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Abstract

We discuss the control of a human crowd whose dynamics is governed by a regularized
version of Hughes’ model, cf. Hughes (Transp Res Part B: Methodol 36(6):507—
535, 2002. https://doi.org/10.1016/s0191-2615(01)00015-7). We assume that a finite
number of agents act on the crowd and try to optimize their paths in a given time
interval. The objective functional can be general and it can correspond, for instance,
to the desire for fast evacuation or to maintain a single group of individuals. We
provide an existence and regularity result for the coupled PDE-ODE forward model
via an approximation argument, study differentiability properties of the control-to-state
map, establish the existence of a globally optimal control and formulate optimality
conditions.
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1 Introduction

The starting point of this work is Hughes’ model for the movement of a (large) crowd
of pedestrians introduced in [37]. Its unknowns are the density p = p(¢, x) and the
potential ¢ = ¢ (¢, x) functions for x € 2 C R? and ¢ € (0, T'). With the space-time
cylinder denoted by Q7 := (0, T') x 2, the model reads

dp—V-(of(p)>V¢)=0 in Qr, (1.1a)

Vol in Or. (1.1b)

1

f(p)
In the simplest case, the model is supplemented with homogeneous Dirichlet bound-
ary conditions for ¢ and p. Due to the hyperbolic nature of the first equation, the
boundary conditions for p have to be posed in a suitable sense (i.e., on a generalized
inflow part involving the function f). While many models for pedestrian dynamics
are microscopic in the sense that they provide constitutive laws for the motion of each
pedestrian (e. g., systems of ODEs or cellular automata or the social force model, cf.
[5, 14, 35]), Hughes’ model starts from a macroscopic approach. It is based on the
following three assumptions:

(1) The velocity v of the pedestrians is determined by the density p of the surround-
ing pedestrian flow and the behavioral characteristics of the pedestrians only.
Denoting the movement direction by u € R? there holds

v=flo)u, lul=1,

where f(p) is a non-increasing function that attains the value one at p = 0, is
positive for 0 < p < 1 and zero at p = 1. It models the effect that the larger the
surrounding density, the slower the individual motion becomes.

(i1) Pedestrians have a common sense of the task (called potential ¢), i.e., they aim
to reach their common destination by

Vo
Vol
(ii1) Pedestrians seek to minimize their (accurately) estimated travel time, but modify

their velocity to avoid high densities. The potential is thus a solution of the
Eikonal equation

1
Vol = —.
Vel f(p)

Combining these rules yields the model (1.1). For brevity we write

B(p,¢) == f(p)?> V. (1.2)

Due to the previous explanations it is clear that —E (0, D)\ t.x) is the direction of the
individuals in the point (¢, x) € Q7.
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Fig. 1 Tllustration of a possible
domain £2 and the boundary
parts 920 and 082w . The gray
region is excluded from £2

0w

4—/890\

The analysis of this system is quite involved since the derivative of ¢, being the
viscosity solution to (1.1b), has jump discontinuities on a set that depends on p and is
not known a priori. Since we are going to consider optimal control problems, we shall
focus on a regularized version of the forward model (1.1), given by

9o —V-(pBp,d) =¢Ap in Qr, (1.3a)

1
—81 Ap + |Vo|* = 0TS in Or. (1.3b)

Here ¢, §1 and 8, are positive and fixed regularization parameters. The model is sup-
plemented with initial conditions

p(x,0) = po(x) in £ (1.4)
and mixed boundary conditions

—(eVp+pBo,d)-n=np, ¢=0 onZXo,

(eVp+pBp.¢) - n=0, Vé-n=0 on Iy, (4>
where we assume that the boundary consists of parts which act as “walls” 92w not
allowing the pedetrians to traverse, and a “truncation” or “outer boundary” 9520, at
which pedestrians can exit with a given outflow velocity n > 0. We assume 920 U
02w = 982 and 020 N 92w = ¥ and set Xw = (0,T) x 02w and Yo :=
(0, T) x 0820. An example domain is illustrated in Fig. 1.

Remark 1.1 (On the regularizations (I)) As multiple regularisations are carried out, let
us briefly discuss their meaning in terms of modeling and mathematical necessity.

81: The elliptic regularization in the Eikonal equation (1.3b) is such that in the limit
81 — 0, we would recover the unique viscosity solution. For §; = 0, V¢ becomes
discontinuous on a set that depends on p. In this situation, existence for the original
Hughes’ model is only known in one spatial dimension which would be a serious
limitation for our application.
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8>: While 6, prevents blow-up of the right hand side in (1.3b), setting 8; = 0, its effect
on the modulus of the velocity |B(p, ¢)| is as follows: For §; = 0, one obtains
|B(p, @) = f(p) while otherwise one has

S(p)

f?*
T S 7oy

1B(p, ) = 2t (o)

As 8>, the behavior of |B(p, ¢)]| is essentially unchanged except for values of p
that are close to one (i.e. when f(p) becomes very small). On the other hand, due
to the properties of f, at p = 1, || vanishes and thus this modification is not
effective in the dynamics.

¢: The additional diffusion added to the evolution equation of the density serves
two purposes. First, as we will see below, it allows for a continuous solution.
This is essential as we will couple the system to an additional ODE Ilater on
that requires point evaluation of p. From the modeling point of view, the term
introduces additional randomness in the motion of the pedestrians that seems a
very reasonable addition to the directed motion of the convection term.

1.1 Optimal Control Problem

Our optimal control problem is based on the following scenario. We assume that there
is a small, given number M > 0 of agents (guides), who are able to locally influence
the motion of pedestrians in their vicinity. Think, for instance, of tourist guides or
marked security personnel at large sports events. The i-th agent’s position is described
by a function x; (¢) € R2,i =1,..., M, and the interaction is modeled by a radially
symmetric and decreasing kernel K (x) = k(|x|), which enters (1.3a) as an additional
potential given by

M M
P (x;x) =Y K(x —xi(1) = ) _k(lx — xi (). (1.6)
i=1 i=1

Here and throughout, x = x(f) = (x1(¢), ..., xp(t))T is the function collecting all
agent positions. Furthermore, we need to modify the model to insure that the maximal
velocity of the crowd is still normalized to the velocity model f (p) despite the agents’
presence. Indeed, for the unregularized model,

F(P)? IVl = f(p)

holds. When ¢ is replaced by ¢ + ¢k, this is no longer true. Thus we explicitly
normalize the transport direction, i.e., instead of (1.2), we define the transport velocity
by

B(p, ¢, x) = f(p) h(V(p + ¢k (x;))). (1.7)
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Here, / is a smoothed projection onto the unit ball. Throughout this article we will use

h(y) = ming{1, |y[}—
|yl

with min, a fixed smooth approximation of the minimum function.

Remark 1.2 (On the regularizations (II)) We emphasise that the regularisation of the
function 4 serves no mathematical purpose (in fact, all of our analysis works without
it) but is rather needed to preserve the crucial property of our model that the direction
of motion is determined by a vector with unit length while the speed of motion is
solely determined by the surrounding density via the function f(p).

We assume that the agents move with maximal possible velocity towards a pre-
scribed directions u;(t) € R2, i = 1,..., M, which act as control in the system.
Since the agents are also part of the crowd, their effective velocity will depend on the
surrounding density in the same way as it does for all other individuals in the crowd.
We therefore assume |u; (¢)| < 1 and the law of motion for the agents will be

Xi() = fp, xi@®)ui(), i=1,....M, (1.8)

where 7 is a suitable extension of p from 2 to R2 which will be detailed later. While
this extension is necessary to ensure the existence of solutions since the agents may
leave the domain §2 on which p is defined, the precise choice of the extension is clearly
irrelevant in terms of modeling. Notice also that the ODE (1.8) does not prevent agents
from walking through walls or to attract people from behind a wall. The first issue can
be avoided by imposing additional state constraints in an optimal control problem.
The second issue can be avoided when assuming the wall thickness to be larger than
the agents’ attraction radius.
The complete forward system which we are going to consider finally reads

0p—V-(pB(p,¢,x)=¢Ap inQr, (1.9a)
1

-3 VP = ——— i 1.9b

1AG+ VPP =~ in 01, (1.9b)

%) = o, xi () ui(t) fort e ©,T), i=1,...,M, (1.9¢)

together with initial condition (1.4) on p and
xi(0)=x;9 fori=1,...,M, (1.10)

as well as boundary conditions (1.5).

The aim of the present paper is to investigate several optimal control problems for
this coupled system. We seek an optimal control function u such that the solution triple
y = (p, ¢, x) is optimal in a certain sense. Depending on the application in mind it
remains to define a suitable objective functional. We particularize the following two
examples:
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— Minimal evacuation time: In this case one seeks to minimize the time required for
the evacuation of a room. The exits where individuals can leave the domain are
located at the truncation boundary d£2¢p which is sufficiently far away from the
actual domain of interest. As time-optimal control problems with PDEs are rather
challenging, see, e.g., [0, 40, 47, 52], we consider a simpler but closely related
model. We fix a reasonably large final time 7 > 0 and minimize

J(p,p,x;u) = c1/ o(T, x)dx
Q

T M
o 2
+c2/0 /Qt,o(t,x)dxdt—}—ﬁ;IIMiHH,(Oj) (1.11)

with weighting parameters cy, c; > 0 and a regularization parameter ¢ > 0.
The first term in J penalizes individuals remaining in the room at time 7'. The
second term encourages individuals to leave the room as early as possible. The
last terms provides the required regularity for the control variables, so that the
forward system (1.9) is well-defined. From the modeling point of view, these
terms also avoid unrealistic trajectories of the agents.

— Optimal binding of a crowd: In some applications it might be desired to keep the
group of individuals together, i.e., trying to maintain a single group during an
evacuation. This is also motivated by a similar approach which has been used to
model the repulsive interaction of dogs in a flock of sheeps, see [13]. To this end,
we define the center of mass and variance of p as

1 1
Ep(t) = M—(t)/;?x,o(t,x)dx and V, (1) := M—@)/ﬂpbc—E,;(t)Fdx,

with total mass M (t) = f o p(t,x)dx. A crowd is optimally kept together when
the functional

1 T o M 5
J(p. ¢, x:u) := ﬁ/o vp(r)dt+ﬁ;nu,~||m(o,m (1.12)
1=

is minimized.
Clearly, it is also possible to use a combination of the objective functionals (1.11) and
(1.12).

1.2 Related Work

We briefly review the literature regarding the analysis of the original Hughes model
and related optimal control problems.

