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Model Identification by Utilizing 

Likelihood-Based Methods

Andreas Raue and Jens Timmer

Institute o f Physics and Freiburg Institute fo r  Advanced Studies (FRIAS) and Centre fo r  Biological Systems Analysis 
(ZB SA), University o f Freiburg, Germany

Biotechnological progress provided the possibility to decipher the human genome, yielding a multiplicity of 
genes representing specific functional components such as proteins or siRNA (International Human Genome 
Sequencing Consortium, 2004; Gerstein etal., 2007). The functionality that can be observed in nature is mainly 
not arising from genes directly but from the interactions of these components. Therefore, knowing the whole 
genome gives an inventory of the functional components rather than a manual or explanation of functionality. 
The remaining task, putting together the henceforward known pieces to understand how functionality actually 
arises from the interplay of these components, is enormous. It is nevertheless essential to be able to understand 
how failures in this functionality, such as in cancer, arise and how they can be treated. To this end it is necessary 
to investigate the properties of reaction networks.

In this chapter, we want to elucidate how dynamical modeling and likelihood-based model identification 
strategies can be utilized to reveal properties of the underlying biological system. The purpose of modeling is 
not to rebuild the biological system in all of its complexity. A model is rather a tool that helps to understand and 
to handle the complexity of the processes occurring in biology. In this context, ordinary differential equations 
(ODEs) are often used as a mathematical description to investigate the dynamics of molecular processes. It is 
assumed that diffusion is fast compared with the reaction rates of the protein interactions and the spatial extent 
of the cell. Tools to build ODE models for complex reaction networks are available (Schmidt and Jirstrand, 
2006; Maiwald and Timmer, 2008).

The advantage of building and utilizing a model is that all the available knowledge about the biological 
processes has to be formulated explicitly. The model can then be tested in a statistical framework by comparison 
with experimental data. There are two main applications:
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(i) Concurring biological hypothesis such as presence or absence of a reaction can be formulated and yield 
different model structures. By comparing the agreement of the output of each candidate model with 
the experimentally measured data, using appropriate model selection techniques, some hypothesis may 
be falsified. For an application, see Swameye et al. (2003) where nuclear cycling of STAT protein is 
identified.

(ii) Once a promising candidate model is selected the model can be used to study the dynamical behavior of the 
system that cannot be accessed by experiments directly. For example, the estimated values of rate constants 
can be investigated, the dynamics of unobserved model components can be predicted or the model response 
to altered external conditions such as altered network structure or different external stimulations can be 
studied. For an application, see Becker et al. (2010) where the dynamics of erythropoietin receptor 
(EpoR) trafficking and interaction was investigated. Finally, systems properties such as robustness can be 
investigated (Kollmann et al. 2005).

Both applications require the reliable estimation of beforehand unknown model parameters such as rate con­
stant or initial concentrations. The predicted dynamics depend intrinsically on these estimated parameters. At 
this point it is important to consider the uncertainties in the parameter estimation procedure: the measurement 
uncertainties translate to parameter uncertainties, and parameter uncertainties translate to uncertainties in the 
predicted model dynamics.

Due to technical limitations the reaction network under investigation is often only partly accessible by 
experiments. This means that not all molecular species incorporated in a model can be measured directly. 
For example Western blotting, a widely used technique to measure the dynamics of protein concentration, 
depends on the availability and specificity of anti-bodies for protein detection. Furthermore, the measure­
ment errors of these techniques are usually large. Given a certain amount and quality of experimental data 
measured under specific experimental conditions, it is therefore not assured that model parameters can be 
estimated unambiguously. Frequently, experimental data are limited considering the size of the model which 
results in parameters that are nonidentifiable (Raue et al. 2009). Even identifiable parameters can only be de­
termined within confidence intervals, which contain the true value of the parameter with a desired probability 
(Lehmann and Leo 1983). Consequently, if model parameters are not well determined the predicted model 
dynamics are also not well determined and the questions that should be answered by the model might not be 
addressable. Therefore, it is important to have detailed knowledge of parameter uncertainties to be able to 
assess the precision of model predictions realistically. On the other hand, the analysis of the uncertainties itself 
provides the potential to improve predictability of a model, i.e. by resolving parameter nonidentifiabilities 
using experimental design techniques.

In the following, the above mentioned concepts will be introduced from a data-based perspective, using 
likelihood-based methods and an illustrative example.

20.1 ODE models for reaction networks

Reaction networks can be modelled using a system of ODEs (Wolkenhauer 2008). To adequately describe 
the underlying biological process with this mathematical framework spatial effects have to be neglected by 
assuming that diffusion is fast compared with the reaction rates of the protein interactions and the spatial extent 
of a cell. Intrinsic stochasticity can be neglected, if the copy number of proteins is sufficiently large, i.e. for a 
protein copy number >10 (Taniguchi et al. 2010). Moreover, stochastic effects are suppressed, if the dynamics 
of protein concentration is modelled as average over a cell population. This applies for many measurement 
techniques such as obtained by Western blotting or by quantitative reverse transcription polymerase chain 
reaction (qRT-PCR).
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A model M  describing n species concentrations Xj in a reaction network by ODEs can be written as

0) =  f(x(b  p), 0)
x(0, 6) = w(0)

(20.1)
(20.2)
(20.3)

with internal model states x, an externally given stimulus u, model parameters 0, a m-dimensional mapping 
g of the internal model states to the model outputs y, possibly involving additional parameters 0 such as 
scaling and offset parameters. The measurement noise e ~  N(0, a 2 ) is assumed to be known and normally 
distributed. Equation (20.1) represents the dynamics of protein concentration, where usually each component 
of the right-hand side is a sum of reaction fluxes v of several protein interactions, as will be introduced in 
the next section. The initial conditions of the dynamical system given in Equation (20.2) can also depend on 
the parameters 0. The model outputs y described by Equation (20.3) represent the experimentally measurable 
quantities. For partially observed models, the dimension m of the model outputs is smaller than the dimension 
n of the internal model states.

