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Dislocation Lines in Three-Dimensional
Solids at Low Temperature

Roland Bauerschmidt, Diana Conache, Markus Heydenreich,
Franz Merkl and Silke W. W. Rolles

Abstract. We propose a model for three-dimensional solids on a meso-
scopic scale with a statistical mechanical description of dislocation lines
in thermal equilibrium. The model has a linearized rotational symmetry,
which is broken by boundary conditions. We show that this symmetry
is spontaneously broken in the thermodynamic limit at small positive
temperatures.

Mathematics Subject Classification. Primary 60K35; Secondary 82B20,
82B21.

1. Introduction

1.1. Motivation and Background

The perhaps most fundamental mathematical problem of solid-state physics
is that of crystallization, which in a classical version could be formulated as
follows. Let v : Ryy — R be a two-body potential of Lennard—Jones type and
consider the N-particle energy

HN(:cl,...,a:N):Zv(|mi—xj|), (z; € R?). (1.1)
i
The Grand Canonical Gibbs measure at inverse temperature 5 > 0 and fugac-
ity z > 0 in finite volume © C R3 is the point process on Q given by

1 2V
Pop..(B) = / Z_e AN @) gy (1.2)
ﬁ ZQ,ﬂ,Z N%D QNﬁB N'

for measurable B C (J NeN, QY modulo permutations of particles with the
appropriate normalizing constant Zg g .. The crystallization problem is to
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prove that at low temperature and high density, i.e., large but finite inverse
temperature § and fugacity z, there exist corresponding infinite volume Gibbs
measures that are non-trivially periodic with the symmetry of a crystal lattice.
This problem remains far out of reach. Unfortunately, even the zero temper-
ature case, i.e., studying the limiting minimizers of the finite volume energy,
is open and appears to be very difficult. For the zero temperature case in
two dimensions, see Theil [21] and references therein; for important progress
on the problem in three dimensions, see Flatley and Theil [9] and references
therein. Detailed understanding of the zero temperature case is a prerequisite
for understanding the low temperature regime, but in addition, any descrip-
tion at finite temperature must explain spontaneous breaking of the rotational
symmetry and take into account the possibility of crystal dislocations. This
significantly complicates the problem because proving spontaneous breaking
of continuous symmetries is already notoriously difficult in models where the
ground states are obvious, such as in the O(3) spin model, for which the only
robust method is the very difficult work of Balaban, see [3] and references
therein.

With a realistic microscopic model out of reach, we start from a meso-
scopic rather than microscopic perspective to understand the effect of the
dislocations. We expect the latter to be a fundamental aspect also of the orig-
inal problem. Our model does not account for the full rotational symmetry,
but is only invariant under linearized rotations. More precisely, our model for
deformed solids in three dimensions consists of a gas of closed vector-valued
defect lines which describe crystal dislocations on a mesoscopic scale. For this
model, we show that the breaking of the linearized rotational symmetry per-
sists in the thermodynamic limit.

Our model is strongly motivated by the one introduced and studied by
Kosterlitz and Thouless [17], and refined by Nelson and Halperin [19], and
Young [23]. The Kosterlitz—Thouless model has an energy that consists of an
elastic contribution and a contribution due to crystal dislocations. These two
contributions are assumed independent. This KTHNY theory explains crys-
tallization and the melting transition in two dimensions, as a transition medi-
ated by vector-valued dislocations effectively interacting through a Coulomb
interaction. For a textbook treatment of this phenomenology, see Chaikin and
Lubensky [6]. The Kosterlitz—Thouless model for two-dimensional melting is
closely related to the two-dimensional rotator model, studied by Kosterlitz and
Thouless in the same paper as the melting problem, following previous insight
by Berezinskii [4]. For their model of a two-dimensional solid, the assump-
tion that the energy consists of elastic and dislocation contributions, which
can be assumed to be essentially independent, is not derived from a realistic
microscopic model. On the other hand, the rotator model admits an exact
description in terms of spin waves (corresponding to the elastic energy) and
vortices described by a scalar Coulomb gas. In this description, the spin wave
and vortex contributions are not far from independent, and, in fact, in the Vil-
lain version of the rotator model [22], they become exactly independent. Based
on a formal renormalization group analysis, Kosterlitz and Thouless proposed
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a novel phase transition mediated by unbinding of the topological defects,
the Berezinskii-Kosterlitz—Thouless transition. In the two-dimensional rota-
tor model, the existence of this transition was proved by Frohlich and Spencer
[12]. For recent results on the two-dimensional Coulomb gas, sce Falco [8].
In higher dimensions, the description of the rotator model in terms of spin
waves and vortex defects remains valid, except that the vortex defects, which
are point defects in two dimensions, now become closed vortex lines [13] as in
our solid model. Using this description and the methods they had introduced
for the two-dimensional case, Frohlich and Spencer [12,13] proved long-range
order for the rotator model at low temperature in dimensions d > 3, without
relying on reflection positivity. The latter is a very special feature used in [11]
to establish long-range order for the O(n) model exactly with nearest neighbor
interaction on Z¢, d > 3. In general, proving spontaneous symmetry breaking
of continuous symmetries remains a difficult problem. However, aside from the
most general approach of Balaban and reflection positivity, for abelian spin
models, several other techniques exist [13,16].

As discussed above, our model, defined precisely in (1.25), is closely
related to the Kosterlitz—Thouless model, see for example [6, (9.5.1)]. Our anal-
ysis is based on the Frohlich—Spencer approach for the rotator model [12,13].

In a parallel study of Giuliani and Theil [14] following Ariza and Ortiz [1],
a model very similar to ours is examined, but with a microscopic interpretation,
describing locations of individual atoms. In particular, it also has a linearized
rotational symmetry.

In [15,18] (see also [2]), some of us studied other simplified models for
crystallization. These models have full rotational symmetry, but do not permit
dislocations. In [18] defects were excluded, while in the model in [15] isolated
missing single atoms were allowed.

1.2. A Linear Model for Dislocation Lines on a Mesoscopic Scale

1.2.1. Linearized Elastic Deformation Energy. An elastically deformed solid in
continuum approximation can be described by a deformation map f : R3 — R3
with the interpretation that for any point z in the undeformed solid f(x) is the
location of x after deformation. The Jacobi matrix Vf : R? — R3*3 describes
the deformation map locally in linear approximation. Only orientation pre-
serving maps, det Vf > 0, make sense physically. The elastic deformation
energy Fe (f) is modeled to be an integral over a smooth elastic energy den-
sity per : R**3 — R (respectively pe : R3*? — R):

Ea(f) = [ a(Vi@)ds = [ 5u(@H @ Via)dn,  (13)

where the second representation holds under the assumption of rotation invari-
ance; see Appendix A.1.1. From now on, we consider only small perturbations
f=1id +eu:R3 — R3 of the identity map as deformation maps. The param-
eter € corresponds to the ratio between the microscopic and the mesoscopic
scale. We Taylor-expand pe around the identity matrix Id using that je is
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smooth near Id, obtaining
pei(Id +eA) = 2F(A) + O(%), (e —0, A= A" € R?*3), (1.4)

with a positive definite quadratic form F' on symmetric matrices. Under the
assumption of isotropy (see Appendix A.1), writing |-| for the Euclidean norm,
the general form for F is

A
FU)=5(TrU)? + U] with 1> 0 and p+3X/2>0. (1.5

In elasticity theory, the constants A and p are the so-called Lamé coefficients.
Even for cubic monocrystals, the isotropy assumption is restrictive for realistic
models. While it is not important for our analysis, we nonetheless assume
isotropy to keep the notation somewhat simpler. We refer to [6, Chapters 6.4.2
and 6.4.3] for a discussion on the number of elastic constants necessary in order
to describe various crystal systems. Summarizing, we have the following model
for the linearized elastic deformation energy:

Eo(id + cu) = e2Hy(Vu) + O(3)  with (1.6)
Hgy(w) = / F(w(z) + w(z)") dz, (1.7)
R3
for measurable w : R® — R3*3 and for F' as in (1.5).

1.2.2. Burgers Vector Densities. The following model is intended to describe
dislocation lines on a mesoscopic scale as they appear in solids at positive
temperature. We describe the solid by a smooth map w : R? — R3*3 replacing
the map Vu : R? — R3*3 from Sect. 1.2.1. If dislocation lines are absent, the
model described now boils down to the setup of Sect. 1.2.1 with w = Vu being
a gradient field. The field

b: RS — RBXSXB, bijk = (dlw)ijk = @'wjk — @wik (1.8)

is intended to describe the Burgers vector density. It vanishes if and only if
w = Vu is a gradient field. One can interpret b;;; as the k-th component of
the resulting vector per area if one goes through the image in the deformed
solid of a rectangle which is parallel to the i-th and j-th coordinate axis. The
antisymmetry b;;;, = —b;;; can be interpreted as the change of sign if the
orientation of the rectangle is changed. Any smooth field b : R? — R3*3%3
which is antisymmetric in its first two indices is of the form b = dyw with
some w : R3 — R3*3 if and only if

dab = 0, (1.9)
where
dab i R® — R3*3X3X3 0 (dob)yik = Opbigr + Oibjik + Ojbuik (1.10)

denotes the exterior derivative with respect to the first two indices. Being
antisymmetric in its first two indices, it is convenient to write the Burgers
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vector density b in the form
3 ~
bijk = Z&jlbm, (1.11)
1=1

where b : R3 — R3%3 and g;ijk = det(e;, ej, e) with the standard unit vectors
e; € R? i € [3] := {1,2,3}. The integrability condition (1.9) can be written in
the form

3
divb=0 with (divb)s := Y dbu. (1.12)
=1

In view of this equation, one may visualize b to be a sourceless vector-valued
current.

