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Abstract

Affine flows on vector bundles with chain transitive base flow are lifted to linear flows and
the decomposition into exponentially separated subbundles provided by Selgrade’s theorem
is determined. The results are illustrated by an application to affine control systems with
bounded control range.
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1 Introduction

For linear (skew product) flows on vector bundles, Selgrade’s theorem describes the decom-
position into subbundles obtained from the chain recurrent components of the induced flow
on the projective bundle. This coincides with the finest decomposition into exponentially
separated subbundles. It is a simple observation that affine flows can be lifted to linear flows
on an augmented state space and the main purpose of the present paper is to connect the
resulting Selgrade decomposition to properties of the original affine flow.

The theory of linear flows was developed in the second half of the last century. We refer,
in particular, to Sacker and Sell [22], Salamon and Zehnder [23], Bronstein and Kopanskii
[5], Johnson et al. [13]; cf. also Kloeden and Rasmussen [16] and Colonius and Kliemann
[7, 8]. An affine flow on a vector bundle 7 : V — B over a compact metric space B is a
continuous flow W on V preserving fibers such that the induced maps on the fibers are affine.
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We will only consider (topologically) trivial vector bundles of the form V = B x H, where
H is a Hilbert space and suppose that the base flow on B is chain transitive.

Selgrade’s theorem for linear flows & (Selgrade [24], [8, Theorem 9.2.5]) states that the
induced flow P® on the projective bundle PV has finitely many chain recurrent components
(this coincides with the finest Morse decomposition). The chain recurrent components define
invariant subbundles which yield the finest decomposition of V into exponentially separated
subbundles. Generalizations include Patrdo and San Martin [18] for semiflows on fiber bun-
dles, Alves and San Martin [3] for principal bundles, and Blumenthal and Latushkin [4] for
linear semiflows on separable Banach bundles.

The essence of our set-up is to lift an affine flow W to a linear flow W!. When we apply
Selgrade’s theorem to the linear flow W!, the projection to the projective bundle has a geo-
metric interpretation: It is a version of the projection to the Poincaré sphere, which (in the
autonomous case) is obtained by attaching a copy of R? to the sphere S¢ in R¢*+! at the north
pole and by taking the central projection from the origin in R?*! to the northern hemisphere
S%+ of S?. Then the equator of S? represents infinity. This is closely related to the classical
construction of the Poincaré sphere from the global theory of ordinary differential equations
going back to Poincaré [20]; cf., e.g., Perko [19, Section3.10].

The main contributions of this paper are the following: Affine flows on vector bundles are
lifted to linear flows by multiplying the inhomogeneous term by an additional state variable,
which is constant. This linear flow on the extended state space can be projected to a flow on
the projective bundle, where the equator can be interpreted as representing the original flow
at infinity. Selgrade’s theorem for linear flows provides a decomposition of the extended state
space. It turns out that there is a unique Selgrade bundle, whose projection is not contained
in the equator. We call it the central Selgrade bundle. The projections of the other Selgrade
bundles are contained in the equator, hence we call them the Selgrade bundles at infinity.
Since the projective flow restricted to the equator is conjugate to the flow of the projectivized
linear part of the original flow the Selgrade bundles at infinity are obtained by the Selgrade
bundles of the linear part of the original flow. The flow on projective space outside of the
equator is conjugate to the original affine flow. The projection of the central Selgrade bundle
contains the image of the chain transitive set of the original affine flow. Furthermore, the
Morse spectra of the various Selgrade bundles can be characterized. The special cases of
uniformly hyperbolic and split affine systems allow sharper results. For affine control flows
generated by affine control systems chain controllability properties can be characterized.

The contents of this paper are as follows. In Sect.2 on preliminaries we formulate Sel-
grade’s theorem for linear flows on vector bundles and the Morse spectrum after recalling
the required notions from the topological theory of flows on metric spaces. In Sect.3 affine
flows are defined and lifted to linear flows to which Selgrade’s theorem is applied. Theorem
12 shows that there is a unique central Selgrade bundle and the other Selgrade bundles are
“atinfinity”. Section4 deduces a formula for the central Selgrade bundle of split affine flows,
where the homogeneous and the inhomogeneous part can be separated, and Sect. 5 describes
the uniformly hyperbolic case. In Sect. 6 first some notions from control theory are intro-
duced, in particular, the correspondence between maximal invariant chain transitive sets of
the control flow and chain control sets is recalled. Then it is proved that chain control sets are
unique for split affine control systems, the previous results are applied to the affine control
flows generated by affine control systems, and several examples are presented.
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2 Preliminaries

This section collects notation and results for continuous flows on metric spaces and recalls
Selgrade’s theorem for linear flows as well as the Morse spectrum.

2.1 Flows on Metric Spaces

For the following concepts for flows on metric spaces cf. Alongi and Nelson [1], Robinson
[21], and Colonius and Kliemann [7, 8].

A flow on ametric space X with metric d is given by a continuous function ® : Rx X — X
satisfying ®(0, x) = x and ®(z + 5, x) = P(¢, P(s,x)) forallz, s € R and x € X. Where
convenient, we also write ®;(x) = ®(z, x). A conjugacy of flows ®" on X’ and ®” on X" is
a homeomorphism A : X’ — X" with h(®](x)) = @} (h(x)) forall (£,x) e R x X".

Fore, T > 0 an (e, T)-chain ¢ for ® from x to yis givenbyn e N, Ty, ..., 7,1 > T,
andxgo =x,...,X,—1,X, =y € X with d(®(T;, xi), xj4+1) < efori =0,...,n — 1. For
x € X the w-limit and the «-limit set are

wx)={y e X3ty - oo : (tx,x) — y}and
ax)={ye X | - —oc0: O(tx,x) > y},

respectively. The (forward) chain limit set is
Qx)={y e X|Ve, T > 03(¢, T)-chain from x to y }.

A point x € X is called chain recurrent if x € Q(x), and a set Y C X is called chain
transitive if y € Q(x) for all x, y € Y. Observe that any subset of a chain transitive set is
chain transitive, and (cf. [1, Proposition 2.7.10]) a set is chain transitive if and only if its
closure is chain transitive. A chain recurrent component is a maximal chain transitive set. On
a compact metric space these are the connected components of the chain recurrent set and the
flow restricted to a chain recurrent component is chain transitive. If X is chain transitive for
a flow on X, then also the flow is called chain transitive. For a continuous map f : X — X
and x, y € X an e-chain from x to y is given by xg = x, x1, ..., Xp—1, X, = y in X with
d(f(xi), xi+1) < ¢ foralli.
The next result is proved in [1, Theorem 2.7.18].

Theorem 1 The following properties are equivalent for a flow ® on a compact metric space
X and points x,y € X.

(i) The points x and y satisfy y € Q(x) and x € Q(y).
(ii) For the map ®1 : X — X and every ¢ > O there exists an e-chain from x to y and an
e-chain from y to x.

It immediately follows that the product of two chain transitive flows is chain transitive.

A related concept are Morse decompositions introduced next. Note first that a compact
subset K C X is called isolated invariant for & if the following holds: ®,(x) € K for all
x € K and all r € R and there exists a set N with K C int N, such that ®,(x) € N for all
t € Rimplies x € K.

Definition 2 A Morse decomposition of a flow ® on a compact metric space X is a finite
collection {M; |i =1, ..., £} of nonvoid, pairwise disjoint, and compact isolated invariant
sets such that
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(i) for all x € X the limit sets satisfy w(x), a(x) C Ule M;, and
(if) suppose that there are M, M;,..., M;, and xq,...,x, € X\ Ule M; with
a(x;) C Mj,_,and w(x;) C M, fori =1,...,n;then M, #M; .

The elements of a Morse decomposition are called Morse sets. An order is defined by the
relation M; < M if there are indices jo, ..., j, with M; = M, M; = M, and points
xj; € X with

a(xj) CMj_randw(x;;) C M fori =1,...,n

We enumerate the Morse sets in such a way that M; < M implies i < j. Thus Morse
decompositions describe the flow as it goes from a lesser (with respect to the order <) Morse
set to a greater Morse set for trajectories that do not start in one of the Morse sets. A Morse
decomposition { M, ..., M,} is called finer than a Morse decomposition {/\/l’l, c, 2/ },
if forall j € {1,..., ¢} thereisi € {1,..., €} with M; C M/,

The following theorem relates chain recurrent components and Morse decompositions;
cf. [8, Theorem 8.3.3].

Theorem 3 For a flow on a compact metric space there exists a finest Morse decomposition
if and only if the chain recurrent set has only finitely many connected components. Then the
Morse sets coincide with the chain recurrent components.

2.2 Linear Flows and Selgrade’s Theorem

We will consider vector bundles V = B x H, where B is a compact metric base space and
H is a finite dimensional Hilbert space of dimension d. A linear flow ® = (6, ¢) on B x H
is a flow of the form

P:RxBxH-— BxH, &(b,x) = (6:b, ¢(t,b,x)) for (t,b,x) e Rx B x H,

where 6 is a flow on the base space B and ¢(¢, b, x) is linear in x, i.e., ¢(t, b, ¢1x] +
arxy) = a1e(t,b,x1) + arp(t, b, xp) for a1, a2 € R and x1,x; € H. We also write
O, (b, a1 x1+orx2) = a1 P, (b, x1)+ar P, (b, x2). A closed subset V of B x H that intersects
each fiber {b} x H, b € B, in a linear subspace of constant dimension is a subbundle. Let
IPH be the projective space for H and denote the projection H \ {0} — PH as well as the
corresponding map B x (H \ {Og}) — B x PH by the letter P. A linear flow ® induces a
flow P® on the projective bundle B x PH. A metric on PH is defined by

d(p1, p2) = minH

— = 7” H for p1 = Px, p» =Py. (D
llxll 1yl ||y||

Then B x PH becomes a compact metric space by defining the metric as the maximum of
the distances in B and PH.