20.1.1 Rate equations

Consider a reaction network consisting of protein interactions rj with j  =  1,..., I and corresponding reaction 
flux u /x , u, 0) that can be dependent on species concentrations x, the stimulus u and on parameters 6. In 
this context, the parameters 0 involved in the dynamics, i.e. the reaction rate equations, are often called rate 
constants. Together with the stoichiometry matrix N, Equation (20.1) can be expressed as

/M i M2 - M A  
M I M2 • • * Mf

\M i M I NnJ

/v i  \

= f ( x ,u ,e i

One element Mj of the stoichiometry matrix reflects whether and how often the species Xi occurs as reactant 
or product in the reaction rj with flux Vj. For =  0, reaction rj does not affect species x/. For Ny > 0, 
reaction rj produces Ny copies of species Xi and for < 0, reaction rj consumes | M ;! copies of species 
Xi. In a graphical representation of a reaction network, each nonzero element of N corresponds to an edge 
connecting two molecular species. Some commonly used rate equations modeling the reaction fluxes v are:

• First-order mass-action kinetics for reactions xi -> x%

v(xi,0i) =  #i xi (20.4)

describing processes such as translocation of a species between compartments. 
• Second-order mass-action kinetics for reactions xi 4- *2 *3

V(X1,X2 ,01 ) =  01 -X I -X2 (20.5)

describing processes such as complex formation.
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• Michaelis-Menten kinetics for simplified enzymatic reactions -4  X3

v(xi, x2 , 3 i, 02 ) =  -  • *2 (20.6)
02+^1

describing saturation effects for rate-limiting enzyme concentration x2 . For high substate concentrations 
»  02 the reaction rate saturates

v(x2 , 0i) =  0i - A2 . (20.7)

If the substrate concentration X[ 02, saturation can be neglected by approximating Equation (20.6) by

V(JCI, X2 ,03) =  03-xi -X2 with 03 =  01/02- (20.8)

• An inhibitor x2 can decrease the flux of a reaction xi -> X3. The reaction flux can be approximated by

v(xi, x2 ,0 i , 02) =  7^*  V1—  (20.9)
1 +02 • *2-

• Similarly, x2 increasing the flux of a reaction xj -> X3 can be approximated by

v(xi,X2, 0i, 02) — 01 -*1 • (1 +02 • *2)- (20.10)

For more details about enzyme kinetics and the modelling of inhibition, see Segel (1993).

20.2 Parameter estimation

The set of parameters 0 fully specifies the dynamical behavior of an ODE model A4 and its link to the 
experimental data. Parameters in reaction networks such as rate constants, initial species concentrations and 
concentration scaling or offset factors are usually positive definite, 0 6 R+ . To avoid the natural lower bound 
of zero, logarithmic parameter values should be used. The agreement of experimental data with the predicted 
model output is measured by an objective function, commonly the weighted sum of squared residuals

m ¿k+=EE
Æ=1 1=1

yh -  y ^ i ,  o) 

^ki
(20.11)

where experimental data y ^  for each model output k =  1 , . . . ,  m is measured at time points ti with / =  
1 , . . . ,  dk. The measurement noise is assumed to be normally distributed and its magnitude is assumed 
to be known. It is important to note that the noise of concentration measurements is usually log-normally 
distributed (Kreutz et al. 2007). Therefore, the experimental data and the predicted model output yk(ti, 0) 
for parameters 0 should be log-transformed as well. The parameters can be estimated by

0 =  arg min %2 (0) (20.12)

which corresponds to maximum likelihood estimation (MLE) of 0 for normally distributed measurement 
noise, because

z
2 (0) =  const. -  2 • log(£(0)) (20.13)
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where

n
À=1 /=1

1 
\ / 2 ™kl

(20.14)
1
2 l

is the likelihood function. Due to the non linear nature of the ODE model of Equation (20.1) with respect to 
the model parameters, the minimization of x2 (0) in Equation (20.12) cannot be solved analytically. Therefore, 
numerical algorithms have to be utilized to minimize/optimize the objective function x2 (^)- There are many 
different algorithmic approaches to solve the problem given in Equation (20.12).

Local optimizers. Beginning from an initially guessed parameter set 0Q, a local optimizer tries to reduce 
successively, see for example the Levenberg-Marquardt algorithm in Press et al. (1990). For ODE 

models, suppling analytic derivatives that guide these algorithms to the minimum of x2 are essential. The 
numerical reasons for this and practical considerations for the calculation will be given in the next section.

If experimental data are insufficient considering the complexity of the model, and due to the non linearity 
of the model with respect to the parameters, the problem given in Equation (20.12) may not be well behaved, 
i.e. the objective function may exhibit several local minima. In this case, a local optimizer can get stuck and 
does not yield the best possible parameter set.

Global optimizers. In contrast, global optimizers try to keep track of several possible solutions or allow 
for steps in increasing direction of x2 temporarily (Egea et al. 2007). Despite the terminology ‘global’, it is 
important to note that there is no algorithm that can guarantee to find the global optimum.

Applying successive runs of a local optimizer from different initial parameter sets yields effectively a global 
optimizer.

