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Abstract
We study stochastic homogenization for convex integral functionals

v g

u|—>/ W(w, £, Vu)dx, where u:D C RY — R™,
D

defined on Sobolev spaces. Assuming only stochastic integrability of the map @ +—
W(w, 0, &), we prove homogenization results under two different sets of assumptions, namely

o1 W satisfies superlinear growth quantified by the stochastic integrability of the Fenchel
conjugate W*(-, 0, &) and a certain monotonicity condition that ensures that the functional
does not increase too much by componentwise truncation of u,

ey W is p-coercive in the sense |£|P < W(w, x, &) for some p > d — 1.

Condition e, directly improves upon earlier results, where p-coercivity with p > d is
assumed and e provides an alternative condition under very weak coercivity assumptions
and additional structure conditions on the integrand. We also study the corresponding Euler—
Lagrange equations in the setting of Sobolev-Orlicz spaces. In particular, if W(w, x, &) is
comparable to W (w, x, —&) in a suitable sense, we show that the homogenized integrand is
differentiable.
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1 Introduction

We revisit the problem of stochastic homogenization of vectorial convex integral functionals.
For abounded Lipschitz domain D C R4, d > 2, we consider integral functionals of the form

Fuw, D) WHD)" - 0 bool, Fo.u.D) = [ Wi, £, Vu() dx. (1)

D

where W : QxR xR"*¢ — [0, +00) is arandom integrand which is stationary in the spatial
variable and convex in the last variable (see Sect. 2 for the precise setting). Homogenization of
(1.1) (for convex or nonconvex integrands) in terms of I"-convergence is a classical problem
in the calculus of variations, see for instance [5, 20] for textbook references. Assuming
qualitative mixing in the form of ergodicity, Dal Maso and Modica proved in [11] that in the

scalar case m = 1 the sequence of functionals (1.1) I"'-converges almost surely towards a
deterministic and autonomous integral functional

Fhom(-, D) : WD) — [0, +00),  Fhom(u, D) = / Whom (Vu(x)) dx,  (1.2)
D

provided that W satisfies standard p-growth, thatis, thereexist 1 < p < ocand0 < ¢y, 2 <
oo such that W is p-coercive in the sense that

c1lzl? —c2 < W(w, x,z) forallz € R%nd a.e. (w,x) € Q x RY, (1.3)
and satisfies p-growth in the form
W(w, x,z) <c(|z]P + 1) forallz € R%nd a.e. (w, x) € 2 x R, (1.4)

The result was extended to the vectorial (quasiconvex) case in [25]. By now there are many
(classical and more recent) contributions on homogenization where the p-growth conditions
(1.3) and (1.4) are relaxed in various ways: for instance nonstandard (e.g. p(x), (p, g) or
unbounded) growth conditions [5, 15, 20, 28, 35] or degenerate p-growth (that is ¢y, ¢2
depend on x and inf ¢; = 0 and sup ¢ = o0) [14, 30, 32] (see also [33] for the case p = 1).

In this manuscript, we relax (1.3) and (1.4) in the way that, instead of (1.4), we only
assume that W is locally bounded in the second variable, that is — roughly speaking — we
assume

E[W(, x,&)] < +o0. (L1.5)

In the periodic setting, Miiller proved in [28], among other things, I"-convergence of (1.1)
assuming the stronger boundedness condition

esssup, cpd W(x, &) < 400 forall & € R"*¢ (1.6)

and p-coercivity with p > d, that is,
1
Ap>d, c>0: clE|f —— < W(x,§). (1.7)
c

This result was significantly extended [2, 15] to cover unbounded integrands and certain
non-convex integrands with convex growth - still assuming (1.7). In the scalar case m = 1,
condition (1.7) can be significantly relaxed to p > 1, see [15, 20]. Note that condition (1.7)
has to two effects: on the one hand it proves compactness of energy-bounded sequences (for
this any p > 1 suffices), but at the same time the Sobolev embedding turns energy-bounded
sequences to compact sequences in L°°, which is crucial for adjusting boundary values of
energy-bounded sequences in absence of the so-called fundamental estimate.
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Here, we propose two ways for relaxing condition (1.7) in the vectorial setting. In par-
ticular, in Theorems 3.1 and 3.3 below, we provide I'-convergence results for (1.1) with or
without Dirichlet boundary conditions essentially (the precise statements can be found in
Sect. 3) assuming (1.5) and one of the following two conditions:

(a) a ’mild monotonicity condition’ which requires that for any matrix £ and any matrix E
that is obtained from & by setting some (or equivalently one of the) rows to zero we have

W, x,§) S W, x.§) (1.8)
(see Assumption (A4) below for the details), together with superlinear growth from below
w
A oo
RSN

quantified by the stochastic integrability of the Fenchel conjugate of &£ > W(w, x, &) (see
Assumption (A3)). In particular, we do not assume p-growth from below for some p > 1
and thus improve even previous results in the scalar case (where the *mild monotonicity
condition’ is always satisfied; see Remark 2.4 (iii)). Considering for instance the integrand
|E|P@¥) it becomes clear that the integrability of the conjugate is a very weak condition
as it allows for exponents p arbitrarily close to 1 (see Example 2.5 for details)

(b) p-coercivity (1.3) for some p with p > d — 1. This improves the findings of [28] and
(in parts) of [15], where corresponding statements are proved under the more restrictive
assumption p > d. It also enlarges the range of admissible exponents considered in [20,
Chapter 15], where homogenization results were proven under (p, ¢)-growth conditions
with ¢ < p* (the critical Sobolev exponent associated to p > 1). If p < d — 1, our
method (more precisely, Lemma 4.10) can be generalized to treat convex integrands with
(p, g)-growth with p > 1 and ¢ < Z(_d‘;_l{, while in the case p =d — 1 any g < 400 is
allowed.

For the proof of our main I'-convergence result we follow the strategy laid out in [28]: the
lower bound, which does not require (1.8) or p-coercivity with p > d — 1, is achieved via
truncation of the energy. However, due to the degenerate lower bound, the truncation of the
integrand is not straightforward, but needs to be done carefully (see Lemma 4.5). Once the
energies are suitably truncated, their I"-convergence follows via standard arguments using
blow-up and the multi-cell formula. In order to pass to the limit in the truncation parameter,
we show that the multi-cell formula agrees with the single-cell formula given by a corrector
on the probability space (see Lemma 4.7) as this formula passes easily to the limit (see
Lemma 4.8). The new assumption (1.8) or the relaxed p-coercivity enter in the proof of the
upper bound when we try to provide a recovery sequence for affine functions that agree with
the affine function on the boundary. In case (a), that is under (1.8), which is tailor-made for
componentwise truncation, we truncate peaks of the corrector and carefully analyze the error
due to this truncation using the equi-integrability of the energy density of the corrector. In
case (b), assuming p-growth coercivity with p > d — 1, we use a fine choice of cut-off
functions in combination with the compact embedding of W17 (S;) C L*(S)), where S|
denotes the d — 1-dimensional unit sphere, see Lemma 4.10 below. This idea has already been
used for example in [6, 7] in context of div-curl lemmas (generalizing the celebrated results
of Murat and Tatar [29, 34]) and deterministic homogenization, and in [3] in the context of
regularity and stochastic homogenization of non-uniformly elliptic linear equations.

In addition to the I'-convergence results of Theorems 3.1 and 3.3, we also consider
homogenization of the Euler-Lagrange system corresponding to the functional (1.1). Let
us emphasize that this task is by no means an easy consequence of the I"-convergence result
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and we consider it as a major part of this work. In order to formulate the latter problem in a
convenient sense, i.e., without using merely the abstract notion of subdifferential of convex
functionals, we need to investigate two issues:

e given that the integrand W is differentiable with respect to the last variable, does a
minimizer of the heterogeneous functional u +— Fg(w, u, D) + {boundary conditions}
satisfy any PDE?

e is the homogenized integrand Wy, differentiable?

For both points, the general growth conditions rule out deriving a PDE or the differentiability
of Whom by differentiating under the integral sign. For homogeneous integrands the Euler—
Lagrange system can be derived using a Young-measure approach (see [8]), while for the
heterogeneous case [4, Theorem 3] provides results in the scalar case under a set of additional
assumptions. In our setting, we rely on convex analysis. The subgradient for convex integral
functionals is well-known on L”-spaces. In order to capture the dependence on the gradient
the standard way is to rely on the chain rule for subdifferentials. However, in general this
only holds when the functional under examination has at least one continuity point. Hence,
working on L”-spaces is not feasible except for the choice p = oo, which however does not
necessarily coincide with the domain of the functional. As it turns out, the correct framework
are generalized Orlicz spaces (cf. Sect.2.3). It should be noted that the integrand defining a
generalized Orlicz space has to be even (otherwise the corresponding Luxemburg-norm fails
to be a norm). Since on the one hand we need that the domain of our functional F; (w, -, D) is
contained in some generalized Sobolev-Orlicz space, while on the other hand the domain of
the functional F;(w, -, D) should have interior points on that space, the integrand W (w, x, -)
has to be comparable to an even function. For this reason, we are only able to prove the above
two points under the additional assumption that

W(w,x,§) S Ww, x, —§), (1.9)

see Assumption 2 for the detailed formulation. A possible approach to remove this assump-
tion would be a theory of subdifferentials on so-called Orlicz-cones (see [13, Section 2],
where such a theory is initiated in a very special setting). This is however beyond the scope
of this work. Nevertheless, to the best of our knowledge this is the first time that the issue of
global differentiability of Wy and of the convergence of Euler—Lagrange equations (in a
random setting) is settled without any polynomial growth from above; see e.g. [5, Section 23]
for an overview of by now classical homogenization results for non-linear monotone equa-
tions, or the recent textbook [9] for results on periodic homogenization in Orlicz spaces. For
local differentiability results of Wyom for unbounded (and non-conex) integrands related to
nonlinear elasticity, we refer to [31]. The corresponding results are stated in Theorem 3.5.

