be a hermitian co-category and Z a small co-category.
Fori € Z and x € C, letus denote by R; . : Z°° — Pro(C) the functor R; » = (¢;)«(x)
right Kan extended along the inclusion ¢; : {i} < Z°P of i from the functor {i} —
Pro(C) with value x € C C Pro(C). We then let C7 < Pro(C)X™ be the smallest full
subcategory containing R; , fori € 7 and x € C and closed under finite limits. Then
Ct is also closed under suspensions (since the collection R;  is, as suspension in C
commutes with finite limits) and is hence stable. It is also equipped by construction
with a functor

1:CxT—>Cz  (x,i) > Rix. (151)

We then promote C7 to a hermitian co-category by endowing it with the quadratic
functor

Q7: C;p — Sp

obtained by taking the left Kan extension of p;?: C x I°° — Sp along
(°P: CP x TP — C%P, which results in a reduced functor, and then applying to
it the 2-excisive approximation of Construction 1.1.26, left adjoint to the inclusion
Fun4(C7) C Fun,(C, Sp) (in fact, we will see in the proof of Proposition 6.4.3 that
this 2-excisive approximation is not needed, that is, the result of the left Kan extension
is already 2-excisive). Here we denote by pc: C x Z — C projection to C. We then
set

€, 97 :=(Cz, 2D,

and refer to it as the tensor of (C, ?) by Z. By construction the functor 27 supports a
natural transformation

pEQ = ("97,
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where pc: C x Z — C is the projection to C, and by Lemma 6.3.8 this transformation
determines a functor

coev: T — Fun"((C, 9), (C7, 97)), (152)

which to i € T associates the exact functor x — R; ,, equipped with the natural
transformation ?(x) = ?7(R; x) given by the construction of ?7.

Remark 6.4.2 The functor coev: C x Z — C7 exhibits C7 as universal among stable
oo-categories equipped with a functor from C x Z which is exact in the first entry.
To see this, we may replace the term “exact” by “finite limit preserving”. In other
words, it will suffice to show that (151) is universal among maps from C x Z to a
finitely complete oo-category which preserve finite limits in the first variable. Such
universal constructions are explicitly described in [43, §5.3.6]. In particular, it will
suffice to show that C7 coincides with the construction appearing in the proof of
[43, Proposition 5.3.6.2]. To see this, note that Fun(Z°P, Pro(C)) identifies with the
full subcategory of Fun(C x Z, S§)°P spanned by those functors which preserve finite
limits in the C-variable. This full inclusion then admits a right adjoint

R: Fun(C x Z, 8)°® — Fun(Z°?, Pro(C)),

and what we need to check is that C; € Fun(Z°P, Pro(C)) identifies with the full
subcategory generated under finite limits by the images under R of the corepresentable
functors Mapg, 7((x, 1), —): C xZ — S. In light of the definition of C7 this amounts
to showing that R; , ~ R(Map¢,7((x, i), —)). Indeed, both these objects represent
the functor

Fun(Z?,Pro(C)) — S ¢ > Mapp,c) (9(i), X).

To describe 27 more explicitly, let 9: Pro (C)°P — Sp be the left Kan extension of ?
along the Yoneda embedding C°? < Pro(C)°P. Then ? is quadratic by [47, Proposition
6.1.5.4]. Its bilinear part then coincides with the essentially unique bilinear functor
Bo: Pro(C)° x Pro(C)® — Sp which extends B and preserve colimits in each
variable separately, and its linear part is the essentially unique colimit preserving
functor Ag: Pro(C)°? — Sp extending Ae.

Proposition 6.4.3 Let (C, Q) be a hermitian oo-category and T a small oo-category.
Then the quadratic functor 27 of Construction 6.4.1 is given explicitly by the formula

27(p) = colim ¥p(i)).
ieZ
Its bilinear and linear parts are given by
Br(p, ¥) := colim Be(p(), (1)) and Az(g) := colim Re(¢ (1)),
L 1

respectively.
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Proof To establish the formula for 97 we first note that colim; ez §(¢) (7)) is quadratic,
being a colimit of the quadratic functors ev? for i € Z°P, see Remark 1.1.15. Its
linear and bilinear parts are then given by the indicated formulas since taking linear and
bilinear parts commutes with colimits. It will hence suffice to identify colim; c7 §(<p (1))
with the left Kan extension of p;? along :°P. For this, consider the commutative square

op
Cx®» —= P

| !

Fun(C x Z,S) —— Fun(Z°P, Pro(C))°P

where the left vertical map j is the Yoneda embedding and the bottom horizontal map
is the left adjoint to the inclusion Fun(Z°P, Pro(C))°P — Fun(C x Z, S) induced by
the inclusion Pro(C) — Fun(C, §)°P as the full subcategory spanned by left exact
functors. Since the right vertical map is fully-faithful we may compute ¢ p5? by
further Kan extending to Fun(Z°P, Pro(C))°P and then restricting back to C%p. By
the commutativity of the above square the left Kan extension to Fun(Z°P, Pro(C))°P
can be performed by first left Kan extending to Fun(C x 7, S) and then left Kan
extending to Fun(Z°P, Pro(C))°P, the latter given by restriction along the right adjoint
Fun(Z°P, Pro(C))°® < Fun(C x Z, §). Now the left Kan extension of p;? along the
Yoneda embedding results in the coend construction

Fun(CxI,S)apH/ p®pé?:/(pc)!p®9,
CxT C

where ® denotes the tensor of spectra over spaces. Now, in the case where our functor
C xI — Sisofthe form py,(x, i) = Mapg(¢(i), x) for some Pro(C)-valued presheaf
¢: I°° — Pro(C), then its left Kan extension along pc: C x Z — C is given by

(pe)1py(x) = C?;lll_n MapPro(C) (p (@), x).
We may then conclude that
[upEl(g) = f(pc)!p<p ®L x> colim/ Mappyy ) (9 (i), x) ® @ == colim ¥(p(i)).
C i€l Jc i€l
As this expression is already 2-excisive in ¢ we deduce that
27(¢) = colim 2p(i)),
ieZ

as desired. O

We shall now address the universal property of the tensor construction.
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Proposition 6.4.4 Let (C, Q) and (C', Q') be hermitian co-categories and T a small
oo-category. Then the composed map

coev xid

7 x Fun™((C, 9)7, (€', ?)) =55 Fun((C, 9), (C, 9)7)
x Fun"((C, 9)7, (C', ")) — Fun"((C, 9), (C',?))

induces an equivalence
Fun"((C, 9)7, (€', ?)) ~ Fun(Z, Fun"((C, 9), (C', ?))) (153)
and in particular an equivalence
MapCatgo((C, 97, (C',?)) ~ (Fun(Z, Fun™((C, ), (C', 2))). (154)
As in the case of the cotensor construction the universal characterization implies

functoriality:

Corollary 6.4.5 The association (Z, (C, ?)) — (C, Q)7 extends canonically to a func-
tor Caty, X Catgo — CatgO that renders the equivalence from Proposition 6.4.4
natural.

Remark 6.4.6 Comparing universal properties, we see that there are canonical equiv-
alences of hermitian co-categories

Fun™((C, 9)7, (C', ?")) ~ Fun®*((C, ?), (C’, ¥))* ~ Fun®™((C, 9), (C’, D).

Remark 6.4.7 Comparing universal properties we see that there are canonical equiv-
alences of hermitian co-categories

€, C,H>2C,ORC, V)7 =(C,YC, )71
Remark 6.4.8 It follows from Remarks 6.4.6, 6.4.7 and 6.2.4 that for a given small

oo-category Z the conditions

i) the functor (C, ?) — (C, ?)7 preserves Poincaré co-categories;
ii) the hermitian co-category (Spt, 9")7 is Poincaré;

are equivalent, and that when these equivalent conditions hold the functor (C, ?)
, Q)I preserves Poincaré co-categories as well.

Remark 6.4.9 If «: 7 — J is a map between small co-categories then the hermitian
functor

Ct—Cy

resulting from the functoriality of Corollary 6.4.5 mustinduce the associated restriction
functor

o*: Fun(J, Fun™((C, 9), (C’,?))) — Fun(Z, Fun"((C, 9), (C’,?)))
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under the equivalence of Proposition 6.4.4, upon mapping into any (C’, ’). The under-
lying exact functor is consequently the essentially unique one (see Remark 6.4.2)
making the diagram

idxo

CxT —CxJ

lC oev lC oev

Ct — Cy

commute, and must therefore coincide with the restriction to Cz of the right Kan
extension functor

as: Fun(Z°?, Pro(C)) — Fun(J°P, Pro(C)).

By a slight abuse of notation we will denote this restriction by ay: Cz — C 7 as well.
Using the formula of Proposition 6.4.3 the hermitian structure on «, is then given by
the natural map

Q7(¢) = colim (¢ (i) — colim Y(a*ap(i)) — colim (w0 (j)) = 2.7 (@x9)
ieZ ieZ jed

for ¢ € C1.

Remark 6.4.10 The natural equivalences (148) and (154) exhibit (—)7 as left adjoint
to (—)Z. Furthermore, if «: 7 — J is a map of finite posets then this adjunction
intertwines the restriction functor «*: (C, 2)Y — (C, 9)% with the (restricted) right
Kan extension functor . : (C, ?)7 — (C, 9) 7.

Proof of Proposition 6.4.4 The forgetful functor Catll, — Cat determines a commu-
tative square of co-categories

Fun™((C, 9)7, (C',?)) — Fun(Z, Fun"((C, ?), (C’, ?)))

l l (155)

Fun®(Cz, C') ———— Fun(Z, Fun™*(C, C'))

in which the vertical maps are right fibrations. By Remark 6.4.2 the bottom horizontal
map is an equivalence. It will hence suffice to show that (155) induces an equivalence
on vertical fibres. Let g: Cz — C’ be an exact functor and let g7 = {g;}: Z —
Fun®(C, C’) be its image in the bottom right corner of (155). To identify the fibre

on the left side, let go: C x Z — Cg £ ' be the composed functor, so that gg
corresponds to g7 under the identification of functors Z — Fun(C, C’) and functors
C x T — (. In light of the definition of 7 via left Kan extensions and 2-excisive
approximations we may identify the fibre of the left vertical arrow in (155) over g
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with Nate,. 7(p3®, g52), where pc: C x T — C is the projection. The map between
the vertical fibres in (155) can then be identified with the map of spaces

Natc, 7(p59, g59) — ilei?nlp Natc(?, g79), (156)

whose i ’th component Nat¢ 7 ( pé?, 869") — Natc(Q, gi*Q/ ) is given by restricting to
C x {i} € C x Z. This map is an equivalence by Lemma 6.3.8, and so the proof is
complete. O

6.5 Finite tensors and cotensors

In this section we will consider the tensor and cotensor constructions in the case where
the oo-category 7 satisfies strong finiteness conditions, e.g., when 7 is a finite poset.
In this case the tensor construction admits a more accessible description, and sends
non-degenerate Poincaré co-categories to non-degenerate ones, with explicit induced
duality, see Proposition 6.5.8. In addition, we will show that under these conditions
the functor (C,?) — (C, )7 is not only right adjoint to (C, ?) — (C, ?)7, but also
left adjoint to it, and extract some useful consequences. Finally, in this case both the
tensor and cotensor constructions are functorial not only in maps «: Z — 7, but also
in cofinal maps 8: J — 7 going in the other direction, a phenomenon we refer to as
exceptional functoriality, see Construction 6.5.14.

To begin, recall that an oo-category Z is said to be finite if it is categorically equiv-
alent to a simplicial set with only finitely many non-degenerate simplices. If 7 is a
space then the condition that 7 is finite as an co-category is equivalent to the condition
that 7 is finite as a space, that is, that it is weakly equivalent to a simplicial set with
finitely many non-degenerate simplices. We will use the term finite (co)limits to refer to
(co)limits indexed by finite co-categories. We recall that any stable co-category admits
finite limits and colimits, and that these are preserved by any exact functor. In partic-
ular, in any stable co-category which admits small (co)limits, the latter automatically
commute with finite (co)limits.

Definition 6.5.1 We will say that an co-category 7 is strongly finite if it is finite, and
in addition for every i, j € Z the mapping space Mapz (i, j) is finite.

Example 6.5.2 Any finite poset is strongly finite.

Example 6.5.3 Any Reedy category with finitely many objects and finitely many mor-
phisms is strongly finite. This follows by induction from [43, Proposition A.2.9.14].
For example, the full subcategory A<, C A spanned by the ordinals [k] for k < n is
strongly finite.

Remark 6.5.4 If 7 — J is a cartesian or cocartesian fibration such that 7 is finite and
the fibres 7 ; are finite for every j € J then Z is finite. This follows from the explicit
description of cartesian fibrations over the n-simplex via generalized mapping cones,
see [43, §3.2.3]. It then follows that for a strongly finite co-category Z the twisted arrow
category TwAr(Z) is finite. Similarly, if ¢ : 7 — 7 is a functor between strongly finite
oo-categories then all the comma oo-categories of « are finite.
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Remark 6.5.5 Any localisation of a finite co-category by a finite set of arrows is finite,
since it can be written as a pushout of finite co-categories. In particular, if Z is an
oo-category such that TwAr(Z) is finite then Z is finite, since Z can be written as
a localisation of TwAr(Z) by a collection of arrows of the form [f: x — y] —
[id: x — x] where f runs over a set of representatives of equivalence types in
TwAr(Z). Combining this with Remark 6.5.4 it follows that the condition that 7 is
strongly finite is equivalent to the condition that TwAr(Z) is finite and all mapping
space in 7 are finite.

Lemma6.5.6 Let Z be a small oco-category and C a stable oo-category. Then the
following holds:

i) If the mapping spaces of T are finite then Ct is contained in Fun(Z°P,(C) C
Fun(Z°P, Pro(C)).
ii) If the twisted arrow category TwAr(Z°P) is finite then Fun(Z°P, C) is contained in
Crt.
In particular, if T is a strongly finite oco-category then Cz = Fun(Z°P,C) as full
subcategories of Fun(Z°P, Pro(C)).

Remark 6.5.7 The objects R, ; are cocompact in Fun(Z°P, Pro(C)) and generate it
under limits. Since C7 is by definition the closure of R, ; under finite limits it fol-
lows that the inclusion Cz € Fun(Z°P, Pro(C)) induces an equivalence Pro(Cz) =~
Fun(Z°P, Pro(C)). When 7 is strongly finite Lemma 6.5.6 then gives an equivalence

Pro(Fun(Z°?, C)) ~ Fun(Z°?, Pro(C)).

This generalizes [43, Proposition 5.3.5.15] (in the case of k¥ = w) from finite posets
to all strongly finite co-categories.

Proof of Lemma 6.5.6 To prove i) it will suffice to show that CIOP, which is closed
under finite limits in Pro(C)IoP, contains the objects R; , for every (i,x) € 7 x C.
Indeed R; ,(j) = xM#z(.)) s contained in C € Pro(C) since x is in C, Mapz(i, j) is
a finite space, and C is closed inside Pro(C) under finite limits.

Let us now prove ii). We need to show that if TwAr(Z)P is finite then any C-
valued presheaf ¢: Z°° — C is a finite limit of cofree presheaves of the form R; ;.
But it is a standard fact that any presheaf ¢ is canonically the limit of the composed
TwAr(Z)°P-indexed diagram

TwAr(D)® — I x T 2 ¢ x 7 — 5 Pro(@)”
lo:i— jl —— (@, j) —— (0@),]) —— Rj i)
which takes values in cofree presheaves. To see this note that the TwAr(Z)°P-indexed

family of maps cj;_ jj: ¢(j) — ¢(i) determines a TwAr(Z)°P-indexed family of
maps ¢ = R; ,(), and hence a map

= lim R: .
v [i— j1eTwAr(Z)°P Jo@@)
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Evaluating at k € Z°P, the resulting map

k) = lim @ (M@K ~ lim @
[i— jleTwAr(Z)°P [i— j—>k]leTwAr(Z )P

is then seen to be an equivalence by the cofinality of the functors TwAr(Z ;) dom,
Z/k <~ {idk}. O

Proposition 6.5.8 Let T be a strongly finite oo-category (e.g., any finite poset). Then
under the identification
Cz = Fun(Z°, C) € Fun(Z°?, Pro(C))
of Lemma 6.5.6, the quadratic functor Q7 corresponds to the functor
97(p) = colim 2 (i)).
i€l
Its bilinear and linear parts are then given by

Bz(p, ¥) = colim Bo(p(i), ¥ (1)) and Az(p) = colim Ag(p(i)),
ieZ ieZ

respectively. In addition, if (C, Q) is non-degenerate then (C, ?)7 is non-degenerate
with duality

[D7¢](j) = colim Do (p(i))Mapz (/) (157)

Proof of Proposition 6.5.8 The identification of ?7 together with its linear and bilinear
parts follows directly from Proposition 6.4.3 and Lemma 6.5.6. Now assume that
(C, ?) is non-degenerate. To prove the formula for the duality, we need to show that
for diagrams ¢, ¥ : Z°? — C there is an equivalence

Bz(g, ¥) ~ nat(e, Dzv)

natural in ¢, ¥, where D7 is given by (157). Expanding the right hand side and using
the standard formula for natural transformations we obtain

nat(p,Dzy) >~ ~ lim home (¢ (), (DY) (@)
[i— jleTwAr(Z)°P

= lim hom i), colim(Der (k))Mapz ki)
lim fleTwar@er € (‘/’(1) ol Doy (k))

~ colim lim home (¢ (), Doy (k))Mapzk:1)
keZ [i— jleTwAr(Z)op

~ colim lim hom, i), D k
O i e i v c(p(j), Doy (k)

=~ colimhome (¢ (k), Doy (k) >~ Bz (¢, ¥),
keZ
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where we have used the finiteness of TwAr(Z) and Mapz(—, —) to commute limits
and colimits and the cofinality of the maps TwAr(Zy/) cod, I,?f’ <« {idg). |

We now turn our attention to some structural properties of the tensor and cotensor
constructions which are special to the strongly finite case. Recall from Remark 6.4.10
that for a fixed co-category Z, the functor (C,?) — (C, )7 is right adjoint to the
functor (C, ?) — (C, ?)7. Our next goal is to show that when 7 is strongly finite
the functor (C,?) +— (C, )7 is also left adjoint to the functor (C,9?) — (C,9)7.
To exhibit this, consider for hermitian co-categories (C, ?), (C’, ?') the evaluation
hermitian functor

(C,9) ® Fun®((C,9), (C',?)) — (C',?) (158)

from Construction 6.2.6. By the universal property of internal functor categories this
transposes to a hermitian functor

(C,?) — Fun®*(Fun®™((C, 9), (C', ), (C", ?)),
and consequently induces for Z € Cat, a hermitian functor

€, 9% — Fun®™ (Fun®™((C, ?), (C', ), (C, )Nt
~ Fun®* (Fun®™ ((C, 9), (C, ?))1, (C', ?)),

where we have used the equivalence of Remark 6.4.6. The resulting functor then
transposes twice to give a hermitian functor

Fun™((C, 9), (C, ¥))z — Fun*((C, 9%, (C', 2)).

On the other hand, using the equivalence of Remark 6.4.7 the evaluation functor (158)
induces a hermitian functor

(C,?) ® Fun®™*((C, 9), (C’, 9’))1
~ (C,?) ® Fun™((C, 9), (€', ?)) ® (Sp', ™)1
- (€, S Mr =, 1

which transposes to give a hermitian functor
Fun®((C, 9), (€', )7 — Fun™((C, 9), (C', ¥)7).
Combining the above constructions we hence obtain a pair of hermitian functors

Fun®™((C, ?), (C', ?)7) «— Fun®™((C,?), (C', )7 —> Fun™((C, )L, (C',?))
(159)
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natural in (C, ?), (C’, ') and Z (indeed, all the operations used above have already
been proven natural in Sects. 6.2, 6.3 and 6.4 through the various universal properties
they encode).

Proposition 6.5.9 IfT is strongly finite then the hermitian functors in (159) are equiv-
alences of hermitian oo-categories. Passing to hermitian objects (see (139)) they then
determine a natural equivalence

Mape,n ((C,9), (€', 9)7) = Mape,s ((C, 97, (C',2))

exhibiting (—)% as left adjoint to (—)7.

