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Abstract

Mathematical models of the dynamics of cellular processes promise to yield new
insights into the underlying biology and their systems’ properties. Since the
processes are usually high-dimensional and time-resolved experimental data of the
processes are sparse, parameter estimation faces the challenges of structural and
practical non-identifiability of the parameters. Non-identifiability induces non-
observability. Non-observability reduces the predictive power of the models. We
will discuss a new approach that allows for identifiability and observability analysis.
We demonstrate how identifiability analysis combined with observability analysis
supports the iterative cycle between modelling and experimentation in systems
biology.

Introduction

In the context of signaling networks, ordinary differential equation (ODE) systems
are frequently used to investigate the dynamic properties of pathway components
and their transient modifications. This assumes that diffusion is fast compared to
reaction rates and cell volume.



Parameter Estimation in Fuzzy/Noisy Systems

The model equations

Z(t,0) = f(3(t,0),4(t),0) 1)

describe via the ODE system (1) the dynamics of n species Z such as concentrations
of proteins in different phosphorylation states. Their dynamical behavior may
depend on an input function #(t) and model parameters 8 = {6, ...6;}. The species
are mapped to m model observables 7, the quantities accessible by experiments, via
an observation function g'in (2). Often, only a subset or combinations of the modeled
species are accessible by experiments, meaning that m < n. The distribution of the
measurement noise ex; ~ N(0,0%) is assumed to be known.

The aim is to match the mathematical model with experimentally observed
time-series data, to reconstruct and validate the network structure and to predict
model dynamics. An important step is the estimation of beforehand unknown model
parameters determining the dynamical behavior. Intrinsically, the outcome of model
predictions depends on the estimated model parameters and their identifiability. If
model parameters § are non-identifiable, meaning that they are not well determined,
some parts of the predicted model dynamics are also not specifiable, i.e. some
components of #(¢,6) may be non-observable. Consequently, the questions that
should be answered by the model might not be addressable given the experimental
data available. Inferring how identifiability and observability problems can be
resolved by additional experimental data is the subject of experimental design.

Method

Commonly, many model parameters # are unknown and have to be estimated from
experimental data. The agreement of experimental data y,Tc(t,-) with the observables
predicted by the model yi(t;,6) for parameters 6 is measured by an objective
function, commonly the weighted sum of squared residuals

m dx

)=300 = (40 - it ) 3)
k=1 i=1 Tk
where d; denotes the number of data-points for each observable k = 1...m,

measured at time points ¢; with ¢ = 1...dk. oy; are the corresponding measurement
errors that are assumed to be known. The parameters can be estimated by finding
the parameter values # that minimize x?(6). For normally distributed measurement
noise this corresponds to maximum likelihood estimation, see e.g. [1].

The key point is that it is not sufficient to rely on the mere estimated
parameter values and their corresponding prediction for the system dynamics. It
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is important to consider the uncertainties in the parameter estimation procedure:
from measurement uncertainties, to parameter uncertainties and possibly non-
identifiabilities, to uncertainties in the predicted model dynamics and possibly non-
observabilities. Uncertainties in the parameter estimates are usually described by
confidence intervals. A confidence interval lo; , o;f] of a parameter estimate 9; to a
confidence level 1 — « signifies that the true value 6} is located within this interval
with probability 1 — a.

Identifiability

A parameter 0; is structurally identifiable, if its estimate 6; is a unique minimum of
x2(0). 1t is practically identifiable, if the confidence interval of its estimate has finite
size. A non-identifiable parameter indicates that it cannot be estimated from the
experimental data and hence its confidence intervals are infinite.

An approach for identifiability analysis utilizing the profile likelihood

xb(6) = pin [ (6)] (4

was proposed by [2]. The idea of the approach is to detect flatness of the likelihood
by exploring the parameter space for each parameter in the direction of least
increase in x%(9). Therefore, for each parameter §; individually a section along
the minimum of the objective function with respect to all of the other parameters
6% is computed. At the same time, the profile likelihood enables to calculate
likelihood-based confidence intervals [3, 4].

Structural non-identifiability A structural nen-identifiability arises from the
model structure only and is independent of the amount and quality of experimental
data, see in [5]. Assuming ideal measurements, with arbitrarily many and perfectly
chosen measurement time points ; and absence of measurements errors £; = 0, the
crucial question is whether the model parameters @ are uniquely estimable from the
model observables §(¢;,6).

