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Implicit Equations Involving the p-Laplace
Operator

Greta Marino® and Andrea Paratore

Abstract. In this work we study the existence of solutions u € Wy'?(£2)
to the implicit elliptic problem f(z,u, Vu, Apu) = 0 in , where Q is a
bounded domain in RY, N > 2, with smooth boundary 99, 1 < p < oo,
and f: Q x R x RN x R — R. We choose the particular case when the
function f can be expressed in the form f(z, z,w,y) = ¢(z, z,w) — ¥ (y),
where the function ¢ depends only on the p-Laplacian Apu. We also
present some applications of our results.

Mathematics Subject Classification. 35R70, 35J92.
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1. Introduction and Main Results

Let @ € RY, N > 2, be a bounded domain with smooth boundary 9%, let
1 < p< oo, let Y CR be anonempty interval possibly coinciding with R,
and let f: QxR xRN xR — R. In this paper, we shall consider the following
implicit elliptic problem

we WyP(Q), flz,u, Vu,Apu) =0 in Q, (1.1)
where A, denotes the p-Laplace operator, namely
Apu = div(|VulP~2Vu) Yue WHP(Q).

We consider the special case f(x, z,w,y) = p(z, 2z, w) —(y), with p: QxR x
RN — R and 1: Y — R. We require that ) depends only on A,u. We further
distinguish among the case when ¢ is a Carathéodory function depending on
z,u, and Vu, and the case when ¢ is allowed to be highly discontinuous in
each variable. In this last case, the dependence on the gradient is no more
allowed.

In both situations we first reduce problem (1.1) to an elliptic differential
inclusion, but methods used are different and depend on the regularity of the
function ¢ and on the structure of the problem.

Y Birkhauser
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More precisely, in the first case we make use of a result in [19] to obtain
the inclusion

— Apu € F(z,u, Vu), (1.2)
where F' is a lower semicontinuous selection of the multifunction
(z,2,w) = {y €Y : p(z,2z,w) — Y(y) = 0}

A function u € W, P(Q) is called a (weak) solution to (1.2) if there ex-
ists v € LPI(Q), p’ being the conjugate exponent of p, such that v(z) €
F(z,u(z), Vu(x)) for almost every z €  and

/|Vu|p72Vu-dex:/vwdx Yw e W, (Q).
o Q

We start with the general case Y = R and then we deduce, as a byproduct,
the existence result when Y is a closed interval of R.

Existence of solutions to (1.2) is obtained by means of the following
result, which is based on a selection theorem for decomposable-valued multi-
functions, see [2,13].

Theorem 1.1 (Theorem 3.1 of [17]). Let F: Q x R x RY — 28 be a closed-
valued multifunction. Suppose that

(h1) F is £(Q) @ B(R x RY)-measurable;

(h2) for almost every x € Q, the multifunction (z,w) — F(z,z,w) turns out

to be lower semicontinuous;
(h3) there exist a € LPI(Q,RH), b,c >0, with ﬁ + )\l—c/p < 1, such that
, e

inf |yl < a(z) +blz|Pt +clwfPt in Q x R x RY.
yeEF (z,z,w)

Then, (1.2) has a solution u € Wy™P(Q).

Here, A ), is the first eigenvalue of the p-Laplacian in the space VVO1 P(Q).

The following is our main result, which extends [13, Theorem 3.2] to
the case p # 2.

Theorem 1.2. Let ¢: Q x R x RY — R be a Carathéodory function and let
¥: R — R be continuous. Suppose that
(i) ¢ is non-constant on intervals;
(ii) for all (x,z,w) € QxRxRYN | the function y — o(z, z,w)—(y) changes
stgn;
(iii) there exist a € LP (Q,R{),b,c > 0, with ﬁ + 5175 < 1, such that
, e
sup{|y| : y € ¥ (@, z,w))} < ax) +bz[PH + clwPTH,
for all (z,z,w) € A x R x RV,
Then, there exists u € W, *(Q) such that
Y(=Apu) = p(z,u, Vu) in Q. (1.3)
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When ¢ is discontinuous we essentially follow [16, Theorem 3.1] to con-
struct an appropriate upper semicontinuous multifunction F related with =1
and ¢, and then we solve the elliptic differential inclusion —Apu € F(z,u)
using the following

Theorem 1.3 (Theorem 2.2 of [14]). Let U be a nonempty set, let &: U —

WyP(Q) and W: U — LP' (Q) be two operators, and let F: Q x R — 2 be a

convex closed-valued multifunction. Suppose that

(i1) U is bijective and vy, — v in L' (Q) implies, up to subsequences, ®(¥~!
(vp)) — ®(¥~L(v)) a.e. in Q. Furthermore, a non-decreasing function
g: Rf — R U{+oo} can be defined in such a way that

[®(w)l[oe < g(I¥(W)llp) VueUs
(i2) F(-,z) is measurable for all z € R;
(i3) F(z,-) has a closed graph for almost every x € Q;
(i4) There exists r > 0 such that the function

p(x)i= sup d(0,F(z,2)), z€Q
|z|<g(r)

belongs to LP () and lpllpy <.