Proof To begin, we note that on the level of underlying stable co-categories both
functors in (159) are equivalences by Lemma 6.5.6. Indeed, replacing Z with Z°P
these identify with the equivalences of stable co-categories

Fun®™*(C, ¢T") & Fun®™(C, ¢)X" = Fun®™(Czop, C') (160)

underlying those of Remark 6.4.6. Explicitly, the equivalence on the left hand side
of (160) associates to a diagram ¢: Z°° — Fun®*(C, C’) the exact functor g,: C —
¢’ = C't given by [g,(x)](i) = ¢;(x). Unwinding the definitions, the hermitian

structure of the left hand side functor in (159) is given by the map

c?;izm nat(?, ¢;¢) — nat (9, c?;iIm ¢r?) = nat (9, gZQI),

which is indeed an equivalence since Z is finite and nat(?, —) is an exact functor.
Similarly, the equivalence on the right hand side of (160) associates to a diagram
@: I°° — Fun®*(C,C’) an exact functor hy: Czop = ¢% — (' such that ¢ can be
recovered from A, as ¢; (x) = hy(R; ). Let us denote by ev; : L - C the evaluation
ati € 7 functor and by ran; : C — cTits right adjoint, given by right Kan extension.
In particular, we have ran; (x) = R; , by definition. Unwinding the definitions, the
hermitian structure of the right hand side functor in (159) is then given by the map

c?éizm nat(?, ¢?) = c?éizm nat(?, ran;‘h(’;Q') = c?éizm nat(ev;?, h;?’)
— nat(lim ev}?, h9") = nat(®%, n}9"),
l

which is indeed an equivalence since 7 is finite and nat(—, h;‘;?’ ) is an exact functor.
O

Corollary 6.5.10 Let T be a strongly finite co-category. Then the functor (C,?) +—
(C, 97 from CatgO to itself preserves all limits and the functor (C,?) — (C, Q)L
preserves all colimits.
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Corollary 6.5.11 Forafixed strongly finite co-category I, the functor (C, ®) — (C, Q)1
is internally corepresented by (Spt, ). More precisely, there is an equivalence of
hermitian co-categories

(C,9)7 ~ Fun®™((Spf, 7%, (C, 9))

natural in (C,?) and I.

Corollary 6.5.12 For a strongly finite co-category I the following conditions are equiv-
alent:

i) the operation (C, ) — (C, )1 preserves Poincaré oo-categories and Poincaré
functors.
ii) the hermitian co-category (Sp', 9")1 is Poincaré;
iii) the operation (C,?) — (C, )L preserves Poincaré oo-categories and Poincaré
functors.

iv) the hermitian co-category (Spt, @)%

is Poincaré;
In a similar spirit, we may deduce that the criterion for duality preservation of
Proposition 6.3.18 holds for tensors as well in the strongly finite case:

Corollary 6.5.13 Let o: T — J be a map of strongly finite co-categories and (C, Q)
a non-degenerate hermitian oo-category. If the induced map Z;; — Ju(iy; is cofinal
for every i € 1 then the induced hermitian functor (ax, n¢): (C, )z — (C,?) 7 is
duality preserving. In particular, if (C, ?)1 and (C, ?) 7 are Poincaré then (o, 0¢) is
a Poincaré functor.

Proof Identify (C, ?)7 with Fune"((Spf, )7, (C, ?)) as a functor of Z using Corol-
lary 6.5.11 and apply Proposition 6.3.18. O

We now describe some additional functoriality exhibited by the tensor and cotensor
constructions in the strongly finite case.

Construction 6.5.14 (Exceptional functoriality) Let §: J — Z be a functor between
strongly finite oo-categories. Then by Lemma 6.5.6 the full subcategory C7 C
Fun(Z°P, Pro(C)) is sent into C.7 < Fun(J°P, Pro(C)) by restriction along any func-
tor B: J — Z. On the cotensor side, the comma categories of § are all finite by
Remark 6.5.4 and hence the operation of right Kan extension B, : CJ — C7 exists
for any stable C. Now suppose that § is cofinal. Then we can refine $*: Cz — Czy
and B, : C7 — CZ to hermitian functors as follows. In the tensor case we simply note
that the cofinality of § yields a natural equivalence

Q7 (B*@) = colim 2(p(B(j)) = colim g (i) = 2z(p)
jeJ ieZ

and so we obtain a hermitian functor (8*, 9#): (C,9)7 — (C,9) 7 in which
#P: 97 = Q7 o B* is an equivalence. For cotensors we consider the counit
B* B« = ¥ and use the coinitiality of S°P to obtain a map

T () = T (B*Bur) = lim BuW (B(j)) =~ lim 2By (i) = L (Buth)
jeger ieZop
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giving a hermitian refinement (B, ¥5): (C, 97 - ¢, L.

Example 6.5.15 A common source of cofinal maps are maps : J — Z which admita
leftadjointe : Z — J.Unwinding the definitions and using Remarks 6.3.12 and 6.4.9,
we see that in this case the exceptional hermitian functors (8%, 9#) and (B, Up) of
Construction 6.5.14 coincide with the direct hermitian functors (e, 14) and (o™, n%),
respectively.

Remark 6.5.16 Let Z, J be two strongly finite co-categories and (C, ?) a Poincaré
oo-category. The identification

(€, 9% ~ Fun®™((Sp', )7, (C,9) (161)

of Remark 6.4.6, being natural in Z, identifies, for every map «: Z — 7, the asso-
ciated hermitian functor (a*, 7%): (C, )7 — (C,9)% with the one induced from
(cts, M) : (Spf, M — (Spf, ?") 7 upon taking internal functor categories to (C, ?).
Similarly, the identification

(€, 97 ~ Fun®™((Sp', 9%, (C, 9) (162)

of Corollary 6.5.11 identifies the hermitian functor (o, 7¢): (C, 2)7 — (C, ?) 7 with
the one induced from (a*, n%): (Spf, e% — (Sp', 7. Unravelling all defini-
tions, and observing the similarity between the formulas for the direct and exceptional
functorialities, we see that the equivalence (161) also identifies for every 8: J — Z
the exceptional hermitian functor (B, ¥g): (C, )7 — (C, 9)% with the one induced
from the exceptional functor (8%, 9#): (Spt, 7 — (Sph, o) 7 upon taking inter-
nal functor categories to (C, ?), and similarly the equivalence (162) also identifies
the exceptional hermitian functor (8*, o8y, )z — (C, ?) 7 with the one induced
from (B, 95): (Sp', )Y — (Sp', L.

Remark 6.5.17 Like the ordinary functoriality of the tensor and cotensor constructions,
the exceptional functorialities are compatible with composition. More precisely, if

K ﬂ) J E) T are a pair of composable cofinal maps then the hermitian functor
((B o B)H*, BPFy: (C, 971 — (C, Q)i is naturally equivalent to the composite of
(B*,9P) and ((8)*, 9#") and the hermitian functor (8 o B)«, Dgop): (C, DX —
, Q)I is naturally equivalent to the composite of (B, g) and (B, ¥p). Indeed,
by Remark 6.5.16 it will suffice to check this for the tensor construction, where it
amounts to the fact the Beck—Chevalley transformation relating restriction and colimits
is compatible with composition of restriction maps.

Remark 6.5.18 Comparing the explicit formulas of the direct and exceptional functo-
rialities we see thatif 8: J — Z is a cofinal map then the resulting hermitian structure
on the exceptional-direct composite (8%, n°) o (Bs., vg): (C, 97 > @, 97 is given
by the map

o7 () = 7 (B*Buv)
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induced by the counit 8* B,y = . Similarly, the resulting hermitian structure on the
direct-exceptional composite (B*, 9°) o (B, ng): (C,97 — (C, 97 is induced by
the counit of CIzC 7 in a similar manner. In particular, if 8 is fully-faithful then these
counits are equivalences, in which case we get that the exceptional functoriality of 8
gives a one sided inverse to its direct functoriality. More generally, it can be checked
that for any cofinal B the exceptional functoriality (8., ¥g) is right adjoint to the
direct functoriality (8%, nﬁ), and the exceptional functoriality (8%, 9P is left adjoint
to the direct functoriality (B4, ng), when these terms are understood with respect to
the (0o, 2)-categorical structure of Catgo determined by the internal functor categories
of Sect. 6.2.

6.6 Finite complexes and Verdier duality

In this final section we explore the particular case when Z is the poset of simplices
of a finite simplicial complex. In this context the tensor construction plays a central
role in [45], where its duality functor is identified as a form of Verdier duality. Filling
in the details in some of the arguments of loc. cit., we will show that tensoring and
cotensoring by the poset of faces of a finite simplicial complex preserves Poincaré co-
categories, and that the hermitian functors associated to maps of simplicial complexes
(direct functoriality) and refinements of triangulations (exceptional functoriality) are
Poincaré.

Recall that a finite simplicial complex K consists of a finite set of vertices Ko and a
collection Zx of non-empty subsets S C K, called faces, which contain all singletons
and are downwards closed in the sense that if S is a face of K and S’ C S then S’ is
a face of K as well. The dimension of a face S is by definition dim(S) := |S| — 1.
We may realise a simplicial complex K geometrically as the subspace |K | of the full
simplex on K obtained as the union of the given faces. For a finite simplicial complex
K we will consider Zg as a poset, and consequently a category, by inverse inclusion,
that is, there is a unique morphism § — S’ if § € S. A map of simplicial complexes
K — L is by definition a map of sets Ko — L¢ which sends every face of K to a face
of L. In particular, such a map determines a map of posets «: Zx — ;. If K isa
simplicial complex then a refinement of K consists of a simplicial complex L together

with a homeomorphism |L| = |K| which carries the realisation of every face of L
into the realisation of a face of K, and such that the realisation of every face of K
in |[K| is a union of faces of L. We note that such a homeomorphism determines in
particular a map of posets 8: Z; — Zx which sends every face of L to the face of K
containing it under the homeomorphism |L| = |K]|.

Proposition 6.6.1 ([45, Lecture 19, Proposition 3]) Let (C,?) be a Poincaré oo-
category and K a finite simplicial complex with poset of faces Lk . Then the hermitian
oo-categories (C, )1, and (C, 9Lk are Poincaré.

Proof By Corollary 6.5.12 it will suffice to prove the claim for (C, )z, . We need to
show that for every ¢ € Cz, the map

¢ —> Dz D0 (163)
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is an equivalence. To do so it suffices to show it for a system of objects that generate
under colimits. We choose the set ¢ = R, s for § € Zx and x € C. Now the face
S corresponds to an injective map of simplicial complexes A" — K which in turn
determines an inclusion of posets a: Zan € Zg such that a([n]) = § and R, g is
the right Kan extension along «°P of the constant diagram ¢ : IZ% — C with value
x. Now the map « satisfies the hypothesis of Corollary 6.5.13 (in fact, the map that
needs to be cofinal is an isomorphism of posets, see also Proposition 6.6.2 below), and
so the hermitian functor (e, 7¢): Cz,, — Cz is duality preserving. We can hence
reduce to the case of K = A" and ¢ = ¢,. Using Proposition 6.5.8 we now have

Dz,,0:(S) = cohm (164)

#TC[n]

Dx SCT
0 otherwise.

To calculate this colimit let us denote by ¢: Z gn C Tan the subposet spanned by those
T C [n] such that S Q T. Then the functor whose colimit is calculated in (164) can
be identified with the cofibre of the map ¢*1;p, — ¢y, and so we get that

[D7,, ¢x1(S) = cof [cohm Dx — colim Dx].

T
A Al

Now since Zin is closed under subfaces in Za» it corresponds to some subcomplex A",
which we readily identify as the join dAS s AS ", where 8’ = [n]— S is the complement
of S, and we have used the notation AS and A% to denote the corresponding faces,
considered as subcomplexes. The poset Z, is hence weakly contractible if S’ # ¢,
that is, if S # [n], and is weakly equivalent to d A" if S = [r]. We thus conclude that

| Z"Dx S =[n]
(D7, 0x1(8) = { 0 otherwise.

By the same argument we then have

[Dz,,Dz,,¢x1(S) = colim

DE"Dx T = [n]
##£T C[n]

0 otherwise,

so that Dz,, Dz, ¢. is constant with value X"DX"Dx =~ x, and is in particular
equivalent to ¢,.. We need however to make sure that specifically the evaluation map
is an equivalence. Since both Dz, , Dz, , ¢x and ¢ are constant it will suffice to show
that the component of the evaluation map at S = [n] is an equivalence. Unwinding
the definitions, this is the composed map

x = DDx — colim lim

DDx ifT =T’ = [n]
TeIyn 171,

0 otherwise

= lim colim

DDx if T =T’ =[n]
7/eI%, Telpn |0

otherwise
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whose component at level T’ is O for T’ # [n] and is the inclusion of the T = [n]
component in the colimit otherwise. The invertibility of this map then reduces to the
fact that in a stable co-category an n-cube is cartesian if and only if it is cocartesian.

O

The perfectness of hermitian structures asserted in Proposition 6.6.1 is accompanied
by the following duality preservation statement:

Proposition 6.6.2 [45, Lecture 19] Let (C, ?) be a Poincaré oo-category.

i) If K — L is a map of finite simplicial complexes with o : Tx — 1 the induced
map of posets of faces then the induced hermitian functors (ox, 7o) : (C, 91, —
(C, 9z, and (a*,n*): (C, LL — (C, 9Lk are Poincaré.

ii) If L is a refinement of a simplicial complex K and B: I; — Tk is the asso-
ciated map of posets of faces then B is cofinal and the exceptional hermitian
functors (8%, 8y, Nz, — (C, V7, and (B, ¥p): (C, Q)IL — (C, Q)Ik are
Poincaré.

Proof By Remark 6.5.16 it will suffice to prove the tensor case. For the first statement
we observe that the functor «: Zx — 7 satisfies the criterion of Corollary 6.5.13,
since for every face S € Zg the functor (Zgx)s; — (ZL)«(s); admits a left adjoint
sending 7 C «(S) to its inverse image in S.

To prove the second statement, we begin by showing that § is cofinal. Indeed for any
simplex § € Zk the poset 7, x 7, (Zg)s, has geometric realisation homeomorphic to
a simplex and so it is weakly contractible. To prove that (8*, ##) is Poincaré, it will
suffice to show that for every generator R, s € Cz, the associated map

B*Dz, Ry.s — Dz, B* Ry s

is an equivalence. Now the face S corresponds to an injective map of simplicial com-
plexes AS — K (where AS denotes the full simplex with vertex set §), which in
turn determines an inclusion of posets «: Zos € Zg such that Ry g is the right Kan
extension along « of the constant diagram ¢, : Z,s — C with value x. The inverse
image of Z s in Z;, then determines a subcomplex Ls C L which is a refinement of
AS.

Letusdenoteby Bs: Zp, — Z,s theinduced refinementmapandbya: I, < Zp,
the inclusion. Since Z s and Z} ¢ are downward closed the pointwise formula for right
Kan extensions implies that the square

(B5.9%)
€ 97,5 =3 (€. D7,

(0, Nt )l l(a* o)

*’19/3
€. 97, C .9,

commutes. Since the vertical hermitian functors are Poincaré by the first part we may
reduce to the case where K is the n-simplex A”, L is some refinement of A", and
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¢ = @x. Now for T € 7, let us denote by I{ C 77, the subposet spanned by those
faces which do not contain 7, and by J/ € Z the subposet spanned by those faces
whose image in Zx does not contain 8(7). We note that both of these subposets are
downward closed and correspond to subcomplexes of L. In particular, I{ corresponds
to the subcomplex LT C L obtained by removing all faces which contain 7', and 7, LT
corresponds to the subcomplex Lg C LT obtained by removing all faces whose
image in K contains 7. We also note that Lg is a refinement of the subcomplex
AAPD s Aln1=B(T) C A" obtained from A” by removing all the faces which contain
B(T). Calculating as in the proof of Proposition 6.6.1 and using that refinement maps
are cofinal as established above we may identify the cofibre of the map

[B*Dz,, ¢ I(T) — [Dz, B*¢x1(T)

for T € 7 with the total cofibre of the square

colimjLT Dx —— colimgz, Dx

! H

ColimILr Dx —— colimz, Dx.

To finish the proof it will hence suffice to show that |L(} | = |Lt]|is a weak homotopy
equivalence. Let p € |A"| be a point in the interior of the face T (and hence also in the
interior of the face (7). Then we have a sequence of inclusions |L(%| CILr|CU
where U C |A"| is the complement of p. The desired result now follows from the fact
that both |L(}| C U and |L7| € U are deformation retracts; this is a general property
of simplicial complexes: if one removes a point from the realisation of a simplicial
complex then the result deformation retracts to the subcomplex spanned by all the
simplices which do not contain that point. O

7 Hyperbolic and metabolic Poincaré categories

From a conceptual view point, it is arguably tempting to regard hermitian structures on
stable co-categories as categorified versions of hermitian forms on modules. Similarly,
Poincaré oco-categories correspond to modules equipped with a unimodular hermitian
form. Inspired by this informal perspective, in this section we identify a surprisingly
comprehensive variety of such categorified counterparts, including the categorified
analogues of bilinear forms, perfect bilinear forms, hyperbolic objects, metabolic
objects and the algebraic Thom construction. Beyond its conceptually pleasing effect,
it turns out that many of the constructions encountered via this perspective give explicit
left and right adjoints to various natural functors, a feature which we will repeatedly
exploit in subsequent instalments of this project. In particular, the main practical
outcomes of our categorified stroll will include the following:

i) After exploring the categorified counterparts of bilinear forms in Sect. 7.2, we
deduce that the association C — Hyp(C) described in Sect. 2.2 is both left
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and right adjoint to the forgetful functor Catl, — Caty, with unit and counit
given on the side of Cat2, by the Poincaré functors hyp: Hyp(C) — (C, ?) and
fgt: (C, ?) — Hyp(C) described in Sect. 2.2. In addition, we show that Hyp is C;-
equivariant with respect to the op action on CatZ} and the trivial action on Cat?,
and that hyp and fgt are equivariant natural transformations. All this information
is best organised in the setting of C;-categories and Mackey functors, which we
explore in Sect. 7.4. This will also be the basis for our organization in Paper [2] of
algebraic K-theory, Grothendieck-Witt theory and L-theory into a single functor
taking values in genuine Cy-spectra, which we call the real K-theory spectrum.

ii) While forming the categorified analogue of metabolic objects, Lagrangians, and
the algebraic Thom construction in Sect. 7.3, we deduce an explicit formula for
the left and right adjoints to the inclusion Cat2, — Catgo. This will be exploited
in Paper [2] when setting up the framework of algebraic surgery in the context
of Poincaré oo-categories, and in analysing the effect of additive and bordism
invariant functors applied to the Q-construction. We will also use it in Paper [4]
for constructing the localised analogue of the Grothendieck-Witt spectrum and
for proving that Catl, is compactly generated.

