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High-voltage cables, as applied in the electro-mobility, are highly complex structures regarding their vibration 
behaviour. The high complexity leads to considerable uncertainty in models for a finite element method (FEM) 
simulation, which is shown, for example, in the contact modelling between the strands of the cable. To handle 
this uncertainty and model the structural dynamic, a nonparametric probabilistic approach (NPPA) with random 
matrices is used for the first time on high-voltage cables. This novel application of NPPA has an advantage over 
typical FEM analysis by using a more manageable simulation model and eliminating the need for a complex 
deterministic simulation model. Initially, the NPPA is analysed and enhanced, with an optimization for the 
dispersion parameter and a frequency shift introduced as methodological improvements. These enhancements 
result in a comparable scatter band of the frequency response. Following preliminary studies, the cable’s 
dynamic behaviour is examined through experimental modal analysis, after which the dispersion parameters 
are computed. The NPPA is then applied to the simplified deterministic model with the calculated dispersion 
parameters, and a Monte Carlo simulation is done. As a result of this simulation, a scatter band is given. The 
results from the simulation are then compared to the results of an experiment. It is shown that the frequency 
response from the experiment is almost always in the inner area of the scatter band. Consequently, this innovative 
method can be used for a risk evaluation according to the path of the frequency response function and an 
evaluation of the structural behaviour.

1. Introduction

Cables are essential structures for our lives because they are part 
of important things like bridges [1], in the energy field as transmis-

sion cables [2], or in mobility like electric vehicles [3]. Therefore, it 
is essential to know how these structures work, especially how the dy-

namical behaviour works. For example, dynamic behaviour is used to 
detect bridge damage [4].

Lightweight construction plays a significant role in the development 
of electric cars. Optimizations are a central aspect in the develop-

ment phase to enhance the efficiency of electric vehicles and increase 
passenger comfort. The knowledge of the cables’ dynamic behaviour 
influences the lightweight construction and the acoustic transmission 
behaviour, which is essential for comfort aspects [5]. Noise below 1000 
Hz is mainly transmitted by the solid parts of the car [6]. As cables 
transmit such noise from sources to the car body, the knowledge of the 
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dynamic behaviour of these cables in the low-frequency range is essen-

tial. Often, it is not possible to influence the sources. Therefore, the 
transfer path must be influenced properly.

Simulations speed up every optimization step and provide a deeper 
understanding of the structure, so expensive changes in the late devel-

opment phase can be avoided. In order to run simulations, it is essential 
to develop models of the real structures. The modelling of the structural 
vibration of high-voltage cables, such as those used in electric vehicles, 
is complex. A significant problem is the modelling process of the inner 
wire, which consists of many strands with complex frictional contact 
interactions. Measurements [7] show uncertain respectively nonlinear 
behaviour. Many modelling processes try to model the cable structure 
with beam elements. For example, there are methods to model the sin-

gle strands with beam elements [8] or volume elements [9] and contact 
elements between them. The deterministic modelling approach with 
beams as strands can not sufficiently represent the complex behaviour 
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of cables [10]. Another method tries to model the whole cable with 
single beam elements. In [11], for example, this is done by a cosserat 
rod formulation and in [12], a new beam element is introduced. This 
element maps the displacement of every strand to the nodes of the ele-

ment with kinematic formulations. Many publications, such as [13] and 
[14], deal with static or quasistatic behaviour. The publications rarely 
consider the structural dynamic of these cables. One of the few publi-

cations considering the vibrational behaviour is [15]. This publication 
shows an extraction of dynamic parameters from experiments and an 
application in simulation. However, it does not compare a simulation 
and a real experiment nor perform any modal analysis.

According to the authors’ knowledge, the dynamic behaviour of 
cable structures has not yet been simulative investigated intensively, 
and the dynamic of high-voltage cables from automotive has not yet 
been investigated. Therefore, this article will contribute to this fact, 
and additionally, an NPPA will be used for the first time to consider 
the uncertainties of the cable systems. The goal is an efficient way to 
model a high-voltage cable and simulate the dynamic behaviour. There-

fore, a simple model can be used in the NPPA, and there is no need 
for complex modelling, as in the references above. The NPPA handles 
the complex behaviour of cables with the help of statistical methods. 
That is a great added value for efficiency and speeds up the simula-

tion time. These aspects make the approach perfect for the increasing 
speed of the development process, and better decisions can be made in 
a shorter time. After the simulation, the results will be compared to the 
real experiment, and the results of this simulation should be close to 
the experiment. Such a comparison between real experiment results for 
a high-voltage cable from an automotive and simulative results can not 
be found in the literature today.

