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Persistence of autoregressive sequences with
logarithmic tails*

Denis Denisov !  Giinter Hinrichs*  Martin Kolb®  Vitali Wachtel"

Abstract

We consider autoregressive sequences X, = aXn—1 + &, and M, = max{aMn—_1,&n}
with a constant a € (0,1) and with positive, independent and identically distributed
innovations {&}. It is known that if P(§; > z) ~ 10235 with some d € (0, —loga) then
the chains {X,,} and {M,} are null recurrent. We investigate the tail behaviour of
recurrence times in this case of logarithmically decaying tails. More precisely, we
show that the tails of recurrence times are regularly varying of index —1 — d/ loga.
We also prove limit theorems for { X, } and {M,, } conditioned to stay over a fixed level
xo.

Furthermore, we study tail asymptotics for recurrence times of { X, } and {M,,} in the
case when these chains are positive recurrent and the tail of log &; is subexponential.
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1 Introduction

Let {&,}n>1 be a sequence of independent and identically distributed random vari-
ables. Let a € (0,1) be a constant. The corresponding AR(1)-sequence X = {X,,},>¢ is
defined by

Xpi=aXp1+&, n>1,

where the starting position X, can be either random or deterministic.
Besides the Markov chain X we shall consider the so-called maximal autoregressive
sequence M = {M, },>o, where

M, = max{aM,_1,&,}, n>1.
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Persistence of autoregressive sequences with logarithmic tails

The Markov chains X and M have rather similar properties. If, for example, the
innovations are non-negative then these two chains are recurrent, positive recurrent or
transient at the same time. More precisely, according to Theorem 3.1 in Zerner [17], the
chains {X, } and {M,,} are recurrent if and only if

oo n

S Il PUal<ta™) =00 (1.1)

n=0m=0

for every t satisfying P(|£;| < t) > 0. Furthermore, X and M are positive recurrent if
and only if E[log(1 + |£1])] is finite.
In the sequel we will assume that the innovations satisfy

P, >0)=1. (1.2)
Under this standing assumption we may define
Nn i=log, &, and R, :=logy M,,
where A = ¢~ !. Then the sequence R = {Rn}n>0 satisfies the recursive relation
R, =max{R,_1—1,n,}, n>1.

This Markov chain is a special random exchange process, see Helland and Nilsen [11]
for the definition of this class of processes.

In this paper we shall consider the case when the tail of innovations decreases
logarithmically. More precisely, in the main part of the paper we will deal with the
situation when

d

with some constant d > 0. This is equivalent to

d
Pim>y)~ 5, where ¢ := @. (1.4)

(We shall explicitly mention one of these two conditions every time we need it.)

Notice also that if d > 0 then Elog(1+¢&;) = oo and, consequently, the chains {X,, },>0
and {M, },>o are not positive recurrent. If (1.3) holds then, using the criterion (1.1), we
conclude that

ed>logA(c>1) = {X,}n>0and{M,},>o are transient;
ed<logA(c<l) = {X,}n>0and{M,},>o are null-recurrent.

In the critical case d = log A (¢ = 1) one has to consider further terms in the asymptotic
representation for the tails P(§; > z) and P(1; > y). Assume that, for some k > 0,

1k LA
P(n - 1))- —
m>y) y;ll;[llog(l + (75 + o ))yll;[llog(z)lf Yy — 0,

where log ;) z is the [-th iteration of the logarithm. Then, applying (1.1) once again, we
obtain

ery>1 = {X,}and{M,} are transient;
erp <1 = {X,}and{M,} are null-recurrent.
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A further similarity between the chains {X,},>0 and {M,},,>¢ consists in the joint
scaling behaviour of these chains. More precisely, Buraczewski and Iksanov [7] have
shown that if (1.3) is valid then

( IOgA X[nt]

) =7 = (Zt)tzO (15)
n >0

in the Skorohod J;-topology on the space D. The limiting process Z is a self-similar
Markov process. Convergence of one-dimensional marginals was previously established
in [15]. In [7] it is described with the help of an appropriate Poisson point process. One
can describe this limiting process also via the transition probabilities:

Y

P,(z—t)t <2z, <y)= (?J‘f't

> , y>(r—t)t, >0, (1.6)
where c is defined in (1.4). When the limiting process starts at the origin this formula
can be deduced from Remark 1.3 in [7]. For the case of a general non-negative starting
point the transition probabilities can be deduced using (1.8) below. It is easy to see that
if XO = MO then

M, < X < (k+ I)Mk forall k > 1.

This implies that (1.5) is equivalent to

<1ng4]\/[”t> = 7. (1.7)
n >0
In its turn, (1.7) is equivalent to
(Rm) =7 (1.8)
n Ji>o

The main purpose of this paper is to study the asymptotic behaviour of the recurrence
times

TGEX) =inf{k >1: Xy <z},
T = inf{k >1: M, <z},
T .= inf{k >1: Ry, < z}.

Persistence of auto-regressive processes has attracted a significant attention of many
researchers in the recent past, but almost all results known in the literature deal with the
case when some power moments of the innovations ¢, are finite. Under this assumption
it is known that the tail of TéX) has an exponential decay, i.e.

1
— —1ogP(TX) > n) = X € (0,00). (1.9)
n

For further details in this case we refer to [4], [12] and references therein. If all
power moments of innovations are finite then P(TQEX) > n) ~ Ce~*" and the conditional
distribution P(X,, € -\TJEX) > n) converges towards the corresponding quasi-stationary
distribution, see [12]. It is worth mentioning that one can compute the persistence
exponent )\ only in some special cases. Some examples of autoregressive processes, for
which there exist closed form expressions for A, can be found in [1] and [4]. The authors
of [3] have found a series expansion for A in the case of normally distributed innovations.

In to contrast to the above mentioned contributions we focus on innovations with fat
tail when all power moments of innovations are infinite. This will imply that (1.9) does
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not hold anymore and instead we will prove that the tails of the first hitting times TJEX)
exhibit subexponential decay.

We start with the null-recurrent case. More precisely we consider first the innovations
that satisfy (1.3). As we have mentioned before, the chains {X,},>0, {M,}n>0 and
{R)}n>0 have the same scaling limit Z in this case. For that reason we first collect some
crucial for us properties of the process Z.

Theorem 1.1. a) Ifc <1 then the process Z is recurrent. If c < 1 then the stopping
time TO(Z) :=inf{s > 0: Z; =0 or Z,_ = 0} is almost surely finite and, furthermore,
for every z > 0,

1, t <z,
P(Téz)>t|ZO:z):{

z/t

c— —C (1.10)
e Jo L —w T e du, >z,

where B(a,b) denotes the usual Euler Beta function evaluated at the points a and b.
b) The function u(z) = 2'7¢ is harmonic for Z killed at Téz), that is

u(z) = B [u(Z); TP > ], t,2>0.

¢) The sequence of distributions P, (Z € ~|T(§Z) > 1) on DJ0,1] converges weakly, as
z — 0, towards a non-degenerate distribution Q.
We now turn to the recurrence times of the chains {M, },>0 and {R,},>0. Since
R, =log, M,,

. . gE M
Téf) =inf{n >1: R, <o} =inf{n>1: M, < A%} = T,Exwo)'

Thus, it suffices to formulate the results for one of these processes.
Set

uo(x) ::A Py >y)dy, >0

and N
Up () ::/ e~ Wdy x> 0. (1.11)
0

If (1.4) holds then ug(z) ~ clogz as z — oo and e~ “°(*) is regularly varying of index —c.
Consequently, the function Uy(z) is regularly varying of index 1 — c.

Theorem 1.2. Assume that x is such that P(n, < zo)P(n1 > x¢) > 0. Then the equation
G(z) = By [G(R1); T > 1], o> x
has a non-trivial non-negative solution if and only 1'fE7]Ir = 00. In the latter case

o j—1

Gla)=C | 14+ > TP <20+ k)10 @)

j=1k=0

for every C' > 0.
If (1.4) holds with some ¢ € (0,1) then

(i) G(z) ~yUy(z) for some v € (0,0);
(ii) there exists a constant C > 0 such that such that for x > x
1G(zAn)

0 o p (TW) <
Gy SPeln’>m =0

EJP 27 (2022), paper 154. https://www.imstat.org/ejp
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(iii) there exists a positive constant » = s(c) such that for x > x

G(z)

R

ch(ngO ) >n) ~ %@, n — 0.

and the sequence of conditional distributions P, (% € - TQSOR) > n) on D[0,1]
converges weakly to Q defined in Theorem 1.1.

We now state our main result for the chain {X,, },,>o. We emphasize, that the construc-
tion of the harmonic function G in Theorem 1.2 is established in a rather explicit way. In
contrast to this the proof for the existence of the harmonic function for autoregressive
processes {X,,},>o — formulated in the following theorem - requires more powerful
analytical and probabilistic tools.

Theorem 1.3. Assume that (1.4) holds with some ¢ € (0,1). (This is equivalent to (1.3)
with 0 < d < log A.) For every zq satisfying P(azo + &1 < xo) > 0 we have:

(i) There exists a strictly positive on (x, c0) function V' such that
(X
V(l‘) = Ew[V(X1)7Tx(O ) > 1], T > Xg.

In other words, V' is harmonic for the chain {X,,} killed at leaving (z, c0). Further-
more, V(A*) ~ Uy(x), where Uy is defined in (1.11).

(ii) There exists a constant C such that

G Vi SPeI00 >m < Cprth (1.12)

foralln > 1 and all x > xy.

(iii) There exists a positive constant » = »(c) such that, for every x > x,

V(z)
(X) ~
P, (T, >n)~ x (an)’ n — 0o. (1.13)

Furthermore, the sequence of conditional distributions

1 Xint]
Pl(OgA [nt] ‘ )

on D[0, 1] converges weakly to Q defined in Theorem 1.1.

We now turn to the positive recurrent case: E[n;] < co. To determine the tail
behaviour of recurrence times we shall assume that F(y) := P(n; > y) is subexponential.
We make use of the following class introduced in [13].

Definition 1.4. A distribution function F' with finite yuy = fo y)dy < oo belongs to
the class S* of strong subexponential distributions if F(z) > 0 for a11 x and

Iy F(z —y)F(y)dy

— 2Uy, asx — oo.

This class is a proper subclass of class S of subexponential distributions. It is shown
in [13] that the Pareto, lognormal and Weibull distributions belong to the class S*. An
example of a subexponential distribution with finite mean which does not belong to &*
can be found in [9].
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Theorem 1.5. Assume that x is such that P(n < z¢)P(n1 > xo) > 0. Assume also that
En < oo and that F € §*. Then, for any x > x

P, (T8 > n) ~ E,[T{P1P (1 > n). (1.14)

The expectation E, [ngf’ )] can be computed explicitly: for every n > 0 and every x €
(xo + n,x0 + n + 1] one has

1 n j—1
E, [T = — 1+ Py <zo+k)|. 1.15
T[ ) ] szOP(nl § $0+k) ;kr:[() (7]1 S To ) ( )

Our approach to the proof of this theorem is based on a recursive equation for the
tail of Téf), see Proposition 6.1 below. In the case of the chain {Xn}nZO we do not have
such an equation and we have to work with upper and lower estimates. This leads to
more restrictive assumptions on the tail of innovations 7.

