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A SPECTRAL ANSATZ FOR THE LONG-TIME
HOMOGENIZATION OF THE WAVE EQUATION

By Mirtia Dusrinckx, ANTOINE GLORIA & MaTTHIAS RUF

Asstract. — Consider the wave equation with heterogeneous coefficients in the homogenization
regime. At large times, the wave interacts in a nontrivial way with the heterogeneities, giving
rise to effective dispersive effects. The main achievement of the present work is a new ansatz
for the long-time two-scale expansion inspired by spectral analysis. Based on this spectral
ansatz, we extend and refine all previous results in the field, proving homogenization up to
optimal timescales with optimal error estimates, and covering all the standard assumptions on
heterogeneities (both periodic and stationary random settings).

Riésumi (Un ansatz spectral pour ’homogénéisation de I’équation des ondes en temps long)

On considére ’équation des ondes en milieux hétérogénes dans le régime d’homogénéisation.
En temps long, ’onde interagit de fagon non triviale avec les hétérogénéités, donnant lieu & des
effets dispersifs. Le résultat principal de ce travail est un nouvel ansatz pour le développement
a deux échelles en temps long, inspiré par une analyse spectrale. Sur la base de cet ansatz
spectral, nous étendons et raffinons tous les résultats précédents du domaine : nous obtenons
un résultat d’homogénéisation valable jusqu’a 1’échelle de temps optimale avec des estimations
d’erreur optimales, et nous couvrons a la fois le cas d’hétérogénéités périodiques et aléatoires
stationnaires.
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594 M. Duerinckx, A. Groria & M. Rur

1. INnTRODUCTION

1.1. GeEnErAL overviEw. — Let d > 1 be the space dimension and let a be a sym-
metric coefficient field on R? that satisfies the boundedness and ellipticity properties

(L.1) la(@)¢| <[¢l, &-a@)E= AP, forallz, g €RY

for some A > 0. We shall consider both the case when a is periodic and the case when a
is a stationary ergodic random field (in the latter case, we restrict to a Gaussian
model for illustration, cf. Definition 1.3). Given an impulse f € C°((0,00); L?(R%)),
we consider the ancient solution of the associated linear wave equation
(12) (02 =V -a(-/e)V)ue = f, inRxR%
. ue = f =0, for t <0,
in the homogenization regime 0 < ¢ < 1, and we are interested in the accurate
description of the long-time behavior of the flow. The reason why we focus on ancient
solutions (with u. = f = 0 for ¢ < 0) is to ensure the well-preparedness of the wave
and to avoid propagating time oscillations; see the discussion in Section 1.6. Note that
we can also consider the case of strongly elliptic systems up to obvious modifications.
It is however crucial that coefficients be symmetric (to avoid exponentially growing
modes in the Floquet-Bloch theory).

On short timescales t = O(1), standard theory [7] ensures that the flow can be ap-
proximated to leading order by the ancient solution of a homogenized wave equation,

{(af—v-aV)u:ﬁ in R x R,

(1.3)
u=f=0, for t <0,

where the (constant) effective coefficient @ is the same as for the homogenization of
the corresponding steady-state problem. This means that homogenization and time
evolution decouple to leading order on short timescales. As first understood by Santosa
and Symes [25], this is however no longer the case on longer timescales: more precisely,
a non-trivial interaction between homogenization and time evolution appears as soon
as t > O(¢7?) in the periodic setting, leading to a dispersive correction to the naively
homogenized wave equation (1.3).

In the periodic setting, the first rigorous analysis of this phenomenon is based on
spectral theory, more specifically on Floquet-Bloch theory, and is due to Lamacz [23]
in one space dimension, and to Dohmal, Lamacz, and Schweizer [9, 10] in higher di-
mension. They proved the convergence to some suitable dispersive homogenized wave
equation up to times t <« ¢73. Due to the use of the Floquet-Bloch theory, it was
not clear that this approach could be applied beyond the periodic setting to other
standard frameworks for homogenization (such as quasi-periodic or random coeffi-
cient fields). To treat such cases, Benoit and the second author developed in [5] an
approximate version of the Floquet—Bloch theory, which was inspired by [2] and by
the observation that the derivative of the Bloch wave with respect to the wave num-
ber at 0 is a multiple of the standard corrector in homogenization. Extending this
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LLONG-TIME HHOMOGENIZATION OF THE WAVE EQUATION 920

to all orders, [5] introduced a notion of ‘Taylor-Bloch waves’, which approximately
diagonalize the elliptic operator —V - aV at low wavenumber. In contrast to the
standard Floquet—Bloch analysis, this approximate spectral approach is easily trans-
ferred to the random setting as it does not rely on the existence of exact Bloch waves
(see [14] for an extension of these ideas to other regimes). In the periodic case, this
allowed the authors of [5] to derive a whole hierarchy of higher-order homogenized
equations that are valid to leading order up to times t < O(¢~*) for any ¢ > 0. These
higher-order homogenized equations are well-posed up to truncating high-frequencies.
In the random case, they also managed to cover the case of random coefficient fields,
for which a homogenized description can only be found up to some maximal timescale
t = O(e7%). Although this analysis allows reaching long timescales, it does not pro-
vide approximations with optimal accuracy. There is indeed a strong limitation in the
analysis: since the impulse f in equation (1.2) is not adapted to O(g) oscillations of
the coefficients, Bloch waves at low wave number only describe the solution to leading
order, and Bloch waves at higher wave number should further be taken into account
for a finer description. The main difficulty is that Bloch waves at higher wave number
are not easily related to “correctors” in homogenization, so that it was unclear how
to improve the accuracy in [5].

Shortly after [5], following a variant of classical two-scale expansion methods [6],
Allaire, Lamacz, and Rauch [3] and Abdulle and Pouchon [24, 1] obtained similar
results in the periodic setting and did improve the accuracy in the description of the
wave flow on long timescales in terms of some two-scale expansion. Interestingly, and
as opposed to the equations obtained by approximate spectral theory, the homoge-
nized equations obtained in [3, 24, 1] have to be significantly reformulated several
times before they give rise to a well-posed problem (this is called the “criminal ap-
proximation” in [3]). Because the number of such reformulations increases with the
order of accuracy, and although arbitrarily long times and optimal accuracy can be
reached, the “infinite-order” homogenized operator they implicitly define cannot be
inverted even for very smooth functions.

On the one hand, approaches inspired by spectral theory are physically-motivated
(for waves equations, the spectrum is of the essence), yield well-posed equations valid
for long times, but so far were limited in terms of accuracy. On the other hand, ap-
proaches based on systematic two-scale expansions allow reaching both long times
and optimal accuracy, but essentially require as many reformulations as the order
of accuracy to obtain a well-posed equation, which prevents one from inverting the
associated “infinite-order” homogenized operator (in other words, the bound on the
homogenization error is not sharp). To sum up, a physically-motivated two-scale ex-
pansion to reach long times and optimal accuracy was still missing.

The main aim of this paper is to introduce a full spectral two-scale expansion for
(1.2), that extends [5] to any order and allows us to invert the “infinite-order” ho-
mogenized operator for smooth enough impulses f. This spectral two-scale expansion
is defined in Theorem 1, whereas the infinite-order result is given in Corollary 1. This
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526 M. Duerinekx, A. Groria & M. Rur

infinite-order result shows that the analysis we do here is indeed paying off (it can-
not be obtained using the systematic two-scale expansions of [3, 24, 1]). The main
insight of this work is encapsulated in Proposition 1.5, which reformulates the explicit
formula for the solution of (1.2) based on Floquet—Bloch theory in a way that lever-
ages an intrinsic two-scale expansion (which we call spectral two-scale expansion).
A fundamental physical feature of this spectral two-scale expansion is the following:
corrections due to the fact that the impulse f is not adapted to O(e) oscillations of the
coefficients are local with respect to f, see Remark 1.1. This original feature should be
of interest to the engineering community, as it means in particular that the expansion
actually reduces (essentially) to the much simpler one used in [5] outside the support
of the impulse. The main merit of this work is to work out this spectral two-scale
expansion and its combinatorial structure. The adaptation from the periodic to the
random setting is essentially routine to the expert in stochastic homogenization. It is
however important and shows the limitation of homogenization techniques for waves
in random media — which is why a detailed statement is included in Theorem 3.

Last, we also thoroughly discuss the two-scale approach of [3, 24, 1] (which we call
geometric two-scale expansion, cf. Section 1.5), and we relate it to the new spectral
two-scale expansion. This essentially amounts to comparing redundant hierarchies of
corrector equations, which we do in an algorithmic way. As an output, we improve
the error analysis of [3, 24, 1], cf. (1.12).

The rest of this introduction is organized as follows: In Section 1.2, we state our
main results on long-time homogenization, both in the periodic and in the random set-
tings, comparing the results obtained with the spectral and the geometric approaches.
Next, in Section 1.3, we comment on the important question of the well-posedness of
the formal homogenized equations (cf. (1.5) and (1.10) below). In Sections 1.4 and 1.5,
we motivate the special form of the spectral and the geometric two-scale expansions.
We conclude in Section 1.6 with a discussion of the well-preparedness assumption
for (1.2), going beyond the framework of ancient solutions.

NotaTion

— We write V = (V,)1¢<a for the gradient with respect to the space variable,
0y for the time derivative, and (D;)ogj<q for the space-time gradient with Dy = 9,
and D; = V; for 1 < j < d. Given n € N, we denote by V" = (VI )i<i, . i.<d
the nth-order spatial derivative.

— For a vector field F' and a matrix field G, we set (VF');; = V,Fj and (V- G); =
V,Gji (we systematically use Einstein’s summation convention for repeated indices).
We also denote by (VF)? the pointwise transposed field, (VF)JTl = (VF).

— Given to matrices A, B € R™*™ we denote by A : B their inner product
defined by A : B = A;;B;; (again using Einstein’s summation convention). For
¢ € R? and an nth-order tensor T = (T}, j.)1<j1....jn<d, We use the notation
TOE" =Ty, .&y .- &, for the contraction. For two symmetric tensors

T=(Tj. j)jrsgn and S =(Sj . )i..

Jm?
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LLONG-TIME HHOMOGENIZATION OF THE WAVE EQUATION 597

we define their symmetric tensor product T' ®g S as the (n + m)th-order symmetric
tensor characterized by (T ®, S) @ £2(+m) = (T © £27)(S ® £9™) for all ¢ € RY.

— The spatial Fourier transform of a function f defined on R? is denoted by f(f) =
Jga € "u(x) dz, and the inverse Fourier transform by f(z) = [pa eig'“:f(f) d*¢ with
d*¢ = (2m)~de.

~ We set (s) := (14 |s|>)'/2, and we similarly define the pseudo-differential oper-
ator (V) with Fourier symbol (1 4 [£]?)'/2. More generally, given a continuous map
X : RY — R, we define the pseudo-differential operator x (V) with Fourier-symbol x ().
Moreover, given an nth-order tensor T' = (T}, ., )i<ju,....jn <d We define the differential
operator T'© V" =1}, ; Vi .

— N stands for the set of nonnegative integers. For a multi-index n = (nq,...,ng) €
N* we let [n| =ny + -+ + ng.

— E[-] stands for expectation in the random setting, and is also used in the periodic
setting as a short-hand notation for averaging on the unit cell Q = (—1/2,1/2)4,
E[X] = f, X.

— We denote by C' > 1 any constant that only depends on the dimension d and on
the ellipticity constant A in (1.1). We use the notation < (resp. 2) for < C'x (resp. >
(1/C)x) up to such a multiplicative constant C. We write < (resp. >) for < (1/C)x
(resp. = C'x) up to a sufficiently large multiplicative constant C. We add subscripts
to indicate dependence on other parameters. We use Landau’s big-O notation in a less
rigorous way to indicate the scaling behavior of quantities, where the precise bounds
can depend on many parameters.

— The ball centered at z of radius 7 in R? is denoted by B,.(z), and we set B(zx) =
By (z), B, = B-(0), and B = B;(0).

— When defining hierarchies of correctors and of homogenized coefficients, we take
the convention that all quantities that are not defined are implicitly set to zero:
e.g. " =0 for n < 0 and b" = 0 for n < 0 in Definition 2.1, etc.

1.2. MAIN RESULTS: LONG-TIME HOMOGENIZATION. — Our main results yield long-time
error estimates for the two-scale expansion of the heterogeneous wave equation (1.2)
with optimal accuracy up to the optimal maximal timescale, with optimal norms (see
below the statements for a precise discussion of optimality). We separately consider
the periodic and the random settings; the case of quasi-periodic coefficient fields could
be treated as well but is skipped for shortness.

1.2.1. Periodic setting. — We start with the case when the coefficient field a is pe-
riodic on the unit cell Q = (—1/2,1/2)¢. The main result of this contribution pro-
vides a two-scale expansion with optimal error estimate up to times t < O(e~*) for
any ¢ > 0. This is obtained by extending the spectral approach of [5] to higher-order
accuracy in form of a suitable two-scale expansion: while the error estimate in [5]
saturated at O(e), we now reach accuracy O(g’t), cf. (1.6). The formal homogenized
equation (1.5) takes the form of a dispersive correction of (1.3) and the discussion of
its well-posedness is postponed to Section 1.3; note that the homogenized differential
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598 M. Duerinekx, A. Groria & M. Rur

operator in (1.5) below is necessarily symmetric in the sense that b* = 0 for all k
even.(t). The proof of this main result is displayed in Section 2, together with the
definition of spectral correctors.

Tueorem 1. — Let a be Q-periodic. There exist sequences of spectral correctors {¢™},
and {¢""™ }m obtained as solutions of elliptic problems on the periodic cell Q, a se-
quence of homogenized tensors {b"},, and a sequence of Fourier multiplier {v,}n
with |yn(§)] < 1, ¢f. Definition 2.1, such that the following holds. For all £ > 1 and
for any impulse f € C™(R; H®(R?)) with f =0 fort <0, the ancient solution u. of
the heterogeneous wave equation (1.2) is accurately described by the ‘spectral two-scale
expansion’

L
(14) SUE, f] = 3 ™ (/) © el(eV) V"l
n=0

/-3 {—3—-2m
+e 30 () N (o) @ q(eV) VLR,
2m=0 n=0

£

(>
R x R%, in one of the meanings provided in Lemma 2.10,

where W, is an ancient solution of the following formal homogenized equation on

L
(1.5) ot — V- (a+25’€ ® (sV)’H)wﬁ = 10,
k=2

(Here, y™ is an nth-order tensor field, (™™ is an (n+1)th-order tensor field, and b* is
a matriz-valued (k—1)th-order tensor — see the notation section for the contraction ®
of tensors of the same order.) More precisely, we have the following error estimate:
forall>1 andt >0,

(1.6) flul — SEEE, [z @ay + 1D (ul — SEEE, f]) Iz ray
< () ) INDY  Fllur o.aynemayy-  ©

Remark 1.1. — The spectral two-scale expansion (1.4) has an important property
of physical interest: the second sum contains a series of terms that are all local with
respect to the impulse f, and this local contribution vanishes outside the support of f.
This specific form for the expansion owes to the Bloch wave analysis of Section 1.4.
It also illustrates the superiority of the present analysis over [5]: although outside the
support of the impulse the expansion in [5] has essentially the same form as (1.4) (up
to the pseudo-differential operator v,(eV)), it does not reach accuracy beyond the
order O(g). O

Remark 1.2. — The above two-scale expansion (1.4) involves the pseudo-differential
operator y,(eV). Although convenient in the analysis, it might not be so in practice

(D This is a consequence of the fact this operator appears as the homogenization of the self-adjoint
wave operator; see [5, Prop. 1] or our direct proof of Proposition 3.5 below.

JE.P — M., 2024, tome 11



LLONG-TIME HHOMOGENIZATION OF THE WAVE EQUATION 5‘),()

(e.g. for numerical purposes). As shown in (2.6), we can expand

oo
Ye(eV) =1+ Z R ORYA
k=2
for some explicit tensors {7} }1, so that for the purpose of (1.6) it can be approximated
to the required accuracy O(e’) by a finite-order differential operator. Note that the
pseudo-differential operator has some intrinsic spectral interpretation, playing the role
of a normalization of Bloch waves, cf. Section 1.4. O

The scaling €“(t) of the error (1.6) is optimal. This can be seen in this periodic
setting on the explicit spectral formula (1.24) for the solution (with a first order Taylor
expansion of the time integrand) for a forcing term f compactly supported in time.
The scaling of the error with respect to the norm of f involves the optimal order
of derivatives with respect to ¢ (we indeed need at least ¢ derivatives to define w* —
we have not tried to optimize the multiplicative constant C). In particular it implies
the summability of the two-scale expansion (or the invertibility of the associated
“infinite-order homogenized operator” as pointed out in the introduction) in form of
the following corollary.

Cororrary 1. — Let a be Q-periodic. Given an impulse f € C™(R; H*®(R?)) that
decays as t | —oo in the sense of f_ooo [t[{(D)* ft|12(ray dt < oo for any k > 0,
consider the unique solution of the associated heterogeneous wave equation

(0?2 -V -a(-/e)V)u: = f, in R x R?,
limy) oo ul =0, in RZ.

Then, in terms of the two-scale expansion (1.4), with ﬂﬁ now denoting the correspond-
ing solution of the formal homogenized equation (1.5) in the sense of Lemma 2.10, we

have for all t € R,
t

(L.7) 1D (ug — SE[ag”, F)lIne (ray < (50)5/ (t = $)I{DY £ |12 (ga) ds.

—0o0
In particular, if for instance the impulse takes the form ft(z) = f1(t)f2(x), where fi
has a smooth and compactly supported Fourier transform on R and where fo has a
compactly supported Fourier transform on RY, then the two-scale expansion is sum-
mable in the following sense: for 0 < e < 1 small enough (only depending on d, A, f),
for all T € R,

(1.8) m sup ||D(ug — SE[@c’, f1])lle zay = 0. 0

li
{too LT

For comparison, we display the corresponding result that can be obtained instead
of Theorem 1 when using a more standard “geometric” approach to devise a two-
scale expansion as in [3, 24, 1] (see Section 1.5 for an explanation of the naming
“geometric”). We slightly improve the error estimates of [3] thanks to the use of
suitable flux correctors (see Remark 3.7). Yet, the scaling with respect to ¢ in the
error estimate (1.11) is much worse than the one in Theorem 1 by a factor ¢¢, thus
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530 M. Duerinckx, A. Groria & M. Rur

showing the advantage of the spectral approach. (In particular, Corollary 1 does
not follow from Theorem 2.) The proof is displayed in Section 3, together with the
definition of hyperbolic correctors.

