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A B S T R A C T

This research presents a investigation of long fiber-reinforced thermoplastics (LFT) with mixed fiber types,
combining experimental analysis with numerical modeling techniques. By accurately predicting the stiffness
of mixed fiber composites, the design margin between mono fiber reinforced materials can be effectively
exploited, facilitating the use of such materials. For this purpose in particular, a novel application of the
Mori–Tanaka approach with two different inclusions guaranteeing symmetric stiffnesses is presented. This
is a method that has never been used before in field studies. In addition, the study integrates fourth-order
plate-averaged orientation tensors measured and subsequently interpolated to improve the accuracy of the
modeling. Consistency with the established shear-lag modified Halpin–Tsai method is demonstrated, confirming
the suitability of both approaches for predicting the tensile modulus of GFLFT and CF+GFLFT. However,
discrepancies between predictions and experiments for CFLFT are attributed to the complex microstructure
of the material caused by bundling and poor dispersion of the CF. Furthermore, the study reveals remarkable
hybridization effects within the mixed fiber LFT, particularly evident in the 22% increase in elongation at break
observed in CF+GFLFT compared to CFLFT. Overall, this research significantly advances the understanding and
predictive capabilities regarding mixed fiber LFTs, which opens up a new design space of specific properties.
This provides valuable insight for future research and industrial applications.
1. Introduction and state of the art

Owing to their high specific stiffness and strength properties, fiber-
reinforced polymer (FRP) composites are widely established and used
in various applications and areas such as the aircraft industry, auto-
motive industry, medical technology, and sports equipment [1–3]. A
wide variety of matrix materials, such as thermosets and thermoplastics
are used, which can be reinforced with continuous fibers (Co) or
discontinuous fibers (Dico) [4]. As reinforcing elements for DicoFRP,
several types of fibers with different fiber properties are used. The most
commonly used synthetic reinforcing fibers are glass fibers (GF) and
increasingly also carbon fibers (CF). CFs are well suited for strong,
stiff reinforcement with low density, but are very cost-intensive, ex-
hibit brittle fracture behavior, and the ecological footprint in terms
of CO2 is large. GF in comparison to CF are cheaper and have bet-
ter fracture properties, but their strength and stiffness are significant
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lower [3,5,6]. Since the stricter regulations regarding emissions, e.g. in
the automotive sector, brought weight reduction into focus and allow
greater financial leeway, the demand for Dico-FRP with CF as rein-
forcement has increased in recent years [3,7]. A significant potential
for structural component applications was demonstrated for thermoset
based Dico-CFRP by combining both excellent mechanical properties
and a complex formability [3,8]. These advantages are also obtained
when using a thermoplastic matrix for Dico-CFRP, which addition-
ally offers a solution for high-cycle production and recyclability [3,9,
10]. The long-fiber-reinforced-thermoplastic-direct-process (LFT-D), in
which the fibers are directly fed as roving into a twin-screw extruder
(TSE) together with the plasticized polymer from an upstream TSE
(see Fig. 1), is particularly suitable as long as a critical fiber length
is not compromised. In this way, the properties of the CF can be better
exploited in the composite. [2,7,11,12]. In addition, the LFT-D is also
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Fig. 1. Schematic drawing of the long-fiber-reinforced-termoplastic direct prozess (LFT-
D) with two co-rotating twin-screw extruders (TSE) connected in series. The first for
plasticizing and adding the polymer matrix and the second impregnating TSE in which
the fiber rovings are broken up, split up and impregnated with the matrix.

Fig. 2. Definition of the hybridization effect with (a) deviation of a distinct property
of the hybrid with respect to one of the components (b) deviation from the ‘‘Rule of
Mixture’’ (RoM) in positive or negative direction according to swolfs et al. [14].

suitable for the use of recycled fiber or mechanically recycled parts,
which offers considerable advantages for recyclability [3].

Bondy et al. compression molded CFLFT sheets in the LFT-D process,
in which 25 vol.% of CF shows the best material properties for the
composite [13]. In addition, they were able to show that a preferred
fiber orientation in the flow direction is formed by the flow path, which
in turn is clearly reflected in the mechanical properties [13]. However,
in addition to their high cost, CF emit significantly more CO2 during
production than GF [5]. Furthermore, the brittle fracture behavior is
still critical for crash relevant applications in automotive engineering.
In these two aspects, GFs show significantly better properties. It is
therefore not surprising that some attempts have been made to combine
both glass and carbon fiber in a single composite. This allows the
stiffness properties of CF composites to be combined with the fracture
toughness properties of GF composites to form a stiff and tough hybrid
material with moderate cost and CO2 emissions. According to Swolfs,
there are generally two ways to define the hybridization effect, as
shown in Fig. 2 [14]. In Fig. 2(a), the hybridization effect is always
given in terms of the deviation of a particular property from one of
the individual components. According to Swolf et al. the elongation
at fracture is of particular interest, since, for example, fibers of one
component can withstand significantly higher elongations in the hybrid
than in the monofiber composite [14]. Of course, the effect can be inter-
preted positively or negatively, depending on which of the components
is taken as the basis. In Fig. 2(b) the hybridization effect is determined
by the deviation of the rule of mixture (RoM), in which the properties of
the hybrid result from the wighted sum of its individual components. A
positive effect is defined when the property is better than the RoM, and
2 
a negative effect when it is worse than the RoM. The RoM is defined in
Eq. (1) with the tensile moduluf of elasticity (𝐸material) and the volume
share of the individual components (𝑉material).

𝐸CF+GF−LFT = 𝑉GF−LFT ⋅ 𝐸GF−LFT + 𝑉CF−LFT ⋅ 𝐸CF−LFT. (1)

An important measure for distinguishing such composites is the type
of fiber reinforcement and how they are dispersed [14–16]. Combi-
nations of several fiber types in a composite were first investigated
with continuous fibers and a thermoset matrix system and are usually
called hybrid composites [17]. In these hybrid laminates, no positive
hybridization effect according to definition (b) in Fig. 2 could be deter-
mined with respect to tensile modulus. The behavior of the materials
in this case follows the RoM [17,18]. Kretsis et al. was able to confirm
this and further shows that for hybrid laminates based on epoxy, both
the compressive and flexural strength are below the RoM [16]. More
promising results were obtained with the combination of fiber types in
the category of discontinuous fiber-reinforced thermoplastics [6,19,20].
Fu and Lauke et al. were able to identify a positive hybridization effect
in the tensile ultimate strength and elongation at break of a hybrid
(CF+GF) short fiber-reinforced polypropylene based composite, while
the tensile modulus of elasticity behaves according to the RoM [6].
The positive hybridization effect in terms of elongation at break can
be explained as follows. Cracks that form at the ends of the carbon
fibers do not lead to failure of the hybrid composites because the glass
fibers act as crack arrestors [6]. This effect could be confirmed by Li
et al. [21]. In addition, Fu and Mai et al. were able to demonstrate
positive hybridization in the fracture toughness range for a similar
hybrid [19]. Since the two fiber types interact at a very early stage
of the LFT-D process and the relatively long fiber lengths allow the
properties of both fibers to be optimally utilized, there is a lot of
potential in a hybrid LFT-D composite. In a comparative process where
glass and carbon fiber rovings were introduced into the polymer melt
using a twin screw extruder, it was observed that the CF were longer
and the GF were shorter compared to the single fiber composites [19].
Another particularly interesting aspect is the consideration of the fiber
orientation induced by the flow path during molding. Since mechanical
characterization is time-consuming, it is of particular interest to be able
to adequately describe material parameters such as the stiffness of the
hybrid material by means of a homogenization approach. Yan et al.
were able to obtain good results for a short GF+CF reinforced PP with a
two-step modified Halpin–Tsai based on the laminate analogy approach
method [22]. Another method widely used in the field of Dico-FRP and
which has shown very good results in the field of monofiber materials
is the homogenization according to the Mori–Tanaka scheme [23,24].

In the present study, the interaction of a fiber mix of glass and
carbon fibers with a polyamid 6 matrix in the LFT-D process and in
subsequent extrusion is examined. Both the microstructure and the
resulting mechanical properties in the tensile test are examined and
hybridization effects could be detected. For this purpose, specimens
with only one type of fiber as reinforcement are compared with a
hybrid reinforced in equal parts with both fibers. Another focus is
on the directionality of material behavior and its relationship to mi-
crostructure. Finally, different homogenization methods are applied to
predict the stiffness of materials reinforced with only one type of fiber
and the hybrid. The aim is to develop a methodology to predict the
stiffness of hybrid LFTs with different fiber compositions. This should
enable the fiber composition in hybrid composites to be adjusted to a
desired stiffness.

2. Material and characterization method

This section provides a comprehensive overview of the materials
used, the fabrication methodology, the microstructural and mechani-
cal characterization, and the detailed approach and derivation of the

modeling methods employed.
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Fig. 3. (a-d) Compression molding process with side insert area of the initial charge
and flow path, (e) position of the initial charge, division of the finished plate into
charge and flow area and definition of the orientation relative to the flow path.

2.1. Manufacturing and specimen preparation

The LFT-D plates were produced at the Fraunhofer ICT in Pfinztal,
Germany, on a LFT-D machine (Dieffenbacher GmbH Maschinen- und
Anlagenbau, Eppingen, Germany), which consists of two Leistritz twin-
screw extruders (TSE). The first one is a Leistritz ZSE 40HP GL/32D
with 55 kW power, in which the PA6 pellets are plasticized and homog-
enized with additives. The second is a Leistritz ZSE 40 GL/14.5D with
27 kW power, in which the plasticized PA6 (DOMO Technystar) and
the fibers are added together and then mixed by the shear forces in the
extruder (see Fig. 1). A detailed description of the screw geometries
in both TSEs can be found in Schelleis et al. [25]. The glass fibers
used in the process were StarRov® 895 2400 (Johns Manville) with a
tex number of 2400 and the carbon fibers used were PX3505015W-
61 (ZOLTEK) with a tex number of 3750. According to their data
sheets, both fibers are particularly suitable for use with polyamides.
All material types were produced with the same polymer flow rate of
25 kg/h and a design fiber volume content of 25%. The 3 mm thick
sheets were pressed on a Dieffenbacher press (type DYL 630/500)
using a polished steel tool with dimensions of 400 mm × 400 mm
and a maximum pressure on the filled sheet of 200 bar. A side insert
position was chosen so that a flow front is formed during the pressing
process to fill the mold (see Fig. 3(a)–(d)). The finished sheet can
thus be separated into two areas, the charge area and the flow area,
as shown in Fig. 3(e). This classification is based on microstructural
ifferences between the two regions, which are due to the structure of
he initial charge. Further elaboration of this categorization is provided
n Section 3.3.1. In addition, the different orientations with respect

to the flow front are defined (see Fig. 3(e)), which were chosen as
a reference for the later orientation-dependent characterization and
homogenization.