20.2.1 Sensitivity equations

A local or effectively global optimization algorithm that efficiently estimates B numerically by minimizing 
X2 (0  in Equation (20.12), needs reliable estimates of the sensitivities, i.e. the derivative of the model outputs 
y  with respect to the parameters 0,

9y 9g 9x
90 9 ^ ' 90' (20.15)

where 9g/9x is given by Equation (20.3) analytically. In the case of ODE models, the analytical calculation of 
the remaining sensitivities of the internal model states 9x /  90 is hampered, because Equation (20.1) cannot, 
in general, be solved analytically. Usually numerical ODE solvers have to be applied. The most obvious way 
to calculate 9x /  90 numerically is by finite difference (FD) approximation

x (0 ) -x (0  + h • ej) j
90j h  1 J

where ej is the jth unit vector and h should be sufficiently small. In the context of ODE models, this approach 
is problematic because the integrator used to solve Equation (20.1) numerically might use different step sizes 
to obtain x(0) and x(0 + h • ej) and only guarantees an approximate solution given a certain solver tolerance 
level. The numerical error especially introduced for small values of h can not be controlled in this way and 
leads to discontinuities of 9x 1 90 along the time axis.

An elegant method to calculate the sensitivities 9x /  90 numerically is via integration of the sensitivity 
equations (SE). The calculation

d df (20.17)
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Figure 20,1 Two sensitivities dx, /  dOj calculated by finite differences (FD) in (a) and by the sensitivity equations
(SE) in (b) illustrating the numerical problems in the case o f FD

yields a differential equation for /  30 where the right-hand side is given analytically, i.e. Of /dx and d f  /BO 
can be calculated from Equation (20.1) (Leis and Kramer 1988). These n • (n +  #0) additional differential 
equations can be simultaneously solved with the original ODE system. The additional initial conditions are 
given by

&°>-5 <»1»
oU ou

using Equation (20.2). The resulting enlarged ODE system, including the original model dynamics and the 
dynamics of the sensitivities, can be efficiently solved because the Jacobian of the sensitivity subsystem is 
composed of the Jacobian of the original system, see Hindmarsh et al. (2005) for a computationally efficient 
implementation. Figure 20.1 shows a comparison of sensitivities calculated by FD [Figure 20.1(a)] and by 
the SE [Figure 20.1(b)] illustrating the numerical problems in the case of FD.

20.2.2 Testing hypothesis

Once the optimal parameter values, i.e. the best model fit, are obtained from the estimation procedure for 
all candidate models, one needs to judge whether the models are in agreement with experimental data and 
whether one of the models explains the experimental data significantly better. Various approaches exist, see 
Cox and Hinkley (1974) or Seber and Wild (2003). Here, two commonly used methods derived from the 
theory of MLE will be explained.

20.2.2.1 Pearson’s x^test

The limit distribution of the objective function given in Equation (20.11) is the x^f distribution with degrees of 
freedom d f = — #0, where dk is the total amount of experimental data and #0 is the number
of parameters. The expectation value and the variance of the x^f distribution with d f  degrees of freedom is

{Xdf ) = d f  and Var ( x d
2

f )  =  2 • df, (20.19)

respectively, see Figure 20.2. Thus, a model that adequately represents the experimental data should have a 
value of the objective function not larger than a given quantile of the x^f distribution, see the dashed line in
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Figure 20.2 Probability density function o f the distribution with df =  5 degrees o f freedom. The solid line 
indicates the expectation value. The dashed line indicates the 95% quantile that is utilized for a test with a 
significance level o f a =  0.05

Please note, that this test yields a reliable conclusion only if the magnitude of the measurement noise cr2 is 
assessed realistically. Furthermore, the actual degrees of freedom consumed by a nonlinear model might be 
slightly different from #0. This can be checked by simulation studies.

20.2.2.2 Likelihood-ratio test

Consider a model A4* and an extended model Af containing d f  additional parameters. For this test the null 
hypothesis is that an enlarged model does not fit the experimental data significantly better. The models need to 
be nested, M *  C M .  If the additional d f  parameters lead to a significant decrease of the objective function, 
the hypothesis can be rejected indicating that the larger model M. is preferable to the small model M *. The 
test statistic is given by

x W )  -  x2 GM) =: AX2 ~  X ^. (20.20)

Here, the decrease of the objective function A /2 due to the additional parameters is x^y distributed. The 
hypothesis is rejected with a significance level of a, if

ZOO
J O F ^ c l / 2 < «  (20.21)

where PDF(x^-) denotes the probability density function of the Xdf distribution. This indicates that the 
smaller model M *  is dismissed in favour of the enlarged model A4 due to a significant decrease of the 
objective function. If p val > a  the hypothesis cannot be rejected and the smaller model cannot be dismissed. 
A significance level a — 0.05 for the x^f distribution with degrees of freedom d f  =  5 is illustrated by the 
dashed line in Figure 20.2.

20.2.3 Confidence intervals

For brevity, x \0 )  will be termed likelihood in the following.

Assume a model A i that sufficiently describes the available experimental data. A confidence interval 
[cTj“ , cr^] of a parameter estimate fy to a confidence level 1 — a  signifies that the true value Of is located 
within this interval with probability 1 — a. In the following, asymptotic and finite sample confidence intervals 
will be introduced.
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20.2.3.1 Asymptotic confidence intervals

Confidence intervals can be derived from the curvature of the likelihood, e.g. using the Hessian matrix

H =  VT V x
2 |g.. (20.22)

Using the covariance matrix of the parameter estimates C =  2 • H - 1 , asymptotic confidence intervals are 
given by

±  1 — a) - C„ (20.23)

where 1 — Of) is the 1 — a  quantile of the x^f distribution with d f  degrees of freedom (Press et al. 
1990), see Figure 20.2. The choice of d f  yields two different types of confidence intervals: d f  =  1 gives point- 
wise confidence intervals that hold individually for each parameter, d f  = HO being the number of parameters 
giving simultaneous confidence intervals that hold jointly for all parameters.