The NPPA, as published by Soize [16] or Adhikari [17], is a method 
to consider uncertainties in structural systems and is from the field of 
uncertainty quantification. This approach applies the concepts of ran-

dom matrices (RMT). Every entry in those matrices is a random variable 
with a specific distribution. More about random matrices is found in 
[18]. The advantage of the NPPA is that it can handle not only aleatoric 
uncertainties (e.g. material parameters, tolerances of the geometry) but 
also epistemic uncertainties due to the lack of knowledge [19]. The 
NPPA approach offers the advantage of adjusting matrices from a FEM 
simulation (such as the stiffness matrix) through the application of 
RMTs and statistical techniques rather than using more detailed physi-

cal models.

The paper is organized as follows. An overview of the NPPA with 
random matrices and the mean model is shown in Section 2. In the third 
section, there is a reduced-order strategy for an efficient way to calcu-

late a more significant amount of samples. The fourth section shows the 
identification of the modal parameters from the experimental modal 
analysis. The modal analysis gains significant results and is processed 
in the NPPA. Because the information about the modal analysis is dis-

persed in more places and is of great importance to the NPPA, the 
section gives a deeper view of identifying the modal parameters. The 
preliminary studies of the NPPA are in the fifth section, showing some 
disadvantages of the method and solution strategies. Section 6 shows 
the application for the NPPA on a straight cable. There is also a com-

parison between the experiment and the simulation. A summary and an 
outlook for further investigations are given at the end of the article.

2. Non-parametric probabilistic approach in structural dynamics

The starting point in structural dynamics is the structural mechanics 
equation

𝐌𝐮̈(𝑡) +𝐃𝐮̇(𝑡) +𝐊𝐮(𝑡) = 𝐟(𝑡) (1)

or in the frequency domain

(−𝜔2𝐌+ 𝑖𝜔𝐃+𝐊)𝐮(𝜔) = 𝐟(𝜔). (2)

The matrices 𝐌, 𝐃 and 𝐊 are the system matrices of mass, damping and 
stiffness of the simulation model. In the following, the simulation model 
is called the mean model. The system matrices are positive definite on 
valid boundary conditions, and we will hereafter denote these matrices 
as 𝐆.

The goal of the NPPA is to handle not only the parametric uncer-

tainties but also the uncertainties regarding the modelling. Suitable for 
this purpose is NPPA, according to [19]. This approach can handle both 
the parametric uncertainties and the non-parametric uncertainties. In 
this approach, the system matrices are replaced by random matrices 𝐆
according to RMT with a specific probability distribution. Soize uses 
a maximum entropy approach in [16], introduced by Jaynes [20]. In 
doing so, Soize imposes the following conditions on the distribution: 
Firstly, the integral over the probability density function has to be one. 
Secondly, the expectations of the random matrices are the system ma-

trices of the mean model. Thirdly, the moments of the inverse random 
matrices have to exist. With the maximum entropy approach and the 
three conditions mentioned above, Soize obtained the probability distri-

bution, the base of the so-called ensembles SG+ and SE+. Soize shows 
in [21] an algebraic formulation for these ensembles. In [17], Adhikari 
demonstrates that the distribution of Soize is equivalent to a Wishart 
distribution with the scalar parameter 𝑝 and the matrix parameter 𝚺. 
The density function of a random matrix 𝐆 of the Wishart distribution 
is defined as

𝑝𝐺(𝐆) =
{
2

1
2 𝑛𝑝Γ𝑛

(1
2
𝑝

)|𝚺| 12 𝑝}−1 |𝐆| 12 (𝑝−𝑛−1)𝑒− 1
2 𝑡𝑟(𝚺

−1𝐆)
. (3)

In this equation, Γ(∙) denotes the multivariate gamma function and tr(∙)
is the trace of a matrix.

In the subsequent equation for the parameter 𝑝

𝑝 = 𝑛+ 1 + 𝜃𝐺, (4)

the 𝜃𝐺 represented the order of the enforced existing inverse moment 
𝜈𝐺 . In the equation for the order of the enforced existing inverse mo-

ment 𝜈𝐺

𝜃𝐺 = 2𝜈𝐺 = 1
𝛿2
𝐺

(
1 +

𝑡𝑟(𝐆)2

𝑡𝑟(𝐆2)

)
, (5)

the dispersion parameter 𝛿𝐺 can be found. This parameter can be con-

sidered as a measurement of the accuracy of the simulation model 
regarding the real structure. It controls the dispersion of the proba-

bility model [21]. In the NPPA, every system matrix has its dispersion 
parameter, and it is used as a scattering parameter of the probability 
distribution of the random matrices. The dispersion parameter is de-

fined, according to [22], as follows

𝛿2
𝐺
=
𝐸{‖𝐆−𝐆‖2

𝐹
}‖𝐆‖2

𝐹

. (6)

This equation can be interpreted as a normalized standard deviation. In 
this equation, E{∙} is the expectation operator, and ‖ ∙ ‖𝐹 is the Frobe-

nius norm of a matrix. As shown in [23], every dispersion parameter 
should be in the range