Specimen were cut from the pressed plates in an iCUTwater smart
of the company imes-icore with a pressure of 1500 bar, a cutting speed
of 300 mm/min and a flow rate of 250 g/min of cutting sand Classic
Cut 120 garnet of the company GMA. After cutting, the samples were
dried in an oven at 50 ◦ C for at least 240 h. The samples were then
hermetically sealed and additionally stored in an desiccator with silica
gel to ensure that no moisture was absorbed during storage.

2.2. Microstructure investigation

This section explains the various microstructural investigations that
were carried out on the different materials. In particular, the sampling
 t

3 
Fig. 4. Representative size, position and labeling of the fibercontent- (FVC), fiber
length- (FLD) and fiber orientation- (FOD) specimen in a plate. ‘‘C’’ denotes a specimen
out of charge area, ‘‘F’’ denotes a specimen out of flow area and ‘‘C-F’’ labels the
intermediate zone. ‘‘1’’, ‘‘2’’ and ‘‘3’’ signify the position concerning the 𝑦-axis with
‘‘1’’ denoting the specimen with the highest absolute value of 𝑦 (upper specimen).

positions and the methods used to determine the various characteristic
values as well as the methods used to create micrographs and 𝜇CT
images are discussed.

2.2.1. Fiber content and fiber length distribution
Fiber content measurements were performed at the Fiber Institute

Bremen (FIBRE). The matrix of nine samples per material type with
a dimension of 25 mm × 25 mm was exposed to sulfuric acid. Wet
chemical removal of the matrix was chosen because preliminary tests
in a TGA showed that ashing of the matrix without burning part of
the carbon fibers could not always be guaranteed. All samples were
previously scanned in the μ-CT (see Section 2.2.3) to enable fiber
orientation measurements and to attribute variations in fiber volume
content to possible fiber bundles. In order to visualize possible flow
effects on fiber length and fiber content, three samples each were taken
from the charge area, from the boundary between the charge and flow
area, and from the flow area. The exact sampling locations are shown
in Fig. 4. The fiber length distribution analysis was performed on the
exposed fibers with FiberShape at FIBRE using a bright field for the
GF and a dark field for the CF. To determine whether the individual
fiber lengths in the theory exceed the critical fiber length (the fiber
length above which a complete load transfer into the fiber is possible),
formula (2) according to Kelly and Tyson [26] can be used, where 𝜎𝑓
is the tensile strength of the fiber, 𝑟 is the fiber radius and 𝜏𝑦 is the
interfacial shear strength

𝑙crit =
𝜎𝑓 ⋅ 𝑟
𝜏𝑦

. (2)

For the calculations in this work, the values for 𝜏𝑦 were taken from the
literature (GF-PA6 from Kim et al. [27] (16.25 MPa)) (CF-PA6 from Zhu
et al. [28] (ca. 46 MPa)). The values for 𝜎𝑓 and 𝑟 were taken from the
respective data sheets of the fibers.

2.2.2. Micrographs
For the micrographs, 12 mm ×12 mm specimens were taken from

he flow and charge regions, respectively shown in Fig. 4. All micro-
raphs were taken with the 0◦ orientation, i.e. the flow front, pointing
ut of the image plane as shown in Fig. 4. To make the fibers visible, the
ample preparation for all materials was performed in 7 polishing steps
ased on the description of Sharman et al. [29]. The images were taken
ith a reflected light microscope, with multiple images being stitched
ogether directly in the software.
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Table 1
Scan parameters for the different material types.

Parameter CFLFT and GFLFT
CF+GFLFT

Voltage/kV 110 125
Current/mA 0.13 0.12
Voxel size/μm 17.39 19.17
Linebinning parameter 2 2
Number of projections 2220 2100
Exposure/Integration time/ms 800 1000

2.2.3. X-ray computed tomography
For the microstructure investigations via 𝜇CT, the nine specimens

per material system were used from Section 2.2.1 for which the po-
sitions and labeling can be seen in Fig. 4. The size and position of
the specimen was chosen intentionally. Certainly, all three areas were
to be covered. Beyond that, it was important not to choose locations
too close to the edges. Areas near the borders usually show edge
effects in the fiber orientation, which have little to do with the actual
global orientation (cf. [30]). Since the determined fiber orientation
tensors, or the fiber orientation distribution, are subsequently to be
averaged over a plate and included in the homogenization calcula-
tion (more on averaging in Section 2.3.2), the CT samples should be
chosen representatively and are therefore not located in edge regions.
The size of the samples also results from experience, test runs and
previous studies (cf. [30]). Thus, the samples must be large enough
not to exclusively image a strongly locally deviating structure as well
as to cover whole fibers and not to cut off bigger fiber lengths (cf.
Section 3.1). In addition, they must be small enough to avoid an overly
isotropic fiber orientation tensor that might not represent as much of
a preferred direction. These considerations resulted in the size and
position of the samples. The specimens were scanned in an YXLON-
CT (Yxlon International CT GmbH, Hattingen, Germany) precision 𝜇CT
system with a μ-focus X-ray transmission tube with tungsten target
and a flat panel PerkinElmer (Waltham, MA, USA) Y.XRD1620 detector
with 2048 pixel × 2048 pixel. Individual scan parameters were selected
for each material in order to obtain the best possible images. The
parameters are given in Table 1.

For the hybrid material and the purely carbon fiber reinforced
polyamide 6, the same parameters were chosen. The object rotates 360◦

in the beam path in steps of 𝜑 = 360◦∕𝑛projections (cf. Table 1). All of the
projections were then reconstructed to a 3D volume by applying the
Feldkamp cone-beam algorithm [31].

2.3. Fiber orientation

This section describes the methodology for determining fiber ori-
entation from 𝜇CT data. It also explains the various processing steps
required to use the fiber orientation in subsequent modeling.

2.3.1. Determination of fiber orientation via 𝜇CT
Fiber orientation tensors (FOT) were introduced by Advani and

Tucker [32] as a compact and handy representation of fiber orientation
distributions. The FOT of second and fourth order are commonly used
most often:

𝑨 = ∫𝒮
𝛹 (𝒑)𝒑⊗ 𝒑 𝑑𝑝, (3)

A = ∫𝒮
𝛹 (𝒑)𝒑⊗ 𝒑⊗ 𝒑⊗ 𝒑 𝑑𝑝, (4)

where 𝛹 is the probability density of the fiber distribution, which
is a function of the unit vector 𝒑. The homogenization method by

ori–Tanaka described in Section 2.5.2 requires the FOT of fourth
rder of each material type. For the hybrid material two separate fiber
rientation tensors for both the glass and the carbon fibers are needed.

dditionally, in order to apply the Halpin–Tsai homogenization method t
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(cf. Section 2.5.3), the fiber orientation distribution (FOD) of the plates
is required. For handling reasons, a discrete fiber orientation histogram
is determined in this case.

All of the described values are determined through processing the
acquired 𝜇CT images (cf. Section 2.2.3). In order to generate the FOT
and FOD for each specimen, pre-processing steps were required. The
reconstructed volumetric image is cut into regions of interest (ROI) of
each specimen. After adjusting brightness and contrast, a median filter
with a kernel size of 10 was applied to the images of the carbon fiber
reinforced specimens only, as they showed more distinct noise. Sub-
sequently, the grayscale value threshold, which separates fibers from
matrix is determined. This process was straightforward for the pure CF
and GF samples, however, it provided much more of a challenge for the
hybrid specimen. The authors used a multiple thresholding procedure
in order to separate the different fiber types. Due to their better contrast
towards the matrix, the glass fibers were thresholded first. The resulting
image stack was subtracted from the original one. Subsequently, the air
is thresholded and the resulting image stack is again subtracted from
the original stack, leaving air as completely black areas and glass as
completely white. Then, a twofold limited threshold was used cutting
off air (black), glass (white) and matrix, which was closest to the carbon
fibers. The threshold along with the stack was fed to a C++ code
implemented by Pinter et al. [33] creating a vector-valued image with
the orientations per voxel. The code implemented with the help of the
ITK library [34,35], uses the structure tensor as it performed best out of
three methods as a robust, first numerical derivative based approach. In
more detail, the image gradients are calculated firstly, combined with
a Gaussian blur of a width of 𝜎 (𝜎 = 0.2 in this study). The tensor
resulting from the dyadic product of the gradient in each voxel,

∇𝐼𝜎 (𝐱)⊗ ∇𝐼𝜎 (𝐱) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

(

𝛿𝐼𝜎
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⎥
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⎥

⎥

⎥

⎥

⎦

, (5)

s perpendicular to the gradient or the fiber surface, respectively.
ubsequently, all tensors are averaged by another Gaussian blur with
he standard deviation 𝜌:

𝜌(𝐱) = 𝐺(∇𝐼𝜎 (𝐱)⊗ ∇𝐼𝜎 (𝐱), 𝜌). (6)

he blurring parameter 𝜌 was 8 in this work. Especially for the carbon
ibers, evaluating a larger image region to determine the orientation at
certain point, seemed reasonable. This tensor again is perpendicular

o the local fiber orientation and by evaluating the smallest eigenvalue
f the tensor and its corresponding eigenvector, the fiber orientation
an be calculated.