The paper is structured as follows: in Sect.2 we first recall the basic notions from ergodic
theory and state the properties of generalized Orlicz spaces that will be used in the paper. Then
we formulate precisely our assumptions. In Sect. 3 we present the main results of the paper,
while we postpone the proofs to Sect.4. In the appendix we prove a representation result
for the convex envelope of radial functions and a very general measurability result for the
optimal value of Dirichlet problems of integral functionals with jointly measurable integrand.
Moreover, we extend an approximation-in-energy result of [17] for scalar functions to the
vectorial setting. that we need to treat the convergence of Dirichlet problems in the vectorial
setting. While we need the latter result for the convergence of Dirichlet problems, it certainly
is of independent interest.
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2 Preliminaries and notation
2.1 General notation

We fix d > 2. Given a measurable set § C R?, we denote by | S| its d-dimensional Lebesgue
measure. For x € RY we denote by |x| the Euclidean norm and B, (x) denotes the open
ball with radius p > 0 centered at x. The real-valued m x d-matrices are equipped with
the operator-norm | - | induced from the Euclidean norm on R?, while we write (-, :) for the
Euclidean scalar product between two m x d-matrices. Given a function f : T x R"*4 — R,
where T is an arbitrary set, we denote by f* the Legendre-Fenchel conjugate of f with respect
to the last variable, that is,

fr(t.n) = sup{(n, &) — f(t.&) : £ € R™*9).

For a measurable set with positive measure, we define fS = |—§‘ f 5 ‘We use standard notation

for LP-spaces and Sobolev spaces W7, The Borel o -algebra on R will be denoted by B,
while we use £¢ for the o-algebra of Lebesgue-measurable sets. Throughout the paper, we
use the continuum parameter ¢, but statements like ¢ — 0 stand for an arbitrary sequence
en — 0. Finally, the letter C stands for a generic positive constant that may change every
time it appears.

2.2 Stationarity and ergodicity

Let @ = (2, F, P) be a complete probability space. Here below we recall some definitions
from ergodic theory.

Definition 2.1 (Measure-preserving group action) A measure-preserving additive group
action on (§2, 7, IP) is a family {z,}, g« of measurable mappings 7, : & — 2 satisfying the
following properties:

(1) (joint measurability) the map (w, z) > 7;(w) IS F ® £4 — F-measurable;
(2) (invariance) P(z, F) = P(F), for every F € F and every z € R,
(3) (group property) 1o = idg and 1,4, = 7, 0o T, forevery z1, 22 € RY.

If, in addition, {r.},cge satisfies the implication
P(r,FAF) =0 VzeRY = P(F) € {0, 1},
then it is called ergodic.

Remark 2.2 As noted in [20, Lemma 7.1], the joint measurability of the group action implies
that for every set Q2 of full probability there exists a subset 21 C ¢ of full probability that
is invariant under . for a.e. z € RY. In particular, if f : 2 — R is a function that satisfies
a given property almost surely, then the stationary extension f :  x R¢ — R defined by
f(w, x) = f(r,w) satisfies the same property almost surely for a.e. x € R,

We recall the following version of the ergodic theorem which will be crucial (see [32,
Lemma 4.1]).

Lemma2.3 Let g € LY(Q) and {t2),cra be a measure-preserving, ergodic group action.
Then for a.e. € Q and every bounded, measurable set B C R? the sequence of functions
X > g(Ty/ew) converges weakly in LY(B) as e — 0to the constant function E[g].
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2.3 Generalized Orlicz spaces

We recall here the framework for generalized Orlicz spaces tailored to our setting. Let
(T, T, p) be a finite measure space. Given a jointly measurable function ¢ : T x R"™*4 —
[0, +00) satisfying for a.e. t € T the properties

) ¢(,0) =0,
(i) @(¢, -) is convex and even,
(iii) Timjg| 400 @(1, §) = +00,

we define the generalized Orlicz space LY (T)"*? by
LO(T)"¢ = {g : T — R™ measurable : / o(t, Bg(t)) du < +oo for some 8 > 0} ,
T

where we identify as usual functions that agree a.e. We equip this space with the Luxemburg
norm

Iglly = inf {a >0: / ot 0" g(1) dp < 1} :
T

which then becomes a Banach space [22, Theorem 2.4]. We further assume the integrability
conditions

sup (-, ¢), sup ¢*(-,¢) € LI(T) forallr > 0, 2.1
lgl=r l¢l<r
where we recall that ¢*(¢, ¢) denotes the Legendre-Fenchel conjugate with respect to the
last variable. Then L?(T)"™*¢ embeds continuously into L' (7)"*¢. Indeed, in this case the
Fenchel-Young inequality and the definition of the Luxemburg-norm yield that

lgllpicr g()
P AL AC / o1, du+/ sup (¢, &) dp < 1+ sup 9™ (-, Ol 1(r) < +o0.
llglly T llglly T I¢|<r ¢ <r

Denoting further by (L®(T)"™*4)* the dual space, (2.1) allows us to apply [23, Proposition
2.1 and Theorem 2.2] to characterize the dual space as follows: every ¢ € (LY (T)"*4y* can
be uniquely written as a sum ¢ = ¢, + £, with £, € L‘/’*(T)’"Xd (here the * denotes the
Legendre-Fenchel conjugate) and ¢; € S¥(T'), where we set

co(T) == {(A)neny C T : Ayy1 C Ay foralln € N, p (ﬂ An) =0},
neN

SO(T) = {€ & (LY(T)"™*)* : HAp)nen € co(T) :
Uhxr\a,) =0 Vhe LY(T)"*Vn e N}. (2.2)
Fur our analysis it will be crucial that (2.1) further implies that for any element £ € S¥(T)
it holds £|p00(7ymxa = 0. To see this, note that (2.1) implies that fT o(t,h(t))du < +oo
forall h € L(T)"*4. Now let (Ap)neN € A be a sequence as in the above definition for

the element £. Since 7' has finite measure, it follows that x4, converges in measure to 0. By
linearity, for all » € N we have that

€(h) = €(hxr\a,) + €(hxa,) = t(hxa,)

and so it suffices to show that hys, — 0in L¥ (TY"™ 4, Given ¢ > 0, the sequence
(-, 0hya,) also converges in measure to O and is uniformly bounded by the integrable
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function ¢(-, oh). Hence Vitali’s convergence theorem yields

n——+00

tim [ (e, oh)x, 1) dn =0,
T

so that lim sup,, , o x4, lly < o~ 1. Since o can be made arbitrarily large, we obtain the
claimed convergence to 0.

Finally, we shall make use of the following representation formula for the subdifferential
of convex integral functionals: let f : T x R”*? — R be a jointly measurable function that
is convex in its second variable. Assume that g € L?(T)™*4 such that that / (g) € R, where
Ir(g) = [; f(t, g(r)) du. Then the subdifferential of 7 at g is given by

017(g) = {ta € LY ()™ £, € 0: /(. 8() ae ]
+{€ € SY(T) : £5(h —g) < Oforall h € dom(/y)};

cf. [23, Theorem 3.1] which can be applied to due (2.1).

2.4 Framework and assumptions

Let D C R? be an open, bounded set with Lipschitz boundary and let (2, , P) be a complete
probability space equipped with a measure-preserving, ergodic group action {7}, gs. Fore >
0, we consider integral functionals defined on L' (D)™ with domain contained in W!-' (D)™,
taking the form

> g

F.(w,u, D) =/ W(w, %, Vu(x))dx € [0, +o0]
D
with the integrand W satisfying the following assumptions:

Assumption 1 There exists a F ® B”*¢-measurable function W : Q x R”*¢ — [0, +-00)
such that

(A1) W(w, x, &) := W(r,w, £) (stationarity and joint measurability);

(A2) for a.e. w € Q the map &€ — W (w, &) is convex (thus also & — W(w, x, &) for a.e.
x € RY)y;

(A3) forallr >0

w > sup W(w,n) € L' (2); (local boundedness)

[nl<r

w i+ sup W*(w,n) € LI(Q), (inhomogeneous superlinearity)
Inl<r

where W* denotes the Legendre-Fenchel transform of W with respect to its last vari-
able.

Moreover, W satisfies at least one of the following two conditions (A4) or (A5) below.

(A4) (mild monotoncity) there exists C > 1 arLd a non-negative functign A e L'() such
that fora.e. w € Qand all £ € R"™*4 all € € R™*4 with e]T(%‘ —-&)eo, e]Tg} for all
1 < j < m itholds that

W(w,&) < CW(w, &) + Aw)
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and thus also
W(w,x,£) < CW(w,x, &+ Alw, x) fora.e. x € R?
with A(w, x) := A(T,w).

(AS5) (p > d — 1 coercivity) there exists p > d — 1 such that

W(w, £) > |£]” and thus W (w, x, £) > |€|” for a.e. x € R,

Remark 2.4 (i) Due to Remark 2.2, the above Assumptions are indeed just assumptions

(i)

(iii)

on W. Note that the local suprema in (A3) can be replaced by pointwise integrability
of W(-, &) and W*(-, £) since convex functions on cubes attain their maximum at the
finitely many corners and moreover W > 0, while W* can be bounded from below
by W*(w, £) = —W(w,0). Another advantage of the definition of W via stationary
extension is that the function W*(w, x, §) = W*(tyw, £) remains F @ £¢ @ B">d-
measurable due to the completeness of the probability space. Indeed, following verbatim
the proof of [19, Proposition 6.43], one can show that for any jointly measurable function
h @ Q x R™4 — R the Fenchel-conjugate with respect to the second variable is still
jointly measurable. However, note that completeness of €2 is essential for the proof when
one only assumes joint measurability.