1.2.3. Model Assumptions. In linear approximation, the leading order total
energy of a deformed solid described by w : R? — R3*3 is modeled to consist
of an “elastic” part and a local “dislocation” part:

H(w) = He(w) + Haist (d1w), (1.13)

where Hj(w) was introduced in (1.7). The field w consists of an exact con-
tribution (modeling purely elastic fluctuations) and a co-exact contribution
representing the elastic part of the energy induced by dislocations. Both these
contributions are contained in He(w), while Haigi(diw) is intended to model
only the local energy of dislocations. The dislocation part Hais(b) € [0, oo] is
defined for measurable b : R? — R3*3%3 being antisymmetric in its first two
indices.

We describe now a formally coarse-grained model for dislocation lines:
Dislocation lines are only allowed in the set A of undirected edges of a meso-
scopic lattice in R3. Let V denote its vertex set. As a lattice, the graph (Vj, A)
is of bounded degree. To model boundary conditions, we only allow disloca-
tion lines on a finite subgraph G = (V, E) of (Vi,A), ultimately taking the
thermodynamic limit £ T A. We write E € A if E is a finite subset of A.
We denote the edge between adjacent vertices x,y € Vi by {x,y}. The graph
(Va,A) is not intended to describe the atomic structure of the solid, as it lives
on a mesoscopic scale. Rather, it is just a tool to introduce a coarse-grained
structure which eventually makes the model discrete.

To every edge e = {z,y}, we associate a counting direction, which has
no physical meaning but serves only for bookkeeping purposes. The Burg-
ers vectors on the finite subgraph G = (V, E) are encoded by a family I =
(I.)eer € (R*)E of vector-valued currents flowing through the edges in count-
ing direction. A vector I, means the Burgers vector associated with a closed
curve surrounding the dislocation line segment [z,y] in positive orientation
with respect to the counting direction. The family of currents I should fulfill
Kirchhoft’s node law

> suele =0, (veV), (1.14)

ecE
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where s € {1, —1,0}"2*4 is the signed incidence matrix of the graph (Vj, A),
defined by its entries

1 if e is an incoming edge of v,
Spe = § —1 if e is an outgoing edge from v, (1.15)
0 otherwise.

The distribution of the current in space encoded by I is supported on the union
of the line segments [z, y], with {z,y} € E. Thus, it is a rather singular object
having no density with respect to the Lebesgue measure on R®. We describe
it as follows by a matrix-valued measure J(I) : Borel(R?) — R3*3 on R?,
supported on the union of all edges: For e = {z,y} € A, let ). : Borel(R3) —
R>¢ denote the 1-dimensional Lebesgue measure on the line segment [z, y]; it
is normalized by A.(R?) = |z — y|. Furthermore, let n, € R* denote the unit
vector pointing in the counting direction of the edge e. The matrix-valued
measure J(I) is then defined by

Borel(R?) 3 B — Jjn(I)(B) = Y (ne);j(Ie)ere(B),  j k€ (3. (1.16)

eclk

Thus, the index k encodes a component of the Burgers vector and the index j
a component of the direction of the dislocation line.

Heuristically, the current distribution J(I) is intended to describe a
coarse-grained picture of a much more complex microscopic dislocation con-
figuration: On an elementary cell of the mesoscopic lattice this microscopic
configuration is replaced by a vector-valued current on a single dislocation line
segment, encoding the effective Burgers vector. Because the outcome J of this
heuristic coarse-graining procedure is such a singular object supported on line
segments, its elastic energy close to the dislocation lines would be ill-defined.
Hence, the coarse-graining must be accompanied by a smoothing operation.

More precisely, the Burgers vector density 5([ ) associated with I is mod-
eled by the convolution of J(I) with a form function ¢:

b(I) = ¢+ J(I). (1.17)

Here, the form function ¢ : R® — Rsq is chosen to be smooth, compactly
supported, with total mass ||¢||1 = 1, and ¢(0) > 0.
Altogether, this yields the Burgers vector density as a function of I:

zgk Z&jl%p* Jlk Zsljl@* Z ) (I )k>‘6 (118)

eckl

For a graphical illustration of I and b(I) see Fig. 1.

It is shown in Appendix A.2 that the Kirchhoff node law (1.14) implies
that E(I) is sourceless, i.e., Eq. (1.12) holds for it, or equivalently, that the
integrability condition d2b = 0 is valid.
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FIGURE 1. Possible components Jj(I) as well as their
“smoothed versions” b, (I) shaded gray

We now impose an additional discreteness condition on I, which encodes
the restriction that Burgers vectors should take values in a microscopic lattice
reflecting the atomic structure of the solid. Let I' C R? be a lattice, interpreted
as the microscopic lattice (scaled to length scale 1). We set

T=1I(E)={I €T¥: (1.14) holds for I}. (1.19)

Note that the current I is indexed by the edges in the mesoscopic graph (V, E)
but takes values in the microscopic lattice I'. One should not confuse the meso-
scopic graph (V, E) nor the mesoscopic lattice A with the microscopic lattice
I'; they have nothing to do with each other. A motivation for the introduction
of two different lattices I" and V on two different length scales is described in
the discussion of the model at the end of this section.

From now on, we abbreviate Hgiq1(I) := Hais1(b(1)) and supp I := {e €
E : I. # 0}. We require the following general assumptions:

Assumption 1.1. o Symmetry: Hai1(I) = Hai1(—1) for all T € 7.

e Locality: For I = I + I, with I, I € 7 such that no edge in supp I3
has a common vertex with another edge in supp Is we have Hgiq(I) =
Hdisl(Il) + Hdisl(IQ)~ Moreoven Hdisl(o) =0.

e Lower bound: For some constant ¢ > 0 and all [ € 7,

Haia(I) > ||l :=¢ > |L]. (1.20)
ecE

Condition (1.20) reflects the local energetic costs of dislocations in addi-
tion to the elastic energy costs reflected by Hej(w).

One obtains typical examples for Hgi(I) by requiring a number of
assumptions on the form function ¢ and Hqis1(b): First, for all {u, v}, {z,y} € A
with {u,v} N {z,y} =0, we assume ([u,v] + supp ) N ([z,y] + supp ) = 0.
Furthermore,

inf A ({z € [x,y] : (z+suppy) N (w +supp ) =0
e={z,y}EA

for all w € [u,v] with {u,v} € A\{e}}) > 0. (1.21)
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Roughly speaking, the last condition means that different edges e € A do not
overlap too much after broadening with supp ¢. Finally, for all b,

Hdisl(b):Hdisl(—b)zcl/RSw(x)\ldx:cl 3 /R bik(a)|dz (1.22)

i,3,k€[3]

for some constant ¢; > 0, and for b = by + by with supp by Nsupp be = 0, it is
true that Haie(b) = Hais1(b1) + Hais1 (b2). One particular example is obtained
by taking equality in (1.22).

1.3. Model and Main Result

One summand in the Hamiltonian of our model is defined by

(1) = inf Ha(w) (1.23)
weC® (R37R3x3):
dyw=b(I)

for all I € (R®)F satisfying (1.14). The condition that w is compactly sup-
ported reflects the boundary condition, in the sense that close to infinity the
solid must not be moved away from its reference location. The symmetry
with respect to linearized global rotations is reflected by the fact Hy(w) =
He1(w + Weonst) for every constant antisymmetric matrix weens; € R**3. Only
the boundary condition, i.e., only the restriction that w should have com-
pact support, breaks this global symmetry. This paper is about the question
whether this symmetry breaking persists in the thermodynamic limit £ T A.

Because H, is positive semidefinite, [} is positive semidefinite as well,
cf. (2.36). This gives us the following linearized model for the dislocation lines
at inverse temperature 5 < oo:

Zpp = Z e_B(Hgl(I)J"Hdisl(I))’ (1.24)
I€Z(E)
1 .
Ps g = 7 Z e_B(Hel(I)"‘Hdisl(I))gp (1.25)
BE r1e1(R)

where 0; denotes the Dirac measure in I € Z and we use the convention
e~ % = 0 throughout the paper. Whenever the F-dependence is kept fixed, we
use the abbreviations Z3 = Zg  and Pg = P3 k.

The following preliminary result shows that any sequence of smooth
configurations satisfying the boundary conditions (i.e., being compactly sup-
ported) with prescribed Burgers vectors has a limit w* in L? provided that the
energy is approaching the infimum of all energies within the class. We show
later that this limit is a unique minimizer of H, in a suitable Sobolev space.
An explicit description of w* is provided in Lemma 2.2.

Proposition 1.2 (Compactly supported approximations of the minimizer). For
any I € I, there is a bounded smooth function w*(-,I) € L?*(R3 R3*3) such
that for any sequence (W™ )nen in C°(R3 R3*3) with dyw™ = b(I) for alln € N

and lim,, o0 Hei(w™) = HA(I) we have lim,, o ||w™ —w*(-,I)||2 = 0.
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In the whole paper, constants are denoted by ci,co,, etc. They may
depend on the fixed model ingredients: the microscopic lattice I', the meso-
scopic lattice A, the constant ¢ from formula (1.20), and the form function ¢.
All constants keep their meaning throughout the paper. Similarly, the expres-
sion “f large enough” means “8 > [y with some constant 3y depending also
only on I', A, ¢, and ¢.”

The following theorem shows that the breaking of linearized rotational
symmetry w ~» w + Weenst induced by the boundary conditions persists in the
thermodynamic limit E T A, provided that § is large enough.

