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1. Introduction

The von Karman equations are a coupled system of two nonlinear fourth order elliptic equations describing the bending
of thin elastic plates. They have been studied analytically by Berger [2], Berger and Fife [3,4], and Knightly [24] (cf. also the
monograph [16] and the references therein). For their numerical solution both conforming and nonconforming as well as
mixed finite elements have been proposed (cf,, e.g., [8,11,12,25,27-29]). In particular, Discontinuous Galerkin (DG) methods
with emphasis on C° Interior Penalty Discontinuous Galerkin (C°IPDG) methods have been developed and analyzed both for
the von Karman equations themselves as well as for associated optimal control problems (see [7,10,13,15,26]). Moreover,
adaptive mesh refinement based on residual-type a posteriori error estimators has been studied in [10,11,13,14].

In this paper, we consider an adaptive C° Interior Penalty Discontinuous Galerkin (C°IPDG) approximation of the fourth
order von Karman equations with homogeneous Dirichlet boundary conditions and an equilibrated a posteriori error estima-
tor. The C°IPDG method can be derived from a six-field formulation of the finite element discretized von Kirman equations
and will be shown to admit a unique solution for triangulations of sufficiently small mesh size. The novel contribution of
this paper is an equilibrated a posteriori error estimator. It consists of easily computable local residual-type contributions.
It can be derived from a more general result [30] on convex minimization problems and provides an upper bound for the
discretization error in the broken W(Z)‘2 norm in terms of the associated primal and dual energy functionals. Moreover, we
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study its relationship with a residual-type a posteriori error estimator. Numerical results illustrate the performance of the
suggested approach.

The paper is organized as follows: In section 2, we will introduce the fourth order von Karman equations with homoge-
neous Dirichlet boundary conditions and show the existence of a regular weak solution (Theorem 2.2). Section 3 is devoted
to the derivation of the C°IPDG approximation by means of a six-field formulation of the finite element discretized von
Karman equations. We will establish the existence and uniqueness of a solution for triangulations of sufficiently small mesh
size (Theorem 3.2). In section 4, we will derive an equilibrated a posteriori error estimator providing an upper bound for the
discretization error in the broken W(Z)"2 norm in terms of the associated primal and dual energy functionals (Lemma 4.2).
The construction of such an equilibrated a posteriori error estimator is dealt with in section 5. In particular, it requires the
computation of equilibrated fluxes and equilibrated moment tensors on local patches around interior nodal points of the tri-
angulations. Section 6 is devoted to the relationship with a residual-type a posteriori error estimator (Theorem 6.1). Finally,
in section 7 we provide a documentation of numerical results illustrating the performance of the suggested approach.

2. The von Karman equations

We use standard notation from Lebesgue and Sobolev space theory (cf., e.g., [33]). In particular, for a bounded Lipschitz
domain Q c R?,d € N, with boundary I' = 9Q we refer to LP(Q2; RY) and LP(Q2; R?*%), 1 < p < 00, as the Banach spaces
of p-th power Lebesgue integrable functions and tensors on £ with norms || - lp(@:ray and [~ ll1p(q. [Rdxdy. In case d=1 we
will write LP(2) instead of LP(€2; R). Matrix-valued functions in LP(2; R9*9) will be denoted by p= (pl]),d] ; and for pe

LP(Q; R¥*), q € L9(Q; R¥9),1/p + 1/q =1, we use the notation p:qforp:q:= ¢ i1 pijgij. Further, for u € W2P(R),
we refer to D?u := (82u/8x18x1)2 _1 as the matrix of second partlal derlvatlves
We denote by W52(),s € R, the Sobolev spaces with norms || - llws2q) and by WS’Z(Q) the closure of C§°(£2) with
respect to the norm || - ||ys.2(q). Functions u € W22(Q) have a trace u|r on the boundary I' = 0Q with u|p € W3/2:4(T).
Further, we define H(div, ) and g(divz, ), as the Banach spaces
H(div, @) = {T e 2 (1 RY) | V- T € L2(Q)},
H(div?, Q) = {7 € [*(: R™?) | V - T € H(div, Q)}

with the graph norms
1/2
Iz luaive = (120 g g + 1V ThEg)) -

1/2
2
1l g = (1212 oty + 1V Tl + 1V V- Tl o))
For later use we recall Young’s inequality
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[Jai==d +
i=1 p

e~q/p

q

ag (2.1)

fora; >0,1<i<2,and 1 <p,q<o0,1/p+1/q=1, and any ¢ > 0, as well as the following inequality:
Let w; e R,1<i<2,and 0 <r < co. Then it holds (cf. [32], page 136)

(w1l + Iwal)" = 271w "+ [wal"). (2.2)

Given a bounded polygonal domain Q c R? with boundary T' = 8 and exterior unit normal vector n. as well as
f € L2(2), the von Kirman equations with homogeneous Dirichlet boundary conditions are given by a coupled system of
fourth order elliptic equations

Auy —[ug,ual=f inQ, (2.3a)

1
A%uy + Sl ul=0 ing, (2.3b)
ui=nr-Vu;=0 onl',1<i<2, (2.3¢)

where u7 and u; are the displacements of the plate and [u, v] stands for the von Karman bracket
[u, v] := cof(D%u) : D?v (2.4)
with the cofactor matrix cof(D?u) of D2u.
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The weak formulation of (2.3) requires the computation of u; € V := Wg’Z(Q),l <1i <2, such that for all v €V the
following system of variational equations is satisfied

/D2u1 :D%vdx — /[u1,uz]v dx = / fvdx, (2.5a)
Q Q Q

1
/DzuzzDzv dx—l—E/[u],u]]v dx =0, (2.5b)
Q Q

which constitute the necessary and sufficient optimality condition for the minimization of the primal energy functional

2

1 1 1

U, Uy) = — D%u;? dx — — | [u1, uzlur dx + = | [ug, uzJuz dx — uq dx. 2.6

Jp(u1, uz) 22[' il 2/[12]1 +2/[12]2 /fl (26)
=g Q Q Q

We introduce a bilinear form A:VxV— R,V:= WS’Z(Q) X WS’Z(Q), and a semilinear form B:V x V x V— R according

to

A(u,v) :=a(uq, vy) +auz, va), (2.7a)
B(u,v,w) :=b(u1, v2, w1) + b(uz, vi, wy) — b(u1, vi, wa), (2.7b)

where u = (u1,u)T,v= (v1,v2)T,w= (w1, w)T, and the forms a(-,-):V x V — R and b(-,-,): V x V x V = R are
given by

a(u,v) = /Dzu : D2v dx, (2.8a)
Q
1
b(u,v,w):= 3 /(cof(Dzu)Vv) -Vwdx, u,v,weV. (2.8b)
Q

Within this setting the weak formulation amounts to the computation of u € V such that for all v e V it holds

A v) +Bu,uv)={fV)2q). f:=(.0" (2.9)
We define operators A :V — V* and B:V — V* by means of

< Au, v >y yi= AU, V), (2.10a)

< Bu,v >y« y:=B(u,u,v), (2.10b)
where < -, - >y+y is the dual pairing between V* and V. Then the operator form of (2.9) reads

Au+ Bu=f. (2.11)
The operator B3 is Fréchet differentiable at u in the direction of v with the Fréchet derivative given by

<B v, w >y y:=2Bu,v,w), u,v,weV. (2.12)
The existence of a weak solution has been shown in [16,24].

