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Abstract
We prove several stability estimates, comparing solutions driven by different (bi, ai),
both for It6 and Stratonovich SDEs, possibly depending on negative Sobolev norms
of the difference b' — b?>. We then discuss several applications of these results to
McKean-Vlasov SDEs, criteria for strong compactness of solutions and Wong-Zakai
type theorems.
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1 Introduction
In this paper we consider multidimensional singular SDEs of the form
dXt :bt(Xt) dt—f—O’t(Xt)th, X’t:O :XO (11)

where b : [0,7T] x R — R%, 5 : [0,T] x R — R¥*? and W is a d-dimensional Brownian
motion. The interval [0, 7] is finite, although arbitrarily large, and the initial condition
Xy is possibly random, with finite m-moment for suitable m € [1,00), and independent
of W. The drift b is integrable, possibly unbounded; b and o will be always assumed to
satify relatively standard assumptions under which strong well-posedness is known to
hold. To properly formulate them, let us first define for § € [0, 1] the sets

d
Jp = {(p,q) :p,q € (%oo) §+§ <2—B};

we will be mostly interested in considering J, and ;. In the next statement, given
p,q € [1, 00|, we will use the short notation L{L? to denote the Lebesgue-Bochner space
L4([0, T); LP(R%)); see the end of the introduction for a summary of the main notations
used throughout this paper.
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Stability estimates

Assumption 1.1. The following hold.
(H®) There exist (p1,q1) € Ji such thatb € L L.

(H7) There exists a constant K such that o is uniformly bounded and nondegenerate,
namely
K7Yel? < o™ (t,2)¢)* < K[¢)* VEeRY, (t,2) € 0,T] x R

(H$) o is uniformly continuous in space, uniformly in time, with modulus of continuity h,
in the sense that

jo(t,x) —o(t.y)l < hlle —yl) V(t,z,y) €[0,T] x R*.

(H$) There exist (p2,q2) € J1 such that Vo € L{? LP2.

It is well established that under Assumption 1.1, the SDE (1.1) is strongly well-posed
for any initial X, independent of W, see e.g. [37] and the basic recap in Section 2.1.
In this work we are instead interested in deriving stability estimates, in the sense of
comparing two distinct solutions X', X2 driven by the same W but with respect to
different initial conditions, drifts and diffusions. The next statement exemplifies some of
our main findings in this regard.

Theorem 1.2. Let (bt,0'), (V% 0?) satisfy Assumption 1.1 for the same parameters
(p1,q1), (p2,q2), K, h and denote by X!, X? the associated solutions to (1.1). Then for any
m € [1,00), T > 0 and any (p1,G1) € Jo, (P2, ¢2) € J1 there exists a constant C' (depending
on all the aforementioned parameters as well as d, bi||L31L51 and ||Voi|\ng rr2) such that

sup | X; — X7|
te[0,T]

< C[IX3 = Xl + 10 = ¥l g + 10" = 0% o e | (12)
Ly

If moreover g; = oo and 4/q; + d/py < 1, we have

sup | X, — X7
t€[0,T]

< C[IIXE ~ XZlug + 16"~ Bl v yoron + 0" = 030
Lm
(1.3)

where C is another positive constant with similar dependence on the parameters.

To the best of our knowledge, the first paper to discuss the importance of quantitative
stability estimates is [40]. Therein, in the case of common diffusion ol = o2, an estimate
for X' — X? in function of [[b' — 0?|| ¢ 21 is presented in Theorem 1.1-(E); instead
another estimate, in the case b! = b2 = 0 and 0! # o2 is provided in [40, Lemma 5.3].
The results is however subject to several restrictions, most importantly the assumption
q = p > d + 2 needed to show well-posedness of the corresponding Kolmogorov equation,
and the focus on m = 2. Later, again for ¢! = 02, the stability result was generalized
in [27, Theorem 3.3], for any values (p, q) € J1, but again the resulting estimate is only
in function of ||b* — b?| rere and holds for m = 2. A quite general stability estimate,
true for any m € [1,00), is presented in [38, Theorem 3.10], where the SDE is also
allowed to have a multiplicative Lévy noise; however, the condition Vb! € LQZ,L’;/ for
suitable p’, ¢’ € (1,00) must be assumed to obtain the stability result. To the best of our
knowledge, the first paper to consider stability estimates in negative Sobolev norms
(namely in the style of (1.3)) is [11], which considers the more general framework of
SDEs driven by fBm; however in the Brownian setting H = 1/2, it only allows for additive
noise ¢ = Il and drifts b of spatial regularity at least C* for some « > 0. The same work
also shows how such estimates can be used to solve McKean-Vlasov SDEs. Theorem 1.2

EJP 28 (2023), paper 24. https://www.imstat.org/ejp
Page 2/31


https://doi.org/10.1214/23-EJP913
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Stability estimates

can be considered a great generalization of all of the aforementioned results, allowing
for any value m € [1,00), different integrability coefficients (p1,q1) # (p2,qz2) for b and
o in Assumption 1.1 as well as parameters (G, 1), (G2, p2) different from them in the
estimates (1.2) and (1.3). Let us also mention that this work is hugely inspired by the
previous work [25] by one of the authors, where numerical schemes for singular SDEs
are considered; although technically it doesn’t contain stability estimates, it is clear that
the quantity w,, appearing in [25, Theorem 1.1] is closely related to the error committed
by comparing two SDEs driven respectively by drift b and b respectively, in the case
of common diffusion 0. We refer to Section 3.4.1 for a deeper discussion on this point.
Finally, strong moments estimates of the form (1.2)-(1.3) are not the only form of stability
one might be interested in exploring; in a different direction, based on estimating the
distance of the transition probabilities of the two processes X! and X?, it is worth
mentioning the works [3, 21, 2].

The proof of Theorem 1.2 will be presented in Section 2.3 and is in fact consequence
of a more abstract and much more general stability result, see Proposition 2.12; the
same strategy of proof allows for numerous variants, see Remark 2.14, as well as similar
results for Stratonovich SDESs, cf. Corollary 2.13.

In order to motivate the importance of results in the style of Theorem 1.2, we will
present in Section 3 several applications, ranging from existence and uniqueness results
for distribution dependent (or McKean-Vlasov) SDEs, criteria for strong compactness of
solutions to singular SDEs and Wong-Zakai type theorems. We will also shortly discuss
in Section 3.4 other applications of such results which have already appeared in the
literature, although without it being stated explicitly; indeed, we believe one of nice
contributions of this work is also to highlight the importance of stability estimates for
SDEs in a wide range of problems, which have so far been treated without recognizing
their key role in them.

Remark 1.3. For simplicity in this paper we only considered drifts with global bounds
in L{LP. Up to technical details, we expect the same strategy to work in many other
cases, including:

a) b,Vo € L?Jig where Eé{ is the so called localized L? considered in [37]; one of the
advantages of this case is that bounded b is covered as well.

b) The case of b of the form b = b* + ...+ b" with b* € L' L with (¢;,p;) € J1.

c) The presence of an additional Lipschitz term, i.e. b = b! + b2 with b' € LILP and
b € L°CL as in [39].

d) Coefficients belonging to mixed-normed spaces, i.e. b € L{LP! ... L2¢ with 2/q +
>-;1/pi <1, as considered in [28].

Notations and conventions

We always work on a finite time interval [0,T]. We write a < b to mean that there
exists a positive constant C such that a < Cb; we use the index a <, b to highlight the
dependence C = C()). For vectors z, y € R?, we write z-y := Y| 2;y; and |z| = 2~ x;
for matrices A, B € R**?, we use the convention A: B := 3", _, ., Ai;Bi;. Given a real
number z, we denote by |z| and {z} respectively its integer and fractional parts.

Forany N € IN and p € [1, o], we denote by L?(R¢; R"V) the standard Lebesgue space;
when there is no risk of confusion in the parameter N, we will simply write L? for short
and denote by || - || ,» the corresponding norm. Similarly for the Bessel potential spaces
WP = Wwhr(RZRYN), which are defined for 5 € R, with corresponding norm

1F g = @ = D)2 f) o5
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For a € [0,00), C¢ = C*(R%; RY) stands for the usual Holder continuous function space,
made of continuous bounded functions with continuous and bounded derivatives up to
order |a| € IN and with globally {a}-Ho6lder continuous derivatives of order |«].

We denote by Cr = C([0,T]; R?) the path space of continuous functions on [0, 7],
endowed with the supremum norm ||| c; = sup,cjo 7y |¢tl-

Given a Banach space E and a parameter ¢ € [1, 00|, we denote by L{E = L9(0,T; F)
the space of measurable functions f : [0,7] — E such that

1

Hf”LzE = (/(;T I fell% dt)a < 0

with the usual convention of the essential supremum norm in the case ¢ = oo. Similarly,
given a probability space (2, F,P) and m € [1,00), we denote by L'E = L™(Q, F,P; E)
the space of F-valued F-measurable random variables X such that

1
XNz e = E[IX|E]™ < oo

where £ denotes expectation w.r.t. IP. The above definitions can be concatenated by
choosing at each step a different F, so that one can define L"'Cp, L{LP? and so on.
Whenever g = p, we might write for simplicity Lf’m in place of LYLP.

2 Stability estimates

2.1 Preliminaries

We shortly recall here several facts related to the SDE (1.1) which will be needed
in the sequel, including Girsanov theorem, Zvonkin transform and Khasminskii type
estimates. They are by now very classical tools in the study of singular SDEs, first
introduced in the pioneering works by Zvonkin [43] and Veretennikov [35]; see for
instance [37] for a nice self-contained presentation (in a slightly different setting).

We start by recalling that any solution X can be regarded after a change of measure
as a solution to a driftless SDE, thanks to Girsanov theorem.

Lemma 2.1. Let (b, o) satisfy Assumption 1.1 and let X be the unique solution to (1.1).
Then there exists another measure Q, eguiva]ent to P, and a Q-Brownian motion W such
that X solves the SDE dX; = o(X;)dW;. Furthermore it holds

Ep [(jg)n] <oo VneZ.

%, p=2p1, ¢ = 2q; allows

Proof. An application of [37, Lemma 4.1] for the choice f = |b
to deduce that the solution X satisfies

E[exp (/\/OT|bT|2(XT)dr)] <00 VA>0.

From this, the finiteness of all (positive and negative) moments of the density dQ/dP
associated to Girsanov’s theorem is a standard argument, see for instance the proof of
[7, Proposition 2.4]. O

The next classical ingredient we need are suitable estimates for parabolic PDEs of
the form (2.1), strictly related to the so called Zvonkin transform. In the next statement,
we are adopting the notations a = o0* and a : D*f =3, 1a;;03,f, b-Vf =32, b0 f.
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Lemma 2.2. Let (b, o) satisfy Assumption 1.1. Then there exists Ay > 1, depending
onT,d K, h,p,q and ||b||L31L51, such that for all A\ > )¢ there is a unique solution

we LPW2P 0 W, LPY to the equation
1 2
8tu+§a:Du+b~Vuf)\u:fb, ul|g=7 = 0. (2.1)
Furthermore there exists ¢ > 0, depending on d, p1, q;, such that
ANulleecr + 110l o por + llull poryzon < N0l L2 o1 - (2.2)

Proof. The result is a special case of [37, Theorem 3.2]; indeed, by time reversal we can
reduce ourselves to the case of a forward parabolic equation with u|;—o = 0 as therein.
Let € > 0 be a sufficiently small parameter satisfying 2/¢q; + d/p1 > 1 — 4e and choose
p’ > p large enough so that d/p’ = 2¢; setting ¢ = oo and a@ = 1 + 4¢, we can apply
the result from [37, Theorem 3.2] to get an estimate for )\6||uHL;,c weor' - The embedding

wor — ¢2~¥P <y 1 finally allows to conclude. O

The next lemma, which allows to control integrals of the form fOT fr(X,) for f merely
satisfying L} LP-integrability, is also classical; its proof comes from a combination of so
called Krylov’s estimates and Khasminskii’s lemma.

Lemma 2.3. Let (b, 0) satisfy Assumption 1.1, X be a solution to (1.1) and (p,G) € Jo.

Then there exists a constant C' > 0 (depending on T, d, K, h, p1, q1, bHLgngl, P, ) such
that

T
E[exp ()\/ fT(XT)drﬂ < Cexp (C)\‘7||f| quLp.) YA>0, feLiLP. 2.3)
0 e

Proof. By [37, Theorem 1.1 (A)], for any s < t it holds

E[/ F(X,) dr

where w is a continuous control; estimate (2.3) then follows from an application of
the quantitative version of Khasminskii’s lemma from [25, Lemma 3.5], for the choice

v=1/q. O

fs] S gy = wls. DY,

Our next ingredient will be an alternative estimate for additive functionals fot fr (X)) dr
in the case where f only enjoys negative regularity, see Lemma 2.5 below; this result is
less classical and improves on the one from [25, Proposition 6.6]. To this end, we first
need to recall a result on parabolic PDEs with distributional forcing, first established in
[25].

Lemma 2.4. Let o satisfy Assumption 1.1 with g, = oo, f € LgVV;Lﬁ~ with p,q € (1,00)
and .- + £ < 1. Then there exists a unique solution' v € L{W,;? N W IW 1P to the PDE

1
v + §a : D%y = f, V|g=r = 0. (2.4)

Furthermore, there exists a constant C' > 0 (depending on T, d, K, po, HVJHLtoong D, q)
such that
0|l Layys o a5 < S 2.5
” HL;?W;P +||at ”L;’WI”’ = CHf”L‘tJWIlP ( )
lHere we mean the weak solution in the sense of [25~, Defmition A.1]; in particular, it can be shown

that @ : D?v is a well-defined distribution belonging to L{ W, ?, so that identity (2.4) holds in the sense of
distributions. See [25] for more details.
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Proof. In the case T = 1, the statement is a special case of [25, Theorem A.4]; the case
of general intervals [0, T'] follows by a simple rescaling argument. O

Lemma 2.5. Let b, o satisfy Assumption 1.1 with q» = oo, X be a solution to (1.1) and
(p,q) € J1. Then there exists a constant C > 0 (depending on T, d, K, h, p1, q1, p2,
[l a1 21, [V Lo 22, B, §) such that for all smooth function f it holds

E{exp A sup ‘/ fr(X dr } < Cexp <C)‘q||fHL‘1W ) vYA>0. (2.6)
te[0,T]

By linearity and density, we can extend the definition of fo f~(X,)dr as a continuous

process to any f € L{W_ %P, in which case estimate (2.6) still holds.

Proof. First observe that, thanks to Lemma 2.1, we can assume without loss of generality
b = 0; we can also assume f to be R-valued, otherwise we can argue componentwise,
and by homogeneity we can take A = 1.

Given a smooth f, denote by v the solution to the parabolic PDE (2.4). Since (p, ) €
J1, (p2,00) € J, it also holds p A pa > 2 and thus 1/p + 1/ps < 1; in particular, the
assumptions of Lemma 2.4 are satisfied and thus estimate (2.5) holds. Furthermore,
using the assumption (p,§) € J; and interpolation estimates, one can find § = 1/§+ ¢
with € > 0 small enough such that

[vlless, S vllrgecze S vl pgewza-o0-15
S 10010 g5 10181 S 1 gy

On the other hand, since dX; = 0,(X;) dWW;, by Itd’s formula we get

/ fr(Xp) dr = vy(Xy) — vo(x) — /Ot(U*Vv)r(Xr)- dW..

Therefore we have the estimate

E{exp sup ‘/ fr(X }
tE[OT]

2|U|LME{6XP sup ’/ (0" V),
te[OT]

<

awi )]

using Doob’s inequality for the submartingale M; := exp (fot(a*Vv)r(XT) . dWr), as well
as the basic inequality e/*! < e* + ¢~%, we can find a constant x > 0 such that

T
E[ sup |Mt|} <It+r1-, I* ::E[exp(:t/{/ (0" V), (X,) - dWTﬂ.
te[0,T] 0

Let us show how to estimate /', the other term being treated similarly. By esti-
mate (2.5), Vo € LIL?, thus |o*Vo|? € Lg/2L§/2 where by our assumptions (¢/2,p/2) €
Jo. In particular, Lemma 2.3 applies to f = |o 2; but then by Girsanov’s theorem and
Novikov’s condition, this implies that

t t
Ny 1= exp (2%/ (0" Vo) (X,) - AW, — 262 / (0" o), (X, d)
0 0
is a martingale, which together with Holder’s inequality yields
T 1/2
It < ]E[Nt]l/QIE{exp (2/12/ |(0'*V’U)T(XT)2d7”>:|
0

q/2
S Cexp (Clllo" Vol |77, 40 )
t T
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Combining all of the above with the estimate
|||(T*V’U|2||L§/2L;;/2 S HVU”L‘;LQ S ”fHLfWI*lJ%

where the second passage comes from (2.5), and relabelling the constant C' to include &,
we finally obtain the desired (2.6). O

Remark 2.6. The realisation that suitable diffusion processes can be integrated along
distributions goes back at least to the works of Bass and Chen [1], where the case of
measures in a suitable Kato class is considered. Among more recent developments let
us mention [9] and [41, Theorem 5.1], where autonomous f € W_*? are allowed for
a<1/2,p>d/(l—a). As already mentioned, Lemma 2.5 is an improvement over [25],
as it allows v = 1 without further assumptions of f and reaches exponential integrability.

Among other applications of Lemma 2.5 of independent interest, let us mention
that for the choice f = +b € L{* W, 171 it yields uniform L™ estimates for the Jacobian
J¢i(x) = det D, ¢:(z) of the flow ¢ associated to the SDE (1.1), which is formally given
by the formula

Jéi(z) = exp ( /O ' div br(Xf)dr).

Compare this fact with [8, Section 3], where the additional assumption +b € LP, p > 2 is
imposed in order to analyse such term and derive regularity estimates.
Remark 2.7. Interpolating between L% L7 and LYW, 121 for (go, po) € Jo, (G1,p1) € T
and applying Lemmas 2.3-2.5, one can in fact prove a more general statement: for any
B €0,1], (Gs,Ps) € Js and any f € LW, »7*, the process Jo fr(X:) dr is well defined
and

El:exp )\ sup ‘/ fr d?” :| < CeXp( )\ngf”qqﬁ *ﬁ-ﬁfa) VA >0.

te[0,T]
Remark 2.8. Estimates (2.3)-(2.6) immediately imply moment bounds of the form

B ([ #0car)] < 1 B[ swo

t€[0,T]

[ el S0l @

for all m € [1,00). For instance~, to deduce the first estimate in (2.7), it suffices to
apply (2.3) for the choice A =1, f = f/Hf”LfLQ' so that

iz B[ sxaar)] smefew ([ foxa)]| 1

As a final ingredient, we need to recall an inequality involving maximal functions; the

standard version, sometimes referred to as Hajlasz inequality, is classical [34], but the
one-sided one presented here seems to be of much recent derivation, cf. [4].
Lemma 2.9. Let f be a measurable function such that V f = ' + 2, where ' € LI L
for some parameters (G1,p1), (§2,P2) satisfying §; € [1,00) and p; € (d,c0); then there
exists a negligible Lebesgue set N C [0, 7] x R¢ and another measurable function g such
that

[fe(2) = fo(y)] < [o¢ () + gi(@)]]e —y| Yy eRY, V(t,2) € (0,T] x R)\N;  (2.8)
moreover there exists a constant C = C(d, p1, p2) such that g can be chosen of the form

— o1 & 42 satisfvi i i P
g = g' + ¢° satisfying ||g ||LgngL < C| ||L?LL£1 fori=1,2.
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Proof. In the case of autonomous functions f, the statement is a simple consequence
of [4, Lemma 5.1]; more precisely, by fixing another p’ € (d,p; A p2) and applying the
result therein, inequality (2.8) holds for g(z) ~ [M(|V f|?')(x)]'/?, where M denotes the
Hardy-Littlewood maximal function operator. By standard properties of M, g < g + ¢2
for gi(x) :== M(|¢'|P")(2)]*/*'; by construction, |¢i[" e LE/?" with p;/p' > 1, therefore
again by properties of M it holds || M (| ") 1o/er < HWHi’ﬁi , from which we can deduce
that lg'll 5 S 4] .-

In the case of time-dependent functions f, one can either: i) observe that for a.e.
te[0,T],Vfi € Lﬁl +L§2 and apply the result at such fixed ¢; or ii) consider a sequence f"
of smooth functions such that f” — f and they admits decompositions V f” = 9™ 4™
with ¢™ — < in L¥LPi; then to any f" there is an associated ¢" = ¢g™' + ¢™? =
M| [P+ M(Jgm2]P")]H/P" such that (2.8) holds and clearly g™ — g% in LY L', so
that inequality (2.8) still holds after the limit (up to a Lebesgue negligible set). O

2.2 A general abstract estimate

We present here a fundamental estimate which is at the heart of the proof of Theo-
rem 1.2, as well as of several applications. It focuses on comparing the solution X to the
SDE (1.1) associated to (Xy,b,0) w.r.t. to any semimartingale perturbation of it; more
precisely, we will consider a process Y solving

t t
Yt:YO+/ [bs(YS)+R;]ds+/ l0.(Y2) + B2, (2.9)
0 0

where R', R? are predictable processes, taking values respectively in R¢ and R**¢. In
the following, we will enforce the following conditions on Y.

Assumption 2.10. The following hold for any T > 0:
D) [ 1B (Vo) + [RY + o (Ys)[? + |R2|?) ds < oo P-a.s.

ii) For any f € LILP with (,p) € Jo, it holds fOT |fr(Y,)| dr < oo P-a.s. Moreover for
any sequence of smooth, bounded functions f€ such that f¢ — f in L;f’Lf. ase — 0,
it holds

T

lim |f€(Ys) — f(Ys)|ds=0 P-a.s.

e—0 0

iii) The processes Y, R!', R? are adapted to the filtration generated by (Yj, W,W),
where W is another R -valued process, for some m € N, and Yy, W, W are
independent.

Remark 2.11. While Condition i) is natural in order to give meaning to (2.9), the others
are less classical. Point ii) will be needed in order to make sense of an It6-type formula for
functions with only integrable second order derivatives. Instead iii) simplifies the proof
of Proposition 2.12 below by allowing to disintegrate w.r.t. the initial conditions (Xo, Yy);
depending on the specific structure of the processes R!, R? it might not be even needed.
In the simplest cases, one can just take W = 0, but there are also applications of interest
where a nontrivial choice of W must be considered, as we will see in Section 3.4.2 in the
context of interacting particle systems.

Before presenting the statement, we need a few preparations. Given (b, o) satisfying
Assumption 1.1, by Lemma 2.2 we can choose )\ large enough so that the solution u
to (2.1) has Lipschitz constant smaller than 1/2 for all ¢ € [0, T]; from now on, we will
always work with such a fixed A and denote by u the associated solution, so that the map
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o¢(x) := x + w(x) is 2-Lipschitz with 2-Lipschitz inverse for all ¢ € [0, T]. For such u, we
define an associated process

Vii= /t (3[R + ) (B + o)~ 00°] : D2u+ B (14 Vu)) (V) dr
0

t
+/ [R*(I + V)], (Y;) AW, (2.10)
0

which is well defined thanks to Assumption 2.10.

The proof of the next result shares some clear analogies with those of stochastic
Gronwall lemmas, cf. [25, Lemma 3.8], as well as [12] for a general overview; however,
in order not to impose any restriction on the m-th moment we want to estimate, we will
exploit crucially the structure of the SDE which allows us to “recenter” it at each step, a
property which doesn’t hold in the more general setting of those results.

Proposition 2.12. Let X be a solution to (1.1) associated to (Xy,b, o) satisfying As-
sumption 1.1 and let Y be a solution to (2.9) satisfying Assumption 2.10. Then for any
m € [1,00), any v > 1 and any T > 0 there exists a constant C (depending onm, v, T, d,

(ql‘,pi), K, h/, bllLfl Pt VO’HLzzL? ), such that
sup | X, - V|| < c(||x0 ~ Yol + || sup |Vt|‘ ) (2.11)
te[0,T] Lz te[0,T] L

where the process V is defined as in (2.10).

Proof. It suffices to consider the case where the initial data X, and Y; are deterministic;
indeed in the general case, as they are random variables independent of the driving
(W, W), we can first condition on the knowledge of (X;,Y;), obtain the estimate, and
then take expectation again to conclude. From now on we will fix m € [1, c0).

We start by applying Zvonkin transform to both X and Y’; by classical computations
based on generalized It6’s formula (see e.g. [22, Theorem 3.7] or [37, Lemma 4.1]),
setting & := o(I 4+ Vu), it holds

d(gf)t(Xt)) = )\Ut(Xt) dt -+ 5—t(Xt) th,

the computation for Y is slightly more involved, but it is not difficult to check that, thanks
to our definition of V, in the end one arrives at

d(¢t(yt)) = A (Yy) dt + 64(Yy) AWy + dV,.

Indeed, the computation is rigorously justified thanks to Assumption 2.10, as we can
first apply It6 formula to ¢¢, associated to some smooth approximation b€ of b, and then
pass to the limit as ¢ — 0. As a consequence, if we integrate both equations over any
interval [s, t] and take the modulus, we find the estimate

|¢t(Xt) - ¢t(Yt)| §|¢S(XS) - ¢S(YS)| + /\/ ‘UT(XT) - UT(YT)| dr

" ‘ /:[57{ (X,) — 6LY,)]dW,| + V,

where we set V := 2sup;eo,7) |V:|; using the properties of ¢, u, we arrive at
sup | X =Y SIXs —Ys|+Ah sup | X:— Y
te[s,s+h] t€[s,s+h]

[t - swnaw,

+V. (2.12)

+ sup
t€[s,s+h]
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Observe that this is a pathwise inequality that holds for any choice of s, A, which we may
and will take to be random as well.

Moreover, since Vo € L¥LP? and u € L{°CL N LI W2P1, the new diffusion term
satisfies Vo € L{'LP* + L{LP> as well?; therefore we can apply Lemma 2.9 to find
functions gi S Lf LPi, ¢ =1,2, for which (2.8) holds for f = . Let us define the process

t
A, = / 2T + |6 A(X,) + [g2P(X,)] dr
0

for a constant K > 0 to be chosen later; we also set an increasing sequence of stopping
times by 7° = 0 and

T =inf {t >t < T, A — Apn > (4K) T},

with the convention that 7,41 = T if there isno ¢ € [r,,, T| such that A; — A;» = (4I~( y=2/m,
Now let us take s = 7™ in (2.12) and elevate both sides to the m-th power, so to obtain

sup | Zd™ S [|Z7n|m +ATR™  sup | Zy|™+ sup |MP|™+ Vm],
te[r™, 7 +h] te[r™, 7 +h] t€[0,h]

where we set 7 := X — Y and
T+t
M= / 62(X,) — 62(Y,)] dWW,.

By Doob’s optimal stopping theorem (M;");c[o,7] is @ continuous martingale w.r.t. to the
filtration (Gt)iepo,7) = (Frn+t)tefo,r); by the pathwise BDG inequality from [33, Theorem

3], there exists another continuous (G;);c[o,rj-martingale (M{);c[o,r] such that

n|m nim/2 T
sup [ M| < [M"];? + M
te[0,h]
where ([M™];)ic[0,r] denotes the quadratic variation of (M™),c[,7). We claim that PP-a.s.
it holds

T4t T+t
[M"]; = / 6-(X,) = 6,(Y;)[Pdr < / UQHQ(XT) + |g$‘2(Xr)] |Z,[7dr. (2.13)
To see this, let N C [0,7] x R? the negligible Lebesgue set associated to &, whose
existence is guaranteed by Lemma 2.9; setting f(t,z) := 1y(¢,2), it holds || f|[Lszz =0
for all (¢,p) € [1,00) and an application of Lemma 2.3 implies that

T
/ In(t, X¢)dt =0 TP-a.s.
0

In view of the above, an application of Lemma 2.9 yields the desired IP-a.s. inequal-
ity (2.13), as the presence of the exceptional set N doesn’t play any role.

Combining everything and taking h = 7,41 — 7,, We arrive at a PP-a.s. inequality of
the form

sup  |Z™ < C[\Zrn
tE[T"‘7T”+1]

m n (7 |m
e

+ sup |Zt‘m [)\m Tm/2(7_n+1 _ Tn)m/Q
te[rn,rntl]
7_71,+1 ) ) m/2
([ ol +1eP)x)ar)™]
< C[|Zen ™ + Wi + V"] 42C (A = Apn)™2 sup |2,

te[rn, Tt

2In the sense that V& = 91 + ¢ with ¢ € LT LE?, cf. the statement of Lemma 2.9.
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Taking C = K as the desired constant in the definition of 7", we find
Swp | Z ™ < 2K [|Zee " W + VI
te[rn, ]

using the fact that (M}"):c(o,7] is @ (Gt):e[o,7)-martingale, taking expectation we are left
with

E[ sup Zt|m]§2f(]E[ sup \Zt|M]+2f(E[|V|m],

te[rn, 1] te[rn—1,m]

which iteratively yields (for an appropriately chosen constant x > 0 in function of K)

E[e’m sup |Zt|m} <|zo — yo|™ + E[|V|™]. (2.14)

te[rn—1,7n]

Now set A := (4K)~2/™, C' := 2x/A, then it holds

E[e_CAT sup |Zt|m] = ZE[@‘CAT sup \Zt|mlATe[An7A(n+1)]]

reo.1] g t€[0,77]
-2
SZE[B S sup sup |Zt\m1AT€[A"aA(”+1)]}
= j=1,...,n+1te[r;_1,75]
n+1
<y e s 4]
= = te[rj_1,75]

< lwo — yo ™ + E[IV™],

where in the last passage we applied (2.14). Observe that since g* € L} LPi, |¢'|? €
LU2IE? with (¢i/2,p:/2) € Jo, thus by Lemma 2.3 the process A satisfies
Elexp(AA7r)] < oo for all A € R; therefore for any § € (0, 1) it holds

1-5

g s
E| sup |Zt|6m} SE[e—CAT sup |Zt|m} E[ecﬁAT]
t€[0,T] te[0,T)

s 1o — yol*™ + E[|V]™°.

Taking the (0m)~!-power on both sides and relabelling 7 = md, v/ = m, overall yields
the desired result. O

2.3 Comparison of SDEs with different coefficients
With Proposition 2.12 at hand, we are now ready to give the
Proof of Theorem 1.2. Letusset X! = X, X2 =Y, bl =b, ol =0, R} = (b% — b1),(X?)

and R? = (02 — 01);(X?) in the setting of Section 2.2; it is then clear by Section 2.1 that
Assumption 2.10 holds and so by Proposition 2.12 our task is reduced to provide estimates

for |V| Lm~. The process V, as defined in (2.10), in this case can be decomposed as
V =I'"+1?+ I3 for
1 t
Il = 5/ [(a® — a') : D%u),.(X?)dr,
0

I ::/O (02 — oI + V)], (X2) dIW,,

e 107 ) (1 9l (62
0
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where a' = o'(c%)* for i = 1,2; we treat each term separately. From now on for simplicity
we will write m in place of m~, as it doesn’t affect the computation.

Recall that, under Assumption 1.1, by Lemma 2.2 it holds u € L{*W2P1 0 L°CL;
moreover (p1,q1), (P2, ¢2) € J1, thus if we define 1/p’ = 1/p1+1/pe and 1/¢' = 1/q1 +1/§o,
it holds (p',¢’) € Jo. By Hélder’s inequality and estimate (2.7), we can then control I! by

[ sup 12

<@ —a'): D2l
t€[0,7] ~ Li Lz

Lm
S lla® = @'l aa oo [1D*ul o 1
S Ho—z —o' Hszng )
where in the final passage we also exploited the bound |[o*||z=~ < K. A similar idea
applies to 12, combined with BDG’s inequality:

1/2

| sup |72

T
e H/ |(0'3—Ji)(1+vur)|2(xg)drH
t€(0,T] 0

‘ Lm L;’I'/2

1/2 (2.15)
S |||<72 - Ul|2||Léz/2Lﬁ2/2HI+ V|| pgre

+ x
Sllot - UQHLE"‘L;’?

where this time we applied (2.7) for (p2/2,42/2) € Jo. Similarly, since (p1,41) € Jo, it
holds

H sup |I}| S (6% —b') - I+ Vu)ll oo

tE[O,T] Lw + x
S8 =M o 1T+ V)l e (2.16)
Sx Hb2 - bl”Lfngl .

In the case ¢ = oo and 4/q; + d/p; < 1, we can give an alternative estimate for I3; to
this end, let us recall that by the product rules for distributions (see e.g. [25, Lemma A.2
@ii)]), for p > d Vv 2 it holds

”ngWJ;LP N ”fHWL*lvP”gHW;vP vVfe Wx_va g e Wa%’p' (2.17)

By Holder’s inequality and the second estimate in (2.7) (for ¢ = ¢1 /2, p = p1, which under
our assumptions satisfy (¢, p) € J1), we then find

sup ‘Ig| Lm S ||(b2 - bl) : (I + vu)HL;H/2VVI_1>1”1

t€(0,T]

< [p* = b

porw e [l a2 (2.18)

Overall, estimates (2.15), (2.15), combined with (2.16) (respectively (2.18)) and Proposi-
tion 2.12 yield (1.2) (respectively (1.3)). O

We can also obtain stability estimates for Stratonovich SDEs.
Corollary 2.13. Let Assumption 1.1 hold and consider X' solutions to the Stratonovich
SDEs
dX} = bi(X])dt 4+ o{(X]) 0 dW;, X'|,_, = X;.

Then for any m € [1,00) and any (p1,41), (P2, ¢2) € Jo and (ps, gs) € J, it holds

sup | X} — X7|

SIXo = X§llzg + 16" = 6|l L oo
t€[0,T] t L

L (2.19)
+ HV(gl - UQ)HL;?QL?;’Z + ”01 - 0—2||L33L£3'
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If additionally ¢ = oo and 4/q1 + d/p1 < 1, we have

sup | X; — X7|
t€[0,T]

SIXo = X3l + 110" = 0l o v + N0 = 02| g - (2.20)
Lm )

Proof. The proof is very similar to that of Theorem 1.2, so we mostly sketch it. We can
rewrite the Stratonovich SDEs into the corresponding It6 ones, with corresponding new
drift terms b’ in place of b’ given by

1

bi = bi + i(ai -V)o', where [(0-V)o]; = ;alajkmk.

Estimates (~2.19~)—(2.20) then follow respectively from (1.2)-(1.3), once we estimate the
difference b' — b? in appropriate norms. In order to obtain (2.19), we can use

(cr-V)o! — (02 -V)o? = (o' - V)(o* — 0?) + [(¢* — 0?) - V]o?
and then

(e V) (o' — 0'2)||L§2Liz <ot |z, Vot = VU?HL?LE,?’

l(e* = 0%) - V1ol < o = 02l s 3 907 2212,

where we set 1/p" = 1/p3 + 1/p2, 1/¢' = 1/G3 + 1/q2 so that (p',¢') € Jo. Instead for
obtaining (2.20), in the case g3 = oo we can estimate the first term differently. To this
end, let us recall that by [25, Lemma A.2 (iii)]), whenever p > dand 1/p+ 1/p < 1, it
holds

£ gll-1o S Ulgllzee + Vgl fllyre ¥V fEWTHP, g e WP, (2.21)
Applying estimate (2.21) for the choice p = p; and p = p3, we obtain
lot - V(e' = o) asyy-10s S [lot rge, + IV o 2] IV (0" = o) s gy 1.5
5 ||01 - 0—2HL;73L§”3 :

Combined with Proposition 2.12 and estimates (2.15), (2.15), (2.16) and (2.18), this
yields the conclusion. O

Remark 2.14. Theorem 1.2 and Corollary 2.13 admit several other variants, in the
sense of employing other quantities of the form [|b' — b?||, 4, wo-en inthe rhs. of (1.3)
and (2.20). Indeed going through the proof, the only relevant difference comes from
estimating the term I° related to [, [(b>—b?)-(I+Vu)],(X}?) dr, which can be accomplished
as in Remark 2.7 under the assumption ¢» = co. There are two different regimes, related
to the parameters (53, q1,p1):

1. < 1—2/q. In this case, since (p1,q1) € J1, we can assume [ to satisfy 5 > d/p;
as well (this proves a stronger estimate, as for B < [ one can use W Bp ey W, B.py,
By Lemma 2.2 and standard interpolation techniques, it is easy to show that
Vu e L?Wf’pl and one can then apply [25, Lemma A.2 (ii)] to obtain

(b2 = bY) - (I + Vu)HLle;s,m < |p* — b2||Lg‘1w;"’51 1+ ||Vu||L§oW5,m),

eventually leading to

sup |Xt1 - Xt2‘
t€[0,T)

S IXo = X5l + 16 =671

o' =l @22

Wa

for any choice of parameters (p1,G1) € Jp. This is in agreement with (1.2), which is
recovered for 5 = 0.
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2. 3 >1-2/¢. In this case we only know that Vu € LIW#?1 for 1/G=1/q— (1—5)/2;
combined again with [25, Lemma A.2 (ii)], this implies (b>—b')-(I+Vu) € L] W, #P
for 1/¢' = 1/G+ 1/¢ and the relevant condition becomes (p1,¢’) € Jz. Overall
we still obtain a stability estimate where ||b' — b*||, 4,,,,-5.» appears, but now only
under the more restrictive condition

2 2 d d
L2402 <3928 “S<p (2.23)
a qg p1 P

Condition (2.23) agrees with 4/¢; + d/p1 < 1 needed to derive (1.3), which corre-

spondsto S =1, py =p; and §; = ¢i.

3 Applications

3.1 McKean-Vlasov equations

Throughout this section, for any ¢ € [0,7] and any X, we will denote by X' the
stopped process X! := X;,s, which we ask the reader not to confuse with the pointwise
evaluatation X;. We consider McKean-Vlasov (or distribution dependent) SDEs of the
form

dX; = B( Xy, pe) dt + S (Xe, ) AWy, e = L(XF) (3.1)

for suitable coefficients B, ¥, see Assumption 3.1 below.

In the case of regular (e.g. Lipschitz) continuous functions B, ¥, equation (3.1) can
be solved classically; however in the presence of a singular drift B, several important
results in the literature guaranteeing existence and uniqueness for (3.1) require the
diffusion term X not depend on u, see e.g. [29, Section 3.2], or anyway more restrictive
assumption on ¥, cf. [31, Section 4]; the reason lies in the use of transport-cost
inequalities and Girsanov transform, see also [24]. On the other hand there is another
class of results, including [16, 17], possibly involving the use of mixed Wasserstein-total
variation distances, which naturally allows X to depend on y; the shortcoming is a more
restrictive assumption on B and %, e.g. they must be Lipschitz in p uniformly in z, which
rules out basic cases of interest like B(x, 1) = b * u for unbounded b. Let us stress that
the literature on the topic is quite vast and there are many other works not properly
fitting in this dichotomy, see for instance [15, 30, 19]; see also the papers [26, 23] where,
under certain assumptions on the drifts, the authors are additionally able to establish
convergence of the particle system, as well as develop numerical schemes with explicit
rates of convergence. Finally, let us mention the remarkable work [42] for existence
and uniqueness results, in the presence of y-dependent ¥, under yet another set of
assumptions.

Here we do not follow any of the aforementioned approaches, instead we derive
existence and uniqueness results for (3.1) by readapting the strategy from [11], based on
the use of stability estimates in negative Sobolev spaces and Wasserstein distances. Our
assumptions cover the basic convolutional case B(z, ) = b * u (cf. Corollary 3.5), but
also allow for ¥ to depend on p, as well as a more general abstract class of coefficients
B and ¥ with nonlinear dependence on u (cf. Assumption 3.1).

In the following, given a separable Banach space E, we denote by P(F) the set of
probability measures on F and by W,,, the associated m-Wasserstein distance, namely

W) = mf{( [l — g wtanap) " e H(/w)}

where II(u, v) C P(E x E) denotes the set of couplings of (i, v). We refer to [36] for a
complete survey on the properties of W,,,; let us only recall that W,,, (i, v) < W, (1, v)
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whenever m < m and that for any m € [1,00), p,v € P(E) there exists an optimal
coupling for W,, (i, v), which can be realised as a pair of E-valued random variables
(Y, Z) such that £(Y) = u, £(Z) = v and W,,,(u,v) = E[||Y — Z||2]*/™. We will mainly
consider E as the path space C7 := C([0,T]; R?) or E = R

We are now ready to introduce our assumptions on the coefficients B, .

Assumption 3.1. There exist py, ps € (d,00), m € [1,00) and C > 0 such that the maps
B:[0,T] x R x P(Cr) — R4, £ :[0,T] x R¢ x P(Cr) — R¥*4 satisfy the following:

D) ||Be(-, )l ppr < C,
P(Cr).

Bi(-s 1) = Be(5v)lyy—100 < C Wi (p,v) forallt € [0,T], p,v €

i) Hvzt('yﬂ)”LZ"‘ <dC,
P(Cr).

Si(opm) = e v)|[ppe < CWyp(p,v) forall t € [0,7], p,v €

i) C7YEP? < |2(t, 2, p) €2 < C|¢|? forall ¢ € RY, t € [0,T], » € R? and pu € P(Cr).

Under Assumption 3.1, one can give meaning to equation (3.1) as follows: given a
continuous adapted process Y, we can define y; = £(Y') and then

by () := By(w, i), of () = Se(, pe); (3.2)

it can be readily checked that (b¥, ") satisfy Assumption 1.1 3, thus the associated SDE
is wellposed. We then define X to be a solution to (3.1) if and only if it is a solution to the
SDE associated to (bX,o%X); the concepts of strong existence, pathwise uniqueness and
uniqueness in law for (3.1) can then be readapted similarly. Let us finally recall that, as
usual for McKean-Vlasov SDEs, we will consider the initial datum X, to be random and
independent of IW; depending on how one wants to formulate it, the data of the problem
can then be considered equivalently (X, B, %) or (uo, B, X), where po = L(X)p).

Theorem 3.2. Let B, ¥ satisfy Assumption 3.1 for some m € [1,00). Then for any
wo € Pm(RY) strong existence, pathwise uniqueness and uniqueness in law holds for
the SDE (3.1). A similar statement holds for the Stratonovich version of (3.1), i.e. with
S¢(Xt, ) AWy replaced by ¥ (X, pe) o dW;.

Proof. We give the proof in the It6 case, the Stratonovich one being identical (up to
applying Corollary 2.13 in place of Theorem 1.2). Standard arguments involving the
structure of eq. (3.1) (see for instance [10, Propositions 3.5-3.7]) allow to show that
any weak solution is a strong one and that pathwise uniqueness implies uniqueness in
law; thus our task is reduced to show existence and uniqueness among strong solutions.
Consider the filtration 7 = (F;):c[0,7] generated by (Xo, W) and let E be the space of
continuous, F-adapted paths Y € L]'Cr, endowed with the metric

1/m
dg(Y,Z) := sup e~ M E{sup |Ys — Zg|™ = sup e~ ||Y_t — Z_t||LZLCT
te[0,T) s<t t€[0,T]

for a suitable A > 0 to be chosen later; define a map Z from FE to itself, which to a
given process Y associates the unique strong solution Z(Y) to the SDE associated to
(Xo,bY,0Y). It is then clear that X is a solution to (3.1) if and only if X = Z(X) and that
our task is reduced to showing that 7 is a contraction on (F, d), for suitable choice of
A. To this end, let us fix a parameter ¢ € (2, c0) sufficiently large so that 4/q + d/p1 < 1,

3Since Vo € LE for some p > d, Morrey’s inequality implies that it is a-Hélder in space for o = 1 — d/p,
uniformly in time; thus conditions concerning the modulus of continuity of X are automatically satisfied.

EJP 28 (2023), paper 24. https://www.imstat.org/ejp
Page 15/31


https://doi.org/10.1214/23-EJP913
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Stability estimates

2/q+ d/pa2 < 1; then by estimate (1.3) for the choice (po, §2) = (p2, ¢) and Assumption 3.1,
for any ¢ € [0, 7] it holds

12O = Z(2) N ipor ST =670y v + 0™ =07l Tg e

t
S / Wi (L(Y2), £(Z7)) ds
0
t
5/ e dp(Y,Z2)ds < A Lertdp(Y, 2);
0

overall, this implies the existence of another constant C' > 0 such that
de(Z(Y),Z(2)) < CA"Ydg(Y, 2),
which implies contractivity of Z once we choose A large enough. O

We now pass to provide sufficient conditions for Assumption 3.1 in a practical case of
interest, given by convolutional drifts; in particular here we take u; = £(X;) € P(R9)
and consider maps B, > with linear dependence on p by means of a convolution.

Lemma 3.3. Forany p € [1,00], f € L? and g such that Vg € L2, it holds
1f* (=) lyre S U2 Wilsv), Ng* (w=v)llzz S IValeWilp,v) ¥ p,v e P(RY).

Proof. Let us first prove the claim for g. Recall the basic fact that, for any h; € R?, it
holds
lg(-+h1) = g(- + h2)llz < [ Vgllrz|ha — hal.

Let (Y, Z) be an optimal coupling for (4, v), then by definition of convolution it holds
lg* (u =)y = ||Blg(- = Y) = g(- = 2| .» E[llg(- =Y) = g(- = 2)||z]
<|IVgllz B[IY = Z|] = [IVgllz Wi(p,v).

The case of f then follows from a duality argument. Observe that (f * (u —v), g) = (f, g *
(it — D)), where fi(A) = u(—A) is the reflection of y; it is clear that Wy (i1, 7) = Wy (u, v),
therefore

[(F (=)l < fllezllg * (B =)o < W ez llgllyy e Walp, v),

—

which yields the conclusion by taking the supremum over all g € W}?" with ||g||
1.

wa?
Lemma 3.4. Let o satisfy conditions (H{)-(Hg) from Assumption 1.1 with g3 = 00, p2 > d
and constant K and let 7 : [0, T] x R? — R¥*4 satisfy

Vre LELP2, sup|m(z)| < (1—8)K1/?
t

L

for some § € (0,1). Then X;(x, u) := o¢(x) — (7 * p)(x) satisfies conditions ii)-iii) from
Assumption 3.1.

Proof. By standard properties of convolution, for any p € P(R) it holds
IV (% )l gz < [9mllpze < (9]l oo 22,

which immediately implies a uniform bound on [[VX;(-, u)||;»2; a similar argument shows
uniform boundedness of ¥;(x, ). By our assumptions and triangular inequality, it holds

|Se(, w€] 2 loe(@)€] = |lm * e, €] = low(@)€] = |Imllzg €] = 6K /(¢

which shows uniform ellipticity. O
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Combining Lemma 3.3 and Lemma 3.4 immediately implies the following

Corollary 3.5. Let b € L{°LP for some p; € (d,o0) and let (o, ) satisfy the hypothesis
of Lemma 3.4; consider

Bt(Xt,E(Xt)) = (bf * [,(Xf))(Xt), Zt(Xta ,C(Xt)) = Ut(Xt) — (7Tt * E(Xt))(Xt)

Then strong wellposedness holds for the associated McKean-Vlasov SDE (3.1).

Remark 3.6. It is clear that other variants of Theorem 3.2 are allowed; for instance
Assumption 3.1-i) can be modified by requiring the existence of parameters (g1, p1)
satisfying 4/q; + d/p; < 1 and a function ¢ € L{* such that

HBt('aM)HLZl <l, |Be(,p) — Bt(',V)HW;Lm <l W ().

In the style of Remark 2.14, one could also formulate a condition on B involving W_*P*-
norms for other values v € [0,1], although the choice v = 1 is natural in view of
Lemma 3.3.

Remark 3.7. Unfortunately, our result in general does not cover the choice X (z, ) :=
(ot * p)(x); the problem is that, even if o is uniformly elliptic, the same doesn’t need
to hold for o * p, as cancellations might happen inside the convolution. This difficulty
can be overcome under more information on o; for instance if o;(z) = v:(z)A, where
7 :[0,T] x R = R and A is a fixed, uniformly elliptic R**¢ matrix, then the continuity
and uniform ellipticity requirements on ¢ imply that v;(z) > ¢ > 0 (or % (z) < =6 < 0,
which doesn’t change the analysis). Due to the positivity of x, we then find

(o0 )" (2)€] = |ye * p(@)||A%E| = 6] A7E],

showing again uniform ellipticity of ¥;(z, u) = (o * p)(x).

Remark 3.8. Other examples of B and ¥, satisfying conditions similar to Assumption 3.1,
are discussed in [11, Section 2.1]. Among them let us mention the case of dependence
on statistics of y, e.g. Bi(z,p) = bz — (¢, p)) where (¢, p) = [ ¢(w)u(dw) and
¢ : Cr — R? is a uniformly Lipschitz map. Indeed, by properties of translations in
Sobolev spaces and Kantorovich-Rubinstein duality, it holds

16:(- = (D 1)) = be (- = (D, D)y S bell 2 (D 10— )] S M0l 22 M1 2ip W (1, ).

3.2 Strong compactness of solutions to singular SDEs

We show here that, under quite minimal assumptions, the solutions to SDEs of the
form (1.1), driven by the same reference Brownian motion W, form a compact set in
the strong topology of L' Cr. This is much stronger than standard tightness results for
L(X).

Throughout this section we will assume for simplicity Xy = 2 € R? to be deterministic
and fixed, so the dependence of the solution on it will not appear in the sequel. Given
a pair (b, o) satisfying Assumption 1.1, we denote by X% the associated solution to
the It6 SDE (1.1) with initial condition z; similarly, X?° denotes the solution to the
corresponding Stratonovich SDE.

We start by dealing with autonomous drift and diffusion; thus we fix some parameters
p1,p2 € (d,00) corresponding to b € LP1, Vo € LP2. 4
Theorem 3.9. Consider a family of coefficients A C {(b,0) : b€ L', 0 € L;°, Vo € LP?}
satisfying Assumption 1.1 in a uniform way; namely, there exist constants M, K > 0 such

4As in Section 3.1, Vo € LE? imples ¢ being globally Hélder, so that we can drop assumption (HJ) and the
dependence on a modulus of continuity A.
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that for all (b,o) € A it holds ||b|| ;r1 + ||o||Le + | Vo[ r2 < M and |o*¢| > K~ |¢]? for all
¢ € R?. Then the families {X"° : (b,0) € A} and {X"° : (b,0) € A} are precompact in
L"Crp, for allm € [1,00).

Proof. We focus on the It0 case, the Stratonovich one being almost identical up to
applying Corollary 2.13 instead of Theorem 1.2. By well-known results concerning the
SDE (1.1) and our assumptions, the solutions X b satisfy uniform moment estimates,
namely for all m € [1,00) it holds sup, ,yc 4 | X7 ||zmcr < oo; thus it suffices to show
precompactness w.r.t. convergence in probability.

Given any sequence (b",0"),, C A, by the assumptions and weak compactness we can
extract a (not relabelled) subsequence such that b converge weakly in L' to some b and
o" converge weakly-* in L° to some o, with the additional property that Vo™ converge
weakly to Vo in LP2. We claim that X b".c" converge in probability to X, which yields
the conclusion in the Ito0 case.

From now on we will adopt the shorter notation X = X®"-?", X = X% To show the
claim, let us fix some 0 > 0 and choose R > 0 large enough so that P(|| X"|lc, > R) <,
P(||X|lc, > R) < d, which is possible by the uniform moment estimates; next, let us
choose ¢ € Cg° such that ¢ = 1 on B and ¢ = 0 on the complement of Br;, where
Bg :={z € R%: |z| < R}. Denote by X" the solutions associated to (1/b",1c™), similarly
X. Clearly ¥b" converge weakly to b, which together with the compact embedding
LPr W;llo"fl and the presence of the cutoff ¢ implies ||¢b" — 1/)bHW;1,p1 —0asn — oo;
similarly [[¢0™ — 40| »= — 0, as the sequence {¢0"}, is compact in L2 by Rellich-
Kondrachov theorem and it is weakly converging to 1)o. By Theorem 1.2 we then deduce
that X™ — X in L™Cyr. On the other hand, by construction X™ and X" coincide as long
as X" do not get outside Bp, similarly for X, thus we obtain

n

lim P(| X" — X|| >¢€) < lim P(||X"| > R) + P(]| X|| > R) +IP(||)_(" — )_(|| > €)
n— o0 n—o0
<25+ lim P(|X" — X|| > ¢) = 24.
n— oo

By the arbitrariness of § > 0, the conclusion follows. O

In the case of time-dependent coefficients, we cannot go through the same proof,
since local compactness in weak topologies is not obvious anymore; however, under mild
additional time regularity assumptions, we can invoke the partial compactness results
from [32, Section 9]. In the next statement, we fix (p1,q1) € J1 and consider g2 = oo,
P2 € (d, OO)

Corollary 3.10. Consider a family A C {(b,0) : b € L{'L?*, 0 € LS, Vo € LLP}
with the following property: there exist some parameters s > 0 and N € N, as well as
constants M, K > 0 such that for all (b,0) € A it holds ®

B0l 221 + Wllgrsgyvon + l0llzs, + 190l s gz + ey vrs < M

and |o*¢| > K~ '¢|? for all ¢ € R?. Then the families {X"? : (b,0) € A} and {X®° :
(b,0) € A} are precompact in L™ Cr, for all m € [1,0).

Proof. Introducing the cutoff ¢ as in the proof of Theorem 3.9, we can always assume
(b,0) to be compactly supported on Bp; thus the only relevant issue is to show the

5Here we follow the notation from [32]; for a Banach space E, the space Wts’lE = W#*1(0,T; E) is defined
as the set of integrable functions f : [0,7] — E such that

i N ”fr _fu”E
1ot g = Ullzrs + Ul < o0, where [f]y1, = /WP e drdu
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existence of a subsequence (b",0") converging to (b,0) in a suitable weak topology,
which still has to be strong enough in order for our stability estimates to apply. For
any 3 > 0, we can apply [32, Corollary 7] for the choice X = LP!, B = W, #?2 and
Y = W #=Nr2 to deduce the existence of a subsequence such that " — b in Lgl W hr
for any ¢; < q1, where b € LY LP*; similarly c™ — ¢ in Lt‘bLf{? for any g2 < oo, where o
still satisfies the same bounds as the elements from A. In particular, the SDE associated
to (b, o) is well defined, with solution X®7. Since (p1,¢:) € Ji and p, > d, we can always
find Gi1, ¢» and § satisfying the above and such that additionally 5 < 1—2/q1, (G1,p1) € I3
and (G2, p2) € J1, which by the stability estimate (2.22) implies X*»°» — X® and thus
the conclusion in the Ito6 case.

The reasoning for Stratonovich SDEs is almost identical, but we give some additional
details since we haven’t precisely stated a version of (2.22) in this case. By rewriting
the SDE in the corresponding It6 form, it suffices to verify that ¢” - Vo™ converge
strongly to ¢ - Vo in suitable topologies; by [32, Corollary 7], we can show ¢” — ¢ in
LE2WPEr2 for any < 1, thus Vo — Vo in L2WF~1»> and by (2.17) we can deduce
that o™ - Vo™ — 0 - Vo in L?Q/QWQCB*LW. As the argument holds for any ¢; < co and any
B < 1 and by assumption p, > d, we can always choose such parameters in a way that
(G2/2,p2) € J1—p, yielding the conclusion again by an application of (2.22). O

Remark 3.11. We conjecture that the time regularity condition, in the form of a uniform
bound in W:JW; N:p, is not needed in order to derive the strong compactness result
of Corollary 3.10. In order to avoid it, one would need a stability estimate where the
difference of the drifts is measured in a negative norm of both time and space, e.g.
bt — b2||Wt_s,q1W_ﬂ,m. In this direction, let us mention that it is possible to obtain
estimates for integrals of the form ft fr(X,) dr, by means of nonlinear Young integrals (cf.
[5, 14]), for instance when f € C, 7C! for v < 1/2; combining this result with Lemma 2.5,
giving instead estimates when f has positive regulartiy in time but negative in space,
and interpolation techniques, there is some hope to achieve estimates for f enjoying
(possibly very small) negative regularity in both variables. We leave this problem for
future investigations.

3.3 Improved Wong-Zakai theorem

In this section we apply our stability results in the context of Wong-Zakai approxi-
mation of singular SDEs. The main difficulty lies in the fact that, due to the singularity
of the drift b, the SDE associated to a smooth approximation W™ in place of W does
not need to be wellposed, making even the correct formulation of the result unclear. To
overcome this difficulty, we follow the strategy introduced in [27], based on first replac-
ing the coefficients (b, o) by some smooth approximations of them and then applying
the Wong-Zakai result therein; one thus needs to control the overall error committed in
this two-step approximation. Compared to [27], we improve the result from by not only
allowing b to be singular, but also considering o only Sobolev differentiable and not C2.

We start by introduction some basic notations and conventions for this section.

For simplicity, here we will only consider autonomous coefficients (b, o) satisfying
Assumption 1.1, as well as deterministic initial data =, € R?. We always work on the
Wiener space (Q, P, F, (F;);>0), that is to say, Q := {w € C([0,00), R?) : w(0) = 0}, P is
the Wiener measure defined on the Borel g-algebra F of Q, Wi(w) := w(t),t > 0is a
Wiener process and (F;):>¢ is the filtration generated by (W,);>o.

We shall consider the following class of approximations:

Definition 3.12. [18, VI. Definition 7.1] By an approximation of the Wiener process
(Wt)te[O,T], we mean a family {W"},,>o of d-dimensional continuous processes defined
on the Wiener space (Q,P,F, (F;);>0) such that
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(1) foreveryw € Q,t — W/ (w) is continuous and piecewise continuously differentiable;
(2) W§(w) is Fy,,-measurable and EW§ = 0;

(3) Wity n(w) = Wi (0k/nw) +w(k/n), for every k € N, t > 0 and w € 2, where 0, is the
shift operator defined by (0;w)(s) = w(t + s) — w(t);

(4) there exists a positive constant C' such that
1/n 6
E[|W§°] < Cn7?, E(/ WS ds) <Cn73
0

From [18, VI. Section 7] we know that for such a approximation sequence W" we
have

lim E[ sup Wt—thﬂ =0

n—oo 0<t<T

for every T > 0. We further introduce the following notations for ¢ > 0 and i,5 €

{1,...,d}:

sii(t) = sij(t,n) =

1 Lo .
%E[/O (stiWS:j_WS,iWs,i)ds] (3.3)

and
cii(t) = cij(t,n) / - W, )ds] (3.4)

Notice that s(t,n) is a skew-symmetric d x d-matrix for each ¢ and n, i.e. s;;(t,n) =
—s;i(t,n). In order to control the convergence rate of the solutions X" driven by W” to
X driven by W, we will impose the following:

Assumption 3.13. There exists a skew-symmetric d x d-matrix s and a rate function f,
such that

|sii(n™h) = s3] < S, lim f, =0, dj=1,....d

Under Assumption 3.13, we define
1 .
Cij = Sij +§6’LJ’ )= 11 7d~ (35)

Correspondingly, for any pair of functions ¢, : R¢ — R%*? sufficiently regular, we
define a vector field ¢ : ¢ - V¢ : R — R% componentwise by

d

( @ VUJ Z cij ea(x)Obju(z) Yek=1,...,d

The next result gives us the dependence between the convergence rate of X" to X
and the coefficients b, o; it is just a useful rewriting of [18, VI. Theorem 7.2], making
explicitly the dependence on the coefficients (b, c) and the rate of convergence. For
more details on its derivation, we refer the interested reader to Appendix A.

awr
ds

S =
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Theorem 3.14 (Wong-Zakai). Letb € C}, o0 € C2? and (W"),,>1 be an approximation of
W, in the sense of Definition 3.12, satisfying Assumption 3.13. Consider the SDEs

t
Xt—:r:O—I—/b ds+/ o(X S)dWS—I—/(c:U-VU)(XS)dS,
0
and
t t
Xt”:xo+/ b(X:)der/ o(XH)dw?.
0 0

Then for each T > 0 there exists a constant C' such that

IE[st]uxf—)cwﬂ < exp (C(1+ b2, + olléy + ol oll2s) ) (f2 +n78), (3.6)
tel0,T

where f, i
andn.’

In order to control the error we commit by applying Theorem 3.14 at the level of
smooth approximations of our coefficients, we introduce the following classes for b and
g.

Definition 3.15. Let b € L?! for some p; € (d,00), p1 > 2, and r € [0,00) — [0,00) be an
increasing function. For a sequence (b"),>1 of continuous functions b": R? — R?, we
write (b™),>1 € A(b,p1,7) if:

(i) b € CL,
(i) ||b—b"|| ;1 — 0 asn — oo,
(iii) [[b"lcy < r(n)[bl| e

Definition 3.16. Let ps € (d, ), p2 > 2, and let o satisfy condition (H{) from Assump-
tion 1.1 with constant K, Vo € LP?; letr € [0,00) — [0, 00) be an increasing function. For
a sequence (0"),>1 of regular functions o™ : R — RY, we write (6"),>1 € A(c, pa2,7)
if:

(i) o™ satisfy condition (H{) with the same constant K, uniformly in n,
(i) o™ € C2,
(iii) |[c — ™| r2 — 0 @asn — oo,
(i) suppen Vo™ 122 < o0 and lo" |2, + Ko™ oz < r(n) o]l 2.

We are now ready to state our result.
Theorem 3.17. Let (p1,p2) € (d,00)?, p; > 2, and let b € L1, o satisfy condition (HJ) in

Assumption 1.1 and Vo € LP2. Assume further that (W"™),>1 is an approximation of W,
in the sense of Definition 3.12, satisfying Assumption 3.13. Let X be the solution to

t
Xt—xo—l—/ b(X ds—|—/ o s)de—&—/ (c:0-Vo)(X,)ds (3.7)
0

for ¢ as defined in (3.5). Let (b"),>1 € A(b, p1,7), (6™)n>1 € A(o, p2,r) be approximation
sequences for b and o such that

lim_exp (Cr(m)(Jbll3y + lol3,)) (f2 +n71/%) =0, (3.8)

n—oo

71t is claimed in [27, Theorem 3.9] that the resulting error in (3.6) is f,% + n—1t€, where € can be chosen
arbitrarily small; unfortunately this is not the case, as there are other error terms of the form n~¢ which
become too slow if € is chosen too small. For more details, see Appendix A.
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where C' is the constant appearing in (3.6) and f,, is given in Assumption 3.13. Then we
have

lim E[ sup | X, —Xt"|2] =0, (3.9)

n—oo 0<t<T

where (X]')¢>0 is the solution to the equation
t t )
XP =20+ / b (X™) ds + / o (XMW ds.
0 0

Proof. Observe that, under our assumptions, c: o - Vo € LP?, therefore the SDE (3.7) is
well-posed (either by [37] or the facts recalled in Section 2.1). Let X, ; be the solution
to

t t t
Xt = To +/ b (Xom,s)ds —|—/ 0" (Xm,s) AW —|—/ (c:0™-Vo™)(Xm,s)ds.
0 0 0
By Theorem 3.14, we know that for any m > 1 it holds

E[ sup X —X,’fmﬂ
0<t<T

S exp (CUW™ 12y + lolley + otz o™ [22)) (/2 +n /%)
S exp (Cr(m)(bl3; + lol3)) (£2 +n71/%),

where C' is independent of m and n and X} , is the solution to

t t
X+ = %o —|—/ bm(X,’,LLS) ds —|—/ Um(X%,S)Wf ds.
0 0
By choosing m = n and using the condition (3.8), we obtain

lim E{ sup | X, —X27t|2} =0.

n—oo  Lo<i<T
On the other hand, arguing similarly to the proof of Corollary 2.13, using the estimates
lle: (@™ =) - Vo™ || o2 S ll0™ = ollppzllo™ || pr2 S llo™ — ol 122,
lle:o- V(o™ =0)lly-1re SIV(E™ = 0)llyy-rr2(lollie + ([ Vollpze) S llo™ —ollre,
it is not difficult to show that

B[ sup X, — Xuo| S b= 0" 120 +llo = 02
0<t<T * ®

Overall we obtain

B[ sup X, = X722 S b= "2 + llo = 0" |2 + B[ sup |Xn, — X;, %]
0<t<T * ® 0<t<T

which implies (3.9) by letting n — oo. O

3.4 Other applications of stability estimates in the literature

We briefly discuss here two further examples of implicit applications of the stability
estimates from Proposition 2.12 in the literature. In this case we do not provide any new
results, yet we believe that highlighting this step makes the arguments from the papers
[25] and [13] clearer.
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3.4.1 Euler-Maruyama schemes for singular SDEs

Similarly to Section 3.3, when dealing with singular drifts one cannot try to simulate
the solution to the SDE directly, as the unboundedness of b can be a major source of
errors. Again, one can circumvent this problem by introducing a two step approximation,
based on first mollifying b, and then applying an Euler-Maruyama scheme to the SDE
with approximate drift b". This idea has seen precursors in [20], in the study of weak
error rates for integrable drifts, and in [6], in the one-dimensional setting with b only
enjoying some negative Holder regularity. Here we follow the recent work [25], which
studied the strong error in the general multidimensional setting, with (b, o) satisfying
Assumption 1.1; therein this two-step approximation was directly unified in a unique way
and thus stability estimates were only used in a very implicit way.

Let (b, o) satisfy Assumption 1.1 and X be the solution to (1.1); there are two different
(yet similar) ways one can proceed.

On one hand, given a sequence of smooth bounded approximations (b"),, of b, one
can introduce the solution X" associated to (b, o) and then apply the Euler-Maruyama
scheme of step n to (b",0), yielding a numerical approximation Xmn, the overall error
splits into e = e! + e2, associated respectively to X” — X" and X" — X™", The first
error e' can be estimated by means of either Theorem 1.2 or the more refined estimates
from Section 2.3 and yields a quantity in the style of w,, as defined in [25]. The error es
instead is the purely numerical one, which has to be treated by different techniques and
will result in a polynomial decay rate n~“. Alternatively, one can proceed more directly
as in [25] and, given the approximations ("), compare X to the solutions X" to

AX] = U (XE ) dt+ oe(X] ) dWs,  X"emg = X, (3.10)

where k,(t) = |tn]/n, |-] denoting the integer part. For fixed n € IN, we are in the setting
of Proposition 2.12 by considering Y; := X', corresponding to (2.9) for the choice

Rtl = b?(Xl?"(t)) — b (X["), R? = Ut(XI?,L(t)) — o (X{).

Assuming for the moment that (Y, R, R?) satisfy Assumption 2.10, an application of
Proposition 2.12 then yields

H sup |X; — X7
t€[0,T]

S X0 = Xy + | sup |V
Ly t€[0,T]

)
moy
L w

for V as defined in (2.10). By our assumptions, the properties of v« and martingale
inequalities, it is easy to deduce that

T
sl <1 [ 0 =visral .+ [ -l
Hte[0T| Moy ) Lo 0 (b (X7") = B (X, 1)) Lo
+ H/O [(00(X7) = ou(XE ()1 D?ur (X7 dt‘ .
T n " ) 1/2
L 1o - )
(3.11)

Again, the first term gives rise to the approximation error e' related to w,, while all
the others are numerical errors producing a decay n~¢. This is the point where the fine
analysis on the properties of the process X" conducted in [25, Section 5], also based
on novel tools like stochastic sewing techniques, must kick in. The same kind of results
in fact verify that (Y, R, R?) verify Assumption 2.10, see for instance Theorem 5.1 and
Lemma 5.14 from [25].
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Nonetheless, we find it important to stress how reaching an estimate of the form (3.11)
can be performed in the framework of well established SDE tools and do not need any
substantially new techniques.

3.4.2 Interacting particle systems

We now set ourselves in the setting of [13], which studied the propagation of chaos for

interacting particle systems with singular kernel of Krylov-Rockner type. Therein again

Proposition 2.12 was applied, although implicitly; we make this point clear as follows.
For any N € IN, consider the interacting particle system

N
. . . ) 1
AXN = By(XN Ny dt 4 oo (XN awy, Y ;:NZ(thN,i Vi=1,---,N, (3.12)
i=1

where X' = ¢ for some i.i.d. {¢'};cw, {W'}iew are independent Brownian motions, o
satisfies properties (H{) — (H$) from Assumption 1.1 and B is of the form considered
in [13]. As N — oo, each particle X" of system (3.12) is expected to converge to an
independent copy of the associated McKean-Vlasov SDE

dX] = By(X* pg) dt + oo (X)) AW,y = L(X)), (3.13)

a property which is usually referred to as propagation of chaos; in [13] the authors show
that such convergence holds in a strong sense, for suitable singular B, see Assumption
(H)® therein.

To explain how their techniques are related to ours, let us first recall some basic
facts. Under (H)?, equation (3.13) is wellposed and the associated drift b}’ () := B;(z, )
satisfies an L{'LP* integrability condition 8. Moreover by exchangeability of (3.12), it
suffices to show convergence for i = 1. Finally, by setting X' =Y and

Rtl = Bt(XtNl'lauiv) _béL(XIZVJ% Rt2 =0,

we are in the setting of Proposition 2.12. The triple (Y, R!, R?) satisfies Assumption 2.10
thanks to an application of the partial Girsanov transform, cf. [13, Lemma 5.3 (ii)];
observe that X" is measurable w.r.t. to the filtration generated by {¢!, W} |, which
is covered by Assumption 2.10-iii) by taking W = (¢, W?)N,. ® Therefore by Proposi-
tion 2.12 and the usual properties of © we deduce that

T
| sup gt x| s [ moe ) - v
t€[0,T7] Ly 0

my
L w

The convergence of the quantity on the r.h.s. to 0 as N — oo is established in [13,
Lemma 6.1] for m~y = 2 (but the other cases follow similarly), which yields the desired
propagation of chaos property.

Let us point out two interesting facts coming from our analysis:

i) In order to apply our stability results, although some key information on the
processes X V' is needed, the main requirement is the regularity of b*. This can be
better than the one of the original B, especially in the case of convolutional drifts
Bi(z, 1) = (¢¢ * p)(x), thus there is hope to establish such results also in cases
where ¢ does not satisfy the Krylov—-Rockner condition, but b* does.

8Actually, the authors in [13] use the local spaces L;“ LP1, but at the level of exposition this doesn’t change
much.

9This is indeed the only point in this paper where we need to use Assumption 2.10-iii) in its full generality,
and the main reason for its abstract formulation.
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ii) We took ¢ measure independent as in [13], but this doesn’t really play a role in
our analysis; thus it might be possible to extend several result to the p-dependent
diffusion as well. The key problem would then be to establish some analogue of
[13, Lemma 6.1] in this setting.

A More details on the proof of Theorem 3.14

In this appendix, we follow carefully the proof of [18, VI. Theorem 7.2] in order
to indicate the precise dependence on the regularity of the coefficients (b, o) and the
resulting convergence as stated it Theorem 3.14.

It will be convenient in several passages to keep the same notations as in [18], based
on the use of a parameter § < 1 and a function N(4) : (0,1] — IN satisfying the hypothesis
of [18, VI. Lemma 7.1], so let us explain shortly how it translates into our framework.
The parameter § corresponds to n~!, while the function N(4) is given by N(§) := [6</4|
for a suitable parameter € € (0, 1) to be chosen later on. Observe that by construction,
for any € € (0,1) it holds

lim N(§)*6 =0, lim N(J) = +oc. (A1)

5—0t d—0
For such choice of N(§), we set § := N(§)d and
[s]7(0) = (k+1)5, [s]7(0)=kd if kd<s<(k+1)d.

Several terms, previously indexed over n in Section 3.3, will now be indexed over
5, e.g. we will write X°, W°, fs and s(t,6) in place of X", W™, f, and s(t,n) Finally,
throughout this appendix we will adopt the convention that, whenever the symbol <
appears in the estimates, the hidden constant may depend on 7', max;; |¢;;| or d, but no
other parameters.

Before going to the actual proof of Theorem 3.14, we need to collect a few basic
observations coming from that of [18, VI. Lemma 7.1]. Therein it is shown that, for any
k € NN, it holds

kds”(k& 5) = k587;j ((5, 5)

and moreover that

_
" ks

for the choice k = N (¢), this readily implies the estimate

1
5i(6,0) — cij(ko,6) + 55@' E[Wg,i(o)wk&j - Wg,’iWés’j]; (A.2)

Nl=

555(6,6) = 15 (3,8) + 50| < 5520 + 8] S M),
which combined with Assumption 3.13 implies
Jeij (0,8) — ey S f3 + N(O) " (A.3)
We can now proceed with the
Proof of Theorem 3.14. First by [18, VI. 7 (7.47)], for every s < t we have

t
X3 — X0 < |[blloo(t — 5) + [lo]loc / W9 ds. (A4)

Asin [18, VI. 7 (7.48)], we decompose X" — X into the following four terms:

X% — Xy := Hi(t) + Ha(t) + Hs(t) + Hy(t), (A.5)
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t i t
H,(t) :/ ~ U(Xg)dwj—/ i a(XS)dWS—/ (c:0-Vo)(Xs)ds,
[t]=(3) [t]=(3) [t]-(5)

[t~ (%) [t)7(5) [t)7(5)
Hz(t):/ o—(Xg)de—/ a(XS)dWS—[ (c:0-Vo)(X,)ds,
é 5 5

§ § §
H3(t):/0 o—(Xg)de—/O U(Xs)dWS—/O (c:0-Vo)(X,)ds

and

H4(t):/Otb(Xf)ds—/Otb(Xs)ds.

Easily observe that
T
B[ sup |Hi(0)P] < ||Vb||§o/ E[|IX° — X,[2]ds. (A.6)
0<t<T 0

We rewrite
Hq(t) = H11(t) — Hi2(t) — His(t).

Following from [18, VI. 7 (7.54)] we get

E| sup |Hi(t)?] < [lo- Vo2 N(6)%5?,
0<t<T

and [18, VI. 7 (7.55)] gives us

E| sup [Hu(t)P] S lol% N(6)? 6%,
0<t<T

Note that

t

Hiz = o(Xpy-5) (Wi = Wiy 5)) +/

[] - [O’(XS) — O'(X[t]_(g))] dWs = lel(t) + leg(t).
t]=(9)

Then [18, VI. 7 (7.56)] yields

E| sup |[Hin(0)] S lloll2 N(2)? o
0<t<T

and [18, VI. 7 (7.57)] implies

B[ swp [Hioa(0)?] S Vol (ol + 10125,
0<t<T

where inside these passages we used the inequality
E[|X:(z) —2*] < lloll5 s + [Ibll5 s™.
Putting all these estimates together we get

B[ sup [Hi(O]2] S (1+ loliE; + Ibl%) N(6)? ot (A7)
0<t<T *

Since |H3| < SUPo<¢<T |H1(t)

’

3 .1
E[ sup |H3(t)|2] gE[ sup |H1(t)|2] < (14 [loflLs + |[p|%) N(5)% 63 (A.8)
0<t<T 0<t<T ¢
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We are only left with estimating H>. By integration by parts, we have

(k+1)5 ) 5 5 5 é
| o awE (X s - W
(k+1)6 )
+ /k . Vo (X)o(XOW, +b(X)] - Wiy p)5 — Wislds
Also
Ji(k) =0 (X5 5) W5 — Wig) + [0(X35) = o (X5 )l (Wi 105 = Wip)
+ U(X;zS—&)(W(ékH)S - W(k+1)8) + U(X,fg_(;)(wkg - W,fg)
= Jll(k) + Jlg(k') + Jlg(k) + J14(k)
Write
Hy(t) = Ii(t) + I2(t) + I3(t) + La(t) + I5(?)
where
mH 1 1 ()
Lty = > Juk)+ / o(X,) dWs,
k=1 8
with m(t) defined by m(t) := [t/4], and
m(t)—1
Lty= Y Ju(k), i=234,
k=1
m(t)—1 O]
It)= Y Ja(k) - / (c:0-Vo)(X,)ds.
k=1 8

From [18, VI. 7 (7.63)] we have

T
E[ swp [0(0)] <1190 / EIX] - X,?)ds + (lo|% + [bI%) N(5)*8

0<

and [18, VI. 7 (7.64)] shows

E| swp |L(#)P] S [Voli N (o)™

0<t<T

[18, VI. 7 (7.65), (7.66)] give us

E[ sup |I(t)F] + B[ sup [L(t)F] S o]l N@) ™"
0<t<T 0<t<T

For I5 we rewrite

I5(t) = 151(t) + I52(t) + Isg(f) + I54(t) + 155(15)

with
U N G L
é 6 770 6 6
Lyw= > / > [(Gadiojn)(X{) = (Gudion) (X)W Wi, 15, — Wejlds,
k=1 7ko ilj=1
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m(t)—1 (k+1)5 d

h
1B Z/k S (dho)(XDIWE, 5, — W ds

7, l=1
m) -1 . (k+1)§ d

L0 =3 /ks Y (oudon) (X5 W (WE 15, — W) —cig(8,0)] ds
k=1 “k ilj=1

" m()—-1  (k+1)5 d

W= / Y lloudio) (X) ~ (udho ) (X)) ds.
k=1 i,0,7=1

m(t)—1

d
19t Z Z [S(oadion)(XP5) — cijl.

First we get from [18, VI. 7 (7.67)]

B s 0] £ 3 lo- Vol (os(G.0) -

0<t<T ij—=1

and by [18, VI. 7 (7.68)]
T
E[ sup i) S 190 Vo)l [ [ BIX2 - XP)ds + (ol + [ N 673
0<t<T 0

Furthermore by [18, VI. 7 (7.69)]

B[ sup 1152(0F] S 1b- Vollz V(@)%

and for I5; [18, VI. 7 (7.70)] yields

B[ swp (5 (0F] 5 (lol% + b1 N(3)*s

0<t<

[18, VI. 7 (7.71)] shows that

d

B[ sup [Ts()P] < ol (NG5 + (3 N(&)™'eij(5.6)° + N (&)™),

ost= i.j=1

for ¢;; defined by
¢;;(8,8) := N(6) ci(N(8)3,8) — (N(8) — Des; (N(8) — 1)6,6);
Applying identity (A.2) for the choices k = N(§), k = N(§) — 1, one can see that
1w % _ 1 o
‘N((S) 101-]-(5, 6)| = ‘N((S) 1 {Sij(& 5) + 551']} — (5) 1E[W06,i (WN((;)(;’J’ - W(N(é)fl)é,j)} ’
SNG) T+ (5) 16287 = N(5) L.
Therefore
E| sup |lss(t)] S lloll% (V(6)*6 + N(8) 7).
0<t<T

Collecting all the terms related to /5 and applying (A.3), we get the following:

T
B[ sw [OF] <1V Vol [ BIxE - X, Flds

0<t<T
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+ (14 ol + 101 (77 + N@)'5 + N@) ).

Therefore

T
E[ sup |Ha(0)] S(IVoli + 900 Vo) [ EIXS - X ds
0<t<T 0

(14 lolEs + 0l ) (/2 + N@'5 + N@) ). (A9)

By combining (A.5), (A.6), (A.7), (A.8) and (A.9) we can conclude that

T
E[ s X = X7P] S0+ 2y + ol + lollol?) [ BOXE - X, Plds

0<t<T
+ (14 s + 1615 ) (£2 + N@)2a* + N5+ N@)™).
Gronwall’s inequality then implies the estimate

E| sup |X;— X72| <exp (C'(L+ [bllEy + llollEy + ol loZe) ) x
0<t<T : : ’
3

x (14 llo&s + b5 ) (2 + N(6) 02 + N (20 + N(©3) ™).
(A.10)

Observe that, up to relabelling the constant C’, the polynomial term 1 + ||o||22 + [|b]|%

in (A.10) can be reabsorbed in the exponential. Moreover recall that § = n~! and
N(8) ~n/*, so that

N(8)%6% + N(0)*d+ N(O) ™' ~ ¥ 75 40! 47

optimizing it w.r.t. ¢ yields the choice ¢ = 4/5 and a corresponding decay rate n=1/5,
Combining these two last observations with (A.10) yields the desired estimate (3.6). O
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