Turorem 2. — Let a be Q-periodic. There exists a sequence of hyperbolic correctors
{¢™™ }n,m obtained as solutions of elliptic problems on the periodic cell Q, and there
exists a sequence of homogenized coefficients {@""™ }y, m, cf. Definition 3.1, such that
the following holds. For all £ > 1 and for any impulse f € C>(R; H>®(R?)) with
f =0 fort <0, the ancient solution u. of the heterogeneous wave equation (1.2) is

accurately described by the ‘hyperbolic two-scale expansion’
L f—n
i B = 3 5 e o v,
n=0m=0

14
€

R x R?, up to a suitable revamping, cf. (3.7), in one of the meanings provided in
Lemma 2.10,

where UL is an ancient solution of the following formal homogenized equation on

£ L—n
(1.10) ot -V (Y3 @ o (V) (0™ ) Vil = [+ O(e).
n=1m=0
(Here, o™ is an nth-order tensor and @™™ is a matriz-valued (n—1)th-order tensor.)
More precisely, we have the following error estimate: for all £ > 1 and t > 0,

(111) [l = HEWE L2 ray + 1D (ul — HEDE)) |2 (re)
2
< (CONE) DY UeCD)” flluromie@ay. €

It is instructive to compare spectral and geometric two-scale expansions (1.4)
and (1.9). Outside the support of f, (1.4) provides an approximation of u. to or-
der O(e’) by a sum of £ + 1 terms, whereas (1.9) reaches a similar order of approx-
imation with a sum of (¢ + 1)(¢ + 4) terms (note that ¢™™ vanishes for m odd,
cf. Definition 3.1). This difference between O(f) and O(¢?) terms in the expansions
illustrates the more intrinsic character of the spectral two-scale expansion and its
superiority in terms of estimates. There is obviously a link between spectral and hy-
perbolic correctors, and spectral correctors {¢™, (™™}, ., can indeed be recovered as
linear combinations of hyperbolic correctors {¢™™ },, ., with coefficients that are non-
linear functions of hyperbolic homogenized coefficients {@™"™},, ,,,. Working out the
precise algorithmic relation between the spectral and geometric approaches is quite
involved and necessarily algorithmic. This is the subject of Section 4. In particular,
in combination with Theorem 1, one can improve (1.11) a posteriori to

(1.12)  Jlul — Hg[@?t]HL?(Rd) + || D(ul — Hf[ﬁﬁ;t])ﬂm(md)
< (eC)(1) ”<D>Cef||L1((O,t);L2(le))7

thus removing the spurious factor £¢. This constitutes a significant strengthening of
the error analysis of [3] and could not be obtained from the geometric two-scale
expansion approach only.
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LLONG-TIME HHOMOGENIZATION OF THE WAVE EQUATION 531

1.2.2. Random seuting. We turn to the case of a stationary ergodic random coeffi-
cient field a. For simplicity and illustration, we shall focus on the following Gaussian
model.

Derintrion 1.3, The coefficient field a is said to be Gaussian with parameter 8 > 0
if it has the form a = h(G) for some h € Lip(R*¥)?*?¢ with k > 1 and for some R*-
valued centered stationary Gaussian random field G such that the covariance function

c(z) :=E[G(z) ® G(0)], c: R4 — RFXK,
has B-algebraic decay at infinity, |c(z)] < (1 + |z|) 7. O

The analysis of Theorem 1 can be repeated in this Gaussian setting, and leads to
the following two-scale expansion result with optimal error estimate up to the optimal
maximal timescale. Note that the maximal timescale depends on the decay rate g for
correlations and saturates in case of integrable decay S > d (which corresponds to
the strongest mixing possible in the Gaussian setting and yields the central limit
theorem scaling for large-scale averages of the coefficients). This result extends [5] to
higher-order accuracy. The proof is displayed in Section 2.8. Exactly as in the periodic
case above, a corresponding result could also be obtained in terms of the geometric
two-scale expansion; we skip the detail for shortness.

Turorem 3. — Let a be Gaussian with parameter 8 > 0 in the above sense, and define
Ad

We can construct spectral correctors {i" }n<e, and {C™™ }ntamse.—3 as well-behaved
solutions of some hierarchy of elliptic problems on the probability space, homogenized
tensors {b"}n<r,, and a Fourier multiplier v, with |v,(§)| < 1, cf. Appendiz A, such
that the following holds. For any impulse f € C®(R; H>®(RY)) with f =0 fort <0,
the ancient solution u. of the heterogeneous wave equation (1.2) is accurately described
by the corresponding spectral two-scale expansion S[at, f] given in (1.4), where T’
is an ancient solution of the corresponding formal homogenized equation (1.5) in one
of the meanings provided in Lemma 2.10. More precisely, we have the following error

estimate: for allt > 0 and q < o,

lut = S& Tz, fllLe @z @ay) + 1D(ut = S& @, f) |Laiwz @ay)

(t)e/?|loge|1/? :B8>d, d even,

(t)et/2((t)1/2 Nem1/2) :B>d, d odd,
cr (t)e¥?|loge] :B=d, d even,

Sa [14)(D) f||L1(R;L2(Rd)) x (t)sd/Q(«t)\logle/Q /\5—1/2) :B=d, d odd,

(t)eP/?|log e|'/? 1 p<d, pe2N,

<t>55/2(<t>1—{5/2} /\5—{5/2}) 1B <d, B¢2N,

with the short-hand notation {8/2}=0/2—|8/2] €[0,1) for the fractional part of 5/2.
¢
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539 M. Duerinckx, A. Groria & M. Rur

For short times ¢ = O(1), in the setting of integrable covariance § > d, the above
two-scale expansion error estimate is O(¢%/2) (up to a logarithmic correction in even
dimensions). This is optimal and random fluctuations of . become dominant beyond
this scaling since fluctuations naturally have the scaling O(c%/?) of the central limit
theorem, cf. e.g. [13]. For longer times, the two-scale expansion error further depends
on whether the dimension is odd or even due to the growth of correctors: For g > d,
the two-scale expansion error remains negligible < 1, in the sense that the wave can
be accurately described in terms of some homogenized equation, only provided that

g=1/3 cd =1,
(1.13) t < { e 2|loge|~1/? : d even,
g=(d=1/2 :dodd > 1.

Up to such timescales, the above result can be used in particular to derive ballistic
transport properties of the wave, see [5, 14], as well as to derive spectral information
in a suitable low-energy regime, see [12]. Although the two-scale expansion cannot be
pushed further in general (except in the case of very specific structure of the coefficient
field, see e.g. the remark above Corollary 1.3 in [12]), ballistic transport could hold
for longer times (see e.g. the case of matched impedance in [26]).

Remarks 1.4 (Extensions)

— Nontrivial initial data: In Theorems 1 and 3, we focus on well-prepared data,
or equivalently, on ancient solutions of the heterogeneous wave equation, cf. (1.2).
If we rather consider the initial-value problem

(02 =V -a(-/e)V)z. = f, in Rt x RY

Ze|t=0 = u°, in R?,

Orze|t=0 = v°, in R,
with initial data u°,v° € L*(R?), then, because of ill-preparedness, an O(g) contri-
bution with almost-periodic time oscillations with O(¢™!) frequency is expected to
appear and to maintain forever: this is formally described in Section 1.6 below and

shows that a two-scale description cannot hold beyond accuracy O(e). This issue is
naturally by-passed by rather considering the time-averaged solution

2t g(a) = /0 0(t — s) z2(x)ds, for some 0 € C°(R).

Indeed, setting ty := inf(supp ), an integration by parts ensures that z. g is the
ancient solution of

(02 =V -a(-/e)V)zep = 0'(t)u® + 0(t)v° + fp, in R x RY,
(1.14) '

2ty =0, for t < to,
in terms of the time-averaged impulse f§(z) := [, 0(t—s) f*(z) ds. Hence, an effective
approximation for the time-averaged solution z. g is obtained as a direct consequence

of Theorems 1 and 3 for ancient solutions. Another way to solve this issue is to consider
oscillating initial data (u2,v2) in form of a spectral two-scale expansion.
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— Heterogeneous mass density: As in [3], we may replace 97 by p(x/€)d? in the
wave equation (1.2). Provided that the weight function p satisfies the uniform non-
degeneracy condition 1/Cy < p(x) < Cy for some constant Cyy > 0, it does not change
much in the analysis once the definitions of correctors are suitably adapted. The
necessary changes are transparent and we skip the detail for shortness O

1.3. WELL-POSEDNESS OF HOMOGENIZED EQUATIONS. We start by discussing the for-
mal homogenized equation (1.5) obtained with the spectral approach, where we recall
that Ek = 0 for all k£ even. The obstacle to the well-posedness of this equation is the
lack of ellipticity of the operator

L
(1.15) V. <E+ng® (aV)’H)v,
k=2

because of dispersive corrections. Indeed, the next-order homogenized coefficient ES
can be proved to be non-negative, cf. [25], so that equation (1.5) is ill-posed in general.
This is not new to homogenization, and a similar difficulty occurs in the elliptic
setting when studying higher-order two-scale expansions, see e.g. [6, 15]. In this case,
one typically uses an inductive method, which, for the wave equation, would read as
follows: for £ > 1, set W' := Zi:l eF~1wk where w! is the solution of

(02 -V -aV)w!l = f, inRxR%
w'=f=0, for t <0,

and where for 2 < k < £ we inductively define @w* as the unique solution of

(1.16) (02 -V -aV)a* =Yr V- 0 oV Vet i in R x RY,
' @k =0, for t < 0.

It is easily checked that this @ﬁ indeed satisfies (1.5). However, as originally observed
in [3] (in the similar setting of (1.10)), this notion of solution displays an immoderate
growth in time, which destroys any hope of using it for an accurate description of (1.2)
on long timescales. More precisely, the energy norm ||V@£;t||L2(Rd) is expected to
behave like O({et)*~1), which would make the approximation u. ~ S[w’, f] trivially
false on long timescales ¢ > 1. This time growth (also called secular growth) appears
as a snowball effect as corrector terms in the above hierarchy of equations for {w*}x>1
have the preceding profiles as sources.

Instead of this naive inductive method, one must look for another way to rearrange
equation (1.5). In fact, as @ > AId, we note that the Fourier symbol of the opera-
tor (1.15) remains positive in a fixed Fourier support for € small enough. Therefore,
if the spatial Fourier transform of the impulse f is compactly supported (uniformly
in time), then for £ small enough the Duhamel formula allows us to define a unique
solution that keeps the same compact support in Fourier space at all times. With-
out this additional assumption on f, the operator (1.15) needs to be modified at
high frequencies O(1/¢) to ensure ellipticity, and there are different ways to proceed.
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In the following we discuss the three different regularizing terms that we consider in
Theorem 1. The resulting solutions satisfy (1.5) up to an error of the order O(e).
We briefly describe high-frequency filtering, higher-order regularization, and the so-
called Boussinesq trick: these three approaches happen to be essentially equivalent up
to higher-order O(e*) errors, and we refer to Section 2.3 for the details.

(I) High-frequency filtering. — In [3], the authors proposed to use a low-pass trunca-
tion, which amounts to filtering out high frequencies of the impulse: equation (1.5) is
then replaced by

Y4
82Dt — v . (a +Y o (5V)k’1)VH§IM = (V) f,
k=2

for some o € (0,1) and some y € C°(R?) with Xlip =1and x|ga.p =0.

(L) Higher-order regularization. The alternative method used in [5] amounts
to regularizing the operator (1.15) by adding a higher-order positive operator
re(e|V|)¢(—A), where the factor #x, > 0 is chosen for instance as the smallest value
that ensures the following uniform positivity,

¢
¢ (a+ D ARCY (I U mw)g > LM, forall £ €RY.
k=2

(LI1) Boussinesq trick. — This last method proceeds by rearranging the ill-posed equa-
tion (1.5) and is inspired by the standard perturbative procedure to rearrange the
ill-posed Boussinesq equation in the theory of water waves, see e.g. [8]. This so-called
Boussinesq trick was first adapted to the present setting by Lamacz [23] in one space
dimension for £ = 3. It was extended in [9] to higher dimension for £ = 3, and further
extended to all orders ¢ > 3 by Abdulle and Pouchon [1]. It is somehow of the same
spirit as the higher-order regularization above, but with the additional twist that it
further uses the wave equation itself. This approach is slightly more intrinsic than
the previous two ones, but it also has the disadvantage of involving derivatives of
the impulse. Let us illustrate the main idea for ¢ = 3. We first choose k3 > 0 as the
smallest value such that

£ (8 © (e + rolg2(6-@E) >0, forall § R,
We then decompose the operator (1.15) as
V- (@+85 0 (eV)?)V=-V- (a(l k32 A) 1B O (€V)2)V — k32 AV -av),
and we use that at leading order the equation (1.5) yields
V-avul = 87u — f + 0(e?),
to the effect that one may reformulate (1.5) as

92(1 — 2k A)u3 . (a(1 — kze?A) + 6% © (svf)wgm)ﬁ = (1—e%k3A)f,

up to an error of order O(¢*). By our choice of k3, this equation is well-posed. This
method extends to arbitrary order and we refer to Section 2.3 for the details.
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Next, we turn to the well-posedness of the corresponding formal homogenized equa-
tion (1.10) obtained for the geometric two-scale expansion. While for equation (1.5)
the difficulty only came from the lack of ellipticity of the spatial differential opera-
tor (1.15), the existence theory for equation (1.10) is much more delicate as this equa-
tion involves higher-order mixed space-time derivatives. Just as for equation (1.5), the
inductive method (1.16) used in the elliptic setting leads to secular growth of the ap-
proximate solution and is of no use in the present situation. Before being able to use
high-frequency filtering, higher-order regularization, or the Boussinesq trick, we need
to get rid of higher-order mixed space-time derivatives in (1.10), which can be done
by iteratively using the equation itself (quite in the spirit of the above presentation
of the Boussinesq trick for ¢ = 3). This is called the criminal approximation in [3].
The thorough revisiting of this idea is the object of Section 3.3: more precisely, if ﬁﬁ
solves (1.10), then it is shown to satisfy an equation of the form

14 0—2
R v (6+ Y b (sV)’H)Wﬁ = f4+e*V. (ZE” ® (sD)”*l)Vf + 0(gY),
k=2 n=1

where {b"},, coincides with the spectral homogenized coefficients and where {€"},, is
some family of nonlinear combinations of the hyperbolic coefficients {@™™},, m; see
Lemma 3.8 for a precise statement. Now the differential operator in the left-hand side
of this equation is the same as in (1.5): it displays a lack of ellipticity, but the same
approach to well-posedness can be repeated, using either high-frequency filtering,
higher-order regularization, or the Boussinesq trick. Note that the right-hand side in
the above reformulation of the homogenized equation (1.10) differs from the homoge-
nized equation (1.5) obtained with the spectral approach, but there is no contradiction
as the spectral and hyperbolic two-scale expansions also differ: this demonstrates the
actual complexity of the link between spectral and hyperbolic correctors; see Section 4.

1.4. SPECTRAL APPROACH AND TWO-SCALE EXPANsION. — This section constitutes the
main insight of this contribution: the form of the spectral two-scale ansatz (1.4),

(117)  ue ~ SZ[te, f] := Y _ e"P"(-/e) © (V) V",
n>=0
£ N (F)TEEEC( o) © A(eV) VIO .
n,m=0

For that purpose, we focus on the periodic setting and first proceed to a fine Floquet—
Bloch analysis of the solution u. of the heterogeneous wave equation (1.2). Starting
point is an application of the Floquet transform, which is known to transform the
heterogeneous wave operator —V - a(-/¢)V on L*(R?) into a family of fibered wave
operators on the periodic Bloch space L*(Q).

When embedding the periodic cell into the physical space R?, there is an indeter-
minacy related to the choice of the origin (¢ € @), which we consider as an additional
variable. Averaging over this variable in @ allows us to place ourselves in the set-
ting of continuum stationarity — thus unifying the notation with the random setting.
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(All the upcoming results actually hold for ¢ fixed in the periodic setting.) Hence,
as in [5, 14, 16], we enrich the structure by considering shifts of the periodic coeffi-
cient field and by augmenting the physical space R? to include such shifts: we define
. € L2 (RT; L2(R? x Q)) such that, for all ¢ € Q, %.(-,¢) is the ancient solution of
the following shifted wave equation,

(118) {S&?—Va(s—kq)v)ﬂs(,q) :fv iHRXRd,
Ue(-q) = f =0, for t < 0.

In this augmented setting, the e-Floquet transform [14, 16] of an element w € L2(Rd><Q)
is formally defined as

(Ve )= [ e Tla /) dy

which is Q-periodic with respect to q. The Fourier inversion formula takes on the
following guise, cf. [14, Lem. 2.2],

(1.19) Wz, q) = /]R T (V) (e +q) d°E
This leads to a direct integral decomposition(?)

®
L2(RY x Q) :/ L*(Q)ec d*¢
Rd
via Fourier modes e¢(z) := €. Under this decomposition, the above wave equa-
tion (1.18) is equivalent to the following family of wave equations on the unit cell Q:

for all £ € RY,

(97 — (1/€2)(V + ic€) - a(V + ie€)) Vit = f(€), inRxQ,
Ve = f=o, for t <0,

where we recall that fstands for the spatial Fourier transform of f. Solving this equa-
tion by means of Duhamel’s formula and using (1.19) to invert the Floquet transform,
we get

¢ , sin — 8)(Lee)'/? —~
w20 = [ [ o (POEEZIEDD et o) Proeas

with the short-hand notation
(1.21) Le:=—(V+if) - a(V+if).

In other words, the solution can be decomposed as a superposition of fibered evolutions
on L2 (@), and, since the force f is not oscillating, only the fibered spectral measures
associated with the constant function 1 matter. It remains to evaluate the space-time
oscillating factor in formula (1.20) and to extract an effective behavior as ¢ < 1.

(2)Or, more precisely, a family of direct integral decompositions parameterized by e, which changes
the way the unit cell Q is embedded in R%.
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Proposition 1.5. Let a be Q-periodic, let the impulse f € C(R; H®(R?)) satisfy
f =0 fort <0, and assume for simplicity that the spatial Fourier transform f
is compactly supported uniformly in time. For all £, the self-adjoint operator L¢ on
L?(Q) defined in (1.21) has discrete spectrum and we denote its smallest eigenvalue
by Ae = 0. For [§| < 1, this eigenvalue is simple and we denote by we a corresponding
normalized eigenfunction. We then set

(1.22) mel := I [we] we, and ﬂél =1 —mel,

we note that the map R? — RT x L2(Q) : € = (¢, mel) is analytic for || < 1, and
that for |£] S1 and e < 1 it holds that

(1.23) 1/ el SIEP and  |Imeel = 1li2g) S elél.

With this notation, for ¢ <y 1 (depending on the Fourier support of f), the above
formula (1.20) for u. can be expanded as follows: for alln > 1,

(1.24)

- tsin ((t—s e e )?)
ul(z,q) = /Rd et (Wegl)(x/e+q)</0 ((t((l/i(g()l/\/af)zi\f) ) f2(6) ds) ¢

n—1
£ Y (—1ymem / T U (/e + ) 2T F(E) de
m=0 R

+ 0(32(n+1)) 1(0) " £l N L (R;L (RY))»

in terms of
(1.25) U, o= (Leg) ™ M (1/e)med,
which for €| < 1 ds analytic with respect to e < 1 and satisfies |V |2y Sm 6] O

We emphasize the structure of the above expansion (1.24). Since in (1.20) only
the fibered spectral measures associated with the constant function wg =1 (which is
the ground state of L) matter, the main contribution in (1.24) is naturally given by
the perturbed ground state w.¢ o< m.¢1. However, as the impulse f is not oscillating,
hence is not adapted to oscillations of the ground state we¢, higher modes also create
another non-vanishing contribution. In other words:

— The first term in (1.24) corresponds to the contribution of the ground state of
the fibered operators {L¢}¢ and the time dependence is expressed by some effective
evolution determined by the fibered ground eigenvalues {A¢}e.