The analytical solution of #(t;,#) may contain an ambiguous parameterization
with respect to @, arising from an insufficient mapping function g in (2) that is
characterized by functional relations E(wa) =0 of a subset of parameters 0,,; C 6.
In terms of likelihood, a structural non-identifiability manifests as iso-x? manifold

{0 | E(@sub) = 0} = x2(8) = const. (3)
For a two dimensional parameter space, a structural non-identifiability can be
visualized by a perfectly flat valley that is infinitely extended along the corresponding

functional relation, as illustrated in Fig. 1a by the dashed line. Correspondingly,
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this can be detected by a flat line of the profile likelihood for each parameter of 8y,
see Fig. 1b. Consequently, structural non-identifiable parameters are not uniquely
identified by measurements of §(t;,6) and confidence intervals of §; € 04, are infinite.
A parameter is structurally identifiable, if a unique minimum of x?(6) with respect
to 6; exists, see Fig. 1c-f.

(a): structural pon—identifiability (c): practical pon-idemifiubility te): identifiability
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Figure 1: Assessing parameter identifiability of parameter 6; from the profile
likelihood x%.(61). Contour lines in (a,c,e) shaded from black to white correspond
to low respectively high values of x2(#). Thick lines indicate the threshold A, utilized
to asses likelihood-based confidence intervals and asterisk correspond to the optimal
parameters 6. Dashed lines indicate the profile likelihood for ) and its corresponding
trace in (a,c,e).

Practical non-identifiability A parameter that is structurally identifiable may
still be practically non-identifiable. This can arise due to insufficient amount and
quality of experimental data or inappropriately chosen measurement time points.
It manifests in a confidence interval that is infinite, although the likelihood has
a unique minimum for this parameter. Confidence intervals can be defined by a
threshold A, in the likelihood. This threshold defines a confidence region

{81320) = x*() < Au} with A, =Q(x%, 1—a) (6)

whose borders represent likelihood-based confidence intervals [6]. The threshold A,
is the 1 — a quantile of the ng-distribution. The choice of df yields confidence
intervals that hold jointly for df number of parameters [7], often df = 1 is desired.
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According to [2], a parameter is practically non-identifiable, if the likelihood-
based confidence region {6) is infinitely extended in direction of §; indicated by the
likelihood staying below a desired A,. Similar to structural non-identifiability, the
flattening out of the likelihood can continue along a functional relaticn. For a two
dimensicnal parameter space, a practical non-identifiability can be visualized as a
relatively flat valley, which is infinitely extended, ¢f. Fig. 1c. This can be detected by
the corresponding profile likelihood in Fig. 1d, indicating that the height distance of
the valley bottom to the lowest point at 6 never exceeds A,. By increasing amount
and quality of measured data and/or the choice of measurement time points ¢;, a
practical non-identifiability will ultimately be remediated, yielding finite confidence
intervals, see Fig. le-f.

Observability

The uncertainty of parameter estimates ¢ indicated by non-identifiability directly
translates to uncertainty of model trajectories indicated by non-observability. For
structurally non-identifiable parameters, the species T affected by 6,4 can be non-
observable, whereas the model observables ¢ are by definition invariant. In contrast,
for practical non-identifiable parameters, the model observables 7 are affected but
stay in agreement with the uncertainties of the experimental data because the
likelihood stays below the threshold A,. Nevertheless, some species I might
be affected strongly by a practical non-identifiability and hence might be not-
observable. Also, confidence intervals of parameter estimates translate to confidence
intervals of model trajectories.

Experimental Design

Since structural non-identifiability is independent of the accuracy of experimental
data, it cannot be resolved by increasing amount and quality of existing
measurements. The only remedy is a qualitatively new measurement which alters the
mapping function § in (2), usually by increasing the number of observed species. For
practical non-identifiability, increasing amount and quality of existing measurements
may be sufficient but is often not very efficient.

To plan new experiments that efficiently resolve non-identifiability problems,
[2] proposed to investigate the set of trajectories along the profile likelihood of ;.
This corresponds to the observability of the trajectories and reveals spots where the
uncertainty of 6; has the largest impact. Additional measurements at these spots
promise to resolve both structural and practical non-identifiabilities and narrow
confidence intervals most efficiently. Furthermore, the amplitude of variability of
the trajectories at these spots allows to assess the necessary measurement precision
to provide adequate data.
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Summary

Parameter non-identifiability arises frequently in Systems Biological applications
and are often insufficiently considered. We illustrated that parameter identifiability,
both structural and practical, and confidence intervals of parameter estimates are
a matter of flatness of the likelihood. For structural identifiability, it is critical
which and how many of the modeled species can be measured directly. For practical
identifiability, also the amount and quality of experimental data and the choice of
the measurement time points play an important role. Both causes are inherent
to biological applications where experiments are time and cost consuming. Reliable
parameter estimates are nevertheless critical before model predictions can be trusted.
We discussed a method suitable for systems biological applications that allows to
assess and improve both structural and practical parameter identifiability in order
to improve the reliability of model predictions.
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