The integrability condition on the conjugate W* in (A3) implies that & — W (w, &) is
superlinear at infinity. Indeed, by definition we know that for all £, n € R"*? we have

W(w,§) + W@, n) = (n,§).
For & # 0 and C > 0, choosing n = C&/|&| we deduce that

W(w, &) = Cl| - IS‘UPC W*(w, ), (2.3)
nl<

so that by the arbitrariness of C we obtain for a.e. w € Q

W(w,§)

= 400
lEl>4o00  |&]

It will be useful to have a suitable radial lower bound for W. Define £ to be the the jointly
measurable function (w, r) > inf ;= W (w, n)! and consider the convex envelope (in
R™*dy of the map & — E(a) |€]). We then know from the above superlinearity (with
x = 0)and LemmaA.1 that £ (w, |£]) < W (w, &) for some convex, monotone, superlinear
function £. Moreover, due to (2.3) with C = 1, without loss of generality the function £
satisfies the lower bound

o, E]) = [§] = A®). 24

The monotonicity assumption (A4) is no restriction in the scalar case m = 1 since in this
case it reduces to W(w, 0) < CW(w, &) + A(w), which follows from (A3). Moreover,
(A4) is also verified if

U, |5]) < W(o,§) < Clw, §]) + Alw) 25)

I'tisa Carathéodory-function. Indeed, for a.e. w € Q the convexity and finiteness of W imply continuity
with respect to £, which can be used to deduce continuity with respect to r, while measurability with respect
to w can be shown as follows: for every r > 0 the set {(w, &) € Q x {|§| =7} : W(w,&) <t}is F® Bmxd.
measurable, so that by the measurable projection theorem the projection onto €2 is measurable. This projection
is exactly {w € Q : inf|g|=, W(w, &) <t).
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for some superlinear function £(w, -) : [0, +00) — [0, +00). To see this, observe that
the convex envelope of & — {(w, |£]) is of the form & — {op(w, |£]) with a monotone,
convex function £g(w, -) (see Lemma A.1). Then ¢p(w, |&]) < €(w, |€|) and due to the
convexity of & +— W(w, &) we have W(w, £) < Cly(w, |€]) + A(w). Thus (A4) is a
consequence of the following estimate:

W(w, &) < Cly(o, [E]) + Aw) < Cly(o, []) + Aw) < CW (@, §) + Aw),

where we used the monotonicity of £. Finally, (A4) comes also for free if W is even with
respect to each row of £. Indeed, in this case it follows that W(w, ET) = W(w, &), where
&~ is any matrix that is made of £ by multiplying some rows by (—1). Since the matrix
E in (Aﬁ) is the midpoint of the line connecting £ and some £~ as above, by convexity
W(@.8) < §W(0,8) + 1W(w. £7) = W(o, §).

Example 2.5 Here we give some well-known examples that satisfy Assumptions 1. In what
follows we exploit that for fixed p € (1, +00) the Fenchel conjugate of the function % |&|P is

given by the function %|.§ |9, where ¢ = p/(p — 1) denotes the conjugate exponent to p. We
further assume that the probability space €2 and the stationary, ergodic group action {1}, cpd
are given.

1) Consider the integrand W (w, &) ﬁlél”(“’) with a random exponent p : Q —
p

(O]
r()—1

(1, 400). Denoting by ¢(-) = its conjugate exponent, W satisfies Assumption 1

whenever for all » > 0
1 1
— "V el (@), —riY el (@),
p() q()

which is equivalent (recall that exp(p) > p for all p > 1) to the moment generating
functions of p(-) and ¢ (-) being globally finite. In particular, one can construct examples
(e.g. with subgaussian tails and a corresponding decay close to 1) with essinf , p(w) = 1
and ess sup , p(w) = +o0o that fall in the framework of our assumptions.

2) Consider the double-phase integrand W (w, £) = |£]|? + a(w)|&|? with 1 < p < 400,
1 < g < 4ooanda € L'(Q) a non-negative function. Then Assumption 1 is satisfied.
If p=1and g > I, then Assumption 1 holds if in addition a'~¢ € L'(2). Moreover,
Assumption 1 does not restrict to polynomial growth and is also satisfied for generalized
double-phase integrands of the form W (w, £) = |£]P + a(w) exp(exp(J€]9)) with 1 <
p <+400,0<q <+4ocanda € L'(Q) a non-negative function (the double exponential
can be replaced by any convex and continuous function).

3) Consider the integrand W(w, &) = %lk(w)él” with1 < p < +ocand A : 2 — [0, oc].
An elementary computation yields W*(w, ) = $|f§/)\(a))|q with ¢ = p/(p — 1).
Hence W satisfies Assumption 1 whenever A”, A~7 € L'(£2), which coincides with the
assumption in [32], where it was shown that in general this integrability is necessary to

have a non-degenerate value of the multi-cell formula for this class of integrands (see
[32, Remark 3.2]).

We also study the convergence of the associated Euler—Lagrange equations for F¢ (w, -, D)
under Dirichlet boundary conditions and external forces. To show that the homogenized
operator is differentiable under the general growth conditions, we need to impose an additional
structural assumption.
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Assumption 2 Inaddition to Assumption 1, assume that fora.e.w € Qthemapé — W(w, &)
is differentiable and almost even in the sense that there exists C > 1 suchthatforallé € R™ xd
we have

— 1 _
W(w, -§) = EW(w,S) — Aw). (2.6)

The corresponding integrand W (w, x, §) then satisfies the same properties for a.e. x € R?
with A replaced by A.

Remark 2.6 We need (2.6) to construct a generalized (Sobolev-)Orlicz space associated to
the domain of Fy(w, -, D) or of h — E[W(, h)] as follows: the function m(w, £) =
min{W (w, ), W(w, —£)} is even and jointly measurable. So is its convex envelope
co(m(w, )) (cf. Remark 2.4 (i)) and finally also the non-negative function

?(w, &) = C max{0, co(m(w, £)) — W(w, 0)}, 2.7)

where C is the constant given in (2.6). Note that

é@(w, £) < co(m(®, ) + W(®,0) < m(@, &) + W(®,0) < W(w, §) + W(w,0),

while (2.6) implies the lower bound

1 — 1 — — _
P, 8) z com(@, §)) = W(w,0) = ~W(w,§) - W(®,0) — Alw),
which up to increasing A yields the two-sided estimate
W(,8) — A) < §(@,§) =< CW(w,§) + Aw). (2.8)

Denoting by ¢* the conjugate function of @ (with respect to the last variable), we deduce that
forallr >0
0<3"(,0) < sup g*(, 1) < Al) + sup W@, n).
Inl<r Inl=r
In particular, combined with (2.8) and (A3), we find that ¢ satisfies all assumptions stated
in Sect.2.3 for the choice (7,7, ) = (2, F,P) (the superlinearity at +oco follows as
in Remark 2.4 (ii)), so that we can define the generalized Orlciz space L? ()™*4_ which
enjoys all properties stated in Sect.2.3. On the physical space (D, £¢) with the Lebesgue-
measure instead, due to Remark 2.2 we can consider for a.e. € Q2 the (random) function
@e(x, &) = @(1y /e, &) to define the generalized Orlicz space Lff(D)de, which satisfies
again all properties stated in Sect. 2.3.
We can further define the corresponding generalized Sobolev-Orlicz space

wlee(Dy" .= {u e WHI(DY™ : Vu e LY (D)%),
that becomes a Banach space for the norm

il = lall 1y + 1Vl

and which embeds continuously into whl(D)y". We define the space W()l”a‘fE(D)m as the
subspace with vanishing W'-!(D)™-trace. Due to the continuous embedding this subspace
is closed. As we will prove, the homogenized integrand Wyom appearing in Theorem 3.1
satisfies the deterministic analogue of (2.6). allowing us to define the associated Sobolev-

Orlicz spaces W L-@nom (D)™ and W&"ph"“‘ (D)™ for the homogenized model. We need those
spaces to formulate our results on the Euler-Lagrange equations.

@ Springer



New homogenization results for convex integral functionals. .. Page 110of 51 32

3 Main results

Note that due to the probabilistic nature our main results are only true for a.e. w € Q. At the
beginning of Sect.4 we describe precisely which null sets we have to exclude.

We start our presentation of the main results with the I"'-convergence of the unconstrained
functionals.

Theorem 3.1 Let W satisfy Assumption 1. Then almost surely as ¢ — 0, the functionals
Fe(w, -, D) I'-converge in LY(D)" to the functional Fyon : LY(D)" - [0, +0o0] defined on
wl(Dy™ by

Fom (1) = f Waom (Viu(x)) dx € [0, +o0],
D

where the integrand Whop, : Rm*d _ [0, +00) is convex. Moreover, the following is true:

o Suppose W satisfies (A4). Then Whom is superlinear at inﬁnity and there exists Co < +00
suchthat forall ¢ € R"*4 andall€ € R™* with eJT(S—E) e {0, e]TE}foralll <j<m
it holds that

Whom (§) < Co (Whom (€) + 1).
o Suppose W satisfies (AS). Then for all £ € R™*¢
Whom (§) > [§17,
where p > d — 1 is the exponent in (A5).

Remark 3.2 For an intrinsic formula defining Wyony, see Lemma 4.3. It follows a posteriori
from Theorem 3.3 that one can obtain Whom (§) by the standard multi-cell formula

Whom (§) := lim inf {][ W(w,x, €+ Vu)dx : u € Wol’l((—t,t)d,R'”)}.
t—+400 (=1,0)d
Indeed, by the change of variables x — x /e and Theorem 3.3 the above limit equals
min f Wi+ i d = Whon(®),
ueWd ! (=1,1d,RmyJ (—1,1)4
where the last equality follows from the convexity of Whon,.

Next we discuss the convergence of boundary value problems together with a varying
forcing term added to the functionals. Given g € W (R4, R") and f, € LY(D)", we
define the constrained functional

Fe(w,u, D) — [ fo(x) - u(x)dx ifu € g + Wy (D)™,
Fs,fg,g(a)»u, D) = 3.1
400 otherwise onL! (D).

Due to the Sobolev embedding the integral involving f; is finite for u € W' (D)™,

Theorem 3.3 Let W satisfy Assumption 1. Assume that g € WY R)™ and that f, €
LY(D)Y™ is such that fs— f in LY(D)" as ¢ — 0. Then almost surely, as € — 0, the func-
tionalsu — Fy g, o(w,u, D) I'-converge in LY (D)™ 10 the deterministic integral functional
Fhom, f.¢ : L' (D)™ — [0, +00] defined on g + W' (D)™ by

From. .o (1) = / Whom (Vit (1)) dx — / F() - u(x) dx € RU (400}
D D
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and +0o00 otherwise. The integrand Wyom is given by Theorem 3.1. Moreover, any sequence
ug such that

limsup Fy f, (@, ug, D) < +00 (3.2)

e—0
is weakly relatively compact in W1 (D)™ and strongly relatively compact in L4/@=1 (D)™,
If (A5) is satisfied, the above result is also valid when fe— f in LY(D)™ for some g > 1
with 5 <1- % + 5, and sequences u. satisfying (3.2) are weakly relatively compact in
WLrP(DY", where p > d — 1 is the exponent in (AS).

Remark 3.4 (i) The condition g € W10 (R4, R™) can be weakened to Lipschitz-continuity
on 9. Then one can redefine g on R4\ using Kirszbraun’s extension theorem and
the definition of the functional F; y, . is not affected.

