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The Curvature of SU (5)/(Sp (2) x S*)

E. HEINTZE (Bonn)

1. Introduction

Berger ([1]) classified all normal homogeneous, simply connected
Riemannian manifolds of positive curvature. He arrived at the con-
clusion that these manifolds are homeomorphic (diffeomorphic in fact
if one uses the Proposition 4.3 of Helgason ([5])) to a sphere S” or one
of the projective spaces CP", IHP" or Ca P2, with two exceptions. These
exceptional spaces V| and V,, which by definition carry a normal homo-
geneous metric, have the dimension seven and thirteen, respectively.
Berger denoted them by Sp(2)/SU(2) and SU(5)/(Sp(2) x SY).

Especially in connection with the sphere theorem ([4]) one is inter-
ested in the ratio k between the minima and maxima of their sectional
curvatures. Eliasson ([3]) calculated this ratio for ] to k,, =3. We will
show that ky, = 55572 0.0149.

2. Preliminaries
(1) If G is a Lie group, we denote its Lie algebra by G.

(i) The curvature of a normal homogeneous space G/H is calculated
in the following way ([6]): Let {, > denote the bi-invariant scalar product
of G which induces the metric, let || || denote the associated norm and
G=H+M the orthogonal vector space decomposition. Then we have
for each two-dimensional subspace o< M, spanned by orthonormal
vectors X and Y,

K(@)=1I[X, Y1yul*+I[X, Y1ull?,

where the subscripts M and H denote the orthogonal projection on M
and #, respectively.

(i) Up to a positive factor, a compact simple Lie algebra possesses
exactly one bi-invariant scalar product, namely the negative of its Killing
form. Therefore each automorphism leaves the bi-invariant scalar pro-
duct invariant.

(iv) Remarks on the definition of V,: Taking V, =G/H, Berger ([1])
had shown that up to isomorphisms G=A, and H = C,+R, where A,
denotes the Lie algebra of SU(5), C, the Lie algebra of Sp(2) and R the
centralizer of A; =SU(4) in A,. Sp(2)=SU(4)=SU(5) may be imbedded
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canonically. Isomorphism means here: there is a Lie algebra isomor-
phism of G on A,, mapping H on C,+ R. H generates the closed sub-

group A
H={( 24)/Aesp(z), zeC, |z|= 1}

in G=SU(5). Therefore we have V, =SU(5)/H with H locally isomorphic
to Sp(2) x S

C,c A=A, and R may in the following denote the same Lie alge-
bras as above.

(v) The bi-invariant scalar product of 4, induces the bi-invariant
scalar product on A4; and C,. Assuming that 4,=(C,+R)+M and
A3 = C,+ P are orthogonal decompositions of 4, and A, respectively,
we have P M and we may decompose M orthogonally in M=N+P.
The two decompositions A;=C,+P and A,=(43+R)+ N belong to
the symmetric spaces S°=S0(6)/SO(5) and CP*=SU(5)/U(4). To take
advantage of the fact that §° is a space of constant curvature, we remark:
There is an isomorphism ¢ ([5]) of 45 onto SO (6) with £(C,)=S0(5)=
SO(6). Let £(P)=P'. Then SO(6)=S0(5)+ P’ is an orthogonal decompo-
sition of SO(6) and the adjoint representation of SO(5) operates on the
five dimensional vector space P’ as SO(5) on R’ ([2], p.99), hence tran-
sitively on the orthonormal pairs of P". Therefore the subgroup, gener-
ated by the elements e“?X, X € C,, also operates transitively on the ortho-
normal pairs of P. Since [C,,P]<P,[C,, N]JeN and [C,, H] < H. this
subgroup leaves the decomposition of A, = H + N + P invariant and there-
fore the curvature too, i.e., for any such automorphism ¢, K(¢(0))= K (0).

(vi) We use the decomposition A,=H+M=(C,+R)+N+P. Let
H,,..,H,; M,,...,Mg and M,, ..., M, orthonormal bases of H, N

and P, respectively. Then we have to calculate the minimum and the
) 13

maximum of the function K(X,Y) for orthonormal X =) a;M; and
i=1
13 9

Y=Y b;M;. Because of (v) we can restrict ourselves to X = Y a;M; and
i=1 i=1

10
Y= ) b;M,, so that we have to find the minimum and the maximum of
i=1

the function
K(al, ey ag,bl, ...,blo)
=KX, Y)=4 Y a;b;[M;, M1y |* +]| Y. a:6,IM;, M1n?
i, J L7

under the additional conditions
9
i J i=1



The Curvature of SU(5)/(Sp(2) x SY) 207

Let 11 13
[M;, M;]= zcs’jH,,+ 2 dM
Then
K(al,...,blo)—4z Za(Zbd )y +Z(Za(2b )y
c=1 1 p=1 i

Our calculations are completely elementary as soon as we know the Lie
algebra constants cf; and df;.

