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Abstract

We study the behavior of the variance of the difference of energies for putting an additional
electric unit charge at two different locations in the two-dimensional lattice Coulomb gas
in the high-temperature regime. For this, we exploit the duality between this model and a
discrete Gaussian model. Our estimates follow from a spontaneous symmetry breaking in
the latter model.
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1 Introduction

The Poisson summation formula is by now a standard tool in Statistical Mechanics for
proving duality between models in the high and low-temperature regime. It was first used by
McKean [14] to prove the Kramers—Wannier duality for the infinite two-dimensional Ising
Model. Further results for other models followed. Gruber and Hintermann [9] showed that
for arbitrary lattice spin systems one can relate the high and low temperature expansions by
means of the Poisson summation formula. Several overview papers of the results on duality
appeared in the beginning of the 1980’s both from a mathematical perspective [13] and from
a physics one [15].
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In this note, we make use of the Poisson summation formula to show the duality between
a two-dimensional discrete Gaussian model with pinning at the origin at low temperature
and a lattice Coulomb gas at high temperature. Such lattice Coulomb gas representations
were previously treated in [10]. Expected squared height differences in the discrete Gaussian
model correspond by duality to variances of voltages in the lattice Coulomb gas. These
voltages are highly non-local observables in terms of the charge distribution, so that known
results on Debye screening [2—4] do not apply to them. In Corollary 7 we give a proof of
the spontaneous breaking of the internal Z' symmetry in the discrete Gaussian model via
a Peierls argument on the torus, taking also care of contours with non-zero homology. This
comes in contrast to a continuous version of the model, where the symmetry cannot be
broken, even for more general models, due to the Mermin-Wagner theorem. We then employ
this symmetry breaking to show that the variance of the energy cost for transporting a unit
test charge between two given sites i and j of a lattice, i.e. the variance of the voltage between
i and j, is asymptotically proportional to (8*)~! log|i — j| for small inverse temperature 8*.
We make this precise in Theorem 8 below.

The duality between the discrete Gaussian model and the lattice Coulomb gas was also
discussed by Frohlich and Spencer in [6]; see also earlier work on the Kosterlitz-Thouless
transition by [11,17]. A discussion on the connection to the results in [6] is included in the
last section. There we also contrast our results to Debye screening proven in three space
dimensions by Brydges and Federbush [2,3].

2 The Two Models
2.1 The Discrete Gaussian Model
Let A € Z? be a finite square box with periodic boundary conditions containing the origin

and let £, denote the set of undirected edges between nearest-neighbor points in A. Consider
the space of integer-valued configurations which are pinned at the origin:

Qp ={x €Z" : xg = 0}. )
We consider the Hamiltonian
Ha(x) = Y (xi—x))% x€Qa. )
{i.j}eEn

Using the lattice Laplacian A = (A;;); jen,

1 ifi~j,
Ajj =4 —4ifi =j, 3)
0 else,
we can rewrite it as
Hy(x) == ) xiAijxj, x€Q. )
i,jeA

The partition sum and the corresponding Gibbs measure of the discrete Gaussian model with
pinning at the origin at given inverse temperature § > 0 are given by
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1
Znp= Yy e PO and Pyg= ~— > e P, 5)

xeQp xeQp

respectively; here 8, denotes the Dirac measure in x.

2.2 The Lattice Coulomb Gas
Consider the Fourier Transform of a given integrable function f on R":
f k) =/ e MY f(x)dx, ke R (6)
Ri’l

Poisson Summation Formula. We recall a well-known duality result from Fourier Analysis.