(i) By the fundamental property of I'-convergence, Theorem 3.3 and the boundedness of
Fe 1, ¢(w, g, D) ase — 0, imply that up to subsequences the minimizers of F¢ y, ¢(w, -)
converge to minimizers of Fyom, r,¢. In particular, when W is strictly convex in the last
variable, then one can argue verbatim as in [32, Propisition 4.14] to conclude that also
Whom is strictly convex. In this case, the minimizers u, at the e-level and uq of the limit
functional are unique and u; — up as ¢ — 0 weakly in W1 (D)™ and strongly in
Ld/(dfl)(D)m.

Our final result concerns the Euler-Lagrange equations of the functionals F y, , and
Fhom, f,¢- In particular, we address the differentiability of the function Wyom. Here we have
to rely on the stronger Assumption 2 to be able to work in (Sobolev-)Orlicz spaces.

Theorem 3.5 Let W satisfy Assumption 2 and let g, f. and f be as in Theorem 3.3. Then the
following statements hold true.

i) Almost surely there exists a function u, € g + WO1 ’l(D)’" such that

/DBSW(w, 5 Ve (0)Ve (x) — fo(x) - dp(x) dx

=0 ifp € Wy ™(D)",
>0 ifp € Wy (D)"andF;(w, us + ¢, D) < +00.

The above (in)equality is equivalent to u, minimizing F ¢, o(w, -, D).

ii) The function Whom is continuously differentiable.
iii) There exists a function up € g + WOI’I(D)’” such that

/Dag Whom (Vuo(x) Ve (x) — f(x) - ¢ (x) dx

=0 ifp € Wy (D)",
>0 ifp € Wy (D)™ and From(uo + ) < +00.
The above (in)equality is equivalent to uy minimizing Fyom, f,¢-

iv) If there exists s > 1 such that F¢(w, sug, D) < +00 respectively Fnom(sug) < +00,
then

/ xW(w, %, Vue (X)) Ve (x) — fe(x) - ¢(x)dx =0 forallp € W&’Ufs(D)m,
D

@ Springer



New homogenization results for convex integral functionals. .. Page 130of 51 32

v)

respectively
/ 9 Whom (Vuo(x))Ve(x) — f(x) - ¢(x)dx =0 forallp € Wol’(ph"m(D)m,
D

where the spaces WO Y= (DY and Wl “Phom (DY are the Sobolev-Orlicz spaces associated
to W and Wyon (cf- Remark 2. 0).

If W is strictly convex in its last variable, then the solutions u, and ugy are unique and
almost surely, as ¢ — 0, the random solutions u, = u.(w) converge to ug weakly in
WLL(DY" and strongly in LY/ @=D(Dy".

Remark3.6 a) Wehave theinclusions W, ™ (D)" C Wy'¥* Wy ¥ (D)" and { F.(w, -, D)

b)

c)

< 400} C Walj‘p‘g (D)™ and {Fhom < 400} C Wh#om (D)™ Since the Sobolev-Orlicz
spaces are vector spaces, this yields that the equations in iv) imply equality in 1) and iii).
Moreover, the equations in i) and iii) can be extended by approximationto ¢ € W, (D)’”
whose gradient can be approximated weakly* in L& (D)"*? or L%hom (D)mX”? respec-

tively, where both spaces are are regarded as subspaces of the dual space of LfE (D)ymxd
or L¥om (D)% respectively.

While the points i) and iii) imply that u, and u are distributional solutions of the PDEs
—div(@ W(w, -, Vu)) = fp and —div(d W(Vu)) = [ respectively, they are no weak
solutions in the corresponding Sobolev-Orlicz space. This problem is strongly related to
the lack of density of smooth functions in Sobolev-Orlicz spaces. As a byproduct of our
proof the solutions that minimize the energy satisfy

%W (w, =, Vug) € LY (D)™ 9 Whom(Viug) € L¢om (D)™,

s g0

so thatin the language of [8] they are energy extremals. In particular, the weak formulation
of the PDE would make sense in duality as in iv), but we are not able to prove it.
Concerning the integrands in Example 2.5, the condition in iv) is satisfied for p(-)-
Laplacians with essentially bounded exponent or double phase functionals W (w, x, &) =
1P + a(w, f)lé |9 with no additional restrictions on the exponents. In a more abstract
form, it suffices to have an estimate of the form W (w, s&) < CW (w, &)+ A () for some
s > 1. In this case one can use the formula for Wy, given in Lemma 4.3 to show that
Whom (s§) < C(Whom(§) + D).

4 Proofs

Before we start with the different proofs leading to our main results, let us comment on the
null sets of Q2 that we need to exclude: besides excluding the set of zero measure, where the
properties of W (or W) in Assumption 1 or 2 fail,

we will frequently apply the ergodic theorem in the form of Lemma 2.3 to the random
field W(w, £ 2. &) = W(r xw, &). A priori, the null set where convergence may fail could
depend on S so let us explam why this is not the case. Consider an element w € 2, where
the ergodic theorem holds for all rational matrices £ € Q"*?. Then for any bounded,
measurable set E C RY we have

lim | Ww, & dx=EW( OIE|
£— E }
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To extend this property to irrational matrices &g, note that the sequence of maps

& |—>/ W(w, 3, &) dx
E

is still convex and by assumption it is bounded on rational matrices. Since we can write
R™*9 a5 the countable union of cubes with rational vertices, this implies that the sequence
is locally equibounded and by [19, Theorem 4.36] it is locally equi-Lipschitz. Hence it
converges pointwise for all £ € R”*¢ and the limit is given by E[W (-, £)] as this function
is the continuous extension of the limit for rational matrices.

o wewillalsoapply Lemma 2.3 to the variables sup,,, ., W (@, 5, n) orsupj, <, W*(@, 7, {).
These terms only appear in bounds, so that we can tacitly restrict r to positive, rational
numbers. Moreover, we will use Lemma 2.3 also for the map A (w, % .

o we further exclude the null sets where Lemma 4.3 fails for rational matrices & € Q"*¢ or
where Lemma 4.4 for W or the countably many approximations Wy given by Lemma 4.5.

o finally, we apply Lemma 2.3 to the maps W (w, 3, & +Eg (Ty/e)) forrational £ € Q™ xd
where h; is given by Lemma 4.3.

If not stated explicitly otherwise, we shall always assume that we have an element w of the
set of full measure such that the above properties hold.

4.1 Preliminary results: compactness, correctors and the multi-cell formula

We first show how the bound on the conjugate in (A3) yields weak L'-compactness for the
gradients of functions with equibounded energy.

Lemma 4.1 Suppose that W satisfies (Al), (A2) and (A3). Let (us)g=0 C WH1 (D)™ be such
that

sup Fe(w,ugs, D) < 4o00.
£€(0,1)

Then, as ¢ — 0, the gradients Vuy are relatively weakly compact in LY (DY"*4_ If moreover
ug is bounded in L' (D)™, then, up to subsequences, there exists u € W1 (D)™ such that
ug—u weakly in W1 (D)™, If W satisfies in addition (A5), the above statement is also true
with LY (D)™, LY(D)™ and W1 (D)™ replaced by LP (D)"*¢, LP(D)" and WP (D)™,
respectively.

Proof Let A C D be a measurable set and v € L™ (D)"™*? satisfy ||v||=(py < 1. For any
r > 1 the Fenchel-Young inequality and the convexity of W in the last variable yield that

/(Vug,v)dx 5/ W(w,g,}v%)dwr/ W*(w, £, rv) dx
A A A
1 r—1
< - | W(w,2, Vug)dx + —— | W(w,<,0)dx
rJa € r A &

+/;x sup W*(w, =, 1) dx.

[nl<r

Taking the supremum over all such v’s, the nonnegativity of W and the global energy bound
imply that

C
/ [Vug|dx < — —|—/ W(w, %,0)dx —|—/ sup W*(w, %, 1) dx. 4.1)
A r A A

[nl=<r
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Note that W* inherits the stationary of W and so does the function supy, -, W*(-, -, n). Com-
bining (A3) and Lemma 2.3, the functions in the last two integrals in (4.1) are equiintegrable.
Hence we deduce that

C

lim sup/qu£|dx§
A r

1410 ¢ «1

Letting »r — +o00, it follows that also Vu, is equiintegrable as ¢ — 0. Since D has finite
measure, it remains to show that Vu, is bounded in L' (D)de. To see this, choose A = D
and r = 1 in (4.1) and use again Lemma 2.3 to conclude that the functions in the last two
integrals in (4.1) are also equi-bounded in LY(D). The last claim is a standard result for
bounded sequences in W' with weakly compact gradients.

The claim for W satisfying (AS5) is simpler and follows from

sup / [Vug|Pdx < sup Fe(w,us, D) < 400
£€(0,1) JD £€(0,1)
and standard results for Sobolev spaces with exponent p > 1. O

Next, we adapt the construction of correctors in [15, 20] to the superlinear setting without
any polynomial growth of order p > 1 from below. Define the set

Fplot =1{h e LI(Q)d : E[h] = 0 and for a.e. w € Q the function
h(x) = h(tyw) € Llloc(Rd)d satisfies
0ihj —djh; =0on R%for alll <1, J < din the sense of distributions}. 4.2)
Even though d # 3 in general, we refer to the property 9;2; — 0;h; = 0 as being curl-free.
The following result is [32, Lemma 4.11].

Lemma 4.2 The space Fyoy is a closed subspace of L' (Q)?. Moreover, given h € Fp1 there

ot?
exists a map ¢ : Q — W]L’Cl (RY)Y such that Vo(w,x) = h(tyw) almost surely as maps
in Llloc(]Rd)d and such that for every bounded set B C R the maps w +— ¢(w, ) and
w — Vo(w, -) are measurable from Q to L' (B) and to L' (B)¢, respectively.

The above result allows us to introduce a corrector by solving a minimization problem on
the probability space as explained in the lemma below.

Lemma 4.3 Suppose W satisfies (Al), (A2) and (A3). Let § € R™*4_ Then there exists a
Sfunction hg € (Fplot)m such that

Whom (§) = E[W (-, § + he)l = inf E[W(., & + h)].
hE(Fpm)'”

We call ¢ : Q@ — Wll)’cl (RHY™ given by Lemma 4.2 applied to the components of he the
corrector associated to the direction &. We assume in addition that fB] ¢s(w,x)dx = 0.