A first contribution on existence of solutions for the Hughes model in the one-
dimensional case is [26]. There it was shown, starting from the regularized version
(1.3), that in the limit ¢ — 0 a suitable unique entropy solution p exists. The proof

@ Springer



Applied Mathematics & Optimization (2023) 88:87 Page7of44 87

is based on a vanishing viscosity argument and Kruzkov’s doubling of variables tech-
nique to show uniqueness. The results were complemented by more detailed studies
on the unregularized problem, also numerically. For instance generalizations to higher
spatial dimensions can be found in [18], even for a slightly more general class of
models. Further articles examine Riemann-type solutions to the unregularized prob-
lem; see [3, 4, 28] in one spatial dimension. As far as modeling is concerned, slightly
different models were derived in [12] based on a mean field games approach. In [16],
a modified approach using multiple local potentials ¢; instead of one global potential
¢ is introduced, removing the possibly unrealistic assumption that every pedestrian
has complete information of the entire crowd. Moreover, in [15], a discrete pedestrian
model in a graph network is studied. Further complex scenarios based on a regularized
version of Hughes’ model are investigated in [19, 25].

From a broader perspective, the optimal control of (1.9) falls into the class of the
optimal control of coupled ODE-PDE systems. Such problems, with models from a
range of different applications have been analyzed, for instance, in [17, 36, 38, 39, 51].
We want to mention a few contributions dealing with optimal control of coupled PDE-
ODE models in the context of pedestrian dynamics. In [30, 31] the feedback control
in a multi-agent system is considered aiming at an optimization of the dynamics of
a population. The individuals are either followers or leaders and the interaction is
modeled by an ODE system. Moreover, the authors study also the limit case where the
number of followers tends to infinity, which results in a couples system of ODEs and
a PDE of Vlasov type. A similar approach is studied in [1]. Therein, the interaction
between individuals is a short range retraction and a long range attraction. While
leaders are not visible to the remaining crowd, they still influence it by taking part in
these interactions. Then an optimal control problem arises as an external force acts
on the leaders. The authors also consider, in the limit of many individuals (grazing
interaction limit), macroscopic Boltzmann type equations for this interaction, while
the number of leaders remains fixed and finite. Furthermore, in [13] external agents
act as control. Again, they start from a microscopic ODE model and subsequently
obtain a continuous model for the uncontrolled population by means of a mean field
limit. For a general overview on interacting particle systems and control, we refer the
reader to [46].

Closer to our approach is the work of [7]. There, a system of hyperbolic conserva-
tion laws for the density of different pedestrian groups is coupled to ODEs accounting
for agents. Due to the low regularity of solutions to the hyperbolic equations, a regu-
larization in the ODEs, similar to Lemma 3.6 in our case, is used. See also [8, 9] for
a similar approach in different settings. Also related to our approach are the studies
[20, 21] where evacuation is optimized by shape optimization of obstacles in a room.
A more detailed survey on the control of several models for pedestrian dynamics can
be found in [2]. Finally, we want to mention our proceeding article [45] where we
develop a numerical solution approach for our model based on a structure preserving
finite volume method and a projected gradient algorithm.

This paper is organized as follows. In Sect. 2 we collect the required notation,
introduce some assumptions and state a precise existence and uniqueness result for
the regularized system (1.9). The full forward system involving also the ordinary
differential equation (1.8) is investigated in Sect. 3 and the linearized forward system
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in Sect. 4. The latter is required to establish the differentiability of the control-to-state
map, which in turn is the basis of optimality conditions. Based on this we discuss
the optimal control problem in Sect. 5 and derive first-order necessary optimality
conditions. The presentation of numerical results will be postponed to a forthcoming
publication.

2 Mathematical Preliminaries

Let us first state the assumptions on the domain and data.

(A1) £ C R? is an open, bounded domain with C*-boundary 2.

(A2) There exist two measurable sets 0§20, 022w C 082 s.t. 020 U 02w = 082
and 0§20 N 02w = ¥. Moreover, 0§20 has positive measure with respect to
the Lebesgue measure on 952.

(A3) The initial density satisfies pg € W3/24(£22) and 0 < pg < 1 a.e. in £2.

(A4) There holds f € W3®(R) N C.(R) with £(0) =1, f(1) =0and f(p) > 0
for all p € [0, 1).

Moreover, we require some assumptions on the potential functions (1.6) of the
agents, which depend on the kernel K.

(K1) The kernel K: R2 — R is radially symmetric, i.e., K(x) = k(|x|), where
k: [0, 00) — R is nonnegative and decreasing.
(K2) The kernel satisfies K € W3%°(R?).

Finally, we consider an assumption on the velocity controls of the agents.
(C1) There holds u; € L*°(0, T; R?) and ||u; || 00,7y < 1 fori =1,..., M.

Throughout this article we frequently exploit the boundedness and Lipschitz continuity
of the functions K, f, h and g(x) := x f(x) and its derivatives. When doing so, we
denote the bounds and Lipschitz constants by Cx, Cr, Cp, Cg and Lk, Ly, Ly, Lg,
respectively.

Remark 2.1 (Assumptions)

(i) Our results extend to the case d = 3 upon adopting the Sobolev embeddings
used in several places.

(i) Assumption (A2) essentially means that the door and wall parts of the boundary
“do not meet”, i.e., we do not consider a truly mixed boundary value problem
in order to avoid technical conditions ensuring sufficient regularity of solutions.
(A2) can be replaced, e. g., in two spatial dimensions, by suitable angle condi-
tions on the points where the two parts of the boundary meet. The interested
reader is referred to results in [33].

(iii) The optimal regularity for the initial datum pg is the Besov space 312)52/ P2y,
see [22].

(iv) While in Assumption (A4) f is defined on all of R, as far as the modeling is
concerned, only f o 7 is relevant. Indeed, we will later see that the solution to
(1.9a) satisfies 0 < p < 1.
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(v) A reasonable choice in (K1) and (K?2) is the kernel function

sexp( R—z) if |x — x;(1)| < R,

R —x—x; (0
, otherwise,

K(x —xi(1) = { 2.0

where s > 0 is an intensity factor and R > 0 is related to an attraction radius.

Notations. The space-time cylinder and its lateral surface are denoted by Qr =
(0, Tyx 2and X7 = (0, T) x 952, respectively. The boundary surface can be divided
into

Yo.r =(0,T) x 9820 and Xw,7 = (0, T) x 082w.

The (Frobenius) inner product of two matrices A, B € R"*" is denoted by

n
A: B :=trace(ATB) = Z a;jbij.
ij=1

The Jacobian of a function 4: R*> — R? is denoted by Dh and the Hessian of a
function u: R? — R is denoted by V2u. Furthermore, o, € CZ° (R?) is a standard
mollifier, see, e.g., Ch. 4.4 in [11], i.e., a function satisfying

suppg, C B,(0) and / oy dx =1. 2.2)
R2

Note that
||f—goy*f||c(§)—>0asy—>0 2.3)

for every continuous function f € C(£2), cf. Prop. 4.21in [11].
Finally, we introduce the subspace of H'!(£2) incorporating the Dirichlet boundary
conditions as
HY(2) :={v e H'(2)|v =0 a.e. on 520}

and, for p € [1, co], we denote the subspace of w2p (£2) fulfilling the boundary
conditions (1.5) by
Wfﬁf(ﬁ) ={ve Wz’p(s?)lv =0a.e.on 3820, Vv -n =0 a.e. on 92w}.

For time-dependent functions we introduce, for p € (1,00) and r,s € Ny, the
spaces
W, (Qr) = LP(0, T; W"P(£2)) N WHP(0, T; LP(£2)),

. . 1/p
equipped with the natural norm (|| . |I€p(0’T;W,..1,(Q)) + |- IIQ.Y,p(O’T;L,)(Q))) . Spaces
with non-integral » and s are defined, as usual, as (real) interpolation spaces. Of
particular interest in our application is the space W,%’l(QT) with p > d = 2, which

fulfills the embedding

Wyl(Qr) <= C([0, T]; WhP(2)) = C(Qr). 24)
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This is needed in order to allow point evaluations of the density p, required in the
ordinary differential equation (1.9¢). Finally, for functions from the Holder space
CL2(£2) we introduce the norm

”M”CI-O‘(Q) = ”u”Cl(Q) + ‘1}]‘3;7(1|Dﬂ1/t|co,a(g),

where |u] o = sup ul) = uly)l
C ,a Q —_ - .
@ x#yefR lx — y|*

In the following we collect some important properties of the function spaces used in
this article.

Lemma 2.2 Foreach® € [0, 1], p € (1, 00)and0 < s < r, the continuous embedding
WP, T; WHP(£2)) N LP(0, T; WP (2)) < WOP(0, T; WOsT(1=07r(y),

holds.
Proof See Lemma 4.3 in [24].

Similarly as above we define the Sobolev spaces
W, (Z7) == LP(0, T; WP(082)) N WHP(0, T; LP(382))

on the lateral boundary X7 = (0, T') x 952 of the space-time cylinder Q7.
The following trace theorem is proved in [22, Lem. 3.5]; see also Sect. 2 in [23]:

Lemma 2.3 For p > 1, the trace operators

“72 2—1 p,]fl 2(7
“7 “71—1 ]7,1 2—1 2]7 E

defined by yop = plx, and y1p = Vp-nx; are bounded and have a continuous right
inverse.

Recall the differential equation (1.8), where an extension to R? of the density func-
tion p is used. For theoretical purposes we will use an extension operator fulfilling the
following result from Lemma 6.37 in [32]:

Lemma 2.4 Let«a € (0, 1) be a fixed number. There exists a linear, continuous exten-
sion operator

E: C'*(2) - CV*(R?)
such that

IEfllcreme) = CEllfllcree) and |Efllpom2) < CEooll fllzx@).,

holds for all f € cle (2). For brevity we will write 7 =Ef.
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3 Analysis of the Forward System

This section is devoted to showing the existence of strong solutions to the forward
system (1.9) with boundary and initial conditions (1.4), (1.5), (1.10). We proceed in
two steps. First we provide auxiliary results on equation (1.9b) as well as on linear
parabolic equations. Then we prove existence of solutions to the complete forward
system.

3.1 Preliminary Results

First, we study the regularized Eikonal equation (1.9b).

Lemma 3.1 For given p: Q1 — R consider the equation

—81 Ad + |Vp|* = n Qr,

1
f(0)? + 68
with boundary conditions (1.5). We have:

(i) Ifp € C([0, TT; L2(2)NHY0, T; H'(£2)*), then there exists a unique strong
solution which satisfies ¢ € L>°(0, T; ng’ (£2)) N HY 0, T; H'(2)) for all
2 < p < 00. Moreover, the a priori estimates

161l Lo, w2 r(2)) = Cp and NPl yio. 7.1} (2)) = Co 1211 0.7 11 (2%
~ 3.1
hold with a positive constant Cy depending on p, 81, 82, §2 and T only.

(ii) Ifp € W,%’ ! (Qr) holds, the strong solution ¢ additionally belongs to Wg’ ! 07)
and satisfies the a priori estimate

lANlwiro.r:wery < th HHHW;%'I(QT)’ (3.2)

with a constant ab depending on p, &1, 62, §2 and T only.
(iii) For any py, pr € C([0, T1; L*>(£2)), the corresponding solutions ¢ and ¢
satisfy the Lipschitz estimate

11 1) = ¢a . Dllwaz(ey < Co 1162 1) = P2 Dl 22 (3.3)

forallt € [0, T], with 645 depending on p, &1, 62, §2 and T only.
From now on we shall use the definition Cy := max{@,, E,/), a;,}.