Recall that for a linear flow ® two nontrivial invariant subbundles (Vt, V™) with Bx H =
YVt @ V™ are exponentially separated if there are ¢, u > 0 with

[ @b, x| < ce™™ | @b, xT)| .t =0, for (b, xF) e VE, |xT| = [x"|. @

The following is Selgrade’s theorem for linear flows; cf. [8, Theorem 9.2.5], and [7, Theorem
5.1.4] for the result on exponential separation.

Theorem4 Let® = (0, ¢) : Rx Bx H — B x H bealinear flow on the vector bundle B x H
with chain transitive flow 6 on the base space B. Then the projected flow P® on B x PH has
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a finite number of chain recurrent components My, ..., My, 1 < £ < d = dim H. These
components form the finest Morse decomposition for P®, and they are linearly ordered. The
Morse sets will be numbered such that My < --- < My. Their lifts

Vi=P'M; :={(b,x) € Bx H|x #0= (b,Px) € M;},

are subbundles, called the Selgrade bundles. They form a continuous bundle decomposition
(a Whitney sum)

BxH=V & --®Vy.

This Selgrade decomposition is the finest decomposition into exponentially separated sub-
bundles: For any exponentially separated subbundles (V*, V™) thereis 1 < j < £ with

VE=Vi®---@VandV =Vj1 & - ® V.

Conversely, subbundles V' and V™ defined in this way are exponentially separated.

2.3 The Morse Spectrum for Linear Flows

For linear flows @ on vector bundles, a number of spectral notions and their relations have
been considered; cf., e.g., Sacker and Sell [22], Johnson et al. [13], Kawan and Stender [15].
An appropriate spectral notion in the present context is provided by the Morse spectrum
defined as follows; cf. Colonius and Kliemann [8] and Alves and San Martin [3], and for
generalizations cf. Griine [12] and Patrdo and San Martin [18].

For ¢, T > 0 let an (e, T)-chain ¢ of P® be given by n € N, Ty, ..., T,—1 > T,
and (bo, po), ..., (by, pn) € B x PH with dPO®(T;, b;, pi), (bi+1, pi+1)) < & fori =
0,...,n — 1. With total time t = Z:l;(} T; let the exponential growth rate of ¢ be

1 n—1 )
@) = = (ZIOg I®(T;, bi, xi) || — log |I(bi,xz')||> with Px; = p;.
i=0

Define the Morse spectrum of a subbundle V; = P~! M; generated by M, as

Epmo(Vis @) = {

A€ R : there are ¢ — 0, T — 0o and
(ek, T¥)-chains ¢¥ in M; with A(C¥) > Lask — oo [

The Morse spectrum has the following properties; cf. [8, Theorem 9.3.5 and Theorem 9.4.1]

Theorem 5 For a linear flow ® on a vector bundle B x H with chain transitive base space B
the Morse spectrum Xy, (Vi; @) of a Selgrade bundle V; is a compact interval, and for every
(b,x) € B x (H\ {Og}) the Lyapunov exponent A(b, x) = lim sup,_, % log ||e(t, b, x)||
is contained in some Xy, (Vi; D).

The spectral intervals X,7,(V;; @) need not be disjoint. In particular, there may exist two
“center” subbundles with 0 in the Morse spectrum; cf. Salamon and Zehnder [23, Example
2.14] and also Example 39.

3 Selgrade’s Theorem for Affine Flows and the Poincaré Sphere

In this section, affine flows are lifted to linear flows on an augmented state space and the
Selgrade decomposition on this space is analyzed.
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The following construction of affine flows is taken from Colonius and Santana [9].

Definition 6 Let B x H be a vector bundle with compact metric base space B. A continuous
map V¥ = (0,y¥) : Rx Bx H— B x H is called an affine flow on B x H if there are a
linear flow ® = (0, ¢) and a function f : B — L°°(R, H) such that f satisfies

fb)(t+s) = f(Osb)(t) forall b € B and almost all ¢, s € R, 3)

and for all (r,b,x) e Rx B x H
t
W (b, x) = (O;b, ¥ (t, b, x)) = (0:b, (¢, b, x) +/0 @t —s,0:b, f(b)(s))ds). (4

The base flows of W and ® coincide and the integral in (4) is a Lebesgue integral in the
H-component. The flow property of W is expressed by the cocycle property ¥ (t +s, b, x) =
Y (t,6sb, ¥ (s, b, x)), which follows from (3). With f (b, s) ;= f(b)(s),s € R, formula (4)
can be written in the more concise form

t

Vi (b, x) = ®(b, x) +/ ;5 (65D, f(b,s))ds. (&)
0

We will always assume that the base flow 6 on B is chain transitive. Next we formulate a
simple but fundamental construction for the present paper.

Proposition 7 Any affine flow W = (0, ) on B x H can be lifted to a linear flow W' on
B x H', H' := H x R, by defining for (t, b, x,r) € R x (B x H x R),

t
W (b, x,r) = (60,9 (t,b,x, 1), 1) = <d>,<b, X)+r / @,y (0b, f(b,5))ds, r) .
0

Proof Continuity and the flow properties are obvious. We prove linearity. For o, 8 € R and
(b,x,r),(b,y,s) € Bx H x R one has

Wl (b, a(x,r) + B(y.s))
= (@b ax + By) + @ + ) [y ¥ O, (b, 0))do,ar + )
= (@((b,x) +71 [y ®1—sOsb, f(b,0))do
+ B(®; (b, y) + 5 [y Pi—g(Osb, f(b,0))do), ar + Bs)
=aWl(b,x,r)+ BV (D, y,s). o

We will apply Selgrade’s theorem to the linear flow W!. Define subsets of H! by H!:0 =
H x {0}and H"! = H x (R\{0}). One obtains subsets of PH ! given by

PH'"? = (P(x,0) e PH' |x e H}, PH"' = {P(x,r) e PH' |x € H,r #0}.

Note that PH'"! = P (H x {1}). The projective space PH' = PH!:! is the disjoint union of
these subsets, the set PH !0 is closed and the set PH ! is open. For the unit sphere SH' of H'!
denote the northern hemisphere and the equator by STH! := {(x, r)eSH'|xe H,r >0 }
and SH! = {(x,0) € SH' |x € H}, respectively. Note that PH!-! can be identified with
the northern hemisphere St H!.

Definition 8 The Poincaré sphere bundle is given by B x SH! and the projective Poincaré
bundle is B x PH!.
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The linear flow W' on B x H! induces a flow PW! on the projective bundle B x PH!. It
can be restricted to B x PH# i = 0, 1, since under the flow W! the last component remains
fixed. The following proposition shows that PW! restricted to B x PH'0 is conjugate to
the flow induced by the linear part ® of ¥ on B x PH, and that the flow W on B x H is
conjugate to the flow PW! restricted to B x PH !,

Proposition 9 (i) For (b,x) € B x H the equality \Iltl (b, x,0) = (P;(b,x),0),r € R,
holds, and the projective map

h': B x PH — B x PH"Y hO(b, Px) = (b, P(x, 0)),

is a conjugacy of the flows P® and PW! restricted to B x PH'O. In particular, the
chain recurrent components M; = PV; of P® yield the chain recurrent components
HOM) =P x{0)),i € {l,...,8}, of P! restricted to B x PH'C, and their
order is preserved.

(ii) The map

h':BxH— BxPH"', (b,x) —> P®,x,1) = (b, P(x, 1)),

is a conjugacy of the flows W on B x H and PW! restricted to B x PH"!,

(iii) For e, T > 0 any (¢, T)-chain in B x H is mapped by h' onto a (2¢, T)-chain in
B x PH!, hence any chain transitive set C C B x H is mapped onto a chain
transitive set ' (C) ¢ B x PH1.