Fact1 (Poisson Summation Formula, [8, Theorem 3.2.8]) Let n € N and let f be a
continuous function on R" which satisfies for some C, 8 > 0 and for all x € R"

lf)l <+ |xh™"72, (7

and whose Fourier transform f restricted to 27" satisfies

Yo 1K) < oo ®)
ke2n 7
Then for all y € R" we have
Do Foet =" fe+y), ©)
ke2nZ xezr

and in particular

Yo f=>" f. (10)

ke2n 7 xezZn

In order to show the duality between the discrete Gaussian model and the lattice Coulomb
gas, we make use of the Poisson summation formula by applying it to the Boltzmann factor of
the first model. Note that, for a positive definite matrix A € R"*" and g(x) = exp(—x’Ax),
one has

n? e
e—ak ATk
v/det A

Since g satisfies the hypotheses of Fact 1, Formulas (9)—(10) hold for g.
Green’s Function. Let P; be the law of a simple random walk (X;);en, on A started ati € A.
Fori, j € A, we define the Green’s function

Gij = 11m Z (P (X, = W) e M. (12)

teN

glk) = (an

The limit exists and is finite. To see this, combine odd and even times in pairs of two and use
that P; (X2 = j) + Pi(X2;4+1 = j) converges exponentially fast to 2/|A| as t — o0.
Lemma2 For j,k € A, we have

1
_,ZA,G =% = T (13)

ieA
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Proof For all k,i € A, we have
Api = 4(P (X1 =1i) — &i)- (14)

Therefore, for j, k € A, it follows

1
~ 2 ZAkisz = —Z(Pk(xl =1i) —&i)Gij = Gij — ZPk(Xl =i)Gjj
ieA ieA ieA

1
=i P(X; = j)— — |e
im (k(r D) |A|>e

}\‘LOIGNO
1
-y P(X1 =0l P(X,=j)—— e ™
Zk(l l);ﬁ;Z(z(r ) |A|>e
ieA teNyp
1 1
=i Pu(X, =) — — e ™M —1i Pi(Xoiy = i) — — ) e Ma—2
}}%Z(k(r ) |A|>e }}%Z(k( i+ =) |A|>e e
teNyp teNyp
1
=hXo=j)— =8 — - (15)
Al YAl

For the third line we used the Markov property and introduced an extra factor e, which
convergesto 1 as A | O. O

The following identity also has a continuous analogue for the Green’s function of a ran-
domly shifted Gaussian Free Field. More precisely, see Remark 8.20 and Exercise 8.7 in [5]
for the continuum Gaussian Free Field and Exercise 1.4. in [1] for the discrete Gaussian Free
Field.

Lemma3 Fori, j € A\ {0}, we have that the inverse of the matrix Aococ = (Ajj)i, jea\(0}
is given by

—4((Ageoe) 1ij = Gij — Gig — Goj + Goo. (16)
Proof Since

> Aw=0 (17)

ieA

for all k € A, we calculate for j, k € A \ {0}, using Lemma 2 in the third step,

Z Aki(Gij — Gio — Goj + Goo) = Z Aki(Gij — Gio — Goj + Goo)

ieA\(0) ieA
1 1
= Z Aki(Gij — Gio) = —4 <5kj - m) +4 <5k0 - m) = —48;.  (18)
ieA

[m}

Duality Between the Discrete Gaussian Model and the Lattice Coulomb Gas. The matrix
Agege = (Ajj)i, jea\(oy 1s negative definite. Applying the Poisson summation Formula (10)

to g(x) = exp(—x'Ax) withn = |A| — 1 and A = —BAgepec, we connect the partition sum
Z p,p of the discrete Gaussian model defined in (5) with the partition sum
Zhp= Yy e H Gk (19)
ke2n ZA\O0}
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of the lattice Coulomb gas at inverse temperature 8* := (48)~! by the following duality
equation
a1
T
Zap = Z e Bx (= Aocoe)x _ (E) det(_AO“O“)i%Zj(\,ﬂ*- (20)

xeZA\0}

Let Ky = {k e RA D ica ki = 0}, which we view as dual to QR .= (x e RA : xp = 0}.
Define Q% := 27 ZA N K. The Gibbs measure of the lattice Coulomb gas on Q7 is given
by
1
PX,/S* =