0 < 𝛿𝐺 <

√
𝑛+ 1
𝑛+ 5

, (7)

which depends on the size of the system matrices 𝑛. In this range, the 
moments of the inverse random matrices are guaranteed to exist. In 
[21], it is shown that the dispersion parameters can be determined from 
an experimental modal analysis. Therefore, the eigenfrequencies, the 
mode shapes and the modal system matrices of the experiment and the 
simulation are needed. Furthermore, the dispersion parameter can be 
calculated from Equation (6) and determined from a maximum likeli-

hood method shown in [24].
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In the equation of the parameter Σ, which can be found in 
Equation (3), the respective system matrix of the mean model is used 
and can be written as

𝚺 = 1
𝑝
𝐆. (8)

Adhikari postulated in [25] four different criteria on how these pa-

rameters 𝑝 and 𝚺 should be chosen to achieve the best results.

3. Mode superposition method of the mean model

According to [26], the displacements 𝑢(𝜔) in Equation (2) can be 
replaced by the eigenvector matrix 𝚽 and the modal coordinates 𝐪(𝜔)
as follows

𝐮(𝜔) =𝚽𝐪(𝜔). (9)

The system matrices 𝐌, 𝐃 and 𝐊 will be written

𝐌𝐫𝐞𝐝 =𝚽𝑇𝐌𝚽,

𝐃𝐫𝐞𝐝 =𝚽𝑇𝐃𝚽, (10)

𝐊𝐫𝐞𝐝 =𝚽𝑇𝐊𝚽,

and the force vector 𝐟(𝜔) will be replaced by

𝐟𝐫𝐞𝐝(𝜔) =𝚽𝑇 𝐟(𝜔), (11)

which results in the reduced mean model

(−𝜔2𝐌𝐫𝐞𝐝 + 𝑖𝜔𝐃𝐫𝐞𝐝 +𝐊𝐫𝐞𝐝)𝐪(𝜔) = 𝐟𝐫𝐞𝐝(𝜔). (12)

That reduced mean model can be solved faster because of the fewer 
degrees of freedom. After solving at every frequency, the modal coordi-

nates 𝐪(𝜔) have to be transformed by Equation (9). The solution of the 
mean model is obtained according to Equation (2).

4. Identification of experimental modal parameters

This section shows the extraction of the eigenfrequencies and eigen-

vectors from an experimental modal analysis. Furthermore, the struc-

ture of the modal system matrices is presented.

4.1. Identification of eigenfrequencies

The eigenfrequencies can be obtained by response functions 𝐻𝑖(𝜔), 
which are from experimental modal analysis. For this purpose, a mode 
indicator function, e.g. the mode indicator function MIF1, according to 
[27], is applied. The idea behind MIF1 is that the response function is 
dominated by its imaginary part on locations of eigenfrequencies. That 
is why break-ins of the MIF1 are potential locations regarding eigenfre-

quencies. MIF1 is defined as

MIF1 =
∑𝑁

𝑖=1 Re(𝐻𝑖(𝜔))2∑𝑁

𝑖=1 ∣𝐻𝑖(𝜔) ∣2
. (13)

According to [27], the condition for MIF1 is that the response function 
has a force on the system entry and a displacement or acceleration on 
the output. As revealed by [28], such a response function is called recep-

tance (output is displacement) or accelerance (output is acceleration). 
As stated by [27], instead of the outputs mentioned above, if velocity 
is used as the output parameter, then in Equation (13), the imaginary 
part has to be replaced by the real part.

Another widely used mode indicator function is the complex mode 
indicator function CMIF, shown in [29]. CMIF can identify not only 
eigenfrequencies but also mode shapes. The mode shapes from CMIF 
are not mass normalized. Therefore, the CMIF is not used in the article’s 
further process.

4.2. Identification of eigenvectors

As shown in [30], the mass-normalized displacement of the mode 
shape 𝑟 on the driving point 𝑛 can be calculated as

Φ𝑛 =
√|𝐻𝑎𝐹,𝑛𝑛(𝜔𝑑,𝑟)|√𝐷4

𝑟
+ 4𝐷2

𝑟
. (14)

In this equation, 𝐻𝑎𝐹,𝑛𝑛 is the response function (accelerance) on the 
driving point 𝑛 and the damped eigenfrequency 𝜔𝑑,𝑟. 𝐷𝑟 is the damp-

ing ratio according to Lehr of the mode shape 𝑟. The mass-normalized 
displacements on the remaining points 𝑚 are calculated by

Φ𝑚 =
√

𝐷4
𝑟
+ 4𝐷2

𝑟

|𝐻𝑎𝐹,𝑚𝑛|
Φ𝑛

. (15)

The sign of the imaginary part of the respective response function gives 
the sign of displacement.