Theorem 2.1. For f € L%($2) the von Kdrmdn equations admit a weak solution u € V.

A weak solution u € V is said to be a regular solution, if the linearized operator £ :V — V* given by
Lv:= Av+ B (u)v (2.13)

is nonsingular. The following result has been shown in [26].

Theorem 2.2. If u* € V is a regular weak solution of the von Kdrmdn equations, then there exists an open ball B(u*) C L?(2) such
that A + B’ (u*) is an isomorphism from V into V* for all u € B(u*). In particular, there exist constants C; > 0,1 <i < 2, such that

A+ B W) Ly <C1. 1A+ BW) Ly < Ca, (2.14)

where IL(V, V*) stands for the space of bounded linear mappings from V into V*.
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3. CPIPDG approximation of the von Kirmain equations

Let 7, be a geometrically conforming, locally quasi-uniform, simplicial triangulation of the computational domain €.
Given D c Q, we denote by N}, (D) and &,(D) the set of vertices and edges of 7 in D, and we refer to Pi(D), k € N, as the
set of polynomials of degree <k on D. Moreover, hi, K € Ty, and hg, E € &, stand for the diameter of K and the length
of E, respectively. We define h := min {hg | K € T,}. Given any 0 < § < 1, we denote by T (§) the set of all triangulations
Tn with mesh size hr <6 for all T € 7, € T (8). For two quantities a,b € R we will write a <b, if there exists a constant
C > 0, independent of h, such that a < Cbh.

Due to the local quasi-uniformity of the triangulation there exist constants 0 < cq < Cq,0 < cg < Cg,0 < cs <Cs, such that
for all K € 7, it holds

cohx <h <Cqhy, (3.1a)
crhg <hg <Crhg, E €&(0K), (3.1b)
cs|K| < h% < Cs|K]|. (3.1c)

We will use the following inverse inequality (cf., e.g., Theorem. 3.2.6 in [17]): For 1 < p < oo there exists a constant Cj,, > 0,
only depending on p, the polynomial degree k, and the local geometry of the triangulation, such that for v, € Py (K) it holds
IVVallrk:r2) < Cinvhi Vil (3.2)
We will also use the following trace inequality (cf., e.g., [19]): For 1 < p < oo there exists a constant C > 0, only depending
on p, the polynomial degree k, and the local geometry of the triangulation, such that for v, € Pi(K) and K € 7} it holds
< Ch VP (3.3)
Ilvilleaky < Cerhye " villee k) - .
For E€ &(RQ), E=K+ NK_, Ky € Tp(2), and v, € V,, we denote the average and jump of v across E by {v,}r and [vp]E,

ie.,

1
{vhlg = 5<Vh|EnK+ + VhIEmK,), [Vhle :=VhlEnk, — VhlEnK_,

whereas for E € &,(I") we set

{vh}e :=vnle, [Vnle :=vnlE.

The averages {Vvp}e,{z,}e and jumps [Vvplg,[T,]g of vector-valued functions Vv, and 7, as well as the averages
{D2vp)E, {Ih}E and jumps [D2vp]E, [lh]E of matrix-valued functions D?vj, and T, are defined analogously. For E € &,(R2)
it holds B B

/[uh Vplg ds = / ({Uh}E [vhle + [urle {Vh}E) ds. (3.4)
E

E

We further denote by ng, E € £,(2), with E = K, N K_ the unit normal on E pointing from K to K_ and by ng, E € &,(I),
the exterior unit normal on E.
We define the broken W22-space W22(Q; Ty,) by

W22(Q; Tp) := {v € LA(Q) | vilk € WH2(K), K € Th), (3.5)

where W22(K) is the Sobolev space W22 for the simplex K with norm |- |y2.2(x). W*%(Q: T5) is equipped with the norm

1/2
IVallweagemy = (20 IWaldaag) s (36)
KeTy

and the broken spaces H(div, 2; 7,) and g(divz, Q; Ty) by

H(div, Q; Tp) := {q, € L*(2 R?) | q, [k € H(div; K), K € T}, (3.7a)
H(div?, @; Tp) := g, € L2(Q; R¥*?) | g,k € H(div*; K), K € T}, (3.7b)
equipped with the norms
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1/2
19, IHdiv.2;7) = ( Z lg, IIé(div;K)) , (3.8a)
KeTy

12
. 2
19, T = ( 2 19 2 ) - (3.8b)
- KeTy =

For v € W22(Q; T,) we redefine the primal energy functional (2.6) according to

2
1 1
Jp(V):= EZ Z /|D2vi|2dx+ 5 Z /cof(Dzvl):Dzvz vy dx — (3.9)
i=1KeTh i KeTh i
1
3 Z fcof(D2v1):D2v1 vy dx — Z /fv1 dx,
KeTy K 1(6771,(

and note that it reduces to (2.6) for ve W22()2.
We consider the finite element approximation with the DG spaces

Vi i={vy:Q— R | vplx € P(K), K € Tp)}, (3.10a)
Vy =1q,: 2~ R?| g, |k € Peo1 (K)?, K € Th}, (3.10b)
v, = {gh :Q - R2X?) g lx € PL(K)?*?, K € Tp}. (3.10c)

We note that for k > 2 we have V, ¢ W22(Q; Ty). Moreover, for gh e!h, we have V.gh“( € Py_1(K)? and V - v.gh|,< €

Pr_2(K),K € Tp.
We denote by IT; the orthogonal L2 projection of L2($2) onto V}, which can be defined elementwise by

[l‘[k(v)vh dx= Y | Tgi(vpdx, vel*(Q), (311)
Q KeTh g

/H[(,k(V)Pk dx = /vpk dx, pxe Pr(K), K eTy.

K K
We note that IT; can be extended to LP(2) for p €[1,2) and p € [2, oo] (cf, e.g., [18]).
We further denote by I, and I, the L2 projections of L2(€2; R?*2) onto V, and of L?(2; R?) onto V,, which can also be
defined elementwise similar to (3.11) involving gK,k and Iy ., K € Ty. The L2 projections of L>(I") onto {vj, € L*(I") | vp|g €
P(E), E € &(IM)} and of L%(I"; R2*2) onto {ﬂh € [2(I; R2%?) | q h|E € Py(E)?*2, E € & (')}, will be denoted by Tl and
gr,k’ respectively.
For up € V, we define the broken gradient Vjuy, and the broken Hessian Dﬁuh by means of

Vhuplk := Vuplk, K €T, (3.12a)
Diuplk := D?uplk, K €T (3.12b)

We consider a six-field formulation which will lead us to the C® IPDG approximation. To this end, we set

P, =Vaupi, 1502, (3.13a)

p . =Djuni, 1=i<2, (3.13b)

=h,i

V.-V. — cof : = i h K , 3.13
th co (ghﬁl) gh’z fn ineac €T ( )

1

V.-V. —coff : =0 i h K R 3.13d

gh’z + 2co (th) th in eac €T ( )

where f;, is given such that fy|x is the L? projection of f onto Pi_»(K) for each K € T;. We multiply (3.13a) by q, ey,
and (3.13b) by gh € gh, integrate and sum over all K € 7.