Theorem 1.3 (Spontaneous breaking of linearized rotational symmetry).
There is a constant co > 0 such that for all 5 large enough and for allt € R,

. . t?
inf inf in E [ lt(wij(waf)—wij(yaf))] > {_ - —025}7 1.26
BeAayersije) oF L STt (1.26)

and consequently

sup sup max varp, , (wy;(z,1) — wj;(y, 1)) < e b, (1.27)
EEA z,ycR3 H,i€[3] '

We remark that the symmetry I < —I implies that w*(z,I) is a centered
random matrix. Since w*(x,I) encodes in particular the orientation of the

crystal at location x, this result may be interpreted as the presence of long-
range orientational order in the thermodynamic limit.

Discussion of the model If we compare our model to the rotator model, purely
elastic deformations correspond to “spin wave” contributions, while deforma-
tions induced by the Burgers vectors correspond to “vortex” contributions.
In our model, the purely elastic deformations are orthogonal to the deforma-
tions induced by the Burgers vectors in a suitable inner product (-, -) z; this is
made precise in Eq. (2.40). Therefore, we do not model the purely elastic part
stochastically. It would not be relevant for our purposes, because in a linearized
model, it is expected to be independent of the Burgers vectors anyway.

The mixed continuum/lattice structure of the model has the following
motivation: A realistic microscopic description of a crystal at positive tem-
perature would be very complicated, including, e.g., vacancies and interstitial
atoms. This makes a global indexing of all atoms by a lattice intrinsically hard.
On a mesoscopic scale, we expect that these difficulties can be neglected when
the elastic parameters of the model are renormalized. Our model should be
understood as a two-scale description of the crystal in which the microscopic
Burgers vectors are represented on a scale such that their discreteness is still
visible, but the physical space is smoothed out; recall that the factor € used in
approximation (1.4) encodes the ratio between the two scales. Hence, we use
continuous derivatives in physical space, but discrete calculus for the Burgers
vectors. The mesoscopic lattice V) serves only as a convenient spatial regular-
ization. Unlike the microscopic lattice I', it has no intrinsic physical meaning.

Organization of the paper. In Sect. 2, we identify the minimal energy config-
uration w* in the sense of Proposition 1.2 in the appropriate Sobolev space.
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Section 3 deals with the statistical mechanics of Burgers vector configurations
by means of a Sine-Gordon transformation and a cluster expansion in the spirit
of the Frohlich-Spencer treatment of the Villain model [12,13]. Section 4 pro-
vides the bounds for the observable, which manifests the spontaneous breaking
of linearized rotational symmetry. It uses variants of a dipole expansion, which
we provide in the Appendix.

2. Minimizing the Elastic Energy

In this section, we collect various properties of HY(I) defined in (1.23). In
particular, we prove Proposition 1.2.

2.1. Sobolev Spaces

Let V be a finite-dimensional C-vector space with a norm | - | coming from a
scalar product (-, -)y. For integrable f: R3 — V, let
fi) = @m0 o) o (2.1)
R3

denote its Fourier transform, normalized such that the transformation becomes
unitary. For any o € R and f € C°(R3,V), we define

111 = 1| fll2,a, where [lg]3 4 == /}R3 |k[**|g(k)[* dk. (2.2)

We set
Ca(V):={f € CZ[®R® V) : |If]ld < oo} (2.3)
Then, || f||Y is a norm on the C-vector space C, (V). For a > —3/2, we know
that C,(V) = C(R3,V) because |k|>* is integrable near 0 and f decays

fast at infinity. Let (L2Y(V),]|-]|Y) denote the completion of (C,(V),]-[|Y) and
L2(V) := {g : R* — V measurable mod changes on null sets : [g|[2,a < co}.

The Fourier transform f — f gives rise to a natural isometric isomorphism
L2V (V) — L%(V). For any « € R, the sesquilinear form

(1) CoalV) X CalV) =€, (11 9)= [ U@ gl e (24)

extends to a continuous sesquilinear form
(-, ) L2 (V) x L2V (V) — C. (2.5)

Partial derivatives 9; : C°(R3,V) — C>(R3,V) (acting component-wise)
extend to bounded operators 9; : L2%,(V) — L2Y(V). Consequently, the
(component-wise) Laplace operator A = Y 3] 8;- extends to an isometric
isomorphism A : L2Y,(V) — L2Y(V).

We will mainly have V =V; for j € Ng, where

JjE

3x--X3 . . . e .
V; = {(ailmijk)il,__,’ij’k cC D@y, ..i;k 15 antisymmetric in 4g, . .. ,zj},

(2.6)
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endowed with the norm

1
|a| = ﬁ Z |ai1mijk\2 . (27)

ity kE[3]

Functions with values in V; are just C3-valued j-forms. Note that the last
index k has a special role since there is no antisymmetry condition for it. The
real part of the space Vo = C? may be interpreted as a vector space containing
Burgers vectors. For any a € R and j € Ny, we introduce the exterior derivative
dj : L2, (V;) — L2Y(V;41) and co-derivative d : L2%,(V; 1) — L2Y(V;),

Jj+1
(dja)iy...ijok = Z(_l)l+1ailai1...' gk (2.8)
=1
(d a)iy..ijk = Z o Qigiy ... (2.9)
1,0 1

They are adjoint to each other in the sense that for any o € R,
(da.b)={a, db) forae L, (Vi) bEIZ(V;).  (210)

Since in the following we are mostly interested in the cases j = 0, 1, 2, we spell
out the definition of d; explicitly:

(dof)ij = 0if;, (2.11)
(drw)ijre = Owjk — Ojwir, (2.12)
(d2b)ijki = Oibjkt + Ojbrir + Okbiji = Oibjri — Ojbikt + Okbiji- (2.13)

The Laplace operator A : L2Y ,(V;) — L2Y(V;) then fulfills
A = —(d;d] =+ dj_ld;-c_l), (] c No); (2.14)

here, d_; and d* ; should be interpreted as 0. Equation (2.14) is only important
for j =0,1,2,3 because V; = {0} holds for j > 4 in three dimensions. To see
(2.14), we calculate

(—djd;a);, ”k_Zamdan p

101

E E l+2
— 810 8zoa11 ka:+ 8ilai0i14..i/{...ijk

i0=1

= Nai, ik — Y Z(_1)l+1aioailaioh...i/i...ijk (2.15)



3030 R. Bauerschmidt et al. Ann. Henri Poincaré

and
J

3
= Z Z(_l)Hlamaz’Uaigil...‘ ik (2.16)

2.2. Elastic Hamiltonian

Given I € Z and b = b(I), we calculate now H}(I). To begin with, we observe
that He, introduced in (1.7), is a quadratic form, and therefore, it can be
written as

He(w) = (w, w)p, (2.17)

with a sesquilinear form (-, -) depending on F' defined in (1.5). More pre-
cisely, using (A, B) = Tr(AB?) for the Euclidean scalar product for matrices
A, B, we introduce (- , -) : L*(R3,C3*3) x L*(R3,C3*3) — C through

(W @)= [ [N 0T ) Tlate) + ()

3
=2 AMwii ()W ij i Dij dx.
P [, D@ @) + i@ Ty, @)
Because of the stability condition (1.5), the inner product (-, -) is positive
semidefinite. For any o € R, we consider the restriction of (- , -) p to C_o (V1) x
Cy(V1), and then extend it to a sesquilinear form (-, -) . : L2, (V) x L2 (V)
— C being continuous w.r.t. ||-||¥,, and ||-||¥.
In (1.23), we may take the infimum over w®+4ker(d;) with a suitable w® €
L3V (Vy) = L3(R3,C3*3) satisfying dyw® = b(I). We claim that a convenient
choice is
wb = —A7'dib e L2V(V)). (2.19)
To see this, we observe that A~! commutes with d; and d} because A~!
corresponds to multiplication with the scalar |k|~2 in Fourier space, and dy, d}
correspond to (multi-component) multiplication operators in Fourier space, as
well. Therefore, since b = b(I) € ker(dy : L2 (Va) — L?%(V3)), we obtain
dyw® = —did; AT = — A7 dydib = — AT (dyd] + dda)b = b. (2.20)

Using that ker(d; : Co(Vy) — C_1(Vy)) is dense in ker(d; : L3V(Vy) —
LY (V3)) = range(do : L2V (Vo) — L2(V1)), we obtain

“(I) = inf w4+ w, w+w
el( ) wGLgv(V1):< >F
dl’LUZO
= inf  (w’+doy, w’ +dov), . (2.21)

PpeL?V (Vo)
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2.3. Minimizer

Differential operators In order to analyze the dyw-dependence in (2.21), we
derive an adjoint V¥ for dy with respect to (-, ) and (-, ). Let V¥ :
L2 11 (V1) — L2, (Vo),

3
(VF9); = =2 [\0igii + pudi(gi + gj)], (G € B]). (2:22)

i=1
Indeed, it satisfies the following adjointness relation for any g € L2, (V1) and
[ € L2 (Vo) (using that —9; is adjoint to 9; w.r.t. (-, -)):

(g, dofp—22 (gii » 05 f5) + 1 lgij + gji » 0ifs) ]

1,j=1
3
=-2 Z (A0 gii + 10 (gi; + g5i) » i) =(VFg, f). (2.23)
=1

The identity (dov , o) = (V¥ dotp , ¥) motivates us to introduce the fol-
lowing differential operator for any a € R:

D= 3iVFdy : L2Y,(Vo) — L2Y(Vy), (2.24)

3
Dip = —pAyp — (u+ A) grad divy = (—MA% — L+ N9 @-wz-) .
JE[3]

=1
(2.25)

At this moment, we are most interested in the case o = —1; the case of
general values for « is needed for regularity considerations in the proof of
Proposition 1.2 later on.