4.3. Modal system matrices

The orthogonality properties of the mass-normalized eigenvectors 
[28] establish the following relationship between the mass matrix, the 
eigenvector matrix and the modal mass matrix

𝚽𝑇𝐌𝚽 =
⎡⎢⎢⎢⎣
1 0 … 0
0 1 ⋱ ⋮
⋮ ⋱ ⋱ 0
0 … 0 1

⎤⎥⎥⎥⎦ . (16)

The relationship between the stiffness matrix and the modal stiffness 
matrix is

𝚽𝑇𝐊𝚽 =
⎡⎢⎢⎢⎣
𝜔2
1 0 … 0
0 𝜔2

2 ⋱ ⋮
⋮ ⋱ ⋱ 0
0 … 0 𝜔2

𝑘

⎤⎥⎥⎥⎦ . (17)

According to [21], the modal damping matrix can be created with the 
modal damping value 𝜉 from mode 𝑘 as

𝐃 =
⎡⎢⎢⎢⎣
2𝜉1𝜔1 0 … 0
0 2𝜉2𝜔2 ⋱ ⋮
⋮ ⋱ ⋱ 0
0 … 0 2𝜉𝑘𝜔𝑘

⎤⎥⎥⎥⎦ . (18)

5. Preliminary studies on a beam model

This section identifies the weaknesses of the NPPA and how to ad-

dress them. For this purpose, a simple beam model is used to generate 
the experimental data. In the experiments, uncertainty is introduced 
using randomly placed point masses or via the dispersion of Young’s 
modulus. It would analyse how the NPPA behaves with increasing un-

certainty. At the end of the chapter, two improvements of the weak-

nesses identified in the analysis are pointed out.

5.1. Experimental data from a FEM model

A FEM model (see Fig. 1) creates the experimental data. The model 
consists of 90 2D-Euler-Bernoulli beam elements and is mounted turn-

able on its ends. Furthermore, point masses are applied randomly (ac-

cording to uniform distribution) on the beam. These point masses have 
a mass of 0.5% for the investigation of small uncertainty or 8.0% for 
more significant uncertainty in the first two investigations. The point 
masses were omitted in the third investigation, and only Young’s mod-

ulus was variated to investigate the uncertainty of the stiffness.

The model was harmonically excited by a force of 1 N on the lo-

cation 𝑥 = 1∕3𝑙. All model parameters are listed in Table 1. For each 
investigation, there were 500 samples created.
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Fig. 1. Model with randomly applied point masses to create experimental data 
with uncertain behaviour.

Table 1

Model parameters for NPPA mean 
model and experimental data model.

Parameter Value

Density 𝜌 7850.000 kgm−3

Length 𝑙 0.500m
Diameter 𝐷 0.015m
Young’s modulus 𝐸 2.1 × 1011 N m−2

Fig. 2. Mean model used for the NPPA in the preliminary studies.

5.2. Mean model

The NPPA mean model was analogous to [21], created with an 
Euler-Bernoulli beam model (see Fig. 2). This beam with the length of 𝑙
was hinged on his ends. The modal system matrices of the NPPA mean 
model in section 3 are defined as

𝐌𝐫𝐞𝐝 =

⎡⎢⎢⎢⎢⎣
𝜌
𝑙

0 … 0
0 𝜌

𝑙
⋱ ⋮

⋮ ⋱ ⋱ 0
0 … 0 𝜌

𝑙

⎤⎥⎥⎥⎥⎦
,

𝐃𝐫𝐞𝐝 =

⎡⎢⎢⎢⎢⎣
2𝜉𝜌

𝑙
𝜔1 0 … 0

0 2𝜉𝜌
𝑙
𝜔2 ⋱ ⋮

⋮ ⋱ ⋱ 0
0 … 0 2𝜉𝜌

𝑙
𝜔𝑛

⎤⎥⎥⎥⎥⎦
, (19)

𝐊𝐫𝐞𝐝 =

⎡⎢⎢⎢⎢⎣
𝜌
𝑙
𝜔2
1 0 … 0

0 𝜌
𝑙
𝜔2
2 ⋱ ⋮

⋮ ⋱ ⋱ 0
0 … 0 𝜌

𝑙
𝜔2
𝑛

⎤⎥⎥⎥⎥⎦
.

Here 𝜌
𝑙
= 𝜌𝐴 with 𝐴 = 𝑑2∕4𝜋 the mean density per length, 𝜉 the modal 

depending on ratio and 𝜔𝛼 the eigenfrequency of the respective mode. 
The following equation can calculate the eigenfrequency of the respec-

tive mode

𝜔𝛼 =

√
𝑘

𝜌
𝑙

(
𝛼𝜋

𝑙

)2
, 𝛼 = 1,2, ..., 𝑛. (20)

The mean bending stiffness 𝑘 is the product of Young’s modulus and the 
geometrical moment of inertia 𝐼 of a circle with diameter 𝑑 and written 
as

Table 2

Investigation 1: Dispersion parameters.