— The second term in (1.24) is only of order O(¢®) and is induced by higher modes.

More precisely, the ill-preparedness of the impulse f creates a non-trivial oscillatory
contribution in Duhamel’s formula due to higher modes, which amounts after time
integration to a contribution that is local with respect to f. In particular, note that
this term vanishes outside the support of f.
For comparison, the Bloch wave approach in [23, 9, 10, 5] rather focused on the first
term in (1.24), thus neglecting the O(g®) contribution of higher modes, and further
replaced the oscillating factor m.¢1 by a simpler (not normalized) proxy that is easier
to characterize but that yields an additional O(g) error.
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Proof'of Proposition 1.5. — To evaluate the space-time oscillating factor in (1.20), we
must investigate the spectrum of L¢ in the perturbative regime || < 1. As this
self-adjoint operator has compact resolvent by Rellich’s theorem, it has discrete spec-
trum. We denote by A¢ its smallest eigenvalue, which is nonnegative as £¢ is. Note
that for £ = 0 the smallest eigenvalue of Ly is Ag = 0 and is simple (with constant
eigenfunction). Since the perturbation £ — L¢ is Lo-bounded with relative norm
< 1+ |€)%, standard perturbation theory [22] together with the discreteness of the
spectrum of Ly ensures that the smallest eigenvalue A¢ remains simple for |£] < 1
small enough. Moreover, the branch of eigenvalues £ — A¢ is analytic for |£] < 1,
and there is a corresponding analytic branch of eigenfunctions. Recall the definition
of the corresponding projectors 7r§,7rg- in the statement, and note that myl = 1, so
that (1.23) follows. Now expanding the constant function 1 with respect to those
projectors, identity (1.20) turns into

(1.26)
4 tsin ((t—s e2)Ae)/2) -
) = [ e o [ ((t((l s 6))1?;) ) 7¢) ) i
Sm 1 t— s)(Lee)t/? N )
//Rd | ( (/16/)5()(555))(1/25) )”§1>($/E+Q)f (§)d & ds.

The first right-hand side term is already of the desired form, cf. (1.24). We turn to the
second term, which captures the contribution of higher modes. Due to the discreteness
of the spectrum, for |¢| < 1, the operator L, has a spectral gap L¢|g, & 2 1. Combined
with (1.23), this yields the following bound for (1.25),

IE 2 @) Sm 1€l

For n > 1, noting that iterated integration by parts in the time integral yields for all
A >0,

bsin((1/e)(t — s)AY?) - - m+l 2
[ SN ey gy 5 (e oy

m=0
- (52/A)”“/0 cos ((1/e)(t — s)AY2)s(—02)" F*(€) ds

where we used the vanishing assumption for the impulse at initial time s = 0, it then
follows from functional calculus that

/ /Rd (Sln 1(/15/)E(t(— 8))(1[/3265)1/2) 7rj£1> (z/e +q) F*(€) d¢ ds

—ESZ e [ e /e 4 08 O d'€
Rd

+0(e n+1))H< >2n+1f||LlﬁL°°(]R;L1(]R"))-

Inserting this into (1.26) yields the conclusion (1.24). O
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We turn to the applicability of this spectral computation beyond the periodic set-
ting. In case of a stationary ergodic random coefficient field a, a similar Floquet
decomposition (1.20) can be justified, cf. [14, 16], but the corresponding fibered oper-
ators {L¢}e are then defined on L2(Q), where Q is the underlying probability space,
and typically have non-discrete spectrum. For instance, the spectrum of Ly = —V-aV
on L2 (Q) is expected to be made of a simple eigenvalue at 0 embedded at the bot-
tom of an absolutely continuous spectrum, cf. [16]. In this setting, the Floquet—Bloch
theory fails and the above perturbative spectral computation cannot be adapted.
As shown in [5, 14], however, an ‘approximate spectral theory’ can be developed:
formal Rayleigh—Schrodinger series can be approximately constructed up to a cer-
tain accuracy, leading to approximate Bloch waves that can be used to approximately
diagonalize the heterogeneous wave operator and describe the flow on long timescales.
Equivalently, we may start from a two-scale ansatz given by the formal e-expansion
of the spectral formula (1.24), and then use PDE techniques to show that it indeed
provides a good approximation of the flow to a certain accuracy. This approach is
the one we use for the proof of Theorems 1 and 3: it allows us to forget about the
underlying spectral interpretation, which is only used to devise an educated guess for
a two-scale ansatz.

Finally, let us describe the e-expansion of the spectral formula (1.24), showing that
it takes the form of the spectral two-scale ansatz (1.17), and let us derive the relevant
hierarchy of PDEs for its coefficients. For that purpose, following [5], we first con-
sider the (not normalized) ground state 1o of L.¢ satisfying E [¢.¢] = 1. Expanding
formally

(1.27) Gee ~ Y _E"DE, Aee~ Y AL,

n=>0 n=1
and separating powers of € in the eigenvalue relation L.¢ee = Aeetbee, we find that
the maps 7]1? : @@ — C and coefficients ;\? € C are defined inductively by 1]}2 =1,
5\2 =0, and for all n > 1,

(1.28)  —=V-aVyf = V- (ai€y] ") +i€ - a(Vyp " +i€dp ) + ) Medp,
k=1

E [1/)2’] =0, ;\2 =—-E [ig . (av,(/v)glfl i az’&/?g*)} .

(Recall that by convention we implicitly set 1&? = 0 for n < 0.) This hierarchy of
equations uniquely defines {1&?, 5\?}” by the Fredholm alternative since by induction
the periodic average of the right-hand side of (1.28) vanishes; cf. Section 2.1. Note that
we find 5\2 = 0 in agreement with (1.23). Next, we normalize 1).¢ to get a normalized
ground state w.¢ and we define the corresponding projections m.¢, cf. (1.22),

Vet E [wee] = — 1 S el = e
E [[¢)e¢]?]

(1.29) wee = E [|tee|?]’

[
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and, in terms of (1.27),

1
(1/e)mdel = W(l/@( — e + E [|ee]?])
(130) 1 - n+1 . k
= B & (et e B[ )

We turn to the e-expansion of {U" }m, cf. (1.25): we write their expansions as
(1.31) TP o~ Y e
35 E [|¢8£|2] nZ}Q 3

and it remains to write PDEs to characterize the coefficients {C? Y n,m. For m =0,
inserting (1.30) and separating powers of € in the defining equation

LW, = (1e)mzel,
we find that the maps ég " Q — C are defined inductively for all n > 0 by

(1.32) =V avV" =V - (aitf; ™)
n+1

+i£-a(VCvg*10+z§C2 20 n+1+ZE|:wn+1 k ]

with nontrivial integration constant fixed as
n k+2

(1.33) = _ ZZ [¢§+2 l<n k0:|

k=11=2

(Recall again that by convention we implicitly set CZZ O =0forn < 0.) Again, these ob-
jects are well-defined by induction and the Fredholm alternative since our choice (1.33)
precisely ensures that the right-hand side of (1.32) has vanishing periodic average;
cf. Section 2.1. Next, we argue iteratively for m > 1: starting from the defining equa-
tion

LoV = 77,
we find that the maps (/™ : Q — C are defined inductively for all n > 0 by
(1.34)  =V-aV{"™ =V - (ai¢l™ ™) +ig - a(VTH™ it TH™) + M,
with nontrivial integration constant fixed as

n+2

(1.35) E[(™] = — ZE{wn+2 kcéc,mfl]
n k+1

_ZZ /)\2 [ Tk+1— lcn—k,m]

k=2 1=2
Putting all this together, using expansions (1.27) and (1.31), and extracting the
polynomial ¢é-dependence of the coefficients in the notation,

P =9t 0@, N =6 @0 @)%, = o )%,
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the spectral formula (1.24) appears to be precisely equivalent to the spectral two-scale
ansatz (1.17), with Fourier multiplier v given by

(&) == E[lvel?] 7,

and with @, satisfying the associated formal homogenized equation, cf. (1.5),

8%u. — V- (a+ Yoo (sV)”’l)Vﬁs ~ f,
n>=2

where dispersive corrections correspond to derivatives of the fibered ground states
{A¢}e at € = 0. We have also derived the PDE hierarchies defining correctors
{Y", ¢ m, cf. (1.28), (1.32), and (1.34). For the proof of Theorems 1 and 3,
we replace infinite series by finite sums and show by PDE techniques that these are
still good approximations for the wave flow. In the random setting, just as in the
elliptic case [18, 4, 21, 15|, we can only solve a finite number of the above corrector
equations, which is why a homogenized description is only obtained up to some
maximal timescale and accuracy, depending both on space dimension and on mixing
properties of the coefficient field.

1.5. GEOMETRIC APPROACH AND HYPERBOLIC TWO-SCALE EXPANSION. Instead of star-
ting from the above spectral analysis, another way to describe oscillations of the
solution u,. of the heterogeneous wave equation (1.2) is to appeal more directly to two-
scale expansion techniques [6] and rather postulate the following natural hyperbolic
two-scale ansatz,

(1.36) ue ~ HXO[O] o= Y "™ (- fe) © VO,
n,m2=0

where time and space play essentially symmetric roles and where v, should satisfy
some effective (constant-coefficient) hyperbolic equation. Inserting this ansatz into the
heterogeneous wave equation (1.2) and separating powers of ¢, we are led to defining
hyperbolic correctors as Allaire, Lamacz, and Rauch in [3, Def. 2.2]. These correctors
can be viewed as a refinement of usual elliptic correctors: for all n > 0, the nth-order
hyperbolic corrector ¢™° and homogenized tensor @™ defined in Section 3 indeed
coincide with their elliptic counterparts [6, 21, 15].

As in the elliptic setting, hyperbolic correctors have a natural geometric interpre-
tation. We focus on the periodic case to simplify the presentation. The first corrector
o9, which is the same as in the elliptic setting, is defined to correct Euclidean coor-
dinates  — z; into a-harmonic ones = — x; + (/5;’0(3}): indeed, (b;’o is the unique
periodic solution of

~V-a(Ve; " +e) =0,
with E [¢1’0] = 0. The corresponding two-scale expansion H[v] := v + sqﬁ%’o( I\

:
is then viewed as an intrinsic Taylor expansion of the limiting profile T in terms of
a-harmonic coordinates. In order to describe oscillations with finer accuracy, higher-

order correctors are iteratively defined to correct higher-order polynomials and make
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them adapted to the heterogeneous wave operator. More precisely, higher-order cor-
rectors {¢™" }p,.m are defined in such a way that, for any polynomial p in space-time
variables z,t, the corrected polynomial
(1.37) H®[pl:= Y ¢""oV"'p
n,m>0
captures oscillations of the heterogeneous wave operator in the sense that
(0F =V - aV)H>[p]

has no periodic oscillations any longer. In that case, this quantity can automatically
be written as
13 @ -vanEeh= (- (T X areviar)v)r
n=>1m2>=0

for some suitable family {@™™},, ., of constant tensors; see Proposition 3.6. This
reflects the fact that on large scales the heterogeneous constitutive relation Vu — aVu
is replaced by the effective relation Vu — aVu at leading order, while additional
corrective terms must be included when looking for finer accuracy,
(1.39) Va —s (Z Y armo V”*aﬁ)w.

n>=21m2>=0
The difference with the elliptic setting is that in the present hyperbolic setting both
space and time variables need to be corrected alike. Comparing to the spectral ap-
proach, note that the presence of mixed space-time derivatives in the resulting homo-
genized equation (1.10) leads to additional well-posedness issues: naive notions of
solution display a secular growth, which was first avoided in [3] as explained at the
end of Section 1.3.

1.6. Trr-prePARED DATA. — Up to now, we have focused on well-prepared data, or
equivalently, on ancient solutions of the heterogeneous wave equation (1.2). We now
briefly discuss the effect of ill-prepared data by means of Floquet—Bloch theory, which
provides further insight on the claims of Remark 1.4. For that purpose, as in Proposi-
tion 1.5, we assume that the coefficient field a is periodic and that the impulse f has
compactly supported spatial Fourier transform: in this setting, for ¢ small enough,
the operator L.¢ has discrete spectrum and its lowest eigenvalue A.¢ is simple for
all ¢ in the Fourier support of f. We then show that, if initial data do not fit spa-
tial oscillations of the ground state, their projection on higher modes propagates and
maintains forever, leading to an O(e) contribution that consists of a superposition
of typically incommensurate time oscillations with O(¢~!) frequency. This almost-
periodic structure prohibits any approximate description by a two-scale expansion
beyond accuracy O(e). More precisely, we consider the initial-value problem

(0} =V -a(:+q)V)z(,q) =0, inRT xR%
2e(+, @)|t=0 = u°, in R?,

O¢ze (-5 q)|e=0 = v°, in R%,
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By Floquet—Bloch theory, arguing as for (1.26), we now get
o) = [ et/ +a)
R

sin ) \e)/2
X (cos (t((1/e2)ree) V) @0 (€) + (t((1/e*)Aee)'?)

Qg T O) 0
+ ’I“E(.Z', Q>7

where the remainder r. contains all the effects of initial ill-preparedness,
o) i= [ e (o8 (H(1/22) 800" ) meL) (/e + @) 7€) ¢
R

e (50 (H(1/=2) 62" ) o
+/]Rde E( (1/e2)L¢)1/2 7Telsl)@'?/ﬁﬂl)v(E)ds.

Denoting by {vl;}n>0 the non-decreasing bequence of eigenvalues of L. on L*(Q)

(repeated according to multiplicity, with Veé > 1/55 = Ae¢), and denoting by {7 }n>o
a corresponding sequence of normalized eigenfunctions, the above remainder can be
written as

(z,q) Z/ ek Klevie(z/e+q)

€sin € 1/2
x (cos ((t/2) () 2)a°(€) + (/)2 ?)

(Vi)'

in terms of k7, :=E [’y&] = O(&f). As claimed, this shows that the remainder r. is of

() d'¢,

order O(g) and oscillates both in space and time with O(e~!) frequency. Moreover,
at a fixed Fourier mode &, the time dependence is (typically) almost-periodic, which
prohibits any approximate description by means of a two-scale expansion beyond
accuracy O(g).

As explained in Remark 1.4, these complicated oscillations are naturally removed
by taking time averages. In terms of the above remainder r., this amounts to noting
that, given § € C°(R), we formally have for all A > 0,

/ Bt — ) cos((s/£)A2) 5*5225% 1R+ A—R—1g(2k41) (),
k=0

5sin s/e)A/?)
/ 0 t—s (()\1//2) ds _62252k k+1)\ k— 19(2]6 ( )’

so that the above flow decomposition is prec1sely turned into an expansion of the
form (1.24) for the time-averaged flow (1.14).
2. SPECTRAL APPROACH AND TWO-SCALE EXPANSION

This section is devoted to the definition of spectral correctors and to the proof
of Theorems 1 and 3 and of Corollary 1, including the well-posedness of the formal
homogenized equation (1.5).
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2.1. DEFINITION OF SPECTRAL CORRECTORS. We start by recalling the definition of
the spectral correctors {¢/"},, and homogenized tensors {b" },, as first introduced in
[5, Def. 2.1] and motivated in Section 1.4, cf. (1.28). We further introduce Fourier mul-
tipliers {~,}¢, which are proxies for the factor E [|1h-¢|?] “lin (1.29), (1.30), and (1.31).

Derintrion 2.1 (Spectral correctors). For all ¢ € R?, we define {1/3?, 5\2‘}”>0 induc-

tively via 1550 =1, 5\2 =0, and for all n > 1 we define 1/3? € le)er(Q) as the periodic

scalar field that has vanishing average E [zﬁg‘] = 0 and satisfies

(21)  =V-aVy} =V (aify ™) +if - a(Vep " +igdy %) + Zn: Aapg =,
k=2

where we have defined

(2.2) 3 =-E [ig Ca(VyE + z‘&/?é”)} ,

recalling that we implicitly set 1/3? = 0 for n < 0 for notational convenience. Factoring
out powers of £ in the above, we may then define the real-valued symmetric tensor
fields {¢)"},, and symmetric tensors {b"}, via

(2.3) Va¥o (Zf)®n _ QLEL’ ¢ (B" ® (i§)®(n—1))§ — ;\g-i-l.

-1

We shall also use the notation @ := b as the latter coincides with the homogenized
coefficient for the associated elliptic equation. Next, for all £ > 1, we can define the
following Fourier multiplier,

(2.4) e(€) = E[| T4y vm © (i€)®"[2] 0

Remarks 2.2

— As the choice (2.2) precisely ensures that the right-hand side of (2.1) has van-
ishing average, an iterative use of the Poincaré inequality on the unit cell Q) easily
yields the following estimates: for all n,

(2.5) [B°] + 10" () < O™

This ensures in particular the well-posedness of equations (2.1) & (2.2).
— Since by definition we have

B[, ¥ © (i€)®"] =1,
Jensen’s inequality yields

E[| X v 0 (@)% = 1,

which ensures that the definition (2.4) of the Fourier multiplier v¢(£) indeed makes
sense and satisfies 7,(¢) < 1 for all £. In addition, in view of (2.5), we can expand,
for |¢] < 1 small enough,

(2.6) (&) =1+ 7 0,
k=2
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for some coefficients {75 };. In addition, this can be truncated to any order n > 0,

(2.7) () = Yok © €54 < (e,
k=0
— The uniform ellipticity of a, cf. (1.1), ensures that @ = b is elliptic, and therefore
we have A2 = £ -@¢ > \|¢|? for all £ € R%. O

As a consequence of the self-adjointness of fibered operators {£L¢}¢ in Section 1.4,
their first eigenvalues {A¢}¢ are real, hence, in view of (1.27) and (2.3), we deduce
that " must vanish for all n even. Equivalently, 5\? vanishes for n odd. This can
alternatively be proved by a direct computation starting from definition (2.2), cf. [5,
Prop. 1]; a similar (more involved) argument will be provided in Proposition 3.5, so
we skip the detail for now.

Prorosition 2.3. — We have b = 0 for all n even. O

As is common in the elliptic setting, it is useful to further introduce suitable flux
correctors, which will allow us to refine error estimates by directly exploiting cancel-
lations due to fluxes having vanishing average.