. of K (Boco) kg, 1)
AP keamzA\0)

Corollary 4 (The dual lattice Coulomb gas in terms of the Green’s function) For all k € KCy,
writing koe = (ki)iea\(0}, one has

4k (Ageoe) koo = k' Gk (22)
In particular,
B* 1 B
Zip= D e T and P} y= o YT e Ty (23)
ke A ke

Proof Let1 = (1);ea\ (0 denote the column vector consisting of ones. For k € JCo we have
by Lemma 3

K Gk = k(t)(‘GU"OCkOL' + k(f)c Gocoko + koGoockoe + koGooko
= kb (Goeoe — Goeol' — 1Gooe + 1G ool Ykoe = —dkbe (Ageoe) ™ ke (24)

Substituting this in (19) and (21), the second claim also follows. ]

3 Peierls Argument and Breaking of Symmetry in the Discrete Gaussian
Model

The following results follow the lines of Sect. 6.3 in [7], where a thorough discussion regard-
ing the symmetries and the ground states of the discrete Gaussian model (without pinning)
based on [16] is given. While Peierls arguments on planar domains are classical, the treatment
of non-zero homologies is less common.

We construct a contour model as follows. Let A* := A + (1/2, 1/2) be the dual box with
periodic boundary conditions and £+ the set of edges between nearest-neighbor points in
A*. Let x € Q4 and {i, j} € Ep. There exists a unique {i, j}* € Ep+ intersecting {i, j}.
Then, if x; — x; = n € N, we draw n distinct arrows on {i, j}* such that when one looks
in the direction of the arrows, the vertex i is to the left and the vertex j to the right. In other
words, the larger value is to the left of the arrow and the smaller one to the right. For a dual
edge e directed from dual vertex e_ to e, we denote its direction vector by € ;= e, —e_.

Take now two different vertices i, j € A and fix a configuration x in the set €; ; =
{x € Q4 : x; > x;}. Consider the set M; := {k € A : x; > x;}. Let C; be the connected
component of M; containing i. Let dC; be its boundary, viewed as a set of directed edges in
the dual lattice, where the direction follows the same rule as for the arrows described above.
The connected components of dC; consist of closed contours; at the intersection of four dual
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Fig. 1 Possible spin and contour configuration. Here, case 1 occurs for x; = 1 and x; = 0 with the green
contour y;, j, while case 2 occurs for x; = 0 and j in the left lower corner with y; ; the union of the red
contours

edges belonging to contours we use the North-West/South-East deformation rule (see e.g.
Fig. 3.11 in [5]) to generate self-avoiding contours.

Zero or two of the connected components of dC; may wind around the torus (let’s call
them y_ and yy4, if they exist), but all other contours y1, ..., ¥, do not wind around it.
One can see this as follows. Winding connected components y are characterized by their
period p(y) := Y ecy ¢ being non-zero. The period characterizes the homology class of
y. Due to the periodic boundary conditions, for any set of vertices C C A, the balance
equation ), 4 € = 0 holds. This shows that there are either zero or at least two winding
connected components of dC;. The period p(y) is the asymptotic direction of any lifting
7 of y to a two-sided infinite path in Z?. Here a lifting 7 means a connected component
of the inverse image of y w.rt. the canonical map Z* + (1/2,1/2) — A*. Because the
liftings ¥ and p’ of any two different connected components y and y’ of dC; are disjoint,
their periods p(y), p(y’) are linearly dependent. Assume that we have at least three different
infinite connected components 7, 7', 7" in the boundary dC; of a lifting C; of C;. Since
their asymptotic directions are pairwise linearly dependent, two of them are separated by the
third, a contradiction.