(iv) For a subset C C B x H the set {x € H |(b, x) € C for some b € B} is bounded if
and only if L1 (C) N (B x PH0) = &,

Proof (i), (ii) The first assertion in (i) is clear by the definition of Wl Recall that PH =
(H \ {0g})/ ~, where ~ is the equivalence relation x ~ y if y = Ax with some A # O.
Given a basis of H an atlas of PH is given by n charts (U;, «;), where U; is the set of
equivalence classes [x; : --- : xg] with x; # 0 (using homogeneous coordinates) and
o; : Uy — R~ is defined by

x| Xi Xd
ai([xl:"':-xd]): Ty Ty — ]
Xi Xi Xi

here the hat means that the i-th entry is omitted. In homogeneous coordinates, the levels
PH" are described by

PHM = Ll s x| x) € RY fori =0, 1.
Observe that, by homogeneity, PHYO = {[x;: - :xg:01| I(x1,...,x0)| =1} Any tra-
jectory of PW! is obtained as the projection of a trajectory of W! with initial condition
0 0
satisfyingrO = 0 or 1, since [x? e xg 20 = [“:—(‘, R ;g : 1] for 9 #0. A

trivial atlas for PH ! is given by {(Ug+1, ®g+1)} proving that PH L1 is a manifold which is
diffeomorphic to R?. Observe also that PH -0 is diffeomorphic to P41,
In homogeneous coordinates the spaces PH and PH -0 are diffeomorphic under the

map associating to [x; : --- : xg] the value [x; : --- : x4 : O]. For any trajec-
tory (6;b, ¥'(t,b,x°,r),r) of W' in B x H"!, the projection to PH"! c PH!' is
Ob, [y} (t,b,x0r) - o bt b, x0, ) ¢ r]), where ¥} (t, b, x°, r) is the i-th com-

ponent of ! (z, b, x°, ). Now the conjugacy properties in (i) and (ii) follow. The assertion
in (i) on the chain recurrent components holds, since the state spaces are compact.
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(iii) In view of assertion (ii) it suffices to show that d((b, x), (b',x")) < ¢in B x H
implies d(h'(b, x), h' (b', x")) < 2¢ in B x PH'. Here the metric in PH is defined in (1).
Since d(b, b') < e it suffices to estimate the components in the Poincaré sphere PH'. For
the projections to SH! we obtain

“uJ)_ uCUH (| D x =l DI, )|
e, DI IS, D G, DI, D .
Observe that ||x| — ||x’H < Hx —x/|| < eand ||(x, D] — || (x', 1)|| < ¢. Thus the last

component satisfies

|, D] =l D
<é€
G DI, D

Concerning the other components we find 6(g) with |§(¢)|] < e such that || x’, 1)|| =
I(x, )|l 4+ 8(e). Hence

e D x =1, DI < e, DIl = x"|| +8(e) llxll < llGx, Dle + 8(e) llx|
implying

e, Dffx = liee DI _ e, Dlle +8¢) i
I DI DI = G DI D

(iv) Consider a sequence (b",x"),n € N, in C. For the images r@t, x" =
", P(x", 1)) the points P(x", 1) have homogeneous coordinates satisfying

n n
n. S 1] — L. A
= | S M L
[l I el il

— 0 for n — o0 meaning that the distance of

e+48(e) < 2e.

Then ||x"|] — oo if and only if HX"II
", P(x", 1)) to B x PH0 converges to 0. m]

Observe that chain transitivity of 2! (C) for C € B x H implies chain transitivity of the
closure h1(C) ¢ B x PH'.

The Selgrade decomposition provided by Theorem 4 can be used for the linear flow W!
on B x H'. We obtain

Zl
BxH'=vV{@- @V, withl <¢' <d+1land ) dimV}=d+1,  (6)
j=1 J

and let M ; = IP’V}, je{l,..., €', be the associated chain recurrent components of P!

on B x PH'. Furthermore, M; := PV, C B x PH denotes the chain recurrent component
corresponding to a Selgrade bundle V; of the linear part & of W.
Note that a Selgrade bundle V} of W! satisfies V} N (B x H 1’1) # o if and only if there is

(b,x,r) e le. with r # 0 and this is equivalent to /\/l} N (B x PH"') # &. Furthermore, a
Selgrade bundle satisfies le. N(B x H'%) = B x {(0, 0)} if and only ifMj» c BxPHU!,

The detailed description of the Selgrade bundles V} of W! will be based on dimension
arguments. We prepare this analysis by the following lemma discussing the relations between
the subbundles V; x {0} and the Selgrade bundles V}.

Lemma 10 (i) For every i € {1,...,Z} there is j(i) € {1,...,¢'} with P (V; x {0}
C M/(l) and V; x {0} C V/(l)
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(ii) A subbundle V; x {0},i € {1,...,4£}, is a proper subset of the Selgrade bundle V,l»
containing it if and only if '

. 1 . _ .
dimVj > Zkew) dim (Vg x {0}) = Zkem dim V, )
where 1(j) is the set of all indices k with Vi x {0} C V}.

Proof (i) The Selgrade decomposition for ® yields that the projections M; = PV; to
B x PH are the chain recurrent components of P®. By Proposition 9(i) it follows
that h°(M;) = P (V; x {0}) is a chain recurrent component of PW! restricted to B x
PH'Y ¢ B x PH'. Hence P (V; x {0}) is chain transitive for PW!. Thus for every
i e€fl,..., ¢} thereis j with P (V; x {0}) C M}. and V; x {0} C v}.

(i) The inequality dim V} > Y ke 1() dim (V¢ x {0}) holds, since the sum of the sub-
bundles V¢ x {0}, k € I(j), is direct, and equality holds if and only if V} =
@kel(j) Ve x {0}).

Suppose that V; x {0} is a proper subset of V} . Since by Proposition 9(i) the sets M x {0}

are chain recurrent components of PW! restricted to B x H!? it follows that there
exists (b, x,r) € Vl with r # 0. Thus @kel( h Ve x {0}) C le is a proper inclusion
implying (7). Conversely, suppose that (7) holds. If |7(j)| > 1 it follows trivially that
Vi x {0},i € I(j), is a proper subset of V](l). If there is a single V; x {0} C le the

inequality dim V} > dim Vy implies that the inclusion Vi x {0} C le. is proper. O

The following lemma contains basic information on the Selgrade bundles of W!.

Lemma 11 There exists a unique Selgrade bundle V} of W' such that V/l- N (B x Hb 1) # @
The dimension of le. is given by

dim vjl. =14+ Zi dimV;, (®)

where the summation is over all i € {1, ..., £} such that V; x {0} C Vl The other Selgrade
bundles of W' are the subbundles V; x {O} which are not contained in V]l.

Proof Due to the decomposition (6) there is at least one Selgrade bundle V} with V} N (B x
H'1 # @ or, equivalently, M} N (B X ]P’Hl'l) # . By Lemma 10 (i) the projections
P x{0),i € {I,...,£}, are chain transitive for PW!. Let /\/lj] € J, be the chain

recurrent components of PW! with M} N (B x PH 1’1) # & and containing some set
P (V; x {0}),and let I be the setof alli € {1, ..., £} such that V; x {0} is contained in some
Vi, jed.

Case 1: Suppose that J # &. Certainly V; x {0}, i € I, 1is a proper subset of the Selgrade
bundle le. containing it. Applying Lemma 10(ii) for every j € J one finds that

. 1 . )
Do dmVi =430 dimY;. ©)

By Lemma 10(i) also the sets P (V; x {0}),i € {1, ..., €}\I, are contained in some chain
recurrent component M}.(i) of PW!. Using (9) we get

. 1
d+1>Z dim V} +Zje{l , dim V)]
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= 1+, dim(Vi x {0)) + Zidl dim (V; x {0})
14
=+ dimV =] +d. (10)

Since |J| > 1 here equalities hold and |J| = 1. In particular, there is a unique Selgrade bundle
le. containing some V; x {0} and these are the subbundles with index i € I. Furthermore,
one obtains

. 1 . | T 1 . '
dimV; + Zje{l _____ gy dim Yy = dimV; + Zie{l,....(}\] dim (V; x {0}). (1)

If there is i € {1,...,£}\I such that P (V; x {0}) is properly contained in a chain recur-
rent component M ; ) with j(i) ¢ J, then Lemma 10(ii) implies that dim V}(i) >
1 + dim (V; x {0}). This yields a contradiction to (11) and shows that V; x {0} is a Sel-
grade bundle foralli € {1,..., ¢} \ 1.

We conclude that the Selgrade bundles of W' are given by V} and the subbundles V; x {0}

which are not contained in V]].. This proves the assertion in case 1.

Case 2: Suppose that J/ = @, i.e., the subbundles le. with M} N(B x PH"!') # @ donot
contain any V; x {0}. Now define J; as the set of indices with ./\/l} N (B X ]P)Hl'l) # & and
note that | J;| > 1. Since V} NV x {0}) = Bx{(0,0)} forall j € Jyandalli € {1,...,¢}
Lemma 10(i) implies that

. 1 L . o . 1
d+1> Zje]; dim v} + Zi:l dimV; = Zjejl dim Vj +d.

It follows that equality holds here and |J;| = 1, thus there is a unique Selgrade bundle V}
with M} N (B x PH"') # @ and diim V = 1. By Lemma 10(i) every set P (V; x {0}) is
contained in some chain recurrent component M} i of PW!. Let J, be the set of all Selgrade
bundles containing some V; x {0}. If there is a subbundle V; x {0} which is a proper subset

of V}( iy Lemma 10(ii) implies the contradiction

.....

We conclude that, in addition to VJI., all subbundles V; x {0},i € {1,..., ¢}, are Selgrade

bundles of W', This proves the assertion in case 2. O

Proposition 9(iv) shows that B x PH!:? may be interpreted as a representation of B x H at
infinity. This motivates us to call subbundle at infinity any subbundle of the form V° := V; x
{0} c Bx H',i e{l,...,¢},since the projection P (V; x {0}) is contained in B x PH'0.

The following theorem describes the Selgrade decomposition of the lifted flow W', There
is a unique Selgrade bundle for W! which is not at infinity. We will call it the central Selgrade
bundle and denote it by V! (cf. also its spectral properties in Theorem 16).

Theorem 12 Consider an affine flow V on a vector bundle B x H.
(i) The Selgrade decomposition of the lifted flow W' defined in Proposition 7 is given by
BxH'=Va - oVYoVIeVy o, & - oV® (12)

for some numbers £+, €0 > 0 with £+ + €0 < ¢, and the central Selgrade bundle VL! is
the unique Selgrade bundle having nonvoid intersection with B x H"1.
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(ii) The intersection of the central Selgrade subbundle VL! with the subbundle B x H"0 is
=40
Vin(BxHY) = P v =V>
i=0t+1
(iii) The dimension of V! is given by diim V! = 1 + dim V°, and dim V! = 1 holds if and
only if V! N (B x H'%) = B x {(0y, 0)}.
(iv) IfhY(V;) is chain transitive on the projective Poincaré bundle B x PH', then V> C VCI.