Then, the problem ¥ (u) € F(x,®(u)) has at least one solution u € U
satisfying |V (u)(z)| < p(x) for almost every x € Q.

Extending [16, Theorem 3.1] to the case p # 2, we obtain the follow-
ing result. We denote by 7y and m; the projections of 2 x R on Q and R,
respectively.

Theorem 1.4. Let F = {A C Q x R : A is measurable and there exists i €
{0,1} such that m(m;(A)) = 0}, let (a, B) C R be an interval which does not
contain 0, let ¥ : (o, B) — R be continuous, let p: QxR — R, and letp > N.
Suppose that
(i) ¢ is L(Q x R)-measurable and essentially bounded;
(i) the set D, = {(z,2) € Q@ xR : ¢ is discontinuous at (x,z)} belongs to
F;
(iii) ¢~ 1(r)\int(e=1(r)) € F for every r € ¥((a, B));
(iv) ¢(S\Dy) € ¥((a, B))-
Then, there exists u € W, P () such that
B(—Apu) = p(z,u) in Q.

We finally point out that existence results for implicit equations in-
volving such operators have been obtained with very different techniques by
[1,5,8,21].

1.1. Structure of the Paper

In Sect. 2 we will introduce the functional analytic setting we will use through-
out the work. In Sect. 3 we will suppose ¢(z,-,-) to be continuous. Here we
will consider some cases, according to the growth conditions on ¢ or to the
choice of the set Y. We will also give examples where these situations apply.
In Sect. 4 we will consider the discontinuous framework.
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2. Preliminaries

Let X be a topological space and let V' C X. We denote by int(V') the interior
of V and by V the closure of V. The symbol B(X) is used to denote the Borel
o-algebra of X.

If (X,d) is a metric space, for every x € X,r > 0 and every nonempty
set V C X, we define

B(z,r)={z€ X :d(z,z) <r} and d(z,V)= zHel\f/ d(z, z).

Let X and Z be two nonempty sets. A multifunction ® from X into Z
(symbolically ®: X — 2%) is a function from X into the family of all subsets
of Z. A function ¢: X — Z is said to be a selection of ® if ¢(x) € ®(z) for all
x € X. For every set W C Z we define &~ (W) ={z € X : () N W # 0}.

Suppose that (X,.A) is a measurable space and Z is a topological space.
We say that the multifunction ® is measurable if for every open set W C Z we
have &~ (W) € A. Suppose now that X and Z are two topological spaces. We
say that @ is lower semicontinuous (resp. upper semicontinuous) if for every
open (resp. closed) set W C Z the set &~ (W) is open (resp. closed) in X.
When (Z, ) is a metric space, the multifunction ® is lower semicontinuous
if and only if, for every z € Z, the real-valued function = — §(z, ®(z)),
x € X, is upper semicontinuous (see [20, Theorem 1.1]). If, moreover, X is
first countable, then ® is lower semicontinuous if and only if, for every x € X,
every sequence {2} in X converging to x and every z € ®(z), there exists a
sequence {zx} in Z converging to z and such that z, € ®(zy), for all k € N
(see [10, Theorem 7.1.7]).

A general result on the lower semicontinuity of a multifunction is the
following

Theorem 2.1 (Theorem 1.1 of [19]). Let C, D be two topological spaces, with
D connected and locally connected, and let f: C' x D — R. For all z € C we
set
V(z):={yeD: f(x,y) =0},
M(z):={y € D :y is a local extremum point for f(x,-)},
and Q(x) :=V(z)\M(x).

Suppose that

(a) for allx € C, f(x,-) is continuous, and 0 € int(f(z, D));
(b) for all x € C and for all A open subset of D, there exists §j € A such

that f(x,g) #0;
(c) the set

{(W,v"YeDxD:{zeC: fz,y) <0< f(z,y")} is open}
is dense in D x D.

Then, the multifunction Q is lower semicontinuous, with nonempty closed
values.



MIOM Implicit Equations Involving the p-Laplace Operator Page 5 0f 20 74

From now on, € is a bounded domain in RY, N > 2, with a smooth
boundary 9€2. The symbol £(Q2) denotes the Lebesgue o-algebra of €, while
m(Q) stands for the measure of ).

Let 1 < r < 0o. We denote by L"(2), L™(Q,RY), and W17 () the usual
Lebesgue and Sobolev spaces equipped with the norms || ||, and || - |1, given

by
1/r 1/r
||u||r—(/ |u|’“dz) , ||Vu||r—</ |Vu|’”dz) ,
Q Q
1/r 1/r
lully = ( / |u|fdx> N ( / Vu|rdm> ‘
Q Q

For r = oo we recall that the norm of L () is given by
l[ulloc = ess supg|ul.

Furthermore, we denote by W, "*(2) the closure of C§°(Q) in W?(Q) and
endow it with the norm

Jull= (| |Vu<x>f’dx)l/p, ue WL ().

It is well known that the Sobolev embedding theorem guarantees the existence
of a linear, continuous map i: W, ?(Q) — LP" (Q), with the critical exponent
given by

o= NN—Q if p<N,
+o0o0  otherwise.