The present section is organised as follows. We begin in Sect. 7.1 with some pre-
liminary material on bifibrations, a notion used for encoding space valued bifunctors
which are covariant in one entry and contravariant in the other. By translating results
from [47, §5.2.1] to the context of bifibrations we deduce in particular that the oco-
category of perfect symmetric bifibrations is equivalent to Catggz. In Sect. 7.2 we
specialise to the setting of stable co-categories and replace space valued bifunctors by
spectrum valued ones. This leads to the notion of bilinear co-categories as analogous
of pairs of modules equipped with a bilinear form. We also consider the variants of
requiring the form to be perfect and/or symmetric, and identify, using Sect. 7.1, the
notion of a perfect symmetric co-category with that of a stable co-category equipped
with a perfect duality. All these notions accept natural forgetful functors from either
Cat®, (in the perfect case) or Catgo. Studying all of them on equal footing allows one
to efficiently identify left and right adjoints to these forgetful functors, which con-
stitutes the main content of Sect. 7.2. In particular, we will see that the association
C +— Hyp(C) described in Sect. 2.2 gives a two-sided adjoint to the forgetful functor
Cat}, — Cat}. In Sect. 7.3 we discuss the categorified analogous of metabolic objects
and Lagrangians, and show that the categorified analogue of the Thom construction
enables one to produce both a left and a right adjoint to the inclusion Cat, — Catgo.
We also prove a generalization of the non-categorified Thom construction, thus pro-
viding in particular a proof for Proposition 2.4.3 which was stated in Sect. 2.4. Finally,
in Sect. 7.4 we discuss C,-categories and Mackey functors, and show how to view
various players in the present paper in that context. In particular, we show that the
relations between quadratic and bilinear functors, between hermitian and bilinear co-
categories, and between Poincaré and stable oo-categories, can all be understood on
the same footing, giving another take on the categorified perspective. The results of
Sect. 7.4 will be primarily used in Paper [2] in order to define the real K-theory spec-
trum, but the C;-equivariant properties of the hyperbolic construction resulting from
it are useful for a variety of other purposes as well.
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7.1 Preliminaries: pairings and bifibrations

Let A, B be two co-categories. By a correspondence on the pair (A, B) we will simply
mean a functor b: A°° x B — S. In particular, we think of a correspondence as a space
valued functor on pairs (x, y) with x € A and y € B, which is contravariant in x and
covariantin y. The prototypical example to have in mind is taking A = 3 = C for some
oo-category C, with b(x, y) = Mape(x, y). Given a correspondence b: AP x B — S
and y € B, evaluation at y yields a presheaf of spaces b(—, y) on A, which we can
unstraighten to obtain a right fibration

xeA
/ b(x,y) — A (165)

Since the presheaf b(—, y) € Fun(A°P, S) depends functorially on y, so does the

domain of (165). In fact, we can identify the arrow (165) with the map f ved b(x,y) —

f €A 4 associated to the terminal map of correspondences b — *, and so the entire

arrow (165) depends functorially on y. Equivalently, we may view it as a natural trans-
formation between two Catso-valued functors on 13, the second of which is constant
with value A. We then define

xeA
Pair(A, B, b) := / / b(x,y) —> Ax B, (166)
yeB

to be the co-category over A x B obtained by unstraightening (165) over B. The oco-
category Pair(A, B, b) can informally be described as having objects triples (x, y, 8)
where x € A and y € B are objects and 8 € b(x, y) is a b-valued pairing on x and y.
A map from (x, y, B) to (x/, ¥', B’) is then given by maps f: x — x', g: y — y'and
a homotopy n: g8 ~ f*B’ € b(x,y’), where f* and g, encode the contravariant
and covariant dependence of b on x and y, respectively.

We point out that since the above construction involves both the cartesian unstraight-
ening | *A and the cocartesian straightening fy <> the resulting arrow in (166) is
neither a cartesian nor a cocartesian fibration. We can nonetheless describe it as fol-
lows: recall that a bifibration (see [43, Definition 2.4.7.2]) is a pair of maps

AL x LB

consisting of a cartesian fibration ¢ : X — A and a cocartesian fibration p: X — B,
such that the g -cartesian edges are exactly those projecting to equivalences in B and the
p-cocartesian edges are exactly those projecting to equivalences in .A. Equivalently,
the pair of maps p, g forms a bifibration if and only if (¢, p): X — A x B is
a map of cocartesian fibrations over I3 whose fibres are right fibrations, and if and
only if (g, p): X — A x I3 is map of cartesian fibrations over .4 whose fibres are left
fibrations. In particular, one readily verifies that for a correspondence b: AP xB — S,
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the pair of projections
A <« Pair(A, B,b) — B

constitutes a bifibration. In fact, this association determines an equivalence between
correspondences b: A’ x B — &S and bifibrations A < X — B (see [64] and
[7, §4]), and can be considered as a bivariant form of the space-valued straightening-
unstraightening equivalence. In particular, using the coherent compatibility of the
straightening-unstraightening equivalence with base change as established in [23,
Corollary A.31], this equivalence integrates to an equivalence

(A,B)eCaty xCatoo N
(=) <« Pair(—, —, —) = (—): / Fun(A° x B, S) — BiFib,

(167)

where BiFib C Fun(A2, Cat) is the full subcategory spanned by the bifibrations.

Example 7.1.1 In the case of B = A = C and the canonical correspondence m¢ :=
Mapg(—, —): C? x C — S, the oco-category Pair(C, C, m¢) canonically identifies
with the arrow category Ar(C) := Fun(A', C).

Remark 7.1.2 The notion of a correspondence A°° x 5 — S can equivalently be
encoded by a right fibration M — A x B°P. Right fibrations of this form were stud-
ied in [47, §5.2.1] under the name pairings. In particular, the oco-category CPair of
[47, Construction 5.2.1.14] of pairings is naturally equivalent to BiFib, since both
are equivalent to [ A BeCateo Fun(A° x B, S). Under this equivalence, the canonical
bifibration C < Ar(C) — C of Example 7.1.1 encoding the mapping space corre-
spondence corresponds to the right fibration TwWAr(C) — C x CP.

Remark 7.1.3 The notion of a bifibration was generalised in [26,27] to that of an
orthofibration, which the authors show encodes the data of a functor AP x B — Caty.
In particular, an explicit dualisation procedure transforming an orthofibration over
A, Bto that of a cartesian fibration over .4 x BP is constructed in loc. cit.; when applied
in the case of bifibrations, this enables one to identify them directly with pairings
as in Remark 7.1.2 without passing through straightening and unstraightening. For
example, this dualisation procedure shows directly that the bifibration C < Ar(C) —
C corresponds to the right fibration TwAr(C) — C x C°P. The machinery of [27] also
shows that the identification of functors A°P x B — Cat, with orthofibrations (and
hence of functors A°? x B — S with bifibrations), is independent of whether we first
unstraighten the contravariant part, and then covariant one (as we did above), or the
other way around.

Definition 7.1.4 We say that a correspondence b: A°P x B — S is right-representable
if the associated map B — Psh(A) factors through the image of the Yoneda embedding
t: A — Psh(A). In this case the resulting functor d: B — A is characterised by a
natural equivalence Map 4 (x, d(y)) >~ b(x, y).
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Remark 7.1.5 If a correspondence b: A°? x 5 — & is right-representable then
Pair(A, B, b) naturally identifies with the fibre product Ar(A) x 4 3 along the target
projection Ar(A4) — A and d: B — A. More generally, if we Yoneda embed .4
in Psh(A4) = Fun(A°P, S), then b becomes tautologically right representable by the
functord: B — Psh(A) sending y € B to b(—, y) € Psh(A). We may then write

Pair(A, B, b) ~A XPsh(A) AI‘(PSh(.A)) XPsh(A) B

where the fibre product is taken along the Yoneda embedding A — Psh(A) and
d: B — Psh(B), and Ar(Psh(.A)) projects to the domain on the left hand side and to
the target on the right hand side.

Definition 7.1.6 We say that a correspondence b: A x B — S is perfect if b is right-
representable and the associated representing functor d: B — A is an equivalence.
In this case, we say that a pairing (x, y, 8) € Pair(A, B, b) is perfect if the map
x — d(y) determined by B is an equivalence. Similarly, we say that a bifibration
A <« X — B is perfect if its classifying correspondence A x 5 — & is. In this
case we say that an object in X is perfect if it corresponds to a perfect pairing under
the identification of X with Pair(A, B, b). We then say that a map of bifibration

[A<— X - B] - [A <« X — B

is perfect if it sends perfect objects of X to perfect objects of X’. We denote by
BiFibP C BiFib the (non-full) subcategory spanned by the perfect bifibrations and the
perfect maps between them.

While BiFibP C BiFib is not a full subcategory, it does satisfy the following weaker
property [46, Definition 20.1.1.2]:

Definition 7.1.7 Let C be an oo-category and C’ C C a subcategory. We say that C’ is
replete if for every x € C' and y € C such that there is an equivalence «: x — y in

C, then y € C’ and there exists an equivalence B: x 5 y in " whose image in C is
homotopic to «.

Remark 7.1.8 The condition of being a replete subcategory C’ C C is detected on the
level of the homotopy categories: it is equivalent to saying that HoC’ is closed under
isomorphisms and for every x, y € C’ the subset Homy, ¢/ (x, y) € Hompyec(x, y)
contains all isomorphisms from x to y in C.

Example 7.1.9 The subcategory BiFib? C BiFib is replete. This follows from the
observation that any equivalence between perfect bifibrations is necessarily a perfect
map.

Example 7.1.10 The subcategory CatZl C Caty is replete.

Remark 7.1.11 For any subcategory C’ < C the induced map Mapg (x,y) —
Mape (x, y) is a (—1)-truncated map of spaces for every x, y € C’, that is, its fibres
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are either empty or contractible. If the subcategory C’ is replete then the induced map
tC" — «C on core groupoids is also (—1)-truncated. This implies that every replete
subcategory inclusion C’ < C is (—1)-truncated as a map in Caty, that is, for every
test co-category D the induced map

Mapc,,_ (D.C') — Mapc,_ (D, C)

is (—1)-truncated. In many contexts, this property is what makes replete subcategories
behave more like “subobjects” than general subcategories.

The following proposition records the content of [47, Remark 5.2.1.20] in the
context of bifibrations:

Proposition 7.1.12 The composite

BiFib? —— BiFib — Caty, x Catye — Catso (168)

(A, B, b) A B ——— A

is an equivalence of co-categories. An inverse is given by C — [C < Ar(C) — C].

Proof Since the association C +— [C < Ar(C) — (] is visibly a one-sided inverse
to (168) we see that the latter is in particular essentially surjective, and it will hence
suffice to show that it is also fully-faithful, On the other hand, if A <« X — B
is a perfect bifibration then it is equivalent in BiFib to A < ArA — A via the
associated functor d : B — A and the natural equivalence b(x, y) >~ hom 4(x, d(y)).
It will hence suffice to show that for every C € Cat, and every perfect bifibration
A < X — B the induced map

Mapg;gip ([A < X — B], [C < Ar(C) — C]) = Mapc,,_(A.0)

is an equivalence. But this now follows from [47, Proposition 5.2.1.18] under the
equivalence between bifibrations as above and pairings in the sense of [47, Definition
5.2.1.5], see Remark 7.1.2. O

The oo-category BiFib € Fun(Az, Cat) of bifibrations carries a natural action
of C; induced by the action of C; on A% switching the vertices A} and A1?} and
post-composing with the op action on Cat,. Explicitly, this action sends a bifibration
A < X — B to the bifibration B? < X°P — A (indeed, the latter is again
a bifibration since taking opposites switches cartesian and cocartesian fibrations). A
C,-fixed structure on a given bifibration A < X — B can then be described as
a duality D: X = X° on X, an equivalence A =~ B°P, and a duality-preserving
refinement of ¥ — A x B >~ A x A°. We refer to such a structure as a A%-duality
on A < X — B, and call a bifibration equipped with a A%—duality a symmetric
bifibration.
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Proposition 7.1.13 The C-fixed oo-category BiFib"? participates in a cartesian
fibration

BiFib"™? — Caty,

classified by the functor C — Fun(C°P x C°P, S)"¢2,

Proof Equipping A A®? with the swap action and restricting along the C,-
equivariant inclusion A [[ AP} A% we get that the cocartesian fibration

BiFib — Caty, x Caty, (169)

naturally refines to a C-equivariant functor, where C, acts on the target by flipping
the factors and taking opposites. Since cartesian fibration are preserved under limits,
taking C,-fixed points results in a cartesian fibration

BiFib"®2 — (Cateo x Catoo)". (170)
We now observe that the equivalence
(id, (—)°P): Catao X Catos — Catao X Catoo
intertwines the flip-op action on the left hand side with the flip action on the right

hand side, and so the target of (169) is a coinduced C,-object. We may consequently
identify the target of (170) with Cat, and write it as a cocartesian fibration

BiFib"™? — Catn. (171)

Since taking fibres commutes with fixed points we may identify the fibres of (171) with
the Cy-fixed points of the corresponding fibres of (169). Now C € Caty, corresponds
to the fixed object (C, C°P) € Caty, x Cat, and so the fibre of (171) over C is the
C,-fixed points of Fun(C? x C°P, S), as claimed. O

Construction 7.1.14 By Proposition 7.1.13 we may identify the notion of a symmetric
bifibration with that of a pair (C, b) where C is an co-category and b € Fun(C°P x

C°P, S)MC2 is a symmetric functor. Given (C, b), the associated symmetric bifibration
is

C° « Pair(C,C°?,b) — C

equipped with its A%—duality which we denote by Dpy;;. It is given explicitly by the
duality

Dpair(x’ Vs :3) = (y’xﬂ O—)C,y(,B))v
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on Pair(C, C°P, b), where o, y: b(x, y) 5 b(y, x) is given by the symmetric structure
of b, equipped with the tautological duality-preserving structure of the projection
Pair(C, C°P, b) — C x C°P.

Proposition 7.1.15 The C,-action on BiFib restricts to a Cp-action on BiFibP. Under
the equivalence BiFibP? ~ Cateo of Proposition 7.1.12, this action corresponds to the
op-action on Catw. In particular, we may identify the notion of a perfect symmetric
bifibration with that of an oo-category equipped with a perfect duality.

Proof We claim that the functor
Catoo — BiFib  C+— [C < Ar(C) — C]

admits a natural C,-equivariant structure, where C; acts on Cat, via the op-action.
To see this, it will suffice to construct a Cy-equivariant structure for the composite
map Cats, — BiFib — Fun(A2, Cats,). This composite is by definition given by
mapping out of the diagram e := [A1®Y — Al « A!l}] and so it will suffice to put a
Cy-equivariant structure on e: (A(Z))Op — Cat. Such an equivariant structure is then
given by the canonical duality on Dyi1: A — (A")°P which switches {0} and {1}
(since A is the nerve of an ordinary category not much coherence is needed in order
to verify this fact).

By Proposition 7.1.12 it now follows in particular that the C;-action on BiFib
preserves the subcategory BiFibP. This subcategory is replete by Example 7.1.9, and
so by Remark 7.1.11 the C,-action on BiFib restricts to an essentially unique Cp-action
on BiFibP making the inclusion BiFibP < BiFib equivariant. By the above this action
must then coincide with the op-action via the equivalence BiFibP =~ Cat, as desired.

|

Example 7.1.16 In the situation of Construction 7.1.14, if the symmetric correspon-

dence b: CP x C°P — § is perfect with duality D: C°P = C then the associated
symmetric bifibration identifies by Proposition 7.1.12 with

C < Ar(C)—>C

and by Proposition 7.1.15 (and its proof) the associated A(z)-duality Dpair corresponds
to the arrow duality [x — y] — [Dy — Dx] induced on the functor category
Ar(C) = Fun(A', €) from the dualities of A! and C.

The remainder of this section is devoted to producing an explicit formula expressing
the mapping spaces in Pair(A, B, b) in terms of b and the mapping spaces in A x B.
This will be useful for us in Sect. 7.3 when we will need to upgrade the pairings
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construction to the hermitian setting. To begin, consider the following diagram in
Fun(A%, Catyo):

[M{OJ} < aal0 I pgall2 3A{1-2}] — [aA{O»U < A A AR 3A{1-2}]

! !

[A{O,l} < AT A2 A{l_z}] [A{O,l} < A2 s A{I,Z}]

T T

[A[O,l} < A0 [ AR) A{I,ZI} - [AKOJ} < Al02) A[LZ}].

Here, left going internal arrows are all given on vertices by [0 — O], [l — 1], [2 >
1] and all the right going internal arrows are given by [0 — 1],[1 — 1],[2 —
2], while the external arrows always preserve the vertex labels. The upper square
is cocartesian, as can be tested levelwise using the standard categorical equivalence

AT All) A2} 5 A2 T addition, all entries in this square carry compatible A%—

dualities, induced by the canonical duality A2 = (A?)°P which switches between
0 and 2 and between A1} and (A{1:2)°P. Mapping out of the above diagram now
yields a Cy-equivariant functor Fun(A3, Cates) — Fun(Aj x Al, Cats) sending

[A Lyl B] to the diagram

1}

{2
1) x4 XAA“) XA

AL} Al AR Al Al
O XAy X2 X 4am X 7 AT Xga AT X 4 gyal

T T

2 (0.1) (1.2} 0,1 12 (0.1 (1.2)
B O S - L I x [A2™ 5 B 172
(AxB)A? (AxB)al01ual2) ( )

! b

0.2 0.1 (1.2) 0 [ A L2 (0.1) 1.2)
a0 X [427 x B2 ] ——— aA0uAR X AN BATT
(Ax By (AxB)A0AR)

in which the top square is cartesian. In addition, using that all entries in this diagram
. . 0 2 o : . .
compatibly project to X’ A% and X2 we will view this as a diagram in (Cateo) 1 x -

Proposition 7.1.17 When [A < X — B] is a bifibration the bottom vertical arrows
in (172) are equivalences. In particular, inverting these and taking the external rectan-
gle yields a Cy-equivariant functor BiFib — Fun(A! x Al, Fun(A2, Cats,)) which
sends [A < X — B] to a cartesian square (173) of the form
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Ar(X) > X x4 X xg X

l l (173)

X X AxB[AT(A X B)] x gxB X — X x4 X x4xB X x5 X.

in (Catoo) ) x x x- Here, the two projections to X are given by the domain and codomain
projections in the case of Ar(X) and by the projection to the two extremal factors in
the three other cases. In addition, this functor takes values in Fun(A'! x A, BiFib)
after post-composing with the inclusion (Cateo) /xxx — Fun(Ag, Catyo).

Writing X = Pair(A, B, b) for some correspondence b: A°P x B — S the square of
bifibrations (173) corresponds to a cartesian square of correspondences XYP x X — S
of the form

MapX((-xv Yy, ﬁ)a (-x/a yl’ ﬁ/)) — b(xv y,)

| | (174)

Map 4(x, x) x Mapg(y, y') — b(x,y") x b(x, y"),

giving, in particular, an explicit pullback formula for the mapping spaces in
Pair(A, B, b).

Remark 7.1.18 In the situation of Proposition 7.1.17, the C;-equivariance of the func-
tor in question means in particular that if a bifibration A < X — B carries a
A(%-duality then all the entries in the square (173) inherit such a duality and all arrows
in the square are duality preserving.

Proof of Proposition 7.1.17 By definition the arrows in X which map to equivalences
in A are exactly the p-cocartesian arrows, and the arrows which map to equivalences
in B are exactly the g-cartesian arrows. It then follows that the projections

{0,1} {0} (0,1}
XA X 12 10,1} B —> XA XAA(O) AA

B

and

(1,2} 2} (1.2}
XA X a2y A— x4 X gal2) B2

A
are equivalences, and so the right bottom vertical arrow in (172) (which is the fibre
product of these two maps over the identity on A x B) is an equivalence. Similarly,
the projections

{0,2}
Al0,2) xA

A? A? A3 A?
X XBA{(),l) B — .A XAA(Z) X XBA(o,l} B — .A XA

are both equivalences, from which it follows that the left bottom vertical arrow in (172),
which is a base change of the above composite, is an equivalence. O



Hermitian K-theory for stable co-categories I: Foundations Page 223 of 269 10

7.2 Bilinear and symmetric co-categories

In the present section we define and study the notion of bilinear and perfect bilinear co-
categories. We then show that the notion of an co-category equipped with a symmetric
bilinear form, which we call a symmetric co-category, can be identified with a C;-fixed
bilinear co-category, and similarly in the perfect case. Using the results of Sect. 7.1
we then identify the oo-category of perfect bilinear co-categories with CatZ; itself,
through which we also deduce an equivalence between oo-categories with perfect
dualities and C,-fixed objects of CatZ} with respect to the op-action. We then construct
left and right adjoints to the forgetful functors from hermitian to symmetric to bilinear
oo-categories, and similarly in the Poincaré/perfect case, where we finally recover
the hyperbolic construction C — Hyp(C) acting as both left and right adjoint to the
forgetful functor Cath, — Cat%.

Let A, B be stable co-categories. We say that a correspondence b: A x B — S
is left biexact if it preserves finite limits in each variable separately. Such a correspon-
dence lifts in an essentially unique manner to a bilinear functor A°? x 5 — Sp. More
precisely, post-composition with the infinite loop space functor induces an equiva-
lence between bilinear functors AP x B — Sp and left biexact correspondences

AP x B — S.