Proof We first show assertion (i). Note that due to the continuity of © in time it makes
sense to define, for fixed ¢ € [0, T'], the function

1 1

- - 3.4
82 F (Bt 1)) + 8 GH

qr(x) ==
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By assumption (A4) on f we then have ¢; € L*°(£2).
Step 1: Existence. First note that an application of the transformation

Y, ) =e I -1 (3.5)
to (1.9b) yields for all ¢ € [0, T'] the linear problem

—AY(t,) +qr () = —q:() ing2,
Yt ) =0 on 3820, (3.6)
Iy (t,) =0 on d2w.

As g; € L®(£2) and ¢; > 0 a.e. in §2, the Lax-Milgram lemma yields for every
t € [0, T] the existence of a unique weak solution ¥ (¢, -) € Hﬁ(.Q) and the estimate

1Y@ @) < Cligell2e)-

Elliptic regularity theory (see for instance Theorem 3.17 in [49]) then implies ¥ (¢, -) €
w24 (£2) for any 2 < g < 00, and there holds

V(@ w22y = Cllailiae) =: Cg (3.7

for t € [0, T]. For given x € £2, the function ¢t — ¢;(x) belongs to L*°(0, T)
again by (A4). Taking the supremum over 0 < ¢ < T yields the regularity ¢ €
L>(0, T; W>4(£2)). Formally differentiating equation (3.6) with respect to time we
see that 9,y satisfies

=AY (t, ) +qidp(t, ) = —(1+ (1, ))(Bq) inf2.

Using its definition and the fact that p € H'(0, T; H'(£2)*), the derivative of g; (x)
with respect to time is an element of L2(O, T: H! (£2)*). Therefore, Sect. 2.2.2, Corol-
lary, p. 99 in [49] (after replacing d,¢;(x) by a continuous in time approximation and
passing to the limit) yields the existence of 3% € L*(0, T; H'(£2)) with

19V 1200, 7: 11 (2)) < C N0:D N L20,7: 1 (2)%)- (3.8)

Step 2: Strict lower bound. In order to invert (3.5) and obtain a solution to (1.9b),
we need to ensure that iy > —1 holds. This follows from Theorem 4 in [43], provided
that we can show ¥ > —1, [[{]|L~(p;) < oo and Holder continuity of (¢, -) for
a.a.t € (0, T). The last two assertions are a direct consequence of the embeddings
W2P(2) — L*®(£2) and W>P(2) — C%1/2(£2) as p > 2 and we are in dimen-
sion 2, combined with (3.7). To show the first part we choose ¢ = (¢ + 1)_, i.e., the
negative part of ¢ + 1, as test function in the weak formulation of (3.6) and obtain

/IV(WL -)+1)—|2dx+/ g + 12 dx = 0.
2 2
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Since ¢; is strictly positive, this implies that (¢ + 1)_ = 0 holds a.e. in §2. Thus there
exists a positive constant Cy s.t.

Y >Cy >—lae.in £2.

We can therefore invert the transformation (3.5) and conclude that the solution of
(1.9b), (1.5) fulfills the desired regularity, as the regularity is unaffected by the
transformation (using ¢ € L°°(0, T; L*°(£2)) and ¥ > —1). This ends the proof
of assertion (i). To conclude (ii) we only have to show the additional regularity
8,y € LP(0, T; W>P(£2)) which follows under the assumption p € Wg’l(QT) and
standard elliptic regularity theory, see [49, Theorem 3.17].

Similarly, in case 5 € W5 (Qr) we obtain 3,y € LP(0, T; W2P(£2)), which
gives the desired estimate.

Step 3: Lipschitz estimate. To show (iii), denote by ¢; 1, g2 the respective coef-
ficients for p) and p; as in (3.4) and, analogously, let ¥r; and ¥ be the respective
solutions to (3.6). Then ¥ = ; — ¥, satisfies

—AY(t, ) + g1 ()Y (t, ) = (1= Yo(t, ) g (x) in 2,
Y(t,)=0 on 9920, (3.9)
v, ) =0 on 32w,

fort € [0, T]withq, = g;,1 —q: 2. Noting that g; is Lipschitz continuous as a function
of o (due to (A4)) and applying the a priori estimate (3.7) to (3.9) yields

1@, w222y < Clgelzg) < CIP1IE, ) = 201, )l 120)»
where we used the boundedness of (1 — (¢, -)) in L°°(§2) and, again, WZ’P(.Q) —
L°°(£2) and (3.7). This implies (iii) and completes the proof.

To obtain the desired WI%’ ! (Qr)-regularity of the density function p we will need
the following lemma taken from [22] but adopted to our notation.

Lemma 3.2 Let assumptions (Al)—(A4) hold, p € [2,00) and ¢ > 0. Suppose
that ¢ € LP(Qr), b € LP(0,T; L®(2)), r € Wy /P2 VCP (50 and py e
W2=2/P-1(§2) are given. Then the problem

op—eAp+b-Vp=c inQr,
eVp-n=r onXwr,
p=0 onXor,
p0)=po in$2

admits a unique strong solution p € W;’l (Q7) depending continuously on the input
data c, r and py.

Proof See Theorem 2.1 in [22].
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Finally, we need the following regularity result for p = 2 with flux boundary
conditions.

Lemma3.3 Givenh € H' (0, T; H'(£2)) NL>®(Q7), g € L*°(R) and py € H'(2),
the variational problem

fB,,Odedt—i—S/ V,O~V§dxdt—/ g(p)h - VEdx dt
or or or

= —n/ Xoo pEdsy dt forall& € L*(0,T; H'(2)) (3.10)
2r

has a unique solution p € L°°(0, T; H'(£2)) N H'(0, T; L?>(£2)) with p(0) = po.

The proof mainly uses standard methods but since, to the best of the authors’ knowl-
edge, a proof matching our boundary conditions is not available in the literature, we
included it into Sect. A.

Next we define our notion of solution for the ODE (1.9¢).

Definition 3.4 Fix2 < p < ocoandp € W,%’l (Qr). Then for given f and u satisfying
assumptions (A4) and (C1) and an initial value xo € R? we say thatx: [0, T] — R?
is a solution to

xX(t) = f(px @), 1) u), (.11

if it is absolutely continuous, satisfies (3.11) for a.a. t € [0, T'] and x(0) = xo.
We have the following result about the existence of a solution of (3.11).

Lemma3.5 Forgiven2 < p <4, u € L*®(0, T; R?) satisfying assumption (C1) and
pE W,%’I(QT), there exists a unique, absolutely continuous solution x : [0, T] — R2
to (3.11) satisfying x(0) = xq. Furthermore, x € W20, T) holds. For p1, P2 €
Wy (Qr), the corresponding solutions x1 and x; satisfy

X1 —x2ll oo, 7:82) = Cs o1 — p2llL(0r)> (3.12)

where the constant Cg depends on u, T, Cg, Cg o and the Lipschitz constants of f
and p.

Proof First note that p € L?(0, T; W27 (2)) < LP(0, T; C'*(£2)), for some o >
0, so that the application of the extension operator from Lemma 2.4 is well-defined.
Since also f is Lipschitz continuous with Lipschitz constant L ¢ by assumption (A4),
the function f(p(¢, x)) satisfies the Carathéodory conditions (see Definition A.l in
the Appendix) and thus there exists a solution in the sense of Definition 3.4; see Ch. I,
Theorem 5.1 in [34]. Furthermore, as we alsohave p € L”(0, T; CY1(R2)), we obtain
with Cy := [lullL=(0.7), Cp(t) = llp(@)llw2.r(g), and the property C, € LP(0,T)
that

|f (o, x) — fot, yDI < Lylp@,x) —pt, )| < Lgllp@®)llcreme) lx — ¥l
=Ly Cellp®licre(g) lx — yl
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<Lsig,@)|x—y| for aa rel[0, Tlandallx,y e R? (3.13)

where Ly ,(t) ;= Ly CgCox Cp(t) and with Coo the embedding constant for
W2P(2) < C1%(£2). The estimate (3.13) implies uniqueness by Ch. I, Thm. 5.3 in
[34]. The additional regularity x € w0, T; R?) is a consequence of the bound-
edness in L*®(0, T: R?) of the right-hand side of (3.11). To establish the stability
estimate we show

lx1 (1) — x2()| < /O[If(ﬁl(s,m(S))) — f(Pa(s, x2(s)))[ u(s)| ds
< /Otlf(ﬁl(s,m(S))) — f(P1(s, x2(s)))[ [u(s)| ds
+ /Ollf(ﬂ (5, x2(5))) — f(Pa(s, x2(s)))] [u(s)| ds
< /Ot CuLypE(s)lxi(s) —x2(s)lds + Ly Cy Ce CE 0 1 o1 — p2llL>(0))s

where we used that the extension E is also continuous with respect to the L°°-norm.
An application of Gronwall’s inequality in integral form then yields, for t € (0, T),

t
[x1() —x2()| < Ly Cy CECE, 0t It — p2llLo(0r) €XP </ CuLy pEe(r) dr)
0
<Cs(u,Ls, Ly g Cg, CEoco,T) o1 — p2llLo(or)-

Next, we state an existence and stability result for a regularized version of (3.11).
Note that the following result requires less regularity for the density function p.

Lemma3.6 Fix 2 < p < oo and p € C([0,T]; L%(2)). Then for given u €
L*°(0,T), f satisfying assumption (A4) and (Cl), and every y > 0, there exists,
a unique, absolutely continuous solution x : [0, T] — R2 to

x(1) = f((@y *p)(t, x(1))) u(t) (3.14)
satisfying x(0) = xo € R? and x € WH(0, T). Here, @y is a standard mollifier

as in (2.2) and * denotes the convolution w.r.t. to the x-variable. Furthermore, for
p1, po € C([0, T1; L3(£2)), the corresponding solutions x and x satisfy

lx1(1) —x2(0)] < C\ T e || py — P21l Lo 0.7:2(2))> (3.15)

where the constants C1, Cp depend on u, y, Cg, CE 0 and the Lipschitz constants of
S and p1, p2.

Proof As f and, * p are Lipschitz continuous (see assumption (A4) and Lemma A.2),
the function f ((¢, * p)(z, x)) satisfies the Carathéodory conditions of Definition 3.4
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and thus there exists a solution in the sense of Definition 3.4; see Ch. I, Thm. 5.1 in
[34]. In particular there exists a positive function L s, g > 0 such that

|f((@y %) (1, x)) — fU(@y *p)t, DI = Lyyellp, e lx—yl  (3.16)

foraa.t € [0, T] and all x, y € §2. This implies uniqueness by Ch. I, Thm. 5.3 in
[34].