Z /Eh,i g, dx= Z /V”hvf "q,dx, 1<i=<2, (3.14)
KeTh i KETh i
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> /ghi:gh dx= )" /Dzuh,i:ghdx, 1<i<2. (3.15)
KeTny — KeTn i -

We multiply (3.13c) by vj, € Vp, integrate and sum over all K € 7, and apply Green’s formula twice. We thus obtain

> /V-V-gh’]vh dx— " /cof(gh’l) B, Vi dx = (3.16)

KeTy K KeTy K
Y _ .
Z /th :D%vpdx Z /COf(th) .gh,zvh dx +
KeTh g KeTh g
ny - V- - : = )
Z/ ok VB Vh ds— Y /(gh’]nak) Vvpds= Y /fhvh dx
KeThgk KeTngk KeTn i

We proceed in the same way with (3.13d) which yields

1
vV.v. vhdx+ = cof : vpdx = 317
> [vvp, ey 3 [efe, )i, (317)
KeTh g KeTh i
1
:D2vpdx + = cof cp vpdx
Z /gh,z h +2 Z/ (211,1) gh,] h X+
KeT i KeTh i
ny,-V- vy ds — ny) - Vv =0.
> f ok VB, Vh > /(gh,z ak) - Vvpds=0
K67713K Ke’?ﬂaK
We replace p |3k myx and V-p |3¢ in (3.16) by 13(1’1) and [3(1‘2), where p'? 1 <i <2, are numerical flux functions.
L L Yok Bk Pk
Likewise, we replace p |sx myx and V-p |sk in (3.17) by f)fz’l) and 13,(2’2), where ﬁfz’i), 1 <i <2, are also suitably chosen
Tho LA Bk Pk Pk

numerical flux functions. We thus obtain the following system of discrete variational equations:
Find (ph LDy Ui e\_/h x Vp x Vp, 1 <i<2, such that for all (qh, @, vp) eyh x Vp, x Vy it holds
=n,1 —/% - =l — —

:q dx= D%up1:q d 3.18
ngm 3, Z/ thi: g, 6x (3.18)

KG771K KeTh e
- _ . ~(1,1)
Z /Bh,l @, dx= Z /gm Ve, dx+ Z /231{ @, ds. (3.18b)
KeTh g KeTh i KeThgx
2 /V Py Vhdx=— ) /Bh,l - Vvpdx + (3.18¢)
KeTh g KeTh i
Z /nak -lek’z) vy ds = Z /cof(Dzth) : D%up o vy dx + Z fnvpdx
KeThyk KeTh g KeTh i

and

1q dx= D%u5:q dx, 319
> [v,,:9,0= 3 [ D%uaiq,ox (319)

KeTh KeTh g
— . ~(2,1)

Z /Bh,z @, dx=— Z /Eh,z Ve, dx+ Z fBBI( 1@, ds. (3.19b)
KeTh g KeTh g K€77131(
Z /V Py, Vh dx=— Z /Eh,z -Vvpdx + (3.19¢)
KeTh g KeTh g

N 1
Z /nak .Bgzk,z) vpds= —3 Z /cof(Dzth) : D2up 1 vy dx.
K€7718K KeTh i

In particular, for the six-field formulation of the C°IPDG approximation (3.22) the numerical flux functions QZ'KJ) 1<i,j<2,
are chosen as follows:
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~(1,1 _
BV le = (12, e —enhip (W, Je) me, E € E(D), (3.20a)
0, Ec&(R)
£(1.2)
le:= {V I (Z )+052h ZhlnE ,E e &) (3.20b)
and
PV ({z Ve — oo w, ) )n E € () (3.21a)
D¢ z, e —athg {w, ) ) ng, (D), .
0 .Ec&(Q)
L0 h
Dy = [V~gk(gh2)+az h=3znamg Ec &) (3.21b)
where z_ . := D? Zup i W=V ®Ng, zp;=up;, 1 <i <2, and o; > 0,1 <i <2, are suitably chosen penalty parameters.

Zh.i =h.i
The partlcular choice (3. 20) (3.21) of the numerical flux functions allows to eliminate p ph ,1<i<2, from (3.18) and

(3.19). We thus obtain the following C°IPDG approximation of the von Kirman equatlons Fmd u, € V x Vy such that for
all vy € Vi, x Vit holds

ar® (uy, vy) = £(vp), (3.22)

where the semilinear form aP¢(-,): V2 x V2 — R and the functional ¢; : V2 — R are given by

2
ap®@p.vp) =Y Y | D2up;: D?vpdx+ (3.23a)
i=1KeTy i

- Z / (cof(Dzth) : D%upy vipq + cof(D?up2) : D?up g vipg —
Ke77, K

cof(D?up 1) : D%up 4 Vh,z) dx — Z( Z {D%up i} : [Vvh; @ nglg ds +

i=1 E€&n(Q)E
> [ ne (9 I 0un e v ds) +
E€En(Q) |
Z(oq Z he /(Vuh,®n5)n5 Vvpids + oo Z he /uh,ivh,,-ds),
Ee&y () E Ee&y(I) E
) ==Y [ favaadx. (3.23b)
KeTh g

Theorem 3.1. The six-field formulation (3 18), (3.19) with the numerical flux functions given by (3.20) and (3.21) is equivalent with
(3.22). In particular, if wp, = (up 1, up, )T € Vy x Vy, is the solution of (3.22), there exists pairs (p pl1 )€ V xVp,1<i<2

such that the triples (p phl up;) € V x Vp x Vi, 1 <i <2, satisfy (3.18), (3.19). Conversely, lf the triples (p phl up ;) €
V xVy x Vp,1<i< 2 satzsfy(3 18), (3 19), then uy, solves (3.22).