Lemma 2.1 (Properties of D). For any a € R, the map D : L2 ,(Vo) —
L2Y(Vy) is invertible with the inverse D~! LQV(VO) — L2Y%,(Vo),

= —A7t (uw + <2u1+A — u) ATt graddivzp) : (2.26)

In coordinate notation,

1 1 1 :
(D-19), = —A~1 (w- - ( - > A, am) @2
7 pol 2N ];

The map D is symmetric for a = —1, i.e., <’(/; , D1/J> = <D1§ , 1/J> for i, e
L2V (Vy), and bounded from above and from below as follows:

0<puy, —AY) < (¥, DY) < 2u+A) (¥, —AyY). (2.28)
Proof. Using divgrad = A and abbreviating
= LI l, (2.29)
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we calculate
D7 'Dyp=— A1 (1 Id +yA~ ! grad div) (—puAY — (u+ A) grad div )
,u

=1 +ypuA~ grad divey + mA_l grad div 1)
i
+ (e + NA T grad divey = o (2.30)

and similarly DD~! = id.

By the adjointness property (2.23), the symmetry of D is obvious by its
definition: 2 (Dy' , ) = (VFdgy' , ¥) = (dot¥' , dow) p for v,0 € L2V (Vy).
Furthermore, one has

(¥, DY) = p (e, =A¢) + (p+ A) (dive , divey) . (2.31)

We claim that

(dive, dive) < (6, —Ad). (2.32)

This is best seen using a Fourier transform and the Cauchy—Schwarz inequality
in C3:

(divey, divey) = |[div |3 = [|ik - d(k)|[3
<[P K12 = |dov )13 = dotbl|2 = (1, =A%) (2.33)

where k - @(k) denotes the Euclidean scalar product in C3. Using fact (2.32)
and the stability condition for x4 and A given in (1.5), which implies p+ A > 0,
we obtain also claim (2.28). O

Definition of the minimizer. In the next lemma, it is shown that the minimizer
of the elastic energy has the following form:

w* = w® + doy* (2.34)

with w® defined in (2.19),
1
¥* =D’ and %= —§vob. (2.35)

Lemma 2.2 (Minimizer of the elastic energy). The infimum in (2.21) is a min-
mums:

all) = (", w)p. (2.36)
It is unique in the following sense: For all w € LY (V1) with dyw = b(I) and

(w, wyp = (w*, w*)p, we have w = w*. The summands of the minimizer w*
given in (2.34) have the following components:
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3
why = —(dfAT'b)i; = Y AT by, (2.37)

=1

3
dotyi; = A zZ(ade 'b)jk +

— =9, (d*{A‘lb)kk>
k=1

2u+ A7

_ A o
= —0;A 2 Z (akalbljk + w(%@zh}m) , 1,] € [3] (2.38)

k=1

Proof. The calculation V¥'(w® 4+ doy*) = VF (wb — Ldo D=V wb) = VFwb —
DD 'V wb = 0 shows that the function ¥* solves the system of equations

(VI(w® +dov™) . f) =0, (f €L (Vo)), (2.39)
or equivalently, using (2.23) and (2.34),
(w*, dof)p =0, (f € LT (Vo). (2.40)

By the above, the following calculation shows that w* is a minimizer in (2.21)
as claimed: For all f € LV (Vy):

(w*+dof ,w +dof)p=(w",w")p+2Re(w", dof)r+ (dof, dof)p

=W, w)p+{dof,dof)p = (W, wW)p.
(2.41)
Furthermore, using (2.28) we obtain:
<d0fad0f>F: <de0faf>: 2<Df7f>
>2u(f, —Af) =2p(dof , dof) = 2ulldo 13- (2.42)

In particular, dof # 0 implies (dof , dof)r > 0, which yields the claimed
uniqueness of the minimizer. Let ¢, j € [3]. Identity (2.37) follows from defini-
tion (2.19) of w®. Using it, we express v* € L2 (Vy) as follows:

3
Z (A0 (AT10) ik + 0RO (A D)1y + (A1) 1)

k=1

3
=A"! Z [A@jalblkk + Makalbljk} . (2.43)

k=1
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Because of the antisymmetry akal(A’lb)lkj = —0,0k(A7 D), one term
dropped out in the last step. It follows that

* _ (p—=1,by. _ _A—1 lb 1 _ = -1
Ui = (D"b); = -A <Mvj—|— TS aZamv

= _A2 Z ( )\3 bk + /lakalblgk]

k=1

3
1 1),
+ <2M N M)A 9; Z Om [AOm Orbir + /Jakazblmk]> . (2.44)

m=1

Using ), m OmOibymi = 0 from the antisymmetry bynr = —bpk, this equals

1 1
=-A"? Z ( [AO;Orbikk + 1Ok Oy + ( - M> Aajalbmk)

oyt 21+ A
= A2 Z OLObyir + La‘aﬂ)lkk . (2.45)
k=1 BT
This shows that dpi* has the form given in (2.38). O

Regularity of the minimizer.

Proof of Proposition 1.2. We set L2Y, (V) := 1050 L2 (V). From b(I) €
COO(RS V2) = Nas—3/2Ca(V2) C L2>v 3/2(V2) it follows from (2.19) that
w® e L2V 1/2(V1). Hence, by (2.35) v e L2V 3/2(Vo), and then ¢~ = D=1t e
L2>1/2( 0). We conclude w* = w® + doyp* € L2V 1/2(V1). By Sobolev’s embed-
ding theorem, w* is a bounded smooth function with all derivatives being
bounded. In particular, pointwise evaluation w*(x) of w* makes sense for every
xr € R3.

For the remaining claim, take a sequence f" € L2V(Vy), n € N, with
Ho(w* + dof™) — Ha(w*) = HA(I) as n — oo. Using ker(dy : L3V (Vy) —
LY (V3)) = range(dp : L3V (Vo) — L3V(Vy)), it suffices to show that ||dof"|2
converges to 0 as n — o0o. In view of system (2.40) of equations, we know

2(f", Df") =(dof" , dof™)p = (dof" , dof")p + 2Re(w™ , dof")
= (W +dof", w +dof")p — (W, W) R

n—oo

= e](w + dofn) el( *) — 0. (246)
Using comparison (2.28) between D and —A, we conclude
[dof™ I3 = (dof™ , dof™) = (f*, =Af") =3"0. (2.47)

O

We remark that the facts dab(I) = 0 and b(I) € C(R3,V,) imply
Jgs 0(I) () dz = 0 and hence b(I) € Co(V3) for all @ > —5/2, not only for all
o> 3/2 As a consequence, w* € L2/ 372(V1).
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3. Cluster Expansion

We now develop a cluster expansion (polymer expansion) of the measures
Pg g defined in (1.25), using the strategy of Frohlich and Spencer [13]. In the
following, F € A is a given finite set of edges in the mesoscopic lattice. We
take the thermodynamic limit £ | A only in the end.

3.1. Sine—Gordon Transformation

The elastic energy H} (1) defined in (1.23) is a quadratic form. If I = I; +---+
I, is the decomposition of I into its connected components, the mixed terms
in H}(I) induce non-local interactions between different I; and I;. The Sine-
Gordon transformation introduced now is a tool to avoid these non-localities.

Because the quadratic form HJ is positive semidefinite, the function
exp{—FH}} is the Fourier transform of a centered Gaussian random vector
® = (¢c)ecr on some auxiliary probability space with corresponding expecta-
tion operator denoted by E:

E[ei(¢ »U] — o PHAGU) (3.1)
For any observable of the form Z > I — (o, I) with 0 € R¥ we define
254 ;:z:eiwal>e—5Hdisl(1)7 (3.2)
IeT
Zo(o) = 3¢l D BUIAW H 1) Z (25 ] (3.3)
IeT

In order to exchange expectation and summation, we used that e #Haist() jg
summable over the set Z by (1.20). Note that Zg = Z3(0) implies

Zﬁ(O’) _ i(o,
7,0 ~ Ersle ] (3.4)

3.2. Preliminaries on Cluster Expansions

In this section, we collect some background on cluster expansions (polymer
expansions). For recent treatments of cluster expansions, see in particular
Poghosyan and Ueltschi [20] or Bovier and Zahradnik [5] and references. To
make our presentation most accessible, we use the textbook version given in
[10].

Let B denote the set of all non-empty connected subsets of E. We call
XY € B compatible, X # Y, if no edge in X has a common vertex with
an edge in Y. Otherwise X,Y are called incompatible, X ~ Y. In particular,
X ~ X. Recall suppl = {e € E: I. # 0} for I € Z, where Z is defined in
(1.19). Let

J={I€Z:suppl € B}. (3.5)

The incompatibility relation ~ on B is inherited to an incompatibility relation,
also denoted by ~, on J via

I~I = suppl~suppl’. 3.6
pp pp
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Every subset of F can be uniquely decomposed in a set of pairwise compatible
connected components, which is a subset of B. For n € N, let

j;l :{(Il,...,ln)EJnifi’%‘Ij for alll#j} (37)
Consider I € 7 and the connected components X1, ..., X, (n € Ny) of supp I.
We set I; := I1x, € J. Here, it is crucial that Kirchhoff rule (1.14) holds for
I if and only if it holds for all I;. Then, using the locality of Hgiq given in
Assumption 1.1, we obtain

@, D)=> (¢,1,), Haia(I) = Haia(I)). (3.8)
j=1 j=1
For I € 7 and some (8 > 0, we abbreviate

K(I1,¢) := (¢ D=l (3.9)
The function K fulfills the following important factorization property: For
I € 7 with connected components I, ..., I, as above, one has
o) = [[ K, 0). (3.10)
j=1

This fact relies on the dimension being at least 3. In d = 2, the Burgers vector
density would not be locally neutral, resulting in a significant complication of
the argument (as in [12] compared to [13]). In view of definition (3.2) of Z3 4,
equation (3.10) yields

Za@:ZK(Lcé):HZl, oo T E W e). (3.11)

IeT n=1" (I1,..I,)€T} j=1

The summand 1 comes from the contribution of I = 0, using Hgis1(0) = 0.
Recall that by (1.20) |K(I,¢)| = e #Haall) < e=fellllli is summable over
I € Z, which shows that all expressions in (3.11) are absolutely summable. To
control Zg 4, we use a cluster expansion. Next we cite the relevant theorems.