Definition 7.2.1 We denote by Fun®(A, B) € Fun(A°° x B, Sp) the full subcategory
spanned by the bilinear functors and write

Fun®(A4, B)

b (A, B)eCatZ x CatZy
Catg, := /

for the oco-category of triples (A, 5, B) where A, B are stable oco-categories and
B: A°° x B — Sp is a bilinear functor. We will refer to the object (A, B, B) of
CatgO as bilinear categories.

Example 7.2.2 For a stable oo-category C the mapping correspondence m¢: CP x
C — S of Example 7.1.1 is left biexact. We may hence consider the triple (C, C, m¢)
as a bilinear co-category.

Example 7.2.3 Let A, B be stable co-categories. If a correspondence b: AP xB — S
is right representable by an exact functor d: A — B then b is left biexact.

Example 7.2.4 LetC be a stable co-category. Consider the co-category Seq(C) of exact
sequences in C (see Notation 2.4.4). The pair of projections

C +—— Seq(C) —— C

X+ [y—>z—=>x]l—y
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then constitute a bifibration. Indeed, a map of exact sequences

y—zZ—>x

oL

y —s 7 — X

is a cocartesian lift of y — y’ if and only if the left square is exact, or, equivalently,
if the map x — x’ is an equivalence, and similarly forms a cartesian lift of x — x’ if
and only if its component y — ¥’ is an equivalence. To identify the correspondence
seqc: C°P x C — & associated to this bifibration we use the fact that every exact
square as in (52) extends in an essentially unique manner to a diagram

in which all squares except the top right one are exact. We note that such a diagram
determines in particular equivalences x’ >~ Qx and y’ >~ Xy. At the same time, the
forgetful functor sending a diagram as a above to its external square

x — 0

l l (175)

0— y

is an equivalence as well. In particular, if we denote by Arf (C) € Fun(A! x A, 0)
the full subcategory spanned by the squares of the form (175) then we obtain an
equivalence of bifibrations

C — Seq(C) — C

L

C +—— A% () — C

The correspondence associated to Ar(C) can then be identified with (x’, y)
QMap(x',y), and so the correspondence associated to Seq can be written as
seqe(x, y) = Q2Map(2x, Xy). In particular, it is left biexact.

Remark 7.2.5 It follows from Lemma 1.4.1 that the defining cartesian fibration
Catl, — Cat®X x Cat% is also a cocartesian fibration. Applying the precise same
argument as in the proof of Proposition 6.1.2 we may consequently conclude that
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CatE’>o has all small limits and colimits, and that those are preserved by the projection
to CatZ x Cat.

Given a bilinear category (A, 5, B) we may consider the pairings oco-category
associated to the underlying left biexact correspondence 2°°B. To simplify notation
we set

Pair(A, B, B) := Pair(A, B, Q°B).

We note that since Q2°°B is left biexact the functor y +— d (y) = Q%°B(—, y) from B
to Psh(A) takes values in the full subcategory Ind(A) C Psh(A) spanned by the left
exact presheaves. In addition, in this case Ind(A) is also stable, the Yoneda embedding
A — Ind(A) is exact, and the functor d: B — Ind(A) given by Q°B is exact as
well. As in Remark 7.1.5 we may then identify

Pair(A, B, B) ~ A X1Ind(A) Ar(Ind(.A)) X1Ind(A) B, (176)

a description from which we see that Pair(A, B, B) is stable and that exact squares
in Pair(A, B, B) are detected in A x B. This means in particular that any map of
bifibrations

[A < Pair(A, B,B) - B] — [A <« Pair(4, B/,B’) - B]

whose component A — A’, B — B’ are exact, is also exact on Pair(—, —, —). Invok-
ing again the coherent compatibility of the straightening-unstraightening equivalence
with base change as established in [23, Corollary A.31], we may consequently assem-
ble the association (A, B, B) — Pair(A, B, B) to a functor

. . b e
Pair(—, —, —): Cat}, — CatZ,

taking values in stable co-categories and exact functors between them. It then follows
that the bivariant straightening equivalence (167) restricts to a (non-full) subcategory
inclusion

CatgO — BiFib (A, B,B) — [A < Pair(A, B, B) — B] 177)

whose image is spanned by those bifibrations A <~ X — B for which A, B are stable
and the associated correspondence is left biexact and by those maps of bifibrations
whose components are exact functors.

Remark 7.2.6 The subcategory inclusion (177) is replete (see Definition 7.1.7).

Remark 7.2.7 The association in (177) can also be viewed as a functor from Catgo to
Fun(AZ2, CatZ). As such, it is fully-faithful and its image is spanned by those diagrams
A «— X — Bin CatZ which are bifibrations with associated correspondence left
biexact. From this description we see that CatgO is closed under finite products in
Fun(A32, CatZ), and hence inherits from its the property of being semiadditive, see
Proposition 6.1.7.
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Definition 7.2.8 We say that a bilinear category (A, B3, B) is perfect if its correspond-
ing bifibration is perfect in the sense of Definition 7.1.6, and say that a map of perfect
bilinear categories is perfect if the corresponding map of bifibrations is so. We denote

by Catgg - Cat'gQ the (non-full) subcategory spanned by the perfect bilinear categories
and perfect maps between them.

Remark 7.2.9 AsinExample7.1.9, the subcategory inclusion Cat® C Catgo isreplete.

By construction we have a commutative diagram

pb b e e
Catge — Catl, — CatZ x CatZ}

l | l

BiFib? —— BiFib —— Caty, X Cats

in which both squares are cartesian (the right one because (bi)exact functors to spectra
are determined by their underlying space-valued functors) and all vertical arrows, as
well as the horizontal arrows in the left square, are replete subcategory inclusions.

Proposition 7.2.10 The composite functor
Cat?) — Cat}, — Cat x Cat® — Cat® 178)
(A, B,b) > (A, B) ——— A

is an equivalence of co-categories. An inverse is given by A — (A, A, my).

Proof This follows directly from Proposition 7.1.12 since a perfect bifibration A <«

X — B belongs to the image of Catg]; if and only if A ~ B is stable (in which case
the associated correspondence is automatically left biexact by Example 7.2.3). O

Recall from Sect. 7.1 that the co-category BiFib C Fun(Aé, Catyo) of bifibrations
carries a natural action of C; induced by the action of C; on Ag switching the vertices
A and A} and post-composing with the op action on Cat.. Explicitly, this action
sends a bifibration 4 < X — B to the bifibration B? <« X°P — A°P. Since
taking opposites also preserves stable co-categories and exact functors, the above
action induces a Cy-action on the replete subcategory Cat?>O < BiFib. Explicitly,
the resulting C;-action sends a triple (A, B, B) to the triple (B°, A, Bgyap), Where
Bgwap: B x A% — § is B pre-composed with the swap equivalence B x AP ~
AP x .

Definition 7.2.11 We denote by Catsog = (Catgo)hC2 the oo-category of homotopy
fixed points in Catgo with respect to the above C,-action.

Proposition 7.2.12 The oco-category Caté‘; participates in a cartesian fibration
sb ex
Cat) — Cat

classified by the functor C — Fun’(C).
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Proof The claim follows from its unstable counterpart Proposition 7.1.13 since the
restriction along exact functors preserves left biexact correspondences. O

By Proposition 7.2.12 we may identify the objects of CatSo?> with pairs (C, B) where
C is a small stable co-category and B: C°P x C°P — Sp is a symmetric bilinear functor,
that is an object of the oo-category Fun®(C) = Fun®(C)"®2. We refer to such a pair
as a symmetric oo-category. We refer to morphisms (C,B) — (C’,B’) in Catgg as
symmetric functors. Using again Proposition 7.2.12 we may identify these with pairs
(f,B) where f: C — (' is an exact functor and 8: B — (f x f)*B’ is a natural
transformation.

Definition 7.2.13 We say that a symmetric bilinear oco-category (C,B) is non-
degenerate if B is non-degenerate in the sense of Definition 1.2.2. In this case B is
induced by a (possibly imperfect) duality Dg: C — C°P, and every symmetric functor
(f.B): (C,B) — (C', B) induces a natural transformation g: fDp = Dp/ f°P via
Lemma 1.2.4. We say that such a symmetric functor (f, 8) is duality preserving if
T is an equivalence. We say that (C, B) is perfect if D is an equivalence. We then
denote by Cat} C Cat?}é the (non-full) subcategory spanned by the perfect symmetric
oo-categories and duality preserving functors between them.

Lemma 7.2.14 The Cj-action on Catgo preserves the replete subcategory Catgg of
perfect bilinear co-categories. In addition, on the level of homotopy fixed points the
resulting replete subcategory

(Catho)"® < (Catb )" = Cat®

coincides with the replete subcategory Catly of perfect symmetric bilinear oo-
categories.

Proof We need to verify two things:

i) If (C,B) is a symmetric co-category then B is perfect in the sense of Defini-
tion 7.2.13 if and only if the left biexact correspondence Q2°°B is perfect in the
sense of Definition 7.1.6.

ii) A symmetric functor (f, 8): (C,B) — (C’, B’) between perfect symmetric co-
categories is duality preserving if and only if the induced functor Pair (C, C°?, B) —
Pair(C’, C'°P, B') preserves perfect pairings.

To prove i) we need to show that B: C°P? x C°? — Sp can be written as B(x, y) =~
hom¢ (x, Dy) for some equivalence D: C°? — C if and only if 2°°B can be written
as Map¢ (x, Dy) for some equivalence D: C°? — C. Clearly the former implies the
latter, but the latter also implies the former since post-composition with Q2°° induces
an equivalence between bilinear functors C°P? x C°? — Sp and left biexact correspon-
dences CP x C°? — §. To verify ii), consider the commutative diagram

Q®B(x, y) i » QOB/(f(x), (1)

:l ZT

Mape (x. D (y)) — Mape: (£ (). fDB()) 2% Mape:(f(x). Dy (1))
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furnished by Remark 1.2.6. We then see that the map fDg(y) — Dpg/ f(y) is an
equivalence if and only if f sends the tautological perfect pairing (Dg(y), y,t) €
Pair(C, C°?, B) to a perfect pairing in C’. Since every perfect pairing is equivalent
to a tautological perfect pairing (Dg(y), y,t) for some y we may thus conclude
that 74: fDp = Dp f°P is an equivalence if and only if the induced functor
Pair(C, C°P, B) — Pair(C’, C'°", B) preserves perfect pairings, as desired. O

Remark 7.2.15 Under the equivalence Cat} b~ CatZ of Proposition 7.2.10, the

restricted Cj-action on Catgz recovers the op-action on CatZ;. Indeed, this follows
from the corresponding unstable statement on the level of BiFibP and Cat, (see
Proposition 7.1.15) since in both cases the Cy-action is the restricted one (uniquely

determined since the inclusions Catgg C BiFib® and CatZ C Cat, are both replete).

Combining Proposition 7.2.10, Lemma 7.2.14 and Remark 7.2.15 and we now
obtain the following statement, versions of which were previously established in [29]
and [30]:

Corollary 7.2.16 The forgetful functor Catly — CatZ lifts to an equivalence
Catdy ~ (CatX)he
where Cy acts on CatZ by the op-action.

The constructions we have made so far can now be summarised by the following
commutative diagram

Cath, —— Cathy, =~ (Cat®)P2 — - Cat®

l [ { [

Cath, —— Cat®® = (Catd P> —— Catd, (179)
Cat® ——— Cat® =~ (Cat® x CatX)hC> — Cat x Cat™

in which the vertical arrows in the top row are replete subcategory inclusions, the top
squares are cartesian, the vertical arrows in the bottom row are cartesian fibrations, and
the horizontal arrows in the middle row preserve cartesian edges. In fact, all the vertical
maps in the bottom row are also cocartesian fibrations and the horizontal arrows in the
middle row also preserve cocartesian edges, see Corollary 1.4.2 and Proposition 1.4.3.
We also recall that the C;-action on CatZy x CatZ is given by (A, B) — (B°P, A)
and the composite Catyy — CatSl x CatSy along the bottom and right sides both
equivalent to the diagonal map.

A useful feature of the diagram (179) is that all arrows in it admit both left and right
adjoints, and in particular all arrows preserve all limits and colimits. For the vertical
functors on the bottom row, these are all cartesian and cocartesian fibrations and their
fibres admit zero objects, thus the zero section gives a two sided adjoint in all three
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cases. The left and right adjoints of the horizontal functors in (179) will be studied in
this section, with special interest given to the resulting adjoints of the composite arrow
Cat}, — CatZ on the top row, which are both given by the construction C +— Hyp(C)
of Sect. 2.2. The left and right adjoint to the top left vertical inclusion Cat5, < Cat}o‘o
will be produced in Sect. 7.3 below using the pairings construction. Left and right
adjoints to the top middle vertical inclusion then follow by formal considerations,
while left and right adjoints to the top right inclusion can be constructed in a similar
manner, see Remarks 7.3.19 and 7.3.24.

The remainder of this section is dedicated to the construction of left and right
adjoints to the horizontal functors in (179). We begin with the top left square:

Proposition 7.2.17 The functor
h b
Cat), — Cat)

admits fully-faithful left and right adjoints, given by sending (C, B) to (C, QqB) and
(C, ), respectively. Furthermore, the units and counits of these adjunctions project
to equivalences in Cat.

Proof We have a diagram

h f sb
Cath, — 1 car®®

N

CatZ

where p and g are cartesian fibrations and the forgetful functor f preserves cartesian
edges. The functor f has fibrewise left and right adjoints by Corollary 1.3.6, and so by
[47, Proposition 7.3.2.6] f admits a left adjoint whose unit transformation is sent to
an equivalence in CatZ;. The counit of the adjunction is given by the fibrewise counit
and thus is an equivalence by Corollary 1.3.6, according to which the fibrewise left
adjoint is fully faithful. On the other hand, by Corollary 1.4.2 and Remark 7.2.5 the
maps p, q are also cocartesian fibrations, and by Proposition 1.4.3 the map f preserves
cocartesian edges. Applying the dual of [47, Proposition 7.3.2.6] we now conclude
that f admits a right adjoint whose associated unit is mapped to an equivalence in
Cat® and whose counit is an equivalence in Cat2. O

Proposition 7.2.18 The fully-faithful adjoints of Proposition 7.2.17 map Catl, to
Catd, and yield fully-faithful left and right adjoints to the forgetful functor Catd, —
Cat.

Proof Since the left and right adjoints constructed in Proposition 7.2.17 are fully-
faithful and since the condition for a hermitian co-category of being non-degenerate
is defined via the non-degeneracy of the underlying symmetric bilinear form we see
that these adjoints send non-degenerate symmetric co-categories to non-degenerate
hermitian oo-categories and similarly perfect symmetric co-categories to Poincaré co-
categories. For the same reason these adjoints also send duality-preserving symmetric
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functors to duality preserving functors. To see that these now yield left and right
adjoints to Cath, — Cat it is enough to check that all the units and counits are
contained in the respective subcategories. Now on the side of Cat, these units and
counits are equivalences, and so by triangle identities these units and counits in Cat,,
map to equivalences in Cat5 . This implies that they are duality preserving, as desired.

|

Definition 7.2.19 Given a perfect bilinear functor B € Fun®(C), the images of (C, B)
under the fully-faithful left adjoint and right adjoint of Proposition 7.2.18 are, as
in the case of Proposition 7.2.17, given by (C, QqB) and (C, 5), respectively. We
refer to Poincaré oo-categories of this form as quadratic and symmetric Poincaré
oo-categories, respectively.

Taking now the top external rectangle in (179) we obtain a square

p
Caty, — Catd

| | (180)

h b
Catl, — CatZ,
in which the right vertical arrow is given by

Cat® — Catl) — Catd,
w

” (181)
At ? (Av Av m.A)

Proposition 7.2.20 In the square (180) both horizontal arrows admit left and right
adjoints, both compatible with the vertical subcategory inclusions. In addition, both
adjoints of the bottom horizontal arrow are equivalent and given by the formula

(A, B,B) = (A x B° B).

Pre-composing the formula of Proposition 7.2.20 with the functor (181) we con-
clude

Corollary 7.2.21 The forgetful functor U: Cath, — CatZ admits both a left and a right
adjoint. The two are equivalent and given by the association A — (A x AP, my) =
Hyp(A).

Remark 7.2.22 The unit exhibiting Hyp as right adjoint to U and the counit exhibiting
Hyp as left adjoint to U are given respectively by the Poincaré functors

h £y
Hyp(C) =% (€. 9) => Hyp(C)
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of (42). The counit UHyp(C) = C @ C°? — C exhibiting Hyp as right adjoint to U is
then given by the projection on the first fact and the unit C — UHyp(C) = C & C°P
exhibiting Hyp as left adjoint to U is given by the inclusion into the first summand.
Here we are using the direct sum notation keeping in mind that CatZ} is semi-additive,
see Proposition 6.1.7.

Remark 7.2.23 By [47, Corollary 7.3.2.7] the functor Hyp inherits a lax symmetric
monoidal structure by virtue of being right adjoint to the symmetric monoidal functor
U: Cat}y — CatZ (see Theorem 5.2.7). In particular, U - Hyp is a symmetric
monoidal adjunction. Applying the same argument to the symmetric monoidal functor
U (Cath,)P — (Cat®)°P we get that the adjunction U°P - Hyp®P (opposite to
Hyp - U) is symmetric monoidal and Hyp also carries an oplax symmetric monoidal
structure.

Remark 7.2.24 The symmetric monoidal structure on the forgetful functor U: Cat2, —
CatZ} yields for every (C, ?) € Cat®, a commutative square

Catl, -2 CatZ
Coe0-)| l0®<—>
Cat?, - Cat.

Passing to right adjoints using Corollaries 7.2.21 and 6.2.15 we obtain a commutative
square Y

p ex
Catoo (m Catoo
Fun®*((€.9),-) | [Funec.

p ex
Catg, oy Cat.
In particular, we have a natural equivalence of Poincaré oco-categories
Fun®((C, 9), Hyp(C')) ~ Hyp Fun™(C, C").

Proof of Proposition 7.2.20 We first observe that the square (180) is also the external
top rectangle in (179). Propositions 7.2.17 and 7.2.18 provide left and right adjoints to
the horizontal arrows in the top left square of (179), which are furthermore compatible
with the vertical subcategory inclusions. In the same diagram, the horizontal arrows in
the top middle square are equivalences, and the horizontal arrows in the top right square
have left and right adjoints as well. Indeed, in both cases these are the natural maps from
C,-fixed points to underlying objects, which admit left and right adjoints since CatZ}
and CatE’>O admits products and coproducts (see Proposition 6.1.1 and Remark 7.2.5). In
addition, since CatZ is semiadditive (Proposition 6.1.7) these products and coproducts
coincide, and we get that the left and right adjoints of (Catgé)hc2 — CatZ are both
give by the formula C — C x C°P. This implies that the left and right adjoints for
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the horizontal maps in the top right square in (179) are compatible with the vertical
replete subcategory inclusions, and hence we may conclude that the horizontal arrows
in (180) admit left and right adjoints, both compatible with the vertical subcategory
inclusions.

It is left to obtain the desired explicit formula. First by semi-additivity, the left and
right adjoints of Catgt(’3 — Catgo are both given by the formula

(A, B.B) > (A x B®, Byym)
where Bgym € Fun®(A x B°P) is the symmetrisation of B, given by
Byym((a, b), (', b)) = B(a,b') ® B(d', b).