The proof of 3.1 will be given in Appendix A.
As in section 2 we define a bilinear form Apc(-,-): (Vi + V)2 x (V4 + V)2 - R and a semilinear form Bpg(-,-) :
(Vh+ V)2 x (Vy + V)2 x (Vi + V)2 > R by means of

2

Apc(up,vp) = Z( Z /Dzuh,,’ : DZV}“‘ dx — (3.24a)

i=1 KeThy

> [ (DPup e : [Vvh; @ nglg ds +
EcEn(©)

> /HE AV - IL (Dup,)}E vi,i ds +
EEn(®)
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a1 Z hEl (Vup1 ®@ng)ng - Vvpds+op Z hE3 Upi Vh,i dS),

EcEy() Ec&y(T) %
1
Bpg(up, Vp, Wp) := 5( Z COf(Dzth) : Dzvh’z Wh 1 dx + (3.24b)
KeTh K
Z /cof(Dzuh,z) :D%vpq wh dx— Z /cof(D2uh,]) :D?vpq Wi dx),
KeTh KeTh i

where up = (up1, up2)", Vi = Va1, vi2)T, Wh= W1, Wp2)T, Upi, i Whi € Vp+V, 1<i<2.
Then the COIPDG approximation (3.22) can be written as: Find u, € Vj, x Vj, such that for all v, € Vj, x V}, it holds

Apc Uy, Vi) + Bpg (Wn, up, Vi) = D (fi V1) 1200 (3.25)
KeTp

We introduce operators Apc : (Vi + V)* — (Vi + V*)? and Bpg : (Vy + V)2 — (V; + V*)? according to

< Apcup, vy, > (Vv (Vb V)2 = Apc(up, vp), (3.26a)
< Bpgup, Vi Z(VEHVHR, (Vi V2= Bpg(up, uy, vp), (3.26b)

so that (3.25) can be written as

Apcun + Bpguy =fr, £, = (fn, 0)". (3.27)

A slight variation of Theorem 2.1 in [13] yields the following existence and uniqueness result.

Theorem 3.2. Given f € L%(Q), let u € V be a regular weak solution of the von Kdrmdn equations. Then there exist 8q, 9 > 0, such
that for any triangulation Ty, € T (8o) there exists a unique solution uy, € V}, of the CPIPDG approximation (3.22) satisfying

2
> /||D2uh,i||2dx+ > /|fh—f|2dx<80~ (3.28)

i=1 KeTh i KeTh

We note that uy; ¢ W**(Q),1<i <2, but conforming finite element functions uf, ; € V5 := V4 N W**(Q) can be ob-
tained from uy € V; by postprocessing. In particular, let V be the generalized version of the Hsieh-Clough-Tocher c!
conforming finite element space as constructed in [21] and let uﬁ = Ep(up) be the extension of uy to Vﬁ as constructed in
[22]. By a result from [23] there exist constants C¢ |y > 0, |v| <2, and Cex > 0, depending only on the local geometry of
the triangulation and on the penalty parameters «;, 1 <i < 2, such that for 1 <i <2 it holds

12 1/2
(D00 %)) = Comi( D0 1D unila) s WI=2, (3.29a)
KeTy KeTy
lun = uf 200y < (3.29b)
Coe X hg! [vungonereas 3 07 [ ds).
EcEh(RQ) 7 Ec&y(D) E

4. An a posteriori error estimator for the global discretization error

Given reflexive Banach spaces V, Q with norms | - |y, - llg, convex and coercive objective functionals C : V — R,
D:Q — R, and a bounded linear operator A : V — Q, we consider the minimization problem

inf J(u) (41)
ueV
for the objective functional

J) :=C(u) + D(Au). (4.2)

An abstract approach to the a posteriori error control for (4.1) has been provided in [30] (see also [31]). The a posteriori
error control relies on the dual formulation of (4.1)
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sup J*(q*) or inf (—J*(q")),
g eQ* qreQ*

in terms of the Fenchel conjugate J* of | as given by
J*(@") =—C*"(=A*q") — D*(q"),

where C* and D* are the Fenchel conjugates of C and D and A* stands for the adjoint of A.

(4.3)

(4.4)

Given some approximation up € V of the minimizer u of (4.1), the a posteriori error estimate Theorem 2.2 from [30] (cf.

also Section 3 in [1] and [31]) states that for any admissible function g* € Q * it holds

D5(A(up —u)) < Mc(A*q*, up) + Mp(q*, Aup),

(4.5)

where @5 : Q — R is a continuous functional such that ®3(0) =0 and for all g; € B(0,8) :={q€ Q | |lqllq <&}, § >

0, 1<i<2,it holds

D((q1 +q2)/2) + ®s(q2 — q1) < (D(q1) + D(g2))/2

and
1
Mc(A*q* up) = 5 (Cun) + CH(A*q) = < A*q" un >v-v ).
* 1 * * *
Mb(@", Aup) = 5 (D(AY) + D" ()= <", Aty =g+ ).

We apply the above result for V = WS’Z(Q)Z, Q :=L2(; R2%2)2, A = D% (D? being the Hessian), and

C(uﬁJ,uﬁ’z) = —/fuﬁ,1 dx,
Q

2
1
D(D?uf 1, D?uf5) =2 ) /|D2u,§’,-|2 dx+ I, (uf, 1. U5 5),
i=1KeTh

where [, is the indicator function of K := Wg’Z(Q)Z. We obtain:

CH-A'Q —A'D) =16 0). @ eHdiviQ)1<i<2,
= = =1 = =i —
12
D*(q*.q") == = *Pdx, q*eHdiviQ),1<i<2,
@. ) 22/@» 4’ cH@divi Q) 1<is<
i=1g

where I, is the indicator function of the closed convex set

Kz = (@, @) € HAV: % | V- V- @" — e[t 1. un2)) = fi

1 .
V.V -gz + 5 k2 ([up.1. up1 D) = 0in ).

Similar to (3.8) in Example 2 (p-Laplace problem) of [30], the estimate (4.5) leads to

Ju = unllf, = Cest (Cun) + C*(=A%q") + D(Aup) + D* (")),

where Ces :=2Pp/2.
We call p;q_ € yh, 1 <i <2, equilibrated moment tensors, if
=h,i —

gqu e H(div*; Q)
and g;“]i satisfy the equilibrium conditions
V-V g;ql — M2 ([up,1, up2D) = frin 2,
V-V 'g;f’z + %Hk—z([uh,la up1]) =0in Q.
Moreover, we choose P, € g(divz, Q) such that
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(4.6a)

(4.6b)

(4.7a)

(4.7b)

(4.7¢)

(4.8)

(4.9a)

(4.9b)

(4.9¢)



V-V~gc1=f—fh (4.10)

and set =0. It follows that (p®? ,p¢l c Ky, ie., I d ,p¢l =0, and hence, (4.8) reads as
gc,z (gm +gc,l gh,z +gc,2) 2 K2 (gm +gc,l gh,z +gc,2) (4.8)

follows:
2
> i —uf llweegy S Jpuf . uf, 2)+11<1(uh1,uh2)+JD(peq +p ],gzq2+g - (4.11)
i=1
In view of (4.7) we have
2
Io@ +p B +P Z > /lp"’" +p_ [Pdx. (4.12)

1KeTh i

Using (2.2), we find

1 2
EZZ/W“I +B, ik dx<2 ZZ/meﬂ dx—l—Z/lp 1 dx (4.13)

i=1KeTh i=1KeTh KeTh g

In order to estimate the second term on the right-hand side of (4.13) we use the Poincaré-Friedrichs inequalities

lv—I|K|~! / v dx|| 2 () < ) hg IVViizi). veW 2 (K), K eTp, (4.14a)
K

lv—|E[™! f vdsllagy < Cpp hell Vv, ve W(E), E € &), (4.14b)
E

where C,,F, 1 <i <2, are positive constants (cf., e.g., [17]).