Theorem 1.6. Assume that z is such that P(axg + & < x9) > 0. Assume also that
En < oo,that F' € §* and that

Pin>z)~Pn>z—logx), asz — oco. (1.16)

Then, for any x > xo,
P, (TS > n) ~ E,[T{O1P(n > n). (1.17)

The rest of the paper is organised as follows. In Section 2 we discuss properties of
7 and prove Theorem 1.1. In Section 3 we construct harmonic functions for processes
under consideration proving corresponding parts of Theorem 1.2 and Theorem 1.3. In
Section 4 we derive lower and upper bounds for recurrence times ngf‘ ) and TQEOX) proving
part (ii) of Theorem 1.2 and Theorem 1.3. In Section 5 we obtain the asymptotics for
tails of recurrence times given in part (iii) of Theorem 1.2 and Theorem 1.3. In Section 6

we prove Theorem 1.5 and in Section 7 we prove Theorem 1.6.

2 Properties of the limiting process Z: proof of Theorem 1.1

In this section we analyze the limit process (Z;),>¢ and prove Theorem 1.1. We split
the proof into several steps. Each of these steps corresponds to one subsection below.

2.1 Lamperti representation of 7

First we observe, that the explicit formula (1.6) for the transition probabilities
demonstrates that the process Z is self-similar of index 1. One of the standard approaches
used in the analysis of these processes is the Lamperti transformation, which connects
self-similar Markov processes with Lévy processes. The main goal of this subsection
consists in the derivation of such a representation.

First, it follows from (1.6) that if ¢ < = then

r—t\° P.(Z; € dy) ety 1
Po(Z=a—1t) = d - Ly>a—t. 2.1
(Ge=2-1) ( ) ” dy tryer 77 @y
If t > x then
P.(Z, € dy) ctyc~!
I = ,y > 0. 2.2
dy (t+y+t? @2

It is immediate from (1.6) that if ¢ < 1 then

(o)
/ P.(Z; < y)dt =
0

EJP 27 (2022), paper 154. https://www.imstat.org/ejp
Page 6/43


https://doi.org/10.1214/22-EJP879
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Persistence of autoregressive sequences with logarithmic tails

for all =,y > 0. Therefore, the process Z is recurrent: it spends infinite amount of time
in every interval [0, y].

We next show that the state 0 is recurrent in the case ¢ < 1. More precisely, we show
that PZ(TO(Z) < o0) = 1 for every z > 0. For that reason we compute first the generator
of Z. Fix some z > 0 and a continuously differentiable bounded function f. It follows
then from (2.1) that

z—t\° oo gt
Bl = o0 () e [ i t<e

Therefore,

E.[f(Z)] = f(z) _ flz—1) = f(x)

t t

Letting now t — 0, we conclude that

£i@) = ~'e) - LD e [T LWy,

oo J—
—f(z) + c/ f(y)ny(x)dy, x> 0. (2.3)
It is easy to see that this generator can be represented as follows

er@) == (1-c [T B0 )

1+log2u?

227 ()~ o) - o)) %

z - 1+ log?u u?
> ] d 1 [ log?
_ (1—0/ Oggg) f/(m)%/ B () —8 g,
1 l+4+log“uu x Jq w?(1 + log” u)

1 log?
B (@) = (f(w:) @) - %ﬁ’(@) w 2.4)

where

Then, according to Theorem 6.1 in Lamperti [14], {Z;,¢ < TO(Z)} can be represented
as the exponential functional of a time-changed Lévy process with the following Lévy-
Khintchine exponent:

_ *  logu du < iy _
\\/ = — 1— - AY 1 — Y.
(/\) Z)\( C/l 1+1og2uU2> +/0 (6 1+y2 ce dy

Simplifying this expression, we get

T(N) = —i) + c/ (e — 1)e ¥dy.
0

This corresponds to the process (; —t, where ({;):>0 is a compound Poisson process with
intensity ¢ and with exponentially distributed jumps. In particular, {; —t — —oc a.s. as
t — oo in the case ¢ < 1 and (; — t is oscillating in the case ¢ = 1. Then Téz) is finite
almost surely iff ¢ < 1.

2.2 Analysis of the tails of 77

We continue the proof of part a) of Theorem 1.1 and establish the formula (1.10) for
the tail of the first hitting time. Let

g(t,2) = P(T\D > 1),

EJP 27 (2022), paper 154. https://www.imstat.org/ejp
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To find g we will now derive a differential equation for g and then solve it explicitly. It is
clear that g(t,z) = 1 for all ¢ < z. Using (2.2), we see that g solves the equation

z—35\° & yo !
t,z)=g(t—s,z—58) | —— cs ———g(t—s,y)dy, s<z.
st =gtt—sz-0) (220) e [T At sy

Letting s — 0 we obtain the following decomposition for the expression on the right

hand side:
gt —s,z2—) (1 - %) +cs /00 g(;y) dy + o(s).
Therefore,
g(t,2) — g(z —s,2-8) _ —§g<t»z> n C/OO 9(;’29) dy + o(1). (2.5)

Since the process 7 is self-similar with index 1,

t t
gt 2) =PI >t | Zg=2)=P(TH > t/)2| Zy=1)=¢g <Z 1) = h <Z> .

Thus, the relation (2.5) can be written in the following way:

h(t/z) —h((t —s)/(z — s)) _ —Eh(t/z) + C/oo ht/y) dy +o(1)
s z z y? .
Set now
at-t
Then 2
§=_— tA +0(A)

and, consequently;,

(ZZ_Q t> h(t/z) — Z(t/z ~A) ~Shie/) + C/:° h(;éy)dy +o(1).

Letting here A — 0, we conclude that the function h satisfies

(2 () () v M

Noting that h(r) = 1 for all » < 1 and substituting t/y = =, we get

[, [ R, L
Y= Y+

2 y2 t

y
1 [t 1
== h(z)dx + ~.
t/1 (z):cht

Therefore,

(1—y)h'(y) = —ch(y) + g <1 + /1y h(a:)d:c) . y> 1.

Differentiating this equation, we get

(1= ")~ W) =~ () + Shly) = 5 (1 - h(a:)da:)

= —ch/(y) + gh(y) - i((l —y)h'(y) + ch(y)).
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Rearranging the terms, we arrive at the equation

(=) = (1= = =2 ) ).

This is equivalent to

_h'(y) -1 1

(log h'(y))’ W) " y=1 y

Consequently,
W(y)=Cly—-1)"y™" and h(z)= C/ (y— 1)y tdy.

The boundary condition h(1) = 1 leads to the equality

[y =1y tdy
Dy =1 tyldy’

Substituting in these integrals y = 1/z, we finally get

h(z) =

x> 1.

1 /= c—1_—c
h(z) = )/0 (1—-2)""2"%z, xz>1.

B(c,1—c¢

As a result we have (1.10). This formula can be also obtained via the Lamperti transfor-
mation mentioned above. If Z; = 1 then TO(Z) has the same distribution as I := [ e‘tdt
and 1/7I has the beta distribution with parameters c and 1 — ¢, see Bertoin and Yor [6].

2.3 Harmonic function for the killed process

We now turn to the proof of part (b). Recall, that this in the part we claim that
u(z) = 2'7¢ is harmonic for the process Z killed at the origin.
We start by showing that

E.[Z! "¢ = (max{t,z})' ¢, (2.6)

When t < z, in view of (2.1),

E, (7} = / y'PL(Z € dy)

—t

x—1\° e ct
= (z— 1)1~ +/ a4
( ) ( € ) r—1 (t+y)c+1 Y
—t < d
=2 - +ct/ —.y =zl
x(, z y‘

When t > z, by (2.2),
1—c > ct 1—c
E.[Z,” = (71(131 =t"°
0
Using (2.6), we obtain
E, (27T > 1) = Ba[207) - B[z} 1) <]

t
— (max{t, 2})1 ¢ — / P, (117 € ds)Eo[ 2]
0

t
= (max{t,z})*° —/ (t — )" P (T} € ds). (2.7)
0

EJP 27 (2022), paper 154. https://www.imstat.org/ejp
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It follows from (1.10) that the integral in (2.7) is zero for ¢ < z, and that for ¢ > x one has
t
/ (t— )" PLT\? € ds)
0

t
_ / (t— )P (1D € ds)

B<1_)/ =0 (1=2)7 (5) G
= ﬁ/ =9 (1=2) 7 (3)7 S

xlfc

! l1—c 71‘6_118
_B(C,l—c)/x(ts) (s ) Sd.

With the help of the substitution v = (S_w) we get

t—s

¢ a1 > 1 t t
/(t—S)lfc(S—x)c 1fds:/ vt tv _orm dv
v s 0 x+tv\l14+v (1+0v)2
00 c—1 oo ,c—1
:t/ Y dvf/ Y
o T+tv o l1+w
1—c oo ,c—1
t
= <<> —1)/ Y dv.
z o l+w

Noting now that [, ﬁ;vl dv = B(c¢,1 — ¢), we conclude that

t
/ (t — )" P (T\?) € ds) = max{t'~° — 21, 0}.
0

Plugging this into (2.7), we conclude that
E,[2] 5T > 4] = a'~

for all z,t > 0. Thus, (b) is proven.

2.4 Convergence of one-dimensional conditioned marginals

As a first step towards assertion c) of Theorem 1.1 we first consider one-dimensional
marginals. For ¢ < x one has

P.(Z <y; TV > 1) = Po(Z, <), y > 0.
Ift > x then

P.(Z <y T > ) =Po(Z <y) —Pu(Z < y; TS < 1)
t

=P,(Z; <vy) —/ P (T € ds)Po(Zi_s < y).

x

Using now (1.6) and (1.10), we get
P.(Z <y TS > t)

C t c o .
() - mea [ ) -2 (@) 2
y \° 1 ¢ y ¢ 11
:(y+t> _B(c,l—c)/x (y+t_s> (2-1) -ds.