Derinirion 2.4 (Spectral flux correctors and auxiliary correctors). For n > 0,
we define the spectral flux correctors o™ := (07 ; )i<iy,...;in<d DY

iy = (V‘I’Z...in)T,
where &7 ;€ le,cr(Q)d is the periodic vector field that satisfies E[®7 , ] =0 and
n+1
“O(O i i = Cin @], UL o) = D (ein Bl e DV
k=2

For n > 2, we also define the auxiliary correctors p" := (p} ; )i<i,...in<d DY

n _ i n
Piy..in = Vzn‘l’il

sl
where W7 . € H}..(Q) is the periodic vector field that satisfies E[¥7 ;] =0
and
-1
AV i = Vi 0

Next, we turn to the definition of the correctors {(™™},, mn, as motivated in Sec-
tion 1.4, cf. (1.32) and (1.34), and we start with the case m = 0.

Lemma 2.5. — For alln >0 and € € RY, we recursively define Cv?,o € Héer(Q) as the
unique periodic scalar field that satisfies

(28) —V-aV{’ =V (ait/ ™) +i6 - a(VETH +ig(0)
n+1

g+ Y R[S,
k=0
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with integration constant
n k+2

(29) — ZZ /)\2 |: k+2 lCn k,0

k=11=2

With this choice of the constant, the above equation for ég’o 1s indeed well-posed by the
Fredholm alternative as it iteratively ensures that the right-hand side has vanishing
average,

(2.10) [zg a(VE 4 iglr 20] ZE[@Z;”“ ’wjg} —0.

Factoring out powers of i€, we may then define the real-valued symmetric tensor

field ¢™9 such that -
¢ (ig) P = G, 0

Proof. — Tt suffices to show by induction that (2. 10) holds for all n > 0. For k > 0,
testing the defining equation (2.1) for wkH with Cg , we get after averaging and
integrating by parts,

E[F(-V-av)]
k+1

=E [17?( (aléfg %) +ig - aVCg 0) + w L€ - aig)(g 0} Z)\l E[wk+1 zgg,o].

1=2
Now inserting the defining equation (2.8) for 52’07 and reorganizing the terms, this
becomes

E [0 (V- (aigq™"") +i€- a(Vey ™0 +ief 7)) + Ik - aig) G|
= E[JF (V- (aieQ") + i€ - a(VEy® +iet ")) + 9E (i€ - aig) |

(
+
n n,0
IE [¢k+1 +1} Z )V E{wk+1 ng }
Iterating this identity (n + 1)-times, starting from k = 0, and using that 1 = 1 and
that E[¢p™] =0 for all m > 1, we deduce after straightforward simplifications

E [i£~a(V€§’°+i§é§’1O} ZE [W”z kb } ;i:é { n+1 ko]
or equivalently,
E i€ - a(V(RO + i) +7§E [¢”+2 bk
- = Cg 10 Eliz)\éﬂg[ t2— lcngkfl,0:|.
nkllol 2

Now the choice (2.9) of the integration constant for C precisely ensures that the
right-hand side vanishes, which proves that the 1dent1ty (2.10) holds with n replaced

by n + 1. a
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Next, we turn to the construction of corresponding correctors {¢™™},, for m > 1,
as motivated in (1.34). The proof of this lemma is analogous to the one above and is
skipped for shortness.

Leyma 2.6. Given m > 1, for allm > 0 and ¢ € R?, we recursively define C" m
Héer(Q) as the unique pemodzc scalar field that satisfies
(211)  =V-aVe™ = V- (aigd ") + i - a(VETHT gl + ¢
with integration constant
ey n+2]E{ [rekg km 1} ig )\l/)\g [ NaEs lCn km}
[ /)\ Z Ve k=1 1=2
With this choice of the integration constants, the above equation for Cj" M s indeed

well-posed by the Fredholm alternative as it iteratively ensures that the mght—hand side
has vanishing average,

(2.12) [zg a(VETI gl 4 1} —0.

In particular, E[Cg’m] = 0 for all m > 0. Factoring out powers of i, we may then
define the real-valued symmetric tensor field (™™ such that

¢ ()P = 0

Again, it is useful to further introduce associated flux correctors, which allow us
to refine error estimates by directly exploiting cancellations due to fluxes having
vanishing average.

DeriNition 2.7 (Spectral flux correctors). — For n > 0, we define the spectral flux
corrector 70 := (Tﬁ(?iwl)1@17___71'%1@1 by
0 _ ,0 T
TﬁminJrl - (V@Z1n+l) ’
where CIDZO L€ H!..(Q)is the periodic vector field that satisfies E[®" -0 %H} =0
and
0 _ 0 1,0 1,0
—A@Zu'i7L+1 - a(VCZmi”Jrl + C” in eZnJrl) - E[a(vch Gnt1 + C” in, 67'n+1)}
We define the spectral flux corrector 7™ := (7,7 )i<ir,....inj1<a for n > —1 and
=1 by .
n,m _ n,m
Tiyiing1 — (vq>i1...in+1) )
where @™, € H],.(Q)% is the periodic vector field that satisfies E[®}""", +J =0
and ) et
n,m n,m n—1,m n m—
_A(I)le +1 = a'(vC 41 +C ’in eln+1) + 4.21 2 6171+2

(Note that the definition of the ("™™’s ensures that the expression in the right-hand
side has vanishing average.) O

Based on the above definitions, as for (2.5), an iterative use of the Poincaré in-
equality on the unit cell @) easily yields the following estimates.

Lemma 2.8. For all m,n >0,
(213) @™ 0" oM g+ BT ICT T ) S CT 0
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2.2. SPECTRAL TWO-SCALE EXPANSION, Given a smooth function w, we consider its
two-scale expansion of order ¢ > 0 associated with the above-defined spectral correc-
tors, as motivated by spectral considerations in Section 1.4,

(2.14) 8w, f] - Ze Y (/e) © 1 (eV)V"

{—3—-2m
+e* Z Jre D N (/e) @ m(eV)VIHO™ £
2m=0 n=0

We show by PDE techniques that this expansion is indeed well-adapted to describe
the local behavior of the solution to the hyperbolic equation in the following sense: the
heterogeneous hyperbolic operator applied to S’f [w, f] is equivalent to a higher-order
effective operator applied to @, up to error terms of formal order O(e*). The proof is
postponed to Section 2.4.

Prorosirion 2.9 (Spectral two-scale expansion). Let £ > 1, e >0, and let w, f be
smooth functions satisfying

4
(2.15) 8T -V - (E+ZB’C@(W)’H)VW: f.

k=2
Then, the associated spectral two-scale expansion of order ¢, defined in (2.14), satisfies
the following relation in the distributional sense in R x R?,
07 =V -aV)Si[w, f] = f

2/ IA(n—1)

=D DL DI C Vi o RSN B 4\ A

n={_ k=(n—0)V1

— €£v : (pfln_”('/&)6@7@(5V)V€ 111/ 1f)

=<'V ((avf, i, =0t ) (/D) (V) VY, )
+ ef(w +0)(-/e) © w(svwff —elop, L, (/) u(EV)VAV,
1+1

. k-1 k=2 2
PY S e OB UV
n=1k=(4+2—n

—e' 3 (U (gl = ) VIV 02 )

2m=0

_52 Z m —3— 2mm(/8) :'74(5V)V2Ve 2—-2m a?mf

11 ~ip—2-2m ~lg—2-2m
2m=0
-3
+ElOR N (LTI o) © (V) VIR .
2m=0
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2.3. WELL-POSEDNESS OF HOMOGENIZED EQUATION. As motivated in Proposition 2.9,
cf. (2.15), we consider the following formal homogenized equation, for ¢ > 1,

{anﬁ ~V-(@+ XL ,B 0 (V) ) VUL = f, inR xR,

2.16 _
( ) Uﬁ:fzo, for t < 0.

However, as explained in the introduction, the symbol of the operator
(2.17) V. (a+2bk © (eV)E~ 1)v

may vanish, so equation (2.16) is ill-posed in general. As described in Section 1.3,
several higher-order modifications of this equation can then be used to ensure well-
posedness: high-frequency filtering as in [3], higher-order regularization as in [5], or the
Boussinesq trick as in [1]. Let us precisely define each of them.

(1) High-frequency filtering. — Let a € (0,1), and let y € C2°(R?) be a cut-off func-
tion with

Xlip =1, Xlrip =0.
Provided that 0 < € <, 1 is small enough, the Fourier symbol of the operator (2.17)
is strictly positive on e~*B, and we may then define ﬂg)’f as the unique solution
in R x R? of

(2.18) o2t — v . (a+ Zbk ® (V)" 1)Vu<1 (V) S,

—(I),¢ (),2

with ug”” = f = 0 for ¢ < 0, such that the spatial Fourier transform of mg " is
supported in R x e7*B.

(L) Higher-order regularization. — Choose k; > 0 as the smallest real number such
that for all £ € R?,
(2.19) ¢ (a+ Zbk (i) **) + melél”)¢ > SAl€P.

Note that (2.5) entails #, < C*. Then, for all € > 0, we can define ™ as the unique
solution in R x R? of

(2.20) Fuln et — -(a+2bk © (€9 + k(e V) ) VD = .

(I1),¢

withug " = f =0 for t <0.

(I11) Boussinesq trick. Set k1 = 1, kg; = 0 for all j, and for j > 0 we define
inductively rg;4+1 > 0 as the smallest value such that for all £ € R?,

(2.21) & (woyia + 3 ® (i€/1g) )¢ > 0.

=1
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Note that (2.5) entails |«;| < C! for all I. Then, for all € > 0, we can define u ™ as

the unique solution in R x R? of

4
(2.22) 82< +3 kilelV)- 1) (D¢
=2

-V (é(/{naJrnzlm B (V/|V|)nl)(€|V|)"1>VU§HM

n=1 =1
4
= (14+ Y mlewh ) L,
=2

with H(HI) ¢ =f=0fort<0.
We analyze these three modifications of the formal homogenized equation (2.16)
and show that they are well-posed and all equivalent up to higher-order errors. The
proof is postponed to Section 2.5.

Lemva 2.10 (Well-posedness of effective equation). — Let f € C(R; H*(R?)) and
let{>1

(i) If the spatial Fourier transform of f is supported in Rx Bg for some R > 1, and
provided that eR < 1 is small enough (independently of £), then the formal effective
equation (2.16) admits a unique ancient solution Uﬁ € L2 (R; L*(RY)) with spatial
Fourier transform supported in R x Br. Moreover, it satisfies for all r;t > 0,

—{;t
I{D)" DU |2 ey S (D) fllLr ((0,0),L2 may)

”Ue ||L2(Rd) S O FllL 0,012 mey) -
(ii) The modified equations (2.18), (2.20), and (2.22) are well-posed in the space
L (R; L2(RY)) in their respective sense, and their solutions satisfy for all v >0, for

() = () or (II),
(D) Da |2 may S D) Flles (0,02 ()
[T L2 may S OIF L o,0m2@a),
and for (x) = (III),
||<D>TDE§IH)7“||L2(W) < Ce||<D>T<5V>W_l)mf||L1((o,t);L2(Rd)),
||E§IH)7“||L2(W) <C')(eV) L(Ll)mfHLl((o,t);m(Rd))o

(iii) If the spatial Fourier transform of f is supported in R x Bg for some R > 1
and provided that e R < 1 is small enough (independently of £), we have for allr,t > 0,

SN
||<D>T<U(I)’[’t )||L2 Rd) S (EC)ZH<D>KQK+Tf||L1((O,t);LQ(JRd))7
(D) @04 — T Ylzey < €OV SBINDY Fllia o2 ay),

—{;t r—
(D) (@5 — T ) [laray < (€CY DY Fllns (0,012 R,
with Ko < 1/« in the first estimate. O
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2.4. Proor or Prorosirion 2.9. By scaling, it suffices to consider the case ¢ = 1
and we omit the subscript € = 1 for notational convenience. The two-scale expan-
sion (2.14) can be decomposed as S*[w, f] = St[w] + S5[f], in terms of

‘

o)=Y 4" 07(V)V'D,
n=0

{—3 £—3—2m
=Y X T oWV,
2m=0 n=0

We split the proof into three steps, separately deriving equations for each part.

Step 1. Equation for S{[w]. — We show that
(2.23) (9% — v aV)S[w)]

4
= Zd)”@w V”<82 (a+Zbk®V’“)Vw)
k=2
=V (@, i, = 0ty i) (V) W‘;’l i,w) —of, i u(V)VIVE
£+1

2 +k—2 —
+Z Z 112111 in Zn+1 dntk—2 ° (V)V VZ At k— 2w'

n=1k=(+2—n
A direct calculation based on the general formula
~V-aV(hg) = (~V-aVh)g—V - (ah)-Vg—aVh-Vg—ha:V3g
yields, for all n > 0,
—V-aV (" 0v(V)V o)
= (=V-aVy} _ )n(VIVE 5 @ =V (@)} e, )n(V)VET,

11 Tn+41
- (ein+1 ! avw?l...in)’ye(v)vﬁ+lzn+1@ - (ein+2 : C“/’Zzn Cint1 )’YZ(V)VZ+21n+2w'
Combined with the defining equation (2.1) for ¢", this entails
= V-aV(Y" ©v(V)V"w)
=V (a5, e )n(VVE i 0=V (@], e )n(VVET, @

21 tn41

+(er, - aVYLTL  )e(V)VE 0 = (ei,,, - aVO] L )7e(V)VEE,

1.t —1 11.--Tn+41

2 3 —_ 2 _
+ (ein : a',l/);ni vin—oCin_ 1)7@(V)v?1...i”w - (ein+2 ’ awil...i,Lein+1)’W(V)VZJr inpa
n
Thk—1 k _
- Z(elk bzl A Qelk—l)w;n];+1 Zn’YZ(V)VZ i Wy
k=2

and thus, after summation over 0 < n < ¢, taking into account the telescoping sum

we obtain that

((92 V aV SK Z’L/}zl zn’yf v;ﬂl Zn( i ]1 Jk—2 vZV;Cl 2.7k 2)E
k=2

_v (a’¢51..Aizeiéﬁ»l)’yé(v)vfj_lzj+1w_ei2+1 ' (v¢11 g +¢fl dp— 1€1€)VZ(V)vfj_lw+1w

L 42 _
- (ei/.urz ’ aq?z}ilu.izeif#»l )’Ye(V)VZj— ipgpa W
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which we can rewrite as
Y4 {+1—n
2 n 2vk—2 —
(02 -V -aV)Si[w Z (V) (07 - Z By i VIV )T

-V (a z i€y )Y ( Vz+1 w— (eie+2 : awfl...igei£+1 )75<v)v€+2 w

’L[+1 7«@+2
£+1
4 -1 T.k—1 (+1—k l+1 —
_(ei£+1.a(vwil...lj+wi1...i5716i£)_Z(elk b LA Qelk—l)wik+14..ig+1)’ye(v)v Ze+1w'
k=2

Recalling the definition of flux correctors, cf. Definition 2.4, this means
{4+1—n

9 n zh—1 2k—2
(0; —V-aV) 51 Z%l anYe(VVE ( Z bji e PV Vi 2)

(( wh K78 €1~‘iz)eié-%—l)’yf(v)vprllwrlm

gl

- (eie+2 : aqpfl‘..ieeie+1)’W(V)VEJFQMJJEV
and the claim (2.23) follows.
Step 2. Equation for S§[f]. — We show that
(2.24) (87 =V -aV)Si[f ZW@% v f
-2
m £—3—2m,m —3—2m,m m m
o Z (_1) vV <(a<i1--?-)i£272m _Tilui»)’iefzfzm),W(v)vvZ 21222 2m62 f)
2m=0
m £—3-2 . 27l—2—-2m 2m
_Z 1113;”;”' (V)vv 1[228 f
2m=0
-2 n+1
1— k n+l1—k k n+1
+ Z Z n+ {wiktl...in+1 11 ...0k i| (V)vzl+ 1n+1f
n=0 k=0 I—3
+ 8152 Z (_1)mcf—3—2m,m @,_M(v)vé—Q—QmatQ'mf.
2m=0

A direct calculation yields for all m,n,
~-V-aV (Cn,m ® w(V)V”HEF’”f)
= (=V-aV@" (VL O =V (@G e (VYRR 0T f

41 i1 i1 nt2 11 ... 42
~(€in2 @V (VIVEEE 0P f(einyerall T L i) (VYT O S

0141 tn42 i1 bp41 Int2 in+3

For m = 0, inserting the defining equation for (™, cf. (2.8), this entails
— V- aV (¢ (V)Y )

1,0
= v ( . in 6lrL+1)’Yg(V)Vn+lln+lf v ( Z1 N +161,L+2)’y¢(V)V"+2M+2
1 0 ,0
+ (6in+1 ! avcn ) (v)vn+lln+1 (ei"+2 : G, ZL 1n+1)’yz(v)v?+21n+2
2,0
+ (ein+1 'G’CZ i 1€M)W(V)Vn+lzn+1 (ein+3 - ag, i1 zn+1 %L+2)W vn+3zn+3f

n+1
o n+l n+1 § n+17k n+l—k n+1
11)11 1n+1’7£( l 1n+1f+ E |:w1k+1 An41 Zk] ’YZ 1 ln+1f
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and thus, after summation over 0 < n < £ — 3,

-3
~V-aV ) " onu(VIVTf ==V (a3 e )w(VIVIT,  f
n=0
€, @ (VC@ 31? 2 +Cf1 411(/) 3615 2)’)%( )Vé lw 1f
- (612 a fl 31? Qelé 1)7€(V>Vfllgf
/—2 £—3 n+1

D ILATRACH AN ES DB Coianmt of (s ANR TP B0\ sn 2

n=1 n=0 k=0

Proceeding similarly for m > 0, we find

£—3—2m
~V-aV > (M op(V)VrHopm f
n=0
£—3-2 £1—1-2 92
= _v ’ ( i1 00— ;n;r;elz 1— Q,H)FYZ(V)V ) T 2m mf
£—3-2 —4-2 £—1-2
- eié*l—Zm . (VC 7. ’;n:r; +C 7. ’;n::nezé 2— 2m)’y€(v)v Llp T 2m 82mf
{—3—2 {—
- (eie—zm a’g g T::new 1— 2m)’74(v)v 2?; 2m62mf
{—3—2m
1 +1 2
+ G (VT O ]
n=0
Combining the above two identities, we are led to
{—3
) £—3-2 £—1-2 92
- v ' aVSZ[f] == Z (_1)mv. ( C’L Jo— :n;tle,“ 1- 2"m)’yz(v)v N7 ";n 2m 7nf
2m=0
-3
£—3-2 —4-2 0—1-2 2
- Z (71)m6i‘g,1727n : (v§ g ;n:;+< g ?ZREW 2— 2771)’7[(v)v ) Tln 2m 6 m.f
2m=0
-3
£—3-2 £—2 52
- Z (_1)m(ei272m TAG; ;nzznelz 1— 2m)7€(v)v Z om mf
2m=0
-2 —3 n+1
1—k 1-k k 1
=Y (VR ZZ -k [w b (V)T LS
n=1 n=0 k=0
-3 —3—
1 +1 2
+ Z Z anmln+1’w V)vn Zn+1a mf
2m=2 n=0

Recalling the definition of flux correctors, cf. Definition 2.7, as well as (2.10)
and (2.12), and reorganizing the terms, the claim (2.24) follows. Note that the flux
correctors 7""’s are nontrivial even for n = —1, but those appear only in the case
when ¢ — 3 is odd.
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Step 3. Conclusion. Combining the results of the last two steps, reorganizing the
terms, and recalling the relation (2.15) between w, f, we are led to

(2.25) (02 =V -aV)S'[w, f] = f

-2 n+1
S CLC BT B DIV AU e MY A ALY

n=0 k=0
-V ((avf, i, — ol ) w(V)VVE, )

+ Z 1/1“ zn’yf( ) 21.. lnf—UflmuI’}/[(V)V2V51__i£w
n= (Z 1)v1
{41

. 2vn+k—2 —
+Z Z 1/}11 n Zn+1 Antk—2 " (V)v vl At k— 2w

n=1k=~0+2—n

-2
m £—3—2m,m £—3—2m,m L—2—2m 2m
- Z (71) V- ((acil---iK7272m. - Tiluizfzfzm)vz(v)vv g 2m f)
2m=0

— Z (_1)m7__f—3_—2m,m C (V)VQVZ 2—2m 82mf

110 —2—-2m g—2-2m

+ 82 Z mé-é 3—2m,m ® e (v)v€7272mat2mf,

2m=0

and it remains to reformulate the second and fourth right-hand side terms. For the
second right-hand side term, we recall the definition (2.4) of ~,, which yields

-2 n+1 ¢ -2 n+1
_I_T;;O]E{wnﬂ R } “; }_l_nz;)kzoﬂg{wnﬂ R }

20 14 .
=3 > Bl
n=~0k=n—/

For the fourth right-hand side term in (2.25), we use the auxiliary correctors of Defi-
nition 2.4 to write for ¢ > 2

U (VL = ot (Vi f =V (e (V).