Proof Theorem 4 applied to the linear flow W! yields the Selgrade decomposition (6) of
B x H'. By Lemma 11 there is a unique Selgrade bundle V} with V]l. n (B X Hl’l) # & and

the other Selgrade bundles have the form V; x {0}. We write Vcl. = V}. Let ¢° the number of

subbundles V; x {0} contained in Vcl. Since the chain recurrent components for the Selgrade
bundles are linearly ordered, we can define £ > 0 such that the Selgrade decomposition

has the form (12).
P— 0
The definitions imply that @(=0. " V> < V. Thus the assertion in (ii) follows from
(8), which in the present notation yields

=040
dmV! =1+ ) dimV>.
i=et1
This also implies assertion (iii). In order to prove assertion (iv), suppose that h!(V;) =
P(V; x {1}) is chain transitive. It follows that P(V; x {1} is contained in the chain recurrent

component M i, since the other chain recurrent components are PV>°, which are subsets of
B x PH'O. For (b, x) € V; and n € N the sequence

1
P(b, x, —) = P(b, nx,1) e P(V; x {1}) ¢ M]
n

converges for n — oo to P(b, x, 0) € P (V; x {0}), hence Vfo C Vcl. ]

Remark 13 If there is an equilibrium ¢ € B of 0, i.e., 6;¢ = e, € R, with f(e) =0 €
L*°(R, H), it follows that the north pole (e, 0z, 1) of the Poincaré sphere {e} x SH!isin
V1. This holds since (e, O, 1) is an equilibrium of W implying (e, P (O, 1)) € M.

Next we relate chain recurrence properties of the affine flow W on B x H and the flow
PW! on the projective Poincaré bundle. Observe that the map (h 1 ) ! may not preserve chain

transitivity, since this is a homeomorphism between the non-compact spaces B x PH!! and
B x H.

Corollary 14 Consider an affine flow WV on B x H with central Selgrade bundle V} inBxH'.

(i) If (b, x) € B x H is chain recurrent for ¥, then hl(b,x) € Mg
(ii) The inclusion M} C B x PH"! holds if and only if

Ne = H N (MEN (B xPH)
is compact. In this case N, = (hl)_1 (/\/lcl.) is the chain recurrent set of V.

Proof (i) By Proposition 9(iii) any chain recurrent point (b, x) of ¥ is mapped to a chain
recurrent point 2! (b, x) of PW!. Since M/ is the only chain recurrent component of
Pyl intersecting B X PH, it follows that hl(b, X) € Mg

@ Springer



1366 Journal of Dynamics and Differential Equations (2025) 37:1355-1382

(i) Let /\/tc1 C B x PHY!, Since the flow PW! restricted to the compact connected chain
recurrent set M g is chain transitive, it follows that also V. is compact, connected, and
chain transitive, and by (i) AV is the chain recurrent set. Conversely, if N, is compact,
also h' (Vo) = Ml N (B x PH"!) is compact. Define neighborhoods of 4! () and
B x PH"0in B x PH! by

Ni(e) = {P(b,x, 1) [APW', x', 1) € A" (NL) : d(P(b, x, 1), P/, x', 1)) <&},
Na(e) = {P(b,x, 1) AP/, x',0) € B x PH'0 : d(P(b,x, 1), P}, x",0)) < e},

respectively. The sets B x PH'? and h'(\) are disjoint compact sets, hence there
is € > 0 such that Ni(e) N N2(¢) = &. Since the connected set Mi is contained in
the union of the disjoint open sets Ni(¢) and N, (¢), it follows that M i NNx(e) =9
hence /\/lé Cc B xPHLL

O

Remark 15 Although N, is always nonvoid, the trivial example X = 1 shows that ¥ may
have no chain recurrent point. Note that M g C BxPH"!isequivalent to Vcl N(Bx HY) =
B x{(0g,0)}.

Next we discuss the Morse spectrum of the Selgrade bundles; cf. Sect. 2.3.

Theorem 16 (i) For an affine flow ¥ with linear part ® the Morse spectrum of the
central Selgrade bundle Vcl. satisfies Zyo(Vi; ©) C EMO(VJ; Wy for every i €
fer +1,..., ¢ +¢°).

(ii) Ifthe flow \V has a periodic trajectory, then VJ is the unique Selgrade bundle containing
the lift \Iltl (b, x,1),t € R, of any periodic trajectory of ¥, and

o+ 40 1o
co O UJ._,. | EmoVii @)1 C Epro (Ve ).
(iii) Foralli € {1, ..., £} the Morse spectra of the Selgrade bundles at infinity satisfy
Eno (V% W) = Ty (Vi: @)

Proof (i) According to Theorem 12 V; x {0} € V! foralli € {¢* +1,..., ¢+ + £°}. Thus
forall ¢, T > 0 any (e, T)-chain ¢ with (bo, Pxo), ..., (bn, Px,) for P® in PV; yields an
(e, T)-chain ¢! for P! in P (V; x {0}) C IP’VL! with (bg, P(xg, 0)), ..., (b,, P(x,, 0)). This
follows since, by the definition of the distance in PH land PH in (1),

- 0 0.0 | | w0 (.0

4@, 0. PG, 0) = {H ol SO0 H}
- 7 = d(Px, Py).
“H Il Tyl H ‘ TR } )

The definition of W! shows that W!(z, b, x, 0) = (®(t, b, x), 0) forall (t, b, x) € Rx Bx H.
Hence, with total time 7 = Zf’;ol T;, the exponential growth rates of ¢! and ¢ are

n—1

Meh = —Z (log [ W (T;, bi, x;, 0) | = Tog Il i, xi, 0)]])
i=0
1n—l
= =D (og[(®(T;, by, xi), 0)]| = log | by xi, 0) ) = A(¢).
i=0
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This implies Xy, (Vi; @) C EMO(VL!; Wl for V; x {0} C VL!‘

(ii) Suppose that the flow W has a periodic solution satisfying W (b, x) = (b, x) for some
T > 0. This yields a periodic solution of wl given by \IJII (b,x,1) =(b,x,1) € B x H1
implying that P(b, x, 1) € B x PH"! is in a chain recurrent component of PW! and by
Theorem 12 P(b, x, 1) € M. Thus the central Selgrade bundle of W! is the Selgrade bundle
containing the lift of any periodic trajectory of W. The r-periodic trajectory of W! yields
(e, T)-chains ¥ (without jumps) with exponential growth rates A(¥) = 0: Define for any
k € N the chain ¢¥ with n = 1 by

To = kz, (bo, x0, 1) = (b1, x1, 1) = (b, x, 1).

Then | W!(Ty, bo, xo. V)| = | W' kz, b, x, )| = II(b, x, D]l and A(¢¥) = 0. The assertion
on the convex hull follows, since by Theorem 5 the Morse spectrum of a Selgrade bundle is
an interval.

(ii) By Proposition 9(i) the flows P® on B x PH and PW! restricted to B x PH "0 are
conjugate. Thus the (g, T')-chains in B x PH correspond to (¢', T')-chains in B x PH !0
with e — Oifand only if ¢ — 0, and also the exponential growth rates of the corresponding
chains coincide. O

4 Split Affine Flows

In this section we determine the central Selgrade bundle for a class of affine flows, which
can be split into a linear, homogeneous part and an inhomogeneous part.

We consider the following class of affine flows. The base space of the vector bundle is the
product By x B, of compact metric spaces B and B;. We suppose that chain transitive flows
6" on By and 62 on B, are given. It follows from Theorem 1 that this is equivalent to chain
transitivity of the product flow 6; b, b = (G,Ibl, Gtzbz), t € R, on B; x Bj. Furthermore,
we suppose that there is an equilibrium of @' denoted by e' € By, hence 6/e! = ¢!, € R.

Definition 17 A split affine flow is an affine flow W on a vector bundle (B; x By) x H of
the form

W, (b, % x) = <9,1b1, <I>t(b2,x)+/0t (01", &, (0707, F(b,5)) ds),
where @ is a linear flow on By x H and f : Bj — L®(R, H), f(b',5) := f(b")(s),s € R,
satisfies

fe'y=0and f(b', 1 +5) = f(6]b', 1) forall b' € By and almost all 7, s € R.
Note that the base flow on B} x By of W is 6, and
W, (e, b% x) = (', ,;(b?, x)),t € R, forallb*> € By, x € H.

In a trivial way, every linear flow may be viewed as a split affine flow: Define B := {e'}
and f(e') =0 € L(R, R). Linear control systems and, more generally, split affine control
systems define split affine control flows; cf. Sect. 6.