EJP 27 (2022), paper 154. https://www.imstat.org/ejp
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This representation can be used to obtain an exact formula for the transition kernel
P.(Z, <wy; TO(Z) > t) in terms of the hypergeometric function of two variables. Instead of
doing that we shall determine the asymptotic, as + — 0, behaviour of the distribution
function P, (Z; < y; TéZ) > t). We start by noting that

P.(Z <y, TS > 1)

¢ t
_(_Y_ (2) _ # Kl B cfll
N (y + t) Po (15" > 1) B(e,1—c) /T Ay i(s) (x 1) sds, (2.8)

st = (=) - ()

Fix some € > 0. It is easy to see that

y° S c cy® S
A, i(s) = 1+ ——) -1 <L
vl = e K t+y—s) }—(y+t)0y+t—s
for all s < . Therefore, forall z < ¢,

/: B9 (5 - 1)6_1 éds =+ —Cz;(y o) /m (5 - 1)6_1 ds

(6]

Y 17656'

where

< z (2.9)
(y+t—e)y+1)
Furthermore, as x — 0,
t 11 t 1
S —c c—1
/E Ay.i(s) (; - 1) gds =zt /6 Ayi(s) (s —x) gds
t
(o)) [ Ayls)s s
1>
Combining this with (2.9) and letting ¢ — 0, we conclude that
fm e [ A ()(571)0_1% [ Ay ()52 (2.10)
lim z ’ u.t(s - 5570 y.t(S)s s. .
Using the equality
y/(t+y—s)
Ayi(s) = / cu®tdu
y/(t+y)
and the Fubini theorem, we have
t t y/(t+y—s)
/ Ay 4(s)s %ds = / / cu"tdu | s 2ds
0 0 y/(t+y)
1 t
= / cutt / s 2ds | du
y/(y+t) ytt—y/u
1
=_¢ / cut~! ((y—l—t—y/u)c_1 —tc_l) du
L=cJy/w+n
c ! c !
= / ((y +t)u — ) du — / utdu
L=cJy/n L=cJy/n
1 te 1 ¢
— _ tC71 1 _ L )
l—cy+t 1-c y+t
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Combining this with (2.10) and noting that

1—c
£ tc—l

(1-¢)B(c,1—¢) ’

P (TS > t) ~ z—0, (2.11)

we conclude that

t c—1
A, 2_1 La ¢
lil)% faz y.t(5) <3(Uz) ) s _ B(c,1—¢) Ky > - Y ] .
z P.(T,” > 1) y+t y+t

Combining this with (2.8), we finally obtain

. (2) Yy
< = — . .
ig%PﬂZt_y\To > t) s y>0 (2.12)

2.5 Functional convergence of the h-transformed process

Recall that we have to show, that the law P, (Z € - | T(EZ) > 1) converges in the
Skorokhod space. In order to establish this, we first analyze the Doob h- transform using
the harmonic function u(x) = x'~¢ from part b) of Theorem (1.1) and prove functional
convergence for the h-transformed process. As is well-known the Doob h-transform of £
using this harmonic function is given by:

Ef@) = ——C(uf)(@), z>0.

u(x)
The corresponding probability measure is given by

E.[9(2)] = —E.[9(Z)u(Z); i) > 1]

for every bounded measurable functional g on D[0, ¢].
From (2.3) we infer that

) > f(y)
— —f(z) - j+ﬁ;{L Ty
/ c [Ty - f2)
A xl-e /x yy1+c dy. (2.13)
As a result we have the following representation:

Lf(e)=—f'@)+ = / - w "

<] d 1 [> log?
:_<Lﬁ/ %WZ]U)f@+/ B (a u)—— g,
1 1+ log”uulte x Jq ulte(1 + log” u)

where h* is given as in equation (2.4). This implies that, under f’ Z is self-similar and
can be expressed via a Lévy process with the characteristic exponent

o0
U(A\) = —ir+ c/ (e — 1)e~Ydy.
0
This corresponds to Et — t, where (Et)tz() is a compound Poisson process with intensity
c and with positive jumps, which have exponential with parameter c distribution. This
Lévy process is clearly oscillating. Consequently, using Theorem 1 in [6] we conclude
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that every exponential functional is almost surely infinite and there by the results of
section 5.1 in [6] we arrive at

P (T =c0)=1, 2>0.

According to Theorem 2 in Caballero and Chaumont [8], the sequence of measures
P, converges weakly on DJ0, 1], as = — 0, to a non-degenerate probabilistic measure Py.

2.6 Functional convergence of the conditioned process

Making use of the functional limit theorem for the h-transformed process we now
show that P, (Z €- |T0(Z) > 1) also converges weakly on DJ0, 1].

It follows from the definition of 13;1c that
Po(Zy <y) = lim P, (Z, <y)
x—0

P,(T\% > 1
— lim M

liy = B lu(Z) W2 <y} 17 > 11

Applying now (2.11) and (2.12), we obtain

~ 1 Y Zlfc
Po(Z1 <vy)= (1-¢)B(c,1—c¢) /O (1+ Z)de,

Consequently, the density of Z; under PO is proportional to

(1+Z)2 Let g be a bounded

and continuous functional on D0, 1] and let ¢ be a fixed positive number. Since Py(Z, =
¢) = 0, the weak convergence P, = P, implies that

lim E, [%;Zl > 5] =E, [5((221));21 > g] . (2.14)

Since g is bounded,

[ e }

(17 > 1)

(2)
< 1).
e P, (7 <c|T¥ >1)

Using (2.11) and (2.12), we conclude that

< Cy

SM-0Ble1-0o° (2.15)

. = [ 9(2) }
limsup |E, | =—%;721 <e¢
zaop‘ {U(Zl) !

Finally, recalling that the density of Z; under PO is proportional to ( )2 , we get

B[ =

1
—: 71 <
w(Zy)’ ]

S CgEO |:
= Cg/ (1+2)72dz < Cye. (2.16)
0

Combining (2.14)—(2.16) and letting ¢ — 0, we conclude that

5(?)] =B mzzl))] '

lim f}z {

z—0
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Noting now that

2) - u(x) =~ [9(2)

and taking into account (2.11), we obtain

Jim Eufg(2) | 757 > 1) = (1 - 0)B(e,1 - o)Ey [5((221))] '

This completes the proof of Theorem 1.1.

3 Analysis of harmonic functions in discrete time

In this section we construct and analyze harmonic functions of the involved discrete
time Markov chains killed at the first hitting time.

3.1 Harmonic function for the random exchange process and for the maximal
autoregressive process

Surprisingly, it will turn out, that in the case of the process { R, }n > 0 it is possible to
explicitly calculate the harmonic function. We will prove the following proposition, which
coincides with the first part of Theorem 1.2. Observe that in the following proposition
we do not need to assume the condition (1.4).

Proposition 3.1. Assume that z( is such that P(n; < zo)P(nm > xz9) > 0. Then the
equation
G(z) = Ey[G(R1); T > 1] = E,[G(R1); Ry > o], @ > . (3.1)

has a non-trivial non-negative solution if and only 1'fE77fr = 00. In the latter case

o j—1

G)=C (14D [ Pm < 2o+ k)L aysjt1.00) (@)
j=1k=0

for every C' > 0.

Proof. We first consider the equation (3.1) for « € (zg, z¢ + 1]. In this case one has
{R1 > .1‘0} = {Rl =m > 330}.

Therefore,
G(z) = E[G(m);m > xo] forall z € (zg,x0 + 1]

For all z > zp + 1 on the other hand one has Pw(Téf) > 1) = 1. This implies that (3.1)
reduces to
G(z) = E.[G(Ry)]
=Gz-1)Pm<z-1)+EGm);m>z—1], x>xzo+1. (3.2)

Ifr € (xg+ 1,20+ 2] then z — 1 € (zg, zo + 1] and, consequently, G(z — 1) = G(xo + 1) for
all x € (zg + 1, 2o + 2]. From this observation and from (3.2) we have

Glxo+1)P(m <2z —1)+E[G(m);m >z —1]
=G(xo+1)P(m <z —1)+E[G(m);m € (x — Lxg+ 1]] + E[G(n1);m > xo + 1]
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This equality implies that G(z) = G(x¢ + 2) for all z € (z¢ + 1,z0 + 2]. Note also that

G(zo +1) = E[G(m);m > o]
= G(xo+ 1)P(n € (w0, 20+ 1])) + E[G(1n1);m > w0 + 1].

Combining this with (3.3), we conclude that
Glao +2) = Glag +1) (1 + Pl < 20)).

Fix now an integer n and consider the case x € (zg + n,zo + n + 1]. Assume that we
have already shown that G(y) = G(xo +n) for all y € (o +n — 1,29 + n]. Then we have
from (3.2)

Gx)=Gxz—-1)Pm <xz—1)+E[G(m);m >z —1]
= G(xzo +n)P(m < zo +n) +E[G(n1);m > zo +n).
Therefore, G(z) = G(zo + n + 1) for all z € (zg + n,zo + n + 1]. This means that this

property is valid for all n.
One has also equalities

G(zo+n+1) = G(xo +n)P(m < 20 +n) +E[G(m);m > 0 + 1)
and

Gzo+n)=G(xog+n—1)Plpm <zg+n—1)+E[G(m);m > xo +n — 1]
=G(xzo+n—1)Pmpm <zg+n-—1)
+ G(zo +n)P(m € (xo +n — 1,20 + 1)) + E[G(m);m > x0 + 1.
Taking the difference we obtain
G(xo+n+1)— Gz +n)
= G(J?o + n)P(m <zo+ n) — G(J?O +n — 1)P(’I71 <xzog+n-— 1)

—G(zo+n)P(n € (xo+n—1,29 + n])
=P(m <zog+n—-1)(Gxog+n) —G(xo+n—1)).

Consequently,
n—1
Gzo+n+1)—G(zog+n)=G(zog+ 1) HP(m <zo+k), n>1L
k=0
As a result we have
n j—1
G(z) = G(xo+ 1) 1+ZHP(771 <zo+k)|,z€(xo+n,zo+n+1]. (3.4)

j=1k=0

Finally, in order to get a non-trivial solution we have to show that the equation
G(zo+ 1) =E[G(m);m > zo]

is solvable. In view of (3.4), the previous equation is equivalent to

oo

n j—1
Glao+1)=Gxo+1)Y_ [ 1+ D J[Pm <zo+k) | P(ns € (z0+ n, 20 + n+1]).

n=0 7j=1k=0
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Now we infer that (3.1) has a non-trivial solution if and only if

[e%s} n j—1
1= Z 1+ZHP(771 <zo+k)|P(m € (xo+n,z0+n+1]).
n=0 =1 k=0
Clearly,
[e%s} n j—1
D1+ [[POn <zo+k) | PO € (w0 +n 20 + 1+ 1))
n=0 =1 k=0
oo j—1 %)
=P(m >z0)+ > [[Pn <z0+k) D P(m € (z0+n,20+n+1))
=1 k=0 n=j
e’} j—1
=P(p >x0)+ > (1=P(p <20+ 7)) [[Pm < 20+ k).
j=1 k=0

Furthermore, for every N > 1,

N j—1
Z(l—P(m < z0+7)) HP(Ul <xo+k)
j=1 k=0
N j-1 N
=Y [IPn<zo+k)=> [[POn <xo+k)
J=1k=0 7=1k=0
N
=P(m < zo) — H P(m < zo+ k)
k=0

This implies that

o0 n j—1
YD1+ >[I POn <zo+k) | PO € (w0 +n 20 + 1+ 1))
n=0 j=1k=0
N
=1-— lim P(m <z + k).
N—>ook=0

Thus, there is a non trivial solution G(z) if and only if

N
lim P(m <zo+k)=0.
N—o0
k=0
Noting that this is equivalent to Enfr = oo, we finish the proof of the proposition. O

We notice also that En;” = oo, which ensures the existence of a harmonic function,
in fact means that {R,,} is either null recurrent or transient. If {R,} is recurrent and
P(m < xg) > 0 then, according to (1.1), the function G(z) grows unboundedly.

