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boundary, at which trading takes place. After the realisation of a transaction, buyers and ven-
dors immediately sell or rebuy the good at a shifted price. The shift in the price is due to the
previously paid constant transaction costs. The situation detailed above can be described by
the following nonlinear parabolic partial differential equation

2
af — %%f = ADGpi-a = Opi+a): X € Q1 >0, (1.1a)

2
A = —%axﬂp(r), D, fpo,n =0, (1.1b)

f(x,0) = fo(x), p(0) = po. (1.1¢)

The positive part T = max(f, 0) of the function f = f(x, #) corresponds to the distribution of
buyers over the price x € (), the negative part f~ = min(f; 0) to the is the vendor distribution
over the price. The free boundary p = p(f) corresponds to the price where f{-, #) = 0, the func-
tion A to the total number of transactions executed at that price. The immediate placement
and execution of new bids and orders after the trading event are modeled by the Delta Diracs
at the shifted prices p(f) + a and p(¢f) — a, where a € R™ denotes the transaction costs. Ran-
dom changes in the buyer and vendor distribution are included by a Laplacian with constant
diffusivity o € RT. We assume that the initial distribution f; satisfies:

Jo(po) =0, fo(x) >0 for x < py and fy(x) < 0 for x > py, a.e. in  (1.2)

and set ‘772 = 1. System (1.1) can be posed on the positive real line {2 = R™ or a bounded
interval 2 = [0, X ], Where xp,x denotes the maximum price. We will consider (1.1) on the
bounded interval only and impose homogeneous Neumann boundary conditions

Oxf = 0 on 0F) (1.3)

to ensure that the total number of buyers and vendors is constant in time.

For convenience, we assume the initial price py is normalized to 0 and only consider
its relative change. Hence we work on the shifted domain [—L, L], where L = X“‘% Alto-
gether we will consider (1.1) with boundary condition (1.3) on 2 = [—L, L] throughout this
manuscript.

The LL model (1.1) was analyzed in a series of papers, cf [4, 5, 8, 11, 19]. Most available
results are based on a nonlinear transformation of (1.1), which transforms the problem to the
heat equation with nonlinear boundary conditions. This connection provides the main analyti-
cal ingredients to study existence and long time behavior of solutions to (1.1). Lasry and Lions
introduced the model on the macroscopic level only, a more detailed microscopic interpreta-
tion of the trading process and the respective limit as the number of buyers and vendors tend
to infinity was missing. This connection was established by Burger et al, who proved that the
original LL. model can be derived from a Boltzmann type model as the number of transac-
tions tends to infinity, see [2]. In their approach trading events between buyers and vendors are
modeled by ‘collisions’, which can also be used to describe price dynamics in case of more
general trading rules. The connection between the Boltzmann-type price formation model and
the LL model (1.1) was further investigated in different asymptotic limits in [3]. The LL and
Boltzmann-type price formation models are appealing in many respects, especially in terms
of analytical tractability. However the resulting price process is deterministic and does not
give any insights into connections between transactions rates, order flows or price volatility.
Markowich et al, [18] considered a stochastic extensions of the original LL. model. However
this extension did not give realistic price dynamics either. Very recently Cont and Mueller [10]
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proposed a stochastic partial differential equation with multiplicative noise, which reproduces
statistical properties of real price dynamics.

In this paper we focus on the inverse problem of determining the buyer—vendor distribution
given measurements of the price and the transaction rate on a time interval [0, 7. This distri-
bution can then be used as an initial value and thus allows us to predict price and transaction
rate for t > T. More specifically we will investigate the question

Problem l. Given measurements of the price p(f) and the transaction rate A(f) in some time
interval [0, 77, is it possible to predict the price for times ¢ > 77

Our approach is based on an optimal control approach proposed by Puel, see [20, 21]. It
is based on a duality argument, which allows to reconstruct the distribution f at the final time
T. This is in contrast to standard data assimilation where one tries to recover the initial datum
Jo(x). We adopt the strategy of Puel and use duality estimates to compute linear functionals of
AT, x). These functionals involve the solution of optimal boundary control problems with PDE
constraints. Optimal boundary control problems are well studied in the literature, see e.g. [13,
17, 22]. We will make use of an exact null controllability result for parabolic boundary control
problems shown in [7]. Its proof is based on Carleman estimates, a technique commonly used
to derive exact controllability results (and also uniqueness for inverse problems), see [14, 23]
for details. A possible numerical realisation of Puel’s strategy was presented in [9].

Our contributions to the subject of optimal control for parabolic free boundary problems
and data assimilation in price formation models are the following:

e We present the first approach to reconstruct the buyer- and vendor distribution from
measurements of price and transaction rate (to the author’s knowledge).

e We generalise the data assimilation approach of Puel, see [20], to free boundary value
problems and evolving domains.

e We provide stability estimates, which give novel insights into the influence of measure-
ment errors on the price dynamics.

e We propose a computational strategy to implement the developed framework numerically.

This paper is organized as follows: the proposed framework is based on several analytic results,
which will be presented in section 2. The data assimilation problem itself is discussed in
section 3. Section 4 is devoted to stability in the presence of measurement errors and we
conclude by presenting numerical experiments in section 5.

2. Preliminary results

In this section we provide analytic tools and results of the forward problem and define the
respective adjoint problem, which will be used in the optimal control approach.
The presented results rely on the following assumptions:

(AD) fo(po) = 0, fo(x) >0 for x < pp and fo(x) < 0 for x > py.