Combining these identities yields the conclusion. ]
2.5. Proor or LEmma 2.10. — We split the proof into five steps.

Step 1. Proof of (1): well-posedness provided supp f CRxBg. — In Fourier space, the
operator —V - (@ + Y -_, b* ® (€V)*"1)V has symbol

0
pi(e) = ¢ (a+ 38" 0 () )e.
k=2
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By Proposition 2.3, we know that ,uf is real-valued. Recalling that the uniform ellip-
ticity condition (1.1) entails A|¢|? < & - @€ < |€]? after homogenization, and taking
advantage of (2.5), we find for |£| < R,

uﬂo;wa%A—ﬁéwcmﬁ—ﬁ;wa%A—ﬁf@ORV*)

k=2 k=2
Provided that eR < 1 is small enough, we deduce for |£| < R
(2.26) (1/C)IEP? < pl(€) < Clef.

We may thus define a solution of (2.16) in Fourier space via Duhamel’s formula,
that is,

— it sin ((t — s 1/2)
TN = [ <ﬁM$§>>f@@

where Fg = g stands for the spatial Fourier transform. This formula indeed satisfies
in R x RY,
(227) ORI + o0 = .
—

and thus, upon inverse Fourier transformation, this provides a weak solution U,
of (2.16) in L2, (R; L?(R%)). In addition, by construction, the spatial Fourier transform
is supported in R x By as f is.

We turn to the proof of a priori estimates. As the equation is linear and has constant
coefficients, derivatives of the solution satisfy the same equation up to replacing f by

its corresponding derivatives. It is therefore enough to prove the stated estimates with
r=20,

—/(5t

(2.28) DU Nz @ey S I F Lt (0,6),2(ReY)
—{;t

(2.29) NUS Nz @ay S O FIL 0,002 ®ay)-

Moreover, we note that the L*-estimate (2.29) directly follows from (2.28): recalling
that D = (0%, V), we indeed get from (2.28) and integration that

—L;t
U L2 may < / ||3tU llL2(ray / 1 fllLr(0,5);L2®ay) ds < (O fllLi(o,6)L2®ay)s

that is, (2.29). It remains to establish (2.28). For that purpose, multiplying both sides
of equation (2.27) by the complex conjugate of 9, F[U ﬁ} and taking the real part,
we get

—( —( —{
%@AxmﬂuW+¢mmw)«Wmmm@ﬂumm%

which implies

. . 1/2
0y </R (Iatff"[Us]F + uﬁff"[Ug]F)) S 1f Iz e-

Integrating in time and appealing to (2.26), this yields the claim (2.28). Note that
uniqueness follows from these a priori estimates by linearity.
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For Step 5, we shall also need an a priori estimate for Uﬁ in terms of the H~!-norm
of the impulse. Multiplying (2.27) with the complex conjugate of (|- |* + 5)713&"[?@
and repeating the above argument, we infer that

O, (/}Rd(lé‘I2 +0)7 e (€) I?[Uﬁ](£)2d§)1/2 < (/}Rd(|§|2 +5)—1|ﬁ(§)|2d5>1/2.

Integrating in time, using the monotone convergence theorem to pass to the limit
0 | 0, and appealing again to (2.26), we deduce

—;t
U lezay S Il o, 7-1 ®ay)»

and similarly, due to the constant coefficients and linearity of the equation, we get for
all r > 0,

—;t
(2.30) KDY U N2 @ay S KD Fllea (0,01 (-

Step 2. Proof of (ii) for high-frequency filtering. — Let «,x be fixed. We appeal
to (2.26) with R = £~“: provided that ¢! < 1 is small enough, we deduce for
€l <e™,

(2:31) (1/C)el* < ua(§) < CleP*.

Hence, as in Step 1, replacing f by x(¢*V)f, there is a unique solution u‘(gl)’z of (2.18)
in Li® (R;L?(R%)) with spatial Fourier transform supported in R x e~®B, and the
claimed a priori estimates similarly follow.

Step 3. Proof of (ii) for higher-order regularization. — In Fourier space, the regular-
ized operator —V - (@ + Zi:Z b* © (eV)F + ky(e|V])F) V has symbol

l
P (g) = ¢ . <a+ ng ® (i)t + /w(€|§|)e)§-
k=2

Recall that by Proposition 2.3 this symbol is real-valued. Moreover, the lower bound &-
a¢é > M¢|? ensures that s, can indeed be chosen as the smallest value satisfying (2.19),
while the bound (2.5) entails x, < C*. This choice of ry, together with (2.5), yields

SAEP < pE) < e (eg)”.

We can then solve (2.20) in Fourier space again via Duhamel’s formula, and the stated
a priori estimates are deduced as in Step 1 using the above coercivity of the regularized
symbol. Uniqueness follows by linearity.

Step 4. Proof of (ii) for Boussinesq trick. In terms of the symbol

¢ (Zhs (maa+ i b o g/ 16D ) e )¢
L+ Y, ma(el€]) =

equation (2.22) can be written in Fourier space as

(2:33) ORF@I] 4+ p D F () = F.

(2:32) ") =

)
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Note that (2.32) makes sense as x; > 0 for all I. In addition, the choice (2.21) of {x; };
precisely ensures that all the terms of the sum over n in the numerator of (2.32) are
nonnegative (and actually vanish for n even due to Proposition 2.3). Only keeping
the term for n = 1, and recalling k1 = 1 by definition, we deduce the lower bound

e s 73 S YISk
S T e T TS S ANEr

which is pointwise non-negative. We can then define a solution of (2.33) via Duhamel’s

formula

_ame tsin ((t— )" (©)1?) -
g[ug ): ](f) = /O ( (111)7g(£)1/2 )f (f) ds,
and thus, upon inverse Fourier transformation, this provides a weak solution of (2.22)
in LS, (R; L(RY)).
We turn to the proof of a priori estimates. As in Step 1, it suffices to establish the
estimate in energy norm. For that purpose, we start from the following equivalent
formulation of (2.33),

(2:34) BLOPT A ) 4 LT = L],

in terms of the symbols

L
() =1+ 3 mlele) Y,
=2
4

Ve(€) =€+ <Z (ﬁn6+ ni:l mb T o (z%)n#) (E|£|)n1>£’
=1

n=1

with /8¢ = MEHI) . Arguing as in Step 1, and using that B£(&) > 1 and v£(€) > M¢|?,

we find that any ancient solution of (2.34) satisfies

t
IDT™ | 2 ey S [ 1082 Fl 2 ey
0

Inserting the upper bound
¢

Z (eCIEN' 1Ty oaa < CHeg) 2L

=1

we are led to the claimed a priori estimate on the energy norm.

Step 5. Proof of (iil): comparison of modified equations. — We analyze the differences

—
o= g U., and we start with (x) = (I). By definition, it satisfies the equation

Pt —v. (a + Zb’“ o (V) 1>Vv = (x(e*V) = 1)f,

so that (2.30) yields for all r > 0,

IKD)"® S KDY (x(€*V) = D fllLr o, may)-
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By the properties of the cut-off function y, we find for all £ € R? and k > 0,

(2.35) X(e%€) = 1 < Ljeagiz1/2 < (26[ED"
Choosing k = [£/a| + 1, we then get by Plancherel’s formula,

(D) 8D 5|2 may S (€C) (DY Fllun(0,0y:m.2may)
with K, < 1/«, as claimed.

We turn to the case (x) = (II). By definition, the difference I satisfies the
following equation,

92N _ . (a + Zbk ® (V)1 + k(] V)) )wgﬂﬂ = ke(e|V))IAT"
Hence, combining (2.30) and the a priori estimate of item (ii), together with the bound
ke < C we get
(D) 6044 | 2 gay < CEUD)Y" (el V1) VT ellLr (0,02 )
< O DY VTl oy
S (O B IDYH FllLs (0,02 (ray)-

It remains to treat the case (x) = (III). Starting from (2.16) and (2.22), and recalling
k1 = 1, we get the following equation for the corresponding difference,

L
92 (1 +y m(e\w)l*l)@gﬂw
=2

Y/ n—1
o - —n41-1 v \n—l n—1 —(II1),£
7 (2 (s s o () 5l v
‘ —t
=D sV (f - 07T)
=2
0 n—1 1 .y
V. (Z (kna+ > kb o (%)”l)(sv)“)ws,
n=2 =2

-,
and thus, further using the equation for U, in the right-hand side, we get after reor-
ganizing the terms,

(2.36) 32(1+Zm |V l)vgm)

1

n—1
-V (Z (fina-l- Z Kl5n+17l ® (gl)n—l)(dv)n—l)V”gIH)l

=1 =1

-_Vv. (lz;

Z Kbt @ (V)1 (e V) 1) VU
£4+2—

k= l
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Combining (2.30) and the a priori estimate of item (ii), together with the bounds
|bk| < CF and ky < C¥, we get
T r— 77t
(D) T4 L2 gay < (€O (DY 2VT L1 ((0.0)12(Re))
ECYUDIDY* 2 Fllir (0,2 (Re))

and the conclusion follows. O

<
<

2.6. Proor or Tarorewm 1. Let a be Q-periodic. We split the proof into three steps.
We first establish (1.6) for the energy norm, before turning to the L%-estimate, which
requires some additional care. We start by assuming that supp fC R x Bp for some
R > 1, and then conclude with the general case in the last step.

Step 1. Proofof (1.6) for the energy norm in case supp fCRxBrwitheR < 1

For simplicity, we start by assuming momentarily that the corrector estimates in
Lemma 2.8 hold uniformly in the sense of

@™ 0™)lwroe @) < C7
(2.37) and [|(¢™, 7" [wree () < O™ for all n,m > 0.

As supp fC R x Bgr with eR < 1, we can consider the solution Uﬁ of the formal effec-
tive equation (2.16) as given by Lemma 2.10(i). From Proposition 2.9 and Lemma B.1,
using the assumed uniform corrector estimate (2.37), we then obtain
—{;t ¢
1D (ug = SEIUL", fD 2wy
¢

< (EC) DY Fllero.pyn2may + (EC) DY DUt (0,012 (Ra))

and thus, combining this with the a priori bounds of Lemma 2.10(i),
—0;t

(2.38) ID(ul — SEU.", D2 @ay < (€CYOIDY* Fllus (0,2 may)-

It remains to replace Uﬁ by u*" in the left-hand side for (x) = (1), (I1), or (III). For
that purpose, recalling the definition of the spectral two-scale expansion, cf. (2.14),
and using the assumed uniform corrector estimates (2.37), we note that

(s — (s —t
ID(SE@, £ = ST, Mlz@ey < CUUV) D@ =Tz @y

hence, by Lemma 2.10(iii),
(%) .0: —L;t
ID(SE@E, 1] = SETUL, D lrz@ay < EC)OIDY Flln (0,012 (ma))-

Combined with (2.38), this proves the claim (1.6) for the energy norm in case supp J? C
R x Bg with eR < 1, provided that (2.37) holds.

It remains to treat the case when the uniform boundedness assumption (2.37) for
correctors is not satisfied. In that case, we rather appeal to the Sobolev embedding
to estimate products with correctors: for any periodic corrector or corrector gradi-
ent ¢ € {Y",Vy", o™, Vo, " NV M N, L, we can estimate, for any
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function g,
e/l < [ (F, Tet/2R)( s lgP) de
Re N J B () B. ()
S el [, (5o 191%) @
~ P sup |g €
el [, (s o
(2.39) S el o191l rays

provided a > d/2. Up to a fixed loss of derivatives in the estimates, we may then
appeal to the L? corrector estimates in Lemma 2.8, and the above proof of (1.6) for
the energy norm is adapted directly.

Step 2. Proof of (1.6) for the L2-norm in case supp fC BrwitheR < 1

As in Step 1, we aim to apply Proposition 2.9 and Lemma B.1, together with
corrector estimates. However, the following terms are a priori problematic in the right-
hand side of the equation for the spectral two-scale expansion given by Proposition 2.9,

(240) T!:= —c'o! . (/o) : (eV)V2VE, ., Te

4 1>
¢ 41 - ,
n+k—2_ n PR . 2vn+k—2 TT
+ E E € Ui i (/)b i 1 Ve (EV)VEVETE S LU
n=1k=(+2—n

. . . -0 . .
Indeed, these terms are not total derivatives and involve U, itself: when applying
Lemma B.1 to estimate the L2 -norm of the two-scale expansion error, these terms
would therefore contribute like

(EC)Z<t>2H<D>C€f||L1((0,t);L2(]Rd))

with a prefactor (t)? instead of (¢). In order to improve on this, we shall reformulate 7
as a total time-derivative up to terms that depend only locally on f. Using the short-
hand notation

£
= -v. (a +Y oo (EV)k_l) v,
k=2

the effective equation for Uﬁ entails
TiVAT. = —92V2T. + V2F.
As in the proof of Lemma 2.10(i), cf. (2.26), the assumption eR < 1 precisely en-

—/ .
sures that the operator £_ : L?(R?) — H~2(R%) can be inverted when restricted to

—0
functions with spatial Fourier transform supported in Bg. As by definition both U,
and f have spatial Fourier transform supported in B, we may then write

(2.41) V20! = —92(Z0) "'V + (Z0)"'V2f.
By uniform ellipticity (2.26), we have for any function g with suppg C Bg,

— _
(2.42) 1(£2) 7' V2gll2@ay < lgllz ey
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Now using (2.41) to reformulate TY, cf. (2.40), we get

T = 0} (of, i, (-/2) s (€)Y, L, (L) 7' V2TL)

£

£+1

Yy e 202 (V12 i (Vs VEVIVETEE () 712D,
n=1k=~0+2—n
—l
— ol i, (1) (V)Y (B IV
14 £+1

30 Y TR b s WEVIVEE ()T,
n=1k=~0+2—n
Using this to replace the corresponding terms in the equation for the two-scale expan-
sion error in Proposition 2.9, appealing to Lemma B.1 to estimate its L2-n0rm, using
the corrector estimates of Lemma 2.8, using the Sobolev embedding to estimate prod-
ucts with correctors as in (2.39), and using (2.42), we get for a > d/2,

—{;t
lut = SET", 2 ey
a a 77t

< (eC) () |[(DY**F FllLr o,z ey + () |{D)>"* DU |lLr((0,4);L2(ReY)

and thus, by the a priori estimate of Lemma 2.10(i),
—L;t a

(2.43) lut = SETL", flIz@ay < ECYOIDY*F fllLs (0,012 e -
It remains to argue as in Step 1 to replace Uﬁ by ﬂé*)’z in the left-hand side. For
that purpose, recalling the definition of the spectral two-scale expansion, cf. (2.14),

and using again the corrector estimates of Lemma 2.8 together with the Sobolev
embedding as in (2.39), we note that for a > d/2,

—(* 77¢ a (—(* 7t
ISEt, £1 = SEUL, Az @ay < CURVY @ = Uo)llrzray,
hence, by Lemma 2.10(iii),
(%) .0: —L;t
|SE@i)-4t, £t — SEU. 7ft]HL2(Rd) < (Ec)e<t>”<D>CefHL1((0,t);L2(]Rd))'
Combined with (2.43), this proves the claim (1.6) for the L2-norm in case supp fcBg
with eR < 1.