3. Orthogonal Decomposition of the Lie Algebra and Calculation
of the Brackets

Up to isomorphisms we have:
A,=SU(5)={X/X complex 5 x 5 matrix, ‘X + X =0, Tr X =0},
C,={X=0xh<; jc5€As/X;s=x5;,=0for i=1,...,5 JX+'XJ =0},
1 /

1
R={1y/—1 1 AeRy.
1
—4

The bracket operation is given by [X,Y]=XY—-YX. J denotes the

0 I, 0
matrix (—I, 0 : ], where I, is the unit matrix of order two.

0 ... 0

The bi-invariant scalar product of A, is given by (X, Y)>= 1 Tr XY
(up to a positive factor). This form is obviously bi-linear and bi-invariant
and it is also positive definite as can be seen from the fact: for each
X e A, there is a matrix ueSU(5) such that uXu~! has a diagonal form.

Let E,, denote the matrices (5;,6;)i<;;<s and Q,,=E,,—E,,,
R, =V —-1(E,,+E,,), B,=y —1(E,,—Ess), 1=, v=5.

Then the following vectors constitute an orthonormal basis of A,:

Hi=P+P—-P—~P, H,=0;3+0:., H3=R;3+R,,,
H,=P— Pz_Pzﬁ‘Pm Hs=0Q,3—034, He=R;3—Ry,
H;=R; — Ry, Hy=Q14,+023, Ho=Rys+Ry;,
Hio=0Q1+ Qaa, Hy =15 (B +P+P+F),

M1=I/§Q15, M2=I/EQ25» M3=]/§Q35, M4:]/§Q45,
MszlﬁRu’ M6=I/§R25’ M7:][7.R35, M8=ﬁR45»
My=0,,-03,, Mi0=014— 023, My=R;;+R;,,
M,=Ry4,—R;3, Mpu=R-PKB+h—
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H,,..,Hy; Hy; My,....Mg and M,, ..., M,; constitute bases for

E.Heintze:

C,, R, N and P, respectively.

The calculations of the brackets [M;, M;]= —[M,, M/], 1<i<j<10,

yield:

M, M,] =—-My —Hyp

(M, M3] = —H,—H;
[MI’MLL] =—~M—Hg

[M,Ms] = M+H +H,+)/5H,
M, Mg}l = M, +H,

M, M] = H;+Hg

M. Mg] = M;+H,

(M, M;] = M,

[Mile()]: M,

[M,,M;] = M;o— Hg

M, M;] = —H,+H;

[(M,, Ms] = My, +H,

[(M;, M = ‘M13+H1‘Ha+ﬁHu
[M;,M;] =—M,+H,

[M;, M,] = H;—H,

[My, My] =—M,

[M), My ]=—M,

[My,M,] = My —Hy,

(M3, Ms] = Hjy+ Hy

[M;, Me] = —My,+H,

My, M) = M13——H1—H4+1/§H“
[M3,Mg] = My —H,

M, My] =—-M,

(M3, My ]= M,

[My,Ms} = M, +H,
[M45M6] = Hs‘H(,
[M4,M7] = Mu —H'z
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[My,Mg] =M~ H +H,+}/5H,
My, Mo] = M,
(Ma, Myo]=—M,
[M57M6] =—M, —Ho
[Ms, M;] = —H,—-H;
[Ms, Mg] =—M;o—Hg
[Ms,Ms] = M,
[Ms, Myol= Mg
(Mg, M;] = Mo~ Hjy
[Me, Mg] = —H,+H;
[Mq, My] =—M;
[Ms, Myol=—M,
[M,, Mg] = M, —Hj,
[M;, My} =M,
[M;, Myl= Mq
[Mg, Mol = M,
[Mg, M,o]=—M;
(Mg, Mol= -2H,.
4. Maximum and Minimum of the Sectional Curvature
For the sake of simplicity we introduce the following notations:
A=(ay,....ag), B=(by,....bg),
Xp:(ijcfj,A..,gbjc‘gj), p=1,...,10,

J
X =1/y/3(5 byetl ... Y byekl),
Jj J
Yq:(zbjdfj""zb.ldgj)’ 6:1;‘.-,137
j i

Zy=(—bs.by, by, —by, by, —by, —bs, by).
Z,=(b;, —bg, —bs,bg, by, —by, —b1,by),
Zy=(b3. by, —by, —by, —by, —bg, bs, be),
Z,=(b,,bg, —bs, —bg,bs, by, —b;, —by).
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From the table of the brackets we obtain:
Xy =(bs,bg, —b7, —bg, —b, —b,y,b3,b,),
X, =(=bs, —=by,by,b,, —b,, —byg., bs, be),
X3 =(bs,bg,bs, b, —b3, —b,, ~ by, —b,),
X, =(bs, —bg, —b;,bg, —by, b, b3, —b,),
Xs =(_b3»b4,b19 —b,, —b7’b8ab5’ —be),
X¢ =(by, —bg,bs, —bg, —bs, by, —by, by),
X, ‘—'(be’bs, —bg, b5, —bz, —by, by, b3),
Xg =(—=b,, —b3,b,,b,, —bg, —b;, b, bs),
Xg =(bg,bq,bg,bs, —b,, —b3, —b,, —b,),
Xio=(=b3, by, —b., b3, —be, bs, —bg, b,),
Xu:(bs»ba’b%bz;s —by, —b,, —bs, “b4),