Then, as ¢ — 0, almost surely for any bounded, open set A C RY it holds that
e (w,-/e)—0 in Whi(ay",

The function & +— Wyom (€) is convex, finite and superlinear at infinity. Moreover, the fol-
lowing is true:

(i) Suppose that W satisfies in addition (A4). Then, there exists Co < +00 such that for all
£ e R™ and all £ € R™*4 with ejT(s —£) e {0, e/ré‘}for all 1 < j < m it holds that

Whom (€) < Co(Whom (€) + 1).
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(ii) Suppose that W satisfies in addition (A5). Thenforall € € R™ 4 we have Wpom (£) > |£]7
and almost surely, as € — 0, it holds that e¢e (w, -/€)—0in Whr(AY", where p > d—1
is the exponent in (AS5).

Proof The existence of minimizers in the weakly closed set (Fplm)’" (cf. Lemma 4.2) for

the functional &7 — E[W(-, & + h)] follows from the direct method of the calculus of
variations. Indeed, the convexity of W in the last variable turns the functional weakly lower
semicontinuous for the L' (Q)-topology, while the relative weak compactness of minimizing
sequences can be shown using (A3) in the form of w SUP|y<r W*(w, n) € LY (Q) for
all ¥ > 0 as in the proof of Lemma 4.1, replacing the oscillating term % by 0 and the
physical space by the probability space. Next, note that the constraint fBl ¢s(w,x)dx =0
does not affect the measurability property stated in Lemma 4.2 as this integral term is a
measurable function of w. We continue by showing the weak convergence to zero, dropping
the dependence on & for the moment. For a.e. w € Q2 we have Vo (w, -/¢) = fl(t./gw)
and i € L'(R). Hence the ergodic theorem in the form of Lemma 2.3 implies that for any
bounded set B C R we have

Vé(w, /e)—=E[h] =0 in L' (B)"*?, (4.3)
where we used that i € ( pot)’” for the last equality. We will show that
lim 4 e¢(w,x/e)dx =0, (4.4)
e—>0 B

which yields the claim by Poincaré’s inequality considering a ball B such that By U A C B.
By a density argument one can show that for r > 1

][ —¢(w,ry)dy = ][ —(¢p(w,ry) — ¢ (w, y))dy

][ / Vo (w,ty)ydtdy = — /][ Vo (w,ty)ydydt.
By

By approximation with continuous functions one can show that the map ¢ — fB] Vo (w,ty)ydy
is continuous on (0, +00) and by (4.3) it vanishes at infinity. Hence the right-hand side term
in the above equality vanishes as r — +o00. This yields (4.4).

The function Wi, is convex by the convexity of W in the last variable. It is finite since
0e (Fplot)’" is admissible in the minimization problem defining Whon, so that due to the
integrability condition (A3)

Whom (§) < E[W(’ )] < +oo.
The superlinearity follows from the lower bound in (2.3). Indeed, for any C > 0 we have

Cl&| = CIE[& + hel| < E[CIE + hel]l <E[W(-, & + he)

+ sup W*(, )] = Whom (&) +E[ sup W*(-, 1.
n|=C [n|<C

By Assumption (A3), the last expectation is finite for any fixed C > 0, so that dividing the
above inequality by |£| and letting |§| — +o00, we infer that

Wi
C < liminf Whom (€)
ll>+oo  |&]

Superlinearity at infinity follows from the arbitrariness of C > 0.
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In order to prove the assertion in (i), fix &, E € R™*4 a5 in the statement and let 71,; €
(Fl,)™ be such that Whom (§) = E[W (-, 0. & + h¢)]. We define 7z € (FL)" via Eg =0if
e;g = 0Oand ﬁé = ﬁé if ejTg = ejT%‘. Then, applying (A4) pointwise to the two matrix-valued
functions & + he and & + hg, we deduce that

Whom(8) < E[W(-, 0, + he)] < CE[W(-,0,& + he)] + E[A] = Co(Whom (€) + 1),

with Co = max{C, E[A]} < +o0.

The additional statements in (ii) are well-known: the p-growth from below implies that
l;g satisfies in addition ﬁg € (LP(€2; R9))™ and from this we deduce the weak convergence
in WhP(A, R™) for e¢g (w, -/¢). The coercivity for Whom follows by E[ﬁg] =0, (AS5) and
Jensen’s inequality as

|17 = |E[£ + hell? < E[I& + hel|”] < Whom (§).

[m}

As a final result of this section, we state the almost sure existence of the limit in an
asymptotic minimization formula in the physical space described in the following lemma.
The standard proof can be found in Appendix B.

Lemma 4.4 Suppose that W satisfies (Al), (A2) and (A3). For a bounded open set O C R4
and & € R7*d e define

1 (@, 0) :inf{Fl(a),u, 0): u—¢xe WOI’I(O,R’”)}.

There exists a convex function [Lhom : R™*d _ [0, +00) and a set Q' C QwithP[Q'] =1
such that the following is true: for every w € Q' and every cube Q = x + (—n, n)? c R?
and & € R™*4 jt holds that

. 1
Mhom(§) = t—lgI—loo @Mf (w,tQ).

4.2 Proof of the I'-liminf inequality by truncation of W

For the I'-liminf inequality, we approximate W from below by integrands with polynomial
growth. This technique was already implemented for functionals satisfying p growth from
below with p > 1, see e.g. [15, 28]. Here, we generalize this method to cover the case of
merely superlinear growth condition as in Assumption 1, where in contrast to the case with p-
growth from below, the approximation only satisfies so-called non-standard or p —g-growth.

Lemma 4.5 Assume that W satisfies (Al), (A2) and (A3). Then there exists an increasing
sequence Wy : Q x R x R">d 5 [0, +00) that still satisfies (Al), (A2) and (A3) and in
addition

a) W(w, x,§&) =supgey Wi(w, x,§) forae. x € R? and all € € R"*4;
b) Wi(w,x,&) < Cr(1 + |E|7) for some 1 < q < 1* (not depending on k) and Cy €
(0, 4+00).

Proof Due to Remark 2.2, it is enough to perform the construction at the level of W, so
that (A1) comes for free. We first define a suitable lower bound for W. Set ¢(w, &) =
co(min{f(w, |€]), ¢g'|€]9}), where co denotes the convex envelope and ¢ is the convex,
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monotone, superlinear function given by Remark 2.4 (ii). Then Cis jointly measurable? and
7 (w,&) < W(w, &). Next, since W > 0, following the proof of [19, Theorem 6.36] there
exist measurable and bounded functions a; : & — R and b; : Q — R such that for all
w € Q with W (w, -) being convex we have

W(w, &) = supla; (@) + b; (w) - }.

ieN
We define an approximation of W by setting
Wi(o, €) = max{a; (@) + b; (@) - £}. (4.5)

Then W is jointly measurable, increasing in k, convex in & and satisfies Wy + W pointwise
in & for a typical element @ € 2 (cf. the beginning of Sect.4). Finally, we define

Wi(w, &) = max{Wi(, &), £(o, £)).

Then Wy is still jointly measurable, convex in § (as required in (A2)), increasing in k, and
due to the lower bound ¢(w, §) < W(w, &) it also follows that W; 1+ W. Moreover, since
the individual functions a;, b; are bounded, we have that

Wi(w, &) < Wi(w, §) + [£]7 < Cr(1 + [£]7),

which also implies the upper bound in (A3). Next, we show the bound on the conjugate
function in (A3). To bound it from below, note that by definition of the conjugate

sup Wi, m) = =Wi(-,0) = =W(-,0) € L'(Q).

Inl<r

For the upper bound, we will use several times that the convex envelope for finite, convex
functions f : R™*¢ — R that are bounded below by an affine function (here zero) can be
characterized by the biconjugate function, i.e., f** = co(f) (cf. [19, Remark 4.93 (iii)]) and
that f*** = f* (see [19, Proposition 4.88]), which in combination yields that

co(f)* = f*. (4.6)
Since f < g implies f* > g*, it suffices to show that suplnlfr(f)*(-, n) € LY(Q).
According to (4.6) and the definition of Z we know that

O @, m = sup (& 1) —min{l(o, &), ¢ £]7})
?,—'ER’"Xd

= sup max{(§,n) —€(,0,&), (&, n) —q €]
EER’”Xd

= max{€*(@, n), (3110} < @, n) + Ll

where ¢’ is the conjugate exponent to g. The function 1 > %|n|‘1/ is deterministic and
locally bounded, and therefore it suffices to show that sup), -, *(w, n) € L' (). Recall the
construction of £ in Remark 2.4 (ii) as the convex envelope of the radial minimum of W.
According to (4.6) we have that

*(w,m) = sup ((é‘,n)— inf W(w,z))z sup sup ((€,n) — W(®,2)).
eRmxd lzI=I¢| geRmxd |z|=|¢|

2 Since all functions are real-valued and bounded below by 0, the convex envelope is given by the biconjugate,
which preserves joint measurability as explained in Remark 2.4 (ii).
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Taking the supremum over || < r and using the commutativity of suprema, we deduce that

sup £*(w,n) = sup sup sup ((§,7) — W(w,2)) = sup sup (r|§| — W(w,2))

[nl=r EecRmxd |z|=|§] In|<r EeRmxd |z|=(§]
= sup (rlz] = W(@,2)) = sup sup((n,2) — W(®,2))
zeRmxd zeRm>d |n|<r
=sup sup ((n,2) — W(w,2)) = sup W¥(w,n),
[nl<r zeRmxd [nl<r
which concludes the proof of (A3). O

In the next proposition we state the I"-liminf inequality for the truncated energies defined via
the integrand Wj given by the previous lemma. The argument is quite standard. However,
we have not found a compatible version in the literature.

Proposition 4.6 Assume that W satisfies (Al), (A2) and (A3). Let D C R? be an bounded,
open set, u € Wi (DY and (u.), C L' (D)™ satisfying ue — u in LY(D)" as e — 0. For
any k € N let pinom k(&) be the function given by Lemma 4.4 applied to the integrand Wy
given by Lemma 4.5. Then

/ Mhom,k(Vu(x)) dx < liminff Wi(w, 7, Ve (x)) dx.
D e—0 D

Proof To reduce notation, we drop the index k, but assume in addition that W satisfies the
bound

W(w,x,§) <C(§17+ 1) 4.7

for some 1 < ¢ < 1* and a.e. x € R?. Without loss of generality, the limit inferior in the
claim is finite and, passing to a non-relabeled subsequence, it is actually a limit. Following
the classical blow-up method, define the absolutely continuous Radon-measure m, on D by
its action on Borel sets B C D via

mg(B) = /W(a), 2 Ve (x)) dx.