We proceed with proving part (i) of Theorem 1.2.

Lemma 3.2. Assume, that if (1.4) holds with some c € (0, 1) then there exists v € (0, 00)
such that

G(x) ~Up().

EJP 27 (2022), paper 154. https://www.imstat.org/ejp
Page 16/43


https://doi.org/10.1214/22-EJP879
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Persistence of autoregressive sequences with logarithmic tails

Proof. Observe that

j—1 j—1
[P <zo+k) = [[(1—POn > 20+ k)
k=0 k=0

= exp(i log(l — P("]l >z + k)))
k=0

Using Taylor’s formula for the logarithm and taking into account (1.4) we conclude that

j—1 Jj—1
H P(m < o+ k) ~ ¢y exp(— ZP(WI > xo +k))

k=0 k=0
J )
~ Cy exp(/ Py >vy) dy) = coe M0l
0

Recalling that ug is regularly varying of index —c we conclude that G is asymptotically
equivalent to a multiple of Ujy. This finishes the proof of the lemma. O

We conclude this paragraph with the following remark concerning the cases which
are excluded from Theorem 1.2.

Remark 3.3. a) If ¢ =1 then one has to take into account the asymptotic behaviour
of the difference P(n; > y) — 1/y. Assume, for example, that
1 0+o0(1
P(m >y)=—+ f4oll)
y  ylogy
for some 6 € (0,1). Then {R,} is null recurrent and there exists a slowly varying
function L; such that e~ ®) ~ (logz)~?L; (log x). This implies that

G(z) ~ (logz)' =Ly (logz) if6 < 1.

1
1-46
b) If {R,} is transient then the function z — ng(Tagé2 ) = 00) is harmonic and its limit,

as r — oo, is equal to one. Then, according to (3.4),

j—1

_ 1+ ZjE[l,mfro) Hi:o Pm <zo+k)
L4+ 3252 TTZo Pl < w0 + k)

If (1.4) holds with some positive ¢ > 1 then the chain is transient and, using the

Karamata representation theorem, we obtain

1 L(x)
(c— 1)zl

P, (TP = o) , x>z  (3.5)

P, (TP < 00) ~

3.2 Harmonic function for the autoregressive process: proof of Theorem 1.3(i)

In contrast to the previous subsection it does not seem possible to find explicit repre-
sentations for the harmonic function in the autoregressive case. Instead we construct a
harmonic function via appropriate supermartingales. First we prove assertions needed
in the construction of the supermartingales.

Lemma 3.4. Let W be an increasing, regularly varying of index r € (0, 1) function. We

assume also that W'(z) = O (@) If (1.4) holds then, as z — oo,

E[W (log o (A"~ + A™))]

=W(z=DP(p <z 1) +EW(pn)im >z—1]+o0 <”fz(;)> '
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Proof. We start by decomposing the expectation into two parts:

E[W (log 4 (A*~ + A™))]
E[W (log, (A~ + AM))imy < 2 — 1] + E[W (log 4 (A7 + A™))imy > 2 — 1]
EW(z—141loga(1+AM = 1)) < 2 —1]

+E[W(n +loga(14+ A7) > 2 —1].

By the mean value theorem,

E[W(z —1+log,(1+ A= 1)) < 2 —1]
=W(E—-1DPip <z—1)+E[W (2—14+6;)log,(1+Am = ). <2 —1],

where 6; = 61(z,m) € (0,log,2). Using now the assumption W'(z) = O (—W(z)) we

x

obtain
E[W(z —1+log(+A"**1))im <z —1]

W= DPOn < 1)+ 0 (1) Blloga(1-+ A= <5 1)

It is easy to see that
1
log4(1+ A"+ = 0 < )

2
z
ifm <z—1-2log, 2. Furthermore, (1.4) implies that

1

P(lelogAz<771§zl)0<>.
z

Combining these relations, we infer that

1
Ellog(1+ A" )im <z-1]=0 <) '
As a result we have

E[W(z — 1+ log(+A™ )i < 2 — 1]

=WiE-1)Pm<z—-1)+o (W(Z)) . (3.6)

Using the mean value theorem and the assumption W'(z) = O ( ) once again, we

get
E[W (n +loga(14+ A% "M))im > 2 — 1]

=B ()i > = - 11+ 0 (T2 ) Blloga (14 4o > 2 - 1

Similar to the first part of the proof,

1

Ellog, (1 + A" ™M) > 2 —1]=o0 <> .
z

This leads to the equality
E[W (n +log,(14+ A1)y > 2 — 1]

—EWn)im >z —1]+0 <W(z)> .

22

Combining this with (3.6), we obtain the desired equality. O
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For every ¢ > 0 we define

us(z) = (1+¢) /OxP(nl >y)dy, x>0

and
<0

0,
Ue(z) = { fow e uWdy, x>0.

1=¢) one has
(&3

Lemma 3.5. For every ¢ € |0,

B[U. (log 4(A*1 + A™))] = U (2) — - eus<z>+o(Uf<Z>>.

Proof. (1.4) yields
ue(x) ~ (1 +¢e)clogz asxz — oco.

Furthermore, U.(x) is regularly varying of index 1 — ¢(1 + ¢) and that

Ul(z) = e =) ~ (1—c(1+ E))Lﬁx)'

Therefore, we may apply Lemma 3.4 to the function U.:

E[U. (log o (A"~ + A™))]

U.(z
=U.(z=1)Pm <z—1)+E[U(m);m>z—1]+o0 (2(2)> .
Integrating by parts, we have
E[U:(m)im >z =1 =U:(z = 1)P(m > 2z — 1) +/ e WP (n > y)dy
z—1

1 o0
=U(2-1)P(m >2z—-1)+ / e~ =Wy (y)d
(z = )P (m e (y)dy

=U(z—1)P(m >2—1)+ e ez,

1+¢

Consequently,

E[U.(logy(A* 4+ AM)] = U.(z — 1) + eue=l) 4 (UE(Z)) : (3.7)

1+¢ 22

It remains now to notice that, by the Taylor formula,

1
Uc(2) =U(z—1)+Ul(z—1) + §UE”(Z —146)
_ UE(Z _ 1) + e—uE(z—l) +0 <U€<2Z)> )
z

Using this in Equation (3.7) finishes the proof. O

Combining the functions Uy and U, we can now easily construct supermartingales.
To this end we notice that applying Lemma 3.5 and using U, (z) = o(Up(z)), we get

E.[Uo(logs X1) + Ue(log 4 X1)]
= E[Up(log 4 (A" + A™)) + U (log 4 (A"~ + A™))]

67u5(logA ) +0 <U0(1OgA I)) )

= Uo(IOgA $) + UE(lOgA I) - (logA 37)2

1+4+¢
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We know that e~<(?) is regularly varying of index —(1 + ¢)c and that Y2} is regularly

z
varying of index —c — 1. Thus, for every ¢ < % there exists z* such that

E.[Uo(logs X1) + Uc(logs X1)] < Up(log, x) + U:(log 4 z), = > z*.
This inequality implies that if g > «* then the sequence
Zy = Up(log 4 Xn/\TJEOX)) + U:(log 4 XnATﬁff))
is a supermartingale. We next notice that
Zpir {TEO > n 41} — Z, {750 > n}

= (Zn41 — Zo)H{TEO > n} — Zp {TE) =0+ 1}
< (Znyr — Zn)l{TgEoX) > n}.

This implies that Z,,Ll{ngff) > n} is also a supermartingale.
Proposition 3.6. If x( > x. then the function

V() := lim E,[Ug(log, X,); T > n)

is well-defined, strictly positive on (x¢, c0) and harmonic for { X, },,>o killed when exiting
(9, 00). Furthermore, we have

V(z) ~Up(logy ) asx — co. (3.8)

Proof. Using the supermartingale property of an{ngf ) > n} we conclude by the super-
martingale convergence theorem that the function

Ve(x) := lim Ey[Ug(logy Xn) + Us(logs Xu); TX) > n)
is well-defined and finite. Furthermore,
Ve(z) < Up(log 4 z) + Uc(log 4 ¥) < CUp(log ), x> 0.

We now recall that U.(z) = o(Uy(z)). Thus, for every § > 0 there exists B such that
U.(z) < 8Uy(z) for all z > B. Therefore,

E.[U:(log 4 X,); T > n]
= E,[U.(log, X,);log4 X, < B,T{X) > n]
+E,[U.(log s Xn);logy X > B, T > n]
< U(B)PL(TL) > n) + 0B, [Up(log 4 X,,); TS > n).
Recalling that P X(Téf ) > n) — 0, we get

lim sup E, [U (log 4 Xn);ngg() > n] < V().

n—oo

Letting now 6 — 0 we conclude that
lim B, [U.(logy X,); T > n] =0
This means that V. does not depend on . Thus we may set

Vix) := nll_)rgc E.[Up(log 4 Xn);Tm(j() > n).

EJP 27 (2022), paper 154. https://www.imstat.org/ejp
Page 20/43


https://doi.org/10.1214/22-EJP879
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Persistence of autoregressive sequences with logarithmic tails

Since Uy and the chain {X,,} are increasing, we infer that the function V' (z) is increasing
as well.
By the Markov property,

E,[Us(logg Xps1); T >+ 1] = / P.(X; € dy)E,[Us(logy X»); TS > n).

Zo

It follows from the supermartinale property of Uy(log 4 X,,) + U:(log 4 X,,) that

E, [Uo(logs X,): T > n] < Ey[Up(log s Xn) + U (log 4 X); TS > ]
< Up(logay) +Uc(logay), n=>1

This allows one to apply the dominated convergence theorem and to conclude that
V(z) =B, [V(X1); T > 1], 2> 0.
In other words, V(z) is harmonic for X, killed at TIEOX). It is also clear that
V(z) < Up(logy z) + Uc(log 4 ) < CUy(log 4 x).
To show that this function is strictly positive we notice that
E[Uy(log4(A* 1 + A™))] > Up(z — 1)P(m < 2 — 1) + E[Ug(m);m >z — 1].
Using now the integration by parts, we get
E[Up(log 4 (A*™1 + AM))] > Up(z — 1) + e~ > Uy (2).

In other words, the sequence Uy(log, X,,) is a submartingale. Then, by the optional
stopping theorem,

E; [Uo(log 4 Xn);ngf) > n] > Up(log 4 z) — E[Uo(log 4 XT_§0X>)§T£X) <nj.