Lemma 18 The linear part of V is theﬂomi 5,(191, b x) = (9t1b1, @, (b2, x)) ,t € R, on

By x By x H, and the Selgrade bundles of ® are given by By x V;, whereV; C By x H,i €
{1,..., 4}, are the Selgrade bundles of ®.
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Proof By the definitions, @ is the linear part of W. By Theorem 4 the Selgrade decomposition
is the finest decomposition into exponentially separated subbundles. Hence the Selgrade
bundles V; are exponentially separated. Since the two components Gllbl and @, (b?, x) are
independent, it follows that the subbundles By x V; are exponentially separated. Theorem 1
implies that the product flow on B; x PV is chain transitive, hence the subbundles B; x V;
are the Selgrade bundles. O

A~ny subbundle V C B; x H which is invariant for ® yields the invariant subbundle By x V
for ®. For b € Bs the points (b%, 057, 1) € By x H x R = By x H! are the poles of the
Poincaré sphere {b%} x S?. Define the polar subbundle P of B, x H' by

P =B, x {0y} x R={(b*,0y4,7) € B, x H x R|b* € By, r € R}. (13)

Then dim P = 1 and P is a line bundle containing all poles. It is invariant for &} (b%, x, r) :=
(®,(b%, x),r),t € R. The set {e!} x P is invariant for the lift W' to B; x B, x H!. For
a Selgrade bundle V; of ® the subbundle Vl.oo =V; x{0}of B, x H 1 yields the invariant
subbundle By x V° of By x By x H ! for !, By Lemma 18 the subbundles By x V7© are
the subbundles at infinity for W!.

Theorem 19 For a split affine flow W on By x By x H with lift W' 10 B| x By x H' the
central Selgrade bundle Vcl C B; x By x H! satisfies

N (el x By x H') = (e} x (PO @D, V7).

where P is the polar bundle and the sum is taken over all indices i € {1, ..., L} such that
rL(V) =PV; x {1}) C By x PH! is chain transitive.

Proof Theorem 12 yields that the central Selgrade bundle V! is the unique Selgrade bundle of
W!suchthat M!N(B) x By x PH') # @. ThesetPP = By xP ({0} x {1}) C ByxPH!"!
is chain transitive, since B is chain transitive. It follows that also {¢!'} x PP is chain transitive.
Thus the set {e!} x PP C By x (32 x PH l’1) is contained in a chain transitive component
of PW!, hence in M. This implies that {e'} x P C V. We claim that

VIn ((e') x By x H') = {e'} x (P@@i V;’°), (14)

where / is the set of all indices i € {1, ..., £} such that By x V° C Vj. In fact, the inclusion
“D” is clear. Since By x V7 are the subbundles at infinity for Wl Theorem 12(iii) shows
that the dimension of V! is

L) dim(Brx V) =1+ dimV®.

This equals the dimension of P @ €; V7, hence equality (14) holds.

It remains to show that the summation in (14) can be taken over all i such that P(V; x {1}) is
chain transitive. If 2! (V;) = P (V; x {1}) is chain transitive, then {e'} x P (V; x {1}) is chain
transitive, and as in the proof of Theorem 12(iv) it follows that {e] } % Vi°° - VC] . Conversely,
suppose that {e!} x V© C Vg. Equality (14) implies that for (e!, (b2, x)) € By x V;

% x, 1) =" 0?0y, D@ (', b2 x,0) € (") x P) @ ({'} x V) c V.
This shows that {e'} x Vi x {1} C V!, hence {e'} x P (V; x {1}) € M. is chain transitive.

It follows that P (V; x {1}) is chain transitive. ]
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Remark 20 Theorem 19 applies, in particular, to linear flows ®, where B; is trivial and
hence may be omitted. The lift ®! has the form thl b, x,r) = (Ps(b, x),r) for (b, x,r) €
B x H x R, and the points (b, Oy, £1) are the poles of the Poincaré sphere {b} x S9. The
central Selgrade bundle satisfies

vi=Pap v,

where P = B x{0g}xRis the polar bundle and the sum s taken overall indicesi € {1, ..., £}
such that 1! (V;) ¢ B x PH! is chain transitive.

We have seen that the subbundles V; for linear flows @, which yield chain transitive sets
on the projective Poincaré bundle, play a special role. The paper Colonius [6] has discussed
the lift of linear flows to B x H'! and chain transitivity for the projection to the northern
hemisphere of the Poincaré sphere bundle. The following theorem formulates similar results
in the projective Poincaré bundle. Since the proofs are completely analogous, we omit them.

Theorem 21 Let V; be a Selgrade bundle of a linear flow ® on B x H. Then the following
assertions are equivalent:

(a) The set h'(V;) = P(V; x {1}) is chain transitive in the projective Poincaré bundle
B x PH'.

(b) The subbundle V; contains a line | = {(b, axg) |@ € R} for some xo # O such that
hl() is chain transitive in B x PH'.

A sufficient condition for (b) (or (a)) is O € intX 1, (Vi; ©).

Proof Tt is clear that (a) implies (b). The converse follows using the same construction as in
the proof of [6, Theorem 4.3]. The last assertion follows as [6, Theorem 4.7]. ]

Remark 22 Recall that by Theorem 16 the Morse spectrum Xy, (Vcl; Wy of the central
Selgrade bundle V! contains 0 if ¥ possesses a periodic trajectory. If 0 € intX,(V!; W)
one can apply Theorem 21 to the linear flow W!. With H? := H! x R and

hW*: B x H' — B x PH?, h*(b, x,r) := (b, P(x, 1, 1)),

one deduces that hz(VCI) =P (VCI X {1}) is chain transitive on B x PHZ.

5 Uniformly Hyperbolic Affine Flows

In this section we determine for uniformly hyperbolic affine flows the central Selgrade bundle
for the lifted flow W'.
First we define uniformly hyperbolic affine flows; cf. Colonius and Santana [9].

Definition 23 An affine flow W on B x H with linear part ® is uniformly hyperbolic if ®
admits a decomposition B x H = V! @ V? into ®-invariant subbundles V' and V? such that

(i) the restrictions ®i(b, x) = (6;b, ¢'(1,b,x)) to V', i = 1,2, satisfy for constants
o, K >0andforallb e B

| @/ ®. )] < Ke ™ fort = 0and [®7(b. )| < Ke*' for1 <0,
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(ii) thereis M > 0 with || f(D)|loo < M for all b € B, and the following maps defined on
B with values in H are continuous:

0 0
b / @' (=s,0:b, f(b,s))ds and b — / @2 (s,0_sb, f(b, —s))ds.
—00 —00

The next result follows by [9, Corollary 1 and Theorem 2.5].

Theorem 24 Consider a uniformly hyperbolic affine flow W on B x H with linear part ®.

(i) Then for every b € B there is a unique bounded solution (6;b, e(b,t)),t € R, for the
flow W and the map e : R x B — H is continuous.
(ii) The affine flow V and its homogeneous part ® are conjugate by the homeomorphism

hapr = (idp, hgff) : B x H— B x H satisfying hqrr (W (b, x)) = @ (hary(b, x)),
where hgff(b, x)=x—e,0),b e B.
Note that
Qs @b, yr(t, b, x)) = @(t, b, h) (b, x)) forallt € R, b e B,x € H.

Again we assume throughout that the base space B is chain transitive. The following result
characterizes the chain recurrent set for hyperbolic affine flows.

Theorem 25 Suppose that V is a uniformly hyperbolic affine flow. Then the chain recurrent
set of the linear part ® of W is R = B x {Op} and hqp(R) = {(b, —e(b,0)) |b € B} is the
chain recurrent set for the affine flow W. The set hqrr(R) is compact and chain transitive.

Proof For the linear flow ® every chain recurrent point in the stable subbundle V! is contained
in the product B x {Og}, which is chain transitive, and the same holds for the unstable bundle
V2. Since B x H = V! @V? it follows that the chain recurrent set of ® is R = B x {Og}. For
the proof of these assertions, note that similar arguments as for Antunez et al. [2, Corollary
2.11] can be used, where hyperbolic linear operators on Banach spaces are considered. By
Theorem 24

hapf (R) = {(b, hys (b, )) [(b, x) € R} = {(b, —e(b,0) |b € B}.

Thus h,rr(R) is compact since B is compact and e(-, 0) is continuous.

The map hyyy is uniformly continuous: In fact, for ¢ > 0 it follows by compactness
of B and continuity of e(-, 0) that there is §(¢) € (0, &/2) such that d(b, b’) < 8(¢) and
||x - x/” < 8(¢&) implies

[x —e®.0) = (x" — e, 0)| < [|x —x| + |e®,0) —e@. 0)| <8() +e/2 <e.

Hence d (b, x), (b', x")) < 8(¢) implies d(harr (b, x), hapr(b', x")) < €. Analogously one
proves that the inverse of &,y given by
h;flf(b, x) = (b, x + e(b, 0))
is uniformly continuous. Let ¢, T > 0 and consider i(b, O0y), h(b',0n) € harr(R) with
b, b’ € B. By chain transitivity of B there is a (§(¢), T)-chain in B x {Og} from (b, Of) to
(o', 0p). Then hqpy maps it onto an (g, T)-chain from hypr (b, Oy) to hyypp(b', 0f). Since
e, T > 0 are arbitrary, this proves that /1,77 (R) is chain transitive.
It remains to prove that i,rr(R) is the chain recurrent set of W. Let ¢ > 0. By uni-

form continuity of h;flf there is 8’(¢) > 0 such that d(b, x), (V', x")) < &'(¢) implies
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d(ha_}}f(b,x), ha_flf(b/,x’)) < ¢. For any chain recurrent point (b, x) of ¥ and T > 0
there is a (8'(g), T)-chain from (b, x) to (b, x). This is mapped by h;lf to an (g, T)-
chain of ® from lh;f!f (b, x) to h;f!f (b, x). This proves that h;f!f(b, x) € R and hence
(b.x) = hagy (il (b, X)) € hagf(R). o

Next we determine the Selgrade bundles and their Morse spectra.