Therefore there are two cases, illustrated in Fig. 1:

o Case I, connected cycles: either precisely one of the contours yi, ..., yy, called y; ;,
separates i from j, or
e Case 2, winding pairs: y_ and y, exist and their union y; ; := y_ U y, separates i and

Jj.
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Let £;(y;,j) denote the set of all vertices k € A such that y; ; does not separate i from
k. Note that £; (y;, j(x)) depends on the configuration x only through y; ;(x). Consider the

mapping
Fij: Qi j — Qa, x > F; j(x), (25)

where F; j(x); = x; — x{,, with x] = x; — 1 for k € L;(y;, j(x)) and x; = x;, otherwise. In
other words, the map F; ; lowers the configuration x in the region bounded by the oriented
contour(s) y;, j. In compact notation, F; ;(x); = x; — 1[;1(%,,/()())(1) — X0 + lgi(y,..j o)) (0).
Note that for any edge {/, m} € Ex one has

[Fi,j ()1 — Fi j(O)ml = [x1 = Xm| — L mprey; ; (0)- (26)

Here, the event {{/, m}* € y; ;} means that one dual edge in y; ; intersects the edge {/, m}.
Define I'; ; := {yi,j(x) : x € ; ;}. The length |y; ;| of a contour/pair of contours
vi,j € I'i,j is defined to be its total number of edges.

Lemma5 (Peierls argument) Let B > O and i, j € A withi # j. Then for any x € ; j one
has

Hp(x) — Hp(F; j(x) = |yvi,j(0)]. 27
Further, for any y € I'; j and k € N, the following estimate holds
Prp(xi—xj =k yi j(x) =y) e PPy (i —xj = k = 1). (28)
In particular,
Pppxi —xj > k) < Paplxi —x; = k—1) »_ e Pl (29)
veli

Hence, we have the inequality
k
Papli—xj =l <[ Y e Pr) . (30)
veli;

Proof Given an edge {/, m} € £ and x € ; ;, Formula (26) implies
(1 = xm)* = (1F;j (@)1 = Fr jOml + Lmprey,; )
> (Fij () = Fi j)m)* + Lmprey,; (0)- 31

Summing over {/, m} € £ in (31) yields (27).

Lety € I'; ;. Note that F; ; restricted to {x; —x; > k, y; j(x) = y} maps one-to-one into
{xi —xj > k — 1} with the inverse x > (x; + 12;(;)(1) — x0 — 1£;(;)(0));ca- By plugging
Formula (27) into the definition of P, g we obtain claim (28) as follows:

1 _
Prpglxi —xj >k, y j(x)=y) = — Z e PHAM)

ZA’ x:xi—x;j>k,
Vij(x)=y
< Zl T e hlepHA )
AB x:xi—x;>k,
Vi,j(x)=y
=e PPy g(Fi j(xi — x5 >k, v j(x) = ¥))
<e PPy pxi —x; >k —1). (32)
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Summing this over y € I'; ; yields (29). The last claim (30) follows by iterating (29). O

In the following, A € Z? means that A is an N x N box of length N > 4 with periodic
boundary conditions containing the origin.

Proposition 6 (Counting contours) Given A € Z2, leti, j € A withi # j and £ € N. The
number of contours/pairs of contours in I'; j of length £ is bounded by

Hy e Tij:lyl =0} < 3¢23 (33)
For all B > log6 and k € N we have
sup sup P g(lxi — x| > k) < 20(B), (34)
AGZ2i,jJEA

where p(B) := 480(3eF)*.