Lemma 4.1. Suppose that the following regularity assumption is satisfied: For T € H(div, Q) and the weak solution z € Wg’z(Q) of
the elliptic boundary value problem B

V.-V-D?2=V.-V-T ing, (4.15a)
z=nr-Vz=0 onT, (4.15b)

there exists a constant C /(Zl) > 0 such that

D%z|r € LA R?*?),  |ID%2] 12 gy < Ci. (4.16)
Moreover, there exists a constant C § ) > 0 such that

IVzl2:r2) < €5 (417)

Then for p ; e H(div?, Q) as given by (4.10) there exists a constant Cy > 0, depending on CS), Cf,')F 1 <i <2, such that it holds
Z1-=

”gc 1 ”LZ(Q RZXZ) = CU 0SCh,1, (418)
where oscy, 1 refers to the data oscillation

h%(flf fal2dx k=2

0sCpy,1 i= ZOSCK], 0SCk 1:= h4f|f fil2dx k>3 (4.19)
KeTh

The proof of Lemma 4.1 will be given in Appendix B.
Moreover, as far as ]p(uﬁ 17 uﬁ ,) is concerned, we have

Jpuf 1 uf5) = Jp(una.tn2) + 5 Z Z/(lDzuhl — 1DupI?) dx + (4.20)

Ke77,1 1k
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Z (cof(Dzuhﬁl) :D%upp upg — cof(Dzuﬁ,l) : Dzuﬁy2 uﬁ!]) dx —
KeTy K

1
3 Z / (cof(Dzth) : D?up 1 up 3 — cof(D?uf, 1) : D*uf | uﬁz) dx +
KeThk

> f Funy —uf ;) dx.

KeTh i

Lemma 4.2. Let u, € V,f be the solution of (3.22) and let (uj, ;, u} ,) € Vi x V. be its postprocessed finite element function. Then it

holds

e
‘]P(”ﬁm“ﬁ,z) — Jp(up,, Uh,z)’ < Z K,

KeTy
where
2 2
eq . 2 2
i =y luni = uf 1322+ D 1D%unill 2y +
i=1 i=1

1
= (Ce2 + Dllun2llzao I1D%una 3 + Ce2ltnalsao D> un2 3k +
3 (K) ) () (K)

C2, D2 up 1 ll3 k) 1 D2 un 2 | llup,1 — uf 4l +
c.2 h, 113 (k) h21113 (k) h,1 h1llw23 (k)

1
(“uh,l 3 iy D%t 1 13 i) + 5C3,2||D2Uh,1 ||f3(,<)) llun,2 — up 5 llw2s iy +

2
I fll2 k) Z llun,i — uﬁ,i”WZl(K)-
i=1

Proof. By Taylor expansion and using (2.2) as well as Holder’s inequality we find

33 [0 o) -

KeTh g
1
’ S | [ (O%upi+ D2 — up) dr: DAl — up) dx
KeThg o
1

= 3 [ [ 107+ 202~ un D102 — sl e =

KeThk o
1
23 || (1Dl + 2D i = DID i — uf, )] didx <
KeTnk o
1/2 1/2
2y <f|D2uh,i|dx) </|D2(uh,i—uﬁ’i)|2dx) +
KeTn k Kk

2 2
> | ID* (i —uf, I dx.
1(677”(

Moreover, using Holder’s inequality and (3.29a) we have

‘ Z (cof(Dzuh,l) :D?uppupg — cof(Dzuflyl) : Dzuﬁ’2 ufl’l) dx‘ <
KeTh

2 2 2
>~ (Hun 1l | D2un 1 s iy | D2un 2 = D2uy 5l iy +
KeTy
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(4.21)

(4.22)

(4.23)

(4.24)



2 2 2
Ce2llun 1l oy ID“un 2l 3 iy 1D up,1 — D uﬁ,1||L3(K) +
2 2 2
C2 1Dt 1 3k 1D 21l iy It 1 = Uy 4 sy )-

Likewise, we obtain

1
’5 Z / (cof(Dzth) : D?up 1 up 2 — cof(D?uf, 1) : D*uf, uﬁ’z) dx‘ <
KeTh g

1
5 2 (1 + Ceallunallisg 1D%unllisgo ID%un1 = D2uf s +
KeTy

2 2 2 2 2
C25 1D 1125 g 1D 2 = D20 5 s )-

Finally, for the last term on the right-hand side of (4.20) we find

( > /f(uh,i —uf pdx< Y (/ |f|2dx)1/2(/|uh,i —uf;? dx)l/z.
K

KeTh g KeTh ¥

The assertion now follows from (4.20) and (4.23) - (4.26). O

For practical purposes, we further replace I, (“2.17 ”Z,z) by the penalty terms

2
Z(oq > h51/|nE~Vuf“-|2 ds+ay Y hg3/-|uﬁyi|2ds).
i=1

Ee&y(I) A E€& (D) &

(4.25)

(4.26)

(4.27)

In view of the construction of uj ; we have uj ;|g =up; on E € &(I') and hence, (4.27) gives rise to the data oscillations

01 0SCp 3 + 0 0SCp 3 := 01 Z 0SCk 2 + 02 Z 0SCk 3,
KeTp KeTy

2
-1 2
0SCk 2 = E E hy /|nE-Vuh,,-| ds,
i=1 E€&,(3KNT) v

2
0SCk 3 :=Z Z hE3/|uh,i|2 ds.

i=1 Ee&,(9KNT) E

Using Lemma 4.1 and Lemma 4.2 in (4.11) yields

2 eq
o=l g0 S D
i=1
Here, nzq1 and n,elqz are given by
eq ._ eq ;
M=y g 1<i<3,
KeTy

where 7], 1 <i <3, read as follows:

1 1 1
ity =g [ 10%unaP a5 [ runs a5 19 P
K K X

1 1
K2 =5 f IDup 2 dx + 5 / pf? 1? dx,
K K

2 3

eq . __ i c 2 eq i
Ng3= E llup,i — uh,i”W“(K) + K + § 0SCK i-
i=1 i=1

(4.28a)

(4.28b)

(4.28¢)

(4.29a)

(4.29b)

(4.29¢)

(4.29d)

(4.29)

The right-hand side in (4.29) is then a computable and localizable quantity for the a posteriori estimation of the global

discretization error. It gives rise to the following equilibrated a posteriori error estimator
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: Znhz’ M= > Mg 1<i<3. (4.30)

KeTn(2)

The construction of an equilibrated flux will be dealt with in the subsequent section.
5. Construction of an equilibrated flux

We construct equilibrated fluxes pﬁqi €V, NH(div, ) and equilibrated moment tensors p;q. S yh ﬂﬂ(divz, Q),1<i<2,
Ph, Ei=n =

by an interpolation on each element. Thus it is a local procedure. In particular, denoting by’BDMk(K), k € N, the Brezzi-
Douglas-Marini finite element of order k (cf., e.g., [9]), we first construct auxiliary vector fields p;’; € H(div, Q), p,’|x €
BDM,;._1(K), K € Th(2),1 <i <2, satisfying

V- p}% — My (cof(D?up 1 : D*up2) = fi, (5.1a)
1
VP + 5 Mo (cof(D?up g : Dy 1) =0, (5.1b)

in each K € 7; and then equilibrated moment tensors peq S V ,1 <i <2, satisfying (4.9).