Theorem 26 Suppose that WV is a uniformly hyperbolic affine flow.

(i) Then the Selgrade bundles of vl are Vioo,i e {1,...,4}, together with the central
Selgrade bundle Vé, which is the line bundle in B x H' given by

V! = {(b, —re(b,0),r) € Bx HxR|be B,r € R}. (15)

The projection M| = PV} to B x PH is a compact subset of B x PH'-! and coincides
with the image of the chain recurrent set of U, i.e.,

ME={B.Px. 1) |(b. x) € hagr(R) } . (16)
(ii) The Morse spectra of the Selgrade bundles are
Emo(V W) = By (Vi @) fori € {1,..., €} and Ty, (VL W) = {0).

Proof (i) By Theorem 25 the chain recurrent set of the affine flow W is h,rr(R) =
{(b, —e(b,0)) |b € B}, and it is compact and chain transitive. Denote by V,} the right hand
side of (15). First we claim that V! is a subbundle. The projection of V! to B x PH! satisfies
PV} = {(b,P(—e(b,0),1)) € Bx H xR |b € B}
={(b.P(x,1)) € Bx HxR|(b,x) € hapf(R)} = h' (hars(R)).

By Proposition 9(ii) the compact and chain transitive set /1,7 (R) is mapped to the compact
set IF’Vi = hl(haff(R)) C B x H'! which is chain transitive for PW!.

For every b € B the fiber {(b, —re(b,0), r), r € R}, is one dimensional and V,l is closed.
In fact, suppose that a sequence (b,,, —rpe(by,, 0),r,),n € N in Vi converges to (b, x,r) €
B x H xR.Thenb,, — bandr, — r,andby continuity of e(-, 0) it follows that r,e(b,, 0) —
re(b,0). This shows that (b, x,r) = (b, —re(b,0),r) € Vi. According to Colonius and
Kliemann [7, Lemma B.1.13] it follows that V,l is a one dimensional subbundle of B x H'.

By Proposition 9(i) the sets PV>* C B x PH 1,0 are chain recurrent components of PW!

restricted to B x PH 0, hence they are chain transitive for PW ! Furthermore, the intersection
satisfies

¢
1% “EB,-=1 V® =B x {(0g,0)} C B x H',
since r = 0 implies re(b, 0) = 0. It follows that
1 t o 1
v*@@i:] V¥ =BxH!, (17)

since the fibers on the left hand side have dimension d + 1. The sets PV} and PV are
contained in chain recurrent components M ! and M} with j in some index set J, respectively,

of P¥!. Lemma 10(ii) implies that, actually, the sets IP’Vi and IP’V;’O are chain recurrent
components, since otherwise the subbundles for M! and M} would satisfy

dim (V1 69@]'6] V}) >d +1=dim(B x HY.
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which is a contradiction. It follows that V! and V7© are Selgrade bundles,and J = {1, ..., £}.
Thus (17) is a decomposition into Selgrade bundles, and Theorem 12(i) shows that Vi = Vg.
Since dim V! = 1, Theorem 12 (iii) implies that M! c B x PH"!. Equality (16) is a
consequence of Theorem 25.

(i) The assertion for the Selgrade bundles V> follows by Theorem 16(iii). For the central
Selgrade bundle V! equality (15) implies that the projection to the projective bundle is

PY! = {(b, P(—e(b,0), 1) |b € B).

Consider an (¢, T') chain in ]P’Vcl. givenby Ty, ..., Ty,—1 > T, and (bo, po), - .., (bn, pn) €
B x PV! with d(PO(T;, bi, pi), (bit1, pi+1)) < e fori = 0,...,n — 1. Then p; =
P(e(b;, 0), 1) and with total time T = Z:‘Zol T; the exponential growth rate of ¢ is

n—1

1
M) = =) (log [W!(T;, —e(bi, 0), D] — log | (e(bi, 0), DII) -

i=0
By definition and Theorem 24(i)
WN(T;, —e(b;, 0), 1) = (O7,b;, —e(bi, T)), D). (18)

Recall that by assumption || f(b)|lo, < M for all b € B. This implies that the bounded
solutions e(b, t),t € R, are uniformly bounded for b € B (cf. Colonius and Santana [9,
formula (13) and Corollary 1]). Thus by (18)also | W (T;, e(b;, 0), 1)|| is uniformly bounded.
It follows that for 7' large enough and 7; > T

AME) = ZZ, OT T (log [W!(Ti, —e(bi, 0), )| — log[l(—e(b;, 0), D)

n—1
Ti
< E=E€.

iz =0

Since ¢ > 0 is arbitrary, it follows that Xy, (Vcl; wh = {0}. ]

Remark 27 For a linear uniformly hyperbolic flow & the bounded solutions are given by
(6:b,0pq),t € R, hence the central Selgrade bundle of the lift ®! coincides with the polar
bundle P (cf. (13))

V= {(b.Oy.r)eBxH'|beB.reR}=P

6 Control Systems and Examples

In this section we study control systems which provide a rich class of affine flows. After
introducing some notation for control systems, the existence and uniqueness of chain control
sets in R? is analyzed. Then we apply the results of the previous sections to affine control flows
defined by affine control systems with bounded control range and present several examples.

@ Springer



Journal of Dynamics and Differential Equations (2025) 37:1355-1382 1373

6.1 Control Systems

Control-affine systems have the form

m

x(t) = Xo(x(@)) + Zui(t)Xi(X(t)), u(t) = wi(),...,un()) € 2, (19)
i=1
where Xo, X1, ..., X,, are smooth (C®-)vector fields on a manifold M and  C R™. We
assume that for every admissible control u in

U:={ue LR, R") |u(t) € Q for almost all ¢}

and every initial state x(0) = xp € M there exists a unique (Carathéodory) solution
W(t, xo,u),t € R.

Suppose that the control range 2 C R™ is a convex and compact neighborhood of 0 € R,
endow the set{ of controls with a metric compatible with the weak™ topology on L*°(R, R™),
and fix a metric (compatible with the topology) on M. The control flow is defined as W : R x
UXM — UXM, (t,u, xg) — (w@+-), v, xo,u)), whereu(t+-)(s) := u(t+s),s € R,
is the right shift. The control flow W is continuous and I/ is compact and chain transitive; cf.
Colonius and Kliemann [7, Chapter 4] or Kawan [14, Section 1.4].

Maximal chain transitive sets of a control flow enjoy a characterization in the state space
M of the control system. Fix x, y € M and let &, T > 0. A controlled (¢, T)-chain ¢ from
xtoyisgivenbyn € N, xo = x,...,x,—1,%, =y € M, ug,...,uy—1 € U, and
To, ..., Ty_1 > T with

d(y(Tj, xj,uj),xjy1) <¢ forall j=0,...,n—1.

Define a chain control set of system (19) as a maximal nonvoid set £ C M such that (i) for
all x € E there is u € U such that Y (¢, x,u) € E forall t € R and (ii) for all x, y € E and
e, T > 0 there is a controlled (e, T')-chain from x to y.

For control affine systems of the form above, [14, Proposition 1.24] shows that a chain
control set E yields a maximal invariant chain transitive set £ of the control flow W via

E={(u,x) eU X M|Y(t,x,u) € Eforallt € R}, (20)

and for any maximal invariant chain transitive set in &/ x M the projection to M is a chain
control set.

6.2 Affine Control Systems
General affine control system have the form

. m

(1) = Aox(t) +ag+ ) ui®LAix(®D) +a;, u € U, 1)
where A; e R4 g, e R4, i € {0, 1, ..., m}. If the control range 2 C R™ is a convex and
compact neighborhood of 0 € R™, the system generates an affine control flow W on ¢/ x R¢.

We also consider the following special case.

Definition 28 Split affine control systems have the form

50 = [Ao+ Y wiA]x(0) + But) = A@O)X(@) + Bu(o), (22)
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where Ag, A1, ..., Ap € R4 A(v) := Ag+ Y7 viA; forv € RP, and B € R¥". The
set of admissible controls is

Uy xUp = {(u,v) € LR, R™) x LR, R”) |u(t) € 2y, v(t) € Qy fort € R},

where Q1 C R™ and 2, C RP.

Split affine control systems are affine control systems: Define A} :=0fori =1, ..., m,
and uy,4; = v; and A;n_H. = A; fori =1, ..., p. Furthermore, denote the columns of B by

aj,i = l,...,m,andleta; :=0,i =m+1,...,m+ p. Then, with Ajj :== Ag and g, := 0,
system equation (22) is equivalent to
m+p
£(1) = Apx(t) +ag+ Y wi() [Ajx (1) + af]
i=1
with controls inf := {u € LR, R"P) [u(t) € Q := Q1 x Q fort € R}.
The following theorem presents results on existence and uniqueness of chain control sets
for split affine control systems in R?. The considered systems may not generate a control

flow, since the assumptions on the control range are more general. Thus a chain control set
need not be related to a chain transitive component of a flow.

Theorem 29 For every split affine control system of the form (22), where 0 € Q2 and the
control range Q2 is a convex neighborhood of 0 € R, there exists a unique chain control
set E inRY.

Proof First note that for u = 0 the origin 0 € R is an equilibrium, hence there exists a chain
control set E with 0 € E. The trajectories x(¢) = ¥ (¢, xo, u, v), t € R, of (22) satisfy for
ae(0,1)

m
ak(t) = Agax(t) + Y vi(ax(r) + Bau(r).
i=1
It follows that
Y (t, axo, au, v) = ay(t, xo, u, v),t € R, (23)

and ¥ (-, axp, au, v) is a trajectory of (22), since € is a convex neighborhood of 0 € R™
implying that the controls ccu are in U .