(A2) For every t € [0, TT, there exists a constant p>a such that —L + p < p) <L-— p.
Assumption (A1) is the necessary compatibility condition for the initial datum fy (which we
already stated in (1.2)), while (A2) ensures that the price stays sufficiently far away from the
interval boundaries. Note that the restriction on p(f) is not severe in the context of inverse

problems: Since we will assume later on that we know measurements of p(f) in some time
interval [0, T, we can always chose the domain size L (within realistic bounds) such that the
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condition p(f) € (—L + a, L — a) is satisfied. As p(?) is continuous, we also know it will stay
in (—L + a, L — a) for some time so that it is safe to predict for r > T.

2.1. Nonlinear transformation of the model

We start by discussing the nonlinear transformation which converts (1.1) to a linear heat
equation. This connection was exploited in almost all analytic results as well as computational
methods. It is based on the fact that the second derivative of the buyer vendor distribution f at
the price p(t) £ a behaves like A(f)d,)+.. Thus shifting the function by multiples of +a and
adding them up ‘eliminates’ the singularity on the right-hand side. More precisely, for 2 = R,
we define

Yo of T+ na,t), x < p(1)
F(x,t) = 2.1

—Y oS (& —na,0), x> p().
Then the function F = F(x, t) satisfies the heat equation

OF(x,1) — OuF(x,f) =0, x€eR, 1>0, (2.22)
F(x,0) = Fo(x), x € R, (2.2b)

with the transformed initial datum

230:0‘]%-‘_()( + na)7 x < Po
Fo =4
= neofo (x —na), x> po.
Since we consider (1.1) with homogeneous Neumann boundary conditions on the interval

(=L, L), the sum in (2.1) is finite. If we assume that the initial price is a multiple of @, then the
transformed initial condition is given by

S S+ na), x < po
Folx, 1) = o0 2.3)

fZﬁR:O o (x — na), x> po.
with
kp = (po+ L)/aand kg = (L — py)/a.
We recall that the solution of the original LL. model (1.1) can be computed by
foot)=F@x,0) — Ft(x+a,t) + F (x — a,1).

This back-transformation allows us to deduce the corresponding transformed Neumann bound-
ary conditions

OF(—L,t) = OF(—L + a,1), (2.4a)
OF(L,t) = OF(L — a,1), (2.4b)
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Remark 2.1. As explained above the non-linear transformation is tailored specifically to
(1.1), i.e. the fact that first derivates of solutions to (1.1) at x = p(f) are of the form £Ad,)14
and thus when summing up shifted solutions the terms on the right-hand side vanish. As soon
as the structure of the equation is changed, e.g. by adding new non-linear terms or constraints
[that act away from x = p(?)], the transformation will no longer work.

2.2. Existence and regularity of the price

In the following we provide additional existence and regularity results for the direct problem.
Note that these results are not optimal in terms of regularity. However, they are sufficient to
define all quantities that we shall need in the sequel.

Theorem 2.2. [Existence of f,p(t)]. Let fy € L*(—L,L) and py € (—L + a,L — a) satisfy
(AI). Then the BVP (1.1) has a global solution conserving the total mass of buyers and vendors
if the zero level set p = p(t) of the solution of (2.2)—(2.4) satisfies p(t) € (—L + a,L — a) for
allt > 0. Then the free boundary p(t) converges to the stationary price po, € (—L + a,L — a).

Proof. The proof is mainly based on the definition of the transformation (2.1), see [5] for
details. ]

Note that the stationary price is determined by the initial mass of buyers and vendors as well
as the transaction rate a. In particular

ML —aM!' —M") L
o = —= 2.5
p 2M; + M,) 2 (25

where M! = LL”OfO(x)dx and M" = jp’; Jo(x)dx. The presented analysis of the adjoint and
assimilation problem relies on the following regularity result for the price p = p(¢).

Lemma 2.3. [Regularity ofp(t)]). Let fy € L*(—L,L) and py € (—L + a, L — a) satisfy (Al).
Then p(t) € Cl([e, T1) fore > 0.

Proof. The results is a direct consequence of the fact that F(x, 7) is smooth in space and time
for all £ > 0 and of the boundedness of A. Indeed, differentiating the relation F(p(t),t) = 0
yields

_ OFp@@®,1) _ OuF(p(),1)

(1) = = , 2.6
p () AG) AQ) (2.6)
and therefore
sup p'(0) < | OnF ||c<[—L,le[s,Tl>’
te[e,T) A

where the parabolic version of Hopf’s lemma applied at x = p(f) ensures that A = min,¢[. 1
A(r) > 0. O

Remark 2.4. The regularity of the price p as well as the buyer—vendor density f at the initial
time is crucial to define the transformation between the time-dependent domains [—L, p()]
and [L, p(#)] and the reference domain [0, 1] (see subsection 2.3). It is also important for the
exact controllability results of theorem 3.3. Therefore we will work the temporal domain [e, T']
instead of [0, 7] for some fixed € > 0 in the following only.
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Con = {6 €L, l6-0€0) € C* ([, 7] ;Hj,(g))} fork € {0,1,...}.

Thus we can, as in [1, definition 2.20], to give a notion of time (material) derivative as
. d o
§0:=¢ | 3 (0-8(1) | € Cor

forany € € C;Il. Then we can finally define the space used for the notion of weak solutions,

namely

1 1y * 2 . 2
W (HL, (H!)) = {u e L2 Jie L(qu)*} . (2.9)

The definitions of the respective quantities L’ " Lf " Ckl, and W (H},(H})") are
H HY T H]
analogous.
While the previous definitions allow us to directly work in a noncylindrical domain, it is
sometimes also useful consider the transformation to the fixed domain Q = [0, 1] x [&, T].