Step 3. Approximation argument: proof for general f. — For R > 1, consider the trun-
cated impulse

fr=x((1/R)V)f,
and let “21)?, be the solution of the modified effective equations given by Lem-
ma 2.10(ii) with impulse f replaced by fr. Recalling the definition of the spectral
two-scale expansion, cf. (2.14), and using again corrector estimates, we then note
that for a > d/2,

ID(SE@EY, fr) — SE@EE, F) e ray
< O H D@ — R gy + CNDYH(f = fr)llLe gays
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and thus, by linearity and by the a priori estimates of Lemma 2.10(ii),

2 (), ;
ID(SE@CRE™ fh) = SLE, f Dl < CIUD)YS = fr)llis o, may-
By deﬁmtlon of fr, as in (2.35), the right-hand side can now be estimated as follows,
for any k > 0,

*),£; —_ . _
|1 D(SET, ( RO fE] - SE@CEE, F) e ray < RTFCHD)Y N £llir 0,002 (ma)-
Combining thls with the results of Steps 1 and 2, the conclusion follows for instance
with the choice R = ¢~/2 and k = 2/. O

2.7. Proor or Cororrary 1. — The bound (1.7) is obtained along the same line as
Theorem 1 (using a straightforward adaptation of Lemma B.1), and it remains to
deduce (1.8). For that purpose, we note that (1.8) would actually follow from (1.7)
together with the bound

t
(2.44) / (t— $)|(D)f* uaqma ds < C,

—0o0
in favor of which we presently argue. Recall that we assume here f'(z) = f1(t)f2(z),
where f; has a smooth and compactly supported Fourier transform on R and where fs
has a compactly supported Fourier transform on R?. The assumption on f, entails
(V) fa |2 (Re) < Cfi , while the assumption on f; yields for s < 0,

O Fallir (oo, S (8) 210D 00 ““ frlle (—oo,s))
< ()2 CUIY OO il (oo
< (s)72C,,
where f; stands for the temporal Fourier transform of f;. The claim (2.44) follows. [

2.8. Proor or Turorem 3. — We briefly explain how the above proof of Theorem 1
is adapted to the random setting. As for Theorem 1, we may assume supp fC R x Bg
with eR < 1, and the general conclusion follows by approximation. As explained in
Appendix A, the only difference with respect to the periodic setting is that only a
finite number ¢, = [%1 of correctors can be defined with stationary gradient, and
the highest-order corrector has a nontrivial sublinear growth. Using Proposition 2.9 in
combination with Lemma B.1 to estimate the energy norm of the two-scale expansion
error of order £ < /,, and using the corrector estimates of Appendix A and the Sobolev

embedding, we find for a > d/2,
ID(ut — SLT, f DllLao;L2 (ray)
S i (-/e)v (VDY T fllr (0,012 (Re))
* a 77t
+ s (-/e)y(eV)(D)>HH DU _|l11 ((0,6);L2 (R4))»

where the weight pj originates in the growth of correctors and is defined in (A.1).
A novelty with respect to the proof of Theorem 1 is that we now need weighted energy
. =0 . . . .
estimates for U, with sublinear weight ;. For that purpose, as the homogenized
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—t
equation (2.16) has constant coefficients, we note that U, displays ballistic transport,
and therefore

* a bt %
117 (-/)y (VDY F DU |2 ey S 11z (1/€) () )7 (€VHD)E Fllns (o2 may)
S 1 ((1/2)()) 1CDYE Fllnr (0,02 (ray) -
This is easily obtained by interpolation, using that the weight = corresponds to a
derivative in Fourier space and using the Duhamel formula for Uﬁ; see e.g. [5, Proof
of Prop. 3] for the details. The above then becomes
—;t %
ID(ut — SEUL", fDls iz ray S ) 1 (1/e) ) I[EHDY Fllnr (0,612 (may)-

Note that the error estimate for ¢ = ¢, — 1 is occasionally better than the one for
{ = {,. Optimizing between the results for £ = ¢, and for £ = £, —1, we easily conclude

1Dt = SE T, 1) e (s )
S (1) (7, (/) () A (1/2)) 1D Fllws oy we @

=l . . .
As in the proof of Theorem 1, we can replace U, in the left-hand side by the solution
of any well-posed modification of the formal homogenized equation, and we can derive
a similar estimate for the L*-norm. ]

3. GEOMETRIC APPROACH AND HYPERBOLIC TWO-SCALE EXPANSION

This section is devoted to the definition of hyperbolic correctors and to the proof of
Theorem 2, including the well-posedness of the formal homogenized equation (1.10).
This essentially constitutes a rewriting of [3, 24, 1] and is needed to rigorously relate
those works to the spectral two-scale expansion, cf. Section 4.

3.1. DEFINITION OF HYPERBOLIC CORRECTORS. — We start with the definition of the
hyperbolic correctors {¢™™},, ., and of the homogenized tensors {@™™},, ,,, as mo-
tivated in Section 1.5.

Derinirion 3.1 (Hyperbolic correctors). — In the periodic setting, the hyperbolic
correctors {¢™" },, m>0, homogenized tensors {@™™ },,>1.m >0, and fluxes {¢™™ },,.m>0
are inductively defined as follows:

— We set ¢%9 :=1 and ¢>™ := 0 for m > 1, while for n > 1 and m > 0 we define
O = (D" Niirn<d With @77, € H]L . (Q) the periodic scalar field that has
vanishing average E [(;S?lmjn] = 0 and satisfies

_v . av¢n’m j = v : (a¢n_1,m e.j'VL) + ej’”. : qn_17m

J1---Jn J1--Jn—1 J1e-Jn—1"

— Forn > 1and m > 0, we define @™ := (@}, ;  )1<ji,....jin_1<d 88 the matrix-

valued (n — 1)th-order tensor given by
o €= E[a(v¢?1,?l-jn71j + ¢n71’m ej)] '

J1---Jn—1 J1---Jn—1
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nm o.__ (M . . : 7,Mm 2 d
— For n,m > 0, we define ¢ = (qj1...jn)1<317-~dn<d with ¢; ™", € Lper(Q) the
periodic vector field given by
n,m L n,m n—1l,m . _ gntlm=-2_~  —nm .
a = a(VeiT HoiT T ) —on T e = e

where the definition of @™™ ensures E [¢"™] = 0.

In particular, there holds ¢™" = 0, @™ = 0, and ¢"™ = 0 whenever m is an odd
integer.(g) O

For all n, we note that ¢™° coincides with the elliptic corrector of order n, cf. [6].
As is common in the elliptic setting, it is useful to further introduce suitable flux
correctors, which indeed allow us to refine error estimates and slightly improve on
the result of [3]. More precisely, flux correctors are designed to allow a direct optimal
exploitation of cancellations due to fluxes having vanishing average E[q"’m] = 0.
We start with the definition of flux correctors for m > 1.

Derinition 3.2 (Hyperbolic flux correctors). For n > 0 and m > 1, we define the
hyperbolic flux corrector o™™ := (U?I’Tjn)lgjh._,jngd by
n,m n,m  \/
o5, = (VO )

where <I>71m

5. € H}. (Q)% is the periodic vector field that satisfies E[®7""™; ] = 0 and

per
_ n,m _nm
Ay = 4G 0

In case m = 0, as correctors ¢™° coincide with elliptic correctors, they display
more structure than general hyperbolic correctors. We recall how this structure can
be exploited to construct a suitable flux corrector o™ that is skew-symmetric: the
following lemma is essentially borrowed from [15].

Lemma 3.3 (Elliptic correctors and flux correctors). — Up to symmetrization of in-
dices, the elliptic correctors {¢™°},>0 and homogenized tensors {@™°},>1 coincide
with the modified families {(E”’O},@o and {a"’"}n;l defined via the following cell prob-
lems:

~ We set " := 1 and for n > 1 we define ¢"° = (gyl’gjn)lgjl,:jmgd with
5?1’?.jn € H}..(Q) the periodic scalar field that has vanishing average E[cﬁ?l’?.jn] =0
and satisfies

v n,0 _ . n—1,0 ) . ~n—10
V-aV 1 eedin =V (a jl...jn_16]7L)+e]7L UV e

~n,0 ~n,0 7 ~n,0
— Forn > 1, we define a™" := (a; N1<1rjn 1 <d With a;ll“

P the matrix
J1--In—1 1

Jne
given by

~n,0 o _n,0 “n—1,0 )
@y ojn—1 €3 E[a(v%...jnﬂj + ¢j14..jn7163)]'

(3)This is natural as time derivatives should always come in even numbers in view of equa-
tion (1.2).

JIEP. — M., 2024, tome 11
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— For n > 0, we define ¢*°

periodic vector field given by

,0 . ,0 2
= (@3 4 1<, nd with @7 5 € Lo (Q)? the

mn—1,0 ) ~n,0 n—1,0

E];ll,-o-d = a(v¢ gn T (le n—1Cin @y jnrCin T g1 Cins
where the definition of a” 0 and o1 ensures E[ ’ ] =0and V- G;’-LI’O - =0.
— We set 0'0 0:= 0 and we define the fluz corrector o™ : (anlo Jn)l<-717 jn<d for
> 1 with o} .jn € Héer(Q)dXd the periodic skew-symmetric matriz field that has
vamshmg cwemge E[ o j } = 0 and satisfies

n,0 _ ~n,0 n,0 _ ~n,0
=005 g, =V X g Ve =@

where we use the vector notation (V x F);; .= V,;F; — V;F; for a vector field F.

More precisely, these modified correctors coincide with {¢™°},>0 in the sense that we
have for alln > 0 and ¢ € R?,

PO =m0 e, (@0 o) = (@0 o), 0

Proof. — We refer to [17] or [15] for the construction of the skew-symmetric flux

corrector 0™, based on the compatibility condition V - g -0 _j» =0, and we now turn

to the equlvalence of ¢ and ¢™0. Setting

(3.1) = a(V(;S . T e ) —al’ e; —ott0

4., eegn—1Cin J1.--n—1"In 1.eGin—1Cins

the equation for ¢™° in Definition 3.1 for n > 1 can be written as

(32) _v ' avd)ﬂl]n = v ) (a¢n . ) + 6J1L (An 10 + 0_71 20 )

10w din—1Sin Q1. 1oz Cin—1

Symmetrizing indices ji,...,jn, the skew-symmetry of "2 allows us to drop the
corresponding right-hand side term, and we may conclude by induction that ¢™°
coincides with its modified version ¢™° up to symmetrization as stated. |

An iterative use of the Poincaré inequality on the unit cell @@ ensures the well-
posedness of the above objects and further provides the following a priori estimates.

Levva 3.4. — In the periodic setting, the above quantities {¢™™, ™™ @""™),, m are
uniquely defined and satisfy for all n,m > 0,
(™™, ™™ a1 (q) + [@™™| < C™FM. O

We conclude this paragraph with some important vanishing property of the higher-
order hyperbolic homogenized coefficients, which extends the corresponding elliptic
result [15, Lem. 2.3]; see also [5, Prop. 1], [3, Th.2.13], and [1, Th. 3.5]. The proof is
postponed to Section 3.5.

Proposition 3.5 (Symmetry of homogenized coefficients). — Foralln > 1 andm > 0,
there holds for any ji,. .., jn+1,
. g™ = (1)l g™ )
Ciny1 " Aji g 1Cin = (—1) €1 g y..53Ch2-

In particular, whenever n is even, we have

E-@ oM Ne =0,  forall £ e R O
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3.2. GEOMETRIC TWO-SCALE EXPANSION. Given a smooth function w, we consider
its two-scale expansion associated with the above-defined hyperbolic correctors, as
n (1.36),
¢ L—n

(3.3) Hi[w] =Y e"mgmm(-/e) © V"0;"w,

n=0m=0
and we show that it is well-adapted to describe the local behavior of the solution
to the hyperbolic equation in the following sense: as explained in (1.38), the het-
erogeneous hyperbolic operator applied to H:[w] is equivalent to some higher-order
effective operator applied to @ (up to O(e*) error terms). The proof is postponed to
Section 3.6.

Prorosition 3.6 (Geometric two-scale expansion). — Let £ > 1, e > 0, and let w, f
be smooth functions satisfying

(3.4) (Z Z a”m o (V)" Hed)™ )V@ = f.

n=1m=0

Then, the associated geometric two-scale expansion of order £, defined in (3.3), satis-
fies the following relation in the distributional sense in R x R?,

(07 — V- a(-/e)V)HZ[@]

—f—efz:v ((agy = ) ()05, 0 ")

+ ¢t Zat (gb”’f*"(-/s) O VoM — ol T (e v2vy;}jnflaf*"w). O
n=1

Remark 3.7. — Note that the last two right-hand side terms in the above equation
for the two-scale expansion H![w] are total derivatives (with respect to time or space):
this is not a trivial fact for the last term, as it is based on the possibility of constructing
skew-symmetric flux correctors {o™°},. This happens to be crucial when applying
Lemma B.1 in order to deduce an optimal L? error estimate. This slightly refines the
analysis of [3]. O

3.3. HOMOGENIZED EQUATIONS AND SECULAR GROWTH PROBLEM. As motivated in
Proposition 3.6, cf. (3.4), we consider the following formal homogenized equation, for
L>1,

(335) {afwﬁ V(S S @ @ (eV) 1 (20,) ™) VIV = f, in R x RY,
Wt=f=0, for t < 0.

However, this equation mixes higher-order space and time derivatives, and its well-

posedness is problematic. To avoid the secular growth problem described in Sec-

tion 1.3, we follow [3] and first show that the differential operator in (3.5) can be
rewritten in such a way that it does no longer mix space and time derivatives. This is
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/

achieved by iteratively using the equation to eliminate time derivatives up to higher-
order terms, which is referred to as the ‘criminal method’ in [3]. The proof is postponed
to Section 3.7. Note that the new homogenized coefficients {b"},, in this reformulation
automatically coincide with the coefficients given by the spectral approach: this can
for instance be deduced a posteriori by comparing the corresponding homogenization
results, Theorems 1 and 2; this allows us to use already here the same notation {b"},,

as for spectral homogenized coefficients. Note that by definition b' = a'* = a@.

Levva 3.8 (Revamped homogenized equation). — Given £ > 1 and ¢ > 0, if W&, f
are smooth and satisfy the formal homogenized equation (3.5), then we have

-2
D2 — (Zb” ® (V)" 1)vwf faev. (ZE" © (ED)"_l)Vf LV E,
n=1
where the coefficients {b™,€"},, and the remainder E are as follows:
— We define the matriz-valued symmetric tensor bP = (b];1 e 1)1gj1,...,j,,_1<d for

> 1 such that for all £ € RY,

k
- (510 ® 6@(1’7—1))6 = Z Z Z Hg . (Enj,mj ® £®(nj—1))€’

k21 (mq,....mg)EIL n1,...,np 21 =1
k+|n|=p+1

in terms of the index set

I, = {m:(ml,...,mk):mj >0 Vy, ij >2s Vs <k, |m| :2(k—1)}.

— We define the matriz-valued symmetric tensor e := (¢

iy 1 )01 p1<d fOT
all p = 1 such that for all € = (€0,¢) € R x R4,

5'(617@2@(1)_1))5 = Z Z Z (\)m|—2k HS @i ®§®(nj—1))£

k21 (m1,...omp)€Jx N1, =1
[n|+|m|=p+k+1

in terms of the index set
Jp = {m: (ma,...,mg) :m; =0 Vj, ij > 2s Vs < k}
j=1

— For e < 1 small enough, the error term Ef satisfies pointwise, for allr > 0,
(D) EY| < (=C0)* ([{D)+(eCD)* DWL| + [ (D)™~ eC'D)* 1] ).
In particular, Lemma 3.4 implies for all p > 1,
(3.6) 8°| + e’ < CoP
and Proposition 3.5 entails, whenever p is an even integer,

E-(BP 0PN =0,  forall & € R O
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The above thus leads us to considering the following modified version of the formal
effective equation (3.5),

V-V (@+ YL B 6 (V)1 VVL
(3.7) = [+e2V- (2,2 @ (eD)*1)Vf, inR xR,
Vi=f=o, for t < 0.
As with the spectral approach, the symbol of the operator

a+Zbk © V)V

lacks positivity, so this equation is ill-posed in general. To cure this issue, we argue
exactly as in Section 2.3: we can consider several well-posed higher-order modifications
of this equation, either by high-frequency filtering, by higher-order regularization,
or by the Boussinesq trick, and we denote by @Q”,ﬁé“) ’%9“” the corresponding
solutions, respectively. We refer to Lemma 2.10 for the details (up to replacing the
impulse f in (2.16) by the specific right-hand side in (3.7)).

Next, we show that the above modification procedure WZ — Ve for the formal
effective equation can be inverted: more precisely, the solution vg e of any of the
well-posed modifications of (3.7) is an approximate solution of the formal effective

equation (3.5) up to an O(g) error.

Lemma 3.9 (Inversion procedure). Given £ > 1 and € > 0, if 52*” s the solution
of one of the well-posed modifications of equation (3.7) as given by Lemma 2.10, then

we have
L f—n

8362*)’Z <Z Zanm €v n— I(Eat) )V’U (%), _ f—i—V F(*)Z

n=1m=0

where the error V F(*)’e satisfies for all r > 0,
2
I{D)"F, < (eCO D) HOD) fllLa (0,02 ma)»
where the constant C' further depends on the choice of o in case (x) = (I). O

=(%)4

3.4. Proor or Turorem 2. — Applying Proposition 3.6 with w = ©¢’", appealing
to Lemma 3.9, and comparing with the solution u. of the heterogeneous wave equa-
tion (1.2), we find
(07 = V- a(-/e)V)(ue — Hp))) = =V - F*
£+1
+€zzv. ((a¢’?’1t£’"+1 _ Unflz£7n+1)(/ A 85—n+1§g),z)

J1--Jn—1 Ji--In—1 J1---Jn—1

14
. EZ Z at((¢@+1,‘57n. 16] ®e; — o™ 1,6— n+1)(./5) vgvn 1 a@_nﬁg*)x)'

J1---Jn—1J% J1---Jn—1 J1---Jn—1

By the a priori estimates of Lemma B.1, using corrector estimates of Lemma 3.4, and
using the Sobolev embedding to estimate products with correctors as in (2.39), we get
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for a > d/2,

luf — HEDE 51| 2 gay + || D (ul — HEOS)) |12 (ay
SIDYFES |l Lro.0ym2may + (EC) DY T DT (11 (0,012 ey -

Combining this bound with the estimate of Lemma 3.9 on the remainder FY, and

with the a priori estimates of Lemma 2.10(ii) for © o the conclusion follows. O
3.5. Proor or Prorosition 3.5. We split the proof into two steps.
Step 1. Migration process. Proof that for all n,m,p,q > 0,
Dq p— 1,q n— 1 ,m
(38) E [(V P, aVeLT, —@h T e adl e,
1, 1, , -2,
[(wsp+ 4 avol T~ ?f..jp ci - adl 5 e )|
2 +1,g—2 ;n—1
,E[( Jp¢nm +¢p ]ZMQS? 1:11)}7
and in addition, for all n,m,q > 0,
n n
n—k+1,m o k k q+2 n—k+1m—2
Z |: ]'Ln 'Ln—k+2¢i1‘-~in7k+1:| - Z(il) E [¢J1n - k+2¢7:1~'7;n7k+1 :|
k=1 k=1
+ ( )nE {v¢ ,q-|-212 av¢0 mel1 + (bn 1,q+2 ei, - a¢0,mei1]

The equation for ¢™™ in Definition 3.1 yields

p,q 7,Mm _ n—1l,m
E |:v .71.71) ’ avd}il*“in} - 7E |:v jp ’ aqsil-uinflei":l
) 1, ) M=
+ E |: é)lq] 3 (V¢n o + ¢7L 21:12ein71):| - E|: ?1(.1.‘jp¢?1~?75n2:|’

while the equation for ¢P+1? leads to

D,q . n—1,m p+l,q n—1,m
E|: jl-ujpel" av¢i1~~-infl:| |:V¢ ]p'Ln av¢i1---in—1:|

P,q plq n—1,m p+1q2n—1m
—HE[(V jl"‘jp+¢]1 Jp— 16317) a’¢ i1 ’n:| [d) ~Jpin ¢i1'~~i,n71:|.

Summing these two identities, the claim (3.8) easily follows. Next, using (3.8) in form
of

E |:¢qu Z_n7k‘+2¢7_1—k_—|—1,m i| - _F |:¢k: 1,q+2 ¢;L—k]+2,m—2i|

Jin--- 11---tn—k+1 Jin .o in—k+43 7 01 ln—k+2
o k—1,q9+2 n—k+2,m - k 2,q+2 n—k+1,m
E |:(v¢jin--<infk+3 V(,Z5 cln— k42 ¢jin Jn—k+4 €in—k+3 a¢ clp— k1 i k+2)

k,q+2 k+1, k—1,q+2 k
[(w a caVer TR ghhd ~ad) " e, m)}

[ P Akl Jin.oin— k+361" k+2
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and summing this identity for 1 < k < n, we find after straightforward simplifications

n n
k n—k+1l,m | _ k k—1,q+2 n—k+2,m—2
Z( 1) [ |:¢jln 'Ln—k+2¢iln~in—k+1:| - Z(_l) E |:¢jinmin—k+3¢i1~~in—k+2 ]
k=1 k=1
_(_ \v4 ,q+2 .aV Im _ n—1,q+2 0,m .
(-D)"E ( ¢ a ¢il (bjzwls €iy * AP e“) .