By our assumption, the sequence of measures m, is equibounded, so that (up to passing

to a further subsequence) mgAm for some nonnegative finite Radon measure m (possibly
depending on w). Using Lebesgue’s decomposition theorem, we can write m = f Fx)Ld +v,
with v a nonnegative measure v that is singular with respect to the Lebesgue measure. Since
D is open, the weak™ convergence implies that

liminf Fg(w, ug, D) = liminf m,(D) > m(D) > / f(x) dx.
e—0 e—0 D

Hence it suffices to show that f(xo) > thom(Vu(xg)) for a.e. x9 € D. The Besicovitch
differentiation theorem [19, Theorem 1.153] and Portmanteau’s theorem imply that for a.e.
xo € D we have

m(Q,(x0)) _ .. . me(Qr(x0) _ . ms(Qr(XO))_

7 =1 _ > —_— =
f(xo0) hr% = > lim sup lim sup 7 > lim sup lim sup 7
r— r r—0 e—0 r r—0 e—0 r

(4.8)
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Therefore it suffices to show that for a.e. xo € D we have (along the chosen subsequence in

€)

lim sup lim sup][ W(w, f Viug(x))dx > phom(Vu(xg)).
0Oy (x0)

r—0 e—0

We claim further that

lim sup lim sup lim sup][ W(w, 8 ,NVug(x))dx
ntl r—0 e—0 Q,(x0)

< lim sup lim sup][ W(w, %, L Vug(x))dx, 4.9)
Or(x0)

r—0 e—0

so that it suffices to show that

lim sup lim sup lim sup][ W(w, f, NVue(x))dx > phom (Vu(xo)). (4.10)
ntl r—0 e=0 JO,(x0) ’

To verify (4.9), note that due to the convexity of the map & — W(w, y, &), forn € (0, 1) it

holds that

W( ’ 5’ nv”s(x)) =< nW(w! 8’ V”s(x)) + (1 - ﬂ)W(w» é" 0)

Since n < 1, integrating this inequality over Q, (xo) and taking the average, we obtain that
| Wt avuwar <
0r(x0)

][ W, 5 Vue)de+ (1 —mf W, =.0)dx

0r(x0) 0Oy (x0)

and thus it suffices to show that the last integral vanishes. As ¢ — 0, the ergodic theorem
yields that

lim lim lim (1 — n) W(w, %

0) =lim(l1 — nE 0)]=0.
im i lim(1 =) ) = lim(1 — ELW(, 0)]

[P

To show (4.10), we fix x¢ to be a Lebesgue point of # and Vu, and such that (4.8) holds true.
Using the Besicovitch derivation theorem on convex, open sets (see [19, Remark 1.154 (ii)]),
we may impose additionally that

f(x0) = lim M @.11)
r—0 r

For such xo we define the linearization of u at xo by L, »,(x) = u(xo) + Vu(xp)(x — xo).

In what follows, we drop the dependence on x( from cubes and tacitly assume that they are
centered at xg. We modify u, close to d Q, such that the modification attains the boundary
value L, y,: for 0 < n < 1 we pick a cut-off function ¢, € C°°(Qr, [0, 1]) such that
@y(x) = 1 on Q,, which can be chosen such that |Vl =< T n)r Define then the
function u, , : D — R™ by

Ugy = NPplUe + n(l — (ﬂn)Lu,x(y

Since ug, , = nue on Oy, we can estimate the energy of u, ; on Q, by

Fe(ow, Ugn, 0Or) < Fe(w, nug, Qr) + Fe(w, Ugn, Qr\Qnr)- (4.12)
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We argue that the last term is asymptotically negligible relative to r¢. To reduce notation, we
set §; = Qr\Qyr. Since u, € W1(D)™ due to the global energy bound, the product rule
yields that

NV, ® (e — Lu,xo)
I—n

V”s,r} = 77</JnVMs +n(— (/J,])Vu(xo) + (=)

)

so that 0 < n, ¢, < 1 and the convexity of £ — W(w, y, §) imply the estimate
Fe (o, Ugn, Qr\Qr]r) < Fe(w, ug, Qr\Qnr) + Fe(w, Lu,xos Qr\Qnr)

+/ W (a)7 g’ UV%(X) ® (ue(x) — Lu.xo(x))> dx.
0\ I=n

(4.13)

We first estimate the last term, using the polynomial bound (4.7). Inserting the uniform bound
on Vg,, we find that

f W (w’ x NV, (x) ® (ue(x) — Lu,xo(x))> dx
0\ Oy 1—n

SO AW~ L (1 + 1.
Qr\Qnr
Inserting this estimate into (4.13) and the resulting bound into (4.12), we infer that
1 1
ers(w» Ugn, 0,) < ere(wa nug, Qr)
1 1
+ ﬁFe(w» Ug, Qr\Qnr) + ﬁFs(w: Ly xo» Qr\Qnr)

_ q
+ca —n)*Zq][ s () = Luxo (%) dx+crid|Q,\Qn,.|. (4.14)

r

-

We now let ¢ — 0. To estimate the left-hand side term from below, note that u, ;, = nL, ,
on dQ,, so that by a change of variables F¢(w, uey, Or) = Uyvu(xg) (@, Q,./e)ed. Thus
Lemma 4.4 implies that

L1
Mhom(MVu(xg)) < hgl}(l)lf ﬁFe(w» Uy, Or). (4.15)

To treat the right-hand side terms in (4.14), we note that the second term is Fmg( 0:\Qnr),
so that we can estimate it using Portmanteau’s theorem and switching to the closure
of Q,\Qy,. For the third term we can apply the ergodic theorem to the integrand
W(w, f, Vu(xp)). In order to pass to the limit in the fourth term, we note that u, is bounded
in WH1(D)™ and hence strongly converging in L9(D) due to the Sobolev embedding. In
total, we obtain that

1 1 _
Mhom (MVu(x0)) < lim S(l)lp rj,Fs(w, nue, Q) + rjm(Qr\Qnr)
+E[W (., Vu(xo)(1 — %)

+c— 77)7211][ u(x) — Lu,xo(x)

r

q
dx 4+ C(1 —n9).

r
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Next, we let r — 0. On the one hand, by (4.8) and (4.11) we have that
d

Ui
( ryd
On the other hand, the Ll*-differentiability of W1 functions (cf. [18, Theorem 2, p- 230])
implies that

lim ][
r—0Jo,

Gathering these two pieces of information, we obtain that

m(Qr\Qr]r) = lim m(Qr) — lim ——m(Q,) = f(x0) — n* f(x0).

u(x) — Ly xo (x) |
BEZ et

dx =0.

Mhom (MVu(xp)) < lim sup lim sup d Fs(w nug, Qr)

r—0 o
+(1 = 1) (Fx0) + EIW (., VuGro)] +C).

Finally, letting n — 1, the continuity of jthom (Which follows from convexity) yields

1
Mhom (Vi (xp)) < lim sup lim sup lim sup p Fe(w, nue, Qy),

n—1 r—0 e—0

which coincides with (4.10) and thus we conclude the proof. O

We next need to prove that Whom x = Ithom,k because the formula for Whom x allows us to
pass to the limit in &, while this is not obvious for the multi-cell formula defining (thom k-

Lemma 4.7 Assume that W satisfies (Al), (A2) and (A3). For k € N let Wy, be the integrand
given by Lemma 4.5 and denote by Whom k and [inom i the functions given by the Lemmata 4.3
and 4.4, respectively. Then for all & € R"*4 it holds that

Whom,k (§) = fthom.k (§)- (4.16)

Proof Here we prove the equality of two deterministic quantities. Therefore we can exclude a
null set depending on any fixed &. We drop k from the notation and just assume that W satisfies
the growth condition W(w, x, &) < C(|§]7 + 1) forsome 1 < g < 1" and a.e. x € R?. Fix
acube Q C D.Forevery ¢ > 0and ¢ € (0, 1) consider a function u,; € wh(D)" with
fQ ue,dx = 0and fQ Ve, dx = 0, satisfying

|Q| —Fe(w, ug;, Q) = min {][ W(w, 6,!.”;‘ + Vu(x))dx : ][ Vudx = O} ,
0

where the minimum exists due to convexity and the superlinear growth of W. Since u = 0
is admissible in the above minimization problem and has uniformly bounded energy with
respect to ¢ — 0, it follows from the superlinear growth of W and the Poincaré inequality
that up to a subsequence (not relabeled) we have u,; — u; ase | Oin LY(Q)™ for some
u, € Wh(Q)y" with fo Vurdx = 0. Due to Proposition 4.6 with Q = D and Jensen’s
inequality we have that

Mhom (2§) = Uhom (f t& + Vu, (x) dx) = ][Q Mhom (1§ + Vu, (x)) dx

<11m1nfm1n {][ W(w, 8,t§+Vu(x))dx ][ Vudx :0}. 4.17)
9]

e—0
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Next, let ¢z 1 Q — Wli)’cl (R4, R™) be the function given by Lemma 4.3. Define the
WL (R4, R™)-valued random field v;, by

Ve, (X) = tegs (0)(3) —][Q 1V () (2)x dy.
Then f 0 Vv, ¢ dx = 0 and therefore almost surely
inf {][ W(w, %, t& 4+ Vu(x)) dx : ][ Vudx = 0}
o (9]
< ][ W(w. 5. 1 + Voo () dx
0
:][ w <w, L 16 + the (1epw) — r][ he (ty/e0) dy) dx (4.18)
o o
with &g given by Lemma 4.3. Set He - (w) = fQ he (ty/ew) dy. Due to convexity we have

][ W (o, £, 18 + the (tyje0) — tHg o (w)) dx < z][ W (w, %, & + he (ty)e0)) dx
0 0

+ —z)][ W (o %~ 5 Heo(@) dr,
0

The ergodic Theorem 2.3 implies that

lin}) Hee(w) = h“})][ he (ty/e) dy = Elhg] = 0, (4.19)
£— £—> 0
811_13) 0 W(w, £, € + he (1 /c0)) dx = E[W (-, & + he)] = Whom (§). (4.20)

Due to (4.19) we may assume for ¢ > 0 sufficiently small that Iﬁg,e(w)l < (1 -1/t
Inserting the above convexity estimate into (4.18), by the ergodic theorem we find that

Mhom &) < Whom(§) + (1 — HE |:SUP W(, n)i| .

