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Abstract

‘We consider the homogenisation of the quasi-stationary Stokes equations in a porous medium that evolves
over time. The evolution is a priori given. At the interface of the pore space and the solid part, we pre-
scribe an inhomogeneous Dirichlet boundary condition, which enables a no-slip boundary condition at the
evolving boundary. We pass rigorously to the homogenisation limit employing the two-scale transforma-
tion method. In order to derive uniform a priori estimates, we show a Korn-type inequality for the two-scale
transformation method. The homogenisation result is a new version of Darcy’s law. It features a time- and
space-dependent permeability tensor, which accounts for the local pore structure, and a macroscopic inho-
mogeneous divergence condition, which induces a new source term for the pressure. In the case of a no-slip
boundary condition at the interface, this source term relates to the change of the local pore volume.
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1. Introduction

Effective fluid flow in completely saturated porous media can be described by Darcy’s law.
Based on results of experiments, it was formulated by Henry Darcy in [1]. This empirical law can
be justified by means of homogenisation theory on the basis of general laws of fluid dynamics.
Using the formal two-scale expansion, Darcy’s law was derived from the Stokes equations (see
for example [2—4]). For a periodically perforated porous medium with disconnected solid matrix,
L. Tartar proved the convergence of the homogenisation for the following e-scaled problem in
[5]. He considered the Stokes equations in a periodic porous medium €2 with fluid phase 2, (of
period ¢) with homogeneous Dirichlet boundary conditions

—82vAv€+Vpg=fin Qe, div(ve) =01in 2, ve = 0 on 0€2, @))]

where v, and p, denote the velocity and pressure of the fluid, v the viscosity and f the density of
the forces acting on the fluid. He proved that the extension of v, to 2 by 0 converges weakly to v
in L2(2) and that P, which is an extension of the pressure p; to the solid part of 2, converges
strongly in L2(2)/R to p, where v and p are the unique solutions of

1
v=—K(f—Vp)in Q, div(v) =01in , v-n=00nodg, 2)
v

and K is a positive definite symmetric permeability tensor, which can be computed by means
of solutions of the Stokes problems on a reference cell. The main task in the proof of the con-
vergence is the derivation of an e-independent bound for p.. At this point, Tartar had to assume
that the solid part of a cell is strictly contained inside the cell. Extending the ideas of L. Tartar,
G. Allaire could omit this assumption and proved the convergence for more general domains in
[6].

The homogenisation of the instationary Navier—Stokes equations was considered in [7] lead-
ing to a Darcy law. A different e-scaling of the time-derivative term leads to a Darcy-type law
with memory, which is an integro—differential equation (see [8,9]). Moreover, by scaling the vis-
cosity, a non-linear Darcy law was derived in [4,10]. In the case of disconnected solid obstacles,
one can also consider different e-scalings of the obstacles compared to the cell size see, which
lead to different limit equations as for instance Brinkman flow (see [11,12]).

The purpose of the present paper is to extend problem (1) to a domain €2.(¢) whose mi-
crostructure is evolving in time and to prove the convergence of the homogenisation for this
new setting. The case of an evolving microstructure is motivated by many different physical,
chemical and biological applications. For example, for dissolution and precipitation in a porous
medium, a precipitate layer may be added to or be dissolved from the pore walls, implying that
the overall solid part (and, implicitly, the void space) is evolving unless there is a local balance
between precipitation and dissolution, see e.g. [13]. In [13-20], such processes are modelled as
free boundaries by means of a level-set function or phase-field approaches. However, these mod-
els are only formally upscaled by asymptotic two-scale expansions. For fixed microstructure,
related (advection—) diffusion problems were homogenised rigorously in [21-23].

For given evolving microstructure evolution, rigorous homogenisation results are presented
in [24-28]. There, the equations are transformed to a fixed microstructure and the resulting sub-
stitute problems were homogenised. For a general class of transformations, it was shown in
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[29] that the homogenisation and the transformation commutes, which justifies this transforma-
tion approach. This approach was also used in [30,31] for the rigorous homogenisation of an
reaction—diffusion problem with free boundary where the evolution of the domain is coupled
with the unknown concentration.

The homogenisation of fluid flow in evolving porous media is also important for problems in
poroelasticity. The first linear theory was developed by Biot (cf. [32,33]). Starting with a descrip-
tion of the microporomechanics by equations of elasticity and fluid flow, effective equations can
also be derived by means of homogenisation (cf. [34], [35]). However, in order to homogenise
rigorously, the Stokes problem was linearised by assuming that the fluid domain is constant in
time (cf. [36]). Recently, the corresponding non-linear model received considerable attention
(cf. [37-39]). However, these works passed to the homogenisation limit only formally. In this
paper, we provide a rigorous homogenisation result for the decoupled Stokes-problem, which is
a step towards the homogenisation of the fully coupled fluid—structure interaction problem.

In the present paper, we consider the rigorous homogenisation of the quasi-stationary Stokes
equations for e-scaled domains €2, (¢) that are evolving in time. The evolution of the domain is a
priori given. Thus, we consider the Stokes problem

—&%v div(2e(ve)) + Vpe = fe in Q.(1), (3a)
div(ve) =0 in Q.(1), (3b)

Vg = Ur, on I[',(1), (3¢)

pen — e2v2e(ve) 'n = ppen on 32 (1) \ T (1) (3d)

for a force term f, on a time-dependent spatial domain Q2. (z) with ¢ € S for the time interval
S. Thereby, e(ve) := (Vv + VveT) /2 denotes the symmetric gradient of v,, which we use not-
ing that in the standard derivation of the Stokes equation from the momentum balance equation,
the continuity equation and the axioms of Newtonian fluids originally imply a symmetric stress
tensor. Indeed, the incompressibility condition allows us to replace 2e(v,) by Vv, in the strong
formulation. However, for the weak formulation, this substitution can be done only for certain
boundary values as for instance homogeneous Dirichlet boundary values, which is not the case
in our model. For the boundary condition, we distinguish between the interface of pore and
solid space, which is denoted by I'; (), and the remaining boundary. At I';(¢), we use a Dirich-
let boundary condition for the fluid velocity with boundary values vr,. This (inhomogeneous)
Dirichlet boundary condition (3c) is motivated by the no-slip boundary condition and allows a
fluid velocity equal to the velocity of the boundary’s deformation, which can be modelled by vr.
By using a normal stress boundary condition with an outer unit normal vector n and a normal
boundary stress pp . at 32 (¢) \ I's(¢), we allow fluid in- and outflow at the boundary of the
porous medium. Thus, even if the total pore volume changes, there is no incompatibility with the
fluid incompressibility, so that we can consider this case as well. In [40], the homogenisation of
Stokes flow with such a normal stress boundary condition at the outer boundary is considered for
the case of a rigid domain and a homogeneous Dirichlet boundary condition at the pore interface.

We prove that the extension of v, (¢) by O to 2 converges weakly in L*() fora.e. t € S and
the extension of the pressure p.(r) by a cell-wise mean value converges strongly in L2(2) for
a.e. t € S to the unique solution (v(#), p(¢)) of the following Darcy law:

v(t,x)=%K(l,x)(f(t,x)—Vp(t,x)) inS x Q, (4a)
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d
div(v(t, x)) = — / vr(t,x,y) -ndy (: —E(a(t,x)) in S x €, (4b)
Cx (1)
P=Db on S x 0%, (4c)

where vr is the two-scale limit of vy, and I',(¢) is the interface of the pore and solid part in
the reference cell at the macroscopic position x € €2 at time ¢ € S. If vr, is the velocity of the
boundary deformation, the right-hand side of (4b) can be simplified to —%@(r, x), where © is
the porosity of the medium.

Compared to the Darcy law (2), the permeability tensor K now depends on time and space
taking into account the shape of a pore Y*(¢) at the point x € Q at the time ¢ € S. Moreover, the
microscopic incompressibility condition together with the inhomogeneous Dirichlet boundary
condition gives rise to the macroscopic inhomogeneous divergence condition (4b). Combined
with (4a), this gives an additional source or sink term for the pressure p. In the case that vr, is
the velocity of the boundary deformation, this term captures the suction and compression effects
arising from the change of porosity.

For the homogenisation of (3), we use the two-scale transformation method. We transform
the problem to a substitute problem onto a periodic reference domain €2,, where we pass to the
limit ¢ — 0 using two-scale convergence. Then, we transform the resulting limit problem back
(cf. Fig. 1). This method was proposed for the homogenisation of a diffusion problem in [24].

homogenisation

non-periodic
microproblem

1

macroproblem

oo ‘ microscopic ‘ two-scale . Yo(z2,-)

transformation back-transformation o )
Yol(Ty, -
+H periodic homogenisation on the | ]

substitute substitute

microproblem periodic substitute domain macroproblem L - ’
d

reference cell Y

Fig. 1. Two-scale transformation method.

It was applied in several works — in the same sense that the homogenisation of the substitute
problem was proven — (cf. [25-28,30,31]). In [29], a rigorous two-scale convergence concept
for this transformation method was developed and it was proven that the homogenisation of the
substitute problem is equivalent to the homogenisation of the actual problem (cf. Fig. 1). Thus,
the homogenisation result for the periodic substitute problem can be rigorously transferred to a
homogenisation result of the actual problem.

After the transformation onto the periodic reference domain, we derive uniform a priori es-
timates for the velocity field v, and the pressure field p,. However, the transformation of the
equation induces coefficients in the symmetric-gradient term. Therefore, we derive a uniform
Korn-type inequality for the two-scale transformation method, which allows to estimate the trans-
formed symmetric gradient from below.

Since the extension of the inhomogeneous Dirichlet boundary condition inside the domain
is not necessarily divergence-free, we cannot estimate the velocity directly without estimating
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the pressure as is done in the existing works on the homogenisation of Stokes flow. Instead, we
employ a family of e-scaled operators div;l, which are right-inverse to the corresponding di-
vergences, using the restriction operator that was introduced in [5] and developed further in [6].
Employing this Korn-type inequality and the divs_l—operator, we can deduce an e-independent
estimate on the velocity and the pressure during the existence proof without having an a priori
estimate on the velocity at hand. For the case of a rectangular macroscopic domain with peri-
odic Dirichlet boundary conditions, such a family of operators was constructed by V. V. Zhikov
through different means (cf. [41]).

Having obtained these uniform a priori estimates, we can pass to the limit ¢ — 0 in the ref-
erence configuration. There, we prove the strong convergence of the extension of the pressure.
Then, we use two-scale compactness results in order to derive a microscopic incompressibility
condition and a macroscopic inhomogeneous divergence condition. In the next step, we pass to
the limit ¢ — 0 in (3a) for divergence-free functions and reconstruct a microscopic pressure. The
intermediate result is a two-pressure Stokes system in the cylindrical two-scale domain.

Afterwards, we transform this two-pressure Stokes system back into the reference config-
uration. Since the system contains not only microscopic, but also macroscopic derivatives, it
does not yield a transformation-independent result directly. The same problem occurs also in
the formal back-transformation after the homogenisation of diffusion and elasticity equations
in a periodic reference domain (cf. [24,27]). However, recently some two-scale transformation
rules for gradients have been shown in [29]. These allow for diffusion and elasticity equations, a
back-transformation yielding a transformation-independent homogenisation result. By develop-
ing these ideas further, we back-transform the two-pressure Stokes system into a transformation-
independent system in the actual evolving two-scale domain. Moreover, the results of [29]
directly transfer the convergence of the substitute velocity field into the convergence of the ac-
tual velocity field. Since the extension of the pressure and the transformation to the periodic
substitute domain do not commute, the strong convergence of the substitute pressure can not be
transferred directly to the actual pressure. However, with computations similar to those of [29],
we can overcome this lack of commutativity.

In the last step, we separate the microscopic from the macroscopic scale and thereby derive
Darcy’s law for evolving microstructure. This Darcy’s law differs from the standard Darcy’s
law by its time- and space-dependent permeability tensor, which corresponds to the time- and
space-dependent microscopic porosity. Moreover, it contains a new source term for the pressure
equation. This term captures the suction and compression effects arising from the change of the
porosity.

The paper is organized as follows: in Section 2, we transform the Stokes problems onto the
periodic domain €2, by the two-scale transformation method. In Section 3, we derive a uni-
form Korn inequality for the two-scale transformation method and a family of e-scaled operators
diva_l, which are right-inverse to the corresponding divergences. Using these results, we give
uniform a priori estimates, which allow us to pass to the homogenisation limit. In Section 4, we
pass to the limit ¢ — 0 in the reference configuration and derive a two-pressure Stokes equation.
Finally, in Section 5, we transform this two-scale limit problem back to the actual domain and
derive (4), which we call Darcy’s law for evolving microstructure.

Notation 1.1. In the following, let C € R be a generic constant independent of € § and ¢ > 0.

Moreover, let 1 < p; < oo and C(¢) be a generic time-dependent function that is independent

of &, where C € LPs(S). For an open set U C RY, we write (f, g)u for the scalar product of
1

f.g € L*(U) and define || f|lyy = (f, f){-If G C 9U is Lipschitz regular, we define H.(U) as
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the closure of smooth functions that are zero in a neighbourhood of G. If U is a subset of (0O, DV,
we denote the subset of Hcl;(U ) of Y-periodic functions by Hé#(U ) and, similarly, we use the
index 4 to indicate the Y-periodicity for smooth functions.

For a (weakly) differentiable scalar- or vector-valued function u, we write Du for its Jaco-
bian matrix, i.e. (Du);j = 0y,u; and Vu = Du'. We define the divergence for a matrix-valued
function A by its columns, i.e. div(A) = div((Aj,-)jzl)fV:l. Thus, we get (div(Vu)); = div(Vu;)
for u : RN — R¥. Due to this choice of the matrix-valued divergence, the transformation of the
Stokes equations resembles the transformation of scalar-valued problems.

2. The Stokes problem on the microscopic scale

Let S =(0,T) for T > 0 be the finite time interval. For N € N with N > 2, let Q C RN
be a bounded and connected domain that can be represented as a finite union of axis-parallel
cuboids with corner coordinates in Q¥ representing the macroscopic domain of the porous

medium. Thus, there exists a sequence (¢5,),cN such that 2 = int ( Urke L k+ 8,,?) for every

n e N, where I, .= {k € eZN |int(k +¢eY) C Q} fore > 0and Y := (0, DY is the microscopic
reference cell. We consider in the following such a fixed sequence (¢;,),cn With 0 < g, <1 for
every n € N and write shortly ¢. Let Y* C Y be open and Y® :=int(Y \ Y*). The set Y* is the
pore part and the set Y* is the solid part of the reference cell. We denote the interface of them by
r=1[0,11"n a( U & +F) N a( U k+F). We assume that:

keZN keZN

Y* and Y have positive measure,
Y* is a connected set with Lipschitz boundary,
oY*N{x; =0}4+¢; =dY*N{x; =1} foreveryi € {l,..., N},

Yi=int( U k+ F) is connected and has a C!-boundary.
keZN

Ll e

We define CR,(Y™*) :=={¢p € C§°(7) | supp(¢) C Y;'} and Hll#(Y*) as its closure with respect to
the H'(Y)-norm. In the following, we identify Hll#(Y*) with {v € H#(Y) | v|y\y+ = 0} if the
function has to be evaluated on Y \ Y*.

We define 2., which represents the pore part in the reference configuration, by 2, =
int (Uke Lk+ 8?), the corresponding solid part by 2§ = int (Q \ QE) and the interface of
these by I', = 02, N 9€25. Note that €2, is connected and I', as well as the remaining part of the
boundary 92, \ I'; are Lipschitz regular by their construction.

We assume that, for a.e. t € S, the evolving domain 2,(¢) and the evolving surface I'; can
be described by locally periodic transformations v, € L*°(S; C 2(@)N). That means Q. (1) =
Ye(t, Qe), Q1) = Ye(t, 28), Te(t) =9 (1, T) forae. t € S, where i, satisfy Assumption 2.1.

We denote the Jacobians of 1, with respect to x by W, (¢, x) = Dy (¢, x) and Je(t, x) :=
det(W. (¢, x)).

Assumption 2.1. We assume that
1. ¥e(t,-) is a given Cz—diﬁ‘e_omorphism from Q onto Q for a.e. t € S with inverse 1//;1 )
for Y, ¥ € L¥(S: CH(@)N)

2. there exists cj > 0 such that Jo(t) > cj fora.e. t € S,

177



D. Wiedemann and M.A. Peter Journal of Differential Equations 396 (2024) 172-209

Loo($:C1 @) < C fori e€{0,1,2}, where ¥.(t,x) =
Ve (t, x) — x are the corresponding displacement mappings,
4. there exists Yo € L®(S x € C2(Y)N) such that
(@) Yol(t,x,-) 1Y — Y are Cz—dzﬁ‘eomorphisms for a.e. (t,x) € S x Q with inverses
Yo ' (t,x, ) for Yo, ¥ | € L¥(S x 2 C2(NHY),
(b) the corresponding displacement mapping I/Vfo(l, x,y) :=vyo(t, x,y)—y, can be extended
Y -periodically such that 1/vf € L®(S x Q; Cé(?)N),
© 8""'71Dxa @8 (t) two-scale converges strongly with respect to every LP-norm for p €
(1, 00) to Dy, &o(t)for every multiindex o € {0, 1,2}V with |a| < 2.

3. there exists C > 0 such that &' ~! H IZIS

For the inverses of the transformations, we denote the corresponding displacement mappings
by ¥, (2, x) = ¥ (1, x) — x and ¥y (¢, x, y) = ¥y (2, x, ¥) — y. While the actual e-scaled
domain €2, (¢) at time ¢ € § is given by Q. (¢) = ¥ (£2.), one gets analogously the local reference
cell Y (r) at time 7 € S and macroscopic position x €  via Y (r) :== (¢, x, Y*). We denote the
interfaces in these local reference cells by I'(¢, x) := (¢, x, I'). The sets Y (¢) are independent
of the chosen diffeomorphism and depend only on the sets 2. Indeed, one has that xq, ) (x)
two-scale converges to xyx()(y). For a measurable set U, xy denotes the indicator function,
ie. xyy(x)=1ifxeU and xyy(x) =0ifx € U.

The domains .(r) and their evolution are assumed to be a priori given by the C2-
diffeomorphisms 1/, which have to satisfy only Assumption 2.1. This Assumption is formulated
in a very generic setting. In particular, it is not required that i, can be written by an ¢-scaled
two-scale asymptotic expansion. Instead, the asymptotic behaviour is characterised by means of
two-scale convergence. Indeed, a domain evolution justifying these assumptions arises also in
free boundary problems (see [30,31]).

An evolution of the domains that satisfies Assumption 2.1 can be obtained for example from
the following model:

Example 2.2. Let © : [0, T] x Q- (0, 1) be a smooth function with D® small enough. For
instance, ® can describe the local porosity. Let ¥ : (0, 1) X Y — Y such that, for fixed first
argument, Yo(0, -) is a family of diffeomorphisms and the corresponding displacement mapping
1}0((9, y) = ¥o(®, y) — y can be extended to a Y-periodic function. For instance, ¥o(®, Y*)
could give a cell with porosity ®. Then,

~ X ~
Yet.x) = x4+ 670 (0.0, ). Yolt.x.y) = P0(O(. 1), )
fulfil Assumption 2.1.

Assumption 2.3. Let p; € [1, 00] be fixed. We assume on the data that:

1. f. is a sequence in LPs(S; L*>(Q)N) such that I fe@ 2@y < C) fora.e. t €S for C €
LPs(S)

2. there exists f € LPs(S; L2(Q)N) such that fe(t) two-scale converges weakly with respect to
the L>-norm to f(t) fora.e.t € S,

3. pbe is a sequence in LPs(S,; HY(Q)) such that Hpb,e(l‘)”Lz
C e LPs(S),

@ = C(t) for a.e. t € S for
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4. there exists (pp, pp,1) € LPs(S; HY(Q)) x LPs(S; L?(S2; H(Y)/R)) such that V pj(t)
two-scale converges weakly with respect to the L*-norm to V. py(t) + Vypp,1(t) forae. t e
S,

5. vr, is a sequence in LPs(S; HY(2)N) such that % || ur, (¢) ||L2
|Vor, (1) ||L2(Q) <C(t) fora.e.t €S for C € LP5(S),

6. there exists vr € LPs(S; L2(2; H# (NN)) such that %vrs (t) two-scale converges weakly
with respect to the L2-norm to vr(t) fora.e.t € S and Vur,(t) two-scale converges weakly
with respect to the L*-norm to Vyvur(t) fora.e t €S,

7. if vr, should be the velocity of the boundary deformation, i.e. vr,(t, x) = 0V, (¢, wgl (t, x)),
we assume that . is a sequence in wlps(S; HYQ)N) such that % |10 e (f)||L2(gz) <C()
for a.e. t € S for C € LPs(S). Moreover, we assume that Yo € W-Ps (S; L2(Q; HH(Y)V))
such that 8""'7]Dxa 8 Ys (1) two-scale converges weakly with respect to the L*-norm to
Dy, 0:%0(t) for a.e. t € S and every multiindex a € {0, DY with || < 1.

@ < C(t) fora.e. t € S and

Since we consider the stationary Stokes equations, time becomes only a parameter. Therefore,
we have formulated the previous assumptions in a way that allows us to consider the equation
and the homogenisation process pointwise in time for a.e. t € S. However, we have assumed for
all used quantities the measurability with respect to time. Thus, we can show that the solutions
of the e-scaled problem can be uniformly bounded for a.e. t € S by a L?+(S) bound for a fixed
ps € [1, oo], which allows us to translate the two-scale convergence into the time-dependent two-
scale convergence, which is used in parabolic problems. This allows a coupling of this Stokes
problem with such processes in future works.

In order to derive a weak form for (3), we substitute the boundary values and define w,(¢) :=
ve (1) —ur, (¢) and g¢(t) == p(t) — pp, (t). Then, we multiply (3a) by test functions ¢ which are 0
on I';(¢) and integrate over Q2.(¢). After integration by parts and using the boundary conditions
(3¢)—(3d), we get (5a). In addition, we multiply (3b) with a test function ¢ € L?(Q: (1)) and
integrate over 2.(¢). Then, we obtain the following weak form:

Find (wg, g¢) € LP5(S; Hrla(,)(szg(t))N ) x LPs(S; L2(2:())) such that, for a.e. 7 € S,

/ ve22e(ws (1, %)) : Vo(x) — e (1 ) divip(x)) dx = / Folt.x) - 9(x) dx

Qe (1) Qe (1)
(5a)

- / ve2e(vr, (t, X)) : Vo(x) + Vpp e (2, X) - 9(x) dx,
Q1)

/div(wg(t,x))(p(x)dx:— / div(vr, (7, x))¢ (x) dx (5b)

Q¢ (1) Qe (1)
for every (¢, ¢) € HL. ) (R:(1)" x L*(Q¢(1)).
2.1. Transformation on the periodic reference domain

We transform the given data on the reference configuration by
.f:&‘(tv x) = f(ts w&‘(tv -x))s ﬁb,s(ts x) = pb,&‘(tv ws(ts X)), ﬁl"g (tv -x) = UI‘S (ts wé‘(tv -x)) (6)
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and define A, = J, \118_1 as well as the transformed symmetric gradient ¢, ;(v) = (\IJS_T(I)Vv +
(\I'E_T (t)Vv) T)/2. Then, we transform (7a)—(7b) onto the periodic reference domain and obtain
the following problem:

Find (¢, Ge) € LP* (S5 H} (Qe)™) x LP*(S; L*(R)) such that fora.e. 1 € S

f Ve Ae (1, x)280 (e (1, X)) : Vo(x) — Ge (£, x) div(Ag (7, x)p(x)) dx
Q

= / Js(t,x)f;(t,x) ~@(x)dx — / vezAg(t, x)2ég,(0r, (t,x)) : Vo(x)dx (Ta)
Qe Qe

- / AT (6, X0V Pye (1, 3) - 9(x) dx,
Qe

/.diV(As(t,x)uA)g(t,x))qﬁ(x)dx =—fdiv(Ag(t,x)f)rg(t,x))qb(x)dx (7b)

Qe Qe

for every (¢, @) € Hllg ()N x L2(S2,).
The strong form of this transformed Stokes problem (7) is given by

—div(e2v A28, 1 (D:)) + A] Ve = Je fo in Q,, (8a)
div(A,,)) =0 in Q,, (8b)

ve = Ur, on Iy, (8¢)

Alnpe —e*v2é (o)Al n= Al npy on 3 \ T. (8d)

Lemma 2.4. Problem (5) is equivalent to (7), in the sense that (we, q¢) solves (5) if and only
if (We, gg) solves (7), where the solutions can be transformed by W, (t, x) = w (t, ¥ (¢, x)) and
Ge(t,x) = qs (t, Ye (2, X)).

Proof. Using the product rule, we can transform between (5) and (7). O
3. Existence and uniform a priori estimates

In this section, we show the following existence and uniqueness result for (7) and derive an
e-independent bound for the solution.

Theorem 3.1. For ¢ > 0, there exists a unique solution (g, g.) € LP(S; Hlle(Qg)N) xLP(S;
L%(Q:)) of (7) and a C € LPs(S) for a.e. t € S such that

[0 g, + e |V g + [de )], = C@). )
We want to clarify (9) regarding the question if (9) holds only for every t € S\ S, with |S,| =0
or for every t € S\ §’ with |§’| =0 and S’ independent of ¢. Actually, we need the later and a-

priori stronger condition for the homogenisation because we pass to the limit using the two-scale
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convergence for fixed . However, these two conditions are in fact equivalent. Assume that S,

depends on ¢. Since ¢ is a countable sequence, we can choose S':= J S and get |S'| =0.
neN
Thus, the estimate holds also for an e-independent zero-set S’.

For the proof of Theorem 3.1, we use the following generic saddle-point formulation, where
V and Q are Hilbert spaces anda € L(V; V') and b € L(V; Q'):
Given f € V' and g € Q’, find a solution (v, p) € V x Q such that:

a(v,9) +b(@, p) = (f. ¢)v'xv forallp e V, (10a)
b(v,9) =(g,d)o'x0 forall ¢ € Q. (10b)
The existence and uniqueness of a solution and a corresponding estimate for such saddle-point

problems are given by the following well-known lemma. A proof is given in [42] Theorem 4.2.3,
for example.

Lemma 3.2. If there exist constants «, B > 0 such that

a(w,w)zallw”% forallw eV, (11

b )
inf sup 2wl g (12)
ueo\(0ywev\(oy lwlly llullg

then the saddle-point problem (10) has a unique solution (v, p) € V x Q. Furthermore, the
following estimates hold for the solution:

1 2lall v,y
olly < = 1 Flly: + ligllg s (13)
o of
2
2lallzevv 2llallz v, vy
< —— P — ,. 14
Ipllg < B Iflly + ap? lgllo (14)

The following Lemma enables us to add time as a parameter in Lemma 3.2. More precisely,
we use it later to show that (w,, g¢) is measurable with respect to time.

Lemma 3.3. For the spaces
A={acL(V:V)]a,v) >« ||v||%, forallveV and a > 0},

B=lbeL(v:0)| inf b@. p)|

—— > B forp>0
peo\ovev(oy Ivlly 1Pl

of bilinear forms, the unique solution of the corresponding saddle-point problem (10) given by
Lemma 3.2 depends continuously on the data (a, b, f,g) € Ax Bx V' x Q.

Proof. Lemma 3.3 can be proven by computations which are similar to those in standard proofs
of the estimates of Lemma 3.2. O
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In order to derive the uniform estimate (9), we employ (13) and (14). Hence, we equip
Hllg (Q)" with a proper norm and derive a uniform coercivity and a uniform inf-sup estimate
for the bilinear forms.

First, we show some uniform estimates for the coefficients (cf. Lemma 3.4). Then, we
derive a family of e-scaled Korn-type inequalities for the two-scale transformation method
(cf. Lemma 3.6). These Korn-type inequalities allow us to estimate the transformed symmet-
ric gradients é. ; (W,) uniformly from below, which implies the uniform coercivity for the first
bilinear form. In order to show the uniform inf—sup estimate for the other bilinear form, we con-
struct a family of e-scaled operators div;l, which are right inverses to the divergence operator
(cf. Lemma 3.12).

Lemma 3.4. There exists a constant C > 0 such that

)

| =C

I _ -1
Vel pwesic@m + el qsc@n) + | % sy S

e |0y, Je

By, ! H <C

| oo gs.comy ¢ Lo(S;C(20)) —

8y, W ! H <C

e 105 Ve poes.ciamy + & 100 Ac | Lo s +2 ¢ llresic@ny ~

foreveryie{0,...,N}.

Proof. We note that W, = 1 + Dv,. Then the uniform estimate of D, given by Assumption 2.1
shows that ”\IJS”LOO(S;C(Q_S)) <C.

Since J, and the entries of llls_l are polynomials with respect to the entries of W, and Jg_l,
the uniform bound of J; > ¢y > 0 from below (cf. Assumption 2.1) and ||\118||Loc(s;c(578 <C

) —
Hisesican =€

After rewriting 0y, W, = 0y, DY = 0y, (1 + Dx}s) = BXiDl/V/S, Assumption 2.1 shows
e || Oy; Ve ||LOO(S;C(Q—S)) <C foreveryi €{0,..., N}.

We note that A, is the adjugate matrix of W, = 1 4+ D,. Thus, all of its entries are minors of
W,. We rewrite the x;-derivative of these minors with the product rule into the sum of products,
where each product has (n — 2)-factors which are entries of W, (¢) and one factor which is a
entry of dy, W.. Then, the estimates ”‘DeHLOO(s;C(Q_g)) <C and ¢ || Oy; Ye HLOC(S;C(Q—S)) < C give

& H Ox; As ” L®(S;C(Q)) =C.
We obtain ¢ H Oy,

e 3xz'Ae||Loo(s;C(sz_g))'

Using the chain rule, we rewrite 9y, Ja’1 = —J;Zax,. J¢. Then, the uniform bound J, >c¢; >0
from below and the estimate & H Oy Je H < C imply the estimate & H g, J.! H
<C.

We rewrite W, ! = J71 A,. Then, we obtain & || 3y, ! ||
and the previous estimates. [

implies || Jell ;oo (s.cqry < C and |ws

Je || Le(s:c@ny) = C by the same argumentation as for the estimate of

L(8;C(Q)) L®(S;C(R))

Loo(s:c@ny = € with the product rule

3.1. Korn-type inequality for the two-scale transformation method

In order to derive the Korn-type inequalities for the two-scale transformation method, we need
the following e-scaled Poincaré inequality for periodic domains.

182



D. Wiedemann and M.A. Peter Journal of Differential Equations 396 (2024) 172-209

Lemma 3.5. There exists a constant Cp € R such that
lvllg, =eCplVulg,
foreveryv e Hllg(Qe)N.
Proof. Lemma 3.5 is a standard result and can be proven by covering 2, with e-scaled copies of
Y* and scaling them on Y*. Then, applying the Poincaré inequality for piecewise zero boundary

values there and scaling back yields the estimate. O

Lemma 3.6. There exists a constant a € R independent of ¢, such that

~ 2
@ [[Voll, < [ée: (), (15)
fore>0andallv e HllE(Qg)N.

Proof. Lemma 3.6 follows directly from Lemma 3.7, since the estimates of Lemma 3.4 show
that the prerequisites of Lemma 3.7 are fulfilled. O

Lemma 3.7. Let ¢, C > 0. Then, there exists an e-independent constant o > 0 such that

« [Vl < HMng + (Msvv)T‘

2
Qe

forany v e Hlle ()N and for every M, € c%(Q,) with

”MSHC(ng) +e& ”MEHCO,l(ng) <C,
det(M,(x)) > ¢ > 0 for every x € Q,.

Proof. Since |M.Vv + (MgVU)THé =Y |M:Vv+ (Mng)THiﬂy* and
© kel

Vv II?ZE =Y |IVv II% +ey+» We can reduce the problem on the reference cell. After transforming
kel

k4 eY* on Y*, it is sufficient to show

@ |Vl < H MVu+ (MVv)T Hi (16)
forany v € Hrl(Y*)N, & > 0andk € I, where M (x) := M (k + ex). From the Lipschitz estimate
of M, and the transformation x > k + ex, we can conclude that | M || ~0,1 ¥ = C. The uniform
bound of the determinant from below remains preserved under the transformation. Hence M €
M ={M € CO'YHNN | |M| o1 3= < C and det(M) > c}.

The uniform Lipschitz continuity of M implies the equicontinuity of M and since M is also
pointwise bounded, we obtain by the theorem of Arzela—Ascoli that M is relatively compact
in C(Y*)N*N_ Then, we apply Lemma 3.8 on the closure of M in C(Y*)N*N and we obtain

Lemma (3.7). O
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Lemma 3.8. Let U C RN be an open connected Lipschitz domain and G C 9U open with |G| >
0. Let M be a compact subset of C(U)N*N and assume there exists ¢ > 0 such that det(M) > ¢
for every M € M. Then, there exists o > 0 such that

@ IVolly < | Vo + mvnT|
forevery M € M and v € Hé(U)N.

For the case that the set M in Lemma 3.8 consists of Holder continuous functions the result
is proven in [43].

Proof. Let M € M, then Lemma 3.9 gives a constant « s such that
an [IVolly < ”MVv n (MVv)T”U (17)
for every v € H(l;(U)N. We obtain for B € M
|MYv+ V0T = BVY+ BV D] <21M = Bl 190y,
which implies
|Mvv+mv0T| < |BVe+BYYT| +21M = Ble IVuly. (8)

Combining (17) and (18) gives for any B € By, /4(M)

1
Sen1Vvlly < HBVv n (BW)T”U. (19)

Then, we cover M by |J By w/4(M) and, since M is compact, there exists a finite set Z such
MeM
that for every B € M there exists M € Z with B € By, /4(M). We choose o = mir% oy /2 and
Me

obtain from (19)

o
al|Volly = S 1Velly < | (BVv+ BV
forevery Be Mandve HL(U)Y. O
Lemma 3.9. Let U C RY be an open connected Lipschitz domain and G C dU open with |G| >
0. Let A : U — R"™" be a continuous mapping with det(A) > ¢ > 0. Then, there is a constant
a > 0 such that
@l|Volly < H (AVv + (AVv)THU
forallve HLU)N.

Proof. Lemma 3.9 is proven in Theorem [44]. O
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3.2. Right-inverse divergence operator
In order to construct explicitly the operators div;l CLA(Q) - HFIF(QS)N , we use the
following right-inverse divergence operator (see Lemma 3.10) and the restriction operator

(see Lemma 3.11), which was originally introduced in [5] and developed further in [6].

Lemma 3.10. Let U be a bounded domain. Then, there exists a continuous linear operator
div=': L2(U) - HY(U)N such that divodiv™! =id;2 ).

Proof. See for instance [45, Exercise II1.3.1]. O

Lemma 3.11. There exists a linear continuous operator R, : H' (Q)N — Hllg ()Y such that

1. u € HY, (Q) implies Reu = u in Q
2. div(Reu) =div(u) + Xk+8Y*\ng*\ [ div(w),
kel, k+eYs
3. there exists a constant C such that
[Reullq, +eIV(Reu)llg, < Clullg +¢lIVullg)
for everyu € H' (Q)V.
Proof. In [6] this restriction operator is explicitly constructed from HO1 N to H(} ()N In-
deed, the construction is done locally so that the same construction yields an operator R, :

HY(QN — H] (Q)V. O

Lemma 3.12. There exists a linear continuous operator dive_1 LA, — HllF ()N, which is

right inverse to the divergence, i.e. divo div;1 =id2(q,), such that

Jaiv:' ()|

L+ [vaiv;' () HQ <1l

for every f € L*(Q,).

Proof. By Lemma 3.10 there exists a linear continuous operator div™! : L2(Q) — H'()" such
that div o div™! =id L2(u)- Using this operator and the restriction operator R, of Lemma 3.11, we
can define

div; ' (f) = Re(div=' ().

where f denotes the extension of f € L%(£2,) by 0 to Q.
The explicit formula for divoR, from Lemma 3.11 shows

div(div; (/) = div(Re(div (F)) =

— div@dv ' () + 3 esers —— f div(div=! (For)) d
BE
kel k4eys
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~ 1 ~
=f+ZXk+€Y*m / fx)dx = f.

kel k+eys

Moreover, using the estimate of Lemma 3.11, we obtain, for ¢ < 1,

Jaiv o)

o te[vas ol = oo Pl +e[vai], )

<C ”Vdiv—l(f)HHl(Q) <C|flg=Clflg, - O

3.3. Estimates of the data

Lemma 3.13. There exists a constant C € LPs(S) such that

fo] 150 gy + [V 0] 12, = €O,

L2(R)
1
E ”ﬁl—‘g (t) ”LZ(QS) + HVﬁFS (t)H Lz(Qs) S C(t)
fora.e. teS.

Proof. We note that Dwgl (t,x)= \If;] (t, 1//{1 (t,x)). Hence, we get

~ 2
o), = f Folt, Ye(t, x)))* dx = / det (W7 (¢, Y (1, 0) fu 1, 1) d
QE‘

Q¢ (1)
< f TN ) fe(t x) P dx < ¢! / fe(t, )2 dx < C I fe(OI3, -

Qe (1) Qe (1)

Then, the uniform bound of f;(¢#) given by Assumption 2.3 implies the uniform bound of
Hf(t)‘ L @) T

% || or, (1) || 2@ = C(#). In order to estimate the gradient of pp ., we use the chain rule and

< C(t) for ae. t € S. By similar computation, we obtain Hﬁbﬁ(t)”m

rewrite Vpp (¢, x) = \If;r (t,x)Vppe(t,Ye(t, x)). Then, the uniform estimates of Lemma 3.4
yield

|V .05, = / TN )W Y (1 x0) Ve (t, x)) dx
Q¢ (1)

_ — 2
<C / Iy )Vt x)dx < C / Vppo(t,x)dx < C||Vppet) UQS(I).
Qe (1) Q¢ (1)

The uniform bound of |V py.(7)|, given by Assumption 2.3 implies the uniform bound of
Hvﬁb,e(l‘)”llz(gv < C(t) for a.e. t € S. By similar computation, we obtain HVﬁrs (t)HLz(Q) <
C@). O
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Proof of Theorem 3.1. First, we show that there exists a solution (W, (), g (¢)) € H}E(Qs)N X
L%(Q,) of (7) for ae. t € S. Due to the Poincaré inequality from Lemma 3.5, |||y, :

Hllg(Qg)N — R, v |lv]ly, ;== Vvllg, defines a norm on Hllg(Qg)N. We define a,(r) and
bs(t) fora.e. t € S by
as (1) (v, w) = (2124 (1)8:, (v), Vw)g, for v, w € HY, ()N,
be (1) (v, p) = (div(A: (V). P, forv e H} Q). p € L2 ().
Using the uniform estimates of Lemma 3.4 and the Korn-type inequality for the two-scale trans-
formation method (see Lemma 3.6), we obtain the following uniform coercivity and continuity
estimate for a. (t):
a () (W, w) = (E2vA:(1)22:,1 (W), Vw)g, = (v (1)28,(w), ¥, T () Vw)g,
= (&2 Je ()28, (w), (¥, Vw + (¥, 'Vw) 1) /2)q,
= (6% Je(1)286,1 (W), &1 ())e,
R 2
> e?ves2 [éc(w)|g = &Pves2a [Vuwlg, = Cllwli, , (20)
as () (v, w) = VIOV, O, T Vo + (¥, T V0), Vulg, < Clolly, lwlly,. @1
In order to give a uniform estimate of the inf—sup constant, we choose an arbitrary ¢ € L?(£2).

Then, Lemma 3.12 gives a constant C € R, independent of ¢ and ¢, and a function 0 € HrlF Q)N
such that '

divi) =¢, e[d]g =Cli¢lg, - (22)

We define v = Jg_l(t)lllg v € Hllg ()N Using the product rule, the estimates from
Lemma 3.4 and the ¢-scaled Poincaré inequality (cf. Lemma 3.5), we obtain

lolly, = [DU 00D <e | DU 0w 0| +e s w0 D]
<Cli|g, +Ce|Di|g <Cd],, =Clglg, -
With this choice of v, we see that
2
be () (w, )| _ (B, P, _ l18llg,
sup 2 > > o =Clillg, (23)
weHllS(QE)N\{O} ”w”VS ”v”VS ”¢”Q£

for a.e. fixed ¢ € S.
In order to show the continuity of the bilinear form b, (), we use the product rule, the Piola
identity (div(A. (7)) = 0) and the e-scaled Poincaré inequality,

be (1) (v, p) = (div(Ag (1)), p) = (div(As (1))v + Ag (1) : Vo, p)
<C|Vvlg, liplg, <7 'Clvlly, Iplg, - (24)
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Note that a more precise estimate like for the inf—sup constant does not yield an e-independent
constant for b, (t). However, the norm of b, does not appear in the right-hand sides of (13) and
(14). Nevertheless, the continuity and the coercivity constant of a.(t) as well as the inf—sup
constant of b, (¢), which occur in (13) and (14), do not depend on ¢ or ¢.

Now, we estimate the right-hand sides of (7). For the first summand of the right-hand side of
(7a), we obtain with Lemma 3.4, Lemma 3.13 and the ¢-scaled Poincaré inequality

Je@ fe() = AL OV boe |

J et x) folt. x) — Al (£, )V pp o (£, X)) - v(x) dx

Qe
= sup
veH] (Q:)N\(0} lvlly,
C)|v C(t) v
= sup M < sup M < C(t), (25)
vert @ovvor e " uemt @ompy VIl

where C € L?s(S). We rewrite the second summand of (7a) and obtain from the continuity esti-
mate (21) of a.(t)

|—ae ()@, , < Clir.0], (26)
Later, this term will also vanish during the homogenisation because it is of order O (g). We can
estimate the right-hand side of (7b) with the continuity estimate (24) of b.(f) and Lemma 3.13
by

|=be ) Br, (1), )] ;20 <€7'C |or, ], <&7'eC) < C @) @7
(€2¢) 3

for C € LP(S). Using Lemma 3.2 with the estimates (20), (21), (23), (25), (26) and (27) yields,
for ¢ > 0 small enough and a.e. r € S, the existence of a unique solution (W, (), g¢(t)) €
H] (Q6)" x L*(R) of (7) such that

|-y, + =g, =C® (28)

for C € LP(S).
By the definition of the norm of V, and Lemma 3.5, we can estimate further

[2:]q, +e]Vde®]g, +[d:®]g, = C® 29)

for ¢ > 0 small enough, a.e. 7 € S and C € L?(S).

By Lemma 3.3, we get the continuity of the solution with respect to a.(¢) and b.(¢) and the
right-hand sides. Moreover, a.(¢) and b.(¢) and the right-hand sides are measurable in time.
Thus, W, : § — H1 (QS)N and g, : S — L*(S2,) are a composition of a continuous and a
measurable functlon and hence measurable. With (29) we get the p, integrability, i.e. W, €
LPs (S, HY. (Q6)N) and Ge € LP*(S; L*(R)). O
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Remark 1. Another ansatz for the proof of Theorem 3.1 would be to substitute w,, so that we
obtain a homogeneous divergence condition. Then, we could use the Lemma of Lax—Milgram for
functions v with div(A,(#)v) = 0. Using the same preliminary work, we could prove the same
uniform bounds for the velocity and the pressure. But the difficulty with this ansatz is that the
measurability with respect to time cannot be concluded directly, since the space of functions v
satisfying div(A, (t)v) = 0 depends on time.

4. Homogenisation in the periodic reference domain

In this section, we pass to the limit ¢ — 0 in (7) using the notion of two-scale convergence,
which was introduced in [46,47] (see also [48]) and derive the following two-pressure Stokes
system (30) as two-scale limit problem.

Find (W, §, §1) € LPs (S; L2(Q2; Hly(Y*))) x LPs(S; HL(R2)) x LPs (S5 L2(Q; L3(Y*))) such
that

//vAo(t,x,y)\l’gT(t,x,y)Vyﬁ)o(t,x,y):Vy(p(x,y)dydx
QY

+fng(t,x,y)VxCi(t,X)‘(ﬂ(x,y)+t?1(t,x,y)divy(Ao(t,x,y)fp(x,y))dydx

QY*
=//(Jo(t,x,y)f(t,X) — Ag (1, X, Y)Vy pp(t, X)) - p(x, y) dy dx (30a)
QY*
// divy (Ao(t, x, y)wo(t, x, y))01 (x, y)dydx =0 (30b)
QY*
/divx (/Ao(t,x,y)ﬁ)o(t,x,y)dy) 0o (x) dx
¢ ” (30¢)
=—//divy (Ao(t, x, y)Or(t, x, y)) dy 6p(x) dx
QY*

for a.e. t € S and every (¢, 6, 61) € L?(Q2; HLy(Y)N) x HJ (Q) x L2(Q; L3(Y™)).

Definition 4.1. Let p, g € (1, 0o) with % + é = 1. We say that a sequence u, two-scale converges
weakly to ug € LP (2 x Y) if

lim/ug(x)w (x, f) dx://“o(&)’)‘ﬂ(%)’)@“
e—0 &
Q Qy

for every ¢ € LY(R2; Cu(Y)). If additionally lin}) lvellr @) = llvollLr (@xy)> WE say ue two-scale
£—

converges strongly to ug.

The following lemma is one of the fundamental compactness results in the notion of two-scale
convergence.
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Lemma 4.2. Let p € (1, 00) and let u, be a bounded sequence in LP(2). Then, there exists a
subsequence and ug € LP (2 x Y) such that this subsequence two-scale converges weakly to uy.

The following result allows us to handle the coefficients in the homogenisation.

Lemma 4.3. Let 1 < p,q,r < oo with % + % = % Let u. be a sequence in LP(2) which two-
scale converges strongly to ug € L (2 x Y) and let v, be a sequence in L1(2) which two-scale
converges weakly (resp. strongly) to vo € L1(Q2 x Y). Then, ugv, is a sequence of functions in
L" () which two-scale converges weakly (resp. strongly) to ugvg € L" (2 x Y).

In order to translate the two-scale convergence of the data and the solution between the actual
and the transformed configuration, we use the following transformation result of [29].

Lemma 4.4. Let p € (1,00) and t € S. Let u, be a sequence in L?(Q2) and iy = ug o V(1)
with ¥ as in Assumption 2.1. Then, for a.e. t € S, u, two-scale converges weakly / strongly with
respect to the L” -normto ug € LP (2 x Y) if and only if ii, two-scale converges weakly / strongly
with respect to the LP-norm to tig € L? (2 x Y). Moreover, tig(x, y) = ug(x, ¥o(z, x, y)) holds
and, equivalently, uo(x, y) = ito(x, 1//61 (t, x,y)).

Proof. For a proof of Lemma 4.4 see [29] Theorem 3.8 and Theorem 3.14. Note, that there the
deformations v, are only defined on 2, C €2, which is why the transformation result has to deal
with the extension of the functions by 0. However, the results there holds for 2, = 2, which
proves Lemma4.4. 0O

Note that Lemma 4.4 translates the two-scale convergence of xgq, to xy+ into the two-scale
convergence of xq, ) t0 Xyx()-

Further two-scale transformation results for weakly differentiable functions can be found in
[29] Theorem 3.8.

4.1. Two-scale convergence of the transformed data

Lemma 4.5. Let fe, pp. and by, be defined by (6). Then,

felt)y > f() weakly in the two-scale sense,
V Ppe(t) = Vipp(t) + Vypp 1 (1) weakly in the two-scale sense,
1
—or, (1) = Or () weakly in the two-scale sense,
&
Vir, (t) = Vyir(t) weakly in the two-scale sense

for a.e. t € S, where f, pp and vr are_the two-scale limits given in Assumption 2.3
and pp1(t, x,y) = pp1(t, x, Yo(t, x, y)) + Yo(t, x,y) - Vapp(t,x) and or(t, x,y) = vr(t, x,
Yo(t, x,y)) forae (x,y) € Qe X Y*.

Proof. The two-scale convergence of fg (¢) and of %ﬁrg follows from Lemma 4.4. The two-scale
convergence of V py .(t) follows from [29, Theorem 3.10] and the two-scale convergence of

Vir, from [29, Theorem 3.9]. O

190



D. Wiedemann and M.A. Peter Journal of Differential Equations 396 (2024) 172-209

Moreover, we need the two-scale convergence of the transformation coefficients, which are
given by the following result.

Lemma 4.6. Let . and g be given by Assumption 2.1. Then,

W, (1) — Wo(t), W' (1) — 5 (1), Je(t) — Jo(0), I (0) — J5 (o),
Ac(t) = Ao(t), eDyA(t) — DyAo(t), eDyA; (1) — Dy Ao(t)

strongly in the two-scale sense, for a.e. t € S, where the strong two-scale convergence holds with
respect to every LP-norm for p € (1, 00) and Ay = Jo\Ilal.

Proof. Using the results of [29], it remains to prove that e D, A, (t) — Dy Ao () and EDXA;1 (1)
— DyAqy ! (#) strongly in the two-scale sense. Therefore, we note that e D, W, (1) = svaw;— (t)
two-scale converges strongly to Dy Wy(t) = Dy V, wOT (t) by Assumption 2.1.

We rewrite D, A, (¢) into the sum of polynomials like in the proof of Lemma 3.4. Then, we
pass to the limit ¢ — 0 using the two-scale convergence of ¢ D, W, (¢) and W.(¢).

By the same argumentation, we obtain the strong two-scale convergence of D, J.(t) to
Dy Jo(2). Then, we rewrite As_l(t) = Js_l(t)\lls (t). Using the quotient rule and the previously
proven two-scale convergences, we obtain the strong two-scale convergence of sDxAs_l(t) to
DyAy (). O

4.2. Homogenisation of the transformed Stokes equations

Theorem 4.7. Let uA)L and § be the solution of (7). Let O, be the extension of gy as defined
in Lemma 4.8 and . € LPs(S; H! (Q)) be the extension of we by 0 on Q \ Q. Then, W (t)
two-scale converges to Wo(t) and Qg(t) converges strongly in L*(Q) to ¢(1), for a.e. t € S,
where (0o, q,§1) € LPs(S; L>(S; H #(Y*)N)) x LPs(S; H (Q)) x LPs(S; L2(Q; L? 0(¥Y™)) is
the unique solution of (30).

In order to pass to the limit ¢ — 0 in (7a), we test it by A;l ()¢ and obtain

2V A ()0, (0 (1)), VAT (D9)) ., — (06 (1), div(p))g,
= (W] (1) fe(t) = Vbe, ), — (E2VA(1)ée, (r, (1)), V(AT (Dg))g, - 31
Since A;l (1) is invertible (7a) can be replaced by (31).

First, we prove the strong convergence of Qg(t). Thereto, we transfer the argumentation of
[6] on our weak form with the different function spaces.

Lemma 4.8. Let g, be the second part of the solution of (7) and Qa be the extension of g, on
defined by

qu(t x) ifx € Qe,

Qc(t, x) = W f Get.x) ifx ek+eYSforkel,. (32)
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Then, for a.e. t € S, there exists q(t) € L*(Q) and a subsequence of Qg(t) which converges
strongly in L*(2) 10 ¢ (t).

Proof. Using the restriction operator from Lemma 3.11, we define F.(t) € (H LNy by

(Fe(0), @) g1y H' (@) :=/f15(t,x)diV(Rs(p(x))dx. (33)
Qe

From (31), we obtain
/éa(t) div(Rs @) dx = (e A, (1)26,,, (106 (1)), V(A; () Reg)),
Q

—(W] (1) fo (1) = V o (1), Reg)a, — (62VA: ()26, (br, (1)), V(A7 () Re9))g, -

Thus, we can estimate Fy(¢) using the estimates of eVw.(¢) (cf. (9)), the coefficients
(cf. Lemma 3.4) and the data (cf. Assumption 2.3) as well as the product rule by

(Fe0, 0 iy = Ce |[VAT OR)| | +CIRepllg, +¢2 | VAT O R.0)|

Qe

<CE+&) IVR:pllg, +C+¢) [Reollg, -
Then, the estimates of Lemma 3.11 imply, for ¢ <1,

{Fe(0), @) mioy mi @) = Cllelle +elVellg) (34)

and in particular || F¢ (1) || g1y < C.
Because div(R.¢) = 0 if div(¢) = 0, we obtain

(Fe(f)7§0>H1(Q)/,H1(Q)Z/ée(f,x)diV(Rsﬂl’(x))dx=/C}e(f,x)diV(§0(X))dx=0
Qe Qs

for every ¢ € H' () with div(g) = 0. SAince div has closed range (cf. Lemma 3.10), the closed-
range theorem implies that there exists Q. (¢) € L%(2) such that

/ 0 (1) div(e) dx = (Fe(1), 0) 1y 111 () = f 4o (1, 1) div(Rep(x) dx.  (35)
Q Qe
Moreover, we obtain the uniform boundedness of H QS (1) @) with Lemma 3.12 and (34) by
~ 2 ~ ~ ~
|00 = / 0 (1) div(div" (Qe (1)) = [{Fe (1), div™" (Qe (1)) g1 ey 111 |
Q

= ([ Gein|+e|vav@ewn| ) =c|oem

(36)

2@’
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In order to identify Qg(t) with g.(t) on ., we note that R, () = ¢ for every ¢ € H}S(QS),
where @ is the extension of ¢ by 0 to 2. Then, we obtain from (35)

/Qa(t)dw((/))dx /Qa(t)dw((/))dx /qa(t)dIV(w)dx

Qe Qe

Lemma 3.12 gives the existence of a function ¢ € Hllg (2,) with div(p) = Qg(t) — e (t). Testing
with this ¢ implies 0:(t) = ge(t) on Q.

In order to show the strong convergence of Qs (1), we note that the boundedness of Qg(t)
in L2($2) allows us to pass to a subsequence, which we still denote by Qs(t) such that Qg(t)
converges weakly to a function §(¢) € L2(Q) For the same subsequence @, = div™ l(Qg (1))
converges weakly to ¢ = div_!(§(r)) in H'($2), where div™! is given by Lemma 3.10. Then, we
obtain from (35) and (34)

(Qe (1), divige — @), < Clllge — ¢llg + £ 1V (9e — 9)llg)-

The compact embedding of H'(Q) into L?(Q) implies that |¢, —¢|lq — O and since
V(e — @)l is bounded, we obtain

(Qe(1), 0:(t) — (1)) = (Qe (1), div(ge — 9))q, — O.

By using additionally the weak convergence of Qg(t) to ¢(t), we obtain

A 2 A A A
[0:00=40)| = (0.(). 0:0) = 4t)a — G, 0ot = G(1)a — 0,

which shows the strong convergence of Qg(t).
The explicit formula (32) of Q. (¢) can be directly transferred from [6]. O

In the second step, we pass to the limit ¢ — 0 in the divergence condition (7b) and derive the
microscopic incompressibility condition (30b) and the macroscopic inhomogeneous divergence
condition (30c).

Lemma 4.9. Let w, € LPs(S; Hllg (2)N) be the first part of the solution of (7) and 15; de-

fined as in Theorem 4.7. Then, there exists, for a.e. t € S, a subsequence ﬁf;;(t) and wo(t) €
LZ(Q; Hrl#(Y*)N) such that, for this subsequence, We(t) and eV, (t) two-scale converge to
wo(t) and Vo (t), respectively. Furthermore, Wo(t) satisfies (30b) and (30c).

Proof. The uniform estimate (9) implies that ui;;(t) and SV&;(I) are bounded as well. Then,
by a standard two-scale compactness result there exists, for a.e. t € S, a subsequence and a
function Wo () € L3(2; H# (Y)N) such that for this subsequence W, (t) — wo(z) and eV, (1) —
Vywo(t) in the two-scale sense. Using arbitrary two-scale test functions ¢ € C (2 Cry W)
which are 0 on § x Y* shows wo(#) =0 in  x Y*, which means wo () € L3(2; Hll#(Y*)N).

By applying the estimates of Lemma 3.4 and Lemma 3.13 on the inhomogeneous divergence
condition (7b), we obtain
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|div(As ) ()| 12, = [diV(Ae (D, )] 20y, < CO)
(S2¢) (2¢))

for a.e. t € S for C € LP5(S). Using this estimate, the Y -periodicity of wg, Ag(¢) and the two-
scale test functions as well as the strong two-scale convergence of the coefficients given by
Lemma 4.6, we can conclude for 8 € D(2; Cg°(Y)) and forae. t € S:

/[ divy (Ao(, x, y)o(t, x, y))O(x, y)dy dx

QY*

=—//A0(t,x,y)1f)o(t,x,y)-Vy@(x,y)dydx
QY+

— _lim / Aot X)e (1, x) - (ane (x, f) +V,0 (x, f) ) dx
e—0 & &
Qe
= tim [ ediv(Ac (1, x)ie (1.3))0 (x, f) dx =0.
£—> &
Q2
By the density of D(2; Cg°(Y)) in L2(Q; L2(Y*)), we obtain the microscopic incompressibility
condition (30b).
In order to derive the macroscopic inhomogeneous divergence condition, we test (7b) with

0 € D(2) and pass to the limit ¢ — 0. Using the two-scale convergence of A.(¢) and Or, (¢) and
their derivatives yields

/divx (/Ao(t,x, Vwolt, x,y) dy)@(x) dx

Q Y*

=—f/Ao<r,x,y>wo(r,x,y>dy~vx0<x>dx

Q Y*

=- 1irr(1) Ag(t, x, y)we(t, x) - Vi (x)dx
E—>
Q

= lin}) div, (Ag (2, x)we (1, x))0(x) dx
e—
Qe

=— lirr(l)/divx(Ag(t,x)ﬁrg(t,x))@(x) dx
e—
Q;

=—//divy (Ao(t,x,y)f)r(t,x,y))dy 0(x)dx.

QY

By the density of D(2) in HO1 (£2), we can deduce the macroscopic inhomogeneous divergence
condition (30c). O
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In the third step, we can pass to the limit ¢ — 0 in (31).

Proof of Theorem 4.7. Employing Lemma 4.9 and Lemma 4.8, there exists, for a.e. t € S, a
subsequence, § (1) € L*>(2) and w(r) € L>(2; Hll#(Y*)N) such that, for this subsequence, Qg(t)
converges strongly to g (), we (¢) and e Vw, (1) two-scale converge weakly to wq(¢) and Vyio(t),
respectively. We consider this subsequence in the following.

Let ¢ € C(Q; CR3(Y*)™) such that divy (¢) = 0. Then, we test (31) with ¢(x, %) and pass
to the limit ¢ — 0, which yields

// VAo (1, X, ¥)28y ,(Wo(t, x, ) : Vy(Ay " (1, x, »)e(x, y)) dy dx

QY*
- [ [aemanpemara= [ [wlaxnsen ownaa
QY* QY*
_//(prb(tvx)+Vyﬁb,1(t1xvy))'¢(x’y)dydx
QY*

for any ¢ € C®(Q; C25(Y*)Y such that div, () = 0. By density, (37) holds for every ¢ €
C>®(Q; HEy(Y*)N) with divy (¢) =0.
Moreover, the following integration by parts shows that we can omit V,, py, 1 (t)

//Vyﬁb,l(t,x,y)~<p(x,y)dydx=—//ﬁb,l(t)divy(qo(x,y))dydx=0-

QY* QY*

The boundary term in this integration by parts vanishes since Db.1(1) is Y-periodic. Now, we

choose ¢ = ¢¢; in (37), for ¢ € C*°(Q2) and ¢; € Hll#(Y*)N, with ¢; =0 in Y®, divy(¢;) =0

and f ¢i(y) =e; fori € {1, ..., N}, which can be constructed by the Stokes operator similar to
Y*

the proof of [46, Lemma 2.10]. We obtain

f =41, x)0;¢(x) — Gi (1, x)$p(x)dx =0

Q
for
Gi(t,X)=—/vAo(t,x,y)Zéy,z(ﬁ)o(t,X»y))iVy(Agl(l,x,y)@(y))dy
Y*

+ f / W (1, %, 9) (1, %) = Vi pi(t, X)) - 1 () dy.

Qr*
Since G; (1) € L?(R) it follows that §() € HO1 (R2). Thus, in (37), we can integrate the pressure
term by parts and by a density argument the resulting equation holds for all test function in

¢ € LA(Q; HL,(Y*)V) with divy(¢) = 0.
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Employing the Bogovskii-operator on Y*, we obtain that divy : L2(Q; Hll#(Y Ny -
L2(S2 L%(Y*)) is surjective because L>(2; Hll#(Y*)) o L2(; H(; (Y*)). Then, the closed-range
theorem gives §; (t) € L*(2; L(z)(Y*)) such that

ff vAo(ta-xa J’)Q«éy,t(@o([»x’ y)) : V)’(Aal(taxv y)(p(-xv J’))dydx

QY*
[ [ 9030930 = 41 ) divy o ) dy o8
QY*
= //(wg(r,x, Yt x) = Vepp(t,x)) - @(x, y)dydx
QY*

for all g € L*(Q2; Hi,(Y*)V). Since Ay (¢) is invertible (38) is equivalent to

//vAo(t,x,y)2§y,t(ﬁ)o(t,x,y)) *Vye(x, y)dydx
QY*

[ AT 0992000 0t ) = @0 div, (Ao gD dyds (3
QY*

://(Jo(ts-)(:’y)f(tvx)_Ag(t’xvy)vpb(tsx))'go(x’y)dydx'
QY*

Furthermore, (30b)—(30c) follow from Lemma 4.9.
In order to simplify (39) to (30a), we show that the microscopic incompressibility condition
(30b), the Y -periodicity and the zero boundary values of ¢ on I" imply that

f VA0t 2, ) (U5 T (13, W)Vt 3, ) T 2 V36 (y) dy =0 (40)

Y*

forall ¢ € Hll#(Y*)N and a.e. (t,x) € S x Q. For fixed (¢, x) € S x Q, we transform the left-hand
side of (40) in the actual two-scale coordinates by means of ¥, ! for a.e. x € Q, which yields

/ v(Vyw(t, x, ) : Vyp(y)dy
Y*

= / VAo, x, Y)Wy (t,x, y)Vydb(t, x, )T 1 Vy$(y) dy,
YD)

(41)

for wo(z, x, y) = wy(t, x, 1//0_1(1‘, x,y)) and ¢(x) = @(x, Yo(t, x, y)). Transforming the micro-
scopic incompressibility condition (30b) shows that wy is divergence-free

divy (wo(t, x,y)) =0. 42)
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We note that the divergence-free smooth functions {u € Cfi‘()t x)#(Y;‘ ()N | divy(u) = 0} are
dense in the divergence-free H !_functions {ue Hll . X)#( Yy )N | divy u = 0} with respect to the
H!-norm (see [45, Chapter II1.4]). Thus, we can choose a sequence (i), cN in Cfi‘()t,x)#(Y; )N

with divy (u,) = 0, which converges to wq with respect to the H Ly ¥(t))-norm. After integration
by parts, we get

/ (Vywo(x, )" : Vyp(y)dy = lim / Vyun ()" 1 Vyp(y) dy

Yy e
43)
== lim [ divy(Vy@a () ") - 9(»)dy =0,
Yy

where the boundary integral from the integration by parts vanishes due to the zero boundary
values of ¢ at I'(¢, x) and the Y -periodicity of wo and ¢. The last equality of (43) follows from

(divy (Vyun () i =D 0y, (Vun ) ) ji = D 8y, 8y, () ()

j=1 j=1

= 3y ) By, ) () = By, divy (un () =0.
j=1

Combining (41) and (43) shows (40) and, hence, (39) can be simplified to (30a).
Thus, we have shown that the limit wg, g solves (30). Since (30) has a unique solution
(cf. Lemma 4.11), the convergence holds for the whole sequence. O

In order to show the existence and uniqueness of the solution of (30), we derive the following
inf—sup estimate for the div-conditions.

Lemma 4.10. There exists a constant C € R such that

" (Ao, Vedo)oxr: — Wivy(Ao®v), paxre _ oy

UELZ(Q;Hll#(Y*)N)\{O} lv ”L2(§2; Hll#(y*)) I (@0, Pl HOI (Q)XLZ(Q;L%#(Y*))

fora.e.t € S and any (¢, ¢1) € H} () x L*(; L3,(Y*)).

Proof. Let (¢o, 1) € Hi () x L2(Q; L3(Y*)). From the Bogovskii-operator, we obtain u €
L2(2; HE,(Y*)N) such that

diVy W) =¢1, |u “LZ(Q;HOI (Y®)) <Cll¢1 ”LZ(Q;L%)#(Y*))
for a constant C which only depends on 2 and Y* and not on ¢;.
We define the functions vy, ..., v, € Hll#(Y*)N as the solutions of the following Stokes prob-

lems: Find (v;, pi) € Hy(Y*)N x LZ(Y*) such that
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(Vvi, Vo)y — (pi, div(e)) y+ = (e, @) v+,
(div(vy), @)y= =0

for any (¢, ) € HL,(Y*)N x L3(R). Choosing ¢ = v; gives

(Vuy, Vupys -+ (Vur, Vp)y=

A=l Sumdy - [u()dy

e e . (45)

Vv, Vupys -+ (Vu,, Voy)ys

Since A is the permeability tensor from the usual Darcy law, it is symmetric and positive definite
(see for instance [4, Chapter 7, Proposition 2.2]). This guarantees that the following boundary-
value problem is well-defined: Find a solution w € HO1 (€2) such that

(AVw, Vg)o = (oo, Vo)a + ( f u.y)dy. Vo) (46)
Y*
for any ¢ € HO1 (2).

By the Theorem of Lax—Milgram, we obtain unique solutions w € HO1 (£2), which can be
estimated by

”w”HO'(Q) =< C(”‘PO”H&(Q) + ”u”QxY*)-

We define o(x, y) := Agl (t,x,y) (X7 vi(y) 9y, w(x) — u(x, y)) and estimate

”l_}”Lz(Q;Hll#(Y*)) = C(”w”HOl () + ”u”Lz(Q;Hll#(Y*)))

=< C(”‘PO”H(} (Q) + ||¢1 ”L2(Q;L(2)#(Y*)))
for C € R independent of 7. Then, we obtain
(A0(0)5. Vo0raer- = (4w = [ u.)dr. Von) | = Ve, Vgura.
Y*

divy (Ag()D) = D divy (i (1)), w(x) — divy (u(x, y)) = =1 (x).

i=1
Using this explicitly constructed v, we can deduce (44) for C > 0, which is independent of . O

Lemma 4.11. There exists a unique solution (o, §, §1) € LP(S; L*(2; Hrl#(Y*)N)) x LP(S;
Hy () x LP(8; L*(2: Lgy(Y™)) of 30).
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Proof. Note that the existence of a solution for a.e. # € S is, up to the measurability with re-
spect to time, already secured by the homogenisation process. However, it remains to prove the
uniqueness. We rewrite (30) in the setting of the generic saddle-point formulation of Lemma 3.2.
We define the following time-dependent bilinear forms:

ar: LA HE.(YHN) x L2(Q; HE,(Y)N) — R,

(v, w) > WANOWy T (1) Vyv, Vyw)axy, (47)
by s L2(2; HL(Y))N) x (HI(R) x L*(; L3(Y™))) — R,
(v, (po, p1) = (Ag(t)pro, V)axys — (p1,divy (Ap(t)v))oxy*. (48)

Using the time-independent boundedness of the transformation ¥(¢), the boundedness of
Jo > ¢ from below and the Poincaré inequality for Hll#(Y*), we obtain

2
T T T
ar(v,v) = WIO; T (OVy0, 95T Oy 0)g.re = vey | 95 (I)Vyv‘Lz(Q;Hrl#(Y*))

T2 2 2
>vey H\I—’O HLOO(SXQXY*) ’Vyv”QxY* > C "v“L2(Q;HI]~#(Y*)) s
2
lar (v, wl = H\/TO\IIETHLOO(SXQXY*) V5 gy [V gy

= Clwl 2w, o) IV L2 (0; 00y

for any v, w € L3(Q; Hll#(Y*)N) for a time-independent constant C.
Let (v, (po, p1)) € L*(Q; HL,(Y)N) x (H} () x L?(Q; L3, (Y*))). Using the product rule,
the Poincaré inequalities for H& (2) and Hll#(Y*) as well as the Piola identity, we get

|be (v, (po, PO < [(Ag (1) Vi po, V)axy+] + 1(p1, divy (A] (V) @xr+|
=|(AJ (1) Vi po, Vaxy+| + (1, AJ () : Vo) axy+]

< CIVpolig vllaxys + Clpillgers | Vo] g,y

= C(HPOHH(} Q) +lIptllgxy) ”v”Lz(Q;HIl#(Y*))

for a time-independent constant C.

From Lemma 4.10, we get a time-independent inf—sup constant for b;.

Since the right-hand sides of (30) can be bounded pointwise for a.e. t € S by C € LP5(S),
we can infer for a.e. + € § with Lemma 3.2 the existence and uniqueness of a solution
@), §(1), g1(t)) € L*(Q; HL.(Y*)N) x H}(Q) x L*(Q; L3(Y*)) such that

@] L@, T HqA(I)HH](Q) +]a o] 2@:12,r+) =€) (49)
for C € LP(S).
Using the same argumentation as in the proof of Theorem 3.1, we obtain additionally the

measurability of (Wg, ¢, ¢1) with respect to time. O
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5. The limit problem in the evolving domain
5.1. Back-transformation of the limit problem

We transform the two-pressure Stokes problem (30) from the cylindrical substitute domain
into the actual two-scale domain. The result is the two-pressure Stokes problem (53), which does
not depend on the transformation 9. The two-scale transformation method (cf. [29]) transforms
the two-scale convergence results from the substitute problem (cf. Theorem 4.7) into two-scale
convergence results for the untransformed setting (cf. Theorem 5.1).

Moreover, the homogenisation of the Stokes problem yields not only the two-scale conver-
gence for the pressure but a strong convergence for an appropriate extension of it (cf. Theo-
rem 4.8). Using the two-scale transformation method, we can transform the strong convergence
of Qs back and obtain the strong convergence for the back-transformed extension of the pressure
0. = Qa oV, 1 (cf. Theorem 5.1). Indeed, Q. is some extension of the pressure of the origi-
nal problem but this extension is not transformation-independent. In particular, if ¥ (k 4+ eY) #
k+¢Y fork € I, it can be easily seen that Q/, is not constant on ¥, (k+¢Y®) # (k+e¥Y)NQL().
Nevertheless, it can be used in order to show the strong convergence for the extension of the pres-
sure Q. that we have chosen in Theorem 5.4. This extension is the transformation-independent
counterpart of the extension of Lemma 4.8 for the untransformed setting.

In the last step, we separate the y-dependency in the two-pressure Stokes problem (53) and
derive the Darcy law for evolving microstructure (4).

Theorem 5.1. Let (w,. ge) € L7 (S: HY , (Qu(t)N) x LP(S: L2(Q (1)) e the solution of (5)
and let W, € LPs(S; H'(Q)N) be the extensions by 0 and Q' € LPs(S; L>(2)) the extension of
qe (1) defined by Q,(t, x) == Qe(t, Ve (t, x)), where Qs is given by (32). Then, for a.e. t € S,

W, (1) — wo(r) two-scale converge weakly , (50)
8Vf\ujg (1) > Vy%(t) two-scale converge weakly , (&2))
Q;(t) —q(1) converges strongly in L2(Q), (52)

where Wy is the extension of wy by 0 on S x Q x Y and (wy, q, q1) the solution of (53).
The transformation-independent two-pressure Stokes problem in the actual two-scale do-

main is given by: Find (wo,q,q1) € LPs(S; L*(; Hll(t,x)(Y;(t))N)) x LPs(S; Hy (Q)) x
LPs(S; L2(Q; LA(Y¥()))) such that

/ / vVywo(t, x, y) : Vyp(x, y) + Viq(t, x) - o(x, y)dy dx

Q YD)
(53a)
—f / ql(t,x,y)diV(w(x,y))dydx=/ /(f(t,X)—prb(t,X))wp(x,y)dydx,
Q Y1) Q Y¥@®)
/ / divy (wo(t. x. y)) 1 (x., y) dy dx =0,
Q Y0
(53b)
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[awo ([ wexna)pec== [ [ dverecomamm s

Q Y1) Q Y¥@)
for every (¢, do, ¢1) € L*(2 Hi, o (YEO)N) x Hy () x L*(Q; LGV (1))

Proof. Let ¢ € S be fixed and let % Q. be defined as in Theorem 5.1. Then, we obtain from
Lemma 2.4 that w, (¢, ¥ (f,x)) = (¢, x) for a.e. x € Q.. The two-scale transformation rule
(cf. Lemma 4.4) shows that @, (¢) and Vw,(t) two-scale converge to wo(t) with wo(t, x, y) =
wo(t, x, wo_l(t,x, y)) and V,wo(z, x, y), respectively, where g is the two-scale limit of W,
given by Theorem 4.7. Moreover, the strong convergence of Qs (1) to §¢(¢) in L3(RQ) gives the
strong two-scale convergence of 0. (1). Lemma 4.4 transforms this into the strong two-scale
convergence of 0 (t) to g(t) =q(t) € L?(Q) and, since ¢ () is independent of y, it implies the
strong convergence in L3(9).

It remains to derive the transformation-independent limit problem (53) in its actual co-
ordinates. We test (30a) with ¢(x, y) = @(x, ¥o(¢, x, y)) and transform the Y*-integral with
wo_l (t,x,-). Then, we obtain

/ f vVywo(t, x, ) : Vyp(x, y)dydx
Q Y*(1)

+/ / LIJ(—)r(t’x’ W(;l(t’x’ )’))(VxlI(f,x)‘l-Vbe(f,x))‘(P(x’ )’)d)’dx (54)
QY@

—/ [ él(t,x,wo‘l(t,x,y))diV(w(x,y))dydx=/ f (@, x)-o(x, y)dydx.
Q Y1) Q Y¥@)

Note that the transformation coefficients vanish in front of the y-derivatives because of the prod-
uct rule. In order to remove them in front of the x-gradient, we note

Wy T (tx Yy e y) = Vg o, ) = 14 Vg (0 x, ). (55)
Thus, we can rewrite the macroscopic pressure terms and obtain after integration by parts

//\I’JT(t,x,%_l(t,x,y))(vxq(t,X)+prb(t,X))-<p(x’y)dydx
Q YE@)

=f / (Vaq(t, ) + Ve pp(t,)) - p(x, ¥) dy dx

Q YE@)

+/ / Yy (15 V) (Ve 3) + Vi pp (. ) - o(x, y) dy dx (56)
Q Yin

=/ / (Vxq(t,x) + Vipp(t,x)) - o(x,y)dydx
Q YD)
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—/ / Vo (6%, ) (Vaq (t, X) + Ve py(t, X)) divy (9(x, y)) dy dox.
Q Yy

The boundary integral, which arises in the integration by parts in (56), vanishes on dY* N aY
because all the terms are Y-periodic and on dY* \ Y because ¢ = O there. As the last term of
(56) has only a microscopic contribution, we can add it to the microscopic pressure. We define

qit,x, ) = q1(t, x, 95 (6, %, 9) + ¥ (8, x, ¥) - (Veq(t, x) + Vs pp(t, x))

so that the pressure terms of (54) transform to the pressure terms in (53a).
By a similar transformation of (30a) and (30b), we get

/ / divy (wo(t, x, Y1 (x, y) dy dx =0, (57)

Qi

which shows (53b) and

/divx( f W T x 0 e y)wott. x, ) dy o) dx

2 rim
(58)
= [ [ divsturtt.x 0y o a.
Q Yr)
Using again (55) and integration by parts, we can rewrite (58)
di -7 —1
~ [aive ([ 0T v wx ot ) dy Yoo dx
Q 430)
(59

—— [aive ([ [ w0+ 05 e, ) v e 30 dy o) d,
Q Q Y
The second summand on the right-hand side of (59) vanishes because of the microscopic incom-

pressibility condition (57). Thus, we have rewritten the left-hand side of (58) into the left-hand
side of (53¢). O

For the case of a no-slip boundary condition at the interface I'¢, in which vr,(f,x) =
Yelt, ¥ I(t, x)) models the boundary deformation, we can simplify the right-hand side of the
macroscopic inhomogeneous divergence condition (53c) in the two-pressure Stokes system.

Corollary 5.2. If vr, is the velocity of the boundary deformation, i.e. vr, (t,x) = 0;Y¢(t,
v (¢, x,)), the right-hand side of (30c), and equivalently the right-hand side of (53c), can
be rewritten as

- / / divy (Ao (1) O (t. x, )) dy po(x) dx = — / 8,1Y* (1)) po(x) dx (60)
QY* Q
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Proof. First, we note that vr, (¢, x) = 0,V (¢, ¥ I(t, x)) yields dr, = 3,v, which implies v =
0; Y. Thus, we can rewrite the right-hand side of (53c) by

—[/divy(Ao(t)ﬁr(t,x,y))dywo(X)dx=—ffdiVy(Ao(t)azlﬂo(t,x,y))dyfpo(x)dX~

QY* QY*

The Piola identity implies divy (Jo W, 13, Yo) = 9; Jo, which gives

—//divy(Ao(t)atlﬁo(t,x,y))dyqao(X)dxZ—/f 9 Jo(z, x,y)dy go(x) dx

QY* QY*

fa, f dy go(x) dx = — /atw;(t)noo(x)dx. g

YD)

In the next step, we consider the limit ¢ — 0 of the actual fluid velocity v, i.e. we add the
Dirichlet boundary values to w,. We extend v, on 2 by 0, which is not regularity preserving but
conforms with the physical model that no fluid flow happens in the solid phase.

Corollary 5.3. Let v; := we —vr, € L5 (S; Hllp (t)(Qg )N, where w, is the solution of (5). Let

Ve and ﬂg be the extension by zero on Q x Y. Then, v,(t) and 8%(1‘) two-scale converge to
the extension by 0 of wo(t) and Vyw(t), respectively, where wy is the solution of (53).

Proof. We note that 0.(t) — W.(t) = xq.(rvr, and Ve (t) — Vwe(t) = X2y Vor,. Since
H ur, (¢) HQ +e& HerF (1) HQ <eC(t) forae.t € S for C € LPs(S), we can identify the two-scale
limit of v, and Sva with the two-scale limits of w, and Sng, respectively, which are given by
Theorem 5.1 gives the desired two-scale convergence. O

Theorem 5.4. Assume that |k + eY N Qg (t)| > ¢ for every ¢ > 0 and k € I, with a time- and
space-independent constant ¢ > 0. Let

qe(t, x) ifx € Q(1),
Q=1 L [ qd fxek+e¥ Q@ forkel, ©D
T ey N (1)

where q. is the second part of the solution of (5). Then, Theorem 5.1 holds for Q. (t) instead of
QL(1), i.e. fora.e. t € S, Q¢(t) converges strongly in L%(Q) to q(t), where g € LPs(S; H'(R))
is the second part of the solution of (53).

Proof. In the following, we use the unfolding operator 7, : L?(2) — L?(Q2 x Y), which was
N

introduced in [49,50], see also [51]. We use the notation [x]y = Y _ ¢; |x;] for x € RY and ¢; the
i=1

Euclidean unit vectors. It allows us to translate between strong two-scale convergence and strong

convergence in LP (2 x Y) (cf. [29]). Thus, Q.(¢) two-scale converges strongly to g(¢) if and

only if 7:(Q.(t)) converges strongly in L2(Q2 x Y) to g(r). Let . (1) be the extension of g, (f)

by 0 to 2. With the definition of 7, we can rewrite
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c(te[X], +ey) ife[£], +ey€Qe(0),
Te(Qe()(x,y) = W R f qe(t,z)dz ifS[%]Y-FSYEQZ(I)
e[£]y+ey
~ 1
=Te(@e () (x, ) + Te(Xas 1) (X, ¥)

|Q:() N (e[£], +eY)]

/ TG ) (x, 2) dz
Y

=Te(@e())(x, ) + Te (X3 1) (x, ¥) [ Te(xe.0)(x, 2)dz
Y ' ’

Te(qe (1)) (x, 2) dz. (62)

~—

In order to pass to the limit ¢ — 0, we rewrite ¢ (G (1)) = Te(x, (1)) Te (QL(¢)). We translate
the strong two-scale converges of Q/(¢) and xq, () in

Te(Q () = q (1) in L2 x Y), (63)
Te(X:(0) = Xvz() in LP(2 x Y) for every p € (1, 00), (64)

Due to the fact that H7;( XQ: () ” Loo(@xY) is uniformly bounded, we can combine (63)—(64) to

Te (@ (1) = Te (X2, (1) T (Q1 (1)) = xyrq (1) in L*(Q x ). (65)

Using the Holder inequality on (64) and (65) with respect to Y yields

/72()(525(1))(96, y)dy — /XY;(:)(y)(x, y)dy in LP(Q) for every p € (1, 00), (66)
Y Y
/ﬁ(?s(l))(x,y)dyﬁ /XK;f(t)(y)dyCI(t) in L*(Q). (67)
Y Y

Since [ Tz (x. () (-x» 2)dz > ¢ > 0 is uniformly bounded from below, (66) yields together with
Y
(©7)

Te(qe (1)) (x,2) dz S xvz(2)dzq (1)
Y

/

Y —>

J Te(xa.m)(x. 2)dz [ xvran(2)dz
Y Y

=q(t) in L*(Q). (68)

Moreover, (64) gives Te(xas)) = Xrs@ in LP( x Y) for every p € (1, 00). Due to fact that
| 7e(xes o) || Lo (@xy) 18 uniformly bounded, we obtain with (68)
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S Te(@ () (x, 2) dz
Y

[ Te(x. ) (x,2) dz
Y

Te(xe:) — Xrs0q(t) in L*(Q x Y). (69)

By combining (62), (65) and (69), we can pass to the limit ¢ — 0 for 7. (Q.(¢)) and obtain:

Te(Qe (1)) = xyryq(®) + Xysq(®) = q(t) in L*(Q x Y). (70)

Therefore, Q. (¢) two-scale converges strongly to ¢ (¢) and, since g (¢) is independent of y, Q. (t)
converges strongly in L>(Q). O

5.2. The Darcy law for evolving microstructure
In the last step, we derive the Darcy law (4) by separating the y-dependence in (53). It contains

the time- and space-dependent permeability tensor K € L™ (S x )V >V which can be computed
explicitly by

K(t,x)ij = / Vyui(t,x,y): Vyu;(t,x, y)dy = / ui(t,x,y)-ejdy, (71)
Yi() A0

where u; € L*(S x Q; Hll#(Y;"(t))N ) are the unique solution of the local Stokes problems on
the cell domains Y (1),

—Ayui(t,x,y) — Vymi(t,x,y) =e¢; in Y} (), (72a)
divy (u; (£, x,y)) =0 in Y} (), (72b)
ui(t,x,y)=0 on dl', (1), (72c¢)

vy, x,y),ui(t,x,y) is Y-periodic. (72d)

The corresponding weak formulation of (4) consists of the following Dirichlet boundary-
value problem (73) for the pressure and the explicit equation for the fluid velocity (74), where
p =q + pp: Find g € LPs(S; H} () such that, fora.e.t € S,

/%K(r,x)Vq(t,x)-Vw(x)dx:/%K(t,x)(f(t,x)—Vpb(t,x))-Vgo(x)dx
Q Q

—/ / divy(vr(z, x))dyp(x)dydx  (73)

Q Yr()
for every ¢ € H(} (Q), where K € L>(S x Q)V*V is defined by (71) and let
1
v(t)=;K(t) (f@)—Vp@), (74)

where p =¢q + pp.

205



D. Wiedemann and M.A. Peter Journal of Differential Equations 396 (2024) 172-209

In the case of a no-slip boundary conditions, i.e. or = 9;v,, Corollary 5.2 simplifies the last
term of (73) to

—/ / divy<vr(t,x,y>>dy<o<x)dy=—fa,|Y:(r>|¢(x>dx.

Q Y0 Q

Theorem 5.5. Let (0, Q) be defined by Corollary 5.3 and Theorem 5.4, respectively. Then, for
ae. t €S, Q.(t) converges strongly in L*(2) to q(t), where q € LPs(S; HO1 (R2)) is the unique
solution of (73). Moreover, U, (t) converges weakly in L2(Q2) 1o v(z), where v € LPs(S; L2(Q)N)
is given by (74).

Proof. The linearity of (53a) gives

1 N
wo(t, x,3) = =D (fi(t, ) = 8y (g (1, %) + polt, ODui (1, x, ¥), (75)
i=1

1 N
C]l([»x’ Y) = ; Z(ax,(q@’x) +pb(t7x)) - ﬁ([,.x))ﬂj(t,x, y)s (76)
i=1

where (u;, 7r;) is the solution of (72) for i = {1, ..., N}. Taking the integral over Y;(¢) gives
(74) for v(t, x) = f wo(t, x, y)dy. Moreover, with (53c), we obtain the inhomogeneous di-
Yo
vergence condition div(v) = — f div(vr(z, x, y))dy and in the case of Corollary 5.2, we can
Y@
simplify it to div(v) = —9;|Y;(¢)|. Combining this inhomogeneous divergence condition with
(74) yields (73). O

By stating separately the inhomogeneous divergence condition div(v) =
— f div(vr(t, x, y))dy (= —9;|Y}(¢)|), which we have derived in the proof of Theorem 5.5,

V@)
we obtain the strong formulation of the Darcy law for evolving microstructure (4). It differs in
three points from the Darcy law for fixed microstructure (2). The first is the time- and space-
dependent permeability tensor, which arises from the time- and space-dependent (evolving)
microstructure. The second and most interesting difference is the macroscopic inhomogeneous
divergence condition, which arises from the homogenisation of the inhomogeneous Dirichlet
boundary condition. The last difference is the Dirichlet boundary condition in (4) which is caused
from the homogenisation of the pressure boundary condition.

Remark 2. Instead of doing the homogenisation for a.e. ¢ € S separately, the two-scale con-
vergence with respect to the L5 (S; L?(2))-norm for 1 < ps < oo could have been used. In this
case, the data do not have to be bounded pointwise in time. Instead, it suffices if they are bounded
in LPs(S).

6. Conclusion

We derived a Darcy law for porous media with evolving microstructure by means of ho-
mogenisation. The microscopic evolution is a priori known and features a time- and space-
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dependent permeability tensor, which accounts for the local pore structure. Moreover, we con-
sidered an inhomogeneous Dirichlet boundary condition at the fluid—solid interface, modelling
a no-slip boundary condition for moving interfaces or general compression and suction effects
caused by the moving interface. Combined with the microscopic incompressibility condition, this
inhomogeneous boundary condition becomes a macroscopic inhomogeneous divergence condi-
tion for the fluid in the homogenisation process. Thus, a new source term for the pressure occurs.
In the case of the inhomogeneous Dirichlet boundary condition modelling a no-slip boundary
condition, this source term relates to the change of the local pore volume.

In order to perform the homogenisation on the evolving domain, we applied the two-scale
transformation method. The homogenisation in the periodic substitute domain required the
derivation of a new Korn-type inequality for the two-scale transformation method. Moreover,
we showed new two-scale transformation rules for the divergence operator and thus obtained a
transformation-independent limit problem.

In various applications, the evolution of the microstructure is a priori not known and is affected
by different processes as for example by dissolution or precipitation processes. This results in
highly non-linear systems of reaction—advection—diffusion processes coupled with Stokes flow
and evolving microstructure. The homogenisation of reaction—diffusion processes coupled with
an a priori unknown evolving microstructure is considered in [31,30]. The homogenisation of the
Stokes flow presented here constitutes a framework for the addition of advective transportation
in such models.
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