0
Letting here n — oo, we conclude that
V(xz) > Up(log 4 x) — E[Ug(log 4 XTJ(COX) )] > Up(log 4 x) — Up(log 4 xo)-
Thus, V(x) > 0 for every x > x(. Furthermore, one has the relation
V(z) ~Up(log, x) asx — oo.

Thus, the proof is complete. O

It remains to construct a harmonic function for the case z¢o < xz,. Let V, be the
. . . . (X)
function corresponding to the stopping time 73 ’, i.e.

Vi(x) = Ex[Vi(X1); X1 > 2], > 2.

Define
oo Ty
V(z) = Vi(x){z > 2.} + Z/ P, (X; € dz, TEO > j)g(2), (3.9)
Jj=0%o
where
9(z) = E.[Vi(X1); X1 > 2]
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Then one has

E.[V(X1); X1 > x0]

= E,[Vi(X1); X1 > 7] +/

Zo

(X1 € dy) Z/ (X €dz, TEO) > j)g(z)

= E,[Vi(X1); X1>J;*+Z/ +(X; € dz, T > f)g(2).

If z > z, then
E.[Vi(X1); X1 > 2] = Vi(2).
Moreover, for z € (z¢,x.] we have

E. [V, (X1); X, >x*]:/ P.(Xo € dz, T > 0)g(2).

’ T xo
Zo

As a result,
E,[V(X1); X1 > xo] =V (x), x> o,
i.e. V is harmonic.
Since V(z) is strictly positive on the half-line (xy,00), we may perform the corre-
sponding Doob h-transform via the transition probabilities:

~ \%
PV (X, e dy) = ﬁpx(xl edy), x,y> 0. (3.10)
V()
The chain X,, becomes transient under this new measure. To see this we consider the
sequence (V(X,,))~'/2. It is immediate from the definition of P that

S(V) 1 1 V(X1) 70
2| | = e [ > )|
1

- [\/Tll{T(X) > 1}}

Applying now the Jensen inequality, we obtam

< V(lm) \/ET [V(X1)1{T9£f) > 1}} — ;(x).

1
V(X1)

Agv)

In other words, the sequence (V(X,))~'/? is a positive supermartingale. Due to the

Doob convergence theorem, this sequence converges almost surely. Noticing that
P, (limsup X,, = oo) = 1 implies that this limit of (V' (X,,))~'/? is zero. This means that

X, 0o PV) _as.

We now show that (3.8) holds also in the case when the harmonic function is defined
by (3.9). Since the function g(z) is increasing,

Z/ (X € dz, T( ) > )g(2)

g(z. ZP (X, <x*,T(X) 7)

7=0
Viz) B
<gzy) —————— P,(X; <z
infye g,z V(1Y) Z::O
o0
=C(zo,z)V(2) Y Po(X; <)
j=0
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Due to the transience of {X,,} under P,
o0 T
Z/ P,(X;<z,)—0 asz — .
j=0"%0

This implies that

> [P € dn 00 > dlgle) = o V(@)
j=0"70

and, consequently;,

V(z) ~ Vi(z) ~ Up(log 4 ).

Thus, the proof of Theorem 1.3(i) is complete.

4 Lower and upper bounds for tails of recurrence times

We shall consider the chain {X,,},>¢ only and prove the bounds formulated in Theo-
rem 1.3(ii). The proofs of corresponding estimates for chains {M, },>¢ and {R,, },>0 are
simpler.

4.1 A lower bound for the tail of TéOX)

The main result of this subsection consists in the lower bound for the tails of the first
hitting time.
Lemma 4.1. Under the conditions of Theorem 1.3 there exists a constant ¢ > 0 such
that
V(znA™)
P(TY) > p)>c 7
Proof. We first consider the case zog > z.. As we have seen in the previous section
the harmonic function V' (z) is increasing in this case. Again let P denote the Doob
h-transform of P via the harmonic function V, for its definition see (3.10). We start by
showing that

liminf P(X, < AP") >0 (4.1)

n—o0

for an appropriate constant B. For this we define
oy :=inf{n >1:X, > AY}.
By the total probability formula, for z < A?" and B > 2,
P.(X,,, < AP" 04, <n)

~

n A27
- Z/ B, (0an > k— 1, Xp_y € d2) PL(X, € (477, AB"))

k=1 0
P, (X € (A2, AB7)) <N A7 .
> inf (X, € (4™, A7) Z/ P, (020 >k —1,X31 € d2) Po(X; > A%")
Zz< A2 PZ(AX'1 > A2n) —

P.(X; € (A2, AP")

= inf — P,(0y, <n).
<A™ P(X; > A%) A2 =)
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For every r > 2, using the integration by parts, we get

P.(X; > A™)

1 oo
= V(y)P,(X; €d
V) Jam (y)P.(X1 € dy)

N 1x+/(0z()1) /Oon Uo(log 4 y)P=(X; € dy)

_ 1 +0(1) m rn
= 7‘/(2) (U()( )Pz(Xl > A )+/

[e)

Up(log 4 y)(log 4 y) P (X1 > y)dy> :

rn

According to (1.4),

C
logsy

P.(X1 >y) =P(m >logs(y —az)) ~

uniformly in z < A?", y > A?". Therefore,

B> am) = A (e S+ [

e wOP(n >t dt)
V) (m >1)

_ 1+ O(]‘) C —up(rn) ) _ 1+ 0(1) —c U(](n)
 Vi(2) (Uo(rn)rn te )  Vi(2) " n
This implies that
D 2n Bn c
e D20 €A AT (2> +o(1).
Z< A P.(X; > A7) B

Taking B = 2!*72/¢, we conclude that

N o 1~
P.(X < A2 ,Oon <) > —Py(02, <n), x< A"

O2n —

[\)

for all n large enough. Using this bound, we obtain
P.(X, < AP")
> P, (020 > n) + Po(X,, < A" X,, < AP" 55, <n)

~ 1~
Z Px(JQn > 71) + §P(O—2n S n)Pm(Xn S ABn|Xa'2n S ABnaUQn S Tl)
By the strong Markov property,

P.(X, < AP" X, < AP" o4, <n)

0'2n

ABn
— Z/ (02 =k, Xp € d2)P.(X,_p < APT)

ABn
> Z/ P, (02 = k, X}, € d2)P,(X; < X,_; forall j <n — k)

> Pm(02n < n7X02n < ABn) Ze(AizngBn)Pz(Xj < Xjfl for allj < n)

Therefore,

D Bn Bn : ) ) ) .
P.(X, < A°MX,, <A®" 09, <n)> ze(AIZIT}fABn} P.(X; < Xj_; forall j <n).
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If Xo = 2> A% then X; > A?"J for every j > 1. If A" > z then PZ(ngg() >n) =1 and,
consequently,

P.(X,; < X, 4 forall j <n) > via")

PZ(X]' S Xj,1 for all] S TL)

For every y we have
P,(X1 <y)=P(m <logyy+logs(l—a)).
Thus, by the Markov property,

PZ(X]' S Xj—l for all] S 7’L)
>P.(X; <X, 1 forallj <n—-1)P(m <n+1+logy(l—a))

n—1

> .2

—

Pim <2n—j+logs(l—a))
0

n+1+logs(l—a)))" ~e "

AT

> (P(m
This implies that

L . v(Ar) e
ey Po0 = o forall F = m) = ey

v

Co.

Therefore,
EN Bn B Coy Co
for all sufficiently large n. This finishes the proof of equation (4.1).
Recalling that V' is increasing, we obtain the bound

P > ) = V@R |5

V(z)
V(ABTL)

> PV (X, < AP") >

Consequently,
V(z N A™)

VA (4.2)

X
P.(TX) >n) > C,
for all x > xg > z.
Thus, it remains to consider the case zg < z,.. If z > z, + 1 then Pw(TgEOX) >n) >
P, (TYX) > n). Applying (4.2) with 2o = z., we get

Vi(z N A™) o

Viz A A")
Vi(Am)  — '

P, (TX) >n) > C VAT

Ifzr <z,+1then

V(zNA")

X X

P (T >n) > P(& > 2u + NP, 11 (T >n—1) > s iany

Together with (4.2) the proof is complete. O
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X
4.2 Upper bounds for P(ng0 ) > n)

Lemma 4.2. If V(z) is increasing on (zy,c0) then

P$(T£§{)>n)§6’ x>z, n> 1.

Proof. Since P, (X, > y) is monotonically increasing in z,
P.(X, >y ngg() >n) > P.(X, >y) forall z,y > xo.
Consequently,
E,[W(X,) | T > n) > Eo[W(X,)] > By [W(X0)1{ X, > z0}]

for every nonnegative increasing function W. (To prove this, one approximates W by
functions of the form ), cx1(y, ~).) In particular, for W =V one gets

V(z) = Bo[V(Xn), T > n]
=P (TS > n)E,[V(X,) | TLX) > n]
> P, (TS0 > n)E,[V(X,)1{X,, > 20}]

and can conclude

V(z) V(z)

PolTi? > 1) S f o XX > w0]] = BV (X)L (Ko = 7o)

(4.3)

As we already know, % converges weakly to the distribution with density

Cycfl
— 1 .
(y 4 1)(1-‘1—1 R+ (y)
The asymptotic behaviour in (4.3) is obtained most conveniently if one assumes that
log“% converges almost everywhere to some Z with this distribution. (On a suitable
probability space, the sequence can always be constructed in such a way.) Then, as
v(x) := V(log4 ) varies regularly with index 1 — ¢,

V(X)) wllogsXn) v (24EE0) iz

V@AY T ) e ) 2

(More precisely, due to the monotonicity of V, one first gets for every fixed N € IN

log 4 Xn log 4 X
. v (70&31 n) v (Squ:kzN B4k n)
limsup ————=

< lim sup = ( sup
n— oo ’U(’ﬂ) n— oo U(TL) k:k>N

log 4 Xk)l_c

v(logy Xyn)

o) < Z'=¢ and likewise one checks that the lower limit

N — oo shows lim sup,,_, .,
has at least this value.)

Now one can apply the Fatou lemma:

. . EO[V(Xn)l{Xn > -Z'O}'] 1— /Oo 1—c Cyc_l

1 f >E[Z7¢ = L A———

ks v 2R = ) v e
so (4.3) yields the desired bound. O
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Remark 4.3. We know from the construction of V' that this function is increasing for
o > T+«. We now notice that, using Theorem 1.3(iii), one can infer that V is increasing
for all zy. Indeed, by the monotonicity of the chain {X,},

P, (T > n) <P (TX) > n)

for all n and for all x < y. Combining this with the asymptotic relation PgC(Ta(cOX) >n) ~

%(c)%, we conclude that V(z) < V(y). Thus, the bound in Lemma 4.2 holds for each

o and, consequently, the upper bound in Theorem 1.3(ii) is valid.

Since the we do not have the monotonicity property of V' in the case zg < z,. we next
prove an alternative upper bound, avoiding the use of monotonicity arguments.