The vector-valued image with the orientations per voxel is in the
ormat of a .raw-file and corresponding meta data file (.mhd). Proceed-
ng from this file, multiple evaluations were conducted with MATLAB.
he fiber orientation tensor of second order is evaluated by summing
p the element-by-element multiplication (using the .* Operator in
ATLAB) of two channels of the image over all voxels (e.g. for the 𝑎11

omponent, the multiplication of the voxel values of the first channel
ith itself is needed, for 𝑎12 the first and second channel are used, etc.).
ubsequently, the orientation tensor is normalized with the trace. For
he determination of the fourth level orientation tensors, an analogous
rocedure is followed (provided that four factors per component and
he different trace are used). The course of the main components of the
OT over the thickness of each specimen is evaluated as well in order
o detect process-induced skin and core layers concerning orientation.
fter transforming matrix data to point data, the occurring angles 𝜃 can
e determined by using the four-quadrant inverse tangent. The angles
re only evaluated between 0◦ and 180◦, hence 0 and 𝜋, as the rest of
he distribution is symmetric. The data of 𝜃 is partitioned into 𝑛 =
𝑐𝑒𝑛𝑡𝑒𝑟𝑠
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20 centers with an interval arc length of 𝑛𝑖 ∈ [𝑖 ⋅𝜋∕20, (𝑖+1) ⋅𝜋∕20) with
= {𝑥 ∈ N0 ∶ 𝑥 < 20} and it is counted how often this angle group
ppears in the specimen in order to obtain a discrete fiber orientation
istogram.

.3.2. Fourth order fiber orientation tensor interpolation
The simple component averaging of the nine determined FOT re-

ulted in an averaged tensor which did not represent the fiber orienta-
ion of the entire plate sufficiently well (cf. ). The authors ascribe this
henomenon to the localized information points. However, interpolat-
ng the measured tensors and generating a more holistic orientation
ield of the entire plate constitutes a solution with limited additional
xpenses. This has been done by Blarr et al. before for tensors of second
rder (cf. [30,36,37]). In the mentioned paper [30], the decomposition
pproach is used to generate 160 tensors by interpolating nine tensors
f a plate. The authors applied this procedure analogously herein. The
late was divided into 13 × 13 positions with the measured tensors
laced at the nine possible combinations of the coordinates 2, 7 and
2. In contrast to the cited paper, the measured tensors – hence the
ut out specimens – were not located at the edge positions of 1,
and 13. Likewise deviating, the authors averaged the 169 tensors

t the end, since one tensor per plate configuration was needed for
he homogenization. Indeed, the averaged tensor was closer to the
xperimental results and the plate orientation distribution. In order to
se these averaged tensors for the Mori–Tanaka approach, a closure
pproximation had to be used. The authors tested both the quadratic
nd the invariant based optimal fitting (IBOF) closure approximations
ith non-optimal results. It has been shown before that closure approx-

mations do not produce sufficiently accurate results when predicting
echanical properties [38,39]. It was therefore desired to interpolate

he fourth level tensors directly.
The implemented decomposition approach in Blarr et al. is based on

he eigenvalue problem [30]:

𝒑𝑖 = 𝜆𝑖𝒑𝑖. (7)

t can be rewritten using a tensor built from the eigenvectors 𝒑𝑖 as col-
mn vectors. If the eigenvectors are normalized, this tensor is denoted
s the rotation matrix 𝑹, yielding:

= 𝑹𝜦𝑹−1. (8)

he inverse of 𝑹 is identical to its transpose 𝑹𝑇 = 𝑹−1 thanks to its
rthogonality:

= 𝑹𝜦𝑹𝑻 = 𝑹 ⋆𝜦. (9)

fter decomposing the measured tensors, the part determining the
rientation, hence the rotation matrix, and the part causing the shape
f the tensor, hence the eigenvalues, can be weighted individually
epending on their distance to the position of the tensor that is to be
etermined. The motivation for this decomposition instead of simply
eighting the tensor components directly is explained in the mentioned
ublication [30]. Blarr et al. then converted the rotation matrix to
uaternions and instead of the eigenvalues, another kind of invariant
et is used, before the weighting. Following, the weighted quaternions
nd invariants are reassembled to the interpolated tensor.

This decomposition approach was made use of with the novelty
f transferring the methods to tensors of fourth order. Therefore, the
ensors were read in Mandel notation and subsequently decomposed
nto eigenvalues (6 × 1) and the rotation matrix (6 × 6) using NumPy’s
inalg library [40]. The eigenvalues were sorted by magnitude. It was
ade use of the fact that portraying a 3D tensor in 2D using Mandel no-

ation and hence receiving a 6 × 6 matrix, allows the authors to use the
pectral decomposition. The following transformation to quaternions
nd orthogonal invariants was not considered for the interpolation of
ensors of fourth order in this publication as the transformation is

ot straightforward. Hence, the rotation matrix and eigenvalues are

5 
sed directly. Following, the distance-dependent weights applied to
ach measured tensor for each tensor position to be determined were
alculated through Shepard’s inverse distance weighting [41]:

𝑖 =
1

‖𝒙𝑖 − 𝒙‖𝑝
1

∑

𝑗 ‖𝒙𝑗 − 𝒙‖−𝑝
. (10)

The weights are the inverse of the distance between the interpolation
location 𝒙 and the sample points 𝒙𝑖, raised to the power 𝑝, a positive
real number, called the power parameter, which is set to 2 in this
work. The eigenvalues and the rotation matrices were directly weighted
individually for each point. The final interpolated orientation tensor for
a specific point was obtained through reassembly of the newly weighted
rotation matrix and eigenvalues to a then interpolated tensor.

2.4. Tensile tests

Tensile tests were performed according to DIN EN ISO 527–4 2020
on a Zwick Roell Universal testing machine equipped with a 20 kN
load cell and a commercially available digital image correlation sys-
tem (GOM-Aramis 4M Adjustable) to record strain. From all materials
(CFLFT, GFLFT, CF + GFLFT), for both areas (charge area, flow area) and
for each orientation (0◦, ±11.25◦, ±22.5◦, ±45◦, 90◦), eight specimens
were tested, of which only those that failed in the valid gauge length
were considered for further evaluation. Rectangular specimen measur-
ing 200 mm × 15 mm was selected as the specimen geometry and
clamped between hydraulic clamping jaws with a free measuring length
of 100 mm. The test was carried out with a test speed of 2 mm/min.
In order to use real matrix properties for modeling, tensile tests were
performed on samples of injection molded pure PA6 using the same
methodology and geometry. Young’s modulus 𝐸11 and Poisson’s ratio
𝜈12 were determined.

2.5. Homogenization procedure

The main motivations to use homogenization methods are to find
expressions for material properties in composite materials which are
otherwise too complicated or time consuming to describe and calculate
in full detail and to reduce expenses in experimental and computational
efforts [42]. Homogenization methods are used to retrieve analytical
expressions, numerical results or theoretical bounds for effective mate-
rial properties when the underlying micro-structure is of multi-phase
and/or inhomogeneous type and usually outline the field of micro-
mechanics. Introductory material can be found for general composites
in [43,44], more specifically in the field of fiber reinforced composites
in [45, p. 341 ff.], and in a very condensed form in [46].

Concerning stiffness properties, first useful results in terms of
bounds were developed by Voigt (cf. [47]) and Reuss (cf. [48]) in
1889 and 1929, respectively [49, p. 296]. These are easily implemented
bounds and deliver a first approximation for effective properties. The
downside of this bounding approach is that the resulting envelope of
effective properties is broad, once the volume fraction of one phase
exceeds a dilute inclusion. Also, a common misconception is that the
Voigt bound for material properties, such as Young’s modulus and
Poisson’s ratio in isotropic materials are given with the simple rule
of mixture [50, p. 2198], while this is only valid for shear and bulk
modulus [46, p. 12]. Bounding methods of higher order and better
precision can be found in the Hashin–Shtrikman variational scheme,
though the calculation depends non-linearly on a reference material,
which must be chosen by the user [23, p. 3785 ff.].

Besides bounding methods, analytical expressions to pinpoint the
effective properties are found with the so called mean-field approxi-
mations, which are built upon Eshelby’s solution [51]. These methods
ought to be within the variational bounds to be physically mean-
ingful. Such methods are the dilute distribution, the Mori–Tanaka
and the self-consistent scheme, of which the Mori–Tanaka and self-
consistent scheme are the most popular among them [42]. The simple
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self-consistent scheme is not evaluated in this work due to a lack of
motivation in embedding an inclusion into the effective medium [52].
The generalized version, in which a three-phase body of inclusion,
matrix and effective material is analyzed, was also not considered due
to a dependence of the effective properties on the initial stiffness for
the iteration process. Furthermore, it was shown that the self-consistent
method gives a sufficient prediction of the behavior of polycrystals
but it is less accurate in the case of two-phase composites as shown
by [53]. Recent research applying a multi-inclusion self-consistent
homogenization to porous polycrystals can be found in [54] and [55].

2.5.1. Derivation of the homogenization equation
By applying the average stress/strain theorem, it is easily shown

that the general equation for the effective stiffness is

C̄ = 1
𝑉 ∫𝑉

CA d𝑉 =
𝑛
∑

𝑖=1
𝑐𝑖

1
𝑉𝑖 ∫𝑉𝑖

CA d𝑉

= ⟨CA⟩ =
𝑛
∑

𝑖=1
𝑐𝑖⟨CA⟩𝑖, (11)

here C̄ and C are the effective stiffness and local stiffness, respec-
ively, 𝑛 represents the number of individual constituents and 𝑐𝑖 is the
elative volume fraction of a domain of constant phase. ⟨⋅⟩ and ⟨⋅⟩𝑖
ndicate the volume averages of the total volume and the volume of
hase 𝑖, respectively. A is defined as a linear mapping of the effective
train �̄� to the local strain 𝜺 called concentration or localization tensor

= A �̄�. (12)

hen the constituents are split into a matrix phase (subscript 𝗆) and
ibrous phase (subscript 𝖿), without further splitting the specific type of
iber, Eq. (11) reduces to

̄ = 𝑐𝗆⟨CA⟩𝗆 + 𝑐𝖿 ⟨CA⟩𝖿 . (13)

t can be shown that the volume average of the concentration tensor
ust be equal to the identity tensor of fourth order, which allows to

xpress the volume average of the concentration tensor in one phase as
function of the other

𝗆⟨A⟩𝗆 = I − 𝑐𝖿 ⟨A⟩𝖿 . (14)

ogether, Eqs. (13) and (14), give the general homogenization equation
or a material consisting of a matrix and fibrous phase

̄ = C𝗆 + 𝑐𝖿 ⟨(C𝖿 − C𝗆)A⟩𝖿 . (15)

.5.2. Mori–Tanaka
The starting point for the Mori–Tanaka (MT) scheme is the single

nclusion problem (SIP) after Eshelby (cf. [51]). In alignment with [56],
t can be shown that for the SIP with a spheroid inclusion the relation
etween local strain within an 𝛼-type inclusion 𝜀𝖿 ,𝛼 and the effective
train �̄� is

𝖿 ,𝛼 =
(

I + S𝛼C−1
𝗆 (C𝖿 ,𝛼 − C𝗆)

)−1

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=A∞

𝖿 ,𝛼

�̄�, (16)

here I and S𝛼 are the identity tensor and the spheroid Eshelby tensor
f fourth order, respectively, and C𝗆 and C𝖿 ,𝛼 are the fourth order
tiffness tensors of matrix and inclusion of type 𝛼.