In particular, the embedding Wol’p(Q) — L"(§2) is compact provided 1 < r <
p*.
If p # N, then to each r € [1,p*] there corresponds a constant ¢,, > 0

satisfying
1,
lullr < crpllull, Yue WyP(Q).
On the other hand, when p = N, for every r € [1,00) we have

lullr < eonllull, Ve Wo (Q).

When p > N, the embedding W, (Q) < L*(Q2) implies the existence of a
suitable @ > 0 such that

lulloo < allull, Vue WyP(Q), (2.1)

see [3, Ch. IX].

Given p € (1,00), the symbol p’ denotes the conjugate exponent of
p while W~1#'(Q) stands for the dual space of W1?(£2), with correspond-
ing norm || - ||=1,. From [3, Theorem 6.4] we have the compact embedding

LV (Q) — W1 (Q), and therefore there exists b > 0 such that

loll-1r < bllollys Yo € L7 (). (2.2)
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Let A,: Wy (Q) — WP (Q) be the nonlinear operator stemming from the
negative p-Laplacian, that is

(Ap(u),v) = /Q |Vu(z)[P~2Vu(z) - Vo(z)dz, u,ve WP (Q), (2.3)

and let A1, be its first eigenvalue in W, *(2). The following facts are well
known (see, e.g., [18, Appendix A] or [11]):

(p1) A, is bijective and uniformly continuous on bounded sets;

(p2) the inverse operator A-1is (W~1#(Q), Wy*(Q))-continuous;

(ps) 1 Ap()l-1r = ullp™" in Wy ();
(Pa)

1
pa) Jull2 < ——|lul/?, for all u € W, P(Q).
A1

P

3. The Case When ¢ is a Carathéodory Function

In this section we consider the following problem: find u € W, *(£2) such that
Apu € LV (Q) and
Y(=Apu) = p(z,u, Vu). (3.1)
We first suppose that Y = R and state the following assumptions
(i) v is non-constant on intervals;

(ii) for all (z,z,w) € Qx RxRY the function y — ¢(z, z,w) —(y) changes
sign.

Theorem 3.1. Let ¢: Q x R x RY — R be a Carathéodory function and let
¥: R — R be continuous. Suppose that (1)—(ii) hold true and, moreover,
c

/ b
) » 4 ]
(ili) there exist a € L¥ (R, Ry ),b,c > 0, with S + )&/p
P

1,p

< 1, such that

sup{lyl : y € ¥ (¢(@, z,w))} < a(@) +0l2["" + clw|"~,
for all (z,z,w) € A xR x RV,
Then, there exists a solution u € Wy*(Q) to Eq. (3.1).

Proof. Fix x € Q. We want to apply Theorem 2.1. To this end, we choose
C=RxRN, D=R, f(z,w,y) = o(z,z,w) — Y(y), and for every (z,w) €
R x RN we set

F(z,z,w) == {y € R: p(z, z,w) — (y) =0,

y is not a local extremum point of ¥(-)}.

Hypothesis (ii) directly yields (a). Moreover, in order to verify (b), we need to
check that for all (z,w) € RxRY theset U := {y € R: ¢(x,z,w)—(y) # 0}
is dense in R. Assumption (i) implies that R\U has empty interior, therefore
U is dense in R, as desired.

Let us next consider the set

A= {(f.y") R xR: {(z,0) € R x RV : e, 2,w) — v(y)) < 0
< @(w, z,w) = B(y")} is open}.



MIOM Implicit Equations Involving the p-Laplace Operator Page 7 0of 20 74

We want to show that A is dense in R x R. Suppose that there exist v, y"” € R
such that

oz, 2,w) = P(y') <0 < @z, 2,w) —P(y"), (3.2)

that is, o(x,z,w) € (Y(y”),¥(y')). Then the continuity of the function
o(x, -, ) implies that the set

B = {(va) €Rx RN : 90(1:72711]) - w(yl) <0< (p(.l?,Z,U)) - w(y/')},
is open. If it is not possible to find such y’, 3" that realize (3.2), then the set
B is empty. This implies that A =R x R, and then (c¢) follows.
Thanks to Theorem 2.1, the multifunction F(x,-,-) is lower semicon-
tinuous, with nonempty closed values.
Moreover, thanks to [6, Lemma I11.14], for all ¢/, y” € R we have

{(z,2,w) € QxR xR : gz, 2,0) = ¥(y') <0< oz, 2,w) = ¥(y")}
= {(z,z,0) € QxR RY (. z,w) € (¥(y"), ¥ ()} (33)
€ L(N) @ B(R x RY).
Therefore, setting A* = R x R we see that condition (iii) of [13, Theorem 3.2]
is satisfied. Fix now an open set A C R. Arguing again as in [13, Theorem 3.2]
we see that

F~(A) = U {(z,2,w) € A x R x RN :
(y'.y")eAXA

o(x,z,w) —p(y') <0< p(z,z,w) —P(y")}.

Then (3.3) implies that F~(A) € £(Q) ® B(R x RY) and therefore F is
measurable.
Finally, fix any y € F(z, z,w). By hypothesis (iii) we have
inf |yl <a(z) +0|zPt +clwPt in QxR x RY,
yeF (z,z,w)
Therefore, all the hypotheses of Theorem 1.1 are satisfied, and there exists

u € Wy (Q) such that —Apu = F(z,u, Vu). By definition of F' we then have
the result. O

Remark 3.2. We now discuss a very simple situation when hypothesis (iii)
applies.