Let G,, denote the set of all connected subgraphs G,, = ([n], E,) of the
complete graph with vertex set [n] = {1,...,n}. Let &, = {E, : G,, =
([n], En) € Gn} denote the set of all corresponding edge sets. Consider the
Ursell functions

UL,....In,) = Z I g~y (3.12)

E' €&n {i,j}EE,

Let J be any finite set endowed with a reflexive and symmetric incom-
patibility relation ~. We define J; by (3.7) with J replaced by J.

Fact 3.1 (Formal cluster expansion, [10, Proposition 5.3]). For every I € J,
let K(I) be a variable. Consider the polynomial in these variables

Z —1+Z > ﬁK(Ij). (3.13)

= (I, ey I=1
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As a formal power series

1ogZ:i > U(Il,...7In)ﬁK(Ij). (3.14)
j=1

n=1(1,,..,I,)egn
Moreover, if the right-hand side in (3.14) is absolutely summable, then equation
(3.14) holds also in the classical sense as follows: exp(rhs(3.14)) = Z.

A criterion for convergence of the cluster expansion is cited in the following
fact:

Fact 3.2 (Convergence of cluster expansions, [10, Theorem 5.4]). Assume that
there are “sizes” (a(I));c7 € R‘go and “weights” (K(I));c7 € C7 such that
for all T € J, the following bound holds:

> K ()zesye®”) < a(I), (3.15)
Jjeg
Then, we have for all J € J :
[ee]
1+> > 1240 ST S |H\K ) <e. (3.16)

Moreover, in this case, series (3.14) is absolutely convergent.

3.3. Partial Partition Sums

We take a sequence (7, )men of finite subsets J,,, € J with J,, T J and set
T = T, with J being defined in (3.5). For m € NU {oo} and I € Z, let

:Z Z Uy, - ) ey, 7I}He BHaa(l;) ¢ R

n=1(Iy,....I,)eT} =1
(3.17)

whenever this double series is absolutely convergent. Note that z,,(8,I) =
z2m(8, —1) because Hgais1(I) = Hgisi(—1) by Assumption 1.1. We abbreviate
also z(8,1) := zoo(8,I). Uniformly in m, the summands in series (3.17) are
dominated by the corresponding ones in 2% (8, 1) := 2% (3, I), where

2 (B, 1) Z Z ULy L)Yy 4or, =1 HefﬁHdi“(Ij)

n=1(I1,....In)ETR Jj=1
€ [0, c0]. (3.18)

By monotone convergence for series,

20 (B, 1) 1 23,(B, ) as m — oc. (3.19)
For I € Z, we define its size
size I := ||I||; + diamsupp I. (3.20)
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Here, diam denotes the diameter in the graph distance in the mesoscopic lattice
G = (V, E). The size has the following properties. For I, Iy € 7 with I1 ~ Io,
one has

size(I; + Iz) < size I + size I,. (3.21)
Recall that I takes values in the microscopic lattice I'. We set
ni=min{}y| -y € T\{0}} (3.22)
and observe for all I € Z:
nlsupp I| < |[1]]1. (3.23)
If in addition supp I is connected, we have diamsupp I < |supp /| and hence
([T]]x < size I < es||I]1 (3.24)

with the constant ¢z := 1 + n~!. Using the constant ¢ from (1.20), let ¢4 =
ca(e,n) :=¢/(2¢3). Then, for I € Z, it follows

Haa(I) > el > < sizeI > eysizel. (3.25)
c3

We choose now a constant ¢; = c¢5(c,n) with 0 < ¢5 < ¢4 and set ¢g =
ce(c,m) :=cq — c5 > 0. Fact 3.2 is applied twice, later with the weight K (I, ¢)
introduced in (3.9), but first with the weight

K(J):=e Peasized e 7 (3.26)

and the size function a : J — R+,
a(J) := Besn|supp J|, J € T. (3.27)
The following lemma serves to verify hypothesis (3.15) of the cluster expansion.

Lemma 3.3 (Peierls argument). There is ¢; > 0 such that for all § large
enough,

sup sup Z e Peesize ] < o=Ber (3.28)
EcA ocE Jed:
oesupp J

Furthermore, one has

Sup sup sup Z | (J)]e?) < e=Per, (3.29)
meN EEA o€ E JETm:
oesupq;J

and hypothesis (3.15) holds for T = Tm for allm € N and all 3 large enough.

Proof. Claim (3.28) is verified as follows: Take o € E € A. We estimate

Yo efesined < 30 o feelh = SN el (3.30)

JeTJ: JeTJ: XeB: JeJ:
oesupp J oesupp J 0€X supp J=X



Vol. 20 (2019) Dislocation Lines in Three-Dimensional Solids 3039

Dropping the condition that J should fulfill the Kirchhoff rules, we obtain the
following bound for any given X € B:

Z e Besll Il < Z e Besll Il — Cg(ﬁ)'Xl (3.31)

sui)]p€77:X JG(F\{O})X

with the abbreviation

> e feeltd, (3.32)

e\ {0}

Because I is a three-dimensional lattice, for any k € N there are at most cok?
lattice points within distance [nk,n(k 4+ 1)) from 0, where ¢g > 0 is a constant
only depending on I'. Thus,

cs(B) < cokPe oMk < omfe (3.33)
k=1

for all large B and a positive constant ¢ig = ¢19(7, ¢s, ¢g). Substituting (3.31)
and (3.33) into (3.30), we obtain

Z efﬁcgsizeJ S Z e*ﬁCIO|X|_ (334)

JeT: XeB:

o€supp J oeX
The last sum is estimated with the following Peierls argument: Let M < oo
be the maximal vertex degree in the mesoscopic lattice with edge set A. Let
n € N. For every set X € B with 0o € X and |X| = n, there is a closed path of
length 2n steps that starts in o and visits every edge in X. There are at most
M?™ choices of closed paths of length 2n starting in o, and therefore at most

M?™ choices of X. We conclude for all large 3:

(3.2 > el < 3 e venn = ALE
l1hs(3.28) < sup sup e Paoltl L M?*ePeron — _—— ~
E€Ao€E { 5. = 1 — M2e—hBewo
oeX
< 2M2ePero < g her (3.35)

with ¢7 > 0 only depending on ¢19 and M. This proves claim (3.28).

Next, we prove claim (3.29). We observe that (3.23) and (3.24) imply
n|supp J| < ||J]j1 < size J. Using this, ¢4 — ¢5 = ¢, and (3.28), claim (3.29)
follows from the estimate

Z |K(J)|ea(.]) = Z efﬁ(q size J—csn| supp J|)

JETm: JETm:
o€supp J o€supp J
< 2 7ﬁ(C4 cs5) size J _ E efﬁca size J < efﬂC7’ (m c N)
JeJ: JeJ:
o€supp J o€supp J

(3.36)

Note that we have dropped the index m in the last two sums.
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To verify (3.15) for J = J,,, we define the closure of any edge set F C E
by

F :={f € E|f has a common vertex with some e € F'}. (3.37)

Let m € N and I € J,,. Summing (3.36) over o € supp I, we conclude

SN UKD gane < ST ST K ()l

JETm ocsuppT JETm:
oesupp J
< e Prlsupp I| < e P" M|supp I| < Besn|supp I| = a(I) (3.38)

for all large 3, uniformly in I € 7,,. Here, we have used that e "M < Besn
for large (3. U

Lemma 3.4 (Exponential decay of partial partition sums). For all sufficiently
large B > 0 and m € N U {oo}, the following holds with the constants ¢4 =
¢/(2¢3) and ¢z as in Lemma 3.3:

sup  sup sup Z efeasizel b (3 T) < e=Per, (3.39)
meNU{oco} EEA o€EE IeT:
o€supp I

In particular, in this case, zpm (5, 1) is well defined for all I € T and fulfills the
same bound

sup  sup sup Z efeasizel|, (B, 1)] < e Per, (3.40)
meNU{ooc} EEA o€E IeT:
o€supp I

Proof. Using (3.19) and monotone convergence for series, it suffices to consider
only finite m € N to prove (3.39). Let 5 > 0, I € Z\{0}, and m € N. Inserting
(3.25) into definition (3.18) of 2! yields

BN <Y Y U, L) [[ e (3.41)

n=1(Iy,....In)ET: 7j=1
I+t Ip=1

For (I,...,1I,) € J» with U(I1,...,I,) #0and I = I + --- + I, as in the
above summation, we have

Zsize I; > sizel (3.42)
j=1

from (3.21), and hence, taking again the constant ¢4 = ¢/(2¢3)

n n
He—ﬁé size I < efﬁmlsizel Hefﬁq sizte. (343)
j=1 j=1
We choose a reference edge o € supp I. Substituting (3.43) and (3.26) in (3.41)
yields
(o) n
5h (B, 1) <e Pease N N UL, L) [ K. (344)

n=1(I1,..I,) €T j=1
Dot I =1
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The inner sum on the right-hand side can be extended to run over all n-tuples
(I1,...,1,) in J7 with o € suppl; U ... Usuppl,, since by definition, for
any [ which cannot be written as a sum of such I1,...,I,, for some n € N,
2 (B,1) =0 or o ¢ supp I. It follows