=<1

Letting ¢ 1 1, we conclude the estimate fphom(§) < Whom () due to the continuity of ppom.
We still need to show the reverse inequality. Here we can closely follow [32, Lemma
4.13]. Lemma B.1 implies that for every ¢ > 0 there exists a measurable function ug . :

Q — W' (Q/e)™ such

Fi(o, £x + ug ¢ (0), Q/6)=pe (@, Q/):=inf{Fi(w,u, Q1/¢) : u € £x + Wy (Q/e)").

almost surely. However, we switch to a jointly measurable map. From [16, Lemma 16, p.
196] we deduce that there exist F ® £¢-measurable functions vee 1 2 x Q/e — R™ and
bee : Q2 x Qe — R™*4 guch that Ve e(w, ) = ug ¢ (@) and bg ¢ (w, -) = Vug ¢ () for a.e.
w € Q. In particular, for a.e. w € Q we have vg ¢ (w, ) € Wol’l(Q/s)'” and Vg ¢ (0, ) =
bg ¢ (w, -). With a slight abuse of notation, we therefore write bg ¢ = Vvg .. By Remark 2.2
we can assume that the set of @, for which these properties hold, is invariant under the group
action 7, for almost all x € R?. Finally, we extend Ve e and Vg ¢ to 2 x (R?\Q/¢) by 0.
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This extension is jointly measurable on € x R?. We now define fflg,g e LY(Q)ymxd by
he ¢ (w) :][ Vg e (T—yw, y) dy.
Ole

Note that & . is well defined and measurable due to the joint measurability of Vv » and
the joint measurability of the group action. To see that it is integrable, we can use Fubini’s
theorem and a change of variables in 2 to deduce that

/|5+Es,e(w)|du s][ /|§+wg,g<r_yw,y)|dudy

][ /|s+wg£<w Wldudy
Q/e

=/][ &+ Vueo (@, )] dy du
QJo/e

< c/ W@, v.& + Vue.o(@. y) dy du + C,
QJo/e

where we used the superlinearity (2.3) of W for a.e. x € R? (cf. Remark 2.2). The last
term is finite, since for a.e. w € €2 the function Vvg ¢ (w, -) is the gradient of an energy
minimizer on Q/¢. We argue that ¢ ;. € (Fplot)’". Since for a.e. w € Q the function Vg ¢ is

the weak gradient of ug ¢ (w) € WOI’ ! (Q/e)™, it follows from Fubini’s theorem and a change
of variables in 2 that

/ﬁg,a(w)du=/][ Vg e(w, y)dy du = 0.
Q QJQJ/e

=0 almost surely

Hence, it suffices to show that all rows of x +— ﬁg,g(txw) satisfy the curl-free condition of
Definition 4.2. To this end, we derive a suitable formula for the distributional derivative of
this map. Fix 0 € C2°(R?) and an index 1 < j < d. Since Vg . (o, -) = 0 on RY\(Q/e),
we can write

- ) _ Vg ¢ (T — VU (Ty—y®, y) y)
/]Rd he e (Tx)0;0(x) dx _/ /};@d 10/e] 0;6(x)dydx

va (0, x — 2)
8 0 dzd
/Rd /R 10/l (0 dzdx

vvée(fzw y)
89 dydz.
/Rd/Rd 10/¢] v +2)dyde

To infer that ﬁg,g € (Fplm)m, note that for a.e. w € Q2 and almostevery z € R the function

y = Vg (T 0, y) is the gradient of the Sobolev function u¢ . (t;w) € W(} l(Q/s)m so that
the curl-free conditions follow. To finish the proof, we use that h¢ » € ( p(,t)’” and Jensen’s
inequality in the form
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Whom (§) <E[W (-, & + hg )] < /Q o W(w, €& + Vg o (1_yo, y)) dy du
&
_ / W (ty0. & + Vg (0. ) dydp = / W(@. y.& + Voeo (@, y)) dy du
Q/e QJQ/e

IQ/ | E[pe (w, Q/e)],

where we used the stationarity of W, and that Vg . (w, -) = Vug (w) almost surely in the
last step. Passing to the limit as & — 0, we obtain from L'-convergence in the subadditive
ergodic theorem (see [24, Theorem 2.3, p. 203]) the missing inequality Whom (§) < tthom (§).

O

Next, we show that lim— o0 Whom,k = Whom, so that the I'-liminf inequality follows by
truncation.

Lemma 4.8 Assume that W satisfies (Al), (A2) and (A3). For k € N let Wy, be the integrand
given by Lemma 4.5 and denote by Wyom  and Whom the functions given by Lemma 4.3
applied to Wy, and W, respectively. Then for all & € R"™*4 it holds that

Hm  Whom k(&) = Whom (§).
k— 400

Proof Since Wy < W, we clearly have Whom x(§) < Whom. For the reverse inequality, note
that due to monotonicity it suffices to prove the claim up to subsequences. Let ¢ x € ( pm)’"

be a minimizer defining Whom x (§) = E[Wi(-, 0, & +hg ©)1. Due to the uniform superhnearlty
of Wy (recall the monotonicity in k), we know that (up to a subsequence) £k —~he (F, Ot)m

LY(Q)"*d Fix h € ( POt)m. Then due to monotone convergence and lower semicontinuity,
for every m € N we have

E[W(,0,§ +h)]= kETwE[Wk(-, 0.£§+m]= kETOOE[Wk(u 0,& + he )]

> lim inf E[Wy (-, 0, & + he )] = E[Wp (-, 0, & + ).
—+00

Letting m — +oo yields E[W(-,0,& + h)] > E[W(,0,& + ﬁ)]. Hence 7 is a minimizer
and, as shown above,

Whom (€) = E[W (-, 0, & + )] < k—lilfooE[Wk(" 0,& +he )] = kl}l}:@ Whomk (§)-

Now we are in a position to prove the I'-liminf inequality for the original functionals.

Proposition 4.9 Assume that W satisfies (Al), (A2) and (A3). Let D C R? be a bounded,
open set, u € W1 (DY and let (ug); C L' (D)™ be a sequence satisfying us — u in
LY(D)" as ¢ — 0. Then

/ Whom (Vu(x)) dx < hmmf/ W(w, S,Vus(x)) dx,

with Whom defined in Lemma 4.3.

@ Springer



32 Page260of 51 M. Ruf, M. Schéffner

Proof Since Wy < W for all k € N, it follows from the liminf inequality proven in Proposi-
tion 4.6 that

y o [P
e—0 & €

liminf/ W(w, <, Vug(x))dx Zlimigf/ Wi(w, %, Vug(x)) dx
D e=>0 Jp

> / Mhom,k(Vu(x)) dx
D

“m¥47/‘wmmuvMu»dx
D

Letting k — +00, the claim follows from Lemma 4.8 and the monotone convergence theo-
rem. O

4.3 Construction of a recovery sequence

In Proposition 4.9 we proved the I'-lim inf inequality assuming only (A1), (A2) and (A3).
In the proof of the I'-lim sup inequality, see Proposition 4.11 below, we need to assume
in addition either the mild monotonicity condition (A4) or the coercivity condition (AS5).
The main technical part in the proof of Proposition 4.11 is to construct a recovery sequence
for affine functions that satisfy prescribed affine boundary values. In order to attain the
boundary condition, we introduce a cut-off that causes an additional error term. Assuming
the monotonicity condition (A4), we combine the cut-off with a truncation argument to
control the additional error. Without a structure assumption such as (A4), truncation will not
work and we rely on Sobolev embedding instead. Similar arguments were used e.g. in [15,
28] assuming (A5) with p > d, exploiting the compact embedding of W!? into L>°. The
improvement from p > d to p > d — 1 comes from suitably chosen cut-off functions in
combination with the compact embedding of W12 (S;) C L(S;), where S| denotes the
d — 1-dimensional unit sphere, provided p > d — 1. The following lemma encodes the needed
compactness property.

Lemma4.10 Let N € Nand p > d — 1. For every p > 0 there exists C, y < o0 (depending
also on d and m) such that the following is true: for any ball Bg = Bg(xo), anyuy, ..., uy €
WLP(Br)™ and § € (O, %] there exists n € Wé’oo(BR) satisfying

O0<n=<1, n=1 inBa-sr, IVnlreg =< 3R 4.21)
and foralli € {1,..., N}
1
IVn® il <p(' / v wd>”
N uillLeBr) = <\ vh7 ui|” dx
: 8 \ 8R4 BR\B(1-s)r
1
(o 1 ?
42N <—df ML dx>'. (4.22)
SR \4R BR\B(1-5)r
Proof Without loss of generality, we suppose xg = 0. Set §1 := {x € R? : |x| = 1}.
Step 1 We prove the statement for uy, ..., uy € CI(BR)’”. Fori € {1,..., N} and

C :=4N, we set

C
Ui = irell =R, R]: / Vui (r2)|P dH' ™! (@) < 7/ 'V“"de}'
i { Sy l 8(1 =8 1R Jp\By_sx l

(4.23)
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An elementary application of Fubinis Theorem and the definition of U; in the form

R
/ |Vu(x)|? dx = f r U Va2 dH T @) dr
Br\B(1-s)r (1-8)R N

>((1 —6)R)d_1/ IVu@rz)|? dH "V (z) dr
((1=8)R,R\U; /8,

COR —|Uil)
Sl Lt 174

[Vu(x)|? dx
SR Br\B(1-5)r

imply |U;| > (1— é)(SR, orequivalently |(1 -8R, R)\U;| < %. An analogous computation
yields that

C
Vi = re[(l—a)R,R]:/ |u-(rz)|PdH"*‘(z)57/ Iuil”dX}
' { s 81— 8)4TRY Jgp\p, sz

(4.24)

satisfies |V;| = (1 — é)(SR, or equivalently [(1 -8R, R)\V;| < %. Setting U := ﬂlNzl Uin
V;, from the choice C = 4N we obtain

2N SR

|U| >8R — —686R=—. (4.25)
C 2
Next, we define n € W' (Bg; [0, 1]) by
1 ifr € (0, (1 — 8)R),
n(x) =n(x]), where 7(r) =14 1

R
ﬁ/ xu(s)ds ifr € (1 —6)R, R).