Proof The number of connected cycles (Case 1 above) is, as in the Ising model case (see [5]),
bounded by %63‘3, for all £ > 4. We note that the number of winding pairs y; U y_ (Case 2
above) is non-null only if their total length ¢ is larger or equal to twice the box length N (at
least one N for each contour ). Moreover, it is bounded by 2N )2.42.3¢=2 One can see
this as follows: each contour y; and y_ meets the x —axis or y—axis on the torus in at least
one point (< 2N )2 choices). Starting from this point, there are four choices for the next
step (4% choices together). For the remaining ¢ — 2 steps, starting with y.,, there are at most
3 choices per step, finishing y and starting with y_ as soon as the path becomes closed.
Altogether, this means

2
Hy eTij:lyl=0)] < gese + 1p=on)64N?372 < 3¢23%, (35)

Take 8 > log 6, which means 3e # < % Summing over £ > 4, one obtains
Do e <N e Py eyl =0}
)/EF,'__,' >4
<3 Z 2(3e Pyt < 4803 #)*, (36)
>4
where we have used ZEL 30278 = 324922 —232416)(1 —z2) 3 < 480z* for0 < z < 1/2.
We haven’t tried to optimize the constant.

Using first that Pp g is symmetric with respect to the reflection x — —x, and then
inequality (30) we conclude for k € N

sup sup Pppg(lx;i —xj| > k) <2 sup sup Pp g(x; —x; >k)

AEZ21,JEN AEZ2 1, JEN
N>4 N>4

k
<2 sup sup < Z e_ﬂh’l) <2¢(B)*. (37)
aez?iqeh \ 5
N>4 "

[m}

Fori, j € A we define the observable O; ; : Q% — R,

O (x) = (x; — x))*. (38)
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Corollary 7 (Spontaneous breaking of the internal Z! symmetry) For all B > 3 one has

2 1
sup sup E glO; j(x)] = Mp = 20(B)A +¢(B)

39
oo (1= ¢(B)) %)

The bound Mg is asymptotically equivalent to 2¢(B) = 960(3¢#)* as B — oo. In particu-
lar,

li Mg =0. 40
ﬂi)mooﬁ B (40)

Proof Let A € Z*> and i, j € A. Forall 8 > 3 one has ¢(8) < 1 and we obtain

0 < EpplO;j(x)] = anPA,ﬁ(lxi —xj|=n)

neN
<Y n*Pap(xi —xj| = n)
neN
2B+ ¢(B)
2 2 "=l =M . 41
< %ZNn ¢ (B) L= o) p<oo. (4D

Since ¢ neither depends on i, j, nor on A, the above estimates imply the desired conclusion
(39). O

4 Main Result
Fori, j € A define the observable U;; : RA — Rby

Uij (k) = Z(Giz = Gjoky. 42)
e

Weinterpret ), » Gi¢ke asthe electric potential at location i of a charge distribution encoded
by (k¢)¢ea- In this interpretation, U;; encodes the voltage between i and j. We remark that
the thermodynamic limit of the potential kernel G;; — G;; is well-defined cf. Theorem 1.6.1
in [12]. Since G;; — G;j ~ Clog|i — j| in the double limit A 7?2 and then |i — jl| — oo,
the following result states that the variance of the energy cost of transporting a unit charge
from i to j asymptotically behaves like ¢(8*)~! log|i — j|, for some positive constants C, c.

Theorem 8 (Variance of voltages in a lattice Coulomb gas) For all N x N boxes A 3 0 of
length N > 4 with periodic boundary conditions, all i, j € A, and all B* < ﬁ one has

4 4 N N 5 4
E(G” - Gij) — (ﬂT)zM(‘lﬁ*)" = VarA,ﬁ*(Uij) = EA,,s*[U,'j] = E(Gii - Gjj),
(43)

where E’\ g+ and var’y g+ denote the expectation and the variance with respect to Py g
respectively. As a consequence, we obtain the following asymptotic equivalence

Ej g lUS ~ —(Gii — Gjj) as p*— 0. (44)

4
ﬂ*
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Proof Given A, let dx := 8o(dxo) [ [,c AV[O dxg denote the Lebesgue measure on QR Set
B = @4p"~! = 3. Giveni,j e A leth(x) O;,j(x)e” BHA(x) Using Formula (11) with
n=|A|l—1and A = —BAqc we obtain its Fourier transform at k € RA

hk) = / e k0 (e PHADdy = — (3, — 3)? / ek remPHAM) gy
oF o Jar
A1
2

=— (%) det(—Ageoe) ™2 (8, — Ok, ) e Koe (Bocoe)™ thoe (45)