To show the stability estimate (3.15) we proceed as in the proof of Lemma
Lemma 3.5, employ the estimate (3.16), Young’s inequality for convolutions |l¢, *
pllir=@) = leyllr2@) lpllp2 (o). and obtain

t
lx1(t) —x2(0)] < /0. |f (@ 5 p1)(s, x1(5))) — (@) * p2) (s, x1(5)))|[u(s)| ds

t —
+/0 [f () * 02)(s, x1(5))) — f((@y * p2) (s, x2(5)))||u(s)| ds
< LyCurlloyllrz tllor — p2llpeo.7:22(02))

t
+Ls,yeCy ||/32||L00(0,T;L2(9))/ [x1(s) — x2(s)|ds.
0

Then, (3.15) follows from the Gronwall Lemma.

We continue with the following Lipschitz estimate for the transport term in (1.9a),
which is needed in the theorem right after the next.

Lemma 3.7 Given p1, p» € C([0,T1; H'(2)), ¢1, ¢2 € L>®(0, T; W>P(£2)) and
X1, X2 € L®(0, T; R?) the function B(p, ¢, x) satisfies the Lipschitz inequality

o1 BCo1, @1, x1) — p2 B(p2, ¢2, X2) I 12¢04)
< Lg (lp1 = p2llr2cop) + V01 = Vol 200 + 1X1 = X2l 1200, 73R2)M) -
where Lg depends on the Lipschitz and boundedness constants of f, h and K.

Proof We define g(p) = p f(p) and write p; B(pi, ¢i,xi) = g(pi) h(V(gi +
¢k (xi;+))), i = 1,2. Using the Lipschitz continuity of g, 4 and ¢ we obtain

lo1 B(o1, &1, x1) — p2 B2, P2, x2)||L2(0,T;L2(_Q))
< Lglipr = p2ll2(op) 10 (V@1 + @k (x 15 ))IIL>0r)
+ Co Lu(IV(91 — Dl 12¢07) + Lox X1 — X2l Lo 0, 7,R2)M)-

3.2 Existence for the Full Forward System

We are now in a position to show the following existence and uniqueness result.

Theorem 3.8 Let assumptions (Al), (A2), (A3) (A4), (K1), (K2) (C1) hold and fix 2 <
p < oo. Then for any given controlu = (uy, ..., uM)T € L*™0,T; RZ)M and any
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T > 0, there exists a unique solution (p, ¢, x) to (1.9) with initial and boundary con-
ditions (1.4), (1.5), (1.10) which satisfies p € W[%’I(QT), ¢ € L0, T; WEP(£2))
and x is a solution to (1.9c) in the sense of Definition 3.4. Moreover, the a priori
estimate

”'OHW;%'I(QT) + ||¢||L°0(0,T;W2-17(Q)) = C”/?O”Wl,p(g),

holds with C depending only on the domain, the bounds for the coefficients and the
respective kernel.

The structure of (1.9a)—(1.9b) is very similar to chemotaxis models with volume
filling, see for instance [44], except for the additional nonlinearity of the squared gra-
dient term in (1.9b), which can, however, be handled using Lemma 3.1. Therefore,
the existence and uniqueness of solutions can be proved using Banach’s fixed point
theorem, similar to, e. g., Thm. 3.1 in [27]. The main issue in our situation is the addi-
tional coupling to the system of ODEs (1.9¢), which requires p to be regular enough
to allow point evaluations. Our strategy is to introduce an additional regularization in
(1.9¢) in order to be able to perform the fixed point argument in the relatively “large”
space C([0, T]; L2(£2)). We then show additional regularity and pass to the limit to
recover the original system.

Proof The proof consists of two parts. First we show existence with (1.9¢) replaced
by the regularized version (3.14). Then, we perform the limit y — 0 to recover the
original problem.

Step 1: Fixed point argument: We consider the fixed-point operator

§: C([0, TT; L*(2)) — C(0, T1; L*(2)), 5+ py, (3.17)
where, for fixed y > 0, p, is the unique weak solution to the system

by — V- (B B(B. ¢y. X)) =& Ap, in Qr, (3.18)
~ 01 Ay + V0, P = e im0, (3.19)
Xy () = fU@y % P)(t, xiy ) u;(t) fort €[0,T], i=1,....,M (3.20)
subject to the boundary conditions
eVpy -n=—pp{0, ¢y, Xy) -n—npy, X920, on Xr.
The boundary conditions for ¢ and the initial conditions for all variables are as in (1.5)

and (1.4), (1.10), respectively. The equation for p, is understood in the weak sense,
ie.,

[ awyeaxse [ Vo, Vear= [ FpGo,m Ve —n [ peas,
2 2 2 0820 (321)
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forallé € H'(2) anda.a.t € [0, T]. Applying Lemma 3.3 with g(p) = pf(p) and
h =h(V(¢, + ¢k (xy; -))) shows that there exists a unique weak solution

py € L0, T; H'(£2)) N H'(0, T; L*(2)) < C([0, T]; L*(£2)).

Choosing p itself as a test function in the weak formulation (3.21) yields, after an
application of the weighted Young’s inequality with parameter € /2, the trace inequality
for H'-functions, and an integration in time, the a priori estimate

oy leqo.ri2c2y < CUDB®@. dy. x ) 20.7:L2(2)) + 00l L2(02))
< CKT 12+ lpoll22)

where we used [0 B(0, ¢y, X,)| < 1.

Next, we show that S is a contraction. Let p1, pp € C([0, T1; L2(.Q)) be arbitrary.
The corresponding densities, potentials and agent positions are denoted by py, 1, py 2,
@y.1, $y2 and x,, 1, X, 2, respectively. Using Lemma 3.7 we have

loy.1 = py2lleqo, 22y
< o1 BB, y.1,Xy,1) — 02 B2, Py.20 Xy 2 120,7:12(2))
< Lg(lor — p2llr20.7:1202)) F IV (By1 — by D 20.7:12(02))
+lxy,1 =%y 2l Lo, 7ym)- (3.22)

Applying Lemmas 3.1 and 3.6 to the second and third terms on the right-hand side,
respectively, yields

||,0y,1 - ,0y,2||c([o,T];L2(Q)) <C max{ﬁ, TECZT} ||51 - 52||c([0,T];L2(Q))~

Thus, we can again find 7 small enough so that S is a contraction and Banach’s
fixed point theorem asserts the existence of a unique solution.

The box constraints 0 < p,, < 1 a.e. in Q7 follow by applying Lem. 3 in [27], i.e.,
by testing with smoothed versions of the positive part of p — 1 and —p, respectively.
In view of these uniform estimates a standard continuation argument yields existence
for arbitrary T > 0.

So far we have shown

py € L*(0,T; H'(2) N H'(0,T; H'(2)") N L™(Q1),
since the fixed-point satisfies the weak formulation (3.21). Note in particular that
py is bounded in L2(0, T; H'($2)) N H'(0, T; H'(22)*) N L>°(Qr) by a constant
independent of y. Furthermore, we denote the corresponding potential and agent
trajectories by

¢, € L0, T; W»P(2))NH' (0, T; H'(2)), x, e W=, T)".
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Step 2: Additional regularity: To shorten the notation we write the nonlinear term
in the form

Py B(py, ¢y, xy) = g(py) h(Py)

with g(py) := py f(py) and @, := V(¢, + ¢k (x}; -)). From the product rule we
obtain the following representation for the divergence,

V- (py B(oy, Py, Xy)) = gl(Py) Voy - h(@y) + py f(oy) V- h(Dy).

Freezing the nonlinear terms allows us to understand (3.18) as a linear equation of the

form )
0py —eApy +b(t,x) Vo, +ct,x)p, =0 inQr,

eVp,-n=r onXr, (3.23)
p0)=po in£2

with
b(t, x) := g'(py) h(®y) € LP(0, T; L*(£2)), (3.24)
c(t,x) == f(py) V-h(®y) € L’ (Qr), '
and 5
r(t,x) = —g(py) h(®y) -n —1npy o020 € W;’K/ (Z7) (3.25)

with k = 1 — 1/p. It remains to show the regularity claimed for b, ¢ and r. Again,
this follows from the Holder inequality and the regularity already shown for p,, ¢y,
x,. Together with the product and the chain rule this leads to

1Bl 07y < 18 Iy 1Al Lo g2y < Co, (3.26)
lellLrcory < 1 lwreomwy I DRlwco @2y Dy [l Loo0,7: w2r(2)) T Cox) < Ce-
(3.27)

Note that Cj, and C, are independent of y as, in particular, ¢,, can be bounded inde-
pendently of p,, and thus of y. To show the required regularity for » we proceed as
follows. First, we show the estimates

ll9x; (8 (0y) A(Py )2 (07)
< C(lgllLe@) I DAl @ex2) V(@) + k(X D2y
+ ”g/”LOO(R)”pr”L?(QT)”h”LDO(RZ)) <C (3.28)

fori =1, 2, as well as

19: (g Coy) H( @y L2007)
<C ("g”Lo"(R) ||Dh||Loo(R2x2) ||8;V(¢y + ¢k (x)/; '))”LZ(QT)
+ 18 i@ 132y ll 20y 121l Lo m2)) < C. (3:29)
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This follows from the regularity already shown for p,, ¢, (see Lemma 3.1) and x,,
(see Lemma 3.6). With these considerations we conclude

, 1,1/2
—8(p) h(Py) = 0y xa20 € Wy (O1) = Wy (0.
This allows us to apply the trace Lemma 2.3, which provides
1720 gy = G- (3.30)

Collecting the properties (3.26)—(3.30) an application of Thm. 2.1 in [22] and
Lemma 3.1 implies

py € WN(Qr) and ¢, € L0, T; H (2)) N H'(0,T; H'(2)).

We can even further improve the regularity of p,,. Analogous to (3.28) and (3.29)
we show

||8xi (g(,oy) h(q)y))”LP(QT) + ||8z(8xig(;0y) h(d)y))”LZ(O,T;LP(Q)) <C
and together with the trace Lemma 2.3 we deduce

re PO, T; WhP(@2)nwh2(, T; LP(2))

1,172 1-1/p,1/2—-1/(2
%Wp / (QT);)WIJ /p.1/ /( p)(ET)

This, (3.26) and (3.27) allow a further application of Thm. 2.1 in [22] with p < 4,
from which we infer the desired regularity

py € Wyl Q).

The functions p,, ¢,, and x,, are thus a strong solution of the system

0oy — V- (py B(py, Py, xy)) =eAp, inQOr, (3.31)
—s e — 32

140y +Voy| o2+ 5 n Or, (3.32)
Xiy = f((@, *p)(, % ())u; in[0,T], i=1,....M (3.33)

that satisfy the boundary and initial conditions pointwise almost everywhere.