By definition0 < n < 1,n =1in Bq_sr, n € W&’OO(BR) and for x = rz with r € [0, R]
and z € S

0 ifr¢u,
IVnral=1, . (4.26)
- ifr e U.
U]
Hence, recalling (4.25), the map n satisfies all the properties in (4.21).
Next, we use p > d — 1 > 1 in the form that the embedding W7 (S1)" C L*®(S)™ is
compact. In particular, for every p > 0 there exists C,, such that forallv € C L(§)™ it holds

sup |v| < pl|Devllpes)) + CsllvliLe(s))
Sy

where D, denotes the tangential derivative (see [26, Lemma 5.1]). Applying the above
estimate to v, € C!(S;)" defined by v,(z) := u(rz) for all z € S! with u € C;(Bg)",
we obtain with the chain rule

sup |u(rz)| < pr{Vu(r)liLees) + Collur)liLres)- (4.27)

ZES]
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Hence, for every p > 0 there exists C, < oo such that for all x = rz with r = |x| and

— X
Ty

1
I(Vn @ ui) ()| =I(Vn @ ui)(rz)| < —— sup |u; (rz)|
U rev

1

5 1

<—sup (rp (/ |Vu;(rz)|? de“(z)) ’
SR rel S1

1
-%Cp</ mxmoWd?ﬂ—%n)”)
Si

2 24+l 7
<—sup| Rp| ——— |Vu;|? dx
IR rev SR JBp\Bi_sr

2d+1N %
+Cp(7 |Vu,-|”dx) ),
SR Br\B(-s5)r

where we use the definitionof U and 1 — § > % in the last inequality. The claimed estimate
(4.22) follows by redefining the choice of p > 0 (depending on N).

Step 2 Conclusion. Letuy, ..., uy € WP (Bg)™. By standard results, we find (u; ;); C
C°(Bg)" such that u; ; — u; in WwhP(Bg)™. By Step 2, for every j € N we find nj €
Wé’oo(BR) satisfying

. 2
0<n; <1, nj=1 inBa-sr, [IVn;jllLemg < IR’ (4.28)
1
1V, ® i | <p<1 / v |”d)”
Nj QUi jliL*Br) = T\ spad uij X
¥ s \8R? Br\B(1-5)r
1
C 1 »
+ 2N (—df Iu,-,jlpdx> . (4.29)
SR SR Br\B(1-8)R

In view of the bounds in (4.28), there exists n € Wé’oo(BR) such that up to subsequences
(not relabeled) n ; X n in W (Bg). Moreover, 1 also satisfies the bounds in (4.21). Since

Vi, A Vi weakly* in L®(Bg)¢ and uj j — u; (strongly) in L”(Bg)™, we deduce that
Vn; ® u;,j converges weakly in L”(Bg)"*“ to Vi ® u; and by the boundedness of the
right-hand side in (4.29) also weakly* in L*°(Bg)"*4. Hence the claimed estimate (4.22)
follows from (4.29) and weak™ lower-semicontinuity of the norm. ]

Now we are in a position to state and prove the I'-lim sup inequality.

Proposition 4.11 Let W satisfy Assumption 1. Let D C R? be a bounded, open set with
Lipschitz boundary and u € WLL(DY". Then there exists sequence (Ug)e=0 C whlpym
such that uy — u in LY(D) and

lim F, (w, us, D) = / Whom (Vu(x)) dx. (4.30)
el0 D
Proof Step 1. Local recovery sequence for affine functions with rational gradient.
We claim that for any bounded, open set A C R?, any affine function u : A — R with

Vu=¢&e Q"™ and u, = u + e (w, -/€), where ¢ is given as in Lemma 4.3, it holds
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that

lim flug — ullp1 4y =0 and lim/ W(w, 2 2 Ve (x))dx = / Whom (Vu(x)) dx.
el0 el0 Ja
(4.31)

Indeed, the convergence u, — u in LY(A)™ is a direct consequence of Lemma 4.3, while
the ergodic theorem in the form of Lemma 2.3 yields that
li¢n& W(w, %, Vug(x))dx = hm][ W(w, x,& + Vo (w, x)) dx
&€

—hm][ W(w, x,§ + he (tyw)) dx

= hir(}][ W(fxw &+ h‘g‘ (txw)) dx = Whom(§) = ][ Whom (V) dx.

Step 2. Recovery sequence with prescribed boundary values for affine functions — Assump-
tion (A4).
Let A C R? be a bounded, open set and let u be an affine function with Vi = & € R"*4,
We claim that there exists a sequence (vy), C whicaym satisfying
) —0.

(4.32)

(ve)e Cut+Wy'(A)", lsiig<||va—u||p(m+‘/ W(w, £, Vg) — Whom (V) dx
A

Indeed, let (u;); be a sequence of affine functions satisfying u; — u in W (A)" and
Vu; € Q"> for all j € N. In view of Step 1 there exists for every j € N a sequence
(uje)e C WHI(AY™ satisfying uj . — u; in L'(A)™ as e | 0 and (4.31). We glue u;
to u at the boundary of A and truncate peaks of u; . in A. More precisely, we consider for
g,8,s > 0and j € N the function v 5 ; s € whlcaym given by

Ves.j.s = NTs(uje) + (1 =nu, (4.33)

where n = 55 € C'(A; [0, 1]) is a smooth cut-off function satisfying

(4.34)

n=0 on{x € A: dist(x,dA) < §}
n=1 on{x € A: dist(x,dA) > 24}

and Ts(uj ) € LN Wh1(A)™ is obtained from u;j ¢ by ’component-wise’ truncation, that
is,
Ts(uje) - ex :=max{min{u; - ex, s}, —s} fork € {1,...,m}. (4.35)

By the product rule, we obtain for every ¢ € [0, 1)
t
tVugs js =t(1 =m)Vu +tnVTi(uje) + (1 — t)ﬁVn ® (Ty(uje) —u).
Hence, by convexity of W,

Fe(wvtvs,é,j,SyA) 5/ t(l—nW (o, %,S)dX-i-l/ nW(w, 87VTs(uj ¢))dx
A A

. t)/ W, % V@ (Tyuj.) - w) dx.
’ =
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Assumption (A3) in combination with the ergodic theorem and the definition of 1 imply that
fort € [0, 1]

lim sup lim sup/ t(1 —nW(w, f E)dx < girr%) |A N {dist(-, dA) < 28}|E[W (-, &)] =
A —

510 £10
(4.36)

Next, we show that for every ¢ € [0, 1] it holds that
lim sup lim sup lim sup lim supz/ nW(w, = =, VTi(uje))dx < |A|Whom(§). (4.37)
510 sfoo  jfoo el0 A

For this, we start with the decomposition

/ mW(w, = 2 VTs(uje)) dx
A

=/ Wi, £ Vi ax + [ W, &, VT, .0) dr.
AN{Juj eloo<s} AN{luj eloo>s}
Since W > 0, for all s > 0 we have that

lim sup lim sup/ W(w, = o> Vi, ¢)dx <limsuplim sup/ W(w, f, Vu)dx
ANfluj eloo<s}

jtoor elo jteo &0
=lim sup [A[Whom (§;) = |A[Whom (),
jteo
(4.38)

where we used (4.31) and the continuity of Wyon. In order to estimate the term where
truncation is active, we use the definition of 7§ in the form

Vkefl,...,m}: el VIy(uj.) €{0,¢{Vu;.} ae.

For s > |lu|lp(py + 2 and j sufficiently large such that it holds ||u; — ul|L~pp) < 1, we
have

{lujeloo = s} C{luje —ujloo =1}
Hence, we obtain with help of (A4) and s and j as above that
/ W(w, %, VTo(us.0) dx
Aﬂ{l”/ eloo>s}

< c/ W(w, %, Vi o) + Aw, 2)) dx
AN{luj ¢loo>s}

<c| (W@, %, Vi) + A, ) dx.
An{luj E_uj|OO>1}
We claim that
lim sup/ (W(w, 3 Vuje) + Ao, x)) dx =0, (4.39)
el0 AN{luj e—ujloo>1}

which together with (4.38) yields (4.37). In order to verify (4.39), recall that Vu; , =
& + Vg (5), so that the ergodic theorem in the form of Lemma 2.3 implies that
W(w, =, Virj e )= Whom (€j) and A(w, -)—E[A] weakly in L'(A) as ¢ | 0. In par-
ticular, due to the Dunford-Pettis theorem (see e.g. [19, Theorem 2.54]) the sequences
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(W(w, 7, Vuje))e and (A(w, 7)) are equi-integrable and thus (4.39) follows from the
convergence u;j o — u;j in L(A)™ which implies that [A N {[(uj ¢ —ujloo = 1} = 0.
It remains to show

lim sup lim sup lim sup lim sup lim sup(1 — #) x
1 810 st jtoo  el0

/ W(w, %, ﬁVn ® (Ty(uje) —u))dx <0. (4.40)
" —

Using once more the convexity of W, we can bound the integral by

t 2t
/W(w,ﬁ,ﬁvnéb(Ts(uj,s)—u))dx5/ W(w,f,l—vnéb(Ts(uj,g)—uj))dx
n _ _

/W( s Vn®(u/—u))dx
(441)

For the last term, recall that u; — u in L°°(A)™. Hence, given s,8 > Oand ¢ € [0, 1), we
have

2t
jVnQb(uj —u)

<1 onA,
1

for j large enough and therefore

0<Ww,?2 Vn ® (uj —u)) < sup W(w, 7, ¢).

.
lgl=<1

Due to Assumption (A3) we can apply the ergodic theorem to the right-hand side map and

deduce that

2t
lim sup lim sup lim sup lim sup lim sup(1 —¢7) [ W(w, = tVn ® (uj —u))dx <0.
A _

M1 840 stoo  jtoo  &l0 |

(4.42)

To treat the other right-hand side term in (4.41), first recall that u;  — u in Liaym, Using
Egorov’s theorem, for every sequence ¢ — O we find a subsequence such that for any n > 0
there exists a measurable set A; with measure less than 7 and such that u ; