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Abstract: In this paper we study double phase problems with nonlinear boundary condition and gradient
dependence. Under quite general assumptions we prove existence results for such problems where the per-
turbations satisfy a suitable behavior in the origin and at infinity. Our proofs make use of variational tools,
truncation techniques and comparison methods. The obtained solutions depend on the first eigenvalues of
the Robin and Steklov eigenvalue problems for the p-Laplacian.
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1 Introduction

Let @ ¢ R, N > 1, be a bounded domain with Lipschitz boundary 00Q. We consider the following double
phase problem with nonlinear boundary condition and convection term given by

~div (|Vu|p’2Vu + y(x)\Vu|q’2Vu> = hi(x, u, Vu) in Q,
(1.1)
(|Vu|p’2Vu + y(x)|Vu|q’2Vu) v =hy(x,u) on 0Q,

where v(x) is the outer unit normal of Q at the point x € 02,1 <p <q<N,0<u(-) € L'(Q)and h;: Q xR x
RN > R as well as h,: 02 x R > R are Carathéodory functions which satisfy suitable structure conditions
and behaviors near the origin and at infinity, see Sections 3 and 4 for the precise assumptions.

The differential operator that appears in (1.1) is the so-called double phase operator which is defined by

—div <|Vu\p_2Vu + y(x)|Vu\q"2Vu> foru e wH(Q) (1.2)

with an appropriate Musielak-Orlicz Sobolev space WLI(Q), see its definition in Section 2. Note that when
inf5 u > 0 or u = 0 then the operator becomes the weighted (g, p)-Laplacian or the p-Laplacian, respectively.
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The energy functional J: W7((Q) > R related to the double phase operator (1.2) is given by

Jw) = / (IVulP + u(0|Vul) dx, (1.3)

Q

where the integrand has unbalanced growth. The main characteristic of the functional J is the change of
ellipticity on the set where the weight function is zero, that is, on the set {x € Q : u(x) = 0}. Precisely, the
energy density of J exhibits ellipticity in the gradient of order q on the points x where u(x) is positive and of
order p on the points x where u(x) vanishes.

The first who introduced and studied functionals whose integrands change their ellipticity according to
a point was Zhikov [37] (see also the monograph of Zhikov-Kozlov-Oleinik [38]) in order to provide models for
strongly anisotropic materials. Functionals stated in (1.3) have been intensively studied in the past decade
concerning regularity for isotropic and anisotropic functionals. We mention the papers of Baroni-Colombo-
Mingione [3-5], Baroni-Kuusi-Mingione [6], Byun-Oh [7], Colombo-Mingione [9, 10], Marcellini [21, 22], Ok
[25, 26], Ragusa-Tachikawa [33] and the references therein.

In this paper we are going to study problem (1.1) concerning multiplicity of solutions. In the first part of the
paper, see Section 3, we prove the existence of a nontrivial weak solution when the function h; depends on the
gradient of the solution. Hence, no variational tools like critical point theory are available. We will make use of
the surjectivity result for pseudomonotone operators where in the proof the first eigenvalues of the Robin and
Steklov eigenvalue problems for the p-Laplacian play an important role. In the second part of the paper we
will skip the gradient dependence and prove the existence of two constant sign solutions, one is nonnegative
and the other one is nonpositive. Here, we need some stronger conditions on the nonlinearities, for example
superlinearity at +oo. Again, the solutions depend on the first Robin and Steklov eigenvalues, respectively. We
will see that the Steklov eigenvalue problem is the more natural one for problems with nonlinear boundary
condition than the Robin eigenvalue problem.

There are only few works dealing with double phase operators along with a nonlinear boundary condi-
tion. Papageorgiou-Vetro-Vetro [29] studied the Robin problem

—div (a(z)|Vu\p’2Vu)) —Aqu + E@)|ulP%u = Mf(z, u(2)) in Q,

1.4)
ou p-2.. _ (
a—ne+ﬁ|u| u=0 on 04,

where 1 < g < p < N, ¢ € L*(Q) is a positive potential, a(z) > 0 fora.a.z € Q and

ou

ou
ong n

= [a(2)|VuP~? + \Vu|q’2]a—
with n(-) being the outward unit normal on 0Q. Under different assumptions it is shown that problem (1.4)
admits two nontrivial solutions uy, iI; € W7(Q) for small A > 0 such that ||u;||1,5¢ 2 +oo and ||i1;||1,5¢ 2 O
as A > 0. In Papageorgiou-Radulescu-Repovs [28] the authors proved the existence of multiple solutions in

the superlinear and the resonant case for the problem

—div (ao(z)|Vu|p'2Vu)) - Agqu + E@ulP*u = f(z, u(2)) in Q,

ou p-2
— =0 00,

ong +Blul’ “u on

where 1 < g < p < N and with a positive Lipschitz function aq(-). Note that our assumptions and our treatment
differ from the ones in [28] and [29]. Also, we allow that the weight function could be zero at some points.

Recently, Gasifiski-Winkert [17] considered the problem

-div (|Vu|p’2Vu + y(x)|Vu|q’2Vu) = fO,u) = [ufP2u - u()[u|??u  in Q,
(1.5)
(|Vu|p'2Vu + ;u(x)|Vu|q'2Vu) -v=g(x,u) on 0Q.

Based on the Nehari manifold method it is shown that problem (1.5) has at least three nontrivial solutions.
We point out that the proof for the constant sign solutions in [17] is based on a mountain-pass type argument
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and so different from the treatment we used in this paper. Very recently, Farkas-Fiscella-Winkert [13] studied
singular Finsler double phase problems with nonlinear boundary condition and critical growth of the form

—div(Aw)) + v’ + uOu?! = uP 1y A (u”’l +g1(x, u)) in Q,
Aw)-v=uP"t+g,(x,u) on 00, (1.6)

u>0 in Q,
where
div(A(w) := div (FP" (VW VF(Vu) + pu(x)F? (Vu)VF(Vu))

is the so-called Finsler double phase operator and (R", F) stands for a Minkowski space. The existence of one
weak solution of (1.6) is proven by applying variational tools and truncation techniques.

For existence results for double phase problems with homogeneous Dirichlet boundary condition we
refer to the papers of Colasuonno-Squassina [8] (eigenvalue problem for the double phase operator), Farkas-
Winkert [12] (Finsler double phase problems), Gasifiski-Papageorgiou [14] (locally Lipschitz right-hand side),
Gasinski-Winkert [15, 16] (convection and superlinear problems), Liu-Dai [19] (Nehari manifold approach),
Marino-Winkert [23] (systems of double phase operators), Perera-Squassina [31] (Morse theoretical approach),
Zeng-Bai-Gasinski-WinKkert [35, 36] (multivalued obstacle problems) and the references therein. Related works
dealing with certain types of double phase problems can be found in the works of Bahrouni-Radulescu-
Winkert [1] (Baouendi-Grushin operator), Barletta-Tornatore [2] (convection problems in Orlicz spaces), Liu-
Dai [20] (unbounded domains), Papageorgiou-Radulescu-Repovs [27] (discontinuity property for the spec-
trum), Radulescu [32] (overview about isotropic and anisotropic double phase problems) and Zeng-Bai-
Gasinski-Winkert [34] (convergence properties for double phase problems). Finally, we mention the nice
overview article of Mingione-Ridulescu [24] about recent developments for problems with nonstandard
growth and nonuniform ellipticity.

The paper is organized as follows. In Section 2 we recall the main properties of the double phase operator
including the properties of the Musielak-Orlicz Sobolev space W7((Q). In Section 3 we prove the existence
of at least one solution of (1.1) when h; depends on the gradient of the solution, see Theorem 3.1. The proof
is based on the surjectivity result for pseudomonotone operators and on the properties of the eigenvalues
of the Robin and Steklov eigenvalue problems for the p-Laplacian. Finally, in the last section, we skip the
convection term and use variational tools in order to prove the existence of two constant sign solutions for
superlinear problems. We consider two different problems. The first problem is treated by properties of the
first Steklov eigenvalue and the second one by the first Robin eigenvalue, see Theorems 4.1 and 4.2.

2 Preliminaries

In this section we recall some definitions and present the main tools which will be needed in the sequel.

For every 1 < r < oo we denote by L’(Q) and L"(Q; RY) the usual Lebesgue spaces equipped with the
norm || - || and for 1 < r < oo we consider the corresponding Sobolev space W'"(Q) endowed with the norm
|||, It is known that W"(Q) < L7(Q) is compact for # < r* and continuous for 7 = r*, where r" is the critical
exponent of r defined by

Nr :

. = ifr<N,

r={ N7 (ER))]
any/ ¢ (r,o0) ifr=N.

On the boundary 0Q of Q we consider the (N - 1) -dimensional Hausdorff (surface) measure ¢ and denote

by L"(0Q) the boundary Lebesgue space with norm ||-||, 5. From the definition of the trace mapping we know

that Wh'(Q) < LF(0Q) is compact for 7 < r« and continuous for ¥ = r«, where r« is the critical exponent of r
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on the boundary given by

W-Dr ifr<N
re=4{ NT ’ (2.2
any £ € (r,o0) ifr=N.

For simplification we will avoid the notation of the trace operator throughout the paper.
In the entire paper we will assume that

1<p<q<N and O0=<pu()eL*Q). 2.3)

Note that the conditions in (2.3) are quite general. In all the other mentioned works for Neumann double
phase problems (see, for example, [13], [17], [28], [29]) the condition

Ngq
N+g-1 <p

is needed, which is equivalent to g < p~ and so g < p” is also satisfied. We do not need this restriction in the
current paper.
Let H: Q x [0, o) > [0, o) be the function defined by

H(x, t) = P + u(x)te.

Based on this we can introduce the modular function given by

prc) = [ HOx, [updx = [ (Juf? +p(lul?) dx.
[

Q

Then, the Musielak-Orlicz space L7 (Q) is defined by
L(Q) = {u ‘ u: Q > Ris measurable and p4(u) < +oo}
equipped with the Luxemburg norm
ullsc = inf{r >0 poc (%) < 1} .
From Colasuonno-Squassina [8, Proposition 2.14] we know that the space L (Q) is a reflexive Banach space.
Moreover, we need the seminormed space

Li(Q) = S u | u: Q > Ris measurable and /y(x)|u|qu < 4o b,
o

which is endowed with the seminorm

g = / pOO[u? dx
0]

Analogously, we define L} (Q; RY).
The Musielak-Orlicz Sobolev space W'7(Q) is defined by

Wb (Q) = {u e L7(Q) : [Vul e L“(Q)}
equipped with the norm

[ull,5¢ = IVullsc + [[ullsc,

where || Vu( s = || [Vu| ||5. As before, we know that W7(Q) is a reflexive Banach space.
The following proposition states the main embedding results for the spaces L7 (2) and W"7{(Q). We
refer to Crespo-Blanco-Gasifiski-Harjulehto-Winkert [11, Proposition 2.17].
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Proposition 2.1. Let (2.3) be satisfied and let

p = m and Dx = ﬂ (2.4)
be the critical exponents to p, see (2.1) and (2.2) for r = p. Then the following embeddings hold:

i) L’(Q) < L"(Q) and WH7(Q) & WT(Q) are continuous for allr € 1, p;
(ii) wh7(Q) < L'(Q) is continuous forallr € [1,p"];
(ii)) WH¥(Q) < L"(Q) is compact forallr € [1,p");
(iv) WHH(Q) o L"(0Q) is continuous for all r € [1, p«];
W) WHH(Q) o L"(0Q) is compact for all r € [1, p»);
(vi) L79(Q) = L{(Q) is continuous.

We equip the space W7((Q) with the equivalent norm

il f{A (S om0 (52 (5 oo (l;i)qusl}.

For u ¢ WH74(Q) let

poctw) = [ (P + uC0Ivu?) dx+ [ (up + u00lul?) d. 25)
Q 0}

Based on the proof of Liu-Dai [19, Proposition 2.1] we have the following relations between the norm || - ||o
and the modular function g, see also Crespo-Blanco-Gasifiski-Harjulehto-Winkert [11, Proposition 2.16].

Proposition 2.2. Let (2.3) be satisfied, lety € W*7(Q) and let Dg¢ be defined as in (2.5).

(@) Ify #0, then|lyllo = Aif and only if pac(}) = 1;

(ii) ||yllo < 1 (resp.> 1,=1)ifand only if p4c(y) < 1 (resp.> 1, = 1);
(i) If llyllo < 1, then ||y||§ < pac(y) < [ly[I;

@) If [yllo > 1, then ||y[[§ < psc¥) < IIylI;

) llyllo > Oif and only if p5c(y) > 0;

(Vi) |lyllo = +oeif and only if ps(y) > +oo.

Let us recall some definitions which we will need in the next sections.

Definition 2.3. Let (X, || - ||x) be a reflexive Banach space, X" its dual space and denote by (-, ) its duality
pairing. Let A: X > X", then A is called

(i) to satisfy the (S+)-property if un — u in X and lim sup ;.. (Atn, Un — u) < 0 imply un > uin X;
(ii) pseudomonotone if un — u in X and limsup, .. (Aun, un — u) < 0 imply Aun, — Au and (Aun, un) >
(Au, u);
(iii) coercive if
(Au, u)

lim Y0
ullx>es IlUllx

Remark 2.4. The classical definition of pseudomonotonicity is the following one: From un, — u in X and
lim sup,, .. (Atn, un — u) < 0 we have

liminf(Aun, un -v) 2 (Au,u-v) forallv e X.

n—>oco

This definition is equivalent to the one in Definition 2.3(ii) when the operator is bounded. Since we are only
considering bounded operators, we will use the one in Definition 2.3(ii).
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The following surjectivity result for pseudomonotone operators will be used in Section 3. It can be found, for
example, in Papageorgiou-Winkert [30, Theorem 6.1.57].

Theorem 2.5. Let X be a real, reflexive Banach space, let A: X > X" be a pseudomonotone, bounded, and
coercive operator, and let b X". Then, a solution to the equation Au = b exists.

Let A: WH7(Q) > W7((Q)" be the nonlinear map defined by

(A(W), @)gc = / (|Vu|p’2Vu +,u(x)|Vu|q'2Vu) -V dx

0 (2.6)

+/(|u|p"2u+y(x)|u|q"2u)<pdx

Q

forall u, p € W-7(Q), where (-, - )4 is the duality pairing between W17{(Q) and its dual space W>%*(Q)".
The operator A: WH7t(Q) > W7((Q)" has the following properties, see Crespo-Blanco-Gasifiski-Harjulehto-
Winkert [11, Proposition 3.5].

Proposition 2.6. Let (2.3) be satisfied. Then, the operator A defined by (2.6) is bounded (that is, it maps
bounded sets into bounded sets), continuous, strictly monotone (hence maximal monotone) and it is of type
(S+).

For s € R, we set s* = max{+s, 0} and for u ¢ WH7*(Q) we define u*(-) = u(-)*. We have
ut e WHNQ), jul=ut+u, u=u'-u.

Forr > 1 wewriter = -'r.
Further, we denote by C1(Q). the positive cone

(@), = {u € C (@) : u(x) =0 forall x € 6}
of the ordered Banach space C!(Q). This cone has a nonempty interior given by
int (C1(5)+) = {u e CHQ):ux)>0forallx e 5} .

Let us now recall some basic facts about the spectrum of the negative r-Laplacian with Robin and Steklov
boundary condition, respectively, for 1 < r < oo. We refer to the paper of Lé [18]. The r-Laplacian eigenvalue
problem with Robin boundary condition is given by

“Au=Au/%u  inQ,

2.7)
|Vul"*Vu-v=-Blu"?u onoQ,

where B > 0. We know that problem (2.7) has a smallest eigenvalue A‘f,,, g>0 which is isolated, simple and it
can be variationally characterized by

Al},r,ﬁ= inf Jo|Vul"dx +B [, |u|"do

2.8
ue WL (Q\{0} Jo luldx (28)

By uf, s We denote the normalized (that is, || uf, gllr = 1) positive eigenfunction corresponding to AR, - We
know that uf , ; € int (C'(Q).).
Further, we recall the r-Laplacian eigenvalue problem with Steklov boundary condition which is given
by
-Au=-ul"?u  inQ,

(2.9)
|Vu"?vu-v=Alu"*u on 0Q.
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As before, problem (2.9) has a smallest eigenvalue /1?’ + > 0 which is isolated, simple and which can be char-
acterized by
Jo IVul"dx + [, |ul"dx

A,=  inf : 210
LT yewir@\(0) Jog lul"do 210

The first eigenfunction associated to the first eigenvalue /\ir will be denoted by ui , and we can assume it is
normalized, that is, ||uf ||, oo = 1. We have u3 , € int (C*(Q)+).

3 Existence results in case of convection

In this section we are interested in the existence of a solution of problem (1.1) depending on the first eigen-
values of the Robin and Steklov eigenvalue problems of the p-Laplacian. We choose

hi(x,s, &) = f(x, s, &) - |s|P~%s — u(x)|s|7 s fora.a.x € Q,
hy(x,s) = g(x, s) - {|s|P~%s fora.a.x € 00,

forall s € R and for all ¢ € RN with ¢ > 0 specified later and Carathéodory functions f and g characterized
in hypotheses (H1) below. Then (1.1) becomes

—div(|VulP?Vu + u(0)|vu|??vu) = f(x, u, Vu) - [ufP2u - u()u|9’u  inQ,

(3.1)
(IVulP?Vu + u()|vul7?vu) - v = glx, u) - {JulP*u on 0Q,

where we assume the following hypotheses:

(H1) The mappings f: @ xR xRN > Rand g: 9Q x R > R are Carathéodory functions with f(x, 0, 0) # 0 for
a.a.x € Q such that the following conditions are satisfied:

(i) There exista; € Lle-l(Q), ay € Lsz-l(aQ) and a4, a», az = 0 such that

-t -
If(x,s,8)| <ar|éP T +ay|s|™ ! + a1 (x) fora.a.x € Q,

1g(x, 8)| < a3s|” ™! + ax(x) fora.a.x € 0Q,

forall s € R and forall ¢ € RN, where 1 < r; < p*and 1 < r, < p» with the critical exponents p* and
p~ stated in (2.4).
(ii) There exist w; € L1(Q), wy € L*(0Q) and b1, b5, b3 = 0 such that

f(x,s,&)s < by|&P + by|sP + wq(x) fora.a.x € Q,

g(x, s)s < bs|s|P + w,(x) fora.a.x € 00Q,
forall s € R and forall £ € RV,

A function u € WH%(Q) is called a weak solution of problem (3.1) if

/(\Vu|p’2Vu+y(x)\Vu|q’2Vu> -Vgodx+/(|u|p’2u+y(x)\u|q’2u)<pdx
0 Q

=/f(x,u,Vu)<pdx+/g(x, u)(pda—(/\u|p"2u<pda
0 o0

00

(3.2)

is satisfied for all ¢ € WLH(Q). It is clear that this definition is well-defined.
The main result in this section is the following one.
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Theorem 3.1. Let hypotheses (2.3) and (H1) be satisfied. Then, there exists a nontrivial weak solution i1 ¢
WHH(Q) N L=(Q) of problem (3.1) provided one of the following assertions is satisfied:

-1 -1
(W) by+by (A ,5) <1 and baB(AF, ) +bs<(;
-1
(B) max{by, by} + b3 ()lip) <land(¢:=0.

Here /\If’ p.B 1S the first eigenvalue of the p-Laplacian with Robin boundary condition with > 0 and )lip stands
for the first eigenvalue of the p-Laplacian with Steklov boundary condition, see (2.7) and (2.9), respectively.

Proof. Let Ny: Wh7(Q) ¢ L"(Q) > L"1(Q) and Ng: L"(0Q) > L™2(3Q) be the Nemytskij operators corre-
sponding to the functions f: Q x R x RY > Rand g: 0Q x R - R, respectively. Furthermore, we denote
by i": L"(Q) > WHP(Q)" the adjoint operator of the embedding i: W57 (Q) > L (Q) and j*: L™2(0Q) >
WL (Q)" stands for the adjoint operator of the embedding j: W7((Q) > L™(3Q). Then we define

Ny =1 o Np: WH7(@) > W (),
Ng := j o Ngoj: wh7(@Q) > wh7Q)",

which are both bounded and continuous operators due to hypothesis (H1)(i). Moreover, we define
Ng: wh74(Q) > wh74(Q)" by

N i=iyo ((| . |P-2-) oif,

where i : LP (Q) > WL%((Q)" is the adjoint operator of the embedding i WH7N(Q) > LP(Q).
Now we can define the operator A: W57¢(Q) > W17 (Q)" given by

A(u) := A(u) - Ng(u) - Ng(u) + N((u).

Taking the growth conditions in (H1)(i) into account, it is clear that A: WH7¢(Q) > W7((Q)" maps bounded
sets into bounded sets. In order to show the pseudomonotonicity, let {un}nen € WH7(Q) be such that

Uun —~u inW(Q) and lim sup{Aun, un — u)g¢ < 0. (3.3)
n—->oco
From the compact embeddings W7 (Q) < L7(Q) forany # < p* and W7 (Q) < L7(90Q) for any 7 < p-, see
Proposition 2.1(iii) and (v), along with (3.3) we have

up~>u inLl™(Q) and up~>u inL™(0Q),LP(0Q).

Applying the growth conditions in (H1)(i) along with Hélder’s inequality gives

/ £ tny V) (i — ) dx
Q

n-1 _
sa1/\wn|” g |un—u\dx+az/|un\“ 1|un—u\dx+/|oz1(x)||un—u\dx
Q Q Q

r-1

-1
<ay|[Vunlly ™ [lun = ullr, + azlunlly ™|

|un = ullr, + flaal] ro_[[un —ulln — 0
=
and

/g(x, un)(un—u)dosag/|un\’2‘1|un—u\do+/|az(x)uun—u|do
00 00 00

-1
< az|lun||;2 50llun = ully,,00 + 2|l

) ) ag“un_uHrz,aQ - 0.

-1’
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Furthermore, again by Holder’s inequality, we have

-2 -1
¢ [ hunl?2untn =) 4o = Gunl Jollun = .00 = 0.
200

Replacing u by u, and ¢ by u, — u in the weak formulation in (3.2) and using the considerations above leads
to

lim sup(A(un), un — u)g¢ = limsup(A(un), un — u)4 < 0. (3.4)

n->oo n->oo

From Proposition 2.6 we know that A fulfills the (S.)-property. Therefore, from (3.3) and (3.4) we conclude
that

un > u in WHQ).

Since A is continuous we have A(un) > A(u) in WH7(Q)" which shows that A is pseudomonotone.

Let us now prove that A: WH7(Q) > WH7(Q)" is coercive. We distinguish between two cases.

Case I: Condition (A) is satisfied.

From the p-Laplace eigenvalue problem with Robin boundary condition, see (2.7) and (2.8) for r = p, we
know that

pe(AR ) b p forallu € WHP(Q 3
Il < (2%,5)  (IVulp+Blul? 50) forallu € WP (@), (35)

Let u ¢ WH7(Q) be such that ||u]|o > 1 and note that W7(Q) C WP(Q). Then, from (H1)(ii), (3.5), (A) and
Proposition 2.2(iv) we obtain

(Au), u)ge = / (|Vu|p"2Vu +y(x)|Vu|q"2Vu) - Vudx +/ (|u|p"2u +y(x)|u|q"2u) udx
0 Q

—/f(x,u,Vu)udx—/g(x, u)udo+(/|u|p do
0 o0 o0
> [Vullb + ([Vulld, + [[ullh +[[ulld, - bil|Vullh - ballullh - [|w1 |1

=bs|lullb 5o = llwall1,00 + Clull} 50
P, 3

S (1 ~b1-b; (Aff,p,,;)&) (Il + ) + 1V ull o+ el

(6028 (A5) " =3 ) 110 = 1)1 = 211,00
> (1 - b1~ b, (Aff,p,ﬁ)_1> (Iully + 1l + 1Vl + i) = 03] = lw2ll1,00
= <1 ~b1-b, (Allz,p,ﬁ)il) P3c() — w1l - lwzll1,00

-1
= (1-b1=b2 (ALyp) ) 18 = ol = 20

This shows the coercivity of A.
Case II: Condition (B) is satisfied.
From the Steklov p-Laplace eigenvalue problem, see (2.9) and (2.10) for r = p, we have the inequality

-1
Iull? 4 < (Ai,p) (IVulh + ulB) forallu € WHP(Q). (3.6)

As before, let u ¢ WH7*(Q) be such that ||u]|o > 1 and note again that W7¢(Q) € W'P(Q). Applying (H1)(ii),
(3.6), (B) and Proposition 2.2(iv) one gets

(Au), u);c=/(\Vu\p‘ZVu+,u(x)|Vu\q_2Vu) -Vudx+/(\u|p‘2u+y(x)|u\q‘2u)udx
0 o)
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—/f(x,u,Vu)udx—/g(x, u)udo+(/|u|pda
0 30 o0
> [|Vullh + [ Vullg , + lullh + [[ulld . = b1l Vullh - ba|lull} - [lw1 1

- b3””“§,ag - H‘U2||1,ao + (Hu||§,ag
-1
S
: (1= max(ba, b2) = b (15,) ") (9l + i) + 9l + uld,

- w11 = [lw2]l1,00

-1
> (1-max{bs, b2y b3 (1) ) poct = w11 - oo

-1
2 (1-max(ba, b2} = b (15,)" ) Iulf = 1)1 = [2]1.00-

Hence, A: W5 (Q) > WH¥(Q)" is again coercive.

We have shown that A: WH7(Q) > WL7(Q)" is a bounded, pseudomonotone and coercive operator.
From Theorem 2.5 we find an element &t € W57(Q) such that A(Z) = 0 with it # O since f(x,0,0) # 0
for a.a.x € Q. In view of the definition of A, we see that i1 turns out to be a nontrivial weak solution of
problem (3.1). Similar to Theorem 3.1 of Gasinski-Winkert [17] we can show the boundedness of ii. The proof
is complete. O

4 Constant sign solutions for superlinear perturbations

In this section we are interested in constant sign solutions for problems of type (1.1) without convection term
but with superlinear nonlinearities. We are going to consider the cases of the dependence on Robin and
Steklov eigenvalues separately. We start with the Steklov case and set
hi(x, s, &) = =9|s|P~%s — u(x)|s|?2s - f(x, s) fora.a.x € Q,
hy(x, s) = {|s|Ps - g(x, s) fora.a.x € 00,
foralls € R, 9, { > 0to be specified and Carathéodory functions f and g which satisfy hypotheses (H2) below.
With this choice, (1.1) can be written as
—div(|VulP 2 Vu + u(0)|Vu|9?vu) = -9JuP?u - u(x)|u|"*u - f(x,u) inQ, @)

(IVuP2vu + u()|vulT?vu) - v = {|[uP2u - g(x, u) on 00, '

where the following conditions are supposed:

(H2) The nonlinearities f: Q xR > R and g: 0Q x R - R are assumed to be Carathéodory functions which
satisfy the subsequent hypotheses:

(i) fand g are bounded on bounded sets.
(ii) Itholds

lim f%69)
500 |§]972S

8x,s)
stc0 |S|972S

=400 uniformly fora.a.x € Q,

= +oco uniformly for a.a.x € 0Q.

(iii) It holds
. f(x,s)
s>0 |s|4-2s

. 8(x,s)
s>0 |s|P~2s

=0 uniformly fora.a.x € Q,

=0 uniformly fora.a.x € 0Q.
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We say that u € WI(Q) is a weak solution of problem (4.1) if

/ (\Vu|p"2Vu + y(x)\Vu|q_2Vu> -Vedx + / (8|u|p"2u + y(x)|u|q"2u> pdx
0 o)

=/(—f(x, u))§0dx+/((|u|p72u—§()(, u))(PdU

o} 0Q

is fulfilled for all @ € W7¢(Q).
The following theorem states the existence of constant sign solutions where the parameter { depends on
the first Steklov eigenvalue for the p-Laplacian, namely /\ip.

Theorem 4.1. Let hypotheses (2.3) and (H2) be satisfied. Furthermore, let 9 € (0, 1] and let { > )lip with /lip
being the first eigenvalue of the Steklov eigenvalue problem of the p-Laplacian stated in (2.9). Then, problem
(4.1) has at least two nontrivial weak solutions ug, vo € W7(Q) N L*°(Q) such that ug = 0 and vq < 0.

Proof. From hypothesis (H2)(ii) we know that we can find constants M1, M, = M,({) > 1 such that

f(x,s)s2|s|? fora.a.x € Qandall|s| > My, 42
g(x,s)s 2 (|s|? fora.a.x € Qandall|s| 2 M,. '

We set M5 = max (M1, M,) and take a constant function u = ¢ € [M3, +o0). Applying (4.2), p < gand M3 > 1
yields

0>-f(x,u) fora.a.xeQ and 0:x{u’'-g(x,u) fora.a.x e dQ. (4.3)
Analogously, we can choose v = —¢ in order to get
0<-f(x,v) fora.a.xeQ and Oc< (mp_zz— glx,v) fora.a.x € 0Q.

Now, we introduce the cut-off functions 8*: Q xR > R and 92: 0Q xR - R defined by

0 ifs<0
0°(x,s)=<{ —f(x,s) ifoss<u,
—f(x,u) ifu<s

0 ifs<0
((x,8)= ¢ {sP 1 -g(x,s) ifoss<u,

Pl -g(x,u) ifu<s
(4.4)
-fx,v) ifs<y

0 (x,s) =< -f(x,s) ifvss<0,

0 ifO<s
{vPP?v-glx,v) ifs<v
0;(x,s) =4 {|s|P?s - g(x,s) ifv<s<o0,
0 ifO<s

which are Carathéodory functions. We set
S S
O*(x,s) = /Gi(x, t)dt and @f(x, s) = /Gé(x, t)dt.
0 0

Now we consider the C!-functionals I'*: W7£(Q) > R defined by

+ 1 1 9 1 + +
I*(u) = E||Vu||§ + aHVuHZ,H + E\|u||§ + a||u\|gyu - / 6*(x, u)dx - / 0¢(x,u)do.
Q 30
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Furthermore, we write F(x, s) = [5 f(x, f)dt and G(x, s) = [ g(x, t)dt.

We first investigate the existence of the nonnegative solution. Due to the truncations in (4.4) it is clear that
the functional I'* is coercive and also sequentially weakly lower semicontinuous. Hence, its global minimizer
up € WH7(Q) exists, that is

I (uo) = inf [r*(u) fue Wlﬂf(g)} .
From hypotheses (H2)(iii), for given €1, £, > 0, there exist §; = §,(g1), 6> = 8,(e>) € (0, u) such that

F(x,s) < %|s|q fora.a. x € Q and for all |s| < 61,
(4.5)
G(x,s) < %|s\p fora.a. x € 0Q and for all |s| < §,.

We set § := min(61, 6,). Recall that uip is the first eigenfunction corresponding to the first eigenvalue /\? P of
the eigenvalue problem of the p-Laplacian with Steklov boundary condition, see (2.9). We may suppose that
it is normalized, that is, [[uf ||, 00 = 1. Since u3 , € int (C'(Q)+), we may choose t € (0, 1) small enough
such that tuip(x) e [0, 6] for all x € Q. Because of (4.4), (4.5) and § < u it follows that

q IN.s 1P 1. s |9
i) [} g ¥ (o), 5 et + G o]
H ( Lp P llgu " p bl T g P

/ X, tulp dx /@} (x, tuf,p) do

0Q

s s |19 Lty s |9 s {tP
s—}l +—HVu H +fHu H +/F(x,tu )dx——
p Lp q Lp an q 1,p O, J Lp p

+/G (x, tuip) do

1 R
t—l|Up

an 4 q,u

q q

q
S S
. [, 5], + 0 H“l, H
P <A1,p (+£2>+tq Pllg.p Plig.u Pllq

+

"CSM—\A
>—-U7

(4.6)

q P 4
(f + &yt

ul], -
q p

q

By assumption, we know that { > Ai p- S0 we may choose €1, &, > 0 such that
0<g <oo and 0<sz<(—)l§,p.
From this choice and since p < g we obtain from (4.6)
r (tuip> <0 for all sufficiently small ¢ > 0.
Therefore, we know now that
I' (up) <0=T"(0).

Hence, ug # 0.
Since ug is a global minimizer of I'* we have (I'*) (uo) = 0, that is,

/ (\Vuo\p_ZVuo + y(x)|Vu0|q"2Vu0) -Vedx
0

+/ (8|uo\p_zuo +y(x)|u0\’1‘2u0) @ dx (4.7)
0

=/0*(){,uo)(pdx+/9}(x,uo)(pd0
0 20
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for all ¢ € WH7Y(Q). First we take ¢ = —uy € WH7Y(Q) as test function in (4.7). We obtain
IVugllh + [IVuolld , + luollh + lluolld , = O,

which yields ug = 0 and so ug 2 0. Second we choose ¢ = (ug - u)" € WH7(Q) as test function in (4.7) which
results in

/ (|Vu0|p’2Vu0 + y(x)\Vuo\q’ZVuo) -V (up -u)" dx
)

; / (9u57 + pOoug ™) (o - )" e
Q
= / 0" (x, ug) (up — )" dx + / 67 (x, uo) (uo ~u)" do (4.8)
Q 20
= /(—f(X, W) (up - )" dx +/ ((ﬁp’l - g(x, H)) (up -u)" do
Q 20
<0,

by (4.3). First note that

/ (quo\p‘ZVuo + y(x)|Vu0|q"2Vuo) -V (up - u)* dx
Q

(4.9)
> 9/ (Vo - )P + MO0V (o — T)*|7) dx.
0
Since ug > u > 1 on the set {up > u} we have
/ (314’8’1 + y(x)ug"l) (up - )" dx
)
>9 / (ug_l + ,u(x)ug_l) (uo - w)dx
ot (4.10)
29 / ((uo WP+ (0o - ﬂ)q‘l) (uo - u) dx
{uo>u}

-9 / (o - Y + uG)(uo - )7 dx.
)

Combining (4.8) with (4.9) as well as (4.10) and using Proposition 2.2(iii), (iv) implies that
Imin{||(uo -~ W)"[If, [I(uo ~W" 1§} < Ipsc((uo -~ w)") < 0.

Hence, ug < uandso ug < [0, u]. By the definition of the truncations in (4.4) we see that uy € W"7(Q)NL>>(Q)
turns out to be a weak solution of our original problem (4.1).

For the nonpositive solution we consider the functional I'_: W>?(Q) > R and show in the same way
that it has a global minimizer vo € W?{(Q) which belongs to [v, 0]. O

Let us study now the case when the solutions depend on the first Robin eigenvalue. We set
hi(x,s, &) = ({ - 9)|s[P~%s — u(x)|s|7%s - f(x, s) fora.a.x € Q,
hy(x,s) = —B|s|P s fora.a.x € 00,

forall s € R with parameters { > § > O to be specified, 8 > 0 is the same parameter as in the Robin eigenvalue
problem and f is a Carathéodory function. Then, problem (1.1) becomes
—div(VulP 2 vu + u()|vul|??vu) = ({ - ufP2u - u()|u|?%u - f(x,u) inQ,

(4.11)
(VulP?Vu + u()|vulT?vu) - v = -BlulP%u on 00,
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where f satisfies the following assumptions:
(H3) The function f: Q x R - R is a Carathéodory function such that:

(i) fisbounded on bounded sets.
(ii) It holds

li f(x,s)

s>to0 |S|972S

= +co uniformly fora.a.x € Q.

(iii) It holds

lim f®3)
s>0 |s|P~2s

=0 uniformly fora.a.x € Q.

We have the following multiplicity result concerning problem (4.11).

Theorem 4.2. Let hypotheses (2.3) and (H3) be satisfied. Further, let { > Af’p’ st 9 with 9 > 0 and Af’p, 8 being
the first eigenvalue of the Robin eigenvalue problem of the p-Laplacian with 8 > 0 stated in (2.7). Then, problem
(4.11) has at least two nontrivial weak solutions uy, vy € W57(Q) N L*=°(Q) such that u; > 0 and v < 0.

Proof. Taking hypothesis (H3)(ii) into account we find a constant M = M({) > 1 such that
f(x,s)s = {|s|? fora.a.x € Qandall|s| > M. (4.12)
As in the proof of Theorem 4.1, by (4.12), we can take constant functions u € (M, +o0) and v = —u such that
0> (W' -f(x,u) fora.a.xeQ and O0<{|vP?v-f(x,v) fora.a.x e Q, (4.13)

because p < g and M > 1.
Then we define truncations 7 : Q xR > Rand ¢j: 02 xR - R as follows

0 ifs<0
Yr(x,s) = {sP - f(x,s) if0O<ssu,
Pt -fx,w) ifu<s

0 ifs<0

Ph(x,s) = ¢ —-BsP™t ifoss<u,

-puPt ifuc<s
SvP2v-fl,v) ifs<v
Ye(x,8) =< {|sP2s-flx,s) ifvs<s<O0,
0 ifO<s

(4.14)

-BlvP2y ifs<v
Yp(x,s) = ¢ -BlsP2s ifvs<s<oO.
0 ifO<s

We set
S S
Vix, s) - / Pilo 0dt and Wik, s) - / Wix, O dt
0 0

and introduce the C'-functionals IT*: W"7{(Q) > R given by

+ 1 1 9 1 + "
IT*(u) = 1—9||Vu||£ + aHVuHZ,u + E||u|\§ + aHuHZ# - / e, u)dx -~ / ¥(x, u)do.
o 20
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As before, we define F(x, s) = [3 f(x, ) dt.

We start with the existence of a nonnegative solution. Because of (4.14) we know that the functional IT*
is coercive and also sequentially weakly lower semicontinuous. Therefore, we find an element u; € wbhI(Q)
such that

I (up) = inf [H*(u) Tue Wl’g{(())} .
By hypothesis (H3)(iii), we find for every € > 0 a number é € (0, u) such that

F(x,s) < §|s\p fora.a. x € Qand forall |s| < 8. (4.15)

We recall that ulip’ B is the first eigenfunction corresponding to the first eigenvalue /Ilip’ B of the eigenvalue
problem of the p-Laplacian with Robin boundary condition, see (2.7). Without any loss of generality we can
assume that ulf,p’ﬁ is normalized (that is, Hulf’p,ﬁﬂ p = 1) and because of ulf’p’ﬁ € int (C'(Q):) we choose
t € (0, 1) sufficiently small such that tulf,p, ﬁ(x) e [0, 8] for all x € Q. Applying (4.14), (4.15), 6 < uand 9 > 0

gives
e
1 g p
1 MG N (] ) (Y (T
_/‘I’E x, tul,p,ﬁ dx—/‘PE X, tul,p,ﬂ> do

o ko] ool 5 G [,
p e Bl 00 P p g TPl

B %” * /F (X tuip, ﬂ) dx+ ﬁ;p H”l’P’ﬁHp,ao

t1

p A1 B tq H .16)

q D q q D p
ool + 5 O i, -
au D q gu D b

q

a
L9 N
L <A1,p,ﬁ +9 (+£) Vs LB g LpBll,

q

Dueto { > )llfyp’ﬁ +9and p < g one has from (4.16) for € € (0, { - /\lf,p,ﬂ - 9) that

o (tulip’ﬁ) <0 for all sufficiently small ¢ > 0.

Hence, IT* (u;) < 0 = II* (0) and so u; # 0.
We have (IT*)'(u;) = 0, that is,

/ (|Vu1|p’2Vu1 +y(x)|Vu1|q‘2Vu1) -V dx
0

+/(9|u1|P‘2u1+y(x)|u1|"‘2u1)<de (4.17)
Q

=/w}(x,ul)sodw/w;(x,uﬂsodo
0] 00

for all € W7¢(Q). As done in the proof of Theorem 4.1 we take ¢ = ~u7 € WH7{(Q)and ¢ = (u; -u)" €
WL (Q) as test functions in (4.17) which gives us 0 < u; < u, see (4.13). Hence, by the definition of the
truncations in (4.14) we see that u; € WH%(Q) n L*=°(Q) solves problem (4.11).

In the same way we can show the existence of a nontrivial nonpositive solution v; € W7(Q) N L*=°(Q)
by treating the functional IT-: W"7((Q) > R instead of IT*: W»7((Q) > R. O
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Remark 4.3. In this section we decided to consider two different problems since in the proof of Theorem 4.1 the
use of the first Robin eigenfunction would have provided a condition of the form

Affyp’ﬁ +9<(B+0) Hulf’p,ﬁH;m , (4.18)

which depends also on the boundary norm of the eigenfunction u’f’p, B So the statement of Theorem 4.1 still holds
true when we replace the assumption { > A3 , by (4.18) whereuy , 4 is the first normalized (that s, ||uf , gllp = 1)
eigenfunction associated to the first eigenvalue )llf’p’ 8 of the Robin eigenvalue problem.
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