Step 3: Limit ¥ — 0: In order to recover a solution to (1.9), it remains to pass to
the limit y — 0 in (3.31)—(3.33). As a first step in this direction, note that b(z, x),
c(t, x) and r(t, x) defined in (3.24) and (3.25) are bounded independently of y. Thus,
understanding (3.31) as the linear equation (3.23) we obtain the following estimate,
uniformly in y,

”,Oy ”W%I(QT) E C
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This implies the existence of a sequence y; with y, — 0 that
py—pin Wy'(Qr) and py, — pin LP(0, T: WP (£2)), (3.34)

where the second convergence is a consequence of the Aubin-Lions lemma,
Thm.I1.5.16in[10]. As, moreover, ¢, is also uniformly boundedin L? (0, T'; WP (£2))
by Cy, we also have

D%¢,,—D%p in LP(0,T; LP(£2; RI*?)),

(3.35)
¢y — ¢ InLP(0,T; W'P(2)),
where the second convergence follows from Lemma A.3. We omit the index k in the
following to shorten the notation. Passing to the limit y — 0, in the sense of distri-
butions, in equation (1.9b) yields the validity of this equation also for the limit values
¢ and p. As for (1.9¢), denote by x;(¢) the solution of x;(z) = f(p(x;(t), 1)) u;(t),
t € [0, T'], and x; (0) = x; ¢, with p denoting the limit from (3.34). Arguing similarly
as in Lemma 3.6 and using |u;(¢)| < I for a.a. t € (0, T)) we obtain

[x; () — xi,5 ()]

t
< /0 1 Bs.xi () — £ (@5, (s. 1.y (5)))] ds

t
5/0 [f(o(s, xi(s))) — f(0(s, xi(s)))] ds

t
+/0 |f (s, xi,y (5))) = f((y % p)(s, xip (5)))] ds

t
+/0 | f (@ % D) (s, Xi.y () — £ (@, % py)(s, Xip (5)))] ds
t
= /0 Ly pE(s)|xi(s) —xiy(s)|ds
+Lptllp — oy * Plleqgo.ria + VElloy @) 1o = oy 2o, r:002))-

As |lgyllL1 (@) = 1, another application of Gronwall’s inequality yields

xi (1) — xiy ()]

<CLs(tllp =y *pleqorixm + Vo= pyllieriew))

t
- exp (/(; Ly, E(s) ds) ,

and due to (2.3), (3.34) we see that as y — 0, the right-hand side converges to 0 and
thus
Xiy(t) = x;(t) foreveryt € (0,7), i=1,..., M. (3.36)
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Next, we pass to the limit in (3.31). The convergence of the linear terms is a direct
consequence of (3.34). For the convection term we note that it can be written as

V. (py lg(py, ¢y7 xy)) =V. (g(py)h(q)y))
= g/(py) pr : h(q)y) + g(py) Dh((py) : V2(¢y + ¢K(xy§ ).

As both p,, and i are uniformly bounded, the convergences (3.34), (3.35) and (3.36)
imply
V- (py B(oy, Py, X))V - (pB(p, ¢, x)) inLP(Qr).

It remains to pass to the limit in the boundary conditions. The trace Lemma 2.3
implies that ¢ Vp,, - n is bounded in L? (X'7) and thus converges weakly. The compact

embedding Wg_l/ P1=1/@P) 50y < 1P (1) implies the convergences

plg, = plg, and Ve, |z, — Vo|g, in LP(Z7),

so that using the uniform boundedness of both p,, and & as well as (3.36) we conclude

eVpy -n+py, Blpy, Py, xy) - n—eVp-n+pp(p,¢,x) n in L?(X7).

Thus, the weak limit of p,,, namely p, is the strong solution of (1.9) with boundary
conditions (1.5). This completes the proof.

The previous theorem allows us to introduce the solution operator
S:U—Y, ur Su):=(p,¢,x)

of (1.9) with boundary conditions (1.5) and initial conditions x (0) = x%and p(-,0) =
po- The control and state spaces are

U:=L>®0,T;RHM,
Y i= WEHQ) x (L0, T: Wy (2)) N WhP(0. T: WhP(2))) x W' (0, T: R
with 1/s = 1/2+ 1/ p. Later, the operator S is referred to as control-to-state operator.

We conclude this section with an auxiliary result required later to show the existence
of global solutions to an optimal control problem.

Lemma 3.9 The operator S: U — Y is weakly sequentially continuous.

Proof Given a weakly convergent sequence (u,),en C U with u,—u one has to
show that the corresponding states (p,, ¢n, X,) = S(u,) converge weakly in Y to
(p, ¢, x) = S(u). This follows from the same arguments as those in step 3 of the
proof of Theorem 3.8, together with the uniqueness of solutions.
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4 The Linearized System

In order to prove necessary optimality conditions for the optimal control problems
introduced later, we investigate the differentiability of the control-to-state operator S.
The desired results follow from the implicit function theorem applied to the equation
e(y,u) =0withy = S(u) = (p, ¢, x). Here, e corresponds to the strong formulation
of our forward system (1.9a2)—(1.9c), more precisely, there holds

e:YxU—Z
with
Z = LP(QT) % W;—I/Pﬁl/z—l/(zl’)(zw) % W2(1—1/p),p(9)
x (L0, T; LP(2)) N WP, T; W'P(2)*)) x Wb, T; RHM

defined by

ei(y,u):=0dp—¢eAp—V-(pB(y)
ex(y,u) :=(eVop+pBy) n+ xaeonp
e3(y,u) == p(0) — po 4.1

P— 2 _————
es(y,u) = =81 Ap + |Vo| ol + 5

t
esi (¥, u) (1) == x;i(t) — xi 0 —fo f(p(s, xi(s)) ui(s)ds, i=1,....M.

Notice that from here on we write S(y) in place of B(p, ¢, x). Recall that p € (2, 4)
is a fixed number and the integrability index s of the space of agent trajectories is
chosen such that % = % + %.

Lemma4.1 Lety = (p, ¢, x) € YV anddefine  := V(¢ +¢k (x; -)). Then a constant
Cy, > 0 exists such that

1A @) Lo + 1R @) Lo, 7:wrr(2y) T 10:h(@)ILr(0r) < Ch
ID*R(@) (o) + I D@l oo 7wy < Cie k=12,
Note that
Dh(y) = x{jy|<1}.e id

is a smoothed characteristic function. Moreover, the functions h and D*h, k =
1,2, are Lipschitz continuous. In particular, for any two vector fields @1, @, €
L>®(0, T; WL-P(£2)) there holds

IV - (Dh(®@1) — Dh(P2) || L. 7:Lr (1))
< Ch(1 + | D®y [l L (0| DD — DL | L(0.7:Lr(2))- 4.2)
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Proof The result follows directly from the regularity properties of /.
To shorten the notation we also introduce the following constants,

Cp:= ”p”Wf;’I(QT)’ Cy := ||¢||L00(0,T;W2,p(g)) + ”‘P”WLP(O,T;WI-P(_Q))»
Cx = ”x”W]vS(O,T)v 4.3)

whose boundedness is guaranteed due to assumptions (A4), (K1), (K2) and (C1).
We confirm the assumptions of the implicit function theorem in the following
lemmas.

Lemma 4.2 The operatore: Y x U — Z is continuously Fréchet differentiable.

Proof We start with equation e;. Again, we write the nonlinear term in the form

p B(y) = g(p) h(P) with @ = V(¢ + ¢k (x; -)).

For given (p, ¢, x) € Y and (0, 5 X) € Y, Taylor’s formula with integral remainder
yields

e1(p + 7. ¢, x;u) — e1(p, ¢, x; u)

=0p—eAp— V(g (p) Fh(®)) — /01 VL& (p+55) — ¢ (0) Fh(®)]ds,
ei(p, ¢+ ¢, x;u)—ei(p, ¢, x;u)

==V - (g(p) Dh(®) V) — /0 v [8(p)(Dh(Dy) — Dh(®))V]ds,

el(pv ¢, X +$’ u) - el(pv ¢a x; u)
=V - (g(p) Dh(®)V?K (- — x;) ;)

1
+f V- (g(0)[Dh(®x) VPK (- — x; — s %) — Dh(®) V2K (- — x;)1%;) ds,
0

for¥ =(0,...0,%,0,...00T,i=1,..., M.

In the above equations we used the notation 5,;) = V(¢ +s 5 + ¢k (x;-)) and
5x = V(¢ + ¢k (x + sX;-)). In the following we derive bounds for the remainder
terms (the terms depending nonlinearly on p, 5 and X in the above equations), which
we denote by r1,,(p), r1,¢($) andry ,(X),i=1,..., M.

First, we apply the product rule, the Holder inequality and the embedding
Wg’l(QT) — L*°(Qr), where we denote by Co, the maximum of the embedding
constant and 1. These arguments yield

71,0 (Pl o7

1
< / ([Il(g//(/) +50) — 8" (N~ IVelrror
0
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+s 18" (o + s D)L lIVAllLron] - 181z 1R (@) >0y
+11g'(p+sP) — &' (P)llL=om

~(IVOllLror) 1R(@)lILeor) + 1Pl IV - h((p)”LP(QT))) ds

~12 _ ~
< G Cu(Cp +3C 1PN 015,) = BN y21 0, (44)

Second, to show differentiability with respect to ¢ we confirm

1 ~ ~
no@® = [ [£01V0 (D@ — Dh@) VG

+ g(p)(s V - (Dh(®y) — Dh(P)) - V§ + (Dh(By) — Dh(P)) : v2$)] ds.

With the Holder inequality, the Lipschitz properties of DA and D?#, in particular (4.2),
and the usual embeddings we can show

16 @ ILr 7y < Cg i Coo (Cp + 2 1817 0. 7: w202
= OI@ll L, 1:w2r(2))-
Third, we derive an estimate for ry y, (X) withx = (0,...,0,%;,0,...,0). We use
the notation ¢ = ¢g (x; -) and g = g (x + sX; -) as well as K; = K(- — x;) and

K; = K(- — x; — 5 X;), reformulate the remainder term by applying the product and
chain rule and obtain

rl,xi(jfi)
1
5/ (18'(0) Vol IDR(@0)| IV2K; = V2Ri| + | DR(&2) — Dh(@®)][V2Ki])
0
+ 8|1V - Dh(@0)| IV2R; = V2Ki| + IDh@)[V*K; — VKi|

+ V3K [DR(@2) = Dh(@)| + V2K | [V - (Dh(&,) = Dh(@))]]) [l ds.

Here, |-| is an arbitrary vector, matrix or tensor norm, depending on the argument.
With the Holder inequality, the regularity of (o, ¢, x), in particular p € WI% o1 Q1) —
L0, T; WhP(£2)) N LP(0, T; W>°(£2)), and the Lipschitz properties of 4 and K
we deduce

1716 @)lLr(0r) < Ce (Cp +4) Ch Co 21+ Co I 12 0,722,

= o(|lx; l oo 0, 7:R2))-

The differentiability of e> can be shown with similar arguments. The Taylor formula
yields

er(p+p, ¢, x;u) —ex(p, d, x; u)
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= EVE+PBW) - n+ Xagon P

+ &' (p) P h(®@)-n+ /Ol(g’(p +5p9) — &' (p) Ph(P) - nds,
ep, ¢+ ¢, x;u) —ex(p, ¢, x;u)

= g(p) Dh(®)V - n + /0 1 2(p)(Dh(®y) — Dh(®))V¢ - nds,

exp, ¢, x +X;u) —ex(p, ¢, x;u)
= —g(p) Dh(®) V2K (- — x)X; - n

1
—/ 2(p)(Dh(®y) VK (- — x; — %) — Dh(®) V2K (- — x;)) Xi - nds,
0

and it remains to estimate the remainder terms, i.e., the last terms on the right-hand
sides of the previous equations. We abbreviate these terms by 2 ,(p) - n, 12,6(@) - n
and r x (X) - n, respectively.