Hence we introduce transformations which map Q4 and Q. to Q:

T.:0.— 0, T.:0. — 0, (2.10a)
x+L —L+x
(x, t) — (L+p([)’t) N (.X, l) — (m,t) . (210b)

Note that due to assumption (A1), T and 7> are well-defined and that 77 actually flips the
domain, i.e. it swaps left and right boundary points.
2.4. Adjoint equations

The next ingredient will be two adjoint equations, posed on the domains Q. and O,
respectively.

Definition 2.5 (Adjoint equations). Foranye > 0,14 € L*(—L, p(T)), ¥ € L*(p(T), L),
Ug, Uy € L[*(e,T) and T > 0, we introduce the backward in time adjoint equations

_al(bd(x: t) - 6)C)c(bﬁ(-x» t) = 07 in Q<1 (21 13,)
0P(—L,1)=0, fort € [T, €] (2.11b)
D4(p(D), 1) = uq(d), fort € [T, €] (2.11c)
P (x, T) = Y (x), forx € Q.. (2.11d)
and
_al(I)D(-x1 t) - 6qu)>(x» t) = 07 in QD (2123)
0, P, (L, 1) =0, fort € [T, €] (2.12b)
D.(p(1), 1) = u.(1), fort € [T, €] (2.12¢)
P.(x,T) = Up(x), forx € .. (2.12d)
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Applying the existence theory of, e.g. [1], for equations on evolving domains, we obtain the
following theorem.

Theorem 2.6. Let p € C'([e, T]) be given. Then, for every U € [>(Q), ugq € L’(e,T)
and every U, € L*(Q), up € L? (e, T) there exist unique solutions ® o and ®y. to (2.11) and
(2.12), respectively. Furthermore, we have

d. € W (HL (HYD), (2.13)
@, € W (H., (H)"). (2.14)

With the help of the transformations T and 7, equations (2.11) and (2.12) can be
transformed into a generic problem of the form

—0,® — a(1)0, @ + b()yo,® = 0, for (y, 1)in Q (2.15a)
0y®(0,1) =0, fort € [T, ¢] (2.15b)

O(1,1) = u(r), fort € [T, ¢] (2.15¢)

Dy, T) = W(y), ye (1) (2.15d)

For (2.11) we define (y, 1) = T4(x, f) and compute

by = L0
PO

while for (2.12) and (y, r) = T~ we obtain

a(r) u(t) = uq(t) and ¥(y) = Wo((p(T) + L)y — L),  (2.16)

ORI

p'(0)

o) = T o-D)

b(r) u(®) = u(t) and W(y) = W ((p(T) — L)y + L).  (2.17)

1
() — L)*’
Note that in view of lemma 2.3 and assumption (A1), the coefficients a and b are (in both
cases) continuous and uniformly bounded by

1

GL—py and 0 < b(r) < “";1;[0”, (2.18)

as there may be points with p’(z) = 0. Thus, standard existence and regularity results for linear
diffusion—convection equations on fixed domains, such as [15, theorem 5.2], can be used to
ensure the solvability of (2.15).

3. Data assimilation problem

We now turn to the main part of this paper—the inverse or data assimilation problem I. In
classic data assimilation approaches one would use the measurements of p = p(f) and A = A(r)
on [0, T] to reconstruct the initial datum fy(x) of (1.1). Here we follow an alternative approach
proposed by Puel, see [20, 21], and estimate the buyer—vendor distribution at the final time,
that is f{x, T) instead. This requires the solution of additional optimal control problems, which
are, however, well posed if an appropriate regularisation (penalty) is added.

To use Puel’s strategy in our setting, we will estimate the densities of buyers and of vendors
separately (that is on the right and left of the free boundary). The reconstruction is based on
the following two duality estimates:
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Theorem 3.1. Let fy € L*(Q) satisfying assumption (Al) and let f € L*(0,T;H'(Q)) be
a solution to (1.1) with corresponding price, p € C'([¢,T]) satisfying (A2). Furthermore,
let

e W (HL(HYY), @ €W (HLH)) 3.1

satisfy (2.11) and (2.12), respectively. Then, the following duality identities

p(T) p(e)

T
S, TV o(x)dx = S, e)Pa(x, €)dx + / AD(@(p(D) — a) —uq(n)dt,  (3.2a)
L L

€

L L T
S, )V, (x)dx = [, e)Pp(x,e)dx + / A (us(t) — Po(p(t) + a)) dt, (3.2b)

p(T) p(e)
hold for arbitrary functions u,uy € L*(0,T) and every € > 0.

Proof. We prove the first estimate only, since the argument for (3.2b) is the same. We have
p(T) p(e)

T (1)
DV — | fx )Pt ) dr = / / T 0P, B, 1) et
L L £ —L

T p(t)
= / / [axxf(x» t) + )\(t)ép(t)fa]q)q(x» t) _f(x» t)aqu)q(x» t) dxdr
€ —L
T T
= / @ f PN —(fO@ILT"Y di + / ADD(p(1) — a,1)dt

T
= / A () + Po(p(t) — a, 1)) dr.

where we have used the boundary condition (1.3), fip(?), f) = 0 and the definition of A. [l

Now we will use (3.2a) and (3.2b) to determine f(x, T). Since the choice of ¥ and V. in
(3.2a) and (3.2b) is arbitrary and the last term on the right-hand side contains only known
(i.e. computed or measured) quantities, we could obtain a linear functional of fix, T). The
only unknowns are the first terms on the respective right hand sides. But since we are free
to choose arbitrary boundary data u, and u-, this leads to the null-controllability problems for
(2.11)—(2.12). Indeed, if we can chose u4 and uy such that ® 4(x,e) = 0 and ¢ (x,c) =0,
the unknown terms in both orthogonality relations drop out and we can reconstruct f(x, T).

3.1. Optimal control problem

To conduct the strategy outlined above, we have to solve the optimal control problems

1 p(e)
min —/ <I)<,(x,5)2dx subjectto (2. 11), 3.3)
ueel2(en2 )1
.1t 5 .
min — P, (x,e)"dx subjectto (2. 12). (3.4
L2 2 (e
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Since the structure of both problems is the same, we will only discuss the first one. To increase
readability, we will drop the subscript <1 and write u, ¢, ... instead of u4, ¢4 from now on.
The next result states that the optimal control problem is indeed exactly null-controllable in
the sense of the following definition.

Definition 3.2. We say that problem (3.3) is exactly null-controllable, if for every initial
datum ¥ € L*(Q2,) to (2.11) there exists & € L*(¢, T) such that the solution ® to (3.3) with
control u = u satisfies (x, ) = 0.

The following exact boundary controllability result is based on [7, theorem 2.3], slightly
extended and adapted to our situation. The theorem reads as follows.

Theorem 3.3 (Exact null-controllability). For every ¥ € L*(Q.), there exists at least
one control u € L*(¢,T) such that the solutions ® of (2.11) satisfies ®(x,e) =0 on Q.
Furthermore, there exists a constant C which depends on p(t), L and T such that

lall 2y < €l 2 (3.5)
holds with u being the control of minimum L?-norm.

Proof. The regularity of the price p allows us to transform the problem to a fixed
domain using 74 defined in (2.10). Hence we only consider equations of type (2.15). First
we observe that for any positive 6 > 0, any solution ¢ to (2.15) with initial datum W
is, by standard parabolic regularity [12, chapter 7.1], in LXe+6,T); HY(0, 1)) with the
estimate

19l 2ersm 0.0y < CIY 20,1y (3.6)

Thus, we can assume that already ¥ € H'(0, 1) holds. Since by lemma 2.3, p € C'([e, TD
[and thus the coefficients @ and b in (2.15) are continuous] we can apply [7, theorem 2.3] to
conclude the requested boundary controllability. The continuity estimate (3.5) then follows
by combining (3.6), the respective estimate from [7, theorem 2.1] for the distributed control
problem and a standard trace inequality. 0

In order to be able to numerically solve the optimal control problem, we introduce the

following regularized version

1 p(e) a [T
min - / O(x, e)’dx + — / u(r)* dr subject to (2. 11) 3.7
uel2N2 J_p 2 /.

Standard arguments guarantee the existence of a unique minimizer, see e.g. [22, section 3.5].
Calculating the derivatives of the corresponding Lagrange functional

1 p(e) «a T
L= / O(x,e)dx + — / u(f)* dt (3.8)
2/, 2 ).

T rp)
+ / / G, ) [—0D(x, 1) — O P(x, 1)] dxdt,
£ —L

we obtain the first order optimality system

10
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0iG(x, 1) — 0uG(x, 1) = 0, in Q. (3.9a)
OG(—L,1) =0, fort > ¢ (3.9b)

G(p(1),1) =0, fort > ¢ (3.9¢)

G(x,e) = —D(x,¢), in 2, (3.9d)

where @ satisfies the adjoint equation (2.11) and the coupling
au(t) + 0.G(p(t),1) =0, fort > e. (3.10)

The following results examine the convergence of u as o — 0. The proofs are using the same
techniques as in [21], yet adapted to our boundary control problem.

Theorem 3.4. Forevery a > 0, denote by (u,, ¢, ) the corresponding solution to (3.7). Then
we have

Uy, — uin L, T) asa — 0, (3.11)

®, — @ inC([e, T]; H' () asa — 0, (3.12)

where u is the solution to the optimal control problem (3.3) having minimal L?-norm and ®,,
and ® are the solutions to (2.11) with boundary data u,, and u, respectively.

Proof. By theorem 3.3, we know that there exists at least one function solving the exact null
controllability problem. Thus, the set of all these controls in L*(, T) is nonempty. As it is also
convex and closed, there exists a unique # having minimal L>-norm. Since %, minimizes the
functional (3.7) among all function in L*(e, T) we have

1 p(e) a T «a T
— / D, (x,£)%dx + = / uy()?dr < — / a(r)* dr (3.13)
2/, 2 ). 2 ).

which implies the (uniform in o) bound

T
% / u,(0)*dr < C. (3.14)

Thus, we can extract a subsequence, again labeled u, that converges weakly to some i in
L?(e, T). Using the weak formulation of (2.11) and an Aubin—Lions argument, we see that this
is sufficient to obtain the convergence

®, — ®inC([e, T];H' (L, p(t))), asa—0

and (3.13) implies (i(s,x) = 0. Thus, arguing as in the proof of [21, theorem 2.12], we can
use the fact that # has minimal norm as well as the lower semicontinuity of the norm w.r.t.
weak convergence to obtain that # = u. This argument also implies norm convergence and the
uniqueness of the limit then finally yields

1
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Uy — winL%(e, T).
This also implies ® = & which completes the proof. 0

Remark 3.5. Understanding the optimal control problem (3.3) [or (3.4)] as Tikhonov regu-
larisation, one could ask for convergence rates of u,, to # as a — oo. Indeed, such rates could
be expected under appropriate source conditions on #. The interesting point now is to under-
stand the influence of p(¢) in the definition of the forward operator in the characterisation of
such conditions and also how perturbation in p would influence them. We leave this question
for future research.

4. Stability in the presence of measurement errors

Assume we have measurements of two different prices p; and p, as well as two different trans-
action rates A () and A,(¢). Can we control the difference in the reconstructions f;(x, T') and
fo(x,T) as well as the future predicted prices p;(¢) and p,(¢) for t > T in terms of these differ-
ences? In this section we will give a positive answer to this question based on the following
strategy

(a) Estimate the error in the optimal controls u#; and u; in terms of the error in p; and p;
(lemma 4.2).
(b) Estimate the error in the respective reconstructions fi(x, 7') and f>(x, T') in terms of errors
in price and transaction rate (lemma 4.3).
(c) Use these results to predict errors in the future price (lemma 4.7).
Note however that for the last point we need to make additional regularity assumptions on

the reconstructed final data that do not directly follow from our analysis (see remark 4.5 for
details). We start by assuming

(A3) [Ip1 _pZHCl([e,T]) < dpand Ay — A2||L2((5,T)) < 0.

W.lLo.g. we only consider the optimality system related to (3.3), i.e. the left part
Q4 = [—L,p(1)] and again drop the subscript <. Moreover, we transform all equations to the
unit interval [0, 1], so that the optimality system reads as

—0,® — a(1)0,® + b()yo,® = 0, inQ (4.1a)
0,®(0,1) =0, fort > ¢ (4.1b)

O(1,1) = u(r), fort > ¢ (4.1¢)

Oy, T) = W(y), forall 0 <y < 1. (4.1d)

0,G — a(t)0y,G — b(t)y0,G = 0, inQ (4.1e)
0,G(0,1) = 0, fort > ¢ (4.11)

G(1,H =0, fort > ¢ (4.1g)

G(y,e) = —P(y,e), forall 0 <y < 1. (4.1h)

and the coupling condition

12
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1 .
au(l) + mayG(l, l) = 0, fort > g, (411)

with a(f) and b(¢) as defined in (2.16). Note that the transformed primal and dual equations are
still adjoint to one another, yet now with respect to the scalar product

Tl
(u,v):= / / (p(t) + L)uv dxdt. 4.2)
€ 0
Lemma 4.1. Let ® and G be the solutions to (4.1a) and (4.1e), respectively. Then we have

@l ooy 20,1 + 1Va@| 2oy < Co (14 1912601y »
HGHLOC((e,T);LZ(O,l)) + ||\/EG||L2((5,T);H1(0,1)) < CZH(I)("E)HLZ((O,I))’
with Cy = Ci(a»p, L, T) and C; = Ca(p, L, T).

Proof. These are standard estimates obtained choosing ® and G as test functions in the weak
formulation of (4.1a) and (4.1e), respectively. For the first estimate, we additionally used the
L?-bound (3.14) on the boundary control, which introduced the a-dependence in C;. 0

Now we are able to prove stability of the optimal control problem in terms of measurement
errors in the price.

Lemma 4.2 (Stability of u). Consider two different prices pi(t) and p,(t) such that
p1(e) = pa(e) and ||p1 — pa||c1qeqy) < 0p. Denote by @1 and ®, and G, and G, the solutions
to (4.1a) and (4.1e) with p = p, and p = p», respectively. Then the following stability estimate
for the controls uy and uy holds:

1 T
/ (@1(x,€) — Pa(x, £))* dx + % / (1 (1) — ux(1))* dt < Cs(ev,p, L, T, W),
0 £

Proof. For each p; (and corresponding a;, b;), we denote by G;, ®; and u; the corresponding
solutions to the optimality system (4.1a)—(4.11) and furthermore

¢ =0 — P, G=G,— Gy

Then, ® and G satisfy, in the weak sense, the equations

—0,® — a1(D0,y® + b1 (t)y0,® = —(a; — a2)0yy @2 + (b1 — ba)ydy®>,  inQ (4.3a)
0,9(0,1) =0, fort >¢  (4.3b)
O(1,1) = uy(t) — ua(d), fort>e  (4.3c)
P(y, T) =0, 0<y<l1. (43d)

and
0,G — a1()0,,G — b1()yd,G = —(a; — a2)d,,G1 — (b1 — by)yd, G, inQ (4.3¢)
0,G(0,1) =0, fort >e  (4.3f)
G(1,n =0, fort >¢ (4.3g)
Gy, ) = —d(y), 0<y<l1. (43h)

13
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Note that the following calculations are formal since for now we only know existence of weak
solutions and therefore some of the integrals are not defined. In the end we arrive, however,
at an estimate which is again well defined and could can be obtained rigorously by directly
working with weak solutions. We chose this way of presentation as we believe it to be easier to
follow. Thus (formally) taking equation (4.3a) and testing it with G [with respect to the scalar
product (4.2)] yields

/@m+m6p@é—mm%@+bmp@@mm
0o
= /(p(t) + L)G [—(al — Clz)ayyq)z + (b — bz)yaysz} dxdr
0o

Integrating by parts on the left hand side, using (4.3e) and the boundary conditions
results in

1 T
() + L) / B(x,eP dx + a / (O (t) — w2 (p(t) + L) dr
0 I3
= /Q(P(l) + L) {[~(a1 — a)[0,y®>G — 9,,G,P]

+ (b1 — b)y[0,®2G — 8,G, D]} dudr.

A final integration by parts to remove the second derivatives on the right-hand side gives

1 T
() + L) / P(x,e)’ dx + / a(O@i(0) — ur(0)*(p(t) + L) dt
0 €
= /(P(l) + L) {[~(a1 — a)[—0y®20,G + 9,G20,P/]
Q
+ (b — bo)y[0,2,G — 0,G,P]} dxdr

T
ta / (a1 — ax)ur — u)ua(p(t) + L) dt.

Using the estimates of lemma 4.1, the boundedness of u« in L? [see (3.14)] and Cauchy’s
inequality applied to the last term on the right hand side, we have

. o [T
/ Blr, e dx+ & / () — ux() di
0 2 €
< Cup, L, U, a)(|lar — aal| 7o py + 1b1 = ball7 1)

where we also used the lower bounds (2.18) on a and assumption (A3) to estimate the
expression (p(f) + L) from below by p and above by L — p. Using again (2.18) yields

llai — az|[ro(e.ryy < Calp, L)), and ||by — ba|roo(e.ry) < Cs(p, L)3p.

Combining this with the previous estimate yields the assertion. 0
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For the second step of our strategy, we return to the orthogonality relation (3.2a) which,
transformed to [0, 1], reads as

1 1
(1) + L) / FOo D) dx = (pe) + L) / e )D(r, ) d
0 0 (4.4)

T
+ / AN @(P(t) — a) — u(t))dt.

In the presence of errors in p and A we obtain two different relations and the following stability
result. Note that the above results on the adjoint equations imply solvability for ® with continu-
ous dependence on the initial value for any ¥ € L*([0, 1]). Hence, the duality relation uniquely
defines f(:, T) € L*([0, 1]) when givenf(-,€) € L*([0, 1]). There is further stable dependence of
(-, T) on the errors in the price and transaction rates, which we make precise by the following
result:

Lemma 4.3 (Stability of f(x,T)). Let p1,p> and Ay, Ay be given functions which satisfy
assumption (A3) and denote by fi1(x,T) and f>(x,T) the corresponding reconstructed prices
calculated using (4.4). Then we have

1
/ (G T) — oo, T dx < Colp £ ), W, 0, L, TG, + 63).
0
Proof. Subtracting (4.4) for (p1, A1, uy) and (p2, A2, up) yields
1
(p1(1) + L)/ (fiCx, T) = folx, T))¥(x) dx
0

! 1
= (pi1(e) + L)/ fx,e)(@1(x,6) — Da(x,€))dx + (pi(e) —Pz(E))/ f(x, e)P(x,e)dt
0 0

=:(I)

T
+ / Ai(O[®1(p1(1) — @) — ui(1)) — P2(p2(1) — a) —ua(1))] dt

=l

T 1
+ / (A1) — MO Pa(p1(D) — @) — ua (1)) dt — (pi(T) *Pz(T))/fz(X, T)W(x)dx
£ 0

=:(1lI) =:(IV)

We estimate each term of the right-hand side separately

) < (L *I_7)||f('75)||L2((0,1))||q>1(', ) — Pa(, 5)HL2(0,1)

+Ip1 = Pillz<enllfC 5)HL2((0,1)) (| @2(-, 5)HL2((0,1))
S C7(E 7f7 \IJ’ Oé, L7 T)51)’

where we used lemmas 4.1 and 4.2. Next we have
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un < H>‘1||L2(5,T)H“1 - MZHLZ(s,T)
T
+ / A [P1(p1(1) — a) — P1(pa(t) — @) + P1(pa(t) — a) — 2(p2(t) — a)] dt
< Gsllp1(® — pa®) ||y + Col| @1 — Pl 120.1y) < Cro6)p

using that for positive times ¢t > ¢ (and away from the boundary) ¢, is Lipschitz continuous.
Next we have

() < Cii|| Ay = A2y < Crid.
and finally
(v) < CIZHPI *PZHCI(E,T) < C125p-

Combining all estimates and taking the supremum over all W & L*((0,1)) with
19|l 2017 = 1. we finally obtain

IfiCx, T) — folx, T)”[](((),l)) < C135p + C110) 4.5)
Taking C¢ = max(Cj3, Cy) yields the assertion. O

Remark 4.4. The estimates of lemmas 4.2 and 4.3 show that, for o > 0, the reconstruction
of the unknown buyer vendor distribution f(x, T) is actually a well-posed problem, at least for
sufficiently smooth perturbations of p. This is due to the fact that we are solving a regularized
optimization problem. The price to pay is that the term involving f(x, ) in (4.4) does not vanish.
However, since f(x, ¢) is fixed, is does not appear in our stability estimates.

For the next result, we choose perturbed prices p; and p; such that |p,(T) — p2(T)| < 2a and
assume w.l.o.g. that p;(T) < p»(T) and make the following additional assumptions:

(A4) 0, < a,
(A5) fi(x, 1), fo(x, T) € L (=L, L) N HY(I) with I C (pa(T) — a, pi(T) + a)
(A6) [|fi(x, T) = o0, D[ g4y < Co(0p + 62)

Remark 4.5. We mention that indeed it is natural to assume strong regularity of fin a neigh-
borhood of p(T) for T > 0, since it locally arises as the solution of a heat equation. On the other
hand we need to expect some singularities around p(7) — a and p(T) + a due to the singular
source terms. Thus (AS5) seems completely natural for forwards solutions of the price for-
mation model. Moreover, it can also be verified that f(-, 7) reconstructed via (4.4) has local
H*-regularity, which follows from using ¥ supported in / and an analysis of the solution of
the parabolic equation for ®, which can be estimated in terms of the H~* norm of the initial
value.