The assumption in the MT approach is that the Eshelby solution in
q. (16) can be used to approximate a mapping from the local matrix
train 𝜺𝗆 to the local fibrous strain 𝜺𝖿 ,𝛼 of fiber type 𝛼

𝖿 ,𝛼 = A∞
𝖿 ,𝛼𝜺𝗆. (17)

q. (17) is then expressed as a function of the effective strain by incor-
orating another concentration tensor A𝖬𝖳

𝗆 which maps the effective
train on the matrix strain

= A𝖬𝖳�̄�, (18)
𝗆 𝗆

6 
o that Eq. (17) becomes

𝖿 ,𝛼 = A∞
𝖿 ,𝛼A

𝖬𝖳
𝗆

⏟⏞⏟⏞⏟
=A𝖬𝖳

𝖿 ,𝛼

�̄�. (19)

n analogy to Eq. (14), volume averaging of the local concentration
ensor gives

A𝖬𝖳
⟩ = 𝑐𝗆⟨A𝖬𝖳

⟩𝗆 + 𝑐𝖿 ⟨A𝖬𝖳
⟩𝖿 ,

= 𝑐𝗆A𝖬𝖳
𝗆 + 𝑐𝖿

∑

𝛼
𝑐𝛼A𝖬𝖳

𝖿 ,𝛼
!
= I, (20)

where 𝑐𝛼 is the volume fraction of the fibers of type 𝛼 in relation to the
total fiber volume with the condition that ∑𝛼 𝑐𝛼 = 1. Here it is assumed
that the properties are phase-wise constant. Inserting the definition of
A𝖬𝖳
𝖿 ,𝛼 from Eq. (19) and rearranging gives

A𝖬𝖳
𝗆 =

(

𝑐𝖿 ⟨A∞
𝖿 ,𝛼⟩𝖿 + 𝑐𝗆I

)−1
. (21)

Thus, an analytical expression for A𝖬𝖳
𝖿 ,𝛼 is found and can be plugged into

the general homogenization equation (Eq. (15))

C̄𝖬𝖳 = C𝗆 + 𝑐𝖿 ⟨(C𝖿 ,𝛼 − C𝗆)A𝖬𝖳
𝖿 ,𝛼 ⟩𝖿 ,

= C𝗆 + 𝑐𝖿 ⟨(C𝖿 ,𝛼 − C𝗆)A∞
𝖿 ,𝛼⟩𝖿

(

𝑐𝖿 ⟨A∞
𝖿 ,𝛼⟩𝖿 + 𝑐𝗆I

)−1
. (22)

This expression needs to be handled with caution, since it was shown
by [57,58] that a symmetric effective stiffness is not guaranteed for a
multi-inclusion material, depending on the shape and stiffness prop-
erties of the different types of inclusion. Furthermore, for a hybrid
material with differently shaped and oriented inclusions it was shown
by [57] that the MT approach results in an effective stiffness which may
lie outside the Hashin–Shtrikman-Walpole bounds.

Eq. (22) can be rearranged to give

C̄𝖬𝖳 =
(

𝑐𝗆C𝗆 + 𝑐𝖿 ⟨C𝖿 ,𝛼A∞
𝖿 ,𝛼⟩𝖿

)

A𝖬𝖳
𝗆 , (23)

which is equivalent to the form given in [59]. This formulation assumes
that all inclusions are unidirectionally aligned (UD). If all fiber types
can be described by a single fiber orientation distribution, i.e. all types
of fibers are indistinguishably distributed, it is suitable to calculate an
average effective stiffness by weighting the effective stiffness in Eq. (23)
by the fiber orientation tensors of second and fourth order, as it was
shown in [60, p. 40 ff.]. In contrast, when the types of fibers are
individually distributed, Eq. (23) needs to be reformulated to

C̄𝖬𝖳 =
(

𝑐𝗆C𝗆 + 𝑐𝖿 ⟨{C𝖿 ,𝛼A∞
𝖿 ,𝛼}⟩𝖿

)(

𝑐𝗆I + 𝑐𝖿 ⟨{A∞
𝖿 ,𝛼}⟩𝖿

)

, (24)

where {⋅} indicates the orientation average [59]. The calculation of
this orientation average is explained in [61] after Eq. (58), which is
in reference to [32].

When there is only a single type of inclusion, A∞
𝖿 ,𝛼 and C𝖿 ,𝛼 reduce

to A∞
𝖿

and C𝖿 , respectively, and Eq. (22) simplifies to

C̄𝖬𝖳 = C𝗆 + 𝑐𝖿 (C𝖿 − C𝗆)
(

𝑐𝖿 I + 𝑐𝗆A∞
𝖿

−1
)−1

. (25)

The mentioned possibility that the MT homogenization can lead to
stiffness tensors that do not contain the major symmetry was addressed
in [62]. This is particularly useful when homogenizing hybrid materi-
als, as is the case for glass and carbon fiber reinforced PA6 in this study.
The result in [62] gives an alternate formulation

C̄MT = C𝗆 + 𝑐𝖿
(

𝑐𝗆⟨{(C𝖿 ,𝛼 − C𝗆)A∞
𝖿 ,𝛼}⟩

−1
𝖿

+ 𝑐𝖿 ⟨{A∞
𝖿 ,𝛼}⟩𝖿 ⟨{(C𝖿 ,𝛼 − C𝗆)A∞

𝖿 ,𝛼}⟩
−1
𝖿

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=Z

)−1
, (26)

in which the latter term in the parenthesis Z is symmetrized to give

C̄MT = C + 𝑐
(

𝑐 ⟨{(C − C )A∞ }⟩−1
𝗆 𝖿 𝗆 𝖿 ,𝛼 𝗆 𝖿 ,𝛼 𝖿
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+
𝑐𝖿
2
(Z + Z𝖳)

)−1
. (27)

Here we extended the formulation in [62] for an orientation average
within the volume average to account for fiber orientation distribu-
tions. Again, the volume average is calculated as described in [61].
This formulation always results in major symmetric stiffness tensors. To
ensure that the resulting stiffness tensors contain the major symmetry,
the formulation in Eq. (27) is used in this study.

2.5.3. Halpin–Tsai model
A more simple, purely scalar and semi-empirical method to predict

the effective properties of a composite is the Halpin–Tsai model, af-
ter [63]. In its original form, the model is used to predict the effective,
elastic stiffness properties of unidirectional short fiber composites.
According to [20], the equations in the Halpin–Tsai model are given
with

𝐸𝖫 =
1 + 2(𝑙∕𝑑)𝜂𝖫𝑐𝖿

1 − 𝜂𝖫𝑐𝖿
𝐸𝗆, (28a)

𝐸𝖳 =
1 + 2𝜂𝖳𝑐𝖿
1 − 𝜂𝖳𝑐𝖿

𝐸𝗆, (28b)

𝜈𝖫𝖳 = 𝜈𝖿 𝑐𝖿 + 𝜈𝗆𝑐𝗆, (28c)

𝜈𝖳𝖫 =
𝐸𝖳

𝐸𝖫
𝜈𝖫𝖳, (28d)

𝖫𝖳 =
1 + 𝜂𝖦𝑐𝖿
1 − 𝜂𝖦𝑐𝖿

𝐺𝗆, (28e)

where

𝜂𝖫 =
𝐸𝖿∕𝐸𝗆 − 1

𝐸𝖿∕𝐸𝗆 + 2(𝑙∕𝑑)
, (29a)

𝜂𝖳 =
𝐸𝖿∕𝐸𝗆 − 1
𝐸𝖿∕𝐸𝗆 + 2

, (29b)

𝖦 =
𝐺𝖿∕𝐺𝗆 − 1
𝐺𝖿∕𝐺𝗆 + 1

. (29c)

With the calculated constants given in Eq. (28), the effective, planar
stress–strain relation with the symmetry of transverse isotropy can be
constructed, which is

⎡

⎢

⎢

⎣

𝜎1
𝜎2
𝜏12

⎤

⎥

⎥

⎦

=
⎛

⎜

⎜

⎝

𝐶11 𝐶12 𝐶16
𝐶12 𝐶22 𝐶26
𝐶16 𝐶26 𝐶66

⎞

⎟

⎟

⎠

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝐶𝑖𝑗

⎡

⎢

⎢

⎣

𝜀1
𝜀2
𝛾12

⎤

⎥

⎥

⎦

, (30)

here the principal stress directions are aligned with the principal fiber
irections in accordance to [64]. The components of the stiffness tensor
re given with

11 =
𝐸𝖫

1 − 𝜈𝖫𝖳𝜈𝖳𝖫
, (31a)

12 = 𝜈𝖳𝖫𝐶11, (31b)

16 = 0, (31c)

𝐶22 =
𝐸𝖳

1 − 𝜈𝖫𝖳𝜈𝖳𝖫
, (31d)

26 = 0, (31e)

66 = 𝐺𝖫𝖳. (31f)

ith the theory of linear elasticity [65], the stress–strain relation in
ny off-axis system rotated around the third principal axis is expressed
s

𝜎′1
𝜎′2
𝜏′12

⎤

⎥

⎥

⎥

⎥

⎦

=

⎛

⎜

⎜

⎜

⎜

⎝

𝐶 ′
11 𝐶 ′

12 𝐶 ′
16

𝐶 ′
12 𝐶 ′

22 𝐶 ′
26

𝐶 ′
16 𝐶 ′

26 𝐶 ′
66

⎞

⎟

⎟

⎟

⎟

⎠

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
′

⎡

⎢

⎢

⎢

⎢

⎣

𝜀′1
𝜀′2
𝛾 ′12

⎤

⎥

⎥

⎥

⎥

⎦

, (32)
=𝐶𝑖𝑗

7 
ith the transformed stiffness components

𝐶 ′
11

𝐶 ′
22

𝐶 ′
12

𝐶 ′
66

𝐶 ′
16

𝐶 ′
26

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑐4 𝑠4 2𝑐2𝑠2 4𝑐2𝑠2

𝑠4 𝑐4 2𝑐2𝑠2 4𝑐2𝑠2

𝑐2𝑠2 𝑐2𝑠2 𝑐4 + 𝑠4 −4𝑐2𝑠2

𝑐2𝑠2 𝑐2𝑠2 −2𝑐2𝑠2 (𝑐2 − 𝑠2)2

𝑐3𝑠 −𝑐𝑠3 𝑐𝑠3 − 𝑐3𝑠 2(𝑐𝑠3 − 𝑐3𝑠)

𝑐𝑠3 −𝑐3𝑠 𝑐3𝑠 − 𝑐𝑠3 2(𝑐3𝑠 − 𝑐𝑠3)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐶11

𝐶22

𝐶12

𝐶66

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (33)

here 𝑐 = cos 𝜃 and 𝑠 = sin 𝜃.
The authors would like to note that Eq. (32) is given in the Voigt

otation, for which the rotation matrix is given in Eq. (33). This is
ustified by the fact that most reference works use this very notation.
ll homogenization procedures used in this paper are published in the
ython package HomoPy (cf. [66]), which uses the normalized Voigt
otation instead.