First, we show [[r2 ,(p) - n|| 1=1/p1 210D (5 = 0(||,0||W2 "Or )) We wish to

apply the trace Lemma 2.3, for Wthh we have to show the requlred time and space
regularity of the extension onto Q7. First, note that there holds

172,00 | Lo 0,7: w1 (2)) = (llo] w210 4.5)

which can be concluded from the same arguments as in (4.4). Moreover, for the time
derivative we show

1
0r2,0(P) = /O ([(g”(p +50)—&"(p) 0p+ 58" (p+sp) 0 P1P h(P)

+ (&' (o +50) — &' (p) (3D h(P) + ,331h(<1>))) ds
and with the usual arguments we obtain for s~! =271 4 p~!

~2 _ ~
||r2’p(ﬁ)||W1.S(0’T;Lp(9)) < COO Cg Ch (3 + Cp) ”p”W[%’l = O(H'OHW;%’I(QT))

(4.6)

(Qr)

With the estimates (4.5) and (4.6), the embedding
LP(O, T; WP (2)) n W (0, T; LP(2)) — Wy ' *(0r) (4.7)
and the trace Lemma 2.3 we deduce
72,5 (P) 'nIIW;—l/p.l/Z—l/(zm(ET) = 0(|I5IIW§.1(QT)),
which implies the differentiability of e, with respect to p.
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To show an estimate for 7, ¢ (@) -n we proceed in a similar fashion. With analogous
arguments we deduce the estimates

195,72.6 @07 < CIVGIT oo w2y

13726 (@) |5 0.7:27 01y < C (Cp IVI3 (0, + 13Vl Lror) VD L(0r)
0n)
and exploit again (4.7) to arrive at
||”2v¢(‘$)”w,l’”"’”“”z”)(zr) = Ol Leo,7:w2r (2 + 18l wiro.7:w1r (2)):

which confirms the differentiability of e, w.r.t. ¢.

An analogous procedure is used to deduce an estimate for the remainder term
r2.x (X) - n. For each direction ¥ = (0,...0,%;,0,...0)T,i = 1,..., M, a direct cal-
culation taking into account Lemma 4.1 and the Lipschitz continuity of the derivatives
of K and h yields

195,725 ) Lr7) < C 1Kl o0 0 752

= ~ 12
[10r72,x )l Ls 0.7:Lr(2)) = C I Xilljy1s 0. 7.r2)-

Using again (4.7) and the trace Lemma 2.3 leads to
2. ) - nlly1-vpar2iyep 5 ) = OUF ws 0,7:82)s

which proves the differentiability of e; w.r.t. x.
The component e3 is trivially differentiable. For e4 we show

es(p+0,¢,x) —es(p, ¢, x)
_ 2@ P [ (2f 45D f'o+sP)  2f(0) f'(P) ) <,
TP +8)2” +/0< (f(p + 5P + 822 (f(p>2+52)2) >
ea(p, b + b, x) — ea(p, d, x)
=81A¢ + 2V Ve + |V,

Again, we denoteNthe remainder terms (the terms which are nonlinear in p and 5) by
ra,p(p) and r4 ¢ (¢). We show

lra,6 @)l 0,7:L02)) < CIIV 707 < CIBI o0 1. w20 (2
10:74.0 (DI oo, 7:wir(2y5) = CUVPl Lo, 7:wir2)) 19:VOllLr(or)-

and both estimates together imply
74,6z, = OUlPlly,)-
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With similar arguments we can show the differentiability of e4 with respect to p.
Finally we consider es, which is nonlinear in p and x;. We confirm by a simple
computation that

es(p+p. ¢, x;ust) —es(p, , x;u;t)
t
=/0 Pz, xi (1)) p(r, xi (v)) u; () dt

1 t
+ /0 /O S0 F 3P xi (D)) — B 1)), (1) i (7) de ds,
es(p, ¢, x +X;u;t) —es(p, ¢, x;u;t)

t
=X (t) — /0 f (o, xi () Vo(z, xi (1)) - X (v) u;(r) dt
1 pt
- /0 /0 (f/(ﬁ(‘f, (x; +sX)(1)) Vo(r, (x;i +s%)(1))

— [/ (BT 3 (D) V(. x1(1)) - B (x) i (x) de ds

for¥=(0...%5...0T,i=1,..., M. Again, the remainder terms (the terms depend-
ing nonlinearly on 5 and X in the above equation) are denoted by rs ,(p) and r5 x (X).

Using the Lipschitz continuity of f’, assumption (C1) and ||p|| Lo@®2) = llplles)
(see Lemma 2.4), we obtain

~, 2 ~2 ~
|"5,p(,0, t)| = Cf CE,oo ||p”L2(O,T;L°°(.Q)) = 0(||p||W£1(QT)) (4.8)

With similar arguments and the Holder inequality with 1/s > 2/p we deduce for the
temporal derivative of 75 ,,

10; 75,5 ) s 0.7:R2)

1
= /(; ICF (o + s xi () = f1BC 2 (N BCxi () i Ol s 0,7:m2) ds

12 2 ~n2 _ ~
<Cy ”p”Lp(O,T:Loo(RZ)) <Cy CE,oo ||p||Lp(0,T;LOC(Q)) = O(”’O”W,%‘I(QT))'
For the remainder term rs_ (¥) with ¥ = (0, ...0,%;,0,...0)T we show

Irsx (X; 1)]

= ||)7i||L00(o,T;R2)'
1 t
'/0 /0 (If/(ﬁ(n (xi + X)) — f'PT, xi(ONIVD(t, (xi + 5 ) (7))

+ 1/ B i (ONINVD(T, (xi + 5 %) () — Vo(T, Xi (T))I) drds.  (49)
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Using Lipschitz estimates for f’ and the mean value theorem we conclude

If'(@(z, (i + s %)(0))) — f'((z, x:(1)| = C Lip(p(t, ) |%; (7))

< Cr Cellp(, My 1T @,
(4.10)

IVo(r, (xi +5%) (1) — Vo(r, % (D)) < I1VD(T, )l cow ey [Xi (D)

= Cellp(z, )wzr(e) |X: (T)[*.
(4.11)

In the above estimates we used [[pllco1rzy =< [[Pllcre(p). the continuity of

E: Cl'_“(ﬁ) — CL%(R?), see Lemma 2.4, and the embedding W2P(2) <
C19(£2), which is valid for o € (0, 1/2] due to p > 2.
The insertion of (4.10) and (4.11) into (4.9) yields

~ — - ~ ~ il
lrs.x (¥: )| < CE Cy C, max{t'=2/7 1=1/7} (cp 1% 17 0o 0,752y + ||x,-||Lt§‘(0,T;R2))

= o(|IXi | L (0, 7:72))-

The above also uses an application of the Holder inequality in time and 2/p < 1.
Finally, the Holder inequality in time with 1/s = 1/2 4 1/p yields the estimate

19:75.x CE) I 13 0.7 R2)
= C/(IPC, G + 55D () = C, 5 (Dl 2o,y IVBC, @i+ s T lero.n)
+ 17, % (D) 20,1y | VA (i + 5 F)()
= VBC 5O, ) 1%l 0,738

= 0(||)7i||L00(o,T;R2)),

where the last step follows again from (4.10) and (4.11). This confirms the partial
differentiability of es.

Collecting the previous estimates proves the partial Fréchet differentiability of the
operator e. Based on the properties of f, h and ¢g using again Lipschitz continuity
and boundedness, the operators d,e, dpe and dy; e depend continuously on (p, ¢, x),
which implies the continuous Fréchet differentiability. O

Next, we show that the operator dye(y, u) is invertible.
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Lemma 4.3 The operator dye(y; u) is bijective. That is, given'y = (p, ¢, x) € YV and
= (Fi,..., Fs)T € Z, the system dye(y,u)y = F given by

p—eAp—V- (pﬁ(y)+p&yy)i) in Qr,
(eVo+pBY)+p /Z(yy)y) n+ xagonp =F, onXr,

p0)=F3 inS2,
2f(p) f'(p) 5
(f2(p) + 82)?
t
Xi (1) —/0 £/ (@(s, xi (D)) (VD(s, xi () TX: () + (s, xi (5))ui(s) ds = Fs; (1),

(4.12)
fort € (0,T)andi =1, ..., M, possesses a unique solutiony = (p, ¢,x) € ).

~81 Ap +2Vp VG + =Fy inQr,

Proof The strategy of the proof is to apply Banach’s fixed point theorem to the linear
system (4.12) to avoid technicalities that arise from the fact that X (r) depends on g
non-locally in time. To this end, we introduce three solution operators.

First, there is F,: ) — WI%’I(QT) which maps ¥y = (p, a, X)top € WI%’I(QT),
which is defined as the solution to

00— AP =V - (GPW) +0 H2F = A in0r.
(8V0+pﬂ(y)+p&) n+ xaoonp =F» on X, *13)

p(0)=F; in£2.
Second, we define the operator
2,
Fp: Wol(Qr) — L®0, T: Wb (2)) N H' (0. T: H'(2)).
which maps p to the solution ¢~> of

~ ~ 2f(p) f'(p) ~ .
—§61A 2VeTV ——— o =F , 4.14
14¢ +2V¢ ¢+(f2(p)+82)2'0 4 in Q7 (4.14)

together with the boundary conditions (1.5) (these are incorporated in the function
space).

Third, we introduce Fy: W,%’l(QT) — W0, T]; R")M mapping 5 to the
solution ¥ = (X1, ..., xy)T of

!
Xi(t) = /o TP, xi (D)) (VD(s, xi ()X () + B (s, xi())ui (s) ds + Fs i (1),
fori=1,..., M.
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The idea of the proofis to apply Banach’s fixed point theorem in the space Wg 1 (Or)
to the operator

= F(p) = Fp(F. Fs(P). Fe(P)). (4.15)

As the operator F is affine, it suffices to show the boundedness of the linear part of F
by a constant smaller than 1, which will imply that F () is a contraction.