Asymptotic confidence intervals are a good approximation of the uncertainty of fy, if the amount of experi­
mental data is large compared with #0 and/or the amount of measurement noise is small. They are exact if the 
model outputs y depend linearly on 0. Even for the simplest reaction network described by Equations (20.1- 
20.3), the model outputs y depend nonlinearly on 0. Note that for a ODE system consisting of mass-action 
reactions, only the right-hand side of the ODE system is linearly dependent on the parameters, its solution 
x and hence the model outputs y  are not. Furthermore, the amount and quality of experimental data is often 
limited, e.g. protein concentration measurements by Western blotting. Therefore, asymptotic confidence inter­
vals might not be appropriate (Joshi etal. 2006). The ellipsoid in Figure 20.3 indicates asymptotic confidence 
intervals and illustrates its discrepancy from the actual shape of the likelihood.

Figure 20.3 Illustrative contour plot o f x2 (9) in logarithmic parameter space. Shaded contour lines from black to 
white correspond to low to high values o f x2 ^  The dashed ellipsoid indicates asymptotic confidence intervals; 
the thick solid line indicates likelihood-based confidence intervals
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20.2.3.2 Finite sample confidence intervals

Confidence intervals can also be derived using a threshold in the likelihood. These so-called likelihood-based 
confidence intervals define a confidence region

{01 X2 (S) -  X2 ^ )  < A J  with Aa  =  Q(X^, 1 -  a) (20.24)

whose borders represent confidence intervals (Meeker and Escobar 1995). The threshold Aa  is the 1 — a  
quantile of the/¿y distribution and represents with d f  =  1 and d f  =  #0 point-wise, respectively, simultaneous 
confidence intervals to a confidence level 1 — a, see Figure 20.2. Likelihood-based confidence intervals are 
considered superior to asymptotic confidence intervals for finite samples (Neale and Miller 1997). This is 
illustrated in Figure 20.3. In the asymptotic case, both approaches are equivalent.

20.2.3.3 Coverage

In order to evaluate the appropriateness of confidence intervals, usually, coverage rates are studied. The 
coverage rate CT? for a parameter signifies how often its true value 0* is actually covered by the confidence 
interval [or” , To this end data is simulated assuming a set of true parameter values. If confidence intervals
are appropriate, the coverage rate should reflect the desired level of confidence CR % 1 — a. If the coverage 
rate is larger than the desired level the confidence intervals tend to be more conservative than required, if it is 
smaller the actual uncertainty in the estimates is underestimated.

For likelihood-based confidence intervals that are based on Equation (20.24), the difference x2 (#*) — X2 ($) 
corresponds to the amount of over-fitting for the estimated parameters 0. For nonlinear models and small data 
samples the actual distribution of / 2 (0*) — %2 (§) may differ from the distribution (Press et al. 1990). 
For instance the distribution can be shifted, if the actual degrees of freedom d f  consumed by the nonlinear 
model differs from the number of model parameters. Since the deviation of the distribution is dependent on 
the specific application, the distribution of x2 (#*) — x2 (^) should always be verified by simulation studies. If 
deviations are observed, the threshold Aa  should be adjusted according to the generated distribution to obtain 
appropriate coverage rates for the confidence intervals.

20.3 Identifiability

A parameter 0i is identifiable, if the confidence interval [o<" , cr/1-] of its estimate fy is finite. Two phenomena 
accounting for parameters to be nonidentifiable will be discussed here. Structural nonidentifiability is related 
to the model structure, independent of experimental data. This is intensively discussed in the literature (Cobelli 
and DiStefano III 1980). In contrast practical nonidentifiability also takes into account the amount and quality 
of experimental data that was used for parameter calibration (Raue et al. 2009). In the following, identifiability 
will be introduced from the perception of parameter estimation, i.e. in a data-based way.

20.3.1 Structural nonidentifiability

A structural non identifiability arises from the structure of the model itself, independent of measurement noise 
?. Assume a model defined by Equations (20.1-20.3), where the functions f ,  w and g describing the model 
dynamics and the model outputs are given, the external stimulation u is known and perfect measurements with 
o2 =  0 are assumed. The crucial question is whether the model parameters are uniquely identifiable from the 
experimentally observed quantities y in the given setting.

The formal solution of y may contain a redundant parameterization, due to a dimension reducing mapping 
g of internal model states x  to model outputs y  in Equation (20.3). The redundancy can be characterized by
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Figure 20,4 Contour plots of for a two-dimensional parameter space, shown in nonlogarithmic scale for 
illustrative purposes. Shaded contour lines from black to white correspond to low to high values o f x2W- Thick 
solid lines display likelihood-based confidence regions and asterisks the optimal parameter estimates 0. (a) A 
structural nonidentifiability along the functional relation h$) =  0i - 02 — 10 =  0 (dashed line). The likelihood­
based confidence region is infinitely extended, (b) A practical nonidentifiability. The likelihood-based confidence 
region is infinitely extended for 9̂  —► + o o  and -► + 0 0 , and lower confidence bounds can be derived, (c) Both 
parameters are identifiable. Adapted from Raue et al. (2009)

functional relations h(0Sub) =  0 between a subset of parameters 0sub C 9. These redundant parameters 0Sub 
are structurally nonidentifiable and may be varied according to the functional relations h without chang­
ing the model outputs y. In terms of the objective function / 2 (0) defined by Equation (20.11), a structural 
nonidentifiability therefore manifests as is o - /2 manifold

I Wsub) =  o} => X2 (^) =  const. (20.25)

Consequently, the parameter estimates 0sub and, respectively, the internal model states A affected by these 
parameters are not uniquely identified by measurements of y. Confidence intervals of a structurally noniden­
tifiable parameter Bi € #sub are infinite, [—o o , +oo] in logarithmic parameter space considered here. Hence, 
Bi cannot be estimated at all. A direct detection of a redundant parameterization in the analytic form of y is 
hampered, because Equation (20.1) cannot, in general, be solved analytically.