.5.4. Shear-lag modified Halpin–Tsai model
To the best of the authors’ knowledge, the incorporation of Cox’

hear-lag model into the Halpin–Tsai model was first used in [64],
hich is motivated by a more physical approach to express the stiff-
ess in the fiber direction in contrast to the classical, semi-empirical
alpin–Tsai model.

Cox introduced his model in [67] to analyze the effect of the fiber
rientation on the stiffness properties in fibrous materials. A detailed
erivation is given in [20, p. 140 ff.], which results in

𝖫 = 𝐸𝖿 𝑐𝖿

(

1 −
tanh(𝜉𝑙∕2)

𝜉𝑙∕2

)

+ 𝐸𝗆(1 − 𝑐𝖿 ) (34)

for the stiffness in fiber direction of a unidirectional short fiber-
reinforced polymer, where 𝑙 is the average fiber length. 𝜉 is given by

𝜉 =

√

2𝐺𝗆

𝑟2
𝖿
𝐸𝖿 ln (𝑅∕𝑟𝖿 )

, (35)

where 𝑟𝖿 is the average fiber radius and 𝑅 is the mean separation of
the fibers normal to their length. A hexagonal fiber packing gives

ln
(

𝑅
𝑟𝖿

)

= 1
2
ln

(

2𝜋
√

3𝑐𝖿

)

, (36)

whereas a square fiber packing results in

ln
(

𝑅
𝑟𝖿

)

= 1
2
ln
(

𝜋
𝑐𝖿

)

. (37)

The longitudinal stiffness 𝐸𝖫 from Eq. (34) is then used in the set of
Eq. (28), instead of Eq. (28a), to give the shear-lag modified Halpin–
Tsai equations. Fig. 5 compares the planar Young’s modulus bod-
ies (cf. [68]) for the classical Halpin–Tsai model with the shear-lag
modified Halpin–Tsai model for identical material parameters.

2.5.5. Classical laminate theory
In order to include individual fiber types and distributions of the

composite material using the shear-lag modified Halpin–Tsai scheme,
it is necessary to divide the material into individual laminates that are
later reassembled. The first assumption is that the fiber orientation is
planar. The fibers are divided into laminates with the same fiber type.
Since an individual fiber length assessment per fiber orientation class is
not feasible, the average fiber length of the respective type is assumed
for all fibers as a second assumption. These laminates are now again
divided into laminates with the same fiber orientation. In each case,
angle intervals of 9◦ are combined. The procedure is shown graphically
in the Fig. 6. The stiffness properties of each UD layers is determined
using the shear lag modified Halpin–Tsai method. A volume average
of all laminates is calculated using formulations from the classical
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Fig. 5. Comparison of the original (orig.) Halpin–Tsai scheme with the shear-lag (SL)
odified Halpin–Tsai scheme for different aspect ratios 𝑎.

Fig. 6. Graphic representation in accordance with Yan [22] of the simplification of the
hybrid into a planar distribution of the fibers and division into individual laminates
with the same fiber type, the same fiber orientation and the average fiber length.

laminate theory. The synthetic thickness of the laminate is determined
by the percentage of fibers with an angle in the corresponding range.
This scheme is explained in more detail in [20], where it is called LAA.

3. Results and discussion

This chapter presents the Results of microstructural investigations,
macroscopic characterization of effective mechanical properties, and
the two homogenization methods. These results are thoroughly dis-
cussed and compared to validate their accuracy. Moreover, the effect
of hybridization in mixed fibers in reinforced LFT is discussed.

3.1. Fiber volume content distribution

The fiber volume content (FVC) of all material types separated into
the three extraction areas and as average, are shown in the Table 2
below. It can be seen that the desired volume percentages of 25% were
achieved quite well with the single-fiber materials (CF and GF). In the
case of CFLFT, the average FVC was lower by 1.5% and for the GFLFT by
0.34%. This shows that the accumulation of the desired volume content
for the individual fibers works very reliably. The hybrid shows that
the fiber volume content was significantly underestimated and is only
approx. 20%. This is due to the fact, that in the calculation table used
during the manufacturing process, the fiber content is only referenced
to the polymer stream, which led to an error in the insight calculation.
The lower volume fraction of the hybrid must be taken into account in
the assessment of the mechanical properties.

Significant differences in FVC could be observed between some
samples. These variations in fiber volume content across the plate are

typical of LFT materials and can be seen in all materials. In the case

8 
Table 2
Results of fiber weight and of fiber volume content from wet chemical removement.

Material 𝐹𝑚. 𝐹𝑣𝑜𝑙.
Region in % in %

CFLFT (C) 32.90 23.6
CFLFT (C-F) 33.89 24.4
CFLFT (F) 31.84 22.7

CFLFT (Average) 32.88 23.5

GFLFT (C) 37.96 22.8
GFLFT (C-F) 42.08 24.89
GFLFT (F) 43.91 26.3

GFLFT (Average) 41.31 24.66

CF + GFLFT (C) 31.31 19.37
CF + GFLFT (C-F) 31.67 19.59
CF + GFLFT (F) 32.70 20.23

CF + GFLFT (Average) 31.89 19.73

Table 3
Results of fiber length distribution.

Material 𝐿𝑝 𝐿𝑛 Median
Region in mm in mm in mm

CFLFT (C) 5.9 1.45 0.50
CFLFT (C-F) 7.57 1.45 0.50
CFLFT (F) 5.68 1.77 0.77

CFLFT (All) 6.38 1.55 0.54

GFLFT (C) 5.38 1.45 0.62
GFLFT (C-F) 5.40 1.13 0.49
GFLFT (F) 3.93 0.97 0.52

GFLFT (All) 4.90 1.18 0.53

CF + GFLFT (C) 7.97 1.71 0.56
CF + GFLFT (C-F) 6.83 1.85 0.79
CF + GFLFT (F) 7.24 2.09 0.75

CF + GFLFT (All) 13.6 1.86 0.68

of specimens with a particularly high FVC, this could be attributed to
the presence of fiber bundles on the basis of the CT data. In the case of
GF-LFT the fibers appear to be increasingly entrained by the polymer
flow, so that lower fiber contents were determined in the charge area.
Since only one plate was examined this could also be a random effect.
Overall, however, no significant influence of the different removal areas
on the FVC could be detected, so a homogeneous distribution of the
FVC over the whole plate is assumed with the average value for the
later homogenization.

3.2. Fiber length distribution

Table 3 shows the results of the fiber length measurements of
the individual materials divided into the three extraction areas. The
number average value 𝐿n and weight average value 𝐿p as well as the
median are given.

The values in the table show that the fiber lengths differ signifi-
cantly between the two mono fiber materials. The CF seem to suffer less
damage in the extrusion process than GF and are longer in the finished
parts. The reason for this could be, that the CF rovings, due to their
lower density and higher tex, contain many more fibers, which make
separation and fiber breakage more difficult. In the hybrid material,
the fibers are present the longest on average over both fiber types.
Thus, it could be that the different fiber types positively influence each
other through their interaction in the TSE, resulting in lower damage
which itself results in longer fibers in the plate. However, due to the
lower fiber volume, it cannot be ruled out that also the lower content is
responsible for the lower fiber shortening. Despite the low average fiber
lengths of all the materials, they are still referred to as LFT materials
because this description is not just about fiber length, but is a general

process description.
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Fig. 7. Fiber length distribution of all 9 specimens together divided into categories
with a width of 75 μm (a) CFLFT, (b) GFLFT and (c) CF + GFLFT.

Graphs of the fiber length distribution for the overall average of
ll specimen of the CFLFT (a), GFLFT (b) and the CF + GFLFT (c) is

shown in Fig. 7. The fibers are displayed in a histogram divided into
categories with a width of 75 μm. The exact number of fibers measured
and the characteristic values from the table are noted in each graph. In
addition, the critical fiber length 𝑙crit calculated according to the Eq. (2)
(with the values given in Section 2.2.1) is indicated at 0.16 mm by a
black vertical line for the CF and at 0.50 mm by a red vertical line for
the GF.

At first glance, the graphs of all three materials look very similar and
a large proportion of the fibers are in the range of 0 mm - 1.25 mm.
Nevertheless, the shape of the distribution curve is as expected for fiber-
plastic masses processed in an extrusion process. However, if the 𝑙𝑐𝑟𝑖𝑡
in the mono fiber materials is taken into account, it is noticeable that
for the CF a large proportion of the fibers (approx. 80%) exceed 𝑙crit ,

hile for the GF only about half (approx. 50%) of the fibers exceed 𝑙crit .
ince it was unfortunately not possible to determine the fiber lengths
n the hybrid individually, only the mixed spectrum can be considered
or the hybrid. Due to the average length of the fibers, which is even
onger than in the CFLFT, and the significantly higher number of CF
ue to their smaller diameter, it can be assumed that the majority of
he fibers exceed 𝑙 here as well.
crit

9 
Table 4
Aspect ratio homogenization.

Material Diameter in μm Aspect ratio

CFLFT 7.2 215
GFLFT 16 73
CF + GFLFT (CF) 7.2 258
CF + GFLFT (GF) 16 116

For the homogenization section, 𝐿𝑛, the mean fiber length of all
measured fibers is used for the determination of the aspect ratio. This
leads to a aspect ratio of the mono fiber and the fiber blend material
given in Table 4. These aspect ratios are used for the subsequent
homogenization.