Dispersion parameter
Normalized

standard deviation

Max-Likelihood

method

Mass 0.0536 0.0522

Stiffness 0.0001 0.0001

Damping 0.0246 0.0243

𝑘 =𝐸𝐼 =𝐸
𝜋𝑑4

64
. (21)

The modes of the respective eigenfrequency are defined as

𝑣𝛼(𝑥) =
√

2
𝑙
sin

(
𝛼𝜋

𝑙
𝑥

)
, 𝛼 = 1,2, ..., 𝑛. (22)

The modal force vector 𝐟𝐫𝐞𝐝(𝜔) = (𝑓1(𝜔), ..., 𝑓𝑛(𝜔)) is created by

𝑓𝛼(𝜔) = 𝑔(𝜔)𝑣𝛼(𝑥0), 𝛼 = 1,2, ..., 𝑛. (23)

The approach from Equation (9) is written here as

𝑢(𝑥,𝜔) =
𝑛∑

𝛼=1
𝑞𝛼(𝜔)𝑣𝛼(𝑥). (24)

Here is q = (𝑞1(𝜔), ..., 𝑞𝑛(𝜔)) the solution of Equation (12). The model 
parameters of the mean model are listed in Table 1.

5.3. Investigation 1: point masses with 0.5% mass of the beam mass

At first, the experimental modal system matrices, according to 
Section 4, have to be created to calculate the dispersion parameters. 
For this purpose, the first six modes are sufficient. As shown in [24], 
the modal system matrices must be transformed for valid comparison 
in the vector basis of the mean model. Subsequently, the dispersion pa-

rameters were calculated by Equation (6), respectively shown in [24]

and also with the maximum likelihood method from [24]. The calcu-

lated dispersion parameters are listed in Table 2.

With these dispersion parameters (normalized standard deviation), 
500 mass, stiffness and damping matrix were created according to the 
SG+ respectively to the SE+ ensemble from the NPPA. Equation (12) is 
solved for the solution of the NPPA in the frequency band 0 to 5000 Hz.

In Fig. 3, the comparison of the mean values of all data points be-

tween experimental data and NPPA data is shown. Furthermore, the 
scatter bands where 90% of the data points lie are drawn. Fig. 4 indi-

cates the distribution of the first two eigenfrequencies and the ampli-

tude of the response function at the location of the eigenfrequency.

As recognized in Fig. 3, the mean values differ from each other. Also, 
the scatter bands show differences. However, the scatter band of the 
experimental data is almost always in the area of the scatter band of the 
NPPA data. That means doing a risk evaluation of the response function 
with the simplified mean model is possible.

The distribution of the first two eigenfrequencies (see Fig. 4) shows 
different positions of the mean value between the experimental data 
and the NPPA data. The reason for this is the modelling differences 
between experimental model and the NPPA mean model. The NPPA 
mean model has less mass than the experimental model. Therefore, the 
position of the mean value of the eigenfrequencies is different. This 
modelling error leads to a broader distribution of the eigenfrequencies 
of the NPPA because the NPPA attempts to integrate the experiment’s 
frequency band in the NPPA band.

5.4. Investigation 2: point masses with 8.0% mass of the beam mass

As in the preceding investigation in Section 5.3, the dispersion pa-

rameters were calculated similarly. The calculated dispersion param-

eters 𝛿 are listed in Table 3. It shows a difference between the mass 
dispersion parameter 𝛿𝑀 calculated by the normalized standard devia-

tion and the one of the maximum likelihood method.
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Fig. 3. Investigation 1: Comparison of the mean values and the quantiles from 
the samples of the experimental data and the NPPA data.

Fig. 4. Investigation 1: Comparison of the first two eigenfrequency distributions 
between the experimental data and the NPPA data.

Table 3

Investigation 2: Dispersion parameters.

Dispersion parameter 𝛿
Normalized

standard deviation

Max-Likelihood

method

Mass 𝛿𝑀 0.7764 0.5711

Stiffness 𝛿𝐾 0.0091 0.0090

Damping 𝛿𝐷 0.2864 0.2545

Similar to Section 5.3, 500 samples were created, and Equation (12)

was solved for the same frequency band. Fig. 5 shows the experimental 
and NPPA data’s mean values and scatter bands. Compared to investiga-

tion 1, there are more noticeable differences between the two data sets. 
The NPPA data has a broader scatter band than the experimental data 
for most ranges. Thus, the NPPA data does not match the experimental 
data well.

Fig. 5. Investigation 2: Comparison of the mean values and the quantiles from 
the samples of the experimental data and the NPPA data.

Fig. 6. Investigation 2: Comparison of the first two eigenfrequency distributions 
between the experimental data and the NPPA data.

As in Section 5.3, the distribution of both first eigenfrequencies of 
the NPPA (see Fig. 6) have a broader distribution, and the mean value 
of the eigenfrequencies is at different locations.