Lemma 4.4. Assume that there exist x1 and a subexponential distribution F' such that
PI(TaEf() >n) < C(x)F(n), n>0, r> .
If zy < x1 is such that P(axy + & < x¢) > 0 then there exists C(xg,x) such that
PI(TQE()]() >n) < C(z,z0)F(n), n>0, x> .
Proof. The assumption P(azx + & < xo) > 0 implies that

p = le (XTgEi() < :Co) > 0.

Then we can represent the law of Tl(»f() as a mixture of two distributions:
P, (T\X) € B)
= ple(ngf() € B|XT$> <o)+ (1 - p)Pm(ngf() € B\XT;? > g)
=:pP(0 € B) + (1 —p)P(¢ € B).

Noting that {X,,} may visit (xq, 1] several times before TgEOX) and using the monotonicity
of the chain, we get

o0

P, (T} <pY (1=p'P(G+ G+ + G +0>n),
k=0

where {(;} are independent copies of (. Under the assumptions of the lemma we have
P((>n)<CiF(n) and P(0 >n) < CyF(n).
Then, by Proposition 4 in [5],
P, (T >n) < CF(n).
If the starting point x is smaller than z; then
P, (T > n) <P, (TS > n) < CF(n).

If the starting point z is bigger than x; then Px(TgEOX) > n) is bounded by the tail of the
convolution of Pz(ngf() € ) and P,, (T(X) € ). Since the tails of these two distributions
are O(F(n)), the tail of their convolution is also O(F(n)). This completes the proof of
the lemma. O
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Corollary 4.5. If (1.4) holds then

forall x > xg and alln > 1.

Proof. It suffices to consider the case g < x,.

Since V.(A™) is regularly varying then, in view of Lemma 4.2, the conditions of
Lemma 4.4 are valid for x; = z, and F(n) ~ CUy(n). Combining now Lemmata 4.2
and 4.4, we have, for x > z,,

Clv* (x) + 02

P (10 > n) < PL(TE) > n/2) + Pa (T10 > n/2) < = (A7)

Recalling that V. (A") is regularly varying and that V(x) > V.(x) in the case zg < x4,
we have the desired estimate for z > z,.. In the case x < x. it suffices to apply
Lemma 4.4. O

5 Proof of asymptotic relations

In this section we shall prove asymptotic relations in Theorem 1.3(iii). Exact asymp-
totics in Theorem 1.2 can be derived by exactly the same arguments, and we omit their
proof.

We are going to apply Theorem 3.10 from Durrett [10] to the sequence of Markov
processes

1 X
U}g") - M7 t>0.
n

Since this sequence converges weakly to the process Z, which is non-degenerate and
P.( éZ) > t) is strictly positive for all z,¢ > 0, we conclude that the conditions (i)-(iii)

from [10] are fulfilled. Moreover, we have already shown that P, ( |T0(Z) > 1) converges,
as ¢ — 0, to a non-degenerate limit. Thus, it remains to check that

« Panen (TS > nty) = Po(TL?) > t) if 2, — 2 > 0 and ¢, — ¢ > 0;

e Pynas (TJEOX) > nt,) — 0 whenever z,, — 0 and ¢,, — ¢t > 0;

« the sequence v(") is tight; and

o limy_yo liminf,, oo P 4= (vt(") > h| ngf) >n) = 1 for every t > 0.

We start with the first condition.
Lemma 5.1. Ifx,, > x > 0andt, —t > 0 then

A
P unen (T > nt,) — P (T3P > t).

Proof. Since Py(ngf ) > m) is increasing in y and decreasing in m, it suffices to prove
the lemma in the special case z,, = x and t,, = t. We are going to apply Theorem 2.1
from [10]. We set

Ap = {f € D[0,t] : ilgf(s) > 0}
and

A, = {feD[o,t]:igf;f(spff}, n> 1.

Furthermore, for every ¢ > 0 we define

G = {f € DI[0,t] : irgf(s) > 6}.
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Then we have
P,.(Z€0G.)=0 foralle,t>0. (5.1)

It is clear that G. C A, forall n > 2¢/c and G/, T Ag. Thus, in order to apply Theorem
2.1 from [10] we have only to show that

limsup P gen (TQEOX) > nt) < Pz(TéZ) > ). (5.2)

n— oo

Fix some ¢ < z and § < t. Then, using the monotonicity of the chain {X,, }, we get
P 4on (Tz(g() > nt) < P gen ( gngX[gn] > A6n> + Paen (Tz(g() > §n)

According to the upper bound in (1.12),

V(Asn)

Recalling that V(A¥) is regularly varying of index 1 — ¢, we conclude

1-c
limsup P gen (ngg() >on) <C (%) .

n— oo

Furthermore, combining (1.5) and (5.1), we get

P 4en <sgtlf§X[s”} > A > — P, (SgtlféZS > 5) .
Consequently,

1—c
lim sup P aen (1) > nt) < P, (g}fgzs > s) +C (5)

n—r oo 5

<P (TP >t-6)+C (%)H.

Letting here first ¢ — 0 and then § — 0, we arrive at (5.2). Thus, the proof is complete. O
Lemma 5.2. Ift, —t >0 and xz,, — 0 then
P gonn (TS > nt) — 0.

This is a simple consequence of the upper bound in (1.12) and we omit its proof.
Lemma 5.3. For all x > xy and all t > 0 one has

lim lim sup P$(v§n) > h| TJEOX) >n) =1

h—=0 p—oo

Proof. By the definition of v("),

P, (X < AP T > n)
P, (T > n) '

P, <h|TC) >n) =

Set s = min{1,¢}/2. Then, by the monotonicity of X,,,
P;c(X[nt] < Ahn,Tl(i() > n) < PJ(TgEj() > nS)Po(X[n(t,S)] < Ahn)
Therefore,

Px(ngOX) > ns)

Px(vt(n) > h| TJEOX) >n) < . (T(X) )
z\Lxo

Po(Xjnit—s) < A™M™).
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Taking into account (1.5), (1.12) and (1.6), we get

. (n) X c—1 c—1 h ‘
hﬁnj;p P.(vy "’ > h|T£O ) >n) < CsC'Py(Zi_s < h) < Cs <h—|—t—8) .
This yields the desired relation. O

To show the tightness we shall use the following upper bound for the conditional
distribution of X,.

Lemma 5.4. There exists a constant C such that

1
Py (X, > AYT{) > n) < CS, y > 2log, <x+ - _a) .

Proof. If &, < AY/? for all k < n then
X, =a"v+a" " +a" 2.+ &,
n—1
<m+Ay/22a]<x+Ay/2 < AY

j=0 B

for all y > 2log4 (m + ﬁ) Therefore,

P, (& > AY2 100 > n)

M=

P,(X, > AV, T > n) <

£
Il
-

P, (& > A2 1) > k- 1)

[M]=

=
Il

1

2 X
P(& > AY?)Y P (I > k- 1)
k=1

Using the upper bound in (1.12) and recalling that V' (A?¥) is regularly varying with index
1 — ¢, we conclude that

zn:Pw(Tif) >k—1)<1 +c§ VV(EZJ.)) < cy&f;

Consequently,
nV(z)

v(ar)

Combining this with (1.4) and with the lower bound in (1.12), we obtain the desired
estimate. O

P, (X, > AV T >n)<C P(n > y/2).

Lemma 5.5. The sequence v") is tight.

Proof. According to Theorem 3.6 in [10], it suffices show that

hm limsup P, (X,, > A”K|T(X) >n)=0 (5.3)
K—o00 posoo
and
lim lim sup P (Xp,g > A" T > n) =0, h>0. (5.4)
=0 pnsoo 0
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(5.3) is immediate from Lemma 5.4. To show (5.4) we first notice that, for every ¢t < 1,

P, (T > nt

P (X > AT > 1) < Py Xy > AT > nt)%w.
P,(Tz ' > n)
Applying Lemma 5.4 to the first probability term on the right hand side, we get

t PL(TSO) > nt
B (Xiug > APIE) 5 ) < ¢ PolT) 2 m0)
hp, (T > n)

Using again (1.12), we have

P (TS0 > nt
lim sup (Izy” > nt)

T x\~To -~ "7 S th—l.
n—oo Pm(ngf) >n)

As a result we have the estimate

tC
lim sup P, (X}, > A"h|T:£g() >n) < CE’

n—oQ

which implies (5.4). O

We have checked all the conditions in Theorem 3.10 in [10]. Therefore, the se-
quence of distributions P, (v(”) € ~|T£OX) > n) on D[0, 1] converges weakly towards the
distribution @ introduced in Theorem 1.1.

5.1 Tail asymptotics of the first hitting time

In this section we aim to prove (1.13), which is a part of Theorem 1.1 (iii). Since V is
harmonic,

V(x) V(X,); TS > n)

[ 1)

V(Xn); T > n, X, < AR+ EL V(X T8Y > n, X, > AX"] (5.5)

? T xo

E,
E,
for every K > 0.

We know that V' (z) < CUy(log, x). Therefore,

. X Kn
E,[V(X,); T8O > n, X, > A%

< CE,[Up(log 4 X,); TS > n, X, > AK"]
= CUo(Kn)P,(logy X, > Kn; T > n)

o0

+C | Ui(y)Pa(logs Xn > y; T > n)dy.

Zo
Kn

Combining Lemma 5.4 and (1.12), we have

(X nV(z)
P, (logy X, > y; TS > ) < O
Consequently,
E,[V(X,): TS > n, X, > AR
V(z) (Uo(Kn) /°° Us(y)
< —>d
_ClV(A")( K" Kn Y Y
V(z) (Uo(Kn) / > Uo(y) V(z) Uo(Kn)
< — < .
<rgran (P en [, S < O
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Recalling that V(A"™) ~ Uy(n) and that Uy is regularly varying, we finally get

C
limsup E, [V (X,); T8 > n, X, > AK"] < —V(a). (5.6)

n— oo Ke

For the first summand on the right hand side of (6.8) we have

E,[V(X,): T89 > n, X, < AKX
=P, (T > n)E,[V(X,)1{X,, < AKX} T > ]
V(Xy)

Vi )1{X < AKX TS

— VAP > wE, |

> n] .
It follows from the already proven conditional limit theorem and from (2.12) that

1 Xn
lim P, OgAig z)>n :L, y > 0.
n © y+1

n—oo
Combining this with the regular variation property of V', we obtain

) > 1

V(Xy) n
E, {V( )1{X,, < AEm™)

T(X > n}

=(1+0(1)E, (logle”y c1{X < AKmM

K c—1
(4 0(1))/0 &Wdy.