We note that this symmetric bilinear form is both induced and coinduced from B. In
particular, Qfasym and Qquym both canonically identify with B itself, when the latter is

viewed as a single entry functor on A° x B. By Propositions 7.2.17 the left and right
adjoints of the bottom horizontal map in (180) are consequently both given by the
formula (A, B, B) — (A x B, B). O

7.3 The categorical Thom isomorphism

In Sect. 2.4 we described the algebraic Thom construction, an operation introduced
by Ranicki which allows one to identify the notion of a metabolic Poincaré object
(x, g) in (C, ?) equipped with a prescribed Lagrangian (w — x, 1), with the data of a
hermitian object (z, 7) in C with respect to the shifted Poincaré structure 2= !1. In this
section we will see that this procedure naturally fits in a more general perspective. We
begin by refining the construction of pairing co-categories described in Sect. 7.2 above
to the context of hermitian co-categories. This results in a construction which takes a
hermitian oco-category (C, ?) and produces a Poincaré oco-category Pair(C, ?). When
(C, Q) is Poincaré this construction reproduces that of the arrow category Ar(C, ?)
described in Sect. 2.4. We then prove that Poincaré objects in Pair(C, ?) correspond
to hermitian objects in (C, ?), yielding in particular a proof of Proposition 2.4.3 upon
taking (C, ?) to be Poincaré.

The Poincaré oco-categories of the form Pair(C, ?) can be considered as a cate-
gorified form of the notion of a metabolic Poincaré object: they contain a stable full
subcategory on which the Poincaré structure vanishes and which is equivalent to its
own orthogonal complement, a property which can be considered as a categorical
analogue of the notion of a Lagrangian. From this point of view, we may consider
the association (C, ?) — Pair(C, ?) as a categorified form of the Thom construction,
taking a hermitian co-category and producing a Poincaré oo-category with a canon-
ical choice of Lagrangian. We show that this process is reversible: given a Poincaré
oo-category (D, @) with a Lagrangian, one can reconstruct a hermitian co-category
(C, ®) such that Pair(C, ?) >~ (D, ®). We consider this as a categorical form of the
Thom isomorphism. Relying on these results we then use the pairing construction in
order to produce both a left and a right adjoint to the forgetful functor Catd, — Catgo.
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This adjunction ties together all the above results in a conceptual manner, and at the
same time is quite useful in practice. In particular, the results of this section will be
used in subsequent instalments of this project, for example in setting up the theory of
algebraic surgery in Paper [2], and in proving that Cat3, is compactly generated in
Paper [4].

We now proceed to introduce the main construction of the current section:

Construction 7.3.1 Given a stable co-category C, any bilinear functor B: C°P x C°P —
Sp determines a left biexact correspondence on the pair (C, C°P), given by (x, y)
Q%°B(x, y). We then denote by

Pair(C, B) := Pair(C, C°?, B) € CatZ

the associated co-category of pairings. Given a hermitian structure 2: C°? — Sp on
C, we define an associated hermitian structure ?p,;r on Pair(C, Be) via the pullback
square

Qpair(xv v, B) —— 2x)

l l (182)

home(x, y) — B(x, x)

where the bottom horizontal map is given by the association [f: x — y] +— f*B €
B(x, x), canonically extended from mapping spaces to mapping spectra. We denote
the resulting hermitian oco-category by Pair(C, ?) := (Pair(C, Be), pair)-

Lemma7.3.2 The hermitian structure Qpyir is Poincaré. Its bilinear part sits in the
pullback square of symmetric bilinear forms

Bpair((x» Y, IB)V('X/’ y/ﬂ IB/)) — B()C,X/)
l J,(rxix/,id) (183)
home (x, y') @ home (x/, y) — B(x/, x) @ B(x, x').

and its associated duality coincides with the duality

Dpair(xs ys IB) = (ys x7 UX,)’(ﬁ))’
of Construction 7.1.14, which encodes the symmetric structure of B.

Proof Substituting in (182) the direct sum of (x, y, 8), (x, y’, B’) € Pair(C, Bo) we
obtain the square

Qpair(x Sx,y®Y.BOB) —— Ax DX

l l :

home(x®x',y®y) —— Bx®dx',x ®x)
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which yields the square (183) upon passing to bireduced replacements. On the other
hand, working backwards from the required duality, we note that Dy, is part of a
A(Z)—duality of the associated bifibration

C < Pair(C, Bg) — C°P.

Applying Proposition 7.1.17 and Remark 7.1.18 to this bifibration we obtain a cartesian
square of symmetric bilinear forms

homPair(C,Bg)((x’ ) ,8)7 Dpair(x/a y/a ﬁ/)) E— B(X, x/)

l l(r'm/,id)

home(x, y') @ home(x’, y) ——— B(x/, x) @ B(x, x'),

where we are again silently identifying exact functors valued in spectra with left exact
functors valued in spaces. Comparing this square with (183) we thus get that Bpgir is
perfect with duality Dpy;. O

Examples 7.3.3 i) For a stable co-category C equipped with the zero hermitian struc-
ture, the Poincaré oo-category Pair(C, 0) is naturally equivalent to Hyp(C).

ii) If the hermitian oo-category (C, ?) is Poincaré with associated duality D, then the
correspondence 2°°Be on the pair (C, C°P) is equivalent to the correspondence
Mape(—, —) on the pair (C, C) via

(id, D): C% x C°P = C°P x C,

and so Pair(C, Be) is naturally equivalent to the arrow category Ar(C) of Defini-
tion 2.4.1. Under this equivalence, the Poincaré structure 9 directly translates
to the Poincaré structure

Qar(x = y) = 2(x) XBo(x,x) Be(x, y),

and so we obtain a natural equivalence Pair(C, ?) >~ Ar(C, ?).

iii) Combining the previous example with Lemma 2.4.5 we obtain a natural iden-
tification of Poincaré oo-categories Pair(C, ?1=1) ~ Ar(C, ?[-1) ~ Met(C, ?)
whenever (C, ?) is Poincaré.

Remark 7.3.4 Combining Example 7.3.3(ii), Example 7.1.16 and Lemma 7.3.2, we
obtain that for (C, ?) Poincaré, the underlying duality Dy of Ar(C, ?) is equivalent to
the one induced on Ar(C) ~ Fun(A!, C) by the duality D¢ on C and the canonical
duality of Al

By construction, the underlying stable co-category of Pair(C, ?) sits in a bifibration

P A (184)

C <L Pair(C, Bg) -2+ CP
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so that ¢ is a cartesian fibration and p is a cocartesian fibration. The fact that C is
pointed and By is bireduced implies that these fibrations have fully-faithful adjoints

x — (x,0,0)
m m )
C —.5 Pair(C, Bg) +— C°P
W w
0,5,0) «——y

More precisely, g has a fully-faithful right adjoint j: C — Pair(C, ?) sending x to
(x,0,0). Indeed, the canonical arrows (x, y, 8) — (x,0,0) in Pair(C, ?) induce
an equivalence on mapping spaces into any triple of the form (x’, 0, 0), and thus
assemble to form a unit exhibiting j as right adjoint to g. Similarly, the collection
of arrows (0, y,0) — (x,y, ) assemble to form a counit exhibiting the functor
i:C° — Pair(C, ?) sending y to (0, y, 0) as left adjoint to p, and we observe that the
image of i coincides with the kernel of g and the image of j with the kernel of p.
We now observe that g : Pair(C, ?) — C naturally extends to a hermitian functor

(g.m): Pair(C,?) — (C,9?) qx,y.B)=x , n: Cpair(x,y, ) = 2Ax)
(185)

with n: Quir = ¢*? given by the natural projection furnished directly from the
definition of ?pair. In generalisation of the algebraic Thom isomorphism we then have:

Proposition 7.3.5 For every hermitian co-category (C, Q) the composite map

Pn(Pair(C, 9)) — Fm(Pair(C, 9)) 2% Fm(C, 9)

is an equivalence. In particular, Poincaré objects in Pair(C, ?) classify hermitian
objects in (C, ?).

Remark 7.3.6 Applied in the case where (C, ?) is Poincaré, Proposition 7.3.5 reduces
to the statement of Proposition 2.4.3 via the identification Pair(C, ?) >~ Ar(C, ?) of
Examples 7.3.3.

Proposition 7.3.5 is a direct consequence of the following lemma:
Lemma7.3.7 Let (C, Q) be a hermitian oo-category. Then the functor

(g, n)«: He(Pair(C, ?)) — He(C, ?)

induced by (185) is a cartesian fibration whose fibres admit final objects. In addition,
a hermitian object ((x, y, B), q) in Pair(C, ?) is final in its fibre over He(C, ?) if and
only if it is Poincaré.
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Given Lemma 7.3.7, the proof of Proposition 7.3.5 is immediate:

Proof of Proposition 7.3.5 By Lemma 7.3.7 the homotopy fibres of
Pn(Pair(C, ?)) — Fm(C, ?)

are contractible, and so the desired result follows. O

Proof of Lemma 7.3.7 Consider the commutative square

He(Pair(C, ?)) — He(C, ?)

[
Pair(C, Q) S ]

where the vertical arrows are the defining right fibrations of He(—). Since the bottom
horizontal map is a cartesian fibration (by the construction of Pair(C, ?) as a bifibration)
we obtain that the composite dotted map is a cartesian fibration, and hence we can
view the top horizontal map is a map of cartesian fibrations over C whose target is a
right fibration. Such a map is automatically a cartesian fibration (up to equivalence),
which gives us the first claim of the lemma. We now verify that its fibres contain final
objects. Let

(x,y,0)€Pair(C,Bo)
= f Mape(x. y) — Pair(C, Bo)

be the right fibration classifying the contravariant functor (x, y, @) — Mapg(x, y).
The defining fibre square (182) then determines a commutative square

He(Pair(C, ?)) ——— He(C, ?)

| l

x /xeC Q%®Bo(x, x) (186)

| |

Pair(C,Bg) ——— C

of oco-categories in which (using the same argument as above) the vertical maps are
right fibrations and the horizontal maps are cartesian fibrations. In addition, the top
square in (186) is cartesian; indeed, base changing the right fibrations on the right from
C to Pair(C, Bo) yields a fibre square of right fibrations which is the straightening of
the defining square (182) (after taking ©2°°). It will hence suffice to show that the
fibres of the middle horizontal cartesian fibration have final objects. Fix an object

x,B) € f reC Q%Bg(x, x). Then the fibre Xy gy of the middle horizontal map sits
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in a right fibration

X(x,ﬁ) — Pair(C, Bo), = / Q%Bo(x, y), (187)
yeCop

where the middle term stands for the fibre of the bottom horizontal map over x € C.
Using the pullback formula (174) for the mapping spaces in Pair(C, B¢) we now
calculate

Xap) = / , Mape (x, ) XBg(x,x) {B}
(y,a)€Pair(C,Bo)y

~

/ MapCOP (y? X) XBo(x,x) {:3}
(y,a)€Pair(C,Bo)y

~

f MapPair(C,Bg)x (('xv yv a)a (.X, .X, ,8))
(y,a)€Pair(C,Bo)x

>~ (Pair(C, BQ)x) /(x,x.8)

from which we see that the right fibration (187) is visibly represented by (x, x, 8), so
that X, g) has a final object.

To finish the proof we now need to verify that a hermitian object ((x, y, 8), ¢) in
Pair(C, ?) is Poincaré if and only if it is final in the fibre. The top square in (186)
being cartesian it will suffice to show that ((x, y, B), ¢) is Poincaré if and only if its
image in & is final in its fibre over f xeC Q%Bo(x, x). Indeed, a hermitian form g
on (x,y, B) determines a self dual map gz: (x,y, B) — Dpair(x,y, ) = (v, x, B)
with components f: x — y and y < x: g (the latter considered as a map from y
to x in C°P). The form g is then Poincaré if and only if f and g are equivalences.
But since gy is self-dual the components f and g are homotopic to each other. We
then get that ¢ is Poincaré if and only if the map g is an equivalence. But g (or f) is
exactly the image of g in Map(x, y) via the vertical map in the defining square (182),
and so the image of ((x, y, 8), ¢g) in X is ((x, y, B), g). The latter object lies over
(x,g*B) € fxec Q°°Be(x, x) and corresponds to the object

(id, ) .
[(xX, 3, B) —55 (x, x, 8" B)] € Xix.gop) = (Pair(C, Bo)y)jxxgrpy  (188)

We may then conclude that ((x, y, 8), ¢) is Poincaré if and only if g is an equivalence,
and so if and only if (188) is final, as desired. O

The following almost immediate corollary of Lemma 7.3.7 will also be useful for
us later:

Corollary 7.3.8 The natural transformation
n: Lpair = q*?

exhibits @: C°® — Sp as the left Kan extension of Qpair along q°P : Pair(C, Bg)? —
CP.
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Proof By Proposition 1.4.3 and Lemma 1.1.25 it will suffice to show that 2°°7 exhibits
Q%9 as the left Kan extension of 2°°9p,;. Since ¢°P is a cocartesian fibration left
Kan extensions along ¢°P are calculated by colimits along the fibres. In particular, we
need to show that for every x € C the map

colim Q% air(x, y, @) > QFAx),
(x,y,)€Pair(C,Bo)y

induced by n, is an equivalence of spaces. Since colimits in spaces are universal it will
suffice to show that for every point 8 € Q2°°?(x) the space

colim Q% Lpair (x, ¥, &) Xo(x) {B}
(x,y,@)€Pair(C,Bo)Y¥

is contractible. Indeed, this space can in turn be identified with the geometric realisation
of the fibre of He(Pair(C, ?))°? — He(C, ?)°P over (x, 8), and the latter has an initial
object by Lemma 7.3.7, so its realisation is contractible. O

We now take a closer look at the Poincaré co-categories of the form Pair(C, ?). We
wish to make the argument that they constitute a categorical analogue of the notion of
a metabolic Poincaré object, making the passage from (C, ?) to Pair(C, ?) an analogue
of the algebraic Thom construction. To identify further key properties we introduce
the following piece of notation:

Definition 7.3.9 Let (D, ®) be a Poincaré oo-category and £ < D a full subcategory.
We will denote by £+ C D the full subcategory spanned by the objects y € D such
that By (x, y) = O forevery x € £. We will refer to £ as the orthogonal complement
of L.

Using the notion of orthogonal complements, we may identify the following addi-
tional properties held by the full subcategory inclusion i : C°P < Pair(C, Be):

i) The restriction of the quadratic functor 2p,ir to C°P vanishes.
ii) The inclusion iC°P C (iC°P)L, furnished by i) above, is an equivalence.
iii) 7 admits a right adjoint p: Pair(C, B¢) — C°P given by (x, y, B) > y (see (184)
and the discussion below it).

The validity of i) above is evident from the fibre square (182) defining ?pair. To see
that ii) holds, note that

Bpair(i (Z)’ (x7 y’ ﬁ)) = hom((ov Zs 0)3 (y7 x? Ux,y(ﬁ))) = hOmCOp (Z’ x) = homC(-x’ Z)’

and hence (x, y, B) € (iC°?)L if and only if x = 0, i.e., if and only if (x, y, B8) € iC°P.
This motivates the following definition:

Definition 7.3.10 Let (D, ®) be a Poincaré co-category and £ € D a full subcategory.
We will say that L is a Lagrangian in D if it satisfies Properties i), ii) and iii) above. In
other words, if ? vanishes when restricted to £, the orthogonal complement L+ cD
coincides with £ itself and the inclusion £ C D admits a right adjoint. We will say
that a Poincaré oo-category is metabolic if it admits a Lagrangian.
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In particular, the Poincaré oo-category Pair(C, ?) contains C°P as a Lagrangian. We
now claim that this property completely characterises Poincaré oo-categories of the
form Pair(C, ?). To see this, let (D, ®) be a Poincaré co-category with underlying
duality D, and let i: £ < D be a Lagrangian with right adjoint p: D — L. Let
j: L£” C D be the inclusion sending z to D(i(z)). Then

im(j) = D(L) = D((L)) = ker(p),

and j admits a left adjoint ¢ : D — L°P given by the formula ¢ (x) = p(Dx).
We then have the following:

Proposition 7.3.11 (Recognition principle for pairing Poincaré categories) Let
(D, @) be a Poincaré oo-category admitting a Lagrangian i: L — D with right
adjoint p: D — L, and let the adjunction q: D z LP: j be as above. Let
IMT = & € Fun4(LP) be the left Kan extension of ® along q°°: D — L and
n: ® = ¢*I1 the unit natural transformation. Then there exists a canonical diagram
of hermitian co-categories

(L°P, IT) +— Pair(LP, TT) — (L, 0)

(£, TT) (q.m) (D, ®) (p,0) (L. 0)

‘ ~

in which the middle vertical arrow is an equivalence of Poincaré co-categories. Here
the top row consists of the underlying bifibration (184) of Pair(L°P, Bry) promoted to
the level of hermitian co-categories trivially on the right and as in (185) on the left.

Remark 7.3.12 The recognition principle of Proposition 7.3.11 could also be formu-
lated in the bilinear setting of Sect. 7.2. In particular, given a stable co-category D,
equivalences of the form D =~ Pair(A, B, b) for (A, B,b) € CatgO correspond to
fully-faithful embeddings i: B < D which admit a right adjoint p: D — B, in
which case A is recovered as the kernel of p, and b is recovered as the restriction of
the correspondence seqp: D°P x D — S of Example 7.2.4 to A°P x B. The proof
of this claim essentially amounts to the first half of the proof of Proposition 7.3.11
below.

Proof of Proposition 7.3.11 Let Seq(D, £) < Seq(D) denote the full subcategory
spanned by those exact sequences [y — z — x] such that y € i(£) and x € j(L°P).
We claim that the projection

Seq(D, L) >D [y—>z—>x]—>2

is an equivalence. To see this, consider first the map Seq(D, £) — Ar(D) xp j(LP)
sending [y — z — x] to [z — x]. By [43, Proposition 4.3.2.15] this map is fully-
faithful, with essential image the full subcategory of Ar(D) xp j(L°P) spanned by
those arrows z — x withx € j(L°P) whose fibre liesini (£). Now since i (L) = ker(q)
the condition that the fibre of z — x lies in i (£) is equivalent to the condition that
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q(z) — q(x) ~ x is an equivalence. Now the projection Ar(D) xp j(L?) — D
sending z — x to z is a cartesian fibration whose fibre over z € D is equivalent to the
comma category D,; xp j(L°P). This comma category is equivalent by adjunction to
LOIE 2/ and the above condition shows that under this equivalence the full subcategory
Seq(D, L) € Ar(D) xp j(LOP) consists of exactly those objects which are initial in
their fibres. The projection Seq(D, £) — D is consequently an equivalence.

We note that under the equivalence between bifibrations and correspondences, base
changes on the cartesian side correspond the restriction along the first entry, while base
changes on the cocartesian side correspond to restriction in the second entry. In partic-
ular, we may identify Seq(D, £) with Pair(L°P, L, (seqp) |« ) as full subcategories
of Pair(D, D, seqp), and so the projections

LOP +—— Seq(D,L) —— L

X+——[y—->z—=>x]l—y

form a bifibration classified by the restricted correspondence (seqp)|cxc: £ X £ —
S. Under this equivalence Seq(D, £) =~ D these projections correspond to adjoints
p:D— Landg: D — L totheinclusionsi: £ < Dand j: LP — D. We now
observe that for x € £° and y € £ we have

seqp(x, ¥) = QMapp(R2j(x), i (y)) = @Mapp () (x), EDj(y))
~ QM Be(Q)(x), ()

and so if we let IT: £ — Sp be the quadratic functor given by the formula I1(z) =
Q& (27 (z)) then we obtain an equivalence

D ~ Pair(L°?, Bpy)

on the level of stable co-categories, which is compatible with the inclusions from and
projections to £ and £°P on both sides.

We now address the comparison of Poincaré structures. For every x € D the counit
of i - p and unit of ¢ - j yield a sequence

ip(x) > x = jqgx) (189)

whose composite admits an essentially unique null-homotopy, since jq(x) € ker(p)
and hence hom¢ (ip(x), jg(x)) = homg(p(x), pjg(x)) = 0. This null-homotopy
exhibits (189) as exact. Indeed, this sequence maps to an exact sequence by both p
and g and these two functors are jointly conservative since ker(p) Nker(g) ~ im(j) N
ker(q) = 0. Since ®(ip(x)) = O the shifted exact sequence Q2jg(x) — ip(x) - x
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determines an exact square

P(x) ——— QP(Q(gx))

l |

QBo(ip(x), 2jq(x)) — Q2Bo(L2jq(x), 2jq(x))

which, having set I1(z) = Q®(2j(z)), we can write as

D(x) ———— T(g(x))

l l (190)

Bo(ip(x), jg(x)) — Bn(g(x), g(x)).