Suppose that (2 x R x RY) C [a, 3] and ¢ is such that ¢~(B) is
bounded, for every bounded B C R. If (z,z,w) € Q x R x RV, we get
o(z,z,w) € [, B], and so ¥~ (p(z, z,w)) C ¥~ ([, B]). Then, if we choose
a € L (Q,RY) such that a(z) > sup{|y| : y € ¥~ ([a, B])} for all z € Q, we
have

[~ (p(z, z,w))| < a(z) in QxR xRY,
that is hypothesis (iii) with b = ¢ = 0.

As an application of the previous result, we consider the following



74 Page 8 of 20 G. Marino and A. Paratore MIOM

Corollary 3.3. Let g € L?(Q) and v € (0,1). Then, for every A\ # 0 and
1 € R there exists a solution u € Wy>(Q) to the equation

— Au = g(x) + p(|u| + |Vul)? + Asin(—Au). (3.4)

Proof. Fix A # 0 and u € R. For every (z,z,w) € 2 x R x RY and every
y € R we set

oz, z,w) = g(x) + p(|z] + |w])? as well as P(y) :=y — Asiny.
Since limy_, 4+ oo (y—Asiny) = Fo0, the function y — ¢(z, 2z, w) —1(y) changes
sign, and then hypothesis (ii) follows. Moreover, ¢ vanishes only at points of
R and not in intervals, which implies that also hypothesis (i) is satisfied.
Fix now (z,z,w) € Q x R x RV, In order to verify hypothesis (iii), we

b
want to find b, ¢ > 0, with SV + # <1l,and a € L2(Q7R3) such that
1,2 s
max{ly| 1y € 7 (p(x, 2,w))} < a(z) + blz| + cfw], (3.5)

or equivalently |y| < a(z) + b|z| + cJw| for every y solution to the equation

¢(y) = (P(xvz7w)' (36)

We point out that in (3.5) the maximum replaces the supremum because the
set ¥~ (p(x, 2, w)) is compact. Let § be a solution to (3.6). Then Young’s
inequality with exponents 1/ and 1/(1 — ~) gives

V(@) = |z, 2,w)| = lg(x) + p(]z] + [w])]
< lg(@) + |pl=]" + [plfw]
< lg(@)| +elz| +efw| + Oy e
< g(x) +elz| + efw),
where g(x) := |g(z)| + Cy ., for every € Q. On the other hand, by the
definition of 1 we have
(V@) = 15— Asing| > |g] = |A],
and then (3.7) gives

(3.7)

19l < [(@)] + Al
< g(z) + |\l + €lz| + €|w]
< g(x) +elz] + efwl,

where g(z) := §(z) + 2|A|, for every @ € Q. Observe that g € L?(,R7). If
we choose ¢ in such a way that

AEIPYEE
then hypothesis (iii) is satisfied with ¢ := g and b := ¢ := . Thanks to
Theorem 3.1, there exists a solution u € W, ( ) to Eq. (3.4). O

In the following situation the function v exhibits a very different be-
havior.
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Corollary 3.4. Let p € [2,40), f € Lp,(Q), and v € (0,p — 1). Then, for
every it € R and A > 0, there exists a solution u € Wol’p(Q) to the equation

— Apu = f(@) + pllul + [Vul)? = e 2, (3.8)

Proof. Fix 1 € R and A > 0. As before, for every (z,z,w) € 2 x R x RV and
every y € R we set

p(@,z,w) = f(@) + pllz] + |wl)? as well as (y) = y + AeV.

Since limy 100 (y + Ae¥) = =£o0, then hypotheses (i) and (ii) are fulfilled.
In order to verify hypothesis (iii), we argue as in Corollary 3.3. Let § be a
solution to ¢(x, z,w) — ¥(y) = 0, then Young’s inequality with exponents

p—1 p-1
v 'p—1-vy
(@) = le(x, z,w)| = | f(x) + pllz] + |w])7]

> 1 gives

= f(@) +elzP7! + el

where f(z) == |f(z)| + C, .. for every x € Q.
On the other hand we have

[(9)] = |5 + Ae¥| > |g| — |€], (3.9)
& # 0 being the unique solution to the equation y + Ae? = 0. Let us show
(3.9) for a general y € R. If y > £ we have

Y+ Ae?| = |y + Ae? — & — Aef|
— £+ A — )
>y — & =yl - 1€
Suppose now that y < &, then
ly+ Ae?| = |y — &+ A(e? — €°)]
= e~y + AL — )
> € -yl > [yl - I€].
From (3.9) we then have
gl < [v@)]+ ¢
< f(@) +elzlP ™t + w4+ [g]
< f(z) +elz/P~t +ewlPt,
with f(x) := f(x)+2|¢] for every z € Q. Observe that f € LP (Q,R}). Then,

if we choose ¢ in such a way that

e,
Mo ALY

<1,

hypothesis (iii) is satisfied with @ := f and b := ¢ := e. Therefore, Theo-
rem 3.1 gives the existence of a solution u € W, *(Q) to Eq. (3.8). O
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In order to state our next theorem, we need some preliminary results.
The following is an a priori estimate on ||[Vul| vy, see [17, Proposition
3.3] or |7, Theorem 1.3].