3.3. Microstructure and fiber orientation

In this section, the results of the microstructure investigations based
on micrographs and micro CT data are presented and discussed. In
particular, the differences between the various fiber compositions are
discussed. The 𝜇CT data are analyzed, discussed and given with regard
to the necessary formats of the fiber orientation for the different
modeling approaches.

3.3.1. Micrograph based analysis
The Fig. 8 shows micrographs of the hybrid from both areas with

viewing plane perpendicular to the flow front. The micrographs of the
hybrid material are shown here, as these images are the best way to
assess the fiber dispersion of the individual fiber types in the hybrid.
Since the images were taken under a reflected-light microscope, the
CFs appear white because they reflect the light, while the GFs, which
are translucent, appear gray. The individual fiber type can also be
identified by the different diameters of the fibers. The fibers can be seen
simplified as round cylinders, whereby the orientation of the fiber can
be determined from the ellipse created by the cut of the fiber through
the method of ellipsoid. The micrographs of all materials generally
show a different microstructure in the charge and flow area. In the
charge area (Fig. 8(b)), fibers can be seen in the edge layers, whose
sectional surface forms a very elongated ellipse. From this it can be
seen that the fibers lie in the cutting plane and thus close to the 90◦

to the flow front. Due to the extrusion process, the fibers in the initial
charge are present in the outer layers in the extrusion direction. This
effect was demonstrated by Schreyer et al. by investigating the fiber
orientation in the initial charge of CFLFT (cf. Fig. 8 (a)) [69]. This layer
freezes directly during the molding process and can also be seen on the
surface in the later sheets. Since the molding process was selected in
such a way that the flow direction is 90◦ to the extrusion direction(cf.
Figs. 3 and 8(a)), it can be concluded that the fibers in the edge areas
of the micrographs are remnants of the edge layer of the initial charge.
In the inner core area of the charge area (Fig. 8(b)), most of the fibers
are cut that a very round ellipse is created and thus point out of the
cutting plane. This means they are aligned close to the direction of the
flow (0◦). In the core area, only a partial dispersion of the fibers is
visible. The individual fibers are well impregnated and surrounded by
matrix, but appear more in clusters of CF and GF. No shell core effect
can be detected in the flow area, the fibers are aligned in flow direction
up to the edge(Fig. 8(a)). In itself, the structure is very similar to the
core from the charge area (a), the fibers seem to be well impregnated
individually, but they also appear in clusters or bundles of the fiber
types. A similar behavior can also be observed with the mono fiber
materials. To get a better overall impression of the microstructure,
Fig. 9 shows the complete micrographs of a 12 mm ×12mm sample
from the flow area of all three materials. The microstructure of the
CFLFT (Fig. 9(a)) and GFLFT (Fig. 9(b)) mono fiber materials is clearly
distinguishable from one another by their micrographs. The glass fibers
are usually surrounded to a large extent by matrix. When they occur
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Fig. 8. (a) Schematic cross section of the initial charge and micrographs of the hybrid
of charge and flow area, with the typical shell core structure, in white the CF and in
gray the GF. In (b) Charge area with the characteristic frozen fibers in the structure
of the initial charge 90◦ to the flow direction in the shell and the fibers aligned in 0◦

n the core. (c) Flow area with less fibers in the shell and more bundles in the core in
oth areas with main orientation to the flow direction.

n bundles, these are usually bundles with a very small number of
ibers, in which the fibers still seem to be well impregnated. The CF
n the hybrid and mono-fiber material, on the other hand, show good
mpregnation in areas where there are few fibers. However, they occur
ore frequently in bundles consisting of a large number of fibers, which

eads to poor impregnation in some cases. In a few cases, there are
ven bundles with un-impregnated fibers inside. These un-impregnated
reas can be recognized by the black holes, since the un-impregnated
ibers are pulled out during the grinding process. The micrographs of
he hybrid LFT Fig. 9(c) show that the material consists mostly of large
reas where the fibers are still present in clusters of their own fiber
ype or even in bundles. It is noticeable that the formation of bundles
s mostly observed with the C-fiber. This can be attributed to the fact
hat, due to the lower density, the lower diameter and the higher tex
umber of the roving, significantly more CF are present in the hybrid
FTs. As noted in Section 3.1, it is likely that the unraveling of the
F-Rovings and the impregnation of the fibers will take more time and
ffort than with the GF. Comparing the fiber distribution in the hybrid
ith that of the mono-fiber materials in the figure, it is noticeable that

he fiber types themselves differ, but behave similarly in both cases.
ll in all, it is noticeable that the GF seem to be easier to cut and
istribute due to their smaller number. However, the results from the
iber length distribution (cf. Sec., 2.2.1) seem to indicate that this is also

accompanied by increased fiber shortening. The CF fibers, on the other
hand, remain partially clumped and the bundles are not completely

dissolved.

10 
Fig. 9. Micrographs with a representative microstructure of flow area of (a) CFLFT, (b)
GFLFT and (c) the CF + GFLFT with high amount of CF-Bundles.

3.3.2. 𝜇CT based analysis
An example slice of the CT scan of the center specimen CF2 of all

three plates can be seen in the first row of Fig. 11. Regarding the CF
reinforced specimen Fig. 11(a), the image is more noisy and the fibers
are more difficult to detect due to their smaller diameter compared to
GF, even though the resolution is a bit higher for the CF and the hybrid
plate. The hybrid plate shows the bundle formation of the carbon fibers
very well as they are detectable as big darker spots in the image. When
visualizing the detected orientations of the structure tensor code in
pseudocolor image (cf. Fig. 11(b)), the disadvantage of the worse image
uality in the GFLFT(CF) picture is revealed. The orientation seems

to be a bit patchy and in addition, it is not clear whether all single
fibers are detected, which could lead to a overestimation of the bundle
orientation. The glass fibers are well-identified in the single fiber
reinforced plate (GFLFT(GF)) as well as in the hybrid (CF + GFLFT(GF)).
As the gray value of the carbon fibers is so close to the matrix due to
their similar density (both are mainly carbon atoms) and therefore the
contrast in the image is low, they are hard to recognize in the slice of
the hybrid sample (CF + GFLFT(CF)). It cannot be excluded that parts of
the matrix are included in the evaluation of the carbon fiber orientation
of the hybrid sample.

The result of tensor interpolation was presented in the form of fields
of tensor glyphs. The plots were made with the help of the Matlab
fanDTasia ToolBox from Barmpoutis for the visualization of higher
order tensors [70]. The result can be seen in the left column of Fig. 10.
The second column displays one single tensor glyph representing the
overall averaged tensor of a plate, which is also the tensor that was

used in the Mori–Tanaka homogenization. The right column shows the
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Fig. 10. Field of tensors of fourth order, averaged tensor glyph of all 169 tensors of fourth order and histogram of orientation distribution of the mean of all specimen in degrees
for 20 groups (width of one column: 180◦∕20), for the CF plate (a), the GF plate (b), the carbon fibers in the hybrid plate (c) and the glass fibers in the hybrid plate (d).
fiber orientation distribution histogram as the mean of all 9 specimen
for 20 groups with an interval arc length of 𝜋∕20, which was the basis
for the Halpin–Tsai homogenization. It is clearly visible that there is

tendency towards an upwards drift at the right side of the plate. This

11 
fact is already known from earlier publications [13,25,30,71]. The
authors assume that this is related to the ‘‘age’’ of the initial charge.
The part that left the nozzle early and was therefore in the air longer

behaves differently than the other end. This was confirmed by reversing
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Fig. 11. (a) One slice out of the middle of the CT scan of the CF2 stack of the CF reinforced plate, of the CF2 stack of the GF reinforced plate and of the hybrid CF+GF reinforced
late. (b): Color-angle correlation in the HSV ("Hue Value Saturation") color space. (c): Detected fiber orientations in the slice presented in (a) through the code by Pinter et al. [33]

visualized in the HSV color space. For the hybrid CF+GF reinforced plate separate visualizations of the detected fiber orientation for GF and CF.
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the insertion of the initial charge, which in contrast led to a downward
drift. Furthermore, the averaged tensor glyph of the CF plate appears
to be a bit rounder than the averaged tensor glyph of the GF plate.
This is valid for both the purely carbon fiber reinforced plate as well
as for the hybrid plate. This finding is confirmed when considering the
histograms. The histogram is flatter and wider for the CF part and more
narrow and pointy for the GF plate. This appears reasonable because
the fiber orientation pattern was generally much more confused and
developed in different directions in the case of carbon fibers. Overall,
the resulting orientation when only averaging the nine measured ten-
sors were compared with the resulting orientation when averaging all
measured and interpolated ones of a plate, with the latter being closer
to the experimental results. This is due to the fact that the information
of a measured tensor is very local. By the interpolation rather a global
orientation behavior of the plate is represented, which therefore fits
better to the averaged experimental values of a plate. Consequently,
the authors use the interpolation method and average all 169 tensors
before passing them on to the modeling.

3.4. Tensile tests

In Fig. 12, for all materials and separated into charge and flow area,
the tensile modulus of elasticity (a) and the tensile strength (b) curves
in the polar plot are given as a function of the angle relative to the
flow (as shown in Fig. 3(e)). Each measuring point (with orientations
0◦, ±11,25◦, ±22,5◦, ±45◦ and 90◦) consisting of at least five valid
samples and is shown as mean value with the standard deviation. In
order to better relate the individual measurement points of a category
to each other, they were each provided with a linear connection.

In all three material combinations, the 0◦ orientation to the flow
path shows the highest reinforcement effect of the fibers in case of ten-
sile modulus and tensile strength, while the 90◦ orientation shows the
lowest. While the mechanical properties remain almost unchanged at
small angles deviating from 0◦ (+11.25◦), there is already a significant
drop at somewhat larger angles (+22.5◦). At an angle of +45◦, another
significantly stronger drop can be seen. The characteristic values here
are very similar to those at 90◦, which show the minimum.

This behavior indicates a strong orientation of the fibers in the
direction of the flow front. It is striking that no significant difference
 l

12 
can be detected between the charge and flow areas of the individual
materials. This means that there must also be a strong orientation of
the fiber in the charge area.