Using the equation for ¢>™ the second claim (3.9) easily follows.

Step 2. Conclusion. — For n > 1 and m > 0, the definition of @™ and the equation
for ¢10 yield

11eelp—1 tn 7 71 dp—1 tn

el e, = —E|(Vo) avel, —e;-al T e)].
Iterating identity (3.8) then leads to

ej-a;", e, =(—1)"E [(qu)f’iowiz -anbil’ — o 1? i -aqﬁo’meil)}

110 lp—1 'n Jin Jin
n—1
k n—k+1,m—2
E ( )E|:¢Jln 7«n—k+2¢i1»--infk‘+1 }’
k=1

hence, using the equation for ¢1'™,

(3.10) e -a e, = (-1)"ME [(VW’O.J + o5 0 eis) 'a¢0’m6h]

B1.in—1 tn Jjt Jin...13
n
¢n—k+1,m—2
z: Jln k42 01—kl |
k=1

For m = 0, this already yields the conclusion

U1 eeiln— Jin Jin...13

ej-ﬁ’.l‘o in_1Cin = (71)n+1E |:(v¢]1n + @5 1(2 612) 'aei1:| = (*1)n+16i1'67‘1‘70 i3 Ciz-

For m > 2, identity (3.10) rather takes the form

n

—n,m _ n—k+1,m—2
(3.11) € @iy iy Cin = Z( 1) E|:¢]zn zn_k+2¢i1...in_k+1 }v
k=1

which we shall combine with an iterative use of identity (3.9). More precisely, in case
m = 4m’ + 2 with an integer m’ > 0, iterating identity (3.9) (starting from ¢ = 0
with m replaced by m — 2 = 4m’), and recalling ¢! = 0 for [ > 1, we find

n n
¢n k+1m—2 k 2m’ d)n k+1,2m’
z : J'Ln kb2 01— kg1 2 : ]ln k2 D01 g1 |

k=1 k=1

and thus, combining this with (3.11), and replacing k by n — k 4+ 1 in the sum,

n
—n,m R k k,2m’ n—k+1,2m’| _ n+1 —n,m )
€5 Qi i, 1 Cin = § (-1D)"E [‘ﬁjz‘n...z’n,k”¢i1...in,k+1 =(—-1)""ei, CQgi s Ciae
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Similarly, in the case m = 4m’ with integer m’ > 1, we find
n
—n,m _ k k,2m n—k+1, 2m’ —2
€j " Qg iyy Cin = _Z(_l) E |:¢jin g — k+2¢1 k41 ]

n
_ k k,2m’—2 n—k+1,2m’
- Z<_1) E |:¢j7;n---in—k+2¢il"'7;71,7164»1 i|
k=1

— nt+l,  —=n,m )
- (71) €iy - a’jinmi3612,

and the conclusion follows. O

3.6. Proor or Prorosition 3.6. — We focus on the case € = 1 and drop it from all
subscripts in the notation, while the final result is obtained after e-rescaling. Since the

correctors ¢’"™

i, donot depend on time, a direct calculation yields for all n,m = 0,

(07 =V -aV)(¢™" 0 V"O'm) = "™ © V"I e

7,Mm n m— n,m n+1 M=
+(=V-aVer T )V 5,000 =V - (ady T e, )V, 00
. . n,m n+1 Mo . . 7,m n+2 m—
o (ejn+1 avd).jl,"'jn)vj1~-~jn+1at w (ej”+2 ad)jluﬂn -7"+1)v Jn+26t w.

Inserting the defining equation for the hyperbolic corrector ¢™™, cf. Definition 3.1,
we get for all n > 1 and m > 0,

Vo (agl H" e )V Orw =V - (awmjnejw)vnﬂ 0w

J1--- JIn+1
+ (ej" av¢” 1JT 1)v?1-~jnatmw - (ejnJrl ’ a'vQS?lmJn)vn-i—lJnJrlagnw
+ (ejn : aqs;ll..?}:]l_gejn—l)v?l...jnaznm - (ejn+2 : a’(b;‘llm]n jn+1)vn+ ],,_,_Qagnm
B 6?1_}],’:772 V2v" 2]n 26?@7

and thus, after summation over 1 < n < £ and 0 < m < £ — n, recalling the defini-
tion (3.3) of the geometric two-scale expansion, and using ¢%° = 1 and ¢>™ = 0 for
m > 0,

L fl—n
(af—v-aV)H’f[m]:afw—ZZ T AN Vi A

~Jn—2 ~Jn—2
=1m=0
l
+ Z (¢n,€—n—1 0 Vnatwalfnw_"_ (bn,é—n o Vnat@+27nm)
n=1
0
14 A— —n—
o Z (v ’ ( ;Ll jﬁeﬂnJrl) + 63n+1 av¢n n)vn-‘rlj +1af "w

n=1

4
2 : n—1,0— T n+1 {—n— ) i n,l—mn n+2 —n—
(ejn+1 31...j,,,_1 )v Jn+1at w+(eJ7L+2 a¢]1 jnejn+1)v ],,_,_Qat w).

n=1
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As@®™ = 0 for all m > 0, the second right-hand side term can be rewritten as

{ fl—n {—1£4—1—n
—n—1m 2vn—2 m— _ Fm . 2vn—1 m—
Z ajl-“Jn 2 'V v < Jn— 26 - Z Z -1 \ le---jn—lat w
n=1m=0 n=1 m=0
{ f—n 4
4 —n—
=) V@ moevhlomve - Yy antt cvevrth o w.
n=1m=0 n=1
Further rearranging the terms, and noting that
n,t—n n+1 l—n— . n,l—mn n+2 l—n—
V- (a¢J1 Jn e]n+1)v . Jn +1a W+ (ejn+2 ’ a¢]1 jnejn+1)v . Jn +26 w

=V (agp! 1 VVy, 0 w),

we are led to

L f—n
(3.12) (9} -V-aV)H'[w]=0fw—»_ > V-@"" V" 'o")Ve

n=1m=0
l
+ Z <¢n,€—n—1 Vna@-&-l n— W+ ¢n€ n Vnaf+2—n@)
n=1
¢
=SV (ag} VY, 00)
n=1

£
nl—n n—1,4—n —n,l—n n —n—
- Z (a(v¢j1~~jn + ¢jl Jn—1 eJ") B a’j1~~jn71ejn) ’ vvjl'--jnat w.

The last right-hand side terms can be reformulated in terms of fluxes, cf. Definition 3.1,

0
n£ n n—1.0-n _ =nd-n ) n l—n—
Z( L oin TG Gt Cin) ajl...jnflean) Vi .30 "0
-1

_anf n vvgzl aé n— +Z¢n+1€ n—2 vn+1a€ n.

n=1

Further noting that we can write

E — _ 0 14

qu ge Lo Ws

in terms of the modified fluxes of Lemma 3.3, and then inserting the definition of
hyperbolic flux correctors and using the skew-symmetry of 0 _jg» ¢f. Definition 3.2
and Lemma 3.3, we deduce

£
nl—n n—1,4—n —nl—n ) n (—n—
Z ( V¢ -Jn ¢J1 Jn— 163n) B aj1~~~ij7163nr> vvjlu-jnat w

¢ -1
_ (A leny n+1 —n— n+1,0—nm—2 n+1ql— .
=~ E :Vﬂ(%..»jn)mﬂv WL Z ¢ OV,
n=0 n=0
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Rearranging the terms and further using the skew-symmetry of 0 we get

Jtz’

¢
n,{—n n—14-—n_ —n,l—n n 0— G
Z (a(v¢j1-~jn + ('bjl-“jnfl 63") a]l Jn—1 7"> Vv]l Jn a

n=1
_ n,l— vi 0 — n,f—n 2 (—n——
- _ZV ( Jl Jn v.;Ll Jna " ) ZUJI Jn v v?l ]716 n
=0
{—1
+ Z ¢n+17€—n—2 o) vn-‘rlatffnw.
n=0
Inserting this into (3.12) yields the conclusion. ]

3.7. Proor or Lemwvia 3.8. We split the proof into three steps.
Step 1. — Proof that for all p > 1 there holds

(3.13) W Zs (=D 3§ (Hv @ @ (V) V)W

ne[l]k mel}  j=1

k
ST Y (L7 @ o 9 9)ar s

k=1ne[f]k meJp

p
+ Z Z €|m|(H . an m; @(EV)njil) )8}57’1\—2(1)—1)W£7

ne[l]p meJyp j=1

where we have defined the following sets of indices, for all k > 1 and n = (nq,...,ni) €

[OF = {1,... 0},

I = {m:(ml,...,mk):ogmj <l —ny vy, ij >2s Vs <k, |m|:2(k—1)},

Jg:{m:(ml,...,mk):()gmjgﬁfnj Vj,ij>25V5§k}.

We argue by induction. For p = 1, the stated identity (3.13) reduces to

4 L fl—n
W -V ( ZE”’OQ(EV)”_l)VWi — f+V. ( 3 a"’m@(ev)"—l(gat)m)vWﬁ,
n=1 n=1m=2

which is a simple reformulation of (3.5), keeping in mind that @™ = 0 whenever m
is odd, cf. Definition 3.1. Next, we assume that the claim (3.13) holds for some p > 1
and we prove that it then also holds at level p + 1. Let n € [(]’ and m € J}' be
momentarily fixed. As by definition |m| > 2p, we may use (3.5) in the form

£ L—n'
o2yl = g2 ( V(Y Y atre (sV)n’l(eat)M')vwﬁ).

n’=1m’'=0
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Note that for 1 < n’ < £ and 0 < m' < £ —n’ we have the equivalences
(m,m') € IIET{L) < |m|=2p, m' =0,
’ J(n7n/) 2 1
) sl > 2(p 4+ 1).

Using these observations the last term in (3.13) can be decomposed as

Z Z elml ( H V- (@%m™ o (Ev)nj—l)v) atlm\ﬁ(pﬂ)Wﬁ
nell]p meJp
Y oy ( H V@ o 9y Vol

nel]p meJp
p+1

e Y (Hv *"JmJQ(aV)"fl)v)W

nelllptl mely, =
ptl

+ Z Z clml ( H V. (@vm™i o (Ev)njfl) )alml—QPW?

nefgp+1 meJgr,
Inserting this expression into the induction assumption (3.13) yields the conclusion.

Step 2. Reformulation. The definition of the coefficients {b"},, in the statement
leads to

¢ [r/2]
(Zb" V)V ZZ 203 30 HV (@™ o (V) )V
=1 k=1

ne[f]k mel) j=1
k+|n|=r+1
[¢/21

= Z 2(k— I)Z Z Hv fnj,mJQ(av)njfl)v
k=1

nefgt mely j=1

|n|<l—k+1
(Here we have used the following observation: for m = (mq,...,my) and n =
ni,...,ng) with m; > 0 and n; > 1 for all j, the restrictions |m| = 2(k — 1) and
J J J

k+|n| =r+1 entail m; +n; < r, thus showing that the index set I} in the definition
of the coefficients {b"},, is indeed interchangeable with I}* here.) Choosing p := [¢/2]
in (3.13) and inserting the above, we find

(3.14) afWﬁfv-(an © (V)" 1)VW =v-Q'

+f+ Z Z Z clml ( H v —ng,m, o) (gv)nj—1)v) at‘m|72kf7

k=1nel[flk meJ}

where the remainder V - Q¢ is given by

Z Z g\m\ nl,m1®(€v)n1 1)

nele]p mEJ" p ,
X v( H n] m; ® (6v)n] )v) at|m|_2(p_1)Wa

_’_i&j(k—l) Z Z nl,'rrn@ EV (Hv nJ,mJQ EV)nj_1>V)Wﬁ.
k=1

nG[I’} melp
|n|>0—k+2
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LLONG-TIME HHOMOGENIZATION OF THE WAVE EQUATION 575

(We use the standard convention H?:l = 1if > k.) In order to estimate the remain-
der Qﬁ, let us first examine the e-scaling and the number of derivatives of Wﬁ appear-
ing in each of the two contributions in its definition:

— In the first contribution in the definition of Qﬁ, the terms have scaling el?+lml—»
and involve |n| + |m| — p + 1 space-time derivatives of W, while the condition on
m,n in the sum ensures the lower bound |n| + |m| —p > |m| > 2p > £ and the upper
bound |n|+ |m| —p < |n|+pl —|n| —p=pl —1)=[£/2](f - 1) < 2

— In the second contribution in the definition of Q%, the terms have scaling glnl+k—2
and involve |n| + k — 1 derivatives, while the condition on n,m in the sum ensures
the lower bound |n| + &k — 2 > ¢ and the upper bound |n|+k -2 < kl+k -2 =
[0/2](€+1) —2 < 2.

Hence, in view of Lemma 3.4, we deduce for ¢ < 1, for all r > 0,
(D) QL] £ (eCO (D) +(eC D) DWE|.

Likewise, the definition of {€"},, in the statement leads to

~
[ V)

2y ( e (5D)"‘1)V

n=1

AV (Enjvmj ® (Ev)nj—l)v) alm\*2k7

[e/21-1 k
=1

— ; e%k Z E|m|(.

meJ;; J
[n|+|m|<4+k—1

which, inserted into (3.14), yields

~
V)

Z —
afWﬁ—v(ZE"@(sV)"—l)vWﬁ - f+52v-( E”@(sD)”_l)Vf+V-(Q£+R§)7
n=1

n=1

where the additional remainder V - Rﬁ (which is not zero only for ¢ > 3) is given by

p—1
Rﬁ = Z Z Z g|m|(an17m1 ® (EV)nl_l)

k=1 ne[f]k meJy
[nl+|m|>l+k

k
X V( H V- (an]ymj o (€V)nj71)V)at‘ml_2kf.
j=2

Again, in order to estimate this remainder, we first check the e-scaling and the number
of derivatives of f: the terms have scaling ¢/™!*1™I=* and involve |n|+|m|—k—1 deriva-
tives, while the condition on n, m in the sum ensures the lower bound |n| 4+ |m| — k > £
and the upper bound |n|+ |m|—k < k(£—1) < ([£/2] —1)(£—1) < £2. Hence, in view
of Lemma 3.4, we deduce for ¢ < 1, for all » > 0,

[(D)"RY| < (eCO* (D)™~ HOD)” f|.

The conclusion with the remainder estimate follows upon setting Ef = Q¢ + RE.
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576 M. Duerinekx, A. Groria & M. Rur

Step 3. Growth of the revamped coefficients: proofof (3.6). — We focus on b?, while the
estimation of € is obtained similarly. By definition of b” in the statement, together
with Lemma 3.4, we find

|5”| < Z Z Z olnl+lml

k>1 (ml,...,mk)efk Ni,...,np=>1
k+|n|=p+1

For all admissible indices in the above sum, we have |n| > k, and thus p + 1 =
k + |n| > 2k, hence k < (p+ 1)/2. Moreover, any m € I satisfies |m| = 2(k — 1),
hence p+ 1 = k + |n| = |n| + |m| — k 4+ 2. The upper bound for k then yields
[n| + |m| < (3p — 1)/2, which leads us to the bound

6] < CP4{r e N1 |r| < (3p—1)/2},

and the conclusion [b?| < CP follows from a simple counting argument with the balls

in bins formula. |
3.8. Proor or LEmma 3.9, — Let ¥ 7(*) ‘ be the solution of a well-posed modification
of (3.7). In terms of
 L—n
(815)  fO(@) = 0f 0 v (33 @ e (V) o)™ ) Vel s,
n=1m=0

we aim to decompose f(*) o =f+V. FE(*)’Z for some remainder FE(*)’Z satisfying the

claimed estimates. We split the proof into three steps, separately considering the cases
(x) = (1), (IT), (IIL).
Step 1. High-order ﬁ/tering: (x) =(I). — Applying Lemma 3.8 to (3.15), we find

pot — v - (a+ Zbk © (e9)* 1) vl

~

-2
_ fE(I),E 12y ( el (ED)n—l)vfél),Z +V~E§IM,
1

n

where the remainder satisfies for ¢ <« 1, for all r > 0,
(316) |(D) EO| < (00 (|(D)™+(c0D)” DoO| 4 (D) +-HeC D) F04).

As WQ)’Z is the solution of the well-posed modification of (3.7) obtained by high-order
filtering in the sense of Lemma 2.10, we deduce

-2
X (£2V) <f +E2V . (Zen ® (sD)nl)Vf>
n=1 —

= fIf 42V . ( o (5D)"*1)Vf5(1)’e +v .- EDE
1

[ V)

n

or equivalently,
-2

(3.17) fOf 4 2v. (Z © (eD)"~ 1)Vf(1)1Z

l—
=f+€2v-(z_: © D))V + V- ED,
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with modified remainder

(3.18) EM-L .= —EM-L _ (1 - x(eaV))A1V<f + &%V - (

‘.M“

© D))V f>
In order to estimate fg(l)’z, it remains to invert the differential operator

-2
(3.19) 1+e%v. (ZE”@(ED)n_l)V

n=1

in the left-hand side of (3.17). Although it is not invertible in general, we may invert
it approximately using a Neumann series truncated at order O(g). More precisely,

we set
L¢/2]

Ol =1+ Z(— 3 H( ® (D) )V),

nel¢—2)k j=1
In|<—k

By a simple counting argument with the balls in bins formula, the number of terms
in this sum defining Oﬁ can be bounded by

L£/2]
Zﬁ{ne — 2% |n| <L -k} < CY,

and therefore, combining this cardinality bound with the bound [€"| < C™, we easily
deduce for any function g, for all r > 0,

(3.20) (D) 0%g| < C*|(D)"(«CD)gl.
Next, we check that Oﬁ is indeed an approximate inverse for the differential operator
n (3.19): by definition of 0%, working out cancellations, we find for any function g,

-2
0¢ (1 +e2V- (ZE" ©) (eD)"_1>V>g =g+ V-3,
n=1

where the remainder is explicitly given by

[4/2] k
Ve Hlg == (=) > 11 ( €D)"J*1)V>g
k=2 nelt—2] i=1
l+1—k<|n|<n+0+1—k
Le/2)+1

NS [ (V@ oEny)v)s,

neje—2]lt/241 =1
In|<ny+0—£/2]

and can be estimated as follows: for all » > 0, using |€"| < C", we have that
(3.21) (D) 3¢9 < (eC)*D)+*gl.
Applying 0% to both sides of (3.17), we then get

8(1),5 — f +V. FE(I)’27 F(I) K j‘fz(f f(I) Z) + OEE(I)
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578 M. Duerinekx, A. Groria & M. Rur

and the desired remainder estimate follows by combining (3.15), (3.16), (3.18), (3.20),
and (3.21), together with the a priori estimate of Lemma 2.10(ii) for © 7 Note that
the remainder term that is local with respect to f can also be bounded with an
L'(0,t)-norm instead of an L.°°(0,t)-norm up to loosing a time derivative.

