
Proceedings of the Edinburgh hfathematical Society (2000) 43, 113. -128 @ 

THE DYNARlICS OF LINEARIZED POLYNOLIIALS 

Department of Mathematics, University of Glasgoul, 
Glasgow G1 2 8Q W, UK (sdc@maths.gla..ac.uk) 

21nstitut für Mathematik, Universität Augsburg, 86159 Augsbwg, 
Germany (dirk.hachenbergerQmath.uni-augsburg.de) 

(Received 11 March 1998; revised 18 October 1998) 

Abstract Let F = GF(q). To any polynomial G E Fix] there is associated a mapping G on the set IF 
of monic irreducible polynomials over F. We present a natural and effective theory of the dynamics of G 
for the case in which G' is a monic q-linearized polynomial. The main outcome is the following theorem. 

Acsume that G is not of the form zqi ,  where 1 0 (in which event the dynamics is trivial). Then, for 
every integer n 3 1 and for every integer k >, 0, there exist infinitely many ,U E IF having preperiod k 
and primitive period n with respect to  G. 

Previously, hforton, by sornewhat different rneans, had studied the primitiw periods of G when 
G = xq - ax, a a non-zero element of F. Our theorem extends and generalizes Morton's result. Moreover, 
it establishes a conjecture of Morton for the class of q-linearized polynomials. 
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1. Introduction 

\Ve start very generally arid give the fundainerital definitions needed t o  study the dynam- 
ics of mappings. Let y : S + S be a mapping defined on a non-empty set S and let a E S .  
Then a is called periodic (wi th  respect to y) if there exist non-negative integers k and 1 
such that k < 1 and 

Here, yk denotes the kth iterate of the mapping y and is defined t o  be the identity 
on S .  If every a E S is periodic, then y is called periodic ( o n  S ) .  Let a E S be periodic 
with respect to y and k < 1 be such that (1.1) holds. Then 1 - k is called a period of a 
(with respect to  y). If k is minimal such tha.t (1 . I )  holds for some 1 > 6- t hen k is called 
the preperiod of a. If both k and 1 are minimal such that k < 1 and ( 1.1) holds: then 
I - k is called the primitive period of U. Of Course, the primitive period of n divides every 
period of a. If the preperiod of a is equal to  Zero, then a is called purcly periodic. (In the 
