Consequently,

E,[V(X,); T > n, X, < AK")

) o
c—1

K
= (14 o(1))V(A")P, (T > n)/o &7)26@. (5.7)

Plugging (5.6) and (5.7) into (5.5) and letting K — oo, we obtain

oo c—1 -1
V()
PZT£X)>nN</ Y d) .
T =m~\ ) GreE®)  viam
Thus, (1.13) holds with

x(c) = (/000 (1yj_;)2dy)_l T - c)Bl(c,l —c)

6 Proof of Theorem 1.5

As we have already seen in the analysis of the harmonic function explicit calculations
are often possible in the case of the Markov chain {R,, },,>¢. This will be also the case in
the following subsections.

6.1 Expectation of hitting times for the maximal autoregressive process

Put u(z) = E, [Tf,gf)]. In this subsection we will derive representation (1.15) for u(x).
Observe that the Markov property implies that u(z) satisfies the following equality

w(@) =Py (T = 1) + By [1 + u(Ry); TR > 1]
m(Rl < 1’0) +Em[1 +U(R1),R1 > Cﬂo}, T > Xg. (6.1)
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Assume first that « € (zg, o + 1]. In this case one has
{Rl > Cﬂo} = {Rl =n > (L’o}.
Therefore,
u(x) =P(m < xo) + E[L +u(m);m > o)
=1+ E[u(m);m > xo] forall z € (xg,zo + 1].
For all x > zo + 1 one has Px(Téf) = 1) = 0. This implies that (6.1) reduces to
u(z) = Eg[1 4+ u(Ry)]
=l4+ulz—1)Pm <z—-1)+Eu(m);m>z—-1], z>z¢+1 (6.2)

If x € (xo + 1,20 + 2] then  — 1 € (9, zo + 1] and, consequently, u(z — 1) = u(xo + 1) for
all x € (zg + 1,zo + 2]. From this observation and from (6.2) we have
u(z)=1+ulzg+1)P(m <z —1)+E[u(m);m >z —1]
=1+u(xo+1)P(m <z —1)
+E[u(m);m € (x —1,z0 + 1]] + E[u(n);m > xo + 1]
=1+u(ro+1)P(m <o+ 1)+ Elu(m);m > xo + 1] (6.3)
This equality implies that u(z) = u(z¢ + 2) for all z € (x9 + 1, zo + 2. Note also that

u(zo +1) = 1+ Elu(n);m > wo]
=1+ u(zo + 1)P(m € (w0, 70 + 1])) + Elu(ni);m > zo + 1.
Combining this with (6.3), we conclude that
u(wo +2) = u(zo + 1) (1+ Pl < 20)).

Fix now an integer n and consider the case x € (xg + n,zo + n + 1]. Assume that we
have already shown that u(y) = u(zg + n) forall y € (xg +n — 1,29 + n]. Then we have
from (6.2)

w(z) =1+u(zg +n)P(p <z — 1)+ Elu(n);m >z —1]
=14 u(zo+n)P(m <zo+n)+Elu(m);m > zo+n.
Therefore, u(z) = u(zg +n+ 1) for all x € (xo + n,x9 + n + 1]. This means that this

property is valid for all n.
One has also equalities

u(xg+n+1)=14u(zo+n)Pn <zp+n)+ Elu(n);m > xg+ n
and
w(xg+n)=14u(xo+n—1)Phpn <xzo+n—1)+E[u(n);n >z +n—1]

=1l4+ulxzo+n—1)Plm <zg+n-—1)
+ u(@o + n)P(m € (xo +n — 1,20 +n]) + Elu(m);m > zo + nl.
Taking the difference we obtain
u(zo+n+1) —u(zg +n)
=u(zg+n)P(m <zo+n) —ulzo+n—1DP(m <aog+n-1)
—u(zo +n)P(m € (zo +n — 1,20 + nl)
=P(m <zog+n-—1)(u(zg+n) —ulzg+n-—1)).
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Consequently,

n—1
u(lzo+n+1) —u(zg+n) =u(ze+1) HP(m <zo+k), n>1.
k=0

As a result, we have the following expression for the expectation of the hitting time

n j—1

u(z) = u(xg + 1) 1+ZHP(771 <zo+k)|, ze(@o+n,zo+n+1]. (6.4)
j=1k=0

Finally, in order to get a finite solution we have to show that the equation
u(zo +1) =14 Efu(n);n > xo

is solvable. In view of (6.4), the previous equation is equivalent to

o0 n j—1
u(o+1) =1+u(@o+ 1) [ 1+ D [[POn <zo+k) | P(m € (o +n, a0 +n+ 1))
n=0 j=1k=0

Now we conclude that (6.1) has a finite solution if and only if

e} n j—1
Z 1+ZHP(7}1§x0+k) P(m € (xo+n,20+n+1)) < 1.
n=0 j=1k=0
Clearly,
[e) n j—1
S{1+> JIPOn a0+ k) | Pl € (wo + n, 20 + 1+ 1))
n=0 j=1k=0

=P(m > zo) +ZH 771gmo—f—k)ZP(m€(x0+n,mo+n+1])

8

j=1k=0 n=j
o Jj—1
=P(m > o) + Z (1=P(m <o +7)) H P(m <@+ k).
Jj=1 k=0
Furthermore, for every N > 1,

N j—1

Z(l —P(m < zo+7)) H P(m <z +k)

j=1 k=0

H 771§5U0+k)*ZHP(771§$0+k)

I
i Mz

=1 k=0
N
=P(n <mo) — H Py <xo+k).
k=0
This implies that
) n j—1
SH1+D T POn < zo+k) | P(m € (w0 +n,a0 +n+ 1))
n=0 j=1k=0
N
=1-— lim P(m <z + k).
N—o0
k=0
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Thus, there is a finite solution u(x) if and only if

N
lim P(771 <zy+ k‘) > 0.

N—o0

Note that this is equivalent to E?ﬁr < 0. Then,

1

F1) = — .
w0 ) = T B < w0 1 )

Plugging this result into (6.4) gives us an explicit formula for the expected hitting time.

6.2 Recursion for tails of exit times

We will consider now Px(Tz(f) > n). Define
v(n, k) = Pw0+k+1(TJ(,UR) >n), n,k>0

and

v, = v(n,0).

Then the following result holds.
Proposition 6.1. Assume that 0 < P(n; < zy) < 1. Then, for integer n, k > 0,

R
Pz(ngO) >n)=v(n, k), x€ (xo+kxo+k+1] (6.5)

Forn < k we have v(n,k) = 1 and for n > k the following recursive equality holds

k m—1
v(n, k) =v(n,0) + Z v(n —m,0) H P(n < xo+ 7). (6.6)
m=1 =0
Furthermore,
U =P(m >zo+n—1)+v,_1P(m € (z0,z0 +n — 1)) (6.7)
n—2 m—1
+ Z Vn—m—1P(m € (xo +m,zo +n —1]) H P(n <o +j)
m=1 =0

and hence (6.6) and (6.7) allow us to find PI(TJEOR) > n) recursively.

Proof. It is clear that for n < k it holds Px(ngf’) >n) =wv(n,k) = 1. Hence, in the rest of
the proof we will assume that n > k.
Let x € (xg,x0 + 1]. Then, for n > 0 we have,

P, (T > n) = / P, (R € dy)P, (T >n —1)
= / P(n € dy)P,(T\® > n—1). (6.8)

Zo
0

Clearly this probability is the same for each = € (g, 20 + 1] and hence (6.5) holds for
k=0.
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Next consider z € (zg + 1,z + 2. For every n > 1 we have

P, (T > n)

o
=P, (T >n-1)P(mp <z 1) +/ P(n1 € dy)P,(T\F) > n 1)
z—1
zro+1
= on+1(ng0R) >n—1)P(m <z-1) —|—/ P(m € dy)PI0+1(Tg£f) >n—1)
r—1
+/ P(n1 € dy)P, (T >n—1)
xo+1
=v(n—1,0P(m <z0+1) +/ P(m € dy)Py(ngOR) >n—1). (6.9)
xo+1

This expression is constant for x € (zg + 1, z¢ + 2] and hence (6.5) holds for £k = 1. Note
also that it follows from (6.8) that

oo

v(n,0) =v(n —1,0)P(n € (xg,z0 + 1)) —|—/ P(n € dy)P,(T\® > n—1).

Zo
xo+1

Subtracting this expression from (6.9) we obtain
v(n,1) —v(n,0) =v(n —1,0)P(n < xo). (6.10)

We will now prove by induction that for x € (zg + k, ¢ + k] the tail Px(Téf ) > n) is
constant and will simultaneously show that for £ > 2 that

v(n, k) —vin,k—1)=(v(n—1Lk—1)—v(n—1k—=2)P(my <zo+k—1). (6.11)

First consider the base of induction k¥ = 2. In this case, for n > 2 and for z €
(xo + 2,20 + 3], we have

P.(T{% > n)
=P, (T >n—-1)P(my <z - 1) +/ P(m € dy)P, (TP >n—1)

r—1

xo+2
—PoyiaT0 > n-1)+ [ Pl € dy)Payya(THD > - 1)
rx—1

+/ P(n € dy)P, (T >n 1)
zo+2

=ov(n—1,1)POmp <x9+2) +/ P(m € dy)Py(Téf) >n—1).
zro+2

This expression clearly does not depend on z. Thus,

v(n,2) =v(n—1,1DP(n < 20+ 2) +/ P(n1 € dy)P,(TF) > n - 1). (6.12)
zo+2

It also follows from (6.9) that
v(in,1)=v(n—1,00P(n <xzo+1)+v(n—1,1)P(n € (zo + 1,20 + 2])

+/ P(n1 € dy)Py, (TS >n—1).
xro+2

Subtracting this equation from (6.12) we obtain

v(n,2) —v(n,1) = (vin—1,1) —v(n —1,0)P(n < z9+1).
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This is exactly (6.11) with k£ = 2. Thus, the base case is true.

We will now prove the induction step. Consider = € (zg + k,z¢ + k + 1]. For n > k we
obtain, using the induction hypothesis,

P, (TP > n)

=P, (T >n—-1)P(my <z - 1) +/ 1 P(m € dy)P, (TP >n—1)
.L0+k7
=P (T >n—1) +/ P(m € dy)Pooin (T >n—1)
r—1
+ [ Pn e Py > 01
zo+k
oo
=v(n—1,k—1)Plmpm <zo+k) —|—/ P(m € dy)Py(ngoR) >n—1).
zo+k

This expression clearly does not depend on x and hence (6.5) holds. Thus,

v(n, k) =v(n—1,k—1DP(n < xo + k) +/ P(n € dy)P, (TP >n—1). (6.13)
otk

The same expression is true for k£ — 1 by the induction hypothesis. Hence,

v(n,k—1)=v(n—1,k—2)P(my <xzo+k—1)
+v(n—1,k—=1)P(m € (xo +k — 1,20 + k)

+/ P(n1 € dy)Py, (T8 >n—1).
xo+k

Subtracting this expression from (6.13) we obtain (6.11).
Now it follows from (6.10) and (6.11) that

k—1
v(n,k) —v(n,k —1) :v(n—ky())HP(m < zo+ 7). (6.14)

=0

for n > k. Then the standard telescoping argument gives (6.6). Plugging (6.14) into (6.8)
we obtain

Vy, = / P(mp € dy)Py(Tl(f) >n—1)4v,1P(m € (zo, 20 + 1])
xo+1
n—2

:ZP(nl €(xo+lxo+1+1)v(n—1,0)+P(mpy >20+n—1)
=1

—+ ’Un,1P(771 S (Sﬂo,(ﬂo + 1])

n—2

l
=Y Pme@o+lao+l+1) [va1+ Y vnm

m
=1 m=1 J

—1
H P(m <z + )
=0

+P(m >x0+n—1)+v,_1P(m € (x0, 20 + 1]).