‘l
For the construction of the auxiliary vector fields we recall the following result:

Lemma 5.1. Any vector field q € Pr(K)?, k € N, is uniquely defined by the following degrees of freedom

/nE qprds, pi€ Pr(E), E€&n(3K), (5.2a)
E
f q-Vpg1dx,  pr-1 € Pr1(K), (5.2b)
K
f q - curl(bg py_>) dx, (5.2¢)
K

3
where by in (5.2c) is the element bubble function on K given by bx = [] )LlK and AIK, 1 <1i < 3, are the barycentric coordinates of K.
i=1
Moreover, there exists a positive constant C (1), depending only on k and the local geometry of the triangulation Ty, such that

/|q| dx<c“> Z he /|nE q|® ds + hi /|v ql? dx + (5.3)

Ee&0K) %
h% max { / |q - curl(bg px—2)|* dx | py—3 € Pg—2(K), max |p ()| < 1}).
Proof. For the uniqueness result we refer to [9]. The estimate (5.3) can be derived by standard scaling arguments (cf.
Lemma 3.1 and Remark 3.3 in [5]). O

The construction of the auxiliary vector field ph ,1 <i<2, will be done on patches w; consisting of all triangles K € 7Ty
that have an interior nodal point x; € NV};(2) in common. We assume that w; consists of N; triangles Ty, 1 < £ < N;. We
enumerate the interior edges E;;, 1 <m < M;, counterclockwise and distinguish five cases (cf. Fig. 1).

We follow the techniques from [6] and construct the auxiliary vector fields Bfﬂn’ 1 <m <2, patchwise:

np
_ wi
=D B (5.4)
i=1
For a patch w;, we construct Bhwim such that

Py k. € BDM_1(Ko) | (5.5)
V- Py — Mz (cof(D?up,1) : D?up2) = frin i,

1 )
Vopy,+ 51'1,<_2(cof(D2um) :D%up 1) =0inw;,
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Case1 (x; e EH(OENQ)): For £=1,2,---

Es K

2

K1

Ey

Kn,

Eq
K2 [ ] Kl
K; °
E. K,

P =Dy e E € Enlintey), 1<C <N,

i m,1
P= B B e = e By e 1 =i <y

For the construction of the auxiliary vector field 2;‘_71 we set

L0 ._(32uh,1 Bzum)r e ._(M 92up 1
O o Caxaxy” T T axaxy 0xd

)T

Moreover, we define ;;ll’w") according to
Lo, () (1)
) =gz,

o
/BhlllK@nE,ﬂIQ Prk—1ds =

E¢
f(nEg paK )'E[ 5 =1
E¢
Pl 1€ Pr_1(Ep),
S ek, By lK Pre1ds ,€=2,3,- - -
Eq

o
/ Ng, 0k, By Kk Pr—1ds =

E¢t1

f nEZ-H paK |Eg+1 Pk—1 ds = N,
E¢q

o Pk—1 € Pr—1(E¢+1) ,
/e, 'Bran,’( ng, py—1ds,£=1,2,---,N;
E¢

Pk—1 € Pr—1(E¢41),
ng 'Bhwi1 =0, E€&(KeNowi)

/gﬁillkz -Vprodx= —/ (V P+ cof(D?up 1) : D*up 2 — fh) Pr—2 dx +
Ky Ky
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Fig. 1. Patch w; associated with nodal point x; € N}, () featuring N; triangles K, 1< ¢ < N; (x; € Ny(3E N Q) (Case 1, top left), x; € AV (DENT) (Case 2,
top right), x; € N} (intE N Q) (Case 3, bottom left), x; € N} (intE N T') (Case 4, bottom middle), and x; € M, (intK N Q) (Case 5, bottom right)).

where, denoting by <p(x’ S V(k) the nodal basis function associated with x;, Bﬁ)im and @;"kwﬂg are given by

(5.6)

(5.7)

,N; we compute p;” |k, € BDM_1(K) according to

(5.8a)

(5.8b)

(5.8¢)

(5.8d)



/ i, - P |k P2 ds . P2 € Pr—2(Ke),

oK,
/Bh%lk( -Vpgpdx= —/ ( Pyt cof(D?up 1) : D?up, 1) Dr_2 dx + (5.8¢)
Ky K,

Mo, - PyYlK, P2 ds, pr—2 € Proa(Ky),

K,
f Py Ik, - curl(bi, py—3) dx= / 2" - curl(b, p—3) dx . 1=m <2, (5.8)
K Ky

Pr—3 € Pr_3(Ky).

The cases Case 2 - Case 5 can be treated in a similar way.
For the construction of the equilibrated moment tensors pzq,, 1 <i <2, we begin with the specification of the degrees of
=h,i

freedom for tensors p = (pij)?’j:1 S gh. We note that
dim Pp(K)?*? =2k + 1) (k + 2). (5.9)

Lemma 5.2. Any p € Pi(K)**2 with p© = (pi1, pi2)". 1 <i <2, is uniquely determined by the following degrees of freedom (DOF)

/BI‘IE -pds, P, € Pr(E)?, E € & (IK), (5.10a)
JE
P:VP,_  dx. P, €Peo1(K)*\Po(K)%, (5.10b)

p® - curl(bg pr_2)dx, pr_s € Pr_o(K), 1 <i<2. (5.10¢)

/
'

The numbers of degrees of freedom (DOF) associated with (5.10a)-(5.10c) are as follows

DOF (5.10a) = 6(k + 1),
DOF (5.10b) = k(k + 1) — 2
DOF (5.10¢) = (k — 1)k

and sum up to the right-hand side in (5.9).