Suppose that E’ is any chain control set and let x € E’. First we will construct controlled
(¢, T)-chains from x to 0 € E.

Step 1: There is a controlled (e, T)-chain from x to ax for some « € (0, 1).

For the proof consider a controlled (¢/2, T)-chain ¢ in E’ from x to x given by xg =
X, X1y eeesXp =X, (Mo, v0) ..., (Up_1,vy_1) €Uy XxUp,and Tpy, ..., T,_1 > T with

W (T;, xi, ui, v;) — xjp1ll < &/2fori =0,...,n—1.
Leta € (0, 1) with (1 — &) ||x|| < &/2, hence

IV (Th—1, Xp—1, Un—1, Un—1) — Xy ||
S WY (Th-1, Xn—1, Un—1, vp—1) — x| + llx —ax| <e.

This defines a controlled (g, T')-chain ;“(1) from x to ax.
Step 2: Replacing x; by ax; and u; by au; for all i we get by (23)

I (Ti, axi, aui, v;) — axip1ll = o |U(T;, xi, ui, vi) — xi41ll < €/2
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and

HW(Tnfla oXp—1, XU/, Unfl) - a2x H
< W (Tt @Xn—t, Qtty—1, vp—1) — axl| + ax — x| <.

This defines a controlled (g, T)-chain @ from «x to o2x. The concatenation of ¢ and
¢ M yields a controlled (¢, T)-chain £® o ¢ from x to a2x.

Repeating this construction, we find that the concatenation ¢® o - - - 0 (1 is a controlled
(&, T)-chain from x € E’ to o*x. Since o¥ — 0 for k — oo, we can take k € N large
enough, such that the last piece of the chain ¢® satisfies

k—1 k—1
HW(Tn—l,a Xp—1, 0 un_l,vn—l)H<8-

Thus we may take O € E as the final point of this controlled chain showing that the concate-
nation £® o -+ . 0 ¢(M define a controlled (g, T')-chain from x € E' to 0 € E.
Step 3: Together with (22) we consider the time reversed system

50 ==[Ao+ YL wOA]y0 - Bu@), wov) el xth, @4

with trajectories ¥~ (¢, y, u,v),t € R.For § > 0 and z := ¥~ (S, y, u, v) the trajectories
are related by

Yoy, u,v) =v(S —t,z,u(S — ), v(§ — ) fort € [0, S]. (25)
This holds, since the right hand side of (25) satisfies

Ly (S —1,z,u(S — ), v(S — ) = —V(S — 1,2, u(S — ), v(S — )
= —[Ao+ 2P vi(S = DA WS —1,2,u(S — ), v(S =) — Bu(S — 1)

with (S — S, z,u(S — ), v(S —1) =z

The chain control sets of the time reversed system coincide with the chain control sets of
the original system. Using the relation (20) of chain control sets and maximal chain transitive
sets, this follows from the fact that chain transitive sets are invariant under time reversal (cf.
Colonius and Kliemann [8, Proposition 3.1.13(ii)]) or it can be proved directly (using similar
arguments as below).

The result from Step 2 can be applied to the time reversed system (24) and yields
controlled (g, T)-chains from x € E’ to 0 € E. Let {~ be such a chain, given by
YO =X, Y1y -+ Yn—1,Yn = 0, (U0, v0), ..., (Un—1, Vy—1) € U xUp,and Tp, ..., Ty—1 > T
with

Hw_(T,-,yi,u,-,vi) —yi+1}| <egfori=0,...,n—1.

Define a controlled (g, T')-chain ¢ for (32) by going backwards in ¢ ~: The point 0 € R? is
an equilibrium for control ¥ = 0, v = 0, hence define xg = 0, ug =0, v9 =0, Tp > T, and
fori=1,...,n

T* =Ty, xi ==Y (Tu—is Yn—i> Un—i> Vn—i),
uf(t) = up—i(Tp—i — 1), V() :=vp—i(Ty—i — 1), t € [0, T—;],

and let x,, 4 := x. This defines a controlled (g, T')-chainfromxy = 0 € Etox,+; = x € E’,
sincefori =1,...,n—1,

|l (T iy i, o) = xia | = | ynei =™ Tamiots Ynmits i1, i) | < &

Together with Step 2 it follows that the chain control sets E and E’ coincide. O
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Next we illustrate the results from Sect. 3 on the Selgrade decomposition by the simplest
case of autonomous differential equations.

Example 30 Consider the autonomous affine differential equation x(¢) = Ax(z) + a with
A € R¥*? and a € R?. Here subbundles are just subspaces. The Selgrade subspaces of the
linear part x = Ax are the Lyapunov spaces L(A;), which are the sums of the generalized
real eigenspaces for eigenvalues . with real part A;. The lifted system in R? x R is described

by
x®)\ _(Aa x(1)
(i(r))‘(o 0><z<r>)' 2o
For the lifted system the eigenvalues are given by the eigenvalues of A together with the

additional eigenvalue u = 0. With the Lyapunov spaces at infinity L(A;)*>° := L(x;) x {0}
the Selgrade decomposition has the form

R =L@ @ L) QL ® LUyt o DT @@ L™

here A; < Ofori € {I,...,¢+t}and A; > Ofori € {¢F +¢°+1,...,¢} The number
¢% = 0if and only if A is hyperbolic and £° = 1 otherwise. The subspace L/ is the Lyapunov
space for the Lyapunov exponent A = 0. In particular, if A is hyperbolic, the unique bounded
solution is the equilibrium xg = —A~'a, and by Theorem 26 the central Selgrade subspace
is

Ll ={(rxo,r) e R? x R|r € R} with dim L} = 1.

Remark 31 An in-depth analysis of nonautonomous affine differential equations is given in
the classical treatise by Massera and Schiffer [17].

An application of Theorems 12 and 26 to affine control system (21) and the associated
affine control flow W yields the following results. The map f : U — L (R, R™) is given
by f(u)(t) =ao+ Z;”:] u;i(t)a;, t € R, and the linear part ® of W is the linear control flow
associated with the bilinear control system

i) = [Ao 3" ui(t)Ai] x(t), u el. 27)

Corollary 32 Consider an affine control system of the form (21), where the control range Q2
is a convex and compact neighborhood of 0 € R™, and denote by V the associated affine
control flow onU x RY. Fori € {1,...,€} let Vi C U x RY be the Selgrade bundles of the
linear flow ® associated with control system (27), and let V° = V; x {0}.

(i) The Selgrade decomposition of the lifted flow W' has the form
uXRd-H:Vi’O@...@ E’f@ycl@yﬁﬁmrl@...@y;o, (28)
for some numbers £, 00 > 0withet +¢9 < ¢
(ii) The central Selgrade bundle Vcl satisfies
i=tt+e0
VIn(uxr x0) = @ V=V and
i=tt+1
(iii) The dimension of V! is given by diim V! = 1 + dim V°, and dim V! = 1 holds if and
only if V! N (U x R x {0}) = U x {0} x {0}
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(iv) If (27) is uniformly hyperbolic, the central Selgrade bundle is the line bundle
V! = (@, —re,0),r) eU xR xRlu eU,r e R}, (29)

where e(u,t),t € R, is the unique bounded solution of (21) for u € U, and Ml C
U x pa-1,

We can give a more explicit description of the central Selgrade bundle VCI for split affine
control systems of the form (22). Here we suppose that €21 and €2 are convex and compact
neighborhoods of the origin. Hence the associated control flow W, (u, v, x),t € R, on U x
Uy x R is a well defined split affine flow with compact metric spaces By := Uy, By := U>
and equilibrium ¢! := 0y, € Uy, and

WG, v, %) = @t + ), 0@ + ), Y1, x,u,v) € Uy x Uy x RY (30)
The homogeneous part is given by the bilinear control system
x(1) = Aw®)x(@), v € U, (€Y}

which does not depend on u € U.
The following corollary is an immediate consequence of Theorem 19.

Corollary 33 Consider the split affine control flow ¥ given by (30) associated with a control
system of the form (22). Then the central Selgrade bundle VCI of the lift W' tolly x U x R? xR
satisfies

vin ({oul} X Uy x Rd“) — {0y} x (73 o@,vr).

Here P := Uy x ({0} x R) C Up x R4t is the polar bundle, V; C Up x RY, i € {1, ..., £},
are the Selgrade bundles of the homogeneous part (31), and the sum is taken over all indices
i such that K (V;) = PV; x {1}) C Uy x P4 is chain transitive.

Remark 34 A particular case of (22) are linear control systems, which have the form
X()=Ax(@®)+ Bu(t),u €U, (32)

with A € R¥*? and B € R?*™ Here U, is trivial and omitted. The homogeneous part has a
very simple structure, since it is determined by the autonomous differential equation x = Ax.
The corresponding Selgrade bundles are V; = U/ x L(A;) with the Lyapunov spaces L(A;)
of A. The polar subspace is P = {0} x R ¢ R?*! and the central Selgrade bundle satisfies

Vi (10u) x RI) = o) x €D, (LG x B,
where the sum is taken over all indices i such that P(L(X;) x {1}) is chain transitive.