Z eﬁc4sizelz7-;(ﬁ7]')§ Z Z |U(Il,7fn)|HK(IJ)

I€T: =1 (Ih,...I,)eTn: J=1
ocsupp I o€supp I U...Usupp I,

::Om)o’ﬁ. (345)

As we observed above, it suffices to consider only finite m in claim (3.39).
It remains to show that for 3 large enough it is true that

sup sup sup Ch, 0,8 < e Pt (3.46)
meEN EEA o€ E ’

Note that this condition does not involve I. Because |U(Iy, ..., I,)| is invariant
under permutation of its arguments, we can bound C,, , 3 by

n

Cm,oﬁgzn Z |U(Ilvan)|HK(I])

n=1  (I1,...In)ETN: j=1
ocsupp Iy
= > wkm(14Xn X e [[E)
I €Tm: n=2 ([, I,)egn"? j=2
ocsupp Iy

for the summand indexed by n = 1 we have used U(l;) = 1.
By Lemma 3.3, we may apply Fact 3.2, yielding

n

1+§:n > UL, L) [T K1) < et (3.48)

n=2  (Iy,..I.)eTn " Jj=2

Combining (3.47), (3.48), and (3.29) from Lemma 3.3 gives

sup sup sup Cp, 0.3 < sup sup sup Z K(I))e*H) < g=fer, (3.49)
meN EEA oeE meN EEA ocE 1LET:
oEsupSlIl

yielding claim (3.46). Since |z, (8, I)| < 2}, (8, 1), claim (3.40) is an immediate
consequence of (3.39). O

3.4. Gaussian Lower Bound for Fourier Transforms

Next, we apply a cluster expansion with K (I, ¢) defined in (3.9) to obtain a
representation of Zg 4 and finally a bound for the Fourier transform of the
observable.
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Lemma 3.5 (Partition sums in the presence of ¢). For all 5 large enough, the
following identity holds for any ¢ € R¥:

0< Zg,4=exp (Z z(ﬁ,])ei<¢’l>> = exp <Z 2(8,I)cos (¢, I>>

IeT IeT
< exp (Z z+(ﬂ,1)> < 0. (3.50)
IeT

Proof. Recall definitions (3.17) and (3.18) of 2, and z,. Take any ¢ € RE.
Rearranging a multiple series with positive summands and using (3.39) for g3
large enough, we obtain

i S U, 1) ﬁ o—BHaia(I;)
j=1

n=1(I,...In)eg"

=23, 1) < |Ble™?7 < o (3.51)
1T

Using this as a dominating series and the fact |K(I,$)| = e #Haa(D) the
following rearrangement of the series is valid for all m € N:

n
Z Z UL, 1) [[ KL ¢) = zm(8, D)2 1 (3.52)
1(Ih,....I,) €T j=1 IeT
y (3.25),
|K(I,¢)| = e PHaall) < g=feasizel — g (1), (3.53)
According to Lemma 3.3 and Facts 3.1 and 3.2, one has for all m € N:
o0 1 n
exp(lhs(3.52)) =1+ Y ~ > 1 & ). (3.54)
n=1" (I1,...I.)€(Tm)% j=1
From monotone convergence, we know

1+Z > IIEw.9)

n= 1" " (I, In)E(Tm)7, 7=1
m—oco - 1 -
n=1 (I17 SIn)eT} j=1

the finiteness follows as in the argument described below (3.11). Consequently,
applying dominated convergence in (3.54) and using 7, 1 J and (3.11) yields

exp(lhs(3.52)) "=5°1 + Z S J[EUG6) =254 (3.56)

(I dn)edy =1

On the other hand, from (3 51) and dominated convergence for series,

> zm(B OD RN A8 (3.57)

IeT IeT
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Taking the limit m — oo in equation (3.52) yields the first equality in claim
(3.50).

The second equality of claim (3.50) follows from the following symmetry
consideration. One has I € 7 if and only if =1 € Z and 2(8,1) = 2(8,—1) b
definition, and hence

Zz(ﬂ71)ei<¢7l> :% Z ( 1(q5 I)+Z —1)

IeT 1T Iel

:Zz(ﬁ, Icos (o, I). (3.58)

Il

The last series converges absolutely, and its absolute value is bounded by
Yrer 2T (B 1) < oo O

Lemma 3.6 (Gaussian lower bound for Fourier transforms). For all 8 large
enough, the following holds for any o € R¥:

Ep, |7 0] = exp (—1 PIECRIIRCE I>2> : (3.59)
21
Proof. By (3.4), (3.3), and Lemma 3.5, we have
io.n] _28(0) _ E[Z5,0+¢]
BP0 =20 ~ Bz (360
Z8.5+¢ =€XP (Z z(B,I)cos{c+ ¢, I)) . (3.61)
IeT
Using
cos{(oc+ ¢, I)=cos(¢p,I)(cos{o,I)—1)+cos{(¢p,I)—sin{¢, I)sin{o, I)
(3.62)
and the bound
cos (¢, I)(cos(o,I)—1)>—|cos{c,I)—1]> —% (o, 1), (3.63)
we obtain
Zz(ﬂ,])cos(o'—Hb I
IeT
Z_%Z|Z(ﬁ’1) (o, 1) +Z (8,I)[cos (¢, I)—sin{(¢, I)sin{c, I)].
IeT IezT
(3.64)

We take the average over an auxiliary sign ¥ taking values +1. We substi-
tute ¢ by X¢ in (3.64). Then, using the facts cos(X¢ , I) = cos (¢, I) and
sin (X¢ , I) = Esin (¢, I), it follows
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% > ZB,HM:% > exp (Zz(ﬂ,l)cos<a+2¢,1>>

Ye{£1} Ye{£1} Iez
1 2
> exp (—zDz(ﬂ,m (o, 1) )
IeT
1

5 Z exp (Zz(ﬁ,])[cos<¢ , I) —sin (X¢, I)sin (o, I>]>

Se{£1} Iez

= exp (—; > 28,1 (o, I>2> 23,6

Iel

% Z exp (EZZ(ﬂ,I)SiH(d) , I sin (o, I)) .

Ye{£1} IeT
(3.65)

Note that ) ;. 2(8,1)sin(¢ , I)sin (o, I) converges absolutely for 3 large
enough by Lemma 3.5. Since %(e“" +e7 %) > 1 for all z € R, we obtain

1
% > Zpoyms Zexp <—2 > 12(8,1)| (o, I>2> 25,6 (3.66)

Ye{£1} 1€z

Using that ¢ is centered Gaussian and Zg 4 is bounded and positive, we con-
clude

1
ElZs0+0] =E |3 Y Zporns

Ye{£1}
1
> exp (2 > 12,1l (o, I>2> E[Z5,6]- (3.67)
IeT
In view of (3.60) and E[Z3 4] > 0, this proves the claim. O

4. Proof of the Main Result

4.1. Bounding the Observable

For I € Z and b = b(I) as in (1.18), we take the minimizer w* : R3 — R3*3
defined in (2.34) and set w*(z, I) := w*(x). For arbitrary z,y € R?, we choose
o(z,y) = (045 (x,y))i7j6[3] e (RE)[?’]X[?’] satisfying the equation

(oij(2,y) , 1) = wij(a, I) = wi;(y, 1) (4.1)

for all I € Z. Such a choice is possible because w*(x,I) is a linear function
of I.
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Lemma 4.1 (Bounding the observable). There are a function W : A x R? x
Ugea(Z(EN\{0}) — Rxo with

€11 := Sup sup  sup ZW(O,.’IJ,I) < oo (4.2)
2€R? EEA I€Z(E)\{0} scn

and 31 > 0 such that for all E € A, I € Z(E)\{0}, o € suppI, z € R3, 3 > f3;
and i,j € [3] we have

wi(x, 1)* < W (o, z, IePeasizel, (4.3)

Proof. Take E @ A, I € Z(E)\{0}, o € suppI, z € R?, and i,j € [3]. We
choose a vertex v(0) € 0. We set

My ( = max Z/ [u —v(0)||biij(u)| du, (4.4)

i,j€[3]
R(I,0) :=max{|x| : © € supp p}
+ max{|v’ — v(0)| : v € e for some e € supp I'}. (4.5)

Since size I is bounded away from 0, there is a constant c¢1o > 0 such that
R(I,0) < c1asize I. By definition (1.18) of b(I), one has the bound ||by;; (1)1 <
cis)|I]l1 < eyzsize I for all its components, with some constant ¢;3 > 0. Hence,
we obtain

M, (I,0) < R(I,0) max Z b1 (I)]]1 < 3crac13(size I)2. (4.6)

Because b is compactly supported and divergence-free in the sense of equation
(1.12),

Q) == /]R b(I)(u) du = 0 (4.7)

by the fundamental theorem of calculus. Recall the representation w* = w® +
doy* with w?, doyp* as in (2.37) and (2.38). We now establish bound (4.3) in
two steps, first for x far from o, then close to o. A key estimate is provided by
bounds on integral kernels proven in Appendix A.3.

Case 1: First we consider the case |v(o) — x| > 2R(I, 0). It follows from
(2.37) and the second inequality in (A.15) from Lemma A.l (see Appendix
A.3) in the case that v(0) = 0 is the origin that

3 ) )
L@ < 3 0y (1)) < 2L culiee])
=1 ™ lv(o) — x| = |v(o) — x|?

(4.8)

with the constant ¢14 = 72¢12¢13/7.