Step 2. Higher-order regularization: (x) = (11). As 599 is the solution of the well-
posed modification of (3.7) obtained by higher-order regularization in the sense of
Lemma 2.10, we get instead of (3.17),

-2
fE(H),e +e2V. (ZEn ® (ED)nq)VféH),e

n=1

~

2
= f+e2V- ( o (eD)”*l)Vf+V-E§H>=Z,
1

n
with remainder
E(H) E(H) 4 + H (E|v|) V'U H) [
where Eén)’z satisfies the corresponding estimate (3.16). Now applying the same ap-
proximate inverse operator O to both sides of this identity, we get

J0E= fy v DG FODE = gl 00 1 OB,
and the desired remainder estimate follows similarly.

Step 3. Boussinesq trick: (x) = (111). By definition, -4 i the solution of the well-

posed modification of (3.7) obtained by Boussinesq trick in the sense of Lemma 2.10,
that is,

(3.22) 82( +) ki 5|V|ll) g€

=2

~

¢ n—1
(Z Kna_’_zmbn-‘rl Lo (gl)n—l)(dv)n—l)vvglll),z
=1 =1
£ -2
= (1 +Z/€z(5|v\)l71) <f+52V~ (Z ® (eD)k~ 1>Vf>
1=2 1

_(I1D),¢

with Tz = f = 0for t < 0. We recall that the coefficients {x; }; are defined in (2.21)

and that well- posednebs is indeed ensured by Lemma 2.10(ii). Using the identity
¢

Z(KsncH—Zm T l@(‘l) )(5|VD
=1

n=1 Y,

(1+Z/<;l (e|V))!~ 1)( +§:b’“®(aV)’“)

1=2 k=2
20—1 0

n=~0+1 I=n+1—4

the above equation (3.22) can be alternatively written as

L -2
Q?ESHM—V(E—FZE’“@(eV)k_l)VEgH)’Z - f+a2v-(Zek@(sp)’f—l)w—v-eg
k=2 k=1
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in terms of
20—1 ¢

‘e —
a= 3 (X BT (@)@l (14 Y mev ) ) e,
=2

n=¢+1 I=n+1-—¥¢

where the inverse operator is obviously well-defined as «; > 0 for all [. We then get,
instead of (3.17),

-2
fe(m),e 12y (Zén ® (ED)"_l)VfE(IH)’e
n=1

~
[ V)

= f+e2V- (Y@ o (D)) v+ V- B,
1

=
I

with remainder
E(III),Z — _E(IH),é _ Ge

where Eém)’z satisfies the corresponding estimate (3.16). The conclusion then follows
similarly as in the first two steps. ]

4. RELATING SPECTRAL TO HYPERBOLIC CORRECTORS

This last section is devoted to the proof of (1.12). It relies on an algorithmic
procedure to relate spectral and hyperbolic correctors. We split the proof into two
steps.

Step 1. Reformulation of the hyperbolic two-scale expansion. For e < 1, we have for
all £ > 1,
¢

(41) HHf [ﬂg)%;t] - Z 5"1/3?(/5) ® Vnﬂg)7€?t

n=0

-3 4—n—3

_ 53 Z Z 5n+2mcéﬂ’27n(./€) ® vn+1at2mft
n=0 2m=0 H1(RY)

< €OV DY FllLr (0.):m2(ray).

where for each n, m the correctors ’(/J? and (f'?’m are suitable linear combinations of
hyperbolic correctors {¢™ ™ },,/ s with coefficients involving £ and {b",€" },.

Comparing the effective equation in the spectral and in the geometric approach,
cf. (2.16) and (3.7), and using the well-posed modification by high-order filtering, we
get

(4.2) o =gt 4+ 22V ( o (aD)k‘l)Vﬂg)"’.
1

~
[ V)

b
Il

Inserting this into the definition (3.3) of the geometric two-scale expansion HY [ﬁ?”}

and rearranging terms, we get
 £—n
(43)  HEOT =303 ) © Vrora + Ry [,

n=0m=0
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580 M. Duerinekx, A. Groria & M. Rur

where for each n, m the corrector z,”™ is some linear combination of hyperbolic correc-

tors {qzﬁ"/’m/}ngm/ with coefficients involving ¢ and {E"/}n/, and where the remainder
term is given by

I),¢
Cafa] =
£ f—n £=2
k+1 —k k—1 2
5T Dk G (o) 0 D) VO, o
n=0m=0 k=1
By construction, we note that zO’O = ¢%0 =1, zg’m = ¢"™ = 0 for all m > 1, and

nm,

that z,”™ does not depend on ¢ provided n +m < ¢. We emphasize that the z,”"™’s
do a priori not have vanishing average. Using Lemma 3.4 together with (3.6), and
using the Sobolev embedding in form of (2.39) to bound products with correctors,
the remainder can be estimated as follows, for a > d/2,

IRE 1 [@D|| 1 ey < (C)*||(D)24+e~1 DD

(R?)s

and thus, by the a priori estimate of Lemma 2.10(ii),

(4.4) IR 1 [@ 51| 1 may < (EC)F DY F il 0,0):m2 (R -
Next, using the equation (2.16) for ﬂ?”, we shall proceed to remove the time

derivatives appearing in the geometric two-scale expansion (4.3). For that purpose,

arguing by induction and successively separating terms of order £‘t! or higher,
we show that the equation for ﬂg)’l yields for all m > 1
(45) opmut— " BT (vyadf
1<B,-..Bm <L
|Bl<m+t
m—1
_ ( av) 2(7n 1)f+X av 6|[3|7k;§,6(v)at2(m—k—l)f
k=1 1<B1,...,BL <l
|BI<k+E
+3°3 B (w0,
k=2 €Ly
in terms of the index sets
Lk::{ﬁz(ﬁl,...,ﬁk):l fvg,Z/sj s+0VYs <k, |ﬂ\>k+£}

where for all kK > 1 and 8 = (f4,..., B8k) we use the short-hand notation

k —
(4.6) B'(V):=[[V @ o vi V.

j=1

We prove identity (4.5) by induction. First, for m = 1, it simply coincides with
(the filtered version of) equation (2.16) for a. Next, assuming that (4.5) holds for
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some m > 1, applying 9? to both sides of the identity, and using the equation for
( o replace 027, 2" in the left-hand side, we find

L
g~ N By (Y eV (5" o vV )t
1B, Bm <L n=1
|B]<m+£

—XEVIFf x> Y B W)Yy
k=11<pB1,...,Bu<l
|BI<k+¢

= _k358 m—k —
+Z Z clBlI=FB (v)af( +1)u£

k=2 BeLy
After suitably splitting powers of € in the left-hand side, this indeed proves iden-
tity (4.5) with m replaced by m + 1.
Now inserting (4.5) into the two-scale expansion (4.3) in order to replace time
derivatives, and again separating terms of order e/*! or higher, we are led to

(47) I) Z Z s n O /5 @ Vnu(l) 14

PY S S e o B @) v

n=02m=21<p1,...,Bm <L
n+m+|B|<L

L fl—n
n+2m _n,2m o na2(m—1
+ZZ€+2 2P Je) @ x(eXV)VraE Y f
n=02m=2

Z g 2mHIBl=g n2m ey @ X(gav)ﬁﬁ(V)V"af(mfjfl)f

=1 1<Br, By <
n+2m~+|B|<j+£

l—n m-—1
J

L
22
n=02m=2

+ RE [ + RE ,[u) + RE 5[],

where the last two remainder terms take the form

Rﬁ (I)f Z Z Z Z gnt2m+|Bl— jZn Zm( /E)@B ( )vnaf(m—j)ﬂgl),f

n=02m=2 j=2 Be€L;

L fl—n
n+m n,2m =B n—
+Y 0N > gntmHlBlmim ey o B (V)viad,

n=02m=2  1<fB1,....Bm <L
|B|<m+L,n+m+|B|>L

l—n m—1

Z > > g HImHIBI= L p2m (e

n=02m=2 j=1 1B, B <L
IBI<i+e, n+t2m+|B|>j+L

® x(e2V)B (W) vroXmi-U .
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Equivalently, in view of (4.6), this can be reformulated as

(48) H[p] =

4 -3 £—n—3
Z End)?(/E) ® vnﬂél),f + 63 Z Z En+2m<;,2m(./€) o) X(gav)vn+18t2mf
n=0 n=0 2m=0

+ RE[Ul] + RE S [ul] + RE 5[],

where for each n, m the correctors ¢? and é;tﬂm are suitable linear combinations of
{z7'2m'Y 0 with coefficients involving £ and {b™ },,. We emphasize that 1/1? and
é;’Qm do a priori not have vanishing average.

We turn to the estimation of the last two remainder terms in (4.8). Recalling the
way that z™2™ depends on {(bn’,m/}n,’m, and on {c" },, using Lemma 3.4 together
with (3.6), and using again the Sobolev embedding in form of (2.39) to bound products
with correctors, we find for ¢ < 1 and a > d/2,

||R£,2[ﬂg)’€]||Hl(Rd) < (EC)éH<D>3€+a_1Dﬂ£HL2(Rd),
and thus, further combining this with the a priori estimate of Lemma 2.10(ii),
IRE S [ ]| g1 may < (£C) DY T £l (0,02 () -
Similarly, we find for ¢ < 1 and a > d/2,
IR 5 [F1ll a2 may < (C) (DY H4 fll2ray.-

Finally, we recall that the cut-off x(e*V) can be removed in the right-hand side
of (4.8) up to higher-order errors: for a > d/2,

-3 4—n—3
B33 G o (1 V)T |
n=0 2m=0 H(R4)

< ECH|(1 = x(e* V(DY fllraray < (EC)ZH<D>€+r§]+a_1f||L2(Rd)
L4a
< EO) DY T fllL 0,052 ey -

Inserting these bounds together with (4.4) into (4.8), the claim (4.1) follows.

Step 2. Conclusion. — In view of (4.1), the result of Theorem 2 yields

14 {—3 £L—n—3
n,in n-—(1),¢; n+2m in,2m n m
ue= D SROVIINE =SS, B g o vy
n=0 n=0 2m=0

2
S ECOYDID)Y Fllur 0.2 ray)-

Now we compare this with the result of Theorem 1: using (2.7) to expand ~,(eV)
in the spectral two-scale expansion (1.4), discarding terms of order O(e*), and using
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Lemma 2.10(ii) to estimate the latter, the result (1.6) of Theorem 1 leads us to
(4. 9)

£—3 £—n—3
7z¢n /E o vVa (I) 4t + 83 Z Z En+2an 2m( /E) o) vn+182mft

n=0 2m=0

H(RY)
< (eCO () |(D)°* f”Ll((O,t);LZ(]Rd))v

in terms of the corrector differences

D e T B N
k=0 k=0
where ®;, stands for symmetric tensor product. We claim that (4.9) entails {/7? =0
forallm < /£—1, Ze"’zm:Ofor alln+2m+3 < £ -1, and V@Zf:Oand V@’Qm =0
for n 4+ 2m + 3 = . We argue by induction and prove:
{for alljgﬁ—lz{pvg =0 and @L’zmzoforn+2m+3:j,

(4.10) _ ~, ~ 9
for j =/ : Vi, =0and V(,""" =0forn+2m+3 = /4.

Assume that this result is known to hold for j < jg, given some jo < ¢ — 1. Using
the a priori estimates of Lemma 2.10(ii), first note that we have o’ = 7 in
C.(R; H°(R?)) as € | 0, where % is the solution of the standard homogenized wave
equation (1.3). Given h € C32.(Q), multiplying the expression in the left-hand side

per

of (4.9) by ¢ J‘Jh(g), and passing to the limit € | 0 in the L%-norm, we then get
EhyP] o VPa+ Y ERG o vrHoimf =0
n+2m+3=jo
As w satisfies the homogenized wave equation (1.3), applying the wave operator
0? — V -@aV to this pointwise identity leads us to
EhPloVvPf+ Y E[hgP™ @ Vo (0] -V -av)f =
n+2m+3=jo

Choosing for instance f!(z) = exp(—(t? + |z|?)) for ¢ > 1, it is easily deduced by
induction, by a linear independence argument, that E[ht;"] =0 and ]E[hC" Qm] =0
for all n,m with n +2m + 3 = jo. As h € C3g,(Q) is arbitrary, we deduce that the
claim (4.10) also holds for j=jo. The same argument can be adapted to the case jo=¢,
rather starting from the estimate on the H!'-norm in (4.9). This ends the proof
of (4.10).

In other words, we have thus proved that, given ¢ > 1, for all j </ — 1 and for all
n,m with n +m +3 </ — 1, we have

J
= Z'Yf ®s wj_ka n2m ZW ®s (" kzm

k=0
while for j = ¢ and for all n,m with n +m +3 = ¢,

J4 n
Vidf =) @ V't Vit = af @, ViR

k=0 k=0
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Inserting this back into (4.1), using (2.7) to reconstruct v,(e¢V), discarding terms of
order O(e?), and using Lemma 2.10(ii) to estimate the latter, we may then recognize
the definition (1.4) of the spectral two-scale expansion, to the effect of

| HE D4 — Sﬁ[ﬂg)7é;t7f]||H1(Rd) < (EC)ZH<D>C£f||L1((0,t);L2(Rd))-
Combined with the result (1.6) of Theorem 1, this yields the conclusion (1.12). O

AprpPENDIX A. CORRECTORS IN THE RANDOM SETTING

This section is devoted to the definition and bounds on spectral and hyperbolic
correctors in the random setting. As in the elliptic case [18, 4, 21, 15], the main dif-
ference with the periodic setting is that only a finite number of correctors can be
defined, depending both on space dimension and on mixing properties of the coef-
ficient field. For simplicity, we focus on the Gaussian setting of Definition 1.3. The
corrector estimates below were first obtained in [19, 20, 18] for the first corrector in
the elliptic setting. A proof of the present statement follows from applying iteratively
the annealed Calderén-Zygmund estimates of [15, 11]; see in particular a similar argu-
ment in [15, Proof of Prop. 2.2]. Note that the present result corrects inaccuracies of
the corresponding statement given in [5, Prop. C.4] for spectral correctors.

Turorem A.1. — Let a be Gaussian with parameter 5 > 0 in the sense of Defini-
tion 1.3. We then define £, := fwl and

1 in < Ay,

log(2 4+ |x|)'/? in=14,, B>d, deven,

orn=1{,, B<d, ge€2N,

(A1) pr () = < log(2+ |z|) in=14L,, B=d, d even,

(z)1/? in=14~,, B>d, dodd,

(x)1/21og(2 + |2))V/2 :n = L., B=4d, d odd,

(z)n—% in=140,, B<d, B¢2N.

(i) Spectral correctors: The correctors {¢™, 0" }ocn<e. and {¢™, 7™}y tom<i. —3
can be uniquely defined by the corrector equations of Section 2.1 as centered stationary
random fields, and in addition the correctors Y™, o™ with n = £, and ™™, 7™"™ with
n+2m = £,—3 can be uniquely defined as (non-stationary) random fields with centered
stationary gradient. The homogenized coefficient b" is well-defined for 0 < n < £,.
Moreover, the following moment bounds hold for all ¢ < co and x € R?,

2 1/2 *
(£, |<w”,a”>|) Juo <o pae), for0<n<L.,
(V™ Vao™)|? <; 1, for 0 < n <4,
[(£ wcmammp) L Se o) Jorn+om<e -3
B(m) L‘I(Q) ~q Mn+2m+3 Z), orn m
H(][ (Vem, rmm |2)1/2 1 forn+2m <, — 3.
T S , orn m < by —
B(z) L) "~
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(ii) Hyperbolic correctors: The correctors {¢™™, ™™ }tm<r, can be uniquely
defined by the corrector equations of Section 3.1 as centered stationary random fields,
and in addition the correctors ¢™™, o™ with n+m = £, can be uniquely defined as
(non-stationary) random fields with centered stationary gradient. The homogenized
coefficient @™™ is well-defined for n + m < f.. Moreover, for n + m < {,, the
following moment bounds hold for all ¢ < co and x € R?,

H(]i(x) |(¢n’m, g”v'm)|2) 1/2’

H ( ]i(x) [(Vo™™, Vo-nm%)'g) 1/2‘

Lq(Q) Sq M;KLer(x)v

1.

~q

La()

AprPENDIX B. A PRIORI ESTIMATES FOR THE WAVE EQUATION

We state the following general a priori estimates for linear wave equations, which
are used throughout; a short proof is included for convenience. In contrast with the
situation in the elliptic setting, we emphasize that putting the impulse in divergence
form essentially only brings an improvement when estimating the L?-norm, and not
the energy norm.

Levma B.1 (A priori estimates). — Let £ be a self-adjoint operator on L?(R%) sat-
isfying the bound —/A < L < —CyAA for some constant Cy < oo. Given Fy €
L (R*;L*(R?)) and Fy, F5 € Wiy (RY;L2(R?)) with Fali—o = Fsl— = 0, let 2

loc
be the solution of the wave equation

(6§+L)z:F1+V~F2+6tF3 m Rd,
Z‘t:o = 6tZ|t:0 =0.

Then, for allt > 0, we have

2 2y Seo tIFLIL 0,012y + | (F2, F3) L 0,012 (Re)

and
D21 2ray Sco 1(F1y 0cF2, 8 F5)|ln((0,4)1.2(Re)) - O

Proof. — The assumption —A < L < —CpA entails that VL defines a bounded linear
operator L?(R%) — H~!(R%) with bounded inverse. We may therefore define F, as the

solution of V/LF, = V - Fy, which satisfies ||ﬁ2||L2(Rd) Sco I1F2l|n2(rey- The solution 2
of the wave equation can then be represented in terms of Duhamel’s formula,

t __ tSin((t—S)\/Z) s 5 ds tSin — s s s
z _/O — (F} 4+ 0,F5) d +/O ((t — s)VL) F§ ds.

Integrating by parts in the integral for Fs, with F3|;—¢ = 0, this can be rewritten as

t tSiH((t—S)\/Z) s ! in —s s g ! g s ds
. _/0 Y/ Flds—i—/os (t— $)VT) Fs d +/Ocos((t WE) FS ds,

JEP — M., 2024, lome 11



586

and
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the stated L%-estimate follows from spectral calculus. For the energy estimate,

we rather use energy conservation in form of

10, /]R" (102> 4+ 2Lz 4+ 2F> - Vz) = /Rd(atz) (02 + L)z + 0, g - Vz

and

(1]

(2]

(17]

(18]

JLEP

Z/ (8t2)(F1+8tF3+V'F2)+at Fy-Vz
R4 Rd

Rd

]Rd
< || Dzl z eyl (F1, OcF2, 04 F3) || L2 (ray s

the conclusion follows. O
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