Swapping the order of summation we obtain (6.7). O

EJP 27 (2022), paper 154. https://www.imstat.org/ejp
Page 37/43


https://doi.org/10.1214/22-EJP879
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Persistence of autoregressive sequences with logarithmic tails

6.3 Heavy tails

To analyse the heavy-tailed case we need first the following definition. We say that a
non-negative sequence (a,)n>0 is subexponential if

a oo
. n
lim =1, @y := g Ay < 00
n—oo aTL—l 0

n=

n
Zakan_k ~ 20500pn, M —> OO.
k=0
We start by deriving an upper bound for v,,.

Lemma 6.2. Assume that F' € §*, where F'(z) = P(n; < z). Then there exists a constant
C such that
v, < CP(mp >n), n>0.

Proof. Note that it follows from (6.7) that v,, < w,,, where the sequence {w,,} is given by
wy, = P(’I]l > 1‘0) and for n > 2,

wy, =Py >z0+n—1)+w,_1P(m > x0)

n—2 m—1
+ Z wn—m—lp(nl >z + m) H P(nl S To + ])
m=1 7=0

Set dy = P(m > zo) and
m—1
Ay =P(n1 > z9+m) H P(m <xo+j), m>1
j=0
Set also ¢,, = P(n; > 29 +n — 1), n > 1 Then we have w; = ¢; and

n—2
Wy = Cp + Z wn—m—ldwu n > 2. (615)
m=0

Using (6.15), we obtain the following equality for generating functions:

oS} o) o) n—2
Wns = CpS  + S Wn—m—1 dm
n=1 n=1 n=2 m=0
0o

) [eS)
= E Cn5n+5 § dmsm § wn—m—lsnimil
m=0

n=1 n=m-2
oo 00 0o

= Z cps” + s Z dpys™ (Z wns"> .
n=1 m=0 n=1

Set, for brevity,

w(s) = iwns”, e(s) = i cns™, and d(s) = i dps™.
n=1 n=1 n=0

Then we have

Solving this equality we obtain
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Noting that

m—1
dpm =1 —-P(mp <x9+m)) HPn1§z0+j))
3=0

m—1 m
= [[ Pm <z0+4) = [[Pn <20+ 1)),

j=0 =0

we get
Z dp =1— HP(m <xo+7j)) <1,
m=0 j=0

where the last inequality follows from the assumption En < co. Also it is clear that

dn+1
dn,

=P(m <n+x9) =1, n—o0

and -
dp ~P(n1 >n) H P(m < zo+J).
j=0
Since F' € §* we can see that (d,,),>0 is a subexponential sequence.

Then, it follows from the results in the theory of locally subexponential distribu-
tions (see Corollary 2 and Proposition 4 in [5]) that is a generating function of

d( )
subexponential sequence behaving like CoP (1, > n). The same statement holds for ¢(s).

Hence w,, is obtained as a convolution of two subexponential sequences asymptotically
equivalent to C1P(n; > n) and CoP(n; > n) and therefore behaves as C3P(n; > n) for
some C3. This implies the statement of the lemma. O

In the following lemma we complete the proof of Theorem 1.5.

Lemma 6.3. Assume that F € §*, where F(z) = P(m; < z). Then, for any x > x,
R
P, (T > n) ~ u(z)P(p >n), n— oo,
where the function u(z) = E, [Tw(f)] has been computed in (6.4).

Proof. First we derive a lower bound. For every N > 1 one has

N
(TP > n} 2 (TP > nne > @+ n)

C="

{Tm((l]%) >k —1,m6 > 0 + n}.
k

1

Therefore, by the inclusion-exclusion argument,

N
P, (T > n) > Y "Po(T{F >k — P (. > a9 +n)
k=1

N-1 N
P (T > k= 1)P(nx > z0+n) > P(n; >z +n)
k=1 j=k+1

N
> (1= NP(m > xo+n))P(n >2x0+n) ZP$ T(OR) >k—1).
k=1
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This implies that

P, (T(R >n) a
1. . f xo (R) > :ZC
I B > 2o ) 2 e > )
Letting N to infinity we obtain
P T(R) 00
hmmf(— > PT > k= 1) = B [T{F] = u(a). (6.16)

n—oo P(n; > x0+n) —

We next derive the corresponding asymptotic precise upper bound for v,,. Fix ¢ > 0.
From Lemma 6.2 and from the subexponentiality of P(n; > z¢ + n) we conclude that
there exists IV such that

n—N

Z Vp—m—1P(m € (zog + m,zo +n — 1)) an— YE(m) <
m=N-+1 m=N

F(zg+n)

[\')\m

for all n > 2N. Also, since F' € §* for any fixed 1,
P(m € (zo +n — 14,20 +n]) = o(F(n))

and therefore for all n > 2N,

n—2
Z Vn—m-1P(m € (wo +m, 29 +n —1]) < —F(x9 + n).

m=n—N

DN ™

Combining these estimates with the representation (6.7), we get

Un S (1 + 5)011 + Z dmvn—m—la n Z QN,

m=0

where the sequences {c¢,} and d,, are defined in the proof of Lemma 6.2.
(N)

Set now w,, ’ = v, forn < 2N and
wM = (1+ )P > z9 +n—1) —i—dewn )m 1-
m=0
(N

Clearly v, < wn, ) for all n.
Set also W) (s) = 32°°, y w5 and &) (s) = 32°°, | ¢,s". Then one has

™M (s) = (1 4 ¢) +dems anm smmt

n=2N
2N—-1
N -1
=(1+¢e)e )+s E dpms™ E w£L )m st
m=0 n=2N-m-—1

N
+ s (s) Z dpms™

Therefore,

N m 2N—-1 N n—m—
@(N)(S) _ (1 + E)/c\(N) (S) + s Zm:() de Zn:2N7mfl wv(lfznfls !

1—s Zgb:o Ay 8™

EJP 27 (2022), paper 154. https://www.imstat.org/ejp
Page 40/43


https://doi.org/10.1214/22-EJP879
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Persistence of autoregressive sequences with logarithmic tails

This implies that

Consequently,
Up, 1+4+¢ 1+¢
limsup — < < = =(14+¢e)u(xo+1).
n—oo Cn 1-— ZZ:O dﬂ’L 1- Zm:O dm ( ) ( )

Letting ¢ — 0, we get
lim sup In < wu(zg +1).

n—oo Cn

Combining this with the lower bound (6.16), we conclude that
U ~u(zo + 1)P(m >n), n— oo. (6.17)

Assume now that z € (¢ + k, o + k + 1] for some k£ > 1. Then, by Proposition 6.1,

k m—1

P(T{H >n) =vn+ Y vnem [[ Plm < @0+ ).

m=1 j=0
Using now (6.17), we conclude that

m—1

k —
P(T > n) ~uleo+1) [ 14+ 3 [ Pl < o +4) | Py >n).
m=1 j=0

Noting that u(zo+1) (1 + anzl H;’;Bl P(m <zo+ ])) = u(x) we complete the proof. O

7 Proof of Theorem 1.6

The lower bound for the tail of Tm(f ) can be obtained by exactly the same arguments
as the lower bound for ngf) in Lemma 6.3.

We turn to the corresponding upper bound. Set ¢ = leﬁ For every y > xo we
j=1

define the events

Anfk
< —— <n.
{oos e ben

On the intersection of these sets one has

X, =a"Xo+ Y a7,
k=1

ny NS n
<a X0+Z(n_k+1)2 < a"Xo+y/2.
k=1

If n is sufficiently large, say n > ng = no(Xp) then we infer that X,, < y. Therefore,

Po(Xp >y, T > n) <Y PL(T) > k= Den_r(y), n > no, (7.1)
k=1
where
P A 0
C; = >-——"ox0cy|, j5=>0.
() (51 Grie y> J
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We first use this estimate with y = x¢. In this case we have

Pm(TGEUX) >n) < ZPQE(TJEOX) >k —1)cn—k(zo), n >ng.
k=1

Consider the sequence {w, } which is defined via the recursion

n
Wy, = Zwchnfk(fco)
k=1

with initial condition wy = w; = ... = wy,—1 = 1. Then clearly
P, (T >n) <w,, n>0. (7.2)

It is immediate from the definition of {w, } that

oo oo n
E wps" = g S"E Wk—1¢n—k(To)
n=no n=ng k=1
o0 no—1 [e%s) n
n n
= E s E Wi—1Cn—k(T0) + E s E Wi—1Cn—k(T0)
n=ng k=1 n=ng k=ng

Setting

’I’Lo—l

dn(z9) == Z Wi—1Cn—k(To)
k=1

and interchanging the order of summation in the second series, we conclude that

= n Zzozno dn (xo)s’ﬂ
3 s

C1-—s > e cilwo)s

Using once again the results from [5], we infer that

n=no

wy, ~ CP(n > n)
provided that 3% ¢;j(z0) < 1. Combining this with (7.2), we obtain
P, (T >n) <CP(p >n), n>0. (7.3)

Using Lemma 4.4, we conclude that (7.3) is valid for all 2y such that P(axo + &1 < x9) is
strictly positive.

Combining now (7.1), (7.3) and recalling that the sequences P(n; > n) and ¢, (y) are
subexponential, we conclude that

(X)

. P.(X, >y, Ts’ >n)
1 ’ <E,TWM+C 7.4
e I A v
where -
Cly) =Y el(y).
k=0

This quantity is finite due to the assumption En; < co. Furthermore, C(y) — 0 as y — oo.
Fix now a integer-valued sequence N,, — oo such that P(n; > n) ~ P(n; > n — N,).
By the monotonicity of the chain {X,,},

P, (TX) > n)
=P.(Xn-n, > 4T >n) + Po(Xnon, <y, T >n)
<P,(Xnon, > 4, T > n— Ny) + P (T8 > n— NP (TS > Ny).
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Applying (7.3) and (7.4), we get

, P,(TS) > n) ,
llrinjolclnp W <E [T+ C(y) + Cnh—)néo P, (T > N,)

= E,[T{V] + C(y).
Letting now y — oo and recalling that lim, .., C(y) = 0, we finally obtain

(X)
lim sup M

7(X)
n—oo P(nl > Tl)

1’[ o }

<E
Thus, the proof is complete.
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