For a two-dimensional parameter space, %2 (0) can be visualized as a landscape. A structural nonidenti­
fiability results in a perfectly flat valley, infinitely extended along the corresponding functional relation, as 
illustrated in Figure 20.4(a).

Since a structural nonidentifiability is independent of the accuracy of available experimental data, it cannot 
be resolved by a refinement of existing measurements. The only remedy is a qualitatively new measurement 
which alters the mapping g, usually by increasing the number of observed species. A parameter is structurally 
identifiable, if a unique minimum of %2 (0) with respect to Bi exists, see Figure 20.4(b) and (c).

20.3.2 Practical nonidentifiability

A parameter that is structurally identifiable may still be practically nonidentifiable. This can arise due to 
insufficient amount and quality of experimental data, manifesting in a confidence interval that is infinite. 
Please note, that the asymptotic confidence interval of a structurally identifiable parameter estimate may be
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large, but is always finite because CH > 0 [see Equation (20.23)]. Therefore, it is not possible to infer practical 
nonidentifiability using asymptotic confidence intervals.

According to Raue et al, (2009), a parameter estimate fy is practically nonidentifiable, if the likelihood­
based confidence region is infinitely extended in the direction of Oi, although the likelihood has a unique 
minimum for this parameter. This means that the increase in / 2 (0) stays below the threshold Aa  for a desired 
confidence level 1 — at in the direction of Oi. Similarly as for structural nonidentifiability, this flattening out of 
the likelihood can continue along a functional relation. The confidence interval of a practically nonidentifiable 
parameter is not necessarily extended infinitely to both sides. There can be a finite upper or lower bound of 
the confidence interval [ o f , a / -], but either a~ = — oo or =  +oo in logarithmic parameter space is 
considered here.

For a two-dimensional parameter space, a practical nonidentifiability can be visualized as a relatively flat 
valley, which is infinitely extended. The distance of the valley bottom to the lowest point 0 never exceeds 
as illustrated in Figure 20.4(b).

Along a practical nonidentifiability the model outputs y  change only negligibly and remain compliant with 
the given measurement accuracy. Nevertheless, model behavior in terms of internal states x might vary strongly. 
Improving the detection of typical dynamical behavior by increasing the amount and quality of measured data 
and/or the choice of measurement time points will ultimately cure a practical nonidentifiability, yielding finite 
likelihood-based confidence intervals, see Figure 20.4(c). Inferring how to decrease confidence intervals most 
efficiently is the subject of experimental design, which will be discussed in Section 20.4.1.

20.3.3 Connection of identifiability and observability

The uncertainty of parameter estimates § directly translate to uncertainty of model trajectories. Nonidentifi­
ability describes the phenomenon that parameters might not be determined. Consequently, non observability 
indicates that model trajectories might not be determined due to nonidentifiability of model parameters. As 
mentioned in Section 20.3.1, a structural nonidentifiability only affects the observability of the internal model 
states x. The model outputs y are reproduced exactly for all parameter combinations on the manifold that 
corresponds to the structural non identifiability [see Equation (20.25)]]. As mentioned in Section 20.3.2, a 
practical nonidentifiability affects the model outputs y  only negligibly. This means that the model outputs stay 
in agreement with the measurement accuracy of the experimental data. Some internal model states x might 
nevertheless be affected strongly by a practical nonidentifiability and hence might be nonobservable. Also, 
confidence intervals of parameter estimates translate to confidence intervals of model trajectories. Similar 
to coverage rates for confidence intervals of parameter estimates, coverage rates for confidence intervals of 
model trajectories can be assessed.

From a different point of view, identifiability can be stated in terms of observability. Additional internal 
model states xn + i corresponding to parameters 0/ where i =  1 , . . . ,  #0 can be introduced. The ODE system 
of Equation (20.1) is then enlarged by equations xn +i =  0 and every incidence of 0i is replaced by x„+i in 
both Equations (20.1) and (20.3). Consequently, showing observability of xn +i implies identifiability of Oi-

20.4 The profile likelihood approach

In the remainder of this chapter the profile likelihood approach (Raue et al. 2009) will be presented, which 
facilitates the numerical implementation of the concepts for data-driven modeling introduced so far. The 
approach enables to reveal which parameters are identifiable and thus allows to infer which model predictions 
are feasible. Provided that parameters are identifiable the question that follows is how large their confidence 
intervals are, indicating how reliable a model prediction is.
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The approach is able to detect both structurally and practically nonidentifiable parameters and 
simultaneously calculates confidence intervals. Since large models are under consideration, it is important 
that the approach is computationally feasible and its output is interpretable even if the issue depends on a 
high-dimensional parameter space. Furthermore, the approach can be used for experimental design, to suggest 
additional measurements that efficiently reduce parameter uncertainties, and for model reduction, to tailor the 
model complexity to the information content provided by the experimental data. Finally, the usage and ben­
efits of the approach will be illustrated by applying it to the core model of erythropoietin (Epo) and EpoR 
interaction and trafficking with the corresponding subset of the experimental data from Becker et al. (2010).

The idea of the approach is to explore the parameter space for each parameter in the direction of least 
increase in For a structurally nonidentifiable parameter this means following the functional relations 
h(0sub) =  0. In the case of a practically nonidentifiable parameter, the aim is to detect directions where the 
likelihood flattens out.

A useful concept for this task is the profile likelihood (Venzon and Moolgavkar 1988; Murphy and van 
der Vaart 2000). It can be calculated for each parameter individually by

=  ™ N  FX2 (O)
Vj ±  i L

(20.26)

meaning re-optimization of x2 (0) with respect to all parameters 0j /, for each fixed value of the parameter 
0i. Hence, the profile likelihood keeps x2 ($) as small as possible alongside 0/. Figure 20.5 displays the profile 
likelihood for the three typical cases introduced in Figure 20.4 showing that the likelihood is explored in the 
desired way to detect nonidentifiabilities.