Proof. The interpolation conditions for p" and p® are separated. The vector field p® (for 1 <i <2) is determined by the
degrees of freedom

/ -pPprds, pxeP(E), Ee&3K),

E
/ P Vpr_1dx,  pre1 € Pr_q(K)\Po(K),
K
f p? - curl(bpi_2) v, pi2 € Py o(K).
K

By applying Lemma 5.1 we conclude that there is a unique solution. O

Lemma 5.3. Let g = (qV, q®) € Py(K)?*2. Then there exists a positive constant C}(Ez), depending only on the polynomial degree k
and the local geometry of the triangulation Ty, such that
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/g x<C§2)( Z hg |qn5| ds—l—h /|V q| dx +
X Ee&0K) %

hi Zmax flq(” curl(bi p—2)I* d%; i3 € P, Max | py (X)|<1})
i=1

Proof. As in the proof of Lemma 5.1, the estimate (5.11) follows by standard scaling arguments. O

Now, for the construction of the equilibrated moment tensor pzq we set
=h,1

(1) (82uh,1 azllh!] )T 2(2) = a2uh,1 32Uh,1 )T
5o 9 oxioxg” T T axoxyT 9xd T
We construct p! = (pf;"™*2,_;. 1= m <2, with pi}, o = (p;"™ %, pi"™“)7. 1 < i <2, patchwise:

np

_hm ZP

For a patch w;, we construct pz)f such that
=h,m

P |k, € BDM(Ky) ,
=h,m

V'gi"m=2ﬁf'}n in w;, p i nE_paKw’|E, E e &(intw;), 1 <€ <N;,

where, denoting by <p(x’ V,Ek) the nodal basis function associated with x;, gﬁ’im and @;"l’(“”ﬁg are given by

— (Xx) AM, 0 . i) o(m.1)
Py - B IEME =@y PaK le.1=<i<np.

(€. ;)

Moreover, we define z, according to

Zfl’wi = (p;lxi)gflg), 1<¢<2.

Casel (x; € EH(OENQ)): For £=1,2,---, N; we compute p;‘)i |k, with pz’f |k, € BDMy(K(), 1 <m <2, according to
=h,m =h,m

/ghw,imlmnEmKe .Bk ds =

E¢
f (p?KZUI)'Ez =1
Ey

. D, € Pu(Ep)* .
fghwlthnEng ‘P ds . £=2,3,---N; =k g
E; —%

(] —
/ gh,'m“(enE“mK"' .Ek ds =

E¢a

f paK |E(+1 pk ds Z_I\Il

E(+1 2
. € Py(E s
l [ B ng, B d5.B, € P(Ee1) £=1.2, N, By € PrlEern)
P

nE =0, Ec&(KeNowi),

/g;imll(l :VBk_1 dx:—/‘gh“)’%-gk_l dx +

K Ky
P lkMyk, P, ,ds, p, . € Pr_1(K¢)?
Zhm ¢ ¢ k-1 k-1 - ’
9K,
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(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16a)

(5.16b)

(5.16¢)

(5.16d)



/ g;mn;‘””lm ~curl(bk, px_2) dx = / 2 - curl(bk, pi_2) dx. (5.16e)
Ko Ky

1<j<2, pr— € Pr(Ky).

Again, the cases Case 2 - Case 5 can be done analogously.
6. Relationship with a residual-type a posteriori error estimator

The residual-type a posteriori error estimator for the von Karman equations with homogeneous Dirichlet boundary con-
ditions reads as follows

8 6
e =Y Y s+ >0 e (6.1)

i=1 KeTh, i=1 KeTh,

The element residuals 7}%,1 <i <8, and 7}{%, 1 <i <6, are given by

nKh = /|A2Uh.1 — cof(D?up,1 : D*upz — fyl? dx, (6.2a)
Kk
1
nKs = Z h / |A%up 5 + zcof(Dzth : D2up 1| dx, (6.2b)
KeTq K
Ny =ke Y. he [ mg-[V-D?up®ds, 1<i<2, (6.2¢)
Ee&p(K) %
M&a=ke Y he [ [[D?upileng®ds, 1<i<2, (6.2d)
Ee&h(K) %
Meie=ke »_ [ [[Vupi®@nglel*ds, 1<i<2, (6.2¢)
Ec&n(K) g
~res .__ N/2 102 s f
N = Mk.1)"“1D%up, 1lpg,@, i =1,3,5, (6.2f)
s = (k.)*1D%un, 2lpe., i=2,4,6, (6.28)
where
1
7 - E€&(Q)
N )
E { 1, Ec&@) ’ (6.2h)
and
172
|D2up ilpg.q = ( Z /|Dzuh,i|2 dX) ,1<i<2. (6.2i)
KeTn

We further define data oscillations 65cy, ;, 1 <i <2, according to

GSen 1 = (osch,1)2(IVup1lpe,e + |Vunalpe,e) k=2 (6.2))
1 (osch.1)2(ID?up 11pc.@ + 1D?un2lpc.) k>3’ '
65,2 = (0sch,2)"/?(ID*up 11pc.r + 1D%un2lpc.r)s (6.2k)

where |Vup ilpc.o and |D2uh,,~|D(;,1—,l <i<2,are given by

[Vupilpc.q = ( Z /IVUh,iI2 dX)l/z, (6.21)

KeTh g

172
ID?up ilpc.r 1=< Z |D2uh,i|2d5) . (6.2m)
Ec&p(D) %
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The following result establishes the relationship between the equilibrated and the residual a posteriori error estimator.

Theorem 6.1. Let u, € V;, be the C°IPDG approximation as given by (3.22) and let %, 0}, 1 <i <8, 7,1 <i <6, and oscy j, 1 <
i <3,and 0sc, j, 1 <i < 2, be the equilibrated and the residual a posteriori error estimators as well as the data oscillations as given by

(4.30), (6.2), and (4.22). Then there exists a constant Cres > 0, depending on cg, Crec, ¢j, Cg), Cg)F 1 <1i <2, such that

8 6 3 2
My = Cres( YoM+ 20T + Y oscni+ Y 6n ). (6.3)
i=1 i=1 i=1 i=1

Moreover, if we use (3.29b) in (4.29b), then ’7;?2 can be estimated from above in terms of residuals and data oscillations.
The proof of Theorem 6.1 can be done by standard means.

Remark 6.2. Using techniques from [34], it can be shown that the residual-based error estimator is efficient.

7. Numerical results

We have implemented the CPIPDG approximation (3.22) with the penalty parameters o;, 1 <i <2, chosen as o =
12.0 k? and «y = 2.5 kB, Further, we have implemented the adaptive algorithm based on the equilibrated error estimator
n;q by Dorfler marking [20], i.e., given a bulk parameter ® € (0, 1), we have selected a set My C T, according to

o eq eq
O = D g
KeTy KeMyp

and we have refined elements K € M, by newest vertex bisection. In case of the residual-based error estimator 7;* we
have implemented the adaptive refinement likewise.

As numerical example, we have chosen €2 as the L-shaped domain  := (—1,4+1)%\ ([0, 1) x (-1, 0]). We have chosen
f € L2(R) such that the solution given by (cf. Example 6.2 in [13]

up(r, @) = ua(r, @) = 't (rPcos’(p) — 1)? (rsin®(p) — 1)? g(g),
8@ = (

- sin3(y — 1)/2m) — v+

sin(3(y + 1)/2m) cos((y — Dg) —

sin((y — o) — sin((y + 1)

cos((y = 19)) = (5= T

(cos(3(y —1)/2m) = cosB(y +1)/27))),

where y ~ 0.5444837367 is a non-characteristic root of y2 sin(37/2).
We note that the solution belongs to W2+Y—62(Q) for any & > 0. A similar regularity applies to the solution z of the
boundary value problem (4.15).