Y, =(0, —b,,0, —b,5,0,0,0,0),

Y, =(by,0,b,0,0,0,0,0,0),

Y; =0, —b0,0,b4,0,0,0,0),

Y, =(b;0,0, —b4,0,0,0,0,0),

Ys; =(0,0,0,0,0, —by,0, —b,),

Ys =(0,0,0,0,b4,0,b,,,0),

Y, =(0,0,0,0,0, —b,4, 0, by),

Yz =(0,0,0,0,b,,0, —by,0),

Yo =(=b,,b,,b,, —bs, —be, bs, by, —b;),

Ylo=(‘b4ab3, _bzabp ‘b89b7~ ‘bé,bs)»

Y11=(b6’b5’b85b7s -b27 _bp —by, _b3)9

Yi;=(bs, —b,;, —bs, bs, —b,, b3, b,, —b,),

Yia=(bs, —bg, b;, —bs, —by, by, —b3, by).
With these notations we obtain for the curvature:

4K(ay, ..., dg, by, ... bo)
10
~4 ( Y (AX,)?+5(AX,1)? +4a3 bl —day blo(AXz))

p=1

13
+ Y (AY,)*+a3 B2 —2ag by AB—2ay b,y AX,),
1

o=
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and the additional conditions:
A*+ab=B*+bi+b%} =1, AB+aygby=0,

where we used the canonical scalar product of R®. We remark that the
following vectors are pairwise orthogonal and of the same length:

a) B, X, Xs, Xy, X, Y13, Z,, Z, with length |B|,

b) Y, ..., Yy with length (b3 +b%,)%,

c) B, Y,,..., 13,25, Z, with length |B].
The following lemma is the main step of our calculations.

Lemma 1. (i) i (AY,)? = A? (b3 + bi,),

y=1

(1) g (AY,)*=A° B> —(AB)* —(AZ;)* —(AZ,)’,
v=9

10
(i) ) (4X,)*=A%B>—(AY;3)* —(AB)’ —(4Z,)* ~(AZ,)*,
v="7

6 4
(iv) Y (AX,)*=(AX,)* +(AY;3)* + Y (AZ,)".
v=1

v=1

Proof. (1)— (ii1) are direct applications of the next lemma and the
remark above. The identity (iv) is most easily checked, if one compares
the squares and the mixed terms on both sides.

Lemma 2. If B, ..., B, are pairwise orthogonal vectors of R" and of
the same length B2, we have for each AcR":

Zr: (AB,)* < A’B%.
If r=n, equality holds. =
Proof. Linear algebra.
With Lemma 1 the curvature formula is reduced to:
4K(ay, ..., byo)=1+4(A*B*—(AB)*)+ 15a bi, — 18ay by AX,
+3((AZ3)* +(AZ,)* +8(AXy)?).
Proposition 1. The maximum of the curvature of V, is 29/4.

Proof. For X =M, and Y=M;, i.e. a,=bs=1, a;=b;=0 otherwise,
K(X, Y)=22.
On the other hand,

4K(a1, seny blo)

W
+ +

(SUaol Ibyol +141 IBI)* +3)
5

3
3(5(A%+a3)(B* +biy)+3)

A IANIA

N
Nel

IS Inventiones math,, Vol. 13
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since |AX,|<|A| |B| and since Z;, Z, and X, are pairwise orthogonal
and of the same length.

Proposition 2. The minimum of the curvature of 'V, is 4/37.
Proof. For

X=Y M +M)+1/E My, Y=—11E(M5+ Mg+ My,
K(X,Y)=%.
On the other hand,

4K(ay, ..., byo) 2 1 +4(A2 B2 — (ABP)— 18 |ag byo| |AX, |+ 15a2 b7,

If we put x=(4>B*>—(AB))} <3(A*+B?), y=laobo| <3 (a5 +bio). it
follows from the additional conditions: x+ y<1. Since B and X, are
orthogonal and of the same length, Lemma 2 yields |4X,|<x. There-
fore 4K(ay, ..., bjo)21+4x?—18x y+ 15y?, where x and y are at least
restricted by x, y=20and x + y< 1. The minimum of 1 +4x% — 18x y+ 15 *
for x+y=<1 and x,y=0 is obviously attained for x+y=1. Thus
4K(ay, ..., b1o)=37x*—48x +16215.

Theorem. The ratio between the minimum and the maximum of the
sectional curvature of V,=SU(5)/(Sp(2) x S') amounts to k,,=16/29-37.
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