Comparing the exact square (190) with the exact square (182) we then conclude that the
equivalence D =~ Pair(L°P, Bpy) refines to an equivalence of Poincaré oo-categories
(D, ®) =~ Pair(L°P, IT). By Corollary 7.3.8 we then get that the natural transformation
® = ¢*II furnished by the top row of the square (190) exhibits IT as the left Kan
extension of ® along ¢°P: D°P — L. We hence an equivalence

(D, ®) =~ Pair(L, ¢i®) = Pair(L?, I)

compatible with the projections to (and hence also the embedding of) the co-categories
L and L°P on both sides. O

P
Given a Poincaré oo-category (D, ®) admitting a Lagrangian L =D

with associated projection ¢ = pD: D — L°P, Proposition 7.3.11 yields an equiva-

lence of Poincaré oco-categories

(D, @) >~ Pair(L?, D). (191)

In particular, the association (C, ) — Pair(C, ?) takes values in metabolic Poincaré
oo-categories, and every metabolic Poincaré co-category is obtained in this manner.

In what follows, it will be useful to observe that the hermitian structure IT := ¢, ®
on L°P can also be recovered using the inclusion j: £°° — D right adjoint to ¢. To
avoid a potential confusion we emphasise that IT does not coincide with the restriction
of @ along j. Instead, let [Ty (x, ¥, B) = I1(x) XB(x,x) hom(x, y) be the quadratic
functor on Pair(L°P, IT) as in Construction 7.3.1. Under the equivalence (191) the
functor j: L°P < D sends x to (x, 0, 0) € Pair(L°P, Bry) and we have

@(j(x)) = Mpair(x, 0,0) = IT(x) XBp(x.x) hom(x, 0)
= fib[I1(x) — Br(x, x)] = ZT(Zx). (192)

where the last equivalence is issued from Lemma 1.1.19 and Example 1.1.21. It will
consequently be convenient to introduce the following terminology:
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Definition 7.3.13 Let C be a stable co-category and ? a quadratic functor on C. We
denote by 9l°l(x) := QQ(Qx) and ?1=7I(x) := E9(Zx) the quadratic functors
obtained by pre- and post-composing with €2 and X, respectively. We note that the
operations @ — 911 and @ — @171 are inverse to each other, and in particular adjoint
(in both directions). By Lemma 1.1.19 we have natural equivalences

Q=9l(x) ~ fib[Q(x) — Beo(x,x)] and Q(x) ~ fib[2!"!(x) — Bew(x, x)]1,

yielding in particular a natural transformation ¢ = 9[°! and an adjoint transformation
ol=ol = 9.

Remark 7.3.14 For a hermitian co-category (C, ?), the underlying symmetric bilinear
form of 9l°! is given by (x,y) — QB(Qx, Qy) ~ X°B(x,y), where X7 is the
operation of tensoring by the sign representation sphere, see discussion in Sect. 3.5. In
other words, Bgjs1 has as underlying bilinear form X Be, but the symmetric structure
is twisted by a sign, see Remark 3.5.4. Similarly, Bgi-s1 = X77Be = Q7Be has
underlying bilinear form B, but the symmetric structure is twisted by a sign.

The identification (192) can be succinctly stated as j*® ~ 11771 = ¢, ®[=71 or
equivalently, ¢;® ~ j*®[°]. We may summarise this discussion by extending (191)
to

(D, ®) ~ Pair(L®, ¢:®) ~ Pair(LP, j*®l°). (193)

We now use the pairing construction in order to form left and right adjoints to the
forgetful functor Cath, — Cath,.

Proposition 7.3.15 For every hermitian oo-category (C, ®) and Poincaré oo-category
(&, V), the map

Mapc,e_ (€, W), Pair(C, ) — Mapc, (€, W), (C,2) (194)

induced by post-composition with the hermitian functor (q, n): Pair(C,?) — (C, ?)
of (185), is an equivalence of spaces. In particular, the association (C, ) — Pair(C, ?)
assembles to form a functor CatgO — Catd, which is right adjoint to Cat, — Catgo.

Remark 7.3.16 Though one can show directly that the association (C, ?) — Pair(C, ?)
organises into a functor Catgo — Catb,, Proposition 7.3.15 is formulated in a way
that does not require knowing this in advance, and on the other hand implies this
functoriality via general principles of adjunctions; indeed, knowing that the comma
category Catb, X Cath (Catlgo) /(c,9) has a final object is enough to imply the existence
of the desired adjoints, which then must coincide with the given formula on objects.

Remark 7.3.17 In the situation of Proposition 7.3.15, if (C, ?) is also Poincaré then we
have a natural equivalence Pair(C, ?) >~ Ar(C, ?) (see Example 7.3.3 iii)) under which
the hermitian functor of (185) becomes the domain projection Ar(C,?) — (C, ?).
The unit of the adjunction furnished by Proposition 7.3.15 then corresponds to the
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essentially unique Poincaré functor (C, ?) — Ar(C, ?) for which the composite with
the domain projection is the identity on (C, ?). In particular, the unit must coincide
with the fully-faithful inclusion

C,?) — Ar(C,?) x> [id:x — x]

endowed with the natural equivalence ?(x) ~ 2, ([id: x — x]).

Remark 7.3.18 By [47, Corollary 7.3.2.7] the functor Pair (—) inherits a lax symmetric
monoidal structure by virtue of being right adjoint to the symmetric monoidal functor
L CatgO — Catgo (see Theorem 5.2.7). In particular, the adjunction ¢ — Pair(—) of
Proposition 7.3.15 is a symmetric monoidal adjunction. It then follows from the equiv-
alence of Example 7.3.3(ii) that the functor Ar(—): Cath, — Cat®, is lax symmetric
monoidal as well.

Remark 7.3.19 In the situation of Proposition 7.3.15, if (£, V) = (£, QqB) is the
quadratic Poincaré co-category associated to a symmetric bilinear form B € Fun®(£),
then by Propositions 7.2.17 and 7.2.18 the arrow (194) identifies with the arrow

MapCath((gv B)9 (Pair(c7 B?)v Bpair)) - MapCatsog(((c;’ B)v (C, BQ))v

and so we may conclude that the association (C, B) — (Pair(C, B), Byair) assembles to
form a right adjoint to the inclusion Catb, — Catsog. Identifying Cat2, with (Catg’é)hc2
via Corollary 7.2.16 and using Lemma 7.3.2 we may also reformulate this as saying
that the association (C, B) + (Pair(C, B), Dpjr) gives a right adjoint to the functor
(Cattgé)hc2 — Catgg sending (C, D) to (C, Bp). This last conclusion could also be
obtained from the opposite direction by showing that the association (A, B, B) +—
Pair(A, B, B) gives a Cy-equivariant right adjoint to the functor Catdl — Catgo
sending C to (C, C, m¢), and hence induces a right adjoint on the level of C,-fixed
objects on both sides. In fact, Pair(—, —, —) being right adjoint to C — (C, C, m¢)
is a statement that holds also in the non-stable setting and can be proven using the
setting of bifibrations as described in Sect. 7.1. Alternatively, an argument in the stable
setting can be mounted along the lines of the proof of Proposition 7.3.15 below, using
Remark 7.3.12 in place of Proposition 7.3.11.

Proof of Proposition 7.3.15 Fix a hermitian oco-category (C,?) and a Poincaré oo-
category (€, W), and let

(D, ®) := Fun®*((&, V), Pair(C, ?)) = (Fun®* (&, Pair(C, By)), nat?l,p”")

be the corresponding internal hom Poincaré co-category constructed in Sect. 6.2. We
will use Proposition 7.3.11 in order to identify (D, ®) with the pairing Poincaré co-
category associated to the internal hom hermitian co-category Fun®* ((€, W), (C, ?)) :=
(Fun®(&, 0), natg,), thus reducing Proposition 7.3.15 to the algebraic Thom isomor-
phism of Proposition 7.3.5. Indeed, define

L := Fun® (&, C°P)
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and let i,: £ — D stand for post-composition with i: C° < Pair(C, Be). Since
i is fully-faithful and admits a right adjoint p: Pair(C, B¢) — C°P we have that i,
is fully-faithful and admits a right adjoint p,: D — L obtained by post-composing
with p. In addition, the restriction of & = natz,pair to £ vanishes because if f: & —
Pair(C, Bo) is an exact functor which factors through C°P then f*@pa5; = 0 (since Lpair

vanishes on C°P) and so nat?l,pai'( f) = nat(¥, f*Qpir) = 0. Finally, the orthogonal
complement £ C D consists of those exact functors f: £ — Pair(C, Be) such that
p«Dp(f) = 0, that is, such that pDpair fDg(x) = 0 for every x € £. This is just
equivalent to saying that f takes values in the orthogonal complement (iC°P)~, which
coincides with iCP itself since iC°P is a Lagrangian. We may then conclude that £ is
a Lagrangian in D.

Now, if we identify £°° = Fun®*(&, C°P)°P = Fun®*(E°P, C) with Fun®* (&, C)
via pre-composition with the duality of &, then the inclusion £°° — D sending
f to Dp(i. f) identifies with f +— j. f, where j. denotes post-composition with
j: C — Pair(C, Be). The left adjoint of j, is then given by post-composition with
q: Pair(C, Bg) — C, which we denote by g,. Let [T = (g4)® € Fun4(L°P) be the
quadratic functor obtained by left Kan extending ® along g..: D — L°P. As in (193)
we may also identify IT with the quadratic functor T1(g) = ®!°!(jg). We may then
compute

T(g) = ®“V(jg) ~ nat(¥, g*j*91} ) ~ nat(w, g*9),

pair
and identify the natural map
@(f) = I(qf)
for f € D with the map
Nyt nat(W, f*Qpair) — nat(W, f*g*Q)

obtained post-composition with f*n: f*@u.i = f*¢*?. Invoking Proposition 7.3.11
we now get an identification

Fun® ((€, ¥), (C, ?)) +— Pair(Fun™*((&, ¥), (C, ?2))) —— (Fun(&, C°P), 0)

H = H

Fun®((£, W), (C.9)) & Fun®*((€, W), Pair(C. 9)) 2=% (Fun® (&, C°P). 0)

of (D, ®) := Fun®((&, V), Pair(C, ?)) as the pairings Poincaré category of the hermi-
tian co-category Fun®* ((£, W), (C, ?)), under which the associated cartesian fibration

Pair(Fun® ((&, W), (C, ?2))) — Fun®((&, W), (C, ?))

identifies with post-composition with (g, ) : Pair(C, ?) — (C, ?). Proposition 7.3.20
consequently follows from Proposition 7.3.5. O
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To obtain a left adjoint to the forgetful functor Catd, — Catgo we first promote j
to a hermitian functor

(o 9): €977 = PairC, ) j() = (x,0,0), ¥: M) = Lpair (1))
(195)
using the equivalence ¢ appearing in Definition 7.3.13.

Proposition 7.3.20 For every Poincaré oo-category (€, V), the map
Mapcyg, (Pair(C. 9), (€, W) — Mapcyn (€. 917D, (£, W) (196)

induced by pre-composition with (195), is an equivalence of spaces. In particular,
substituting %) instead of @ we deduce that the association (C,?) — Pair(C, 21°1)
assembles to form a functor Catgo — Cat® which is left adjoint to the forgetful functor
Catd, — Catl.

Remark 7.3.21 In the situation of Proposition 7.3.20, if (C, ?) is also Poincaré then by
Example 7.3.3 iii) we have a natural equivalence

Pair(C, 91°1) ~ Ar(C, QL)) ~ Met(C, ? 0 Q) ~ Met(C, ?),

where the last equivalence covers the exact functor [w — x] — [Qw — Qx]. Under
this equivalence the hermitian functor (195) becomes the inclusion

triv: (C,?) - Met(C,?) xm— [0— x].

The counit of the adjunction furnished by Proposition 7.3.20 then corresponds to the
essentially unique Poincaré functor Met(C, ?) — (C, ?) for which the pre-composing
with this unit gives the identity on (C, ?). In particular, the counit must coincide with
the projection

met: Met(C,?) — (C,?) [w— x]— x,

of Lemma 2.3.7.
Remark 7.3.22 ForaPoincaré co-category (C, ?), applying the functor Pair(—, (—)[7)
to the canonical hermitian functors (C, ?) — (C, 0) and (C, 0) — (C, ?) yields, using
Remark 7.3.21, the Poincaré functors

dlag: Met(C, ?) — Hyp(C)
and

dcan: Hyp(C, ?) — Met(C)

of Construction 2.3.8, respectively. This gives, in particular, a certain abstract justifi-
cation for the appearance of these Poincaré functors.
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Remark 7.3.23 It follows from Proposition 7.3.20 and Remark 7.3.21 that the associa-
tion (C, ?) — Met(C, ?) carries the structure of a comonad on Cat®,, with the Poincaré
functors met: Met(C, ?) — (C, ?) assembling to form the counit of this monad. A
formal consequence of this which we record here for later use is that the resulting
comultiplication Poincaré functor Met(C, ) — Met(Met(C, ?)) gives a section for
either of the two projections

Met(Met(C, ?)) — Met(C, ?),

the first being the counit evaluated at Met(C, ?) and the second obtained by applying
Met to the counit evaluated at (C, ?).

Remark 7.3.24 In the situation of Proposition 7.3.20, if (£, ¥) = (€, €}) is the sym-
metric Poincaré oo-category associated to a symmetric bilinear form B € Fun®(&),
then by Propositions 7.2.17 and 7.2.18 and Remark 7.3.14, the arrow (196) identifies
with the arrow

Mapc,ps ((Pair(C, 27 Be), Bpir), (£, B)) = Mapc,s ((C, Be), (£, B)).

As in Remark 7.3.19 we may then conclude that the association (C,B)
(Pair(C, £°B), Dpair) assembles to form a left adjoint to the functor (Catg’é)hc2 —
Catf}g sending (C,D) to (C,C, m¢). This conclusion could also be obtained dif-
ferently by showing first that the association (A, B, B) +— Pair(A, B, ¥B) gives
Cy-equivariant left adjoint to the functor Catdy — CatgO sending C to (C,C, m¢)
(though the Cy-equivariant structure here involves a somewhat subtle sign). The last
claim can be proven using an argument similar to that of the proof of Proposition 7.3.20
below, by replacing the recognition principle of Proposition 7.3.11 by its bilinear ver-
sion (see Remark 7.3.12). We leave the details to the motivated reader.

Proof of Proposition 7.3.20 Fix a hermitian oco-category (C,?) and a Poincaré oo-
category (€, V), and let

(D, ®) := Fun®™ (Pair(C, ?), (£, ¥)) = (Fun® (Pair(C, By), &), natg’pair)

be the corresponding internal hom Poincaré oo-category. As in the proof of
Proposition 7.3.15 we will use Proposition 7.3.11 in order to identify D with a
pairing Poincaré co-category associated to the internal hom hermitian co-category
Fun®((C, ?), (£, ¥)) := (Fun®™*(, €), natg’), thus reducing Proposition 7.3.20 to
the algebraic Thom isomorphism of Proposition 7.3.5. For this, define

L :=Fun®™*(C, &)
and let p*: £ — D stand for pre-composition with p: Pair(C, B¢) — C°P. Since p

has a fully-faithful left adjoint i : C°? — Pair(C, Be¢) we get that p* is fully-faithful
and admits a right adjoint i*: D — L given by pre-composition with i. In addition,
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the restriction of ® = natg’p 1o L vanishes because if f = g o p: Pair(C,Bg) — &
for some g: C°? — & then

nat(pair, f*W) = nat(air, p*¢" V) = nat(piQpair, V) = nat(i*Lpair, §*W) =0

where the identification pQpair 22 i*Qpair is since i °P is right adjoint to p°P. Finally, the
orthogonal complement L+ C Dconsists of those exact functors f: Pair(C,Bg) — &
such that i*Dp(f) = 0, that is, such that Dg fDpair (i (x)) = O for every x € C°P. This
is just equivalent to saying that f vanishes on im(j) = ker(p), which is equivalent to
saying that f factors through p. We may then conclude that £ is a Lagrangian in D.

Let us now identify £°%° = Fun®(C°P, £)°P = Fun®*(C, £°P) with Fun®*(C, &)
via post-composition with the duality of £. Then the inclusion £L°? — D sending
f to Dp(p* f) identifies with f + ¢* f, where ¢* denotes pre-composition with
the cartesian projection g : Pair(C, B¢) — C, and the left adjoint of ¢* is given by
pre-composition with j: C — Pair(C, Be). Let IT := (j*);¥ € Fun4(L°P) be the
quadratic functor obtained by left Kan extension W along j*: D — L, so that
by (193) we can also write as [1(g) = ®1°!(g*(g)) for g € L = Fun®™(C, £). Using
Corollary 7.3.8 we then compute

M(g) = ®V(gq) =~ nat(Qpair, ¢*g* ¥ =~
>~ nat(q?pair» g Wl ~ nat(Q, g*wlol) ~ nat(9l=71, g*w).

The canonical map

@(f) = I(f))
for f € D then identifies with the map
9% nat(@pair, f*W) — nat(Q), j* ¥ W)
obtained by restricting along j using the equivalence #: Q=71 ~ j *Qpair- Invoking

Proposition 7.3.11 we now get an identification

FunX((C, ?[=7), (&, ¥)) +— Pair(Fun®*((C, °[=91), (£, ¥))) —— (Fun(C®P, &), 0)

H l= H

Fun (., 911, (€. w)) <" FuneX (Pair(C. 9). (€. ¥)) — =2y (Fun*(CP, £). 0)

of (D, ®) := Fun®(Pair(C, ?), (£, V)) as the pairings Poincaré category of the her-
mitian oco-category Fun®™((C, 9(=°1), (£, ¥)), under which the associated cartesian
fibration

Pair(Fun® ((C, 91771, (&, ¥))) — Fun™((C, 2'=71), (&, ¥))

identifies with pre-composition with (j, 9): (C, ®) — Pair(C, ?). Proposition 7.3.15
consequently follows from Proposition 7.3.5. O
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We take the point of view that the functor (C, ?) ~ Pair(C, ?l°1) is a categorical
analogue of the algebraic Thom construction studied in Sect. 2.4. Recall that the
latter takes a hermitian object and returns a metabolic Poincaré object with respect
to a shifted Poincaré structure. In the algebraic setting we saw that this association
determines an equivalence

Fm(C, 9) ~ Pn?(C, 91

between hermitian object in (C, ?) and Poincaré objects in (C, ?''1) equipped with a
prescribed Lagrangian. To make the categorical analogue complete we would like to
argue that Pair(—) determines an equivalence between CatgQ and a suitable co-category
whose objects are Poincaré co-categories (D, ®) equipped with a Lagrangian £ C D,
and whose maps are Poincaré functors which preserve the given Lagrangians. While
we will not make this completely precise, the gist of this claim amounts to the following
two facts:

i) The essential image of the functor (C,?) Pair(C, /1) consists of the
metabolic Poincaré oo-categories. This follows from Proposition 7.3.11.
ii) Given two hermitian oo-categories (C, ?), (C’, ?), Poincaré functors

Pair(C, 911y — Pair(C’, 91"

sending the Lagrangian C°° C Pair(C,?!°!) to the Lagrangian C'? C
Pair(C’, ¢ [”]) are in bijection with hermitian functors (C, ®) — (C’, ). Indeed,
by Proposition 7.3.20 Poincaré functors Pair(C, 9/°)) — Pair(C’, ¢’ [a]) corre-
spond to hermitian functors (C, ?) — Pair(C’, ¢’ [“]), and such a hermitian functor
takes values in the full subcategory C’ C Pair(C’, 9’11 if and only if the corre-
sponding Poincaré functor Pair(C, 9191) — Pair(C’, 9'°!) sends C to €', which
is equivalent to sending the Lagrangian C°° C Pair(C, 91°!) to the Lagrangian
C'°P C Pair(C’, 9''Y) since C and C°P are two full subcategories of Pair(C, Bg)
which are switched by the duality, and the same holds for C’ and C’°P.