This effect can be confirmed by the micrographs and the analysis
of the CT data from chapter 2.2.3 and chapter 3.3.1 in which an
lignment in the direction of the flow is detected in both the flow and
he charge area. Since the shell structure in the charge area with the
ibers in the 90◦ direction to the flow (cf. Section 3.3.1, Fig. 8)only
akes up a small part of the volume, it has no great influence in the
ensile test. In bending tests, the influence of this layer is greater due
o the uneven stress distribution, which was already demonstrated by
chelleis et al. [25].

It can also be clearly seen that the curves are not symmetrical to
he 0◦–180◦ orientation line, but a rotation towards the positive degree
ounts (upwards) can be seen for all three materials. This is visible in
oth, the tensile modulus and the tensile strength. The strength and
tiffness values at +11.25◦ and +22.5◦ are clearly higher than those
t −11.25◦ and −22.5◦. Since the CF shows the most significant rein-
orcement effect due to its high stiffness and high strength, this effect
an be most clearly illustrated by the CFLFT. While the values of 0◦

23.83 GPa) and +11.25◦ (23.82 GPa) remain almost the same, a drop
f approx. 30% can be observed between 0◦ and −11.25◦ (16.71 GPa).
his suggests that the main orientation of the fibers in the molding
rocess is between 0◦ and +11.25◦ due to an inclined flow front. For the
ybrid and the GF-LFT, the stiffness values in 0◦ and +11.25◦ are also
qual, while there is a significant drop from 0◦ to −11.25◦. A similar
ffect was also shown by Bondy et al. who demonstrated a difference
n the mechanical properties of CFLFT between ±45◦ [13]. Schelleis
t al. were also able to show a similar effect with glass fiber reinforced
olycarbonate from the LFT-D process on the basis of different material
roperties [25]. Fliegener was also able to show a drift for GF-PA6-LFT
ased on the determination of fiber orientation tensors by 𝜇 CT [71].
ince, as mentioned in , the drift is in the opposite direction when the
nitial charge is rotated 180◦, the effect must come from the initial
harge it self. Reasons for the development of this inclined flow front
ould be temperature gradient or geometric differences in the initial
harge. Since the beginning of the initial charge has been out of the
xtruder for a longer time, more cooling can occur there. The outer
ayer of the initial charge cools to 210◦, where solidification begins.
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Fig. 12. Polar diagram of (a) tensile modulus of elasticity and (b) tensile strength of the three different LFT-Materials in different orientation to the flow direction separated by
charge and flow area.
Fig. 13. Tensile strength over tensile modulus of elasticity of (a) CFLFT, (b) GFLFT and (c) CF+GFLFT each separated by the triangle symbol in Flow and by the dot symbol in
Charge area. The individual orientations are symbolized by the different brightness gradients, where dark indicates the 0◦ and the bright the 90◦ orientation.
This layer must be broken up during the pressing process to allow the
plasticized interior to flow into the mold. If this layer is thicker at the
old end of the initial charge than at the new end, it will be broken first
at the new end and the interior will flow out there first. A schematic
13 
representation of a possible temperature distribution in the initial
charge is given in Fig. 14(a) This can also be seen from the mold filling
study in Fig. 14(b)–(g), which shows that the mold is initially filled
only in the lower left corner. As a result, an inclined flow front develops
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Fig. 14. Mold filling study of the compression molding of CFLFT (a) a possible
temperature distribution in the initial charge with young and old end (b) - (g)
compression molding process with development of the flow front and mold filling.

throughout the process, which also affects the fiber orientation and thus
the mechanical properties. From the geometric side it could be possible
the first part of the initial charge will be stretched by falling onto the
transport belt. This could result in less material at the old end of the
initial charge. At the same time, there is a deformation of the initial
charge at the end caused by the cutting process. This could lead to an
excess volume at the end of the initial charge. Thus, during pressing,
the uneven distribution of material results in an excess volume in the
lower part of the mold, which leads to a slanted flow front directed
upwards, since there is less volume there.

The fact that all materials show a strong decrease in mechanical
properties at small angles away from the maximum between 0◦ and
11.25◦, indicates a strong alignment of the fibers. In addition, it can be
seen that both in 0◦ and in 90◦ orientation, the CFLFT shows the highest
tensile strength and stiffness of all materials, which indicates the trend
towards CF-DiCo-FRP. In order to show the experimental results from
the tensile test in more detail, each test is shown as a measuring point
in the tensile strength versus tensile modulus of elasticity diagram
in Fig. 13 (divided into one diagram per material (a) CFLFT, (b)GFLFT
and (c) CF + GFLFT). Again, samples from the charge area are shown as
points and from the yield area as triangles. To distinguish the individual
orientations, a different color was chosen for each orientation. In
addition, boxplots for tensile strength and tensile modulus of elasticity
are given at the edge. The box plots again show the clear difference
between the + and — orientation, especially at small angles (±11.25◦

and ±22.5◦). The scattering areas hardly overlap,so a significant effect
can be assumed for all materials.

Furthermore, it is noticeable that tensile strength and tensile modu-
lus of elasticity viously show a linear dependence per material. Looking
at the results of all orientations from both areas in the tensile strength
versus tensile modulus diagram, a linear correlation of the values
can be seen for all three materials with a certain scatter. For this
purpose, a linear regression was performed between all values of a
material in Fig. 15. The GFLFT regression line shows the highest slope
and therefore the lowest stiffness-to-strength ratio, while the CFLFT
regression line shows the lowest slope and therefore the highest ratio.
This illustrates that the use of CF in the LFT process mainly provides a
significant increase in stiffness and is therefore suitable for stiff compo-
nents. Of course, this is due to the properties of the fibers themselves, as
their higher stiffness when oriented close to the main fiber orientation
naturally causes a stronger stiffening effect, which in turn affects the

pitch. The straight regression of the hybrid is pretty much between the a

14 
Fig. 15. Linear regression in tensile strength versus elastic modulus diagram between
all tensile tests independent of orientation and position of CFLFT, GFLFT and CF + GFLFT.

Fig. 16. Effect of hybridization on the example of specimen from the flow area in 0◦

orientation to the flow front, were the highest reinforcement effect of the fibers could
be observed.

two monofiber materials. Since the hybrid consists of equal parts of the
two fibers, this is not surprising. It can be assumed that for blends with
a higher proportion of GF, the slope of the regression line will be shifted
more in the GFLFT direction and with CF in the CFLFT direction.

.5. Effect of hybridization on mechanical properties

As can be seen in Fig. 12 based on the stiffness and strength of
he materials, between the 0◦ and +11.25◦ orientation, the largest
einforcement effect due to the fibers and thus also the greatest dif-
erence can be seen for all three materials. For a comparison and
valuation of hybridization effects, one of these type of samples are best
uited. Therefore, the stress–strain curves of all tested specimens with
◦ orientation from the flow range are shown in Fig. 16. In addition, the
cattering range is marked by the colored background. It can be seen
learly, that the curves of the hybrid are between the two materials re-
nforced with only one type of fiber. The colored areas clearly show that
he results in the test are subject to considerable scattering, but there
s no overlapping of the individual areas. Therefore, the hybridization
ffect in this case is presented on the basis of the mean values of
he specimen type of the individual material systems. The positive
ybridization effect after definition (a) in Fig. 2 is now shown by the
reen arrows. The hybrid shows a 16% increase in tensile strength
nd a 36% increase in the tensile modulus of elasticity compared to
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Table 5
Mechanical characteristics and production values of hybrid-LFT in comparison to GF-
and CF-LFT.

Parameter Hybrid/ Hybrid/
GFLFT CFLFT
in% in%

Tensile strength in 0◦ 116 78
Tensile Modulus of elasticity in 0◦ 138 75
Elongation at break in 0◦ 81 122
Weight 91 104

Price primary Fibers 177 64
CO2 primary Fibers 162 69

Modulus per weight 152 72
Modulus per price 78 117
Modulus per CO2 85 109

GFLFT. This is in a similar range to the results of Fu and Lauke et al.
where an increase in the tensile modulus of elasticity of a hybrid of
equal parts CF and GF causes an increase of about 33% compared
to pure GF composite [6]. There are also examples in the literature
that could determine a much stronger effect. Wollan, for example,
was able to determine an increase of 106% comparing a hybrid of
equal parts CF and GF with the pure GF-composite, both based on
PA6 [72]. However, the production of the materials is not a direct
process in which the fibers still have to be impregnated, but rather
pre-impregnated pellets that already consist of both fiber types [72].
Therefore, a good impregnation of the fibers can be expected. This
supports the hypothesis that the CF in the hybrid investigated in this
work do not exploit their full potential because they occur in bundles.

In this work additionally a 22% increase in elongation at break com-
pared to CFLFT could be observed. It has already been demonstrated,
that the interfacial shear stress reaches its highest value at the fiber
ends [73]. Since the carbon fiber has a higher stiffness than the glass
fiber, it can be assumed that the higher maximum value in terms of
the stress transfer theory is found at the carbon fiber ends. It can be
assumed that the first crack is also initiated at the here [21,73]. The
cracks that form at the CF now grow through the matrix until they reach
a GF that bridges them. Therefore, these cracks do not lead directly to
failure. Failure is initiated when these cracks grow together with the
cracks forming at the end of the GF [6]. A schematic representation
of the micro failure process for CF+GF Dico materials can be found in
Fu and Lauke et al. [6, p. 1250] and in Li et al. [21, p. 1729]. This
shows that the hybrid mechanically combines the best properties of
both materials.

A summary of the performance of the hybrid — LFT compared
to the base of CFLFT and GFLFT is given in Table 5. From this, some
romising combination options of mixed fiber LFT for different opti-
ization targets can be identified. By adding CF in the GFLFT it can

e significantly improved in terms of weight specific modulus by 52%.
he CFLFT shows by the addition of GF in contrast a smal increase in
he price an CO2 specific modulus. Since the hybrid investigated in this
ork fitted perfect between the GFLFT and the CFLFT.