Structural nonidentifiable parameters are characterized by a flat profile likelihood [sec Equation (20.25)]. 
The profile likelihood of a practically nonidentifiable parameter has a minimum but does not exceed a thresh­
old Aff for increasing and/or decreasing values of 0^ see Section 20.3.2. In contrast, the profile likelihood of 
an identifiable parameter exceeds Aa  for both increasing and decreasing values of 0i. The points of passover 
represent likelihood-based confidence intervals as defined in Equation (20.24) (Royston 2007). Figure 20.5(b) 
shows the profile likelihood approaching the borders of the likelihood-based confidence region in the desired 
way. By following the change of parameters 0j j along XPL(#/), the functional relations A(0Sub) =  0 corre­
sponding to a structural nonidentifiability can be recovered, see Figure 20.5(a). An algorithm to calculate x^£ 
was described in Raue et al. (2009).

20.4 J  Experimental design

To improve the certainty of a specific model prediction, it would be valuable to suggest additional measure­
ments that efficiently cure nonidentifiability and narrow the confidence interval of a parameter affecting 
this issue. The set of trajectories along the profile likelihood of 0j reveals spots where the uncertainty of 0, 
has the largest impact on the model. Additional measurements at spots of largest variability of the trajectories 
efficiently accomplish this task. The amplitude of variability of the trajectories at these spots allows to assess 
the necessary precision of a new measurement, to provide adequate data that are able to improve parameter 
identification.

The impact of new measurements can be evaluated by Monte Carlo simulations. With this aim, the described 
analysis of the profile likelihood is repeated, taking into account additional simulated data. The resulting 
change of the profile likelihood and correspondingly the resolution of nonidentifiability and the narrowing 
of the likelihood-based confidence intervals, justifies the use of new measurements to gain a more confident 
model prediction.
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(a): structural nonidentifiability (c): practical nonidentifiability (e) identifiability

(b): profile likelihood of (a) (d): profile likelihood of (c) (f): profile likelihood of (e)

0 5 10 0 5 10 0 5 10
0j 0j 0j

Figure 20.5 Assessing the identifiability o f parameter 0\ by the profile likelihood (a) A structural 
nonidentifiability along the functional relation h(0], 02 ) =  #1 • #2 -  10 =  0 manifesting in a flat profile likelihood 
in (b). (c) A practical non identifiability manifesting in a flattening out o f the profile likelihood for 01 ->  00 in (d). 
A lower confidence bound can be assessed by the point where Xp£(#i) exceeds A,y. (e) An identifiable parameter 
Oy. The profile likelihood approaches a parabola shape yielding a finite confidence interval. (a,c,e) Contour lines 
shaded from black to white correspond to low to high values o f x2 (Bl- Thick contour lines indicate likelihood-based 
confidence regions and asterisks correspond to the optimal parameters 0. Dashed lines indicate the trace o f the 
profile likelihood for parameter 0] in terms of parameter 02 . (b,d,f) Dashed lines indicate the profile likelihood Xn 
of parameter i f . The thick lines display the threshold A„ utilized to assess likelihood-based confidence regions for 
a confidence level a

20.4.2 Model reduction

The approach can be used for model reduction by considering a threshold Aff corresponding to point-wise 
confidence intervals using d f  = 1 [see Equation (20.24)]. Assume a parameter#/ is practically nonindentifiable 
for decreasing parameter value. Consider a reduced model Ad* with simplified kinetics concerning #/, e.g. for 
mass-action kinetics by removing the reaction. The reduced and the original model are nested Al* C AC 
In this case, the threshold Aa  corresponds to a likelihood-ratio test of the reduced model Ad* against the 
original model Al to a significance level a, as introduced in Section 20.2.2. Falling below this threshold for 
0i being nonindentifiable, the profile likelihood indicates that it is not possible to dismiss the reduced model 
A4* in favor of Ad, based on the available experimental data. Hence, for practical reasons, the smaller model 
is favorable.

20.4.3 Observability and confidence intervals of trajectories

As mentioned in Section 20.3.3, identifiability of model parameters has a direct impact on the observability 
of model trajectories. Nonobservability can be investigated by plotting both the internal model trajectories
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x  and the model outputs y  for parameter values sampled along the profile likelihood of a nonidentifiability. 
The variations reveal which trajectories are nonobservable due to nonidentifiability. In the case of identifi­
able parameters, the same procedure allows to assess confidence intervals of model trajectories by plotting 
trajectories for all parameter values sampled along the profile likelihood that are inside the confidence region 
defined by Equation (20.24) and taking the maximum and minimum trajectory for each time point. Here, it is 
sufficient to consider a threshold corresponding to point-wise confidence intervals of the parameter estimates, 
see Section 20.2.3, if a confidence interval for each time point separately is desired.

20.4.4 Application

This section is based on Raue et al. (2010).
To demonstrate the usage of identifiability and observability analysis for experimental design, the profile 

likelihood approach will be applied to the core model of Epo and EpoR interaction and trafficking with 
the corresponding subset of the experimental data. The network representation of the model is shown in 
Figure 20.6. Using mass-action kinetics the corresponding ODE system is given by:

[Epo] — —kon * [Epo] • [EpoR] +  kon • kp  * [Epo_EpoR] +  kex  • [Epo_EpoR_i]
[EpbR] =  ~ k on ♦ [Epo] • [EpoR] +  kon ■ kn  - [Epo_EpoR] +  k t ■ 5 max -

—k t • [EpoR] +  kex  • [Epo_EpoR-i]
[Epo_EpoR] =  +kon • [Epo] • [EpoR] — kon -ko  • [Epo_EpoR] — k€ • [Epo_EpoR] 

[EpoJÉpoR j ]  =  +ke • [Epo_EpoR] — kex  • [Epo_EpoR_i] — kdi * [Epo_EpoR_i] —
—kde • [Epo_EpoR J]

[dEpod] =  +kdi • [Epo_EpoR_i]
[dEpo.e] =  +kde ■ [Epo_EpoR_i]

where [ • ] indicates internal model states x  corresponding to species concentration.
The experimental set-up and the biological background for the model is described in detail in Becker et al. 