5.5. Investigation 3: variation of the Young’s modulus

Young’s modulus is variated in this section, and the point masses 
were omitted. The randomly generated values for Young’s modulus 
were created by a normal distribution with a mean value of 210000 
N/𝑚𝑚2 and a standard deviation of 21000 N/mm2. The dispersion pa-

rameters and the response functions were created the same way as in 
the preceding investigations. Unlike the investigation in Section 5.4, 
there is no mismatch between the dispersion parameters of the different 
calculation methods shown in Table 4.

Furthermore, the scatter band of the NPPA data is smaller than that 
of the experimental data, as shown in Fig. 7. Fig. 8 shows the distribu-

tion of both first eigenfrequencies. Here, there is a difference between 
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Table 4

Investigation 3: Dispersion parameters.

Dispersion parameter 𝛿
Normalized

standard deviation

Max-Likelihood

method

Mass 𝛿𝑀 0.0108 0.0107

Stiffness 𝛿𝐾 0.1029 0.1052

Damping 𝛿𝐷 0.0524 0.0529

Fig. 7. Investigation 3: Comparison of the mean values and the quantiles from 
the samples of the experimental data and the NPPA data.

Fig. 8. Investigation 3: Comparison of the first two eigenfrequency distributions 
between the experimental data and the NPPA data.

this study and the other studies. In this study, the eigenfrequency dis-

tribution of the NPPA data is narrower than the experimental data.

5.6. Dispersion parameter optimization

As Section 5.3 and Section 5.4 show, the choice of the dispersion 
parameter by the normalized standard deviation is worsening with in-

creasing uncertainty. Either the scatter band of the NPPA data is too 

Fig. 9. Random masses 8.0%: Comparison of the first two eigenfrequency dis-

tributions and fitted normal distributions between experiment and NPPA before 
the optimization.

Fig. 10. Variation Young’s modulus: Comparison of the first two eigenfrequency 
distributions and fitted normal distributions between experiment and NPPA be-

fore the optimization.

broad or narrow. In the cases of the preliminary studies, many experi-

mental data are available. So, the distribution of eigenfrequencies can 
be approximated by a probability distribution (see Fig. 9 and Fig. 10).

For the two preceding investigations of Section 5.4 and Section 5.5, the 
distribution is approximated by a standard normal distribution. With 
the 𝑛 standard deviations of the approximated distributions of the ex-

perimental data and the NPPA data, the optimization problem

min
𝛿𝑀 ,𝛿𝐾

𝑛∑
𝑖=1

(𝜎𝑒𝑥𝑝,𝑖 − 𝜎𝑠𝑖𝑚,𝑖(𝛿𝑀, 𝛿𝐾 ))2 (25)

can be solved. For this investigation, 𝑛 = 2 involves the first two stan-

dard deviations of the eigenfrequencies. The number of eigenfrequen-

cies involved could be chosen arbitrarily. For the case of Section 5.4, the 
optimization parameter is the dispersion parameter of the mass. In the 
case of Section 5.5, the dispersion parameter of the stiffness is chosen as 
the optimization parameter. In the general case, both parameters have 
to be optimized. One way to optimize the damping dispersion parame-

ter is by examining the amplitude distribution of the response function 
at the locations of the eigenfrequencies and approximating it with a 
probability distribution. The dispersion parameter of the damping can 
also optimize the deviation of the chosen distribution. That is not done 
in this study.

The distributions of the eigenfrequencies for both cases after the 
optimization are shown in Fig. 11 and Fig. 12. The deviation of both 
distributions is more similar after the optimization than before.

The optimized dispersion parameters are listed in Table 5. For the 
case of investigation 2 in Section 5.4, the value of the dispersion param-
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Fig. 11. Random masses 8.0%: Comparison of the first two eigenfrequency dis-

tributions and fitted normal distributions between experiment and NPPA after 
the optimization.

Fig. 12. Variation Young’s modulus: Comparison of the first two eigenfrequency 
distributions and fitted normal distributions between experiment and NPPA af-

ter the optimization.

Table 5

Dispersion parameters of studies random masses 8.0% 
and variation Young’s modulus after optimization.

Dispersion parameter
Random

masses 8.0%

Variation

Young’s modulus

Mass 0.1854 0.0108

Stiffness 0.0091 0.2653

Damping 0.2864 0.0524

eter decreases as expected. For the case of investigation 3 in Section 5.5, 
the value of the dispersion parameter increases as expected.

The comparison of the mean values and the scatter bands for the 
case of Section 5.4 is shown in Fig. 13. The courses are almost similar. 
However, the mean values of the eigenfrequencies are not at the exact 
location. For that reason, the frequency shift, which is presented in the 
next section, can make improvements.

The scatter bands and mean values for Section 5.5 are compared in 
Fig. 14, showing a good approximation between experimental data and 
NPPA data.

5.7. Frequency shift

As seen in Fig. 11, the location of the mean between the experiment 
and NPPA can be very different. To improve this situation, we will cal-

culate the mean value of the ratios of the eigenfrequency ratios, denoted 
as 𝑟𝜔, by the following equation

Fig. 13. Random masses 8.0%: Comparison of the mean values and the quantiles 
from the samples of the experiment and the NPPA after optimization.