Table 6 gives the experimental results of the hybrid calculated
using the RoM Eq. (1). Since the fiber volume content in the hybrid
is significantly lower than in the two monofiber materials, an adapted
RoM was also used in which the lower volume content of 20% is
realized by an extra proportion of pure matrix. This can be achieved
with 40% each of GFLFT and CFLFT and additionally with 20% pure
matrix to 𝐸hybrid = 0.4 ⋅ 𝐸GF−LFT + 0.4 ⋅ 𝐸CF−LFT + 0.2 ⋅ 𝐸PA6. The results

ith the adjusted RoM: are also given in Table 6. As can be seen,
he experimentally determined values are slightly below the RoM. The
ybrid misses the RoM by only 7% with respect to 𝜎𝑚 and by only 3%
ith respect to E𝑡𝑒𝑛𝑠𝑖𝑙𝑒. Especially with regard to E𝑡𝑒𝑛𝑠𝑖𝑙𝑒, the RoM shows
good over coordination when considering the scatter of the measured
alues, but according to definition b) no positive hybridization effect.
15 
able 6
ule of Mixture of 0◦ Flow Specimen.
Parameter RoM adj. RoM Exp.

𝜎m in MPa 207.85 180 194.4
𝐸t𝑒𝑛𝑠𝑖𝑙𝑒 in GPa 18.4 15.43 17.9

Fig. 17. Results of modeling with HT and MT based on determined fiber orientation
via 𝜇CT.

In contrast, the adjusted RoM is outperformed by the hybrid in
terms of 𝜎𝑚 by 8%, which is exactly between the two estimates. In
terms of E𝑡𝑒𝑛𝑠𝑖𝑙𝑒, the hybrid outperforms the adjusted RoM by 16%. This
illustrates that hybridization has a stronger influence on stiffness than
on strength. If we now take the adj. RoM in as reference, the hybrid
shows a positive hybridization effect according to definition b).

Almost putting the two definitions of the effect of hybridization
together, it can be said that according to definition a, a positive effect is
visible, according to b it depends on whether you consider the normal
RoM or the adjusted RoM.

3.6. Homogenization

The results for the homogenization procedure by using the MT
scheme and HT scheme are given in Fig. 17. It can be seen that
the prediction of the pure carbon fiber reinforcement achieves the
greatest stiffening effect, thus enclosing the stiffness values of the
hybrid and the glass fiber reinforced plastic at all angles. The hybrid
completely encloses the pure glass fiber reinforcement, indicating a
positive hybridization effect when carbon fibers are added to a glass
fiber composite. This applies to both MT and HT homogenization.
Furthermore, a preferred orientation of the stiffness can be seen, which
does not coincide with the 0◦ direction, though. A slight drift in the
direction of positive angles of about 8◦–11◦ can be seen for all material
systems. This drift numerically depends solely on the values of the
orientation tensors used and is independent of the homogenization
processes. A comparison with the experimental results of the stiffnesses
suggests a correct measurement of the orientations of all material
systems. The physical reasons that could be responsible for this drift
have already been discussed in Section 3.4.

Individual comparisons of experimental and numerical results for

each material system are displayed in Fig. 18. Fig. 18a) compares
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Fig. 18. Results of homogenization with HT and MT based on the determined aspect
atio (cf. 3.1) and fiber orientation via 𝜇CT (cf. )in comparison with the experimental
esults fore (a) CFLFT, (b) GFLFT and (c) CF+GFLFT.

he experimental findings in discontinuously carbon fiber reinforced
A6 and the numerical results from the MT and HT homogenization
chemes. The preferred orientation matches, which indicates a rea-
onable measurement and evaluation of fiber orientation, as described
16 
in Section 3.3. The stiffness prediction in the orthogonal direction
(i.e. the preferred direction ±90◦) agrees with the experimental find-
ngs for both MT and HT prediction. For the given fiber orientation
easurements, the reinforcement effect is more pronounced in a small

ange around the preferred direction, since the first eigenvalue of the
rientation tensor is close to one, indicating strongly aligned fibers.
n this case, the fibers have a lower reinforcing effect in the ±90◦

direction. Nevertheless, the orthogonal stiffness significantly depends
on the matrix properties. Matching stiffness values in this direction
indicate a good assumption for the stiffness properties of the matrix
material. The predicted stiffness values in the preferred direction (8◦-
11◦) overestimate the experimental results by almost a factor of 2,
with only minor differences between MT and HT. For both the MT and
HT homogenization, the reinforcement effect increases greatly for an
increasing fiber aspect ratio and fiber volume content. Possible explana-
tions for this deviation between experimental and predicted results are
given in the following. On one hand, the experimental measurements
do not match the real values in the material and underestimate them.
Considering the sensitivity of the used methods, this seems unlikely
to create a deviation of this magnitude. Another, more likely expla-
nation is that both homogenization procedures do not consider fiber
interactions and assume evenly distributed, perfectly bonded fibers. As
discussed in Section 3.1, the micrograph investigation indicates that
the production process results in unevenly distributed fibers, which
agglomerate in bundles. It can be assumed that fiber bundles have a
reduced reinforcing effect in contrast to evenly distributed fibers. This
is due to a weaker fiber–matrix bonding, up to the case of dry fibers,
which do not reinforce the composite over all. Also fiber interactions
within bundles is increased which also results in a lower reinforcement
effect. As such, the measured fiber volume content and aspect ratio
would need to be reduced to an effective value to respect these effects,
when in reality the homogenization procedures do not respect these
effects inherently. Fig. 18b) shows the differences in experimental and
numerical results for the glass and carbon fiber reinforced hybrid. Again
the orientations agree perfectly and the orthogonal direction once more
indicates a good assumption for the matrix properties. The preferred
direction is slightly overestimated with a better agreement for the
HT homogenization scheme. The better agreement for the hybrid in
contrast to the purely carbon fiber reinforced polymer in Fig. 18a) is
explained by a better fiber distribution with less bundle agglomeration.

The pure glass fiber reinforced PA6 is displayed in Fig. 18c). This
time, the predicted orientation is slightly overestimated for about +3◦,
while still achieving good stiffness agreements in the orthogonal di-
rection. In comparison to the previous two material systems, the stiff-
ness precitions are closest to the real experiment, with a slight over-
estimation once more. The HT homogenization has a slight better
agreement with the experimental findings in comparison to the MT
homogenization.

To conclude, both MT and HT give very similar stiffness predictions
for planarly fiber reinforced polymers, with the MT prediction being
slightly larger in magnitude in the preferred direction. In comparison to
experimental findings the numerical predictions agree well, especially
when the fiber orientation measurements are accurate. This also applies
for the investigated hybrid material, indicating that stiffness properties
of multi-inclusion FRPs can also be estimated with the investigated
methods. It has to be emphasized that the numerical results do not
agree well in the preferred direction for the solely carbon fiber rein-
forced polymer, which is explained by the fact that neither the MT
nor HT scheme respect fiber bundle effects. A synthetic reduction of
effective properties such as aspect ratio and/or volume content as a
function of bundle content may alleviate the measured deviation.

4. Holistic discussion

In general, the determination of the fiber orientation by CT and
post processing by interpolation and averaging shows a good agreement
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with the experimental data. The drift of the main fiber orientation fits
very well over each other in both methods. This allows a time efficient
and accurate method of fiber orientation determination. By comparing
both hybridization methods with the experimental results it could be
shown that especially for CFLFT such simple models are not sufficient
to account for the influence of the complex microstructure. In order to
achieve an adequate numerical description of the CFLFT studied in this
work, it is necessary to represent the microstructure more precisely.
This can be achieved by a reduction of the aspect ratio due to the
poor impregnation, especially of the long fibers in the bundles, as
mentioned in Section 3.6. Another possibility is to reduce the fiber
volume content for the calculation. Since the part of the fiber that is
not impregnated or only slightly impregnated does not contribute to the
load transfer.. A combination of reducing the aspect ratio and the fiber
volume content is also conceivable. For this purpose, further analysis
of the microstructure is necessary:

• CT data should be used to determine the probability of bundles
in the volume.

• Micrographs should be used to determine the number and the
degree of impregnation of the fibers in the bundle.

• Fiber length studies should be performed in which the bundles
are separated from the remaining fibers after ashing and the fiber
length of both parts is determined separately.

Furthermore, it is possible to use microstructure generators to create a
representative volume element in which both dispersed and agglomer-
ated fibers are represented in the correct ratio. For this purpose again,
imaging techniques such as 𝜇CT data and micrographs provide a good
starting point.

However, the further potential of CFLFT with better distributed
nd impregnated fibers can be estimated based on the homogenization
ethods applied here. To achieve this, the use of rovings with a

ower tex number would be recommended. This should lead to a faster
iber separation, resulting in fewer or at least smaller bundles in the
tructure. Another way to increase fiber dispersion is to apply higher
hear forces to better separate the bundles. This can be achieved, for
xample, by an adapted screw geometry with more mixing elements
r by higher screw speeds. It is expected that this will also result in
reater fiber shortening. However, since a large fraction of the fibers
re above 𝑙crit , the fibers are likely to exceed 𝑙crit by a large fraction
ven at higher shear forces. This and other process optimizations with
egard to CFLFT therefore offer a lot of potential.

For GFLFT and CF + GFLFT, where there is better dispersion of the
ibers, the results are much closer to the experimental data. Therefore,
t can be assumed that for well-distributed and impregnated fibers, the
ethods provide good results. On the basis of the experimental data

t was shown, that the hybrid LFT of glass and carbon fibers can be
escribed fairly accurate with the RoM. However, positive hybridiza-
ion effects have also been demonstrated. In particular, the positive
ybridization effect on the elongation at break of +22% compared to
F-LFT could indicate further potential. Since the GF limits the growth
f cracks that form at the CF, this could also have a positive effect on
atigue properties. However, the combination of the two fibers opens
p a large design space in which, depending on the requirements, the
ddition of CF in GF-LFT or vise versa can significantly improve the
echnical properties ore lead to a lower price and lower CO2 emissions.

. Conclusions

Overall, it has been demonstrated how mixed fiber composites
an be experimentally investigated and numerically modeled. To the
uthor’s knowledge, this is the first time a Mori–Tanaka approach
ith two different inclusions has been used in a field study to ensure

ymmetric stiffness predictions following the method of Segura et al. In

ddition, the models for the first time are provided with fourth-order

17 
late-averaged orientation tensors that are both measured and interpo-
ated. With well impregnated fibers in the materials, the mechanical
roperties can thus be well estimated. Thus, the design space between
F and GF can be predicted and estimated almost without gaps.
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