The stability condition (1.5) implies |A|/|21 + A| < 1. In the same way
as in (4.8), (2.38) and the second inequality in (A.37) from Lemma A.3 (see
again Appendix A.3) in the case that v(o) = 0 is the origin give
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3

ot (@ < 3 [@Makalbljk(n(xn +0:A20,00bu (1) ()

~9-36M1(I,0) 1 - c15(size I)?
- ™ [v(o) —=[* = |v(o) — [

with the constant ¢i5 = 1944c12¢13/7. It follows still in the case v(o) =0

(c14 + c15)(size I)?
lv(o) — xf?

The next step involves translation invariance: Shifting both z and I by a meso-
scopic lattice vector v € Vi does not change w;(z, I) because (z, ) — b(I)(z)
has the same translation invariance. Because 1nequahty (4.10) is written in a
translation-invariant form, it holds also if we drop the assumption v(o) = 0.
This yields

(4.9)

jwij (@, I)| < i (2)] + |dovi;(2)] <

(4.10)

(Cl4 + 015>2(Size I)4 < |’U(0)
lv(o) — =[°
for all 8 > 3 for sufficiently large 3, neither depending on o, x, nor I.

Case 2: Next we consider the case |v(0) — z| < 2R(I,0). We recall the
definition of J;;(I) from (1.16). We now use the symbol ||-||; in two different
ways. On the one hand, [|I||; = > .y [l| for I. On the other hand, ||Jjx (1)1
denotes the total unsigned mass of the signed measure J;i(I) given by the
following definition: For any signed measure J on R? with Hahn decomposition
J = Jy — J_, we define ||.J||; := J4(R3) 4+ J_(R3). With this interpretation,
we have

w;‘j(x,I)2 < —:c|_Geﬂc4 size [ (4.11)

1Tk < sup Ae(R)[1]]1- (4.12)
Combining this with (A.50) and (A.51) from Lemma A.4 in Appendix A.3.3
yields the bound
|wy; (@, I)| < cig]|I]|1 < ci68ize [ (4.13)
for all x € R3 and all T € Z\{0} with a constant c;6 > 0. Note that
{o€ A:|v(o) — x| < 2R(I,0)}| < ci7(size I)? (4.14)
with a constant ¢;7 > 0 depending on the lattice spacing in A. Squaring (4.13),
we obtain
|w;; (=, D) < (size I) 334 (size I)® < (size I)~3efeasizel (4.15)

again for all § > f3; for sufficiently large (31, neither depending on o, x, nor I.
Combining the two cases, claim (4.3) holds for

W (0,2,1) := 1{jp(o)—z|>2R(1,0)}[V(0) = @ 7% + L{ju(0)—z|<2R(1,0)} (siz€ I)(3 :
4.16

To bound 3=, (o) —2|>2r(1.0) [V(0) =% 7%, observe that R(I,0) is bounded away
from 0 uniformly in I and o, and that |v(0o) — x|~ is summable away from x
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in three dimensions. We use (4.14) to bound }_, ) _z|<2r(1,0) (8126 I)73. We
conclude

> W(o,x,I) < en (4.17)
0EA
uniformly in 2, E € A, and I € Z(E), with a constant ¢;; depending on A.
O
4.2. Identifying Long-Range Order
We finally prove now our main result.

Proof of Theorem 1.3. Applying Lemma, 3.6 yields fort € R, E € A, z,y € R?,
and i,j € [3]

. t2
Ep[,7E[elt<%<wvy>J> >ep | —5 D 8Dl oyley) DY) (418)
I€1(E)

We may drop the summand indexed by I = 0 because (o;;(z,y), 0) = 0.
Inserting (4.3) and employing Lemma 3.4 in the last line in (4.19), we obtain
for sufficiently large § that

% S 128, Dl {oi(ay) 1)

TeZ(E)\{0}
< D BB D@ D)? +wiy, 1)?)
TeZ(E)\{0}
< Z Z 'j(xv-[)z "‘w;j(y»I)Q)
o€E I€T(E):
oesupp I
< s S (Wloa )+ Wy, ) S eFrsimliz(g 1)
I1€Z(E)\{0} oecE IET(E):
ocsupp I
< 2¢q171 sup sup Z efeasizel| (3 1] < 211777 <e P2 (4.19)
EEA ocE 1€T(E):
o€supp I

with a constant co = c2(c11,¢7) > 0, where ¢1; was defined in (4.2). Mind that
co does not depend on x, ¥, 1, j, E, 3. This proves the first claim.

By Theorem 3.3.9 in [7], for 8 large enough, the variance of (o;(z,y) , I)
exists and fulfills

VarPﬁ,E(<Uij(x7y) y I>) < EPﬁ,EKJij(xvy) ’ I>2]
< —limsupt~2 (EPB,E et @n) D) _ 9 4 Bp, et (@) ,1>]) < e he,
t10
(4.20)

where the last inequality is a consequence of the lower bound (1.26). O

We remark that the two reflection symmetries He(—w) = He(w) and
Hgi(—1) = Hgio(I) imply that w*(xz,—1I) = —w*(x, ) and w*(x, I) are equal
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in distribution with respect to Pg g, jointly in # € R?. In particular, the first
inequality in (4.20) is actually an equality.
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Appendix A. Appendix
A.1. Elasticity Theory

A.1.1. Description of an Elastically Deformed Solid in Continuum Approxima-
tion. From Sect. 1.2.1, we recall that the elastic deformation energy Fe(f) is
modeled to be an integral over a smooth elastic energy density pe; : R3*3 — R:

Ba(f) = [ pa(Vf(a) da. (A1)

We assume furthermore:

® p. takes its minimum value 0 at the identity matrix Id. This means that
the non-deformed solid has minimal energy.
e The elastic energy density is insensitive to rotations of the solid:

pel(RM) = pa(M), (R € SO(3),M € GL4(3)), (rot inv)

where GL (3) = {M € R3*3 : det M > 0}. In other words, deforming the
solid and then rotating it costs the same elastic energy as only deforming
it with the same deformation.

Note that reflections R € O(3)\SO(3) or singular or orientation reversing lin-
earized deformations M € R3*? with det M < 0 do not make sense physically
in this context.

For M, N € GL, (3), it is equivalent that M*M = NN and that there
exists R € SO(3) such that N = RM. As a consequence, pe (M) is a function
of M*M. We set pei(M*M) := pei(M).

Note that assumption (rot inv) of rotational invariance does not imply
isotropy of the solid, which is defined by

pel(MR) = pa(M), (ReSO(3),M e GL4+(3)). (isotropy)
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Thus, anisotropy means that first rotating the solid and then deforming it
with a given deformation might cost a different elastic energy than deforming
it with the same deformation without rotating it first. Although the isotropy
assumption is an oversimplification for any real monocrystal, we assume it to
keep the presentation simple.

A.1.2. Linearization. We now consider only small perturbations f = id 4+ cu :
R3 — R3 of the identity map as deformation maps. For Vf = Id + eVu, we
obtain

(VHIVf =1d +e(Vu + (Vu)') + *(Vu) Vu. (A.2)
Substituting this into (1.4) gives
pa((VF)'V ) = 2F(Vu+ (Vu)') + O(e®), (¢ —0). (A.3)

IfR>e— R. € S0(3) is a path of rotations with Ry = Id, then L R.|._o
is antisymmetric. Hence, the Taylor-approximated energy density e?F(Vu +

(Vu)?) is not influenced by linearized rotations.
If assumption (isotropy) holds, then

per(A) = pa(R'AR) (A4)

holds for all positive definite matrices A = A® and R € SO(3). Taylor-expanded
this means

F(U) = F(R'UR) (A.5)

for all symmetric matrices U = U* and R € SO(3). Thus, F(U) depends only
on the list a, b, ¢ of eigenvalues of U (with multiplicities). For diagonal matrices
U = diag(a, b, ¢), the only quadratic forms which are symmetric in a,b,c are
linear combinations of (TrU)? = (a+ b+ ¢)? and |U|? = a® + b* + ¢*. Thus,
under an isotropy assumption, we have

a
FU) = %(Tr U)? + u|U* = (a,b,c) (uId—F /2\€€t> b (A.6)
c

with real constants A and p and e = (1,1,1). The matrix pld + %eet has the
double eigenvalue p with eigenspace e* and a single eigenvalue p + 3)\/2 with
eigenspace Re. Hence, the quadratic form F' is positive definite if and only if
w and A satisfy the conditions given in (1.5). Summarizing, we have the model
for the linearized elastic deformation energy given in (1.6)—(1.7).

A.2. From Kirchhoff’s Node Rule to Continuum Sourceless Currents

We show that Kirchhoff’s node rule for the discrete current I implies absence
of sources for its smoothed variant b(I). For e € E from z € V to y € V in its
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counting direction, we write x = v_(e) and y = v4(e). We rewrite (1.17) as
bie(1)(z) = / ol = y)in(1)(dy)
= 3" () (Ll (e) — v \/ 2 —v_(e) — tvs(e) — v_(e))) dt

ecE
— e;([e v,(e))j/o p(z —v_(e) — t(vy(e) —v_(e))) dt,
G,k € [3], I € (R®)® with (1.14), = € R®). (A7)

As a consequence of Kirchhoff’s rule (1.14), b(I) is indeed divergence-free:

(divB(D)i(x)
3 1
=3 S L ilvs(e) — v_(e)); / Do (x — v_(e) — t(vy(e) — v_(e))) dt

j=1e€E

-y /0 ( — v_(e) — t(v4(e) — v_(e))) dt

ecE

= = 2 Uklpla = v4()) — oz —v-(@))]

ecE

= —Z ste Yep(x —v) = 0. (A.8)
e€eEveV

A.3. Integral Kernels

A.3.1. Bounds for the Dipole Expansion. In this Appendix, we derive a sim-
plified version of the dipole expansion for the Coulomb potential, which we
need as ingredient to identify long-distance bounds for the observable w* in
the proof of Lemma 4.1.