7.4 Genuine semi-additivity and spectral Mackey functors

In this section we explain how various categorical structures appearing in the theory
of Poincaré co-categories can neatly be encoded in the framework of C,-categories
and Mackey functors, as developed by Barwick and collaborators in the setting of
parametrised higher category theory, see [10],[11],[51], [62]. The material of this sec-
tion, and in particular the hyperbolic Mackey functor constructed in Corollary 7.4.18
below, will form the basis to the formation of the real K-theory spectrum in Paper [2].

To begin, let Oc, be the orbit category of C,, that is, the category of transitive
C,-sets and C;-equivariant maps. We note that Oc, has two objects, C>/C, = * and
Cy/e = (3, such that * is terminal, HomoC2 (Cy, C2) = C; and there are no maps
from *x to C,. A Cy-category is by definition a cocartesian fibration

. op
7. & — OCZ,
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which by the straightening-unstraightening equivalence is the same data as a functor
O%I; — Cateo. A Co-functor between C,-categories is then a functor over Oc, which
preserves cocartesian edges. We note that by the above explicit description of Oc,
we see that it is isomorphic to the categorical cone on the category BC,. As a result,
the data of a functor Og — C; is equivalent to that of an co-category &, (the image
of the “cone point” ), an oo-category Ec, with C-action (the image of C, with the
C,-action induced by its automorphisms) and a C,-equivariant map £, — &c, where
the domain is considered with the trivial Cp-action. Since Cat, admits limits the data
of a Cy-equivariant map £, — Ec, can equivalently be encoded viaa map &, — ngcz.

Example 7.4.1 If C is an co-category with a Cz-action then we can right Kan extend
the functor BC; — Cats, encoding this action to a functor O(él; — Catyo, which

we can then straighten to obtain a Cp-category & — OOCI; with fibres £c, ~ C and

E. ~ CPC2 and structure map & — 5352 the identity. This construction embeds
Fun(BC», Cat,) as a full subcategory of C;-categories.

Example 7.4.2 In the situation of Example 7.4.1, if C is of the form D x D with the
flip action then C"®2 ~ D and the C,-equivariant functor &, — &c, is the diagonal
D — D xD.

The examples we are interested in are the following:

Examples 7.4.3 i) Forastable co-category C the functor of taking symmetric bilinear
parts B(_y: Fun4(C) — Fun®*(C) = Fun®(C)PC2 determines a C,-category

Fun'(C) — O

whose fibre over x is Fund(C) and whose fibre over C; is Fun®(C).
ii) The functor CatgO — Catzz = (Cat]go)hC2 sending a hermitian co-category (C, ?)
to its underlying symmetric category (C, B) determines a C,-category

h op
%oo - OC2

whose fibre over * is Catl| and whose fibre over C; is Cat%.
iii) The functor Cat?, — Cat = (Caltf)’(‘))hc2 sending a Poincaré oo-category (C, ?)
to its underlying co-category with perfect duality determines a C,-category

p op
Cato, — 0C2

whose fibre over * is Cath, and whose fibre over C; is CatX.

For a C,-category £ — Og one may consider the C;-variants of the usual notions
of limits and colimits, defined for a given Cy-functor p: Z — £. If T — O(éz is
equivalent to a projection K X OOCI; — Oglz for some K then a Cp-colimitof p: 7 — &

is given by a cocartesian section s : OOCI; — & together with a natural transformation
n: p = 5|k which exhibits s as a colimit fibrewise, and dually for limits. For example,
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a Cy-initial object is given by a section s: O — C which is fibrewise initial. We
shall refer to these as fibrewise Ca-colimits. By [51, Proposition 2.11] a C,-category &£
has all fibrewise C;-colimits indexed by K x OOCI; — OE‘; if and only if the fibres &c,
and &, both have K -indexed colimits and the functor £, — &c, preserves K -indexed
colimits. In particular, all the examples in 7.4.3 have all fibrewise C>-limits and C-
colimits, since in all three cases the individual fibres have all limits and colimits and
the cocartesian transition functor preserves all limits and colimits.

For an indexing Cp-category Z — O¢ which is not of the form K x O the notion
of a Cy-colimit is a bit more involved. The underlying data is still given by that of s and
n, but the condition these are required to satisfy is more complicated, and is neither
weaker nor stronger than being a fibrewise colimit. To avoid a technical digression
let us avoid giving the general definition, referring the reader to [62, Definition 5.2].
The simplest type of non-fibrewise C»-(co)limits are finite C>-(co)products, and these
will be the only type of non-fibrewise C,-(co)limits that we will consider here. These
are Cp-(co)limits indexed by finite C;-sets, that is, Cp-categories Z — OOCI; which
are finite direct sums of corepresentable left fibrations. We may decompose them as
a disjoint union of the finite Cy-set [* — x] (standing for the left fibration over O(é];
corepresented by *) and the finite Cy-set [# — C;] (standing for the left fibration
corepresented by Cp).

We wish to verify that our examples of interest 7.4.3 all have finite Cp-products
and coproducts. For this we will use a convenient criterion from [51]. Before we can
state it, we point out the following observation: if & — ng is a Cy-category with
associated Ca-equivariant functor f: &, — Ec,, and g: Ec, — &, is a left or right
adjoint to f, then g inherits a canonical Cy-equivariant structure. In fact, the entire
adjunction carries a Cp-action, so that the unit and counit are C,-equivariant natural
transformations. This essentially follows from the uniqueness of adjoints given their
existence. Otherwise put, the functor that forgets an adjunction to its left adjoint is
fully-faithful and hence any C;-action can be lifted along it. One can also see this as
follows. If f admits a right adjoint then the cocartesian fibration & — O((’g is also
locally cartesian (since Cy — = is the only arrow that is not an isomorphism in Oc,),
and hence a cartesian fibration. This cartesian fibration then encodes the data of a
Cz-equivariant functor £, — &, which is right adjoint to f. If a left adjoint to f
is considered then the same argument can be made using the dual cartesian fibration
N Oc,, that is, the cartesian fibration classified by the same functor as £ — OOCI;.

The following lemma is just an adaptation of [51, Proposition 2.11] to the case at
hand:

Lemma7.4.4 Let & — 0272 be a Cy-category such that the fibres Ec,, £y admit finite
coproducts and the functor £, — Ec, preserves finite coproducts. Write o : Ec, —
Ec, for the action of the generator of Cy. Then the following are equivalent:

i) & admits all finite Co-coproducts.
ii) &€ admits Cy-colimits for Co-diagrams indexed by the corepresentable Cy-set [() —
Gl
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iii) The functor f: &, — Ec, admits a left adjoint g : Ec, — &, such that for x € Ec,
the map

x[Jo) = re)

adjoint to the fold map g(x [ Jo(x)) ~ g(x) [ [glo(x)) =~ g(x)[[g(x) — gx)
is an equivalence.

Proof The equivalence of i) and ii) follows from the fact that under the assumptions
of the lemma £ — O(O:P; has fibrewise coproducts (that is, coproducts for diagrams
indexed by finite direct sums of [* — x]) by [51, Proposition 2.11] and so the existence
of all C,-coproducts reduces to the case of the corepresentable ones, of which [ — x]
is trivial. The equivalence of i) and iii) follows from [51, Proposition 2.11] since iii)
is simply a reformulation of the Beck—Chevalley criterion given there in the case of
the unique non-invertible edge C; — * of Oc,. O

Remark 7.4.5 Lemma 7.4.4 has a dual version which is proven exactly the same way.
It says that £ has a all finite Cp-products if and only if it has C,-limits for diagrams
indexed by [/ — C;], and that the latter is equivalent to f having a right adjoint
g: &c, = &, such that for x € &c, the map

fe(x) » x x o(x)

adjoint to the diagonal g(x) — g(x) x g(x) ~ g(x) x g(o(x)) ~ g(x x o(x)) is an
equivalence.

Remark 7.4.6 Diagrams in £ indexed by [/ — C;] are determined by the data of
an object x € &c,. When the equivalent conditions of Lemma 7.4.4 hold then the
Cy-coproduct of such a diagram is given by the cocartesian section s: OOCp - &
whose value at * is g(x) and whose value at C; is x [ | o (x). The existence of such
a cocartesian section is insured by iii) above. Similarly, the Cy-product of such a
diagram, when exists, is given by a cocartesian section s : 0?32 — & whose value at *
is g(x) and whose value at C; is x X o (x).

Example 7.4.7 In the situation of Example 7.4.2, the resulting C,-category £ — OOCI;
has finite Cp-products (resp. Cp-coproducts) if and only if D has finite products (resp.
coproducts).

Proposition 7.4.8 The C;-categories of Examples 7.4.3 all have finite Cy-products
and coproducts.

Proof We will use the criterion of Lemma 7.4.4. For this we first verify that the fibres
over C; and * have finite (co)products and that the transition functors preserve finite
(co)products. In Example i) the fibres are stable and the transition functors are exact.
For Example ii) the existence of limits and colimits is established in Proposition 6.1.2
and Remark 7.2.5, and the preservation of limits and colimits by the transition functors
is a consequence of Proposition 7.2.20. For Example iii) the same is established in
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Proposition 6.1.1, Proposition 6.1.4 and Corollary 7.2.21. We now verify that all three
examples satisfy Criterion iii) of Lemma 7.4.4. In the case of Example i) it follows
from Lemma 1.1.7 and Remark 1.1.18 that the functor B — B” gives both a left and
a right adjoint to the bilinear part functor @ +— Be. We now need to verify that for
B € Fun®(C) the maps

B(x,y) @ B(y,x) — fib[B(x ® y) — B(x, x) ® B(y, y)]
and
cof[B(x,x) ® B(y,y) - B(x ® y)] = B(x, y) ®B(y, x)

are equivalences. Indeed, this follows directly from the bilinearity of B. For Example ii)
we have by Proposition 7.2.20 that the association (A, B, B) — (A x B°P, B) gives
both a left and a right adjoint to the functor Cath, — CatY . Criterion iii) can then
be deduced from its validity for Example i) and for Example 7.4.7 with D = CatZ}.
Finally, the case of Example iii) follows from that of ii) since the former maps to the
latter via a Cp-functor which is a fibrewise replete subcategory inclusion, so the two-
sided adjoint of Cat, — Cat%, restricts to give two sided adjoints for Cata, — Cat
by Proposition 7.2.20. O

It will be important for us in subsequent instalments of this project to know that the
C,-categories of Examples 7.4.3 don’t just admit finite C,-products and coproducts but
that they are furthermore C,-semiadditive, see [51, Definition 5.3]. To explain what this
means let £ — Oc, be a C,-category which admits finite C»-products and coproducts,
so that by Lemma 7.4.4 f admits both a left adjoint g: £c, — &, and a right adjoint
h: &, — &, and these satisfy fg(x) ~x][[o(x) and fh(x) >~ x x o(x). Suppose
that the fibres £c, and &, are both semiadditive, so that we may identify products and
coproducts and write them as direct sums

f8(x) xx @ o(x) x fh(x).
Then we have natural candidate for a comparison map
g(x) = h(x) (197)
which is adjoint to the map
x = fh(x) ~x®o(x),

corresponding to the inclusion of the component x.

The following definition is an adaptation of [51, Definition 5.3] to the particular
case where the base is Oc,, making use of the fact that Oc, has a unique non-invertible
arrow, given by Co — .

Definition 7.4.9 Let £ — O(g; be a C,-category which admits finite C-products and
finite C,-coproducts. Then £ is called Cy-semiadditive if the following holds:
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i) The fibres £c, and &, are semiadditive.
ii) The comparison map (197) between the left and right adjoints of f is an equiva-
lence.

Example 7.4.10 In the situation of Example 7.4.2, the resulting C,-category £ — 082
is semiadditive if and only if D is semiadditive.

Proposition 7.4.11 The C;,-categories of Example 7.4.3 are all Cy-semiadditive.

Proof We first verify that in all the examples in 7.4.3 the fibres are semi-additive. For
Example i) the fibres are stable and in particular semiadditive. For Examples ii) and iii)
this was established in Proposition 6.1.7 and Remark 7.2.7.

We now establish the second condition of Definition 7.4.9. Arguing as in the proof
of Proposition 7.4.8 using Example 7.4.10 in place of Example 7.4.7 we see that it will
suffice to establish the second condition for Example i). Now by Remark 1.1.18 the
diagonal restriction functor A*: Fun®(C) — Fund(C) is both left and right adjoint to
the cross effect functor B(_y: Fun4(C) — Fun®(C) and we already saw in the proof
of Proposition 7.4.8 that the composite Fun®(C) — Fun4(C) — Fun®(C) is naturally
equivalent to the functor B — B @ Bgwap. Unwinding the definitions, to establish the
second condition it will suffice to show that unit of the adjunction A* 4 B(_) is given
by the component inclusion

B(x,y) = B(x, y) ® B(y, x),
and the counit of the adjunction B(_y 4 A* is given by the component projection
B(x,y) @ B(y,x) — B(x, y).

Indeed, this is established in Remark 1.1.18. O

Remark7.4.12 If £ — OOCI; is a Cp-semiadditive Cy-category then the Cp-product
and Cp-coproduct of a [# — C;]-indexed C,-diagram in £ corresponding to an object
x € &c, are both given by the cocartesian section s: O(éz — & whose value at * is
g(x) and whose value at C; is x @ o (x), cf. Remark 7.4.6.

Remark7.4.13 If £ — O(g; is a Cp-semiadditive Cj-category then the functor
f: & — &c, admits a two sided adjoint g. The Cy-equivariant structure induces
a Cy-equivariant structure on g in a priori two different ways: one by the unique-
ness of g as a left adjoint of f and once by its uniqueness as a right adjoint. The
comparison map (197) is however a natural transformation of C;-equivariant func-
tors (since the component inclusion x — x @ o (x) is such), and so it identifies the
left and right adjoints of f also as Cp-equivariant functors. Similarly, the induced
functor g: 52(2:2 — Fun(BC, &,) is a two sided adjoint to the induced functor

F: Fun(BCy, &) — &85

Remark 7.4.14 Specializing to the case of the Cp-category Catd, — OOCI; we now
get that the functor Hyp inherits a C-equivariant structure making it a two-sided
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C,-equivariant adjoint to U: Catd, — CatZ, and similarly the induced functor
Hyp"©2: (Cat®)"®2 — Fun(BCy, Cath,) is a two-sided adjoint to U'®2: Fun(BC,

Catd,) — (Cat)"2. The composite

Tom- CatP ex\hC, Hyp"2 p
Hyp: Caty, — (Catyy) —— Fun(BC;, Caty,)

then determines a Cz-action on Hyp(U(C, ?)) = Hyp(C) for a Poincaré oo-category.
For a fixed (C, ?), this is the C,-action of Construction 2.2.7, but now promoted to be
natural in C. Similarly, the Cy-equivariance of the maps

h £y
Hyp(©) -5 (€. 9) == Hyp(C)

constructed in Lemma 2.2.9 is now exhibited as the components of two natural trans-
formations of C;-equivariant functors in (C, ?).

Remark 7.4.15 In the situation of Remark 7.4.14, the functors U and U2 participate
in a commutative square of forgetful functors

Fun(BC,, Caty,) — Catb,

Uhc2l lU

hC
(Cat®)"™? —— CatZ.
Passing to left adjoints, we obtain a commutative square

Cat® ——— (Cat®)hC
Hypl lHyphCZ (198)
Cat’, — Fun(BC,, Cat®,).

At the same time, since CatZ} is semi-additive the top horizontal functor in (198) is
given by the symmetrisation C — C x C°P associated to the op-action on Cat}. But
Cat?, having finite Cp-coproducts (Proposition 7.4.8) means that this symmetrisation
is identified with U o Hyp as a functor Cat3, — (Catg’g)CZ. Since Catd, is also semi-
additive (Proposition 6.1.7) it then follows from the commutativity of the above square
that the functor

Cat}, — Fun(BC,, Cath))  (C, Q) — Hyp(Hyp(C))

is naturally equivalent to the functor sending (C, ?) to Hyp(C) x Hyp(C), equipped
with the flip C,-action.

We now wish to use the C-semiadditivity of the examples in 7.4.3 in order to extract
extra structures in terms of Mackey functors. For this, let Span(C,) be the span oco-
category of finite Cy-sets, as defined in [10, Df. 3.6]. A Mackey object in an additive
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oo-category A is by definition a product preserving functor from Span(Cz) — A.
If A is taken to be Sp, then [51, Theorem A.4] shows that the arising co-category
underlines the various (Quillen equivalent) model categories classically used for the
definition of genuine C,-spectra. Taking spectral Mackey functors as the definition of
the latter we set

SpE©2 := Fun* (Span(C,), Sp).

Evaluation at the finite C;-sets C; then defines the functor u: Spgc2 — SphCZ, by

retaining the action of the span C; <£ C, +—1> C,. Evaluation at the one-point C;-
set defines the genuine fixed points (—)8€2: Sp&©? — Sp. The datum of a genuine
C,-spectrum thus is equivalent to the datum of the pair of spectra (E2©2, E), together
with a C-action on E and restriction and transfer maps

res: EE2 > E tw: E — EE©
coming from the spans
<0 S0 oand ¢ L0« (199)
with a host of compatibility data, and similarly for other target categories.

Proposition 7.4.16 Let £ — OOCI; be a Cy-semiadditive co-category with transition
functor f: & — Ec, and two-sided adjoint g: Ec, — Ex. Then the identity functor
Ex — & canonically lifts to a functor

Fun* (Span(C,), &)

where the vertical arrow is given by evaluation at . In addition the composite

eve,
&y« — Fun™(Span(Cy), &) — &,

where evc, denotes evaluation at Co € Span(C,), is naturally equivalent to the functor
x = gf(x).

Proof Let A*(C,y) — Og be the C,-Burnside oco-category of [51, Df. 4.12]. The
objects of At (Cy) are given by arrows U — V where U is afinite Ca-setand V € Oc,
is a Cz-orbit, and morphisms in A% (C») from [U — V] to [U’ — V'] are given by
diagrams of the form

U+—U" — U

|

V—V =V
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The functor &ff (C) — OOC]; is then given by [U — V] + V, and is a cocartesian
fibration whose fibre over V € Oc, is the span oo-category of finite C,-sets over V.
Combining [51, Pr. 5.11] and [51, Th. 6.5] we have that the evaluation at the object
[* —> %] € &ff (Cy) yields an equivalence

Fung, (A™(C2), &) = €.

Now the action of every Cp-product preserving C-functor A% (C,) — & on fibres
over * is again a product-preserving functor from Span(C;) to &,. Base change along
{x} € OOCI; then determines a functor

R: & ~ Funl, (A™(Cy), £) — Fun™ (Span(Cy), &y).
equipped with a natural equivalence
R(x)(%) ~ x,

by construction. Furthermore, for x € &, the Mackey functor R(x): Span(C;) — &,
is obtained in particular by restricting a C-functor R(x): AT(Cy) — £, ie., a
functor over OOCI; which preserves cocartesian edges. Since R(x) sends [* — ] to
x € & C & by construction it must send the object [C; — C;] € A*(Cy) to
f(x) € &, € €. Since R(x) furthermore preserves C;-biproducts it must therefore
send [Cyp — *] € AeH(Cg) to gf (x), see Remark 7.4.12. O

Applying Proposition 7.4.16 in the case of the C-category Fun4(C) — Oc, of
Example 7.4.3 i) we obtain:

Corollary 7.4.17 The inclusion Fun4(C) € Fun(C°P, Sp) admits a canonical lift to a
functor

Fund(C) — Fun(C°, Spg©?),

In particular, every quadratic functor ®: C — Sp lifts canonically to a functor
: CP — SpE©2 valued in genuine Ca-spectra, such that 9(x) has underlying Cs-
spectmm Bo(x, x), geometric fixed points A¢(x) and genuine fixed points ?(x).

Proof Only the claim about the geometric fixed point is not immediate from the appli-

cation of Proposition 7.4.16 to Example 7.4.3 1), but it follows from the defining cofibre
sequence

Bo(x, X)nc, —> 2x) —> Ae(x),
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which by construction matches the cofibre sequence
§(x)hc2 — 9(x)E%2 — Q(x)¥ 2,
|

Corollary 7.4.18 (The hyperbolic Mackey functor) The construction of hyperbolic
categories canonically refines to a functor

gHyp: Caty, — Fun*(Span(C,), Cat%)
together with natural equivalences of Poincaré oo-categories
[gHyp(C, D) ~ (C, 9),
and a natural Cs-equivariant equivalence of Poincaré oo-categories
[gHyp(C, 9](C2) ~ HypC.