Step 1: Estimate for F. Due to ¢(¢) € W2P(2) — Whe(2) for p > 2 and
aa.te(0,7), we confirm that V¢ € L*°(Q7) holds. Moreover, taking into account
feWh®@R)and p € WP (Qr) — L®(Q7), we get

2f(p) f'(p) ~ .
I 5 Ol rier@) <2Cr Cpd,y 2 lollLoeo,7;Lr(2))-

(f2(p) +82)

From Thm. 3.17 in [49], see also Prop. 2 in [41] for an application to the linearized
Eikonal equation, we then deduce that the problem (4.14) possesses fora.a.t € (0, T')

a unique solution ¢~> (1) € WI%I’S(Q), which fulfills the inequality

PNl Looo.7:w2r(2y) < CUIPNL20.7:L0(2)) + | FallLoo.7:Lr(2)))- (4.16)

Furthermore, formal differentiation of (4.14) with respect to time and exploiting
8 Fy € LP(0, T; WhP(£2)*) yields

19: @1l Lo 0, 7:w1.r(2))
< CUIPNy21 gy + 1 FallLe.r:Lri2) + 10 Fall oo, 75w 2y)-
4.17)

In the second estimate C may depend on T, via norms of d;¢, 9;p, etc.. Since this
implies that C is decreasing when 7 is decreasing, this does not affect the contraction

argument.
Step 2: Estimate for Fy.Next, we show the boundedness of the solution operator Fy.
To this end, we define C,,(7) := [|p(z, )|l w2r () and deduce from the last equation

in (4.12), using the Holder inequality with 1/p 4+ 1/¢g = 1 and the continuity of
E: W2P(2) — C'*(2) — C1*(R?), see Lemma 2.4:

t
1% (0] < /0 £/, i) (VB 2 ()i (5) + Bs, % (5)) ) i )] ds + |, (1)
t
< Cy Ci Cool fo Cp(®) (% ()] ds + 1 Blly21g,)) + IFs.illLe ..

Due to the Gronwall inequality we obtain

t

%] < (Cr Ce Coot " 1Bly21 g,y + I F5.illL0.0) exp(C Ce COO/ Cp(s)ds).
’ 0
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. t 1 .
We can further estimate fo Co(s)ds <t 4 p|| w20, The constants depending

only on input data and the linearization point p are shifted into the generic constants
¢, C, which depend on T in monotonically decreasing way only. This implies

~ -T1/4 ~
1%l < Ce TV NBl 20 o, + I FsillLer)- (4.18)

From now on we will choose T > 0 sufficiently small such that C 7'1/4 T 1,
Furthermore, we can show L*-regularity for the time derivative of X;. From the
classical formulation of the ODE and the usual Holder arguments we deduce

X (O] = 11/ (P, xi () (VD xi (1) F; (1) + B, xi (1)ui () + F5(0)]|
< Cy Ce(C, (1) % ()] + C5(1)) + | F5.i (1)

fora.a.t € [0, T']. Taking the L* (0, T'; Rz)-norm yields, after insertion of the estimate
(4.18) and an application of the Holder inequality with 1/s = 1/2 4+ 1/p,

~ i 1/2 ~ ~
|Ix; ||W1,S(O’T;R2) < Cf CeT (”p”ng(QT) [|x; ||L°°(O,T;]R2) + ”p”W;I(QT))
+ 1 F5illwiso,7;R2)

~ T/
< CT2 BNy 21 gy + (L Ce T DI Fs il oy (4.19)

Q1)

Step 3: Estimate for F,: Next, we consider the solution operator of (4.13). By
Lemma 3.2 we have the a priori estimate

1PN y21 0,y = C|:||F1||LP(QT) Iy -vpaz-ven g + 1 F3llw2a-un.e @)

_ 3
+ V- (@B + pM%IIu(QT)

~ IB(y)
+ 10 BY) +p yy Y) -1+ Xoso 11 Blly1-vpir-ie gy |- (4.20)

It remains to discuss the last two terms on the right-hand side. First, we confirm with
the product rule, the Holder inequality and Lemma 4.1 that the estimate

IV - BBONLror < Ch TYPUIVE f(0) + B f' () VollLso.r:Lry + 17 £ () lL=cor)
p 5
< CTYIPlya1 0, (4.21)

holds. Note that we also explmted regularity results for the linearization point, more
precisely, f(p). p € Wy (Qr) = L®(0,T: WIP(2)) = L®(Qr) (see (2.4)),
¢ € L*0,T; WZP(£2)), and the assumptions on f, h and ¢g.
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Next, we show an estimate for the term involving p -+ ’3 (y )y y and we study all partial
derivatives of § separately. For the derivative with respect to p we get

IV 0222 Pluron
=V -(p f'(p) Bh(®)IlLror)
<Cp(lpVo (f'(©)+p f"(P)+ 0 VD f'(P)lLromn
Bllp f(p) PllLro,1:L(2))

< TRl 2 (4.22)

(Qr)’

where the last step follows from the Holder inequality, f € W (R), Lemma 4.1
and the embedding Wg’l(QT) — L%®0,T; WhP(2)) — L*(Qr), taking into
account the regularity of the linearization point (p, ¢, x).

For the terms involving % we first confirm by a simple computation

(D) ~
¢

¢ = Dh(®)V§.

This implies with the product rule

V- 0 D)

<llg'(p) Vo - (DR(®) V) +g(p) V - (DR(®) VP)llLr(or)  (4.23)

with g(p) := p f(p) and g'(p) = p f'(p) + f(p). Due to ¢ € L=(0, T; W>P(£2))
and thus, V¢ € LX00, T; WP (£2)) < L®(Qr),aswellasVp € L0, T; L?(2))

and Lemma 4.1, we get for the first term on the right-hand side of (4.23)

lg'(0)Vp - (Dh(®) V)l Lr (o)
< TP Cy ChlI Vol m:Lr@2n I VllL=0r) < C TP 1161l oo, 7w (2))-

To bound the second term in (4.23), we insert the identity
V - (Dh(®)V¢) = (V - Dh(®)) - V$ + Dh(®) : V?*$
and obtain, together with the bounds for D#, from Lemma 4.1

lig(0) V - (Dh(®) V)l Lr(0r)
< Co Ch TP (IV@llLoor) + IV2llLo0.7:0(2)
<C T'/P ||¢N7||L00(0,T;W2,p(g))'
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Insertion of the two previous estimates into (4.23) then yields

B (y) ~

V- (p W‘f’)”L"(QT) < CTYP @l po.r:w2r(2)- (4.24)
The derivative with respect to x;, i = 1, ..., M, is handled using the chain rule,
Lemma 4.1 and assumption (K2), leading to

ﬁ()

xz)”LP(QT) = |V - (g(p) DI(®) V2K (- — x) %)l Lr(0p)

< CTYP % | pooco.17:R2)- (4.25)

V- (p

The estimates (4.21), (4.22), (4.24) and (4.25) give an estimate for the fourth term in
(4.20), namely

~ ad ~ -
V- (0B + Pg—(j)J’)HLP(QT) <cT'/P 17y- (4.26)

It remains to show the boundedness of the fifth term in (4.20) and we apply a trace
theorem as in the proof of Lemma 4.2, see (4.7). This requires us to show appropriate
bounds in the L?(0, T; WP (£2))- and W'5(0, T: LP(£2))-norms.

First, when replacing V- by an arbitrary partial derivative dy; in the previous con-
siderations, we get analogously to (4.26)

0B(y) ~

o BY) +p ay ——Yllero.m:wir)y = C VP |51y (4.27)

Furthermore, we study the temporal derivative of the expressions occurring in the fifth
term of (4.20). The Holder inequality and Lemma 4.1 yield

10: (0 BN Ls0,7: 7 (2))
< T35 £ (p) k(@) ILrcor)
< CrCh T'2(10:8llLrcor) + 181 L=0r) (13:iplILr(0r) + D)
< CfChCoo (Cp + D T2l 2

(91)°
For the term involving ’3 (y )5 22 we get
B (y)
h(p——p
9 " lsrLr@)

< T2 ,(p f'(0) FR@) e o)
< Cf Ch T1/2 (2 ||at,0||LP(QT) ||5||LOO(QT)
Dllelewr U9:pllLror + 121lL@r)

<C;CpC,CoT? 1Bl w2107
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For the term depending on %gby)a we obtain

B (y) ~ -

¥ (p —==¢) < T2 13,(g(p) DR(P) V)l Lr (01
d¢ L5 (0.T:LP(2))

< Co Ch T2 (13 pllLrop) + DIVEIL(or) + 13Vl Lr (o)

< Co Ch+ Co) T2 (1]l oo o, 7 w2 )y + 101l oo, 75 w0 (2)-

Finally, for the derivative with respect to x; we derive

0B(y) ~
9 (p ——=X;)
dx; L3(0,T;LP(2))
= ||13;(g(p) Dh(P) VK (- — x:) ¥) |l L+ 0.7 L0 (2))

< Cy Cp Ck Cx((Cp + D) TV |% | Lo 0. 7:82) + 2 I lws 0.7::2))-

The previous four estimates and an embedding yield the desired property

- B~
pﬂ(y)+p$y
y

5 B ~
p By +p B—y
y WLs(0,T;LP(£2))
< T2y, + 18lly,) + C I1F|ly;.
(4.28)

<C
W1/2:p(0,T;LP (£2))

Next, we may combine the estimates (4.28) and (4.27) and apply the trace
Lemma 2.3 to arrive at

G0+ LD 0k xeaon
dy O lwi-vear-en g,
< CTY7(15ly, + 18ly,) + ClIF ]y, (4.29)

From the estimates (4.26) and (4.29) we deduce that there exists a unique solution
pE W,%’l (Qr) of (4.13). Moreover, together with (4.20) using p > 2, we obtain for
sufficiently small 7 > 0 the a priori estimate

”'OHWI%I(QT)
= (TP (Bl + 181y + 1l y,

+ 1 Filleror) + ”F2”W,],_]/""/Z“/a”’(zw) + ||F3||Wz<|-1/p),p(9)). (4.30)

Step 4: The fixed-point argument
Now, we can combine the estimates (4.16), (4.17), (4.19) and (4.30) to deduce the
continuity of the operator F(p) = F,(p, F(p), Fx(p)). This gives the estimate

IF@lyzi gy < CIFIz +CT 1By,
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forT < 1.

As F is an affine linear operator we directly conclude the contraction property
provided that T is sufficiently small. Thus, Banach’s fixed-point theorem provides the
existence of a unique solution p € Wg’l (Qr) which can be extended to an arbitrary
time-scale with a concatenation argument.

The regularities of the corresponding potential 5 and the agent trajectories X;,
i=1,..., M, follow from (4.16), (4.17) and (4.19).

The previous two lemmas, together with the implicit function theorem, imply the
differentiability of the control-to-state operator. The derivative in a direction # €
L>®(0, T; R%)M can be computed by means of

ey(y,u)y = —eu(y, u)u.

We summarize the final result in the following theorem.