(2010). Briefly, in erythroid progenitor cells the dynamical properties of EpoR determine how signals encoded 
in the concentration of the ligand Epo are processed at the receptor level and how subsequently downstream 
signaling cascades such as the JAK2-STAT5 pathway are activated. This leads to cellular responses such 
as differentiation and proliferation of erythrocytes. A mathematical model is used to infer the dynamical 
characteristics of ligand binding and ligand as well as receptor trafficking, because unoccupied EpoR is not 
directly accessible by experiments.

20.4.4.1 Initial set-up

In a first experiment, experimental data were recorded in triplicates in two compartments: in the extracellular 
medium (yi) and bound to EpoR on the cell membrane (72)

yi =  scale • ([Epo] +  [dEpo.e])
y2 = scale • [Epo_EpoR],

see Figure 20.7(a). After parameter estimation, a good agreement of model output and experimental data 
yielding a value of the objective function %2 =  6.55 for 16 data points and 10 free parameters is obtained, 
see Section 20.2.2. To investigate the uncertainty of the parameter estimates the profile likelihood of each 
parameter was evaluated, as displayed in Figure 20.8(a). The calculation takes about 30 seconds per parameter 
on a normal office computer.

The flatness of the profile likelihood reveals that parameters Bm ax , Epoo, kp, kon and scale are structurally 
nonidentifiable. The change of the other parameters along the profile likelihood of one of these parameters
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Figure 20.6 Model o f Epo and EpoR interaction and trafficking. Dashed boxes correspond to the quantities 
accessible by measurements

reveals a functional relation h linking the five structurally nonidentifiable parameters, see e.g. ^pL {ko n ) in 
Figure 20.9.

The corresponding effect on the model trajectories x  and y of this concerted change in the parameters can 
be illustrated by plotting the model trajectories for parameter values along the profile likelihood of one of 
these parameters, see e.g. Xppi^n) in Figure 20.7(a). As expected, the model outputs y are not affected, but 
the trajectories of internal model states v are shifted by a common factor. Hence, in this case the structural 
nonidentifiability represents a freedom in the choice of the concentration scale and is a result of missing 
information about absolute concentration in the experimental set-up. Consequently, all parameters containing 
concentration in their unit are affected. Similar results were obtained in Raue et al. (2009) for a model published 
by Swameye et al. (2003).

20.4.4.2 Including absolute concentrations

In order to resolve the structural nonidentifiability, the observability analysis presented in Figure 20.7(a) 
suggests including information about the absolute concentration of one of the species. For the experiment, the 
cells were treated with 2100 ±  210 pM of 125I-Epo. Therefore, a prior distribution Epoo N(2100, 2102 ) 
of the parameter describing the initial Epo concentration is assumed by penalizing the objective function 
of (20.11) with an additional summand (Epoo — 2100)2 /2102 . Recalculating the profile likelihood verifies 
that the structural nonidentifiability is resolved, see Figure 20.8(b). Nevertheless, the parameter kex  remains 
practically nonidentifiable. Its upper confidence bound is determined at o +  =  —2.230 but its lower confidence 
bound is not feasible.
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Figure 20.7 Dependence o f the trajectories o f the model outputs y and of internal model states x on uncertainties 
in the parameter estimates, (a) The concerted change of parameters along the structural nonidentifiability o fk on 
does not affect the model outputs but shifts the trajectories o f the internal model states by a common factor, 
(b) The practical nonidentifiability o f kex only slightly affects the model outputs y, staying in agreement with the 
measurement precision o f the experimental data. Nevertheless the trajectories o f EpoR, EpoJipoRj and dEpoJ 
are affected, (c) The remaining uncertainties o f the identifiable parameters translate to confidence intervals o f the 
model trajectories
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Figure 20.8 Profile likelihood XPL o f the model parameters displayed in combination with the thresholds A0 .95 yielding w
intervals that hold for each parameter individually. The optimal parameter value is indicated by an asterisk, i f  unique, (a) Th
likelihood reveals that five parameters are structurally nonidentifiable, given the initial set-up. (b) By including informatio
concentration the structural nonidentifiability can be resolved. Parameter kex remains practically nonidentifiable. (c) By in
of intracellular Epo all parameters are made structurally and practically identifiable
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Figure 20.9 Initial set-up. The change of the other parameters along the profile likelihood x2
PL(kon) indicates 

functional relations between all five structurally nonidentiflable parameters (indicated by the solid lines)

20.4.4.3 Including measurement o f intracellular Epo

In order to efficiently resolve the practical nonidentifiability of ke x , additional measurements need to be 
planned. Therefore, the variability of the model trajectories along the profile likelihood x 2 (kex) is investigated, 
as displayed in Figure 20.7(b). The available model outputs yi and 72 show only slight variations and hence 
are not suitable for refined measurements. However, the trajectories of Epo_EpoRJ and dEpori show much 
larger variations and suggest an additional measurement of 125I-Epo inside the cell

y3 =  scale • ([Epo_EpoR J ]  +  [dEpo_i]),

that was recorded in triplicates as well. After including the additional data, the profile likelihood of all model 
parameters indicate their structural and practical identifiability, as displayed in Figure 20.8(c).