We have performed computations for the polynomial degrees k = 2,k = 3, and k = 4. The numerical solution of the
nonlinear C°IPDG approximation (3.22) has been done by Newton’s method with a relative tolerance of tol = 10~3 as
termination criterion for the Newton iterates. The expected convergence rate for the discretization error in the broken Wg 2
norm is 0.5.

Fig. 2 shows the adaptively generated meshes (bulk parameter ® = 0.4) for polynomial degree k =2 (top left), k =3
(top right), and k =4 (bottom), where the adaptive mesh refinements were based on the equilibrated error estimator. As
expected, we observe a pronounced refinement around the reentrant corner at the origin and substantially less refinement
off the singularity for the higher polynomial degrees k > 3. The meshes obtained by the residual-based error estimator look
similarly and are therefore omitted.

For ® = 0.4, Fig. 3 displays the discretization error in the broken Wg‘z norm, the equilibrated error estimator nzq, and
the residual-based error estimator n}rfs as a function of the total number of degrees of freedom (DOFs) on a logarithmic
scale. The result for the polynomial degree k = 2 is depicted top left, those for the polynomial degrees k =3 and k =4
top right and bottom. In all cases we observe the optimal convergence of 0.5. For k =3 and k =4 the decay is faster than
0.5 in the pre-asymptotic regime, but approaches 0.5 asymptotically. The equilibrated error estimator is smaller than the
residual-based error estimator by approximately 3/4 of an order of magnitude.
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kP

kP

Fig. 2. Adaptively generated meshes (equilibrated error estimator) for polynomial degree k =2 (top left), k =3 (top right), and k =4 (bottom).
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Appendix A

Proof of Theorem 3.1.
Let uy be the solution of (3.22). We then define ph € \_Ih,l <1i <2, by means of (3.18a), (3.19a) and afterwards P, €
=h,i — =h,

V,,1 <i <2, according to (3.18b), (3.19b) We choose gh = D?vy, in (3.18a), (3.19a) and @, = Vvy in (3.18b), (3.19b) and
insert the resulting expressions into (3.18c), (3.19¢) obsErving (3.20), (3.21). It follows that

Z/V'Bh,l vpdx= Z/ghlzDzvhdx— Z/Q;ll(’]),vvhds+

KeTy K KeTq K KeﬁaK
~(1,2 2 2

Z /ﬂ31<~2§,,()vhd5= Z /D Up1:D?vpdx —

KeThyk KeTh i

> /{Dzuh,l}f (Vv ®ngle ds +
EcEn() %

> [ e (v I 02 e vids +
E€&n(Q) E

o1 Z hy! /[Vuh,l Qnele : [Vvyp @ nelp ds +
EcEn(@) %

o> Z hE3 Up,1 Vi ds
E€&y(I) E

and

= [ommien [, o 5 [ e

KeTy K KeTp K K€7713K
(2,2 2 . 2

Z Ny -, Vh ds = Z D?up  : Dvy dx —

KeﬁaK KeTh g

Z {(D%up ) : [Vvy, @ ngl ds +
E€&h() %

Y [ me-{V-IL (D%up )} vinds +
E€&n(Q)E

o Z hE] /[Vuh,z ®nelg: [Vvyp @nglp ds +

E€EL(Q) E
o Z h?/”h,Z vp ds.
EcE, (D) E

In view of (3.22) and (3.23) we deduce that the last equation in (3.18) and (3.19) is satisfied. Conversely, if the triples
(ph LB, i,uh,i) S yh x Vp x Vi, 1 <i <2, satisfy (3.18), (3.19), we choose q)Ll = D?vj, in (3.18a), (3.19a), and @, = Vv in
] 1 —b - ] —

(3.1'8b), (3.19b), and insert them into (3.18c), (3.19¢c). Taking (3.20) and (3.21) into account this shows that u, satisfies
(3.22).
Appendix B

Proof of Lemma 4.1.
We have

:;dx

||gc1||Lz(Q;R2xz) =sup {/2 ;eg(divz, Q), IIZll2r22) < 1}

Q

c,1
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For T € H(div?, Q) there exists v € Wé’Z(Q) such that T = D?v. In fact, v can be chosen as the weak solution of the

boundary value problem (4.15). Hence, we have

2
||BC1||L2(Qszz) < sup /p :D*v dx.

ID2v]l 2 g m2x2, <12 =61

Applying Green’s formula twice locally on each K € 7, and observing (4.10), we get

:D?zdx= V.V. d
/p1 zdx Z/ p zdx+

(B.1)

(B.2)

o KeTh -
Z /gc’] nr-Vzds= Z /(f—fh)zdx.
Ee&p(I) E KeTy K
In order to estimate the first term on the right-hand side of (B.2) we first consider the case k = 2. In view of the choice of
fn we have
> [u-szic=3 [ s - podn
KeTh g KeTh g

where pg :=|K|™! [ z dx, and hence, an application of (4.14a) and (4.17) yields
K

> [or-pza <

Ke771K
L, \1/a L, \12

> (fir-nra)"([1z-poPax)” <

KeTn K
12 12

1 2 1 1/2

c;g( 3 h§/|f—fh|2dx) (Z /|Vz|2dx> <cPc oscy/?.
KeTp K KeTh i

In case k > 3 we have

Z/(f_fh)ZdX: Z/(f_fh) (z—p1)dx, piePi(K).

KeTh g KeTh

(B.3)

We fix p1 € P1(K) by the interpolation conditions [j pidx = |K|~! [,z dx and [, Vpidx=|K|~! [, Vz dx. An application

of (4.14a) gives

> [z <

KeTh g
1/q 1/2
> (fir-nra)"([rz-pra)” <
KeTh K
1/q 1/2
it 3 (1 [1r =P ax) ([ 1ve-porar)”.
KeTn — k K

Setting Vp1 = (p11, p12)T, another application of (4.14a) yields
0z 1 9z .
HB—X,- = Diilliz) < C;a,z hg ||V8—Xi||1_2(1<), 1<i<2

Hence, using (2.2), we obtain

(f|vZ—|I<|*1/|V(z—p1)|2 ax) " <
K K

1/2 1/2
(2o (122 a)”)
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“)hk /|Dzz| dx)

Using (B.5) in (B.4) and observing ||D22||,_2(Q;szz) <1 it follows that

‘ > (f—fh)de‘ < (B.6)

KeTh
1/2
(Xt [1r-na) (X [0t a)” <
KeTw ¥ KeTh i
172
A (o m [ 15 - s ax)
KeTp K

The assertion now follows from (B.3) and (B.6).
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