Fig. 14. Variation Young’s modulus: Comparison of the mean values and the 
quantiles from the samples of the experiment and the NPPA after optimization.

𝑟𝜔 = 1
𝑛

𝑛∑
𝑖=1

𝜔̄𝑒𝑥𝑝,𝑖

𝜔̄𝑠𝑖𝑚,𝑖

. (26)

Analogous to the one-degree-of-freedom system, the eigenfrequency is 
calculated by

𝜔𝑛𝑒𝑤 = 𝑟𝜔

√
𝑘

𝑚
=
√

𝑘

𝑐 ⋅𝑚
. (27)

The approach is to modify the mass matrix by multiplying with the 
corrector value 𝑐 to change the location of the mean value of the eigen-

frequency distributions. In the case of Section 5.4, the corrector value 
with the two first eigenfrequencies implied was 𝑐 = 1.54.

The distribution of the first two eigenfrequencies of the model with 
the modified mass matrix is shown in Fig. 15. Fig. 16 shows the compar-
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Fig. 15. Random masses 8.0%: Comparison of the first two eigenfrequency dis-

tributions and fitted normal distributions between experiment and NPPA after 
frequency shift.

Fig. 16. Random masses 8.0%: Comparison of the mean values and the quantiles 
from the samples of the experiment and the NPPA after frequency shift.

ison of the mean values and the scatter bands. In the two charts, there 
is an improvement in the location of the mean values of the eigenfre-

quencies to see, and the scatter bands match better.

6. Application of non-parametric approach for high-voltage cable

This section discusses the application of NPPA to a high-voltage 
cable used in the automotive industry. First, the experimental measure-

ments on the high-voltage cable are described. Then, the mean value 
model for NPPA is presented, and finally, the implementation of NPPA 
is shown and evaluated. For this purpose, the mean model is compared 
to the experiment, and it will be checked if the experiment is in the 
scatter band of the NPPA.

6.1. Experiment

For the determination of the response functions, according to 
the experimental setup from [31], the high-voltage cable (type: 
FHLR2GCB2G, cross-section: 35 mm2) was installed between two 
impedance masses and elastically mounted on one side. The impedance 
masses functioned as a fixed boundary condition due to the mass differ-

Fig. 17. Schematic structure of the experimental setup with applied acceleration 
sensors on points 1 to 7.

Table 6

Eigenfrequencies of the cable.

Label Frequency in Hz

First bending eigenfrequency 36.50

Second bending eigenfrequency 97.50

Third bending eigenfrequency 209.50

Eigenfrequency longitudinal wave 1105.50

ence between the cable and the impedance masses. Acceleration sensors 
were installed along the cable and on the masses. The schematic struc-

ture of the experiment is shown in Fig. 17. During the implementation 
of the experiment, the cable was excited transverse to the longitudinal 
cable axis on positions 3 and 4 and in the longitudinal direction to the 
cable on the upper mass by a hammer blow.

6.2. Response function

The response functions from the experiment at positions 3, 4 and 5 
can be found in blue drawn in Fig. 21. The response functions on the 
left side are the ones that are excited on position 4 transverse to the 
longitudinal cable axis. Those excited on position 3 transverse to the 
longitudinal cable axis are on the right side.

6.3. Eigenfrequencies

The eigenfrequencies of the cable can be detected by the MIF1 func-

tion, which is described in Section 4. This function is shown in Fig. 18. 
The second, third and fourth break-ins are the positions of the first three 
bending eigenfrequencies of the cable. The MIF1 function for the ex-

citement in the longitudinal direction gives an idea of the position of 
the longitudinal wave eigenfrequency. The eigenfrequency is not on the 
heaviest break-in but on the smaller break-in before at 1105.50 Hz. This 
also confirmed a comparison of the displacements at the two frequen-

cies. A listing of all eigenfrequencies of the cable is shown in Table 6.

6.4. Mean model

As mentioned before, the impedance masses can be seen as fixed 
boundaries. Because of that, a two-sided fixed beam, according to the 
Timoshenko beam theory, functioned as a mean model. This beam 
was discretized with 252 elements. Analytical relationships from [32]

were used to get the model parameters. The Young’s modulus could 
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Fig. 18. Mode indicator functions MIF1 of the experimental data.