Applying the Poisson summation Formula (10) again, we obtain that

Z O (x)e*ﬂHA(x)

XGQA
A1

=- (5) det B YD - g e e ag)
p ke

According to Corollary 4, the expression e” "Kie (Do) koe coincides with e‘gk,ck fork e

K. Consequently, all directional derivatives of these two quantities in directions of the

hyperplane C coincide as well. In particular, all 9, — 9, are such directional derivatives.

Using this in (46) and plugging in the formula for the partition sum (20), we calculate

EA,ﬂ[Oi’j] = Z (’) (X)C BHA(x)

'8 erA

= Z (ak — ak)zeﬂ*k(r)c (A()L'()e)flko(.
* 1

ZA il > J

1

Tz D (B — ) em TH @)
AP ke

Moreover, by translation invariance (G;; = G ;) and symmetry (G;; = G ;) of G it follows

— Bkt Gk
(aki - akj) e 4

2

B & B*

=7° ThCk T > (Gie+Gi—Gje—=Gepke | —2(Gii + Gjj — Gij — G ji)
LeA

_ e_ikfck ((ﬁ ) U2 (k) ,B*(Gii _ Gl])> . (48)

Putting (39), (47) and (48) together yields

1 * ot
05— 3 ereor (EX 026 - (G - Gi)
A B* e R
f Mﬁ = M(4‘3*)—1, (49)
or equivalently,
* 2 4 4
O > EA,ﬁ*[Uij] - ﬂ*( ii— l]) = (ﬂT)zM@ﬁ*)—l. (50)
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This implies the desired conclusion (43), taking into account that Ef\ g [U;;] = 0 by trans-
lation invariance. O

5 Discussion

In this section we compare the main result of this paper with results on Debye screening in
three dimensions by Brydges [2] and Brydges-Federbush [3] and results on two-dimensional
abelian spin systems and the Coulomb gas by Frohlich and Spencer [6].

As is mentioned in [6], their Theorem A in Sect. 1.3 also applies for the discrete Gaussian
model in the special case of weights equal to 1 on the integers. More precisely, it applies to
the large temperature regime in the discrete Gaussian model, because the sine-Gordon trans-
formation used there inverts the temperature, so that their 8 plays the role of the temperature.
The lower bound for the high-temperature regime in Formula (1.20) in [6] should be seen in
contrast to our bound (39) in the low-temperature regime. The former provides a lower bound
which increases logarithmically with distance, while the latter states an upper bound which is
uniform in the distance. This illustrates a difference between the high- and low-temperature
phases in the two-dimensional discrete Gaussian model. Frohlich and Spencer [6] use another
way of dualizing the discrete Gaussian model, obtaining the Villain model. In contrast to the
discrete Coulomb gas, it deals with continuous angle variables and thus their Theorems C-E
cannot be directly compared to our results.

As was mentioned in the introduction of [6], “the Coulomb gas has a high temperature, low
density plasma phase characterized by exponential Debye screening”. This was examined
in three space dimensions in several papers, in particular, by Brydges in [2] and Brydges-
Federbush in [3]. More precisely, they prove a decay of correlations for observables depending
only on the charge particle configuration on compact regions, which is exponential in the
distance between these regions. The voltage U;; examined in this paper is not an observable
in this class, because it does not only depend on the charge configuration close to i and j, but
on the whole charge configuration. In this sense, it is not a local observable. Theorem 8 above
shows that in the high temperature regime of the two-dimensional lattice Coulomb gas the
variance of U;; increases logarithmically in the distance |i — j|. We find this an interesting
observation, which complements the previously mentioned results on Debye screening. In
view of phase transitions, it remains an interesting open problem to study the voltage U;;
also in the low-temperature regime.
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