Proposition 3.5. Suppose ¢ > N. Then, there exists a constant C > 0, de-
pending on p,q, and 2, such that

1 1
IVul o o,v) < ClApu| oD

Proposition 3.5 is used in the proof of the following

Theorem 3.6. Let p € (1,00), ¢ > N, and let F: Q x R x RY — 2% pe g

closed-valued multifunction. Suppose that

(hy) F is £(Q) @ B(R x RN )-measurable;

(he) for almost every x € Q the multifunction (z,w) — F(z,z,w) turns out
to be lower semicontinuous;

(hg) for appropriate a € LI(Q,R}) and &: Ry x Rf — RY nondecreasing
with respect to each variable separately one has

inf |y| < a(x) +£&(Iz], [w]) in QxR x RY;

YyEF (z,2,0)
(hy) there exists R > 0 such that
lall, + m(Q)l/Q£(5QC’R1/(P—1)7 éRl/(p—l)) <R,
where d¢ = diam(Q)) and C is given by Proposition 3.5.
Then, there exists at least one solution u € Wol’p(Q) to problem
—Apu € F(z,u, Vu) in €,
u=0 on 0f).

Finally, we state our result.

Theorem 3.7. Let p and v as in Theorem 3.1. Suppose that hypotheses (i)—(ii)
hold true and, moreover,
(iil)’ there exist a € LY(Q,RT), ¢ > N, g: RT x Rf — R nondecreasing
with respect to each variable separately, such that
sup{ly| : y € ¥~ (p(z, 2,w))} < a(a) + g(|2], [w]),
for all (z,z,w) € A xR x RY;
(iv) there exists R > 0 such that
lall Loy + m(Q)Y1g(6oCRY ®=1 CRY®P=1) < R,

where C' comes from Proposition 3.5.
Then, Eq. (3.1) has a solution u € W, ().

Proof. We aim to apply Theorem 3.6. As before, fix x € Q and for all (z,w) €
R x RY define
F(z,z,w) :={y e R: o(z,z,w) —¥(y) =0,
y is not a local extremum point of ¢(-)}.
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Reasoning as in Theorem 3.1 ensures that F' has nonempty closed values, is
lower semicontinuous w.r.t. (z,w), and £(Q) ® B(R x RY)-measurable.
Fix now y € F(x,z,w), that is y € ¥~ 1(¢(z, z,w)). Then hypothesis
(iii)" implies that
inf  |y| <alx)+g(z],|lw) inQxRxRY.
YyEF (x,z,w)
Taking into account (iv), we see that all the hypotheses of Theorem 3.6 are
fulfilled. Therefore, there exists u € Wy (€) such that —A,u € F(z,u, Vu).
According to the definition of F, it turns out that u is a solution to Eq. (3.1).
O

The following result is an application of the previous theorem and has
been inspired by [9, Corollary 1]. Observe that, unlike [9], here we consider
a function ¢ which is not necessarily continuous w.r.t. the variable z, but
only lies in a suitable L2(€2). Moreover, here we deal with partial differential
equations.

Corollary 3.8. Let h € L1(Q)), with ¢ > N. Then, for every k # 0 and every
sufficiently small ||hl|, there exists a solution u € W,*(Q) to the equation
—Au = h(x) +u® + |[Vul® + ksin(—Au).
Proof. Fix k € R and for all (z,z,w) € Q x R x RY and all y € R define
o(x, z,w) == h(z) + 2% + |Jw[* as well as ¥(y) :=y — ksiny.
Reasoning like in Corollary 3.3 gives that hypotheses (i)-(ii) are fulfilled.

In order to verify hypothesis (iii)’, let g(|z|, |w|) := |2|® + |w|? for all

(z,w) € R x RN, Tt turns out that g: Rf x Rf — R is nondecreasing

w.r.t. each variable, separately. Let § be a solution to the equation ¥ (y) =
o(x, z,w). It follows that

1Y@ = le(z, 2, w)]
< [h@)] + |2 + |w]?
= [h(2)| + g(lz], [w])-

On the other hand, since |(7)| = |§ — ksing| > |g| — |k|, then we have
9 < [ (@) + |k|
< [h()] + g(|z], [w]) + ||
< h(zx) +g(|z], [wl),
where h(x) := |h(z)| + 2|k| for every # € Q and h € LI(2,R]). Hence
hypothesis (iii)" follows.
In order to verify hypothesis (iv), we have to check the existence of
R > 0 such that
12| Loy +m(Q)Y965C3R® + m(Q)V1C?R? < R. (3.10)

If 0 < R << 1, then choosing h in such a way that [|h||paq) < & gives
immediately (3.10), since the terms containing R? and R? are negligible with
respect to R. Therefore, all the hypotheses of Theorem 3.7 are fulfilled, and
we have the thesis. O
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The next result provides solutions to Eq. (3.1) when the function ¢ is
of the form y +— y — h(y), with h continuous and bounded. Note that here a
specific growth condition on ¢ is required.