Next we exploit the relation between chain recurrent components of control flows and
chain control sets. System (21) can be embedded into a bilinear control system in R+ of
the form (cf. Elliott [11, Subsection 3.8.1])

i\ _ (Acao) (x .  (Aia (x@)
(2@))‘(0 O)(z(t)>+2u‘(t) 00)\zp) e G
=
with trajectories denoted by 1//1 (t, x0, zo, 1), t € R. This control system induces a control

system on projective space P? (cf., e.g., Colonius and Kliemann [7, Chapter 6]) with trajec-
tories Py ! (r, P(xo, z0), 1), t € R, for (xg, z0) # (0, 0). The linear control flow generated
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by (33) is the lift W of the control flow W for (21) and the control flow of the induced control
system on P? is the projective flow PW!.

Projective space P4 can be written as the disjoint union P4 = P&1UP?0, where P41 .=
[P, 1) [x € R} and P := {P(x, 0) |0 # x € R? }. Note that P4-! can be identified with
the northern hemisphere S%* of the unit sphere S¢ and P%- corresponds to the equator of
s

The following theorem clarifies the relation between chain control sets E in R? and the
chain control set E! in projective Poincaré space P4,

Theorem 35 Consider an affine control system of the form (21), where the control range Q2
is a convex and compact neighborhood of 0 € R™.

(i) Then there is a unique chain control set ECl of the induced control system on the pro-

jective Poincaré space P such that Ec1 NPY £ & It is given by ELl = {P(x,r) €
P4 ‘Elu eU: (u,P(x,r)) € ML}, where M| is the projection of the central Selgrade
bundle V.

(ii) If there is a chain control set E in R? of the affine control system (21), the image
P (E x {1}) in the projective Poincaré space P4 is contained in EC1

(iii) If (21) is uniformly hyperbolic, then there is a unique chain control set E in R4, It is com-
pact and the chain control set Ecl given by the image of E, i.e., ECl ={P(x,xeE},
is a compact subset of P, For every u € U there exists a unique element x € E with
Y(t,x,u) € Eforallt € R.

Proof (i) The correspondence (20) between maximal invariant chain transitive sets of the
control flow and chain control sets implies that there is a chain control set E. in P4
with

M= {u,Px,r) Py (t,P(x,r),u) € E} fort e R}.

Since M is the only chain recurrent component of PW! having a nonvoid intersection
with U x P41 it follows that E Cl is the unique chain control set with E Cl N pd-1 #* O.

(i) Let E C R? be a chain control set of (21). An application of Corollary 14(i) shows
that the maximal chain transitive set £ of the affine control flow W associated with E
satisfies 1! (€) € M[. By (i) it follows that P (E x {1}) C E!.

(iii) The assertions follow by Theorem 26: The chain recurrent set /1,7 (R) of W is compact
and chain transitive and is mapped onto the chain transitive set M g Thus A4 r(R) cor-
responds to the unique chain control set E of control system (21), and M corresponds
to the chain control set E! of the control system on P¢. Since M is a compact subset
of U x P41 it follows that E Ll is a compact subset of P41, The last assertion follows,
since V! is one dimensional.

O

We briefly indicate how for linear control systems of the form (32) stronger results
can be obtained under additional assumptions. Suppose that the matrices A, B satisfy
rank[B, AB, ..., Ad_lB] = d. Define a control set D as a maximal nonvoid set in R¥
such that (i) for all x € D there is a control u € U with ¥ (¢, x,u) € D for all t > 0 and (ii)
forall x,y € Dandall ¢ > O thereare u € &/ and T > O with || (T, x,u) — y|| < €. Then
one can deduce from Sontag [25, Corollary 3.6.7] that there is a unique control set D with
nonvoid interior and

LO)C D CL()+F,
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where F is a compact and convex subset of R?. The map eg : R — S4t x ﬁ to

the northern hemisphere of the Poincaré sphere is a homeomorphism. By Colonius et al. [10,
Theorem 15(ii)] the induced control system on S%°* has a unique control set with nonvoid
interior, which is given by es(D), and its intersection with the equator S satisfies

es(D) NS0 = eg(L(0)) NSO, (34)

For the projective Poincaré space IP? it similarly follows that P (D x {1}) is a control set with
nonvoid interior in P%'! and its closure in P? satisfies

P(D x {1}) NP40 = P(L(0) x {1}) NP4,

Since P (D x {1}) is a control set with nonvoid interior, Kawan [14, Proposition 1.24(ii)]
implies that it is contained in a chain control set, hence in E Cl The intersection in (34) is
nontrivial if and only if L(0) is nontrivial, i.e., if A is nonhyperbolic.

We proceed to discuss several simple examples of linear control systems. Recall that they
generate split affine control flows.

Example 36 Consider the linear control system

<§):<(1)_01>(;i)+(i)u(t)withu(t)eQ:[—l,l]. (35)

The system is hyperbolic and the Lyapunov spaces of the linear part are L(—1) = {0} x R and
L(1) = R x {0}. The subbundles V| = U x L(—1) and V» = U x L(1) yield the Selgrade
bundles at infinity V{° = V| x {0} and V5° = )V, x {0} with associated chain recurrent
components in the projective Poincaré bundle 2/ x P>° c ¢/ x P? given by

ML =PV® =U x (PO, 1,0)}, M} = PV® =Ud x P(1,0,0),

respectively. Inspection of the phase portrait in R? shows that the unique chain control set
is the compact set E = [—1, 1] x [—1, 1] and for every u € U the unique bounded solution
e(u, -) is contained in E. As indicated in (20) the lift of E to ¢/ x R? is a maximal chain
transitive set £. Corollary 32(iv) implies that the central Selgrade bundle has the form (29)
with dim VCI = 1 and projection M i = IF’Vcl C U x P>, Furthermore, the chain control set
satisfies EC1 =P(E x {1}).

The following linear control system is nonhyperbolic.

Example 37 Consider

<;C) = (8?) (;;) + (Du(z) with u(t) € Q = [—1, 1].

Here the Lyapunov spaces of the linear part are L(0) = R x {0} and L(1) = {0} x R. With
Vi = U x L(0) and V> = U x L(1) this yields the subbundles at infinity V{°* = V; x {0}
and V§° =V, x {0} with associated chain recurrent components in I/ x P20 given by

M} =PVX® =U x {P(1,0,0)}, M} = PVS® =14 x P(0, 1,0),

respectively. By Corollary 33 and Remark 34 the central Selgrade bundle Vcl has dimension
dimV! = 1+ dim L(0) = 2. Thus V{° C V! and V5° is a Selgrade bundle at infinity.
Inspection of the phase portrait in R? shows that the unique chain control set E is given by
the strip £ = R x [—1, 1]. The lift of the chain control set E is the maximal chain transitive
set £ for the affine control flow W. The orthogonal projection of the system on the northern
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Fig.1 Chain control set E} and
phase portraits for u = +1 in
Example 37

hemisphere S to the unit disk yields the phase portrait for u = 1 and the chain control
set E Cl = P(E x {1}) sketched in Fig. 1. The Morse spectra satisfy
Zuo(Vi%: ¥ = Zaro (L(0) = (0}, Tpgo (V573 W) = Zppo (L) = {1},
and the inclusion in Theorem 16(ii) implies 0 € Ty, (V}; ).
In the next example the eigenvalue O of the matrix A is not semisimple.

Example 38 Consider

(;C) = (85) <;C) + <(1)>u(t) with u(r) € @ = [1, 1].

The Lyapunov space is L(0) = R? which is chain transitive for u = 0: The x-axis consists
of equilibria and for y 7 0 all trajectories move on parallels to the x-axis (to the right for
y > 0 and to the left for y < 0). Thus the chain control set E coincides with R?. Note
that the (¢, T')-chains become unbounded for T — oo. On the equator S! x {0} of S? there
are two equilibria given by the intersection with the eigenspace R x {0}. For W! there is
no Selgrade bundle at infinity and the central Selgrade bundle is VC1 = U x R? x R. This
yields the chain recurrent component M! = PV! =/ x P2, and the chain control set on the
projective Poincaré space is E} = P2.

For a linear flow ® Remark 20 characterizes the central Selgrade bundle using the sub-
bundles V; such that 21 ();) is chain transitive. The following example of a bilinear control
system shows that there may exist several subbundles V; with this property; cf. [6, Example
5.2] which is based on [7, Example 5.5.12].

Example 39 Consider the bilinear control system given by
fc_O—iJr 10N, (01 (00)](x
v) T\ o )" o1 2\oo N1o)|\y
with

u(t) = (ui (), up(0), u3(1) € @ =[—1, 1] x [1/4, 1/4] x [=1/4,1/4] C R’

This defines a linear flow ®;(u, x) = (u(t + ), ¢(t,x,u)),t € R, on the vector bundle

U x R?, With
e (AR

=)

@ Springer




Journal of Dynamics and Differential Equations (2025) 37:1355-1382 1381

the Selgrade bundles are, fori = 1, 2,
Vi={u,x,y) el x R?|p(t,x,y,u) € A; fort € R} with dimV; = 1.

One obtains the two chain recurrent components M; = PV; of P on the projective bundle
U x P! ordered by M| < M>. The Morse spectra are

Zmo(V1) = [-2,1/2] and Zp,(V2) = [—1/2,2].

Since, for i = 1,2, one has 0 € intXy;,(V;), Theorem 21 implies that h'(V}) is chain
transitive in the projective Poincaré bundle &/ x P?. By Remark 20 the central Selgrade
bundle is

Vi=PoVvP eV =uxR3,

where P = U x {0} x R C U x R? x R is the polar bundle. There is no Selgrade bundle at
infinity.
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