In addition, the resulting Ca-equivariant functors

Hyp(C) €, 9 Hyp(C)
1R 12 1R

[gHyp(C, 9] (C2) — [gHyp(C, 9] () — [gHyp(C. 9] (C2)

associated to the spans of (199) are given by the functors hyp and fgt of (42) which
are the unit and counit of the two-sided adjunctions between Catl, and Cat3 of
Corollary 7.2.21.

Using 7.4.17 we can now also extend the periodicity considerations for Poincaré
structures on module categories of Sect. 3.5 to the general case. Specifically, we have:

Proposition 7.4.19 For a hermitian structure ? on a stable category C, there is a
natural equivalence

Glntml o (51)0P ~ g1 &G

of functors C°P — Sp2©2, and so in particular Q" : C — C refines to an equivalence
(€. 9P ~ €, (8" ® D).

Proof The proof is essentially identical to that of 3.5.3. It clearly suffices to treat the

case m = —n, as both sides display the same behaviour under shifting, and since
pre-composition with ¥ can be inverted and iterated, one may reduce to proving the



10  Page 258 of 269 B. Calmes et al.

casen =1 = —m. Leta: Ag = (Bg o A)®2 be the reference map of 9. Arguing as
in the proof of Proposition 3.5.3 one obtains a natural commutative diagram

PoXP — S Ao XP =———Ago X — = 3 Qo Ap

| ! ! Jae

(BeoAoXP)C2 5 BooAoZP)C2 =y (QoBgoA)C2 =5 Qo (Beo A
s I I I

(2 0Bgo A)'C2 — 5 (2P 0B o A)C2 ——5 (QoBgo A2 =5 Qo (Bgo A)C2

which may be viewed as an equivalence between the top left square and the external
rectangle. As such, it identifies the classifying square of € o X°P with one having
bilinear term Q2 o Be, linear term Q2 o A¢, and reference map Qc«. But these are
precisely the underlying spectrum, geometric fixed point, and glueing map of £ ~°¢.
We immediately obtain that ? o X°P agrees with the genuine fixed points of X 7°¢,
and thus the second part (which suffices for all our applications) follows. But it is a
folklore result that a genuine C,-spectrum is in fact naturally determined by the data
we have computed above, namely, the diagram

_\»Cy ()}
5P = ArSp)

s I
_\1Cy
SphCz #} Sp,

where u takes the underlying C,-spectrum and ¢ extracts the target of an arrow is
cartesian; a proof of this fact can also be found in [2], Remark 3.7.5. This implies the
full statement of the proposition. O

7.5 Multiplicativity of Grothendieck-Witt and L-groups

In this section we prove that the invariants Lo(—) and GW((—) defined in Sect. 2.3 and
2.5 are lax symmetric monoidal functors. In addition, the higher L-groups organise
into a symmetric monoidal functor to the category of graded abelian groups (with its
Koszul symmetric monoidal structure). As a result, they carry a graded-commutative
algebra structure when applied to symmetric monoidal Poincaré co-categories, such
as those described in Sect. 5.4.

To begin, we first note that by Corollary 5.2.8 the functor moPn: Catd, — Set
admits a canonical lax symmetric monoidal structure. This lax symmetric monoidal
structure can be made quite explicit. Indeed, consider the assignment

7oPn(C, 9) x moPn(C’, ) - moPn(C R C', 2 ® ?).

For a pair of Poincaré objects (x, g) and (x/, g’) we get the Poincaré object (x ®
x',q®q)In(CRC',2RY), where x ® x’ € C ® (' is the image of (x, x") € C x C’
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under the universal bilinear functor 8: C x ' - C ® C’, and ¢ ® ¢’ denotes the map
S — [2® ?1(x ® x’) obtained as the composite

S =S®S %% ) @ V() = R Y](x, x) — P2AI K] (x @ x')

=[2®Y(x®x).

This object is Poincaré because its underlying bilinear form is given in light of Propo-
sition 5.1.3 by the combination of the underlying bilinear forms of ¢ and ¢’.

We now wish to upgrade the above lax symmetric monoidal structure to the level
of Exo-spaces. For this, first note that since Cat®, and CatgO are semi-additive (Propo-
sition 6.1.7) the corepresentable functors Pn and Fm canonically refine to functors
with values in E-spaces. Recall (see, e.g., [52, Proposition 5.6]) that the co-category
Mong,, of Es-monoids carries a canonical symmetric monoidal structure such that
the free-forgetful adjunction

F: S T " Mong, :U

becomes symmetric monoidal (that is, its left adjoint is symmetric monoidal from
which the right adjoint inherits a lax symmetric monoidal structure). We now claim
that the Eqo-refinement Pn: Cat}, — Mong,_ and Fm: Cat®, — Mong_ also carry
lax symmetric monoidal structures. This is in fact a completely formal consequence
of the fact that the monoidal structure on Cat%, and Cath preserves direct sums:

Lemma 7.5.1 Let £ be a small semi-additive co-category equipped with a symmetric
monoidal structure @ which preserves direct sums in each variable. Then the lax
symmetric monoidal structure of Mapg (1g, —) canonically lifts to its Exo-refinement

Mapg(lg, —): € — Mong,.

Corollary 7.5.2 The lax symmetric monoidal structure of Pn and Fm canonically lifts
t0 their Eoo-refinements Pn: Caty, — Mong_, and Fm: Cath, — Mong__.

Proof By possibly enlarging the universe we may assume that Cat3, and CatgO are
small. The claim then follows from Lemma 7.5.1. O

Proofof Lemma 7.5.1 The full subcategory Fun* (£, Mong,) < Fun(€, Mong, )
spanned by the product-preserving functors is an accessible localisation of Fun(&,
Mong,_, ) with aleft adjoint which we denote by L : Fun(£, Mong_ ) — Fun* (€, Mong,).
By Lemma 5.3.4 this localisation is compatible with Day convolution and extends to

a symmetric monoidal localisation
L®: Fun(&, Mong_)® — Fun™ (£, Mong_)®,

where the codomain is endowed with the structure inherited from being a full suboperad
of Fun(€, Mong,_)®. Now the identification Mapg (1¢, —) >~ UMapg(l¢g, —) trans-
poses to give a natural transformation of the form FoMapg(1g, —) = Mapg(lg, —).
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Since Mapg (1¢, —) is product preserving this natural transformation induces a natural
transformation

L(F o Mapg(lg, —)) = Mapg(lg, —).

We claim that this last transformation is an equivalence. Note that this implies the
desired claim via the symmetric monoidal structures of L and F. Now, to prove the
claim, it will suffice to show that for every product-preserving functorG: £ — Mong_,
the induced map

Nat(Mapg (I¢, —), G) — Nat(F o Mape (1¢, =), G)

is an equivalence of spaces. Indeed, by adjunction we may also identify this map with
the map

Nat(Mapg (1g, —), G) — Nat(U o Mapg(l¢, —), Uo G)

induced by U o (—). This last map is an equivalence since the forgetful functor
Uo (—): Fun* (&, Mong_ ) — Fun* (&, S) is an equivalence on product-preserving
functors. O

We now come to the main result of this subsection:

Proposition 7.5.3 The functors Lo, GWq: Caty, — CMon admit unique lax symmet-
ric monoidal structures such that the transformations

moPn = GWo = Lo

are symmetric monoidal, where CMon stands for the (ordinary) symmetric monoidal
category of commutative monoids.

Remark 7.5.4 The full subcategory .4b € CMon spanned by abelian groups is a full
suboperad and a symmetric monoidal localisation of CMon. Since GW¢ and L take
values in 4b the lax monoidal structures on GW, Lo and the map GWy = L equally
applies if we consider GW¢ and L as functors to .Ab. The reason for working with the
larger category of commutative monoids is to be able to make arguments pertaining
to the natural transformation from oPn.

The proof of Proposition 7.5.3 will require knowing certain multiplicative properties
of the adjunctions Cat, . Z* Cat}, and Cat% I’ Cat},, which we now verify.
Lemma 7.5.5 The adjunction CatgO zCatgo of Proposition 7.3.20, in which the right
adjoint Cats, — Cat};o is symmetric monoidal, satisfies the projection formula: for
(C,9) e Catdy and (C',?) € Catgo the Poincaré functor

Pair(C ® C', (? ® )N — (C, 9) ® Pair(C’, ¥'1°) (200)
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associated under this adjunction to the hermitian functor
C®C,2) =(C9®(C, ) — €, 92 @ParC, 7))

induced by the unit hermitian functor (C', ") — Pair(C’, 2'1), is an equivalence of
Poincaré oco-categories.

Proof This is a formal consequence of (and actually equivalent to) the fact that the
right adjoint Cat2, — CatgO is closed symmetric monoidal, that is, preserves internal
mapping objects, see Remark 6.2.18. Explicitly, it will suffice to show that for every
Poincaré co-category (£, W) the restriction map

Mapc,e ((C,9) ® Pair(C’, 11), (€, ) — Mapc,n ((C,9) ® (€', ), (£, ¥))

is an equivalence of spaces. Indeed, since the Poincaré oo-category Fun®*((C, ?),
(€, W)) serves as an internal mapping object in both Catgo and Catb, we may identify
this map with the map

Mapg,»_(Pair(C’, 91°1), Fun®™((C, 9, (£, ¥)))
— Mapg,n ((C', 9), Fun™((C, 9). (£, ¥))).
which is an equivalence by adjunction. O
Taking ' = 0 in Lemma 7.5.5 and using Remark 7.2.22 we immediately find:

Corollary 7.5.6 The adjunction Hyp = U satisfies the projection formula: for (C, ?) €
Cath, and C' € Cat, the Poincaré functor

Hyp(C ®C') — (C,?) ® Hyp(C)
induced by the component inclusion
CRC - CQUHyp(C)=CR[C'®CP=[C®C1a[C®CP]

is an equivalence of Poincaré oo-categories.

Remark 7.5.7 One can also deduce Corollary 7.5.6 from the fact that the forgetful
functor U: Cat, — CatZ is closed symmetric monoidal, being the composition
of the inclusion Cat}, — CatgO and the closed symmetric monoidal projection
Cath, — Cat%, see Remark 6.2.11 and the final part of Remark 6.2.18. In partic-
ular, the adjunction CatZ} z Catg0 also satisfies the projection formula, as is visible

from the equivalence (C, ?) ® (C’,0) ~ (C® (', 0).

Remark 7.5.8 In the situation of Lemma 7.5.5, when (C, ?) is also Poincaré then by
the triangle identities the projection formula equivalence (200) fits into a commutative
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triangle

Pair(C ® C’, (2 @ 2]y = s (C, Q) @ Pair(C’, ?l°1)

\ /

C,9®(C,9?)

where the diagonal arrows are obtained from the counit of the adjunction Catgo z

Catd, at (C,9) ® (C',?) and (C', ?), respectively. Using Example 7.3.3 iii) and
Remark 7.3.21 we may also write this commutative triangle as

Met((C,?) ® (C',2) = » (C,9) ® Met(C, ?)
met %met
C.9(C.9). (201)

Applying the same argument for the projection formula of Corollary 7.5.6 we similarly
have the commutative triangle

Hyp(C ®C") — » (C,?) ® Hyp(C)
m mhyp
€.9®(C.9). 202)

Remark 7.5.9 The commutative triangle (201) taken with (C’, ?") = (Sp', ?*) yields
an equivalence Met(C,?) ~ (C,?) ® Met(Spf, @) of Poincaré oo-categories over
(C, ). It then follows that when (C, ?) is a symmetric monoidal Poincaré co-category
the Poincaré oo-category Met(C, ?) acquires the structure of a module object over
(C, ?) (specifically, the free (C, ?)-module generated from Met (Spf, Q")) such that the
functor

met: Met(C,?) — (C,9)

is amap of (free) (C, ?)-modules. Similarly, the commutative triangle (202) taken with
(C', Q) = (Spf, 2%) yields an equivalence Hyp(C) ~ (C, ?) ® Hyp(Sp') over (C, 9),
and so when (C, ?) is symmetric monoidal Poincaré we get that Hyp(C) acquires the
structure of a module object over (C, ?) (freely generated by Hyp(Sp!)) and

hyp: Hyp(C) — (C,9)

is a map of free (C, 2)-modules.

Proof of Proposition 7.5.3 The uniqueness is clear since the maps wmoPn(C,?) —
GWy(C, ?) — Lo(C, ?) are surjective (and surjectivity is stable under tensor products
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in CMon). It will hence suffice to show that for every pair of Poincaré co-categories
(C,9), (C',?) the dotted arrows

moPn(C, ?) ® moPn(C’, ) — GWo(C,2) ® GW((C',?) — Lo(C,?) ® Lo(C’, ?)
! . .
7oPn((C,?) ® (C',?2)) ——— GWo((C,?) ® (C',?) —— Lo((C,2 ® (C',?))
(203)
exists to make the diagram commute, where the tensor products in the top row is that
of commutative monoids.

Let us first treat the case of the functor L. For this it will suffice to show that for a
pair of Poincaré objects (x, ¢) and (x’, ¢") such that (x’, ¢’) is metabolic the associated
Poincaré object (x, ¢) ® (x’, ¢’) is metabolic in (C, ?) ® (C’, ¥') (the rest follows by
symmetry). But this follows directly from the commutativity of the diagram

moPn Met((C, ?) ® (C',?)) = moPn((C, ?) ® Met(C’, Q")) +— moPn(C, ?) ® moPnMet(C’, ?)
$} l lid@[met]
7oPn((C,?) ® (C/, ?)) +—— moPn(C, ?) ® moPn(C’, ?)
(204)
given by the commutative triangle (201).

We now turn to GWy. For the well-definedness of the middle dotted arrow in (203)
we have to show that the relation [hyp(w)] ~ [x, g] for a Lagrangian w — x is
preserved under tensoring with some Poincaré object (x/, g’). Given the commutativity
of the diagram (204) above, it will suffice to show that the diagram

7oPn Met((C,?) ® (C',?)) — moPn((C, ?) @ Met(C’, ?)) +— moPn(C, ?) ® moPnMet(C’, ¢')
dag, Gdediag), ideldiag]
7oPn Hyp(C ® C') ——=—— moPn((C, ) ® Hyp(C)) +—— moPn(C, ) ® moPnHyp(C’, 2")

s l id@lhyp]

moPn((C,?) ® (C',?)) +——— mPn(C, Q) ® mpPn(C’, ?)

is commutative as well, where the vertical arrows in the top rows are induced by the
Poincaré functor dlag: Met(—) — Hyp(—) of Construction 2.3.8. Here, the squares
on the right hand side are commutative as they are given by the lax monoidal structure
on 7oPn, and the bottom left triangle is induced by the commutative triangle (202). It
will suffice to show that the top left square commutes. Indeed, this square is obtained
by applying moPn to the square of Poincaré oco-categories

Met((C, ?) ® (C',?)) ——— (C,?) @ Met(C', ?)
dlagl l(C,‘?)@dlag
Hyp(C®C) ————— (C,?) ® Hyp(C)),

which commutes since it is obtained by evaluating the natural transformation (200) of
the projection formula at the arrow (C, ?) — (C, 0) in Catgo, see Remark 7.3.22. O



10  Page 264 of 269 B. Calmes et al.

Corollary 7.5.10 The functor L, : Caty, — grAb admits a lax symmetric monoidal
structure, where grAb denotes the category of Z-graded abelian groups with the
symmetric monoidal structure using the Koszul sign rules.

Proof By definition we have that L,,(C, ®) = Lo(C, =) = Lo(C,? ® S™). Thus
the claim follows by combining Proposition 7.5.3, Remark 2.3.13, and the fact that
S7* is a graded commutative algebra in the homotopy category of spectra. Concretely,
the structure maps are simply given by

L,(C.9) ®L,(C.2) =Ly (c, 9[*n1> ® Lo (C’, 9/[—m]>
— Lo (C ®C. 9@ ™) =1L, (C ®C.(® 9’)[—"—m]>
=Lim(C®C,2®7)
and the fact that it is symmetric follows as explained above. 0O

Corollary 7.5.11 If (C, ?) is a monoidal co-category then GW(C, Q) acquires a ring
structure and L4 (C, ®) a graded ring structure such that the natural map

GWo(C,?) — Lo(C,?)

is a ring homomorphism. If the monoidal structure is symmetric then GWo(C, Q) is
commutative and Lo (C, Q) is graded commutative.

Example7.5.12 Let A € Alggfj be a commutative ring spectrum equipped with a

Cs-action. Then the Grothendieck-Witt groups GWo(Mod%, 2%), GWo(Mod4, 9%0)
and GWy(Mod?, 954) of the symmetric monoidal Poincaré co-categories of Exam-
ples 5.4.10 carry natural commutative ring structures, and similarly the corresponding
graded L-groups Lo (Mod?, 25,), Ls(Mod¢, 9%0) and L,(Mod%, ?f“) carry canonical
graded-commutative ring structures.

Combining Proposition 7.5.3 with Example 2.5.5, Example 5.4.2 and Remark 7.5.9
we also get:

Corollary 7.5.13 If (C, Q) is a symmetric monoidal oo-category then
[fet]: GWo(C, ?) — Ko(C)

is a map of rings and
[hyp]: Ko(C) — GWo(C. )

is a map of GWo(C)-modules.

Remark 7.5.14 In the situation of Corollary 7.5.13, the GW(C, ?)-module structure
on K¢ (C) could be considered ambiguous: on the one hand we have the module struc-
ture determined by the ring structure of Ko (C) via the ring map fgt: GWo(C, ?) —
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Ko(C), and on the other we have the module structure induced by the (C, ?)-module
structure on Hyp(C) of Remark 7.5.9 via the identification Ko(C) = GWo(Hyp(C)).
These two modules structures however coincide. Indeed, unwinding the definitions
we see that the former structure is induced via the lax monoidal structure of GWq and
the symmetric monoidal structure of (C, ?) by the Poincaré functor

(C,?) ® Hyp(C) — Hyp(C ® C),

corresponding via the adjunction U < Hyp to the exact functor CQ [C®CP] - CRC
induced by the projection C @ C°? — C, while the latter module structure is induced
in the same manner by the inverse of the Poincaré equivalence

Hyp(C ® C) = (C,?) ® Hyp(C)

of Corollary 7.5.6, corresponding via the adjunction Hyp - U to the exact functor
C®C — CQ® I[C® C°P] induced by the inclusion C — C @ C°P. It will hence
suffice to verify that these Poincaré functors determine inverse equivalences between
Hyp(C ® C) and (C, ?) ® Hyp(C). However, since Poincaré functors from (or to)
Hyp are determined by their underlying exact functors, it suffices to check that these
underlying exact functors determine inverse equivalences between C ® [C & C°P] and
[C ® C] P [C°P ® C°P]. The latter is however a formal consequence of the fact that the
monoidal structure on CatZ} preserves direct sums in each variable.

Invoking Examples 5.4.11 and Example 5.4.12 we also have the following two
corollaries:

Corollary 7.5.15 Let (C,®) be a symmetric monoidal hermitian oo-category with
underlying bilinear part B = Beo. Then the quadratic Grothendieck-Witt group
GWq(C, QqB) is canonically a module over the ring GW¢(C, ?) and the map

GWy(C, 29) — GWo(C, D)

is a map of GWo(C, Q)-modules. Similarly, the quadratic L-groups L4(C, QqB)form a
graded module over the graded ring L4(C, ?) and the map

L.(C,2%) — Lo (C, 9)

is a map of graded L4(C, ?)-modules.

Corollary 7.5.16 Let A be a connective commutative ring spectrum equipped with an
involution. Then for every m € 7 the Grothendieck-Witt group GWy(Mod%, Qim) of
the truncated Poincaré structure of Example 3.2.8 is canonically a module over the
GWy-ring GWy(Mod?, 9%0) of the Poincaré structure of Example 5.4.10 ii).
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