Theorem 3.9. Let ¢: Q x R x RY — R be a Carathéodory function and let
h € L*®(R) be continuous. Suppose that (1)-(ii) hold true and, moreover,

(iii)” there exist f € LY (R, with f(z) > ||k]le for allz € Q, p >0, and
v € (0,p—1) such that

sup oz, z,w)| < f(z) + pllz] + [w])?.
(z,2,w) EQXRXRN

Then, there exists a solution u € WyP(Q) to the equation
— Apu — h(—Apu) = ¢(z,u, Vu). (3.11)
Proof. We fix z € Q and for all (z,w) € R x RY define
Bz, z,w) :={y € R: ¢(z,z,w) = (y = h(y)) =0,
y is not a local extremum point of y — y — h(y)}.

Reasoning as in the above proofs ensures that F'is lower semicontinuous w.r.t.

(z,w), L(Q) @ B(R x RY)-measurable, and has nonempty, closed values.
Fix (7,z,w) € Qx Rx RN, If y € F(x, 2, w), then it solves the equation

o(x, z,w) = y — h(y). We first suppose that v € [1,p — 1). Then Young’s

inequality with exponents 2=%, =1 > 1 gives

v P p—l=v

lyl < ly = h(y)] + [h(y)]

<oz, z,w)| + (|l

< f(@) + (2] + [w])” + [|h]loo

< 2f(x) + 277 u(|z] + w|)

<2f(x) + 20 Tu(elz|P FelwP 4 KL)

< 2f(2) + Ce + 27 ue([2P 7+ JwlP ),

where C. := 27"y K,. Hence

inf |yl <2f(z)+C:+ 27’1,u5(\z|p*1 + |w\p’1).
yEF (z,2,w)

If we choose ¢ in such a way that
29" tue 277 lpe
Ap )\i/p

P

<1,

hypothesis (h3) of Theorem 1.1 is fulfilled with a := 2f 4+ C; € Lp,(Q,]RS‘)
and b := ¢ := 27" tpe.
Suppose now v € (0,1). Since (a 4+ b)Y < a” + " for every a,b > 0,
reasoning as before yields
lyl < 2f(x) + Cc + pe(|2P~" + [w]Ph),
where C’E = pK.. If we now choose ¢ in such a way that
e e

_ _|_
Alp /\})/5

<1,
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hypothesis (h3) of Theorem 1.1 is again fulfilled with a := 2f + C. €
LV (Q,RY) and b := ¢ := pe.

In both cases, there exists u € Wol’p(ﬂ) such that —A,u € F(x,u, Vu),
which gives a solution to Eq. (3.11). O

We conclude this section considering the case when Y is a closed interval
of R. Observe that here no growth conditions on ¢ are required.

Theorem 3.10. Let p: Q x R x RN — R be a Carathéodory function and let
P [ay, f] — R be continuous. Suppose that

(1) 4 is non-constant on intervals;
(2) for every (z,z,w) € Q x R x RN the function y — o(x,z,w) — (y)
changes sign in |o, 0.
Then, there exists a solution u € Wy (Q) to Eq. (3.1).
Proof. As before, fix z € Q and for all (z,w) € R x RY define
F(z,z,w) :={y € [a, ] : o(x,z,w) —(y) =0,
y is not a local extremum point of ¥(-)}.

A familiar argument ensures that F' takes nonempty closed values, is lower
semicontinuous w.r.t. (z,w) and £(Q2) ® B(R x RY)-measurable.
If now y € F(x, z,w), then |y| < max{|«a|, ||}, and so hypothesis (h3) of

Theorem 1.1 is immediately satisfied with a(z) := 2max{|«|, ||} for every
z € Qand b := ¢ := 0. Therefore, there exists u € Wy (Q) such that
—Apu € F(z,u,Vu), i.e., u is a solution to (3.1). O

We now consider two applications of the previous result, which differ by
the behavior of the function . In both cases, the boundedness of ¢ will play
a central role.

Corollary 3.11. Let f € L>=(Q), k € N, k even and such that km > || f||c,
and let : [—km, kr] — R be defined by ¥ (y) = ycosy. Then, there exists a
solution u € W,*(2) to the equation

Y(=Apu) = f(z) in Q. (3.12)

Proof. Assumption (1) is clearly satisfied. Moreover, for every = € 2, we
have

f(z) —¢(kn) = f(x) — kr cos(kr) = f(z) — kr (—=1)* = f(z) —kn <0
and  f(z) —Y(—km) = f(z) + kn cos(—kn) = f(x) + kr > 0,
which gives hypothesis (2). Thanks to Theorem 3.10, there exists at least a
solution u € Wy ?(Q) to Eq. (3.12). O

Note that the interval [, §] could be unbounded, as the following ex-
ample shows.

Corollary 3.12. Letp € (1,00), [ € 2 (), and p: QxRxRY — R. Suppose
that there exists X > 0 such that

sup lp(z, z,w)| < A (3.13)
(z,2,w) EQXRXRN
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Then, there exists a solution u € Wy (Q) to the equation
oz, u, Vu) — XePr® 4 Aju = 0.