20.4.4.4 Confidence intervals

The resulting confidence intervals of the now identifiable parameters are finite and their values are given in 
Table 20.1. Finally, the remaining uncertainty of the now structurally and practically identifiable parameters 
can be translated to confidence intervals of the model trajectories. Therefore the trajectories corresponding to 
all acceptable parameter values according to the profile likelihood are evaluated. The resulting upper and lower 
confidence band are displayed in Figure 20.7(c) for the thresholds A Q.95 that is also indicated in Figure 20.8(c) 
for the derivation of confidence intervals of the model parameters. Based on a confidence threshold with d f = 1 
the confidence bands have to be interpreted point-wise for each time point individually.

In order to ensure the appropriateness of the derived confidence intervals, we performed a simulation study 
by assuming that the estimated parameter values given in Table 20.1 are the true values. Using these values 
and the same model outputs, measurement time points and measurement noise as in the original experimental 
dataset, 450 independent datasets were generated. After estimating the parameters for each of these datasets, 
the resulting distribution of the over-fitting is in line with the /^-distribution with d f  =  10, the number of 
estimated parameters, see Figure 20.10(a). This verifies that the threshold Aa  utilized to derive the likelihood­
based confidence intervals was assessed correctly.
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Table 20.1 Ind iv idua l confidence intervals [cr_ , a + ] o f the m ode l param eter to a 
confidence level o f  95% . Values are given on a log10 scale. The coverage rates CR o f 
the estimates are in line w ith  the expected values (93.33 and 96.66% )

Name 0 a a+ unit CR

+2.821 +2.710 +2.932 pM 95.78%
$>O0 +3.322 +3.227 +3.400 pM 92.44%
ko +2.583 + 1.641 +2.993 pM 95.78%
kde -1.884 -1.941 -1.829 1/min 95.78%
kdi -2.730 -3.083 -2.535 1/min 95.56%
ke -1.177 -1.203 -1.150 1/min 97.33%
k?* -2.447 -2.764 -2.225 1/min 96.44%
kon -4.091 -4.208 -3.973 1/(pM-min) 95.56%
k t -1.758 -1.828 -1.683 1/min 97.33%
scale +2.210 +2.133 +2.305 cpm/pM 92.89%

20.4.4.5 Coverage rates

In order to compute coverage rates for the parameter estimates, for each of the simulated data sets 95% 
individual confidence intervals were calculated. According to the 0.05 and 0.95 quantiles of the binomial 
distribution, the coverage rates CR for 450 simulated datasets and a 95% confidence level are expected to 
be between 93.33% and 96.66%. The coverage rates are in line with this expectation, see in Table 20.1. 
Coverage rates can also be assessed for the time point-wise confidence bands on the model trajectories shown 
in Figure 20.7(c), see Figure 20.10(b). The coverage rates are, in most cases, in line with their expected values 
described by the 0.05 and 0.95 quantiles of the binomial distribution. Too low coverage rates are observed 
for species Epo at r % 20 minutes, for Epo_EpoR at t > 300 minutes and for Epo_EpoR_i between 150 and 
250 min. Here, increased attention is indicated when interpreting the results. The deviations occur because 
the high dimensional confidence region in parameter space was not sampled densely but approximated by the 
profile likelihood.

20.5 Summary

The iterative cycle between mathematical modeling and experimentation in systems biology facilitates a better 
understanding of the highly complex processes that occur in cell biology. We elucidated a likelihood-based 
framework for model identification that allows to systematically proceed from the building of an ODE model, 
to the practical aspects of parameter estimation, to the analysis of the uncertainty of parameter estimates in 
terms of identifiability and confidence intervals, to the corresponding effect of the uncertainty on the model 
trajectories in terms of observability, and finally to the design of new experiments that efficiently improve 
model predictability until the relevant biological question can be assessed reliably. Our argumentation was 
based on the profile likelihood approach and was illustrated by a realistic example of ligand and receptor 
interaction and trafficking.

The profile likelihood is a powerful concept to infer parameter uncertainties in a high-dimensional parameter 
space. Since it is a systematic and directed exploration of the parameter space it has less computational cost than 
sampling parameter space randomly, which becomes intractable for high dimensions. The profile likelihood 
can be calculated for each parameter separately. Thereby it is possible to restrict the analysis to the parameters 
relevant for the specific question. Moreover, this allows to perfectly parallelize the approach, which is a major
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amount of over-fitting
(a): amount of over-fitting

time [min]

Figure 20.10 The appropriateness of confidence intervals was assessed by a simulation study with 450 generated 
data sets, (a) Comparison of the amount of over-fitting to the expected Xj-distribution with df =  10. (b) The solid 
lines indicate the coverage rates CR for the time point-wise confidence bands on the model trajectories shown in 
Fig. 20.7c. The dashed lines are the desired 95% level o f confidence, the gray shades are the expected coverage 
rates.

benefit for its scalability. The approach can be applied to any parameter estimation problem, where a likelihood 
or a similar objective criterion is available, e.g. partial differential equations, stochastic differential equations 
or a Bayesian framework.

The approach results in easily interpretable plots of profile likelihood versus parameter. It can be automated, 
but an explicit advantage is that the output can be evaluated visually. This gives insight into a complex and 
high-dimensional parameter space. Structural nonidentifiabilities, originating from incomplete observation 
of the internal model states can also be detected. Arising from a limited amount and quality of experimental 
data, practical nonidentifiabilities can a be inferred. Bridging the gap between identifiability and confidence 
intervals, the profile likelihood allows to derive likelihood-based confidence intervals for each parameter. 
Functional relations between parameters occurring due to nonidentifiabilities can be recovered. The results of 
the approach can, on the one hand, be used to design new experiments that efficiently resolve non identifiability 
and narrow confidence intervals, and on the other hand be used for model reduction. Whether a model that 
is not well determined should be reduced or additional data should be measured depends on the issue being 
addressed. Thus, identifiability analysis ensures that the model complexity is tailored to the information 
content given by the experimental data.
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