Let p € C°(R3,R). We define its total charge

Q= p(x)de. (A.9)

We take a radius R > 0 such that
R >sup{|z|: € R3, p(x) # 0} (A.10)

and the first unsigned moment

M= [ allo(w)l (A1)

The inverse Laplacian —A~! is described by convolution with the Coulomb
potential

1

Gly) = Tl (A.12)
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Lemma A.1 (Simplified dipole expansion). For all z € R® with |x| > 2R and
i € [3], we know that

1 Q

A1
A7 p(x) = | + r1(z), (A.13)
-1 _ Q z;
with the error bounds
My 1 8M; 1
< — i < —_— - A.l
|’I’1(.’L‘)| =7 |.I‘|2’ |8T1((E>| = ‘LE|3 ( 5)

Proof. Let € R® with |z| > 2R and y € supp p. Then for all ¢ € [0,1], we
have

|z —ty| > |z| - R > %ZR. (A.16)
We apply
FoaD) = a0 /’ny (A17)
to
Foult) = —— (A.18)
O |

In this proof, 9; = 9/0x; always refers to the variable x;. Using 0;|x|* =
ax;|r|*~2, we calculate:

—ty.y) z; —ty;
fm,y( ) |l‘ _ ty|3 ) a f ,y( ) |$ _ ty|3, ( 9)
/ Yi (x —ty , y) (=i — ty:)
] = — . A2
R P A S R T (420

Consequently, we can bound the integrand in (A.17) and its 0; derivative as
follows:

/ |z —ty, y)| ly 4ly|
= < < — A.21
fea Ol = S E ™ < TP S WP (A.21)
, 4ly| 32|y
; < . A.22
‘a fz,y( )| — |.’II ty|3 — |$|3 ( )
We obtain
—A"p(x) - L ! (y)d
plr) = . |x_y|py y
1
e (fz,y / fay(t dt) y) dy, (A.23)

and hence claim (A.13) holds with the error term

1 v
n) =g [ et d (A.24)
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It is bounded as follows:

4ly| M 1
1 (2 |74ﬁ/ / | dt ()| dy = (A.25)

o jaf?
This shows the first claimed bound in (A.15).
Substituting (A.22) in the 9; derivative of equation (A.23), i.e., in

1
CoAtp) = L / <a a0 / ot dt) o) dy,  (A.26)
47 R3
the second claimed bound in (A.15) follows, too. O

A.3.2. Properties of 9;0; A~2. Next, we describe 8i8jA_2 explicitly by an
integral kernel. We derive it from its Fourier transform, cf. (2.1).

Lemma A.2 (Integral kernel of 8;0;A™2). For any Schwartz functions f, g
R3 — C, we have

- | G ak

=5 L Lo (i o ) s e aam)

Proof. Using

1 o 1 22
= —zzlkl* 2
L /0 e 2 1 dz (A.28)

for k € R3\{0}, we rewrite the left hand side in claim (A.27) as follows:

lhs(A.27) = //

/
=, f> (z)dzdz  (A.29)

_4(27r)% 0 /JR3 )90 (_ :

(by Plancherel). Here, the application of Fubini’s theorem is justified because

of
/RA Gk kikse b1kl f(k)’dzdk::/RB

9(k )sz( )‘dk’<oo (A.30)

R)kikje™ Z"“‘QZf(k) dz dk

g kikje 27 f(k)dkdz  (by Fubini)

Hk\l\l

2= *f>]/\(k)dkdz

to\»—-

T it )| a

since 1/|k|? is mtegrable near 0 in 3 dimensions. We transform ¢ = 1, 2 rdz =
—t~3 dt and use

aiaje_T/ = (t2x7;517j - téij)e_T/ (A31)
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to obtain
lhs(A.27) = ! 3/ / 9(2)0;9; ( li* )(9lc)darﬁ
4(2m)2 t
_tlz—yl? dt
4(%3/ /RS/RS zi —yi)(xj — ;) — thijle” 2 f(y)dydwg
[ )/ ) = 1)~ t6)e” 5 5 f0) dady.
4(271- 5 R3 JR3

(A.32)
The application of Fubini’s theorem in the last step is justiﬁed below Now,
substituting s = \x|2 t = mz, Vidt = Q\f\fms, t—zdt = \\fls 2 ds and
using I'(3) = /7, I'(3) = ‘F , we calculate

1 e o2 dt
12m) %/ (tlemj téw)e S

2

9311,’] \ﬁ /OO 1 —s 4 5,']‘
0

leo

—e ds
Vs ]

| 3 a 4(27r)%
F 5) 1’7,13] F(i) 5,J

T V2020 i 2v32n)! Jaf
_ % (“a ~ %) (A.33)

2> x|
and similarly
1 R wz1? dt (|x1x | 4 1
— twxy — t6;le” 2 —<— 48 ) <~ (A34
oyt Jy Wl g < (TR ) < oy a3

which is integrable near 0. Together with the fast decay of f and g, this bound
justifies the application of Fubini’s theorem in the last step of (A.32). Substi-
tution of calculation (A.33) in (A.32) proves claim (A.27). O

Next, we derive a variant of the simplified dipole expansion presented in
Sect. A.3.1 (using the notation from there), but now for the operator 9;0; A=2
rather than A~!. This is used in the proof of Lemma, 4.1.

Lemma A.3 (Long-range asymptotics of 9;0,A~2). For all x € R? with |z| >
2R and i,j,k € [3], we have

_ Q [ xiz; 0y
A 2 0. _ X J 7] / A
_ Q [z + (5 i+ 0Tk TiTi X
A"29.0; _ % J J J o J / A.
A2 0,0;p(x) = e 3 F )T Ory(z) (A.36)
with the error bounds
3M; 1 36M7; 1

()] < T |0k ()] < (A.37)

T2
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Proof. Recall that for z € R® with |z| > 2R, y € suppp, and all ¢ € [0,1], we
have |x — ty| > |z|/2 > R. We apply (A.17) to

(i — tyi)(; — ty;) 0ij
y(t) = — , A.
f7y() |9c—ty|3 |33—ty| ( 38)
il 51‘]‘
_Liti % A.
(5ikx]’ + 5jkxi + 5ijxk TiT;Tg

We calculate:
_wileg —tyy) (@i ty)ys oy, @ = ty) (e — tys) (25 — tyj)

!
(t) = —
L P E P [~ ty°
<£E - ty ) y>
i (A1)
Yidjk yi(r; — ty;)(zr — tyk) Siryj
a / t - _ J 3 J J _ J
o == yp * P [ty
N 3(% —tyi)y;j (T — ty) n 3yk(xi — tyi)(w; —ty;)
|z —tyl® |z —ty|®
n 3<y , = ty) g (z; — ty;) 43 (y, x—ty) (x; —ty;)dk
|z — ty[® |z —ty|5
15l @ = ty) (@ — tys) (25 — ty;) (en — tyr)
|z — ty|”
Yk (wp — tyr) (x —ty , y)
iy -3 ) A.42
o (52 PE—E (442
Using the Cauchy—Schwarz inequality, it follows
6yl 24y| 36y| 288y
) < < o fl (1) < < . (A43
|f1,y( )| = |(E —ty\2 = ‘.’L‘|2 ) | kfx,y( )| = |{,C—ty|3 = |.T|3 ( )
We obtain
_ 1 1 (zi —yi) (75 — y;)
A Zaia, - J )/ (57;' d
Jp(l‘) - /]R3 |I*y| ( |x7y|2 j p(y) Y
1

[ (Fo0+ [ Zywat)omar

8w R3

and hence claim (A.35) with an error term 74 bounded by

1 1 24]y| 3M; 1
i< g [ T atewla -

[
This shows the first claimed bound in (A.37).
For the partial derivatives 0y with respect to xj, we obtain:

(A.45)

1
s 200,00) = o= [ (ot + [0tz ) o i (a6)
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Consequently,
1 1 288]y| 36M; 1
Opri(z)] < — / / dt dy = —=. A.47
@) < o [ T ey == (A.47)
This proves the second bound in (A.37). U

A.3.3. Integral Kernels Close to the Diagonal. Recall that ||.J||; denotes the
total unsigned mass of a signed measure J.

Lemma A.4 (Uniform bounds). For the form function ¢ introduced in
Sect. 1.2.3, one has

c1g :=max | A" o]0 < o0, (A.48)
1€[3]

19 := max [|0;0;0;A7 2|0 < 0. (A.49)
Lije(3]

Additionally, for any signed measure J with ||J|1 < oo and for all l,i,j € [3],
one has

[01AT o # I|loo < c1s]| ], (A.50)
||8l8i6jA_2ap*JHoo S 019||JH1. (A51)

Proof. The operators 9;A~! and 9,0;0;A~2 have the integral kernels k; (z —y)
and ko(z — y), respectively, where

1 zZl
kl(Z) = EW and
1 [z + 6512 + 052 2i2i2]
k = J J J7t 3t A.52
A ( EE EA 452

cf. (A.27), (A.38), and (A.40). Since both kernels are bounded by O(|z|72),
they are locally integrable and decay at infinity. Because ¢ is compactly sup-
ported and bounded, claims (A.48) and (A.49) follow. The remaining claims
follow from ||k % J||co < [|E|loo||J||1 with k = k1 and k = ko, respectively. O
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