Proof. Define ¢(y) := e ¥ —y for every y € [0,400). Observe that hy-
pothesis (1) is immediately satisfied. Moreover, thanks to (3.13), for every
(z,2,w) € Q x R x RY we have
oz, z,w) —(0) = p(z,z,w) = A <0
and lim (90(3:7 2, U}) - T/)(y)) = 00,

y—4o00

that is hypothesis (2), and hence the conclusion follows from Theorem 3.10.
0

4. The Discontinuous Framework

This section is devoted to the proof of Theorem 1.4, which we rewrite here,
for the reader’s convenience. Given (z,z) € § := Q x R, set mo(z, 2) = = and
m1(x, z) = z. Moreover, fix p > N and define

F ={A C S : Ais measurable and there exists ¢ € {0, 1} such that
m(m;(A)) = 0}.
Theorem 4.1. Let (o, 3) C R be such that 0 ¢ («, 3), let ¥: (a, ) — R be

continuous, and ¢: Q. X R — R. Suppose that

(i) ¢ is L(Q x R)-measurable and essentially bounded;
(ii) the set D, = {(ac z) € 8 : ¢ is discontinuous at (x,z)} belongs to F;
i

)
(iii) »=1(r) \1nt( L(r)) € F for every r € ¢((a, B));
(iv) 9(S\Dy) C ¥((a, B)).
Then, there exists u € W, *() such that
Y(=Apu) = @(z,u) in . (4.1)

Proof. The first part essentially follows the proof of [16, Theorem 3.1]. Thanks
to assumption (i), there exists a constant ¢ > 0 such that
S\D, C {(z,2) € S : |p(x,2)| < c}.
Set
4 :=minp(S\D,) and b= max @(S\Dy).
Thanks to hypothesis (iv) there exist y',y” € (a, ) such that ¥(y') = a
and ¥(y”) = b. Let A: [0,1] — («,/3) be a continuous function such that
A0) =4/, AM(1) = y". Moreover, let ¢: [0,1] — R be defined by
V() = w(A®), teo1]

We distinguish among two cases.

Suppose that 1 is constant. Then é = b and consequently ©(S\Dy,)

) =

{a}. Let u € W(€2) be such that —A,u = y'. Since ¥(—Ayu) = ¥(y
the conclusion will be achieved by showing that the set

Qy :={x e Q: (z,u(x)) € D,}

2
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has measure zero.
First of all observe that an elementary computation gives

Q, C mo(Dy) Nu (w1 (Dy)) (4.2)

and, due to (ii), m(m;(Dy)) = 0 for some i € {0,1}. Suppose i = 0. From
(4.2) we obtain

m(Qy) < m(mo(Dy) Nu™" (m1(Dy))) < m(mo(Dy)) =0,

which implies m(Q,) = 0. Let now 7 = 1. From [4, Lemma 1] we have
Vu(z) = 0 a.e. in u=*(m1(D,)) which in other words is
u ' (m1(Dy)) C {x € Q: Vu(z) = 0}. (4.3)

Thanks to [12, Theorem 1.1], we have 3/ = 0 on {z € Q : Vu(z) = 0},
which in particular holds on u~!(m(D,)), taking into account (4.3). Since
y' € (o, 3) # 0, this is possible if and only if m(u='(m1(D,))) = 0. From
(4.2) we then have

m(Qp) < m(mo(Dy) Nu™" (m1(D,y))) < m(u™ (mi(Dy))),

which implies m(€,) = 0. Hence the thesis follows.
Suppose now that 1 is non constant and choose ty,t, € [0,1] such that

(t) = min P(t) as well as  ¥(t2) = max h(t).
tefo,1] t€[0,1]
Obviously, t1 # t2 and there is no loss of generality in assuming ¢; < t>. Let
h:(]0,1]) — [0,1] be defined by
h(r) = min (1 (r) N [t1, t2]), V7 e ([0,1]).
We claim that h is strictly increasing. Indeed, let 71,75 € ¥([0,1]) be such
that 71 < ra. Then, h(r1) # h(rz) and 1 < h(rz). Taking into account that
W(h(re)) = ro > 11, ¥(t1) < 71, and the continuity of ¢, we immediately
infer h(r) < h(rs).
Therefore, the family Dy of all discontinuity points of the function
k: R — (a, B) given by
Ah(d(tr))) if r e (~—0071/~J(t1))
k(r) = § A(h(r)) if 7€ ¥([0,1])

AR (t2)) it 7 € (d(t2), +00)

is at most countable. Owing to hypotheses (ii) and (iii), this implies that the
set

S

D=D,U { U [wl(r)\intwl(?"))]} (4.4)

r€Dy

has measure zero.
Define now f: S — R by f(z,z) := k(p(z, 2)). Since f(S) C A([0,1]) it
follows that f is bounded. Moreover, arguing as in [16, Theorem 3.1] gives
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that f is continuous. Set now

F(x,z2) ::co<m mf(B(;(x,z)\E)>,

§>0 Ee€
where
E={ECS:m(E)=0}
and Bj(z,z) ={(a',2') € S: |z —a'| + ]z — 2| < d}.
A standard argument (see, e.g, [16, Theorem 3.1]), ensures that F' is up-
per semicontinuous, with nonempty, convex, and closed values. Furthermore,