Fig. 19. Mean model of the high-voltage cable used for the NPPA.

be determined from the relationship of the eigenfrequency of the first 
longitudinal wave on a two-sided fixed beam

𝜔 = 𝜋

𝑙

√
𝐸

𝜌
(28)

with the cable length 𝑙, the eigenfrequency of the longitudinal wave 
from the experiment and the density appropriate to the mass. The geo-

metrical moment of inertia of the beam could be determined from the 
equation of the first bending eigenfrequency of a two-sided fixed beam

𝜔 = (𝛽𝑙)2
√

𝐸𝐼

𝜌𝐴𝑙4
. (29)

Thereby 𝛽𝑙 for the first eigenfrequency is

𝛽𝑙 = 4.73 (30)

and 𝐴 the circular cross-section of the cable with diameter 𝐷. As a 
damping model, constant structural damping is used with a value of 
𝑔 = 0.6. With the selection of this value, the response functions are all 
in the same region. The schematic structure of the mean model is shown 
in Fig. 19. All parameters for the models are listed in Table 7. The force 
of the experiment is used as excitation on positions 3 and 4.

6.5. Mode shapes and dispersion parameters

The experiment’s mode shapes are needed to calculate the dispersion 
parameters. The mode shapes can be calculated from Equation (14) and 
Equation (15). For this calculation, the response functions of the driv-

Table 7

Parameters of the mean model of the high-voltage ca-

ble.

Parameter Value

Density 𝜌 3939.4000 kg/m3

Cable length 𝑙 0.4980 m

Cable diameter 𝐷 0.0144 m

Young’s Modulus 𝐸 4.7760 × 109 Nm−2

Geometrical moment of inertia 𝐼 8.6815 × 10−10 m4

Constant structural damping 𝑔 0.6

Fig. 20. Comparison of the first three mode shapes between the experiment and 
the simulation.

Table 8

Dispersion parameters for the 
high-voltage cable.

Dispersion parameters Value

Mass 𝛿𝑀 0.4163

Damping 𝛿𝐷 0.4292

Stiffness 𝛿𝐾 0.6655

ing point, the remaining points, and the damping ratio, according to 
Lehr, are needed. The value of this damping ratio was determined with 
a damped modal analysis and a harmonic response analysis of the mean 
model. For this purpose, the response function of this simulation with a 
constant structural damping value of 0.6 was compared with the exper-

iment. For this value, the graphs are all in the same region. From the 
damped modal analysis with this constant structural damping value, we 
get the damping ratio of 0.2669. The calculated mode shapes of the ex-

periment and the mean model are shown in Fig. 20.

According to Section 4, the modal system matrices were created 
from the experiment’s determined eigenfrequencies, the mean mod-

el’s eigenfrequencies and the modal damping ratio. For the reason of 
comparison, the modal system matrices of the experiment have to be 
transformed with the eigenvector matrix from the mean model and the 
experiment in the vector basis from the mean model. This is shown in 
[21]. After that, the dispersion parameters were calculated according 
to Equation (6). The dispersion parameters are listed in Table 8. With 
the dispersion parameters from Table 8 and the system matrices of the 
mean model, 500 samples according to the SG+ respectively SE+ en-

semble were created for the mass, stiffness and damping matrices. After 
that, the response functions at the measurement points were determined 
with the modal superposition from Section 3 for excitation on positions 
3 and 4. Fig. 21 shows all the samples drawn in yellow. In addition to 
that, the borders of the scatter band are drawn red dashed. 90% of all 
solutions are between these borders. Furthermore, the response func-

tion of the experiment is in blue, and the response function of the mean 
model is in orange.
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Fig. 21. Comparison of the frequency response between experiment and sim-

ulation and the quantiles from the created samples of the simulation (left: 
excitation point 4; right: excitation point 3).

Fig. 21 shows that the response functions from the experiment are 
almost in the area of the scatter band. Therefore, the scatter bands are 
suitable for risk evaluation according to the positions of the response 
function for a straight high-voltage cable. It also shows that the mean 
model matches the first two eigenfrequencies well.

7. Conclusion and outlook

This work has shown that the nonparametric approach with random 
matrices, a simplified mean model and modal superposition can effi-

ciently map the experimental response function of a high-voltage cable 
by a scatter band. This scatter band can be used for a risk evaluation re-

garding the maxima and minimal values of the response function, and 
the structural, dynamical behaviour of the cable can be determined.

Furthermore, the preliminary studies showed that with increasing 
uncertainty and dispersion parameters, the scatter bands and the dis-

tribution of the eigenfrequencies do not match together. Therefore, a 
dispersion parameter optimization method is shown. The dispersion pa-

rameter optimization method can be done if sufficient data is available. 
Also, a frequency shift is shown. These two tools can make improve-

ments regarding the approximation of the response functions.

The investigations of this article show a strong dependency on the 
quality of the mean model. If the mean model is far away from real-

ity, the approach will not create a good solution, and the borders of 
Equation (7) can not be held.

In order to calculate different cable paths in the future, utilizing the 
method demonstrated here on element matrices instead of global sys-

tem matrices would be beneficial. A workflow that involves performing 
an experimental modal analysis on a cable sample and applying the ob-

tained dispersion parameters, along with a nonparametric approach, to 
a single finite element could be developed. However, it has to be investi-

gated if the distribution obtained from the maximum entropy approach 
is still valid for a single element that is then assembled.
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