Theorem 4.4 The control-to-state operator S: U — Y is Fréchet-differentiable and
Y = S'(u) u for given u € U is characterized by the unique solution of

p—eAp
B, o, x) . B(p,d.x)~ B(p,d,x) .
_v.(ﬁﬂ(p,qs,xwp( PO Dy B2 28 x)x>>20’
20050

—81A¢ +2V¢ -V + =0,
149 T 2V0 VO F Tty 102"

X — £/ @Cx)) (VPG x) % + BC.x)) ui = f(BC. x)) T
(4.31)
fori = 1,..., M, together with the boundary conditions (1.5) and homogeneous
initial conditions

0:,00=0 and X;(0)=0, i=1,..., M.

5 Optimal Control Problem

In this section we come back to the optimal control problem outlined in Sect. 1.1. We
consider objective functionals of the form

o
T, x5 0) =W (p, 6,3 + S el oy (5.1)

where « > 0 is a regularization parameter and the functional ¥ : ) — R fulfills the
following assumption:

(J1) The functional ¥: Y — R is weakly lower semi-continuous and bounded from
below on {(p, ¢, x) € V: p >0a.e.in O7}.

The assumed weak lower semi-continuity is fulfilled, e.g., when ¥ is convex and
continuous. As the density part p of each solution of the forward model (1.9) is non-
negative it suffices to assume boundedness of ¥ on a subset only.
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We consider the following optimal control problem:

Minimize J(p, ¢, x;u) where (p,¢,x;u) €Y xU
subjectto (p, ¢, x) = S(u) 5.2)
and u € Uyg.

The set of admissible controls is defined by
Uad = {u e Ullluillp=,ry < 1fori =1,..., M}.

This general framework covers in particular the two applications mentioned in
Sect. 1

With standard arguments, see, e.g., Ch. 4.4 in [50], (J1) and Lemma 3.9 imply the
following existence result for (5.2).

Theorem 5.1 Let assumptions (Al)—(A4), (K1)—(K2), (CI) and (J1) hold. Then prob-
lem (5.2) possesses at least one global solution u™* € Uyy.

Moreover, with the properties shown for S in Sects. 3 and 4, in particular the
Fréchet differentiability, we may deduce the following first-order necessary optimality
condition, which is a direct consequence of the chain rule applied to the reduced
optimization problem with objective j(u) := J(S(u); u) and subject to u € Uyg:

Theorem 5.2 Let assumptions (Al)—(A4), (K1)~(K2), (C1) and (J1) hold. Then each
local minimizer (y*, u*) € Y x Uyq of (5.2) fulfills

(W' (y*), 83)yexy + % ", 8u) 10y = O forall Su € Ty, ("),

where y* = S(*) and 8y = S’ (u*)du and S’ is characterized by the system from
Theorem 4.4. Moreover, Ty, ,(u*) denotes the tangent cone to Uyq at u*.

The optimality conditions from Theorem 5.2 can be rewritten by expressing
(W' (y*),8y)y+xy in terms of a suitably defined adjoint state. This then serves as
the starting point for gradient-based optimization methods. Such methods, as well as
appropriate discretization of the forward and adjoint systems and numerical results
will be discussed in a forthcoming publication.
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A Auxiliary Results

First we present the proof of Lemma 3.3. It is based on choosing derivatives of the
solution as test functions and a Galerkin approximation as well as the uniqueness of
weak solutions, see also Ch. III, Sect. 6 in [42].

Proof of Lemma 3.3 Existence in L2(0,T; H'(£2)) N H' (0, T; H'(2)*) follows
by a standard Galerkin approximation. To this end we introduce oV (¢,x) =
ZzNzo d; (t)pi(x), where (¢;)ien is an orthonormal basis in H'(£2) which is also
orthogonal w.r.t. L%(£2). The coefficients satisfy d; (0) = (po, @i) g1 (s)- Choosing
p" as a test function results in

L
f d—/(,oN)zdtdx+£/ Vo™ drdx
0 tJg or

< / VoNllg(eM hldrdx —n [ (o) dr ds,
or o
1
< f/ |V,oN|2dtdx+—/ 12(p™) h|? dr dx, (A1)
2 or 2e or

ie.
1o e o.7: 2202 + 1VOM 220059 < CURN 20 7: 1202y + IP0lL2(2))s  (A2)

where we used ||pV (., Ollz22) = Cllpoll2()- This readily implies that oV s
bounded, uniformly in N, in

L20,T; H'(2) N HY(0, T; H'(2)*) N C([0, T]; L*(2)),

see, e.g., Ch. 7.1.2, Thm. 2 in [29]. A subsequent application of the Aubin-Lions
Lemma (Thm. I1.5.16 in [10]), ensures the convergence of pN strongly in L2(QT) to
p and thus the convergence of the nonlinear term

/g(pN)h-VEdtdxe/ g(p) h - VEdrdx
or or
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as N — oo which follows by dominated convergence, noting that g(p™) h - V& is
uniformly boundedin L' (0, T; L' (£2)). Hence the limit satisfies the weak formulation
(3.10).

To show uniqueness, assume that there are two solutions p; and p;. Testing each
equation with p; — po, integration w.r.t. to ¢, and using the Lipschitz continuity of g
together with an application of the weighted Cauchy inequality yields

1 2 € 2
5/ (p1(t, ) — p2(2,)) dx+§f [V(p1 — p2)|” dr dx
2 (o

1
< 2—||h||L°°(0,t;L°O(.Q))/ (p1 — p2)*drdx — 77/ (p1 — p2)* dr ds,
P 0 =

D.t

fora.a.t € (0, T'). As the last term on the right-hand side is non-positive, the unique-
ness follows from Gronwall’s inequality as both p; and p; have the same initial datum.

To show the additional regularity, we choose, for finite N, the test function E),,oN
and integrate w.r.t. time. We obtain

0, )2 dr dx + g/ VoV . v@,pN)drdx — | g(o™)h-V(@,p")drdx
O O O
(A.3)
=— / pn 0oy df dsy. (A4)
p.a

For the second term on the left-hand side we have

d
Ef VpN-V(a,medx:ff —/IVpN|2dtdx
. 2 0 dr Jo

&

prN(t,-)Fdx—f/ V" (0. x)* dx,
2 Jo 2 Jo

while for the third one, integration by parts in time together with the (weighted)
Cauchy’s inequality gives

- / (™) h -V (3pN)dr dx

O

- / 90 (oM k- Vo dr dx

Qs

1
+ f g(p™) dh - V" drdx — f 1g(p™) - V" dx,
(0 2
Lo w2 Lo N2 N2
S 5”8110 ”LZ(O,T;LZ(Q)) + E(Hg (IO )h”LOO(O)T;LDC(Q)) + 1)||V10 ”LZ(O,T;LZ(Q))

e 1
+18G0™) 20,1, 1202y + VO™ (0 )2y + Eng(pN)hniw(o,T;Lz(m)
+1lg(p(0, )™ h(0,) V" (0, )72 -
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The term on the right-hand side of (A.3) becomes
—n/ pn O oy di ds, = —ﬂ/ (o™ (1, x))* dx + ﬁ/ (N (x, 0)* dx.
b 2 2 2 Q

Combining all these estimates, an application of the trace theorem applied to
lloll22(520) and using

1™ C O g1y < ool oy

yields

1 N2 € N2
E”atp ”LZ(O,T;LZ(Q)) +Zl|vp “LOO(O,T;LZ(.Q))

< Cloy 1310y + < IVOM 12200 721202y + 95 (A.5)

where

1
c= E(”g/(pN) h”%w(O,T;LOO(Q)) + D),
C = llg(p(0, )™ h(0, ) (0);

d = 218G™) 312 7.2y + 2= N80™ I 22))"
2 L*(0,T;L*(2)) ' 4¢ L%®(0,T;L*(£2))

Using (A.2), we can estimate the second term on the right-hand side which yields
the desired regularity for p"V. We also infer the existence of a weakly converging
subsequence in L>(0, T'; L?(£2))NL>®(0, T; H'(£2)) which, by the weak lower semi-
continuity of the norms, yields the bound also for the limit p. Reinserting this into
(A.5) yields the assertion.

We also state the definition of Carathéodory conditions.

Definition A.1 We say that a function r : Q7 — R? satisfies the Carathéodory con-
ditions whenever

e for each fixed x € RY, the function 7 — r(z, x) is measurable,
e fora.a.r € [0, T], the function x — r(¢, x) is continuous,
e there exists an integrable function m s.t.

|r(t,x)| <m(t) forall x € 2 and a.a.r € [0, T].

LemmaA.2 Recall that ¢, is a standard mollifier. For given p € L*(0, T’ LY (),
the function p, = @, * p is Lipschitz continuous in x with the Lipschitz constant
depending on 'y and ||p|| 11 (o) € L™(0,T), only.
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Proof By definition, ¢, is Lipschitz continuous and we denote its Lipschitz constant
by L, . Then, fora.a. t € (0, T'), we have

10y (£ ) = o (1, )] < /Qlfﬂy(x — D=y~ Dot D dz

<L, /9|x —Yllp@, 2)ldz = Lyllp(t, )llp12)lx — yl.

Lemma A.3 [Compactness of ¢, | Fix2 < p < oo and denote by (py, )i € W,%’l 07)
a bounded family of functions, i. e. there exists a constant C,, independent of y, s.t.

”p}/k ” WI%I(QT) S Cp-

Denoting by ¢y, the sequence of solutions to (1.9b) with p,, on the right-hand side,
there exists an element ¢ € LP(0, T; WP(2)) and a subsequence, again denoted
by ¢y, s.t.

by — ¢ in LP(0, T; WHP(2)). (A.6)
Proof Instead of (1.9b), we work with the transformed version (3.6) and denote its
solution by v,,. We seek to apply a variant of the Aubin-Lions Lemma, introduced in

[48], where instead of time derivatives we have to control finite differences in time.
Indeed, as WP (2) << WP (), it suffices to show

T—h
To this end, note that the difference v, (z + h, -) — ¥, (¢, -) satisfies the equation

AWy (t+h, ) =¥y () +q Wy 1, ) =Y (1, ) = (L= (1, ) (Gr4n — 1),

with boundary conditions (3.6) and the corresponding a priori estimate

1y (& 4 h. ) =¥y ) lwie 2y = CCONGin — GillLr2)-
This yields

T—h T—h
/O Wy (¢ + ) = Yy (8, Iy A = C/o 40 () = @Ol d
(A7)
To estimate the right-hand side, note that o, € wbhr(0, T; LP(2)) — C%/2([0, T71;
L?($2)), and thus there exists a constant L ,, depending only on Cy but not on y, s.t.
forall t > 0 and h > O satisfying t + h < T, the inequality

oyt +h,-) = py (2, L2y < Lovh
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holds. The definition of g, in (3.4) then directly implies

Ig+1 () = @ () lLec2y < CLoNh,

which, when inserted into the right-hand side of (A.7), yields

T—h
| b =0 0l 0 0 = L) (T = PP,

Since 2 < p holds, this is the desired estimate. Thus, Lemma on p. 1011 in [48]
ensures the existence of a subsequence that strongly converges in L? (0, T; W17 (£2)).

By inverting the transformation (3.5), the result for ¢, is obtained. O
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