F(-,z) is measurable for every z € R, F(z,-) has a closed graph for almost
all x € Q, and it holds

F(z,z) ={f(x,2)} assoon as (x,2) € S\D.
Consider now the problem
—Ayu e F(z,u) in Q, ue WP(Q). (4.5)

We want to show existence of solutions to (4.5) by means of Theorem 1.3.
To this end, let us verify hypotheses (i1)—(i4). If A, is the operator given in
(2.3), we choose

U=A NP (Q), @(u):=u and U(u):= A,(u),

for every u € U. Observe in particular that A,: U — L (Q) is bijective.
Let v, — v in L' (). Since {v,} is bounded in L?'(2), and L ()
compactly embeds in W_l’p/(Q), there exists a subsequence, still denoted
by {vn}, such that v, — v in W~1#'(Q). Property (p) implies that A1 is
strongly continuous, and therefore A;*(vy) — A, ' (v) almost everywhere in
Q.
Let now g: Ry — R be defined by

g(t) == a(bt)/P=D vt e RY,
where the constants a and b come from inequalities (2.1)—(2.2). Note in partic-
ular that (2.1) holds true, since by assumption p > N. Clearly, g is monotone
increasing in RS‘. Moreover, fix u € U. Then property (ps3) gives

lulloo < allull = all Ap(w) 1] 770 ) < albllAp()llp)" P71 = g([|Ap(w) |-

This shows (i1). Since hypotheses (i) and (i3) are already satisfied, we have
only to check (i4). Define, for every x € Q,

p(x) == sup d(0,F(z,z2)).
|z1<g(r)
Reasoning as in [15, Theorem 3.1], we see that ||p|,» < r once the same
property holds true for the function z — j(z) := sup.|< 4 | f(, 2)|-
If |z| < g(r), then

/ ) da < m(@) ()2,
Q
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whence
/ pl ’
Ju@ras=[ (s 7@al) o m@Lse A
Q Q \[z[<g(r)
Choosing r > m()Y?'[|f(-, 2)||so gives j € L¥' () and l7]lpr < 7, and hence
hypothesis (i4) is satisfied.
Thanks to Theorem 1.3 there exists u € U C W, ”(£2) such that
— Apu(z) € F(z,u(z)) ae. inQ (4.6)
and |[Apu(z)] < p(x) for almost every € Q. Define Qf = {2z € Q :
(z,u(z)) € D}. From (4.4) it follows that
Qf C {WO(Dw) N u_l(m(D@))}
U{ U [mo(e™ (M\int(p™ () nu™ (i (™" ()\int(p ™ (1))))] }
reDy
which, in particular, implies that

m(Qy) < m (mo(Dy) Nu~ (m1(Dy)))

+m ( U [Wo(wl(r)\int(wl(r)))ﬂu1(7T1(<Pl(r)\intwl(f))))])

€Dy,
=m (WO(D«O) N u_l(ﬂl(Dw)))
+ U m ([mole™" (M\int(e™" (1)) N (ma (™ (r\int(p ™ (1)) -
reDy
Assumption (ii) entails m(m;(D,)) = 0 for some i € {0,1}. Likewise, due
to (iii), for each 7 € Dy, there exists i, € {0,1} such that m(m;, (=1 (r)\
int(¢~1(r)))) = 0. Reasoning like in the case when 1 is constant gives
m(Qy) = 0. This implies F(z,u(x)) = {f(z,u(x))} and on account of (4.6)
it follows that
—Apu(z) = f(z,u(z)) ae in .
We then have
P(=Apu(r)) = d(f (2, u(@))) = P(k(p(z, u(@)))) = ¢(, u(z)),
which completes the proof. O
Remark 4.2. Hypothesis (iv) and the assumption 0 ¢ («, §) are essential to
obtain the existence of a solution for equations as in (4.1). Below we consider

two situations: apparently they are very similar, but one of them admits a
solution while the other one doesn’t.

Ezxample 4.3. Let ¢: R — R be defined by

(2) = 0 if z#0
AT s oo
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and let ¢: [1,400) — R be such that ¢(y) = y. Consider the following
equation

— Apu = o(u). (4.7)

Equation (4.7) doesn’t have any solution in W, *(£2). Suppose on the contrary
that w is such a solution. Since ¢(u) > 0, then from (4.7) we have —Apu > 0,
and the Strong Maximum Principle implies that u = 0 or u > 0. If u = 0, then
this would imply that —A,u = 0, which is in contrast with (4.7). Suppose
now that w > 0. Then, the definition of ¢ implies —A,u = 0. This fact,
together with the boundary condition u|sqn = 0, implies © = 0 which is again
impossible.

Observe also that such ¢ is incompatible with the hypotheses of The-
orem 4.1, because in this case hypothesis (iv) and the condition 0 ¢ (a, 3)
cannot be verified simultaneously.

Fix now A € (0,1) and consider the function ¢: R — R defined by

5(2) 1 if 2#£0
zZ) =
7 A ifz=0.

In this case both hypothesis (iv) and 0 ¢ [1,+00) are verified, since

{1} = @(R\{0}) C 9([1, +00)) = [L, +00).
Therefore, Theorem 4.1 gives the existence of a solution u € W, () to (4.7).
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