In the following we analyze the forward propagation for # > T in a small time interval. We
denote the new initial value by f; o :=fi(-, T). First note that using the same localisation strategy
as in [19] (i.e. multiplying the solution to (1.1) with a smooth cut-off function that has support
inside the interval 7), implies
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|‘ﬁ||L°°((T,T+w);HJ3(12)) < Cu (HfiHLZ(((T,Ter));Hl((—L,L))) + M,OHHSU)) s

< Cis (Hﬁ,OHLQ((fL,L)) + Hfi,0||H3(l)) for 3 < 4,

(4.6)

with v > 0 to be fixed later on and where f; is the solution to (1.1) with the reconstructed
initial datum f;(x, 7) that additionally satisfies (A4)—(A6). Furthermore, /, is an interval that is
compactly contained in /. This allows us to derive the following estimates on terms of the form
(0:Ky) * f, where we denote by Ky(x, ) the heat kernel with Neumann boundary conditions on
[—L, L], see e.g. [6, section 6.4], and furthermore use the notation

KL(x,0):=Ky(x,t — T).

Lemma 4.6. Forgiven T > 0, initial values fy, fi o and f>o at time T satisfying (A4), (A5) we
have for t € [T, T + ] with vy sufficiently small

(0K * (fio — o)), )] < Cig (||f1,0 —follzq-rry + lfio *fZ,0||H4(1)) .

For two continuous functions p(t) and p,(t), we have

[((B:KR) * f)(P1(D), 1) — (D:Kn) * f)(p2(1), )| < Cillp1 — P2l cro.-

Proof. First note that (9,K}) * f is the solution to the heat equation with homegeneous Neu-
mann boundary condition, zero right hand side and initial datum f. Then, the first estimate is a
direct consequence of (4.6) applied to such an solution with initial datum f; o — f>. The second
one follows from the fact that, as for ¢ sufficiently small, p;(7) and p,(#) are in I, and thus, using
again (4.6), the derivative of a solution to the heat equation that appears on the left hand side
is Lipschitz continuous. 0

We are now in a position to state the stability result for future prices.

Lemma 4.7. Let assumptions (A3)—(A06) be satisfied and denote by fy and f, the solution to
(1.1) on the time interval [T, T + ~] with initial data f,(x, T) and f>(x, T), reconstructed from
measurements py, Ay and p,, A, in [0, T|, respectively. Then there exists a constant v > 0 and
we the corresponding prices p; and p for t € (T, T + ) satisfy the estimate

[p1(2) — p2(D)|| < C15e“ (6, + 64).

Note that unfortunately, we cannot give a lower bound on the quantity +y as it depends in a
non-linear and non-local fashion on the initial datum via the solution of the equation. However,
the proof below shows that as the transaction rate A increases, also v becomes larger which
agrees with the modeling.

Proof. Due to assumption (A5) we can invoke [19] [lemma 2.5] to show that for ~y sufficiently
small [depending on f;(x, T), i = 1,2] the corresponding transaction rates Aj, A, are strictly
positive on [7, T + ~y]. Furthermore, (AS) implies that p(7), p2(¢) are in C 1([T, T+ ~]). Now
Duhamel’s formula allows us to express the solutions f;(x, f) to (1.1) as

fitx,t) = Ky = fio + / N(DIKS(x — pi(T) + a,t — 7) — Kjj(x — pi(7) — a,t — 7)]dr (4.7)
T

Taking the space derivative and evaluating at x = p;(#) we obtain
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Ai(0) = Oufi(p(t), 1) = (O.KN) * fi0(p(t), 1)

, 4.8)
+ / N(DOKy(pi(D) — pi(T) + a, t — T) — K (pi(t) — pi(T) — a,t — 7)]dT.
T

Subtracting (4.8) for i = 1,2 and using the linearity of the convolution, we obtain

A1) — Ma(0) = (DKY) * (foo(p2(D), 1) — (K * (fo0(p1(D), 1)
+ (OKY) * (o0 = fro)(Pi(D), 1)

+ / (A7) = As(P) 1 (1, 7) + As(P) (61 (1, 7) — Ba(t, 7)) di7,
0

4.9)

with 0;(¢, 7) = [0 KL (pi(t) — pi(T) + a,t — 7) — O Kn(pi(t) — pi(T) — a,t — 7)]. As the p;(1)
are continuous, choosing  sufficiently small guarantees that the derivatives of K} appear-
ing in the definition of 6; are always evaluated away from their singularity, in particular
they are bounded and locally Lipschitz-continous, which implies with the local Lipschitz
constant A

01(,7) — 02(2, )| < A|p1(1) — p1(7) — pa(0) + p2(7)| < 2X||p1(0) — p2(D | cqr.r44))-

Taking the absolute value on both sides of (4.9) and using lemma 4.6 implies

|A1(t) — Aa(B)] < Cxo (Hf? 7f20||L2((—L,L)) + IR *f20||H4(1))

+ Callp1(®) — p2(Dlcqrr+4m + sz/Tl |AL(T) — Aa(7)| dT,
so that Gronwall’s lemma implies, together with (A3) and (A6), yields
|A1(1) — As(t)] < Ca3(3)p + 04)e“2". (4.10)
Next we exploit the fact that f;(p;(¢), f) = 0 by taking the time derivative, which gives
0= %fi(Pi(t)) = piA:fipi(0), ) + 0 filpi1), 1), i =1.2.

Subtracting the above equation for i = 1 and i = 2 respectively, using the definition of A; and
integrating in time we obtain, for 7 < ¢t < T+ v

p1(0) — pa() =/

T

! (Az(s)azfl(l’l(s), 5) = Ai()0,f2(pa(s), S)) ds

A1()Aa(s) 4.11)

+ (p1(T) — p2(T))

Denoting by A = infr<;<r4,A1(s)Ax(s) and using (A3) this yields
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1 t
Ip1(1) — p2 ()| < K/T |(Az(s) — Ai()Difi(p1(s), 5)| ds
1 t
+ K/ [A1()O:fi(p1(5), 5) — Oifo(pi(s), 5))| ds
AJr

1 t
re / MO P1(5), ) — Bufspas). )| ds + 6.
4 Jr

As a consequence of (4.6), 0, f;(-, ) is bounded and Lipschitz continuous. Thus using (4.10),
(A3) and once more (4.6) applied to O,f1(p1(5),1) — O, fo(p1(?), 1) (and together with (A6))
finally yields the assertion. 0

5. Numerical simulation

We conclude by illustrating the proposed methodologies and confirming the obtained analytic
results with various computational experiments. All simulations are performed on the domain
[—L, L], which is split into N intervals of length 4. The discrete grid points are denoted by
x; = ih. We compute solutions at discrete times #* = kAt, where At is the discrete time step.
However we will omit all full time-discrete expressions in the following, to enhance readability.

The reconstruction of the buyer—vendor distribution is based on piecewise linear basis func-
tions. Let V}, denote the space of piecewise linear basis functions ¢;, which satisfy ¢;(x;) = d;;.
We wish to reconstruct f € Vj,, which is given by f x,T)= Zle fj¢j(x) using the duality
estimates (3.2).

Data generation: We solve the transformed LL model (2.2) for a given initial buyer—vendor
distribution fy. In doing so we transform the initial distribution fy via (2.1), and compute the
solution to the heat equation (2.2) using an implicit in time discretization. The returned discrete
price p® = p(#*) corresponds to the zero levelset of the buyer—vendor distribution F® = F(¢*)
(computed via linear interpolation). Note that we use a finer spatial and temporal discretization
to generate the data than in the subsequent reconstruction.

Steepest descent: We solve (3.7) and the corresponding problem on 2. and €2 using steep-
est descent. In doing so, we compute the variational derivatives of (3.8) and obtain the first
order optimality system (3.9) as well as the updates for the controls u#; and u,. The detailed
steps are outlined in the while-loop of algorithm 1. Here the parameter BD >0 is the step
size of the steepest descent update. We use the Armijo—Goldstein condition to adjust BY in the
search direction p. We recall that the Armino—Goldstein condition for a general functional 7 is
given by

J(x+ 8p) < TJX) + VI p. (5.1

where v € (0, 1]. The starting value is set to B(O) = 0.25, which is then reduced (up to a max-
imum of four times) by a factor of % until condition (5.1) is satisfied. Note that we transform
the computational domains €2 and €2 to [0, 1] as discussed in section 2.3 in all simulations.
We solve the forward as well as the adjoint equations using an implicit in time discretization
and piecewise linear basis functions in space.

5.1. Identifiabilty for different initial conditions

In the first experiment we set L = 0.5 and the final time to 7 = 0.25. We split the spatial
domain [—0.5, 0. 5] into 200 elements and the time interval [0, 0. 25] into 125 time steps. The
initial datum is set to
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Algorithm 1. Reconstruction of f(x, T).

Given: price p; and transaction rate \; at discrete times t; = iA¢
fori=1...Jdo
if x; < p(T) where ¢;(x;) = 0;; then
P1(x) = @i(x)
else
2(x) = ¢i(x)
k=0
while £ < max. iterations and convergence criterion is not satisfied
Adjoint equation: given 15 (), u3* (1), 11 (x) and 2 (x) solve
AP, 1) + 0@, =0 805 (x, 1) + 0 P5 () =0

QM (~L.1)=0 0@ (L,1) =0
D), 1) = ut (1) (0.0 = u' (0
B, T) = 1 (x) 25 T) = ()

Forward equation: for Gi*(x,0) = —®%*(x,0) and G5*(x,7) = —®*(x, 0) solve
=G, )+ 0uGr ) =0 —0,G5(x,0) + 0G5 (x,1) = 0
AGH—L,ny=0 AGHLH=0
G (p().) =0 G5 (p(t).) =0

Update controls uil‘k = u;(t) and ué‘k = up(¢) using a step size ﬁ(”, which satisfies (5.1):

W0 = o) = 80 (a0 + 0.6 0.0 )

W ) = ik (r) — O (aug"(n — 0,G (), z)) .

k=k+1
Reconstruct solution f(x) = >~ f;#;(x):

p(e)

o) A r A A
Z/ fidjx)i(x)dx = f(x, 007 (x, 0)dx + / AP (p(t) — a) — u(1)dt
j L L :

L

L T
> Fibi(0)¢i(x)dx = / f(x, 0)®)(x, 0)dx + / AD Wy (1) — P5(p(1) — a))dt
j p(T) pE) €

Jox) = (x +0.75)(x — 0.65)(x — 0.05). 5.2)

We approximate the final buyer—vendor distribution using J = 50 basis functions. Furthermore
we choose the following parameters

a=0.1, ﬂ(o) = 0.25,v = 0.2, max. iterations = 250 and max error = 1073,

Figure 2 shows the reconstructed and computed function F [the latter computed by solving the
heat equation (2.2) with the transformed initial datum F,]. We observe a good agreement, with
small artifacts at the boundary and the buyer—vendor interface. The corresponding controls are
shown in figure 3.
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the presence of noise. Finally we confirmed and illustrated our results with computational
experiments.

We believe that the developed framework provides the basis for more general data assim-
ilation problems in price formation. In [2] Burger er al considered a Boltzmann type price
formation model, which allows for more complex trading mechanisms. This problem is a sys-
tem of nonlocal reaction-diffusion equations on the whole domain, where multiple prices (even
with continuous distribution) and transaction rates can appear. Analogous questions can be
asked for this problem if only the expectation of the price is to be predicted, but the problem
could also be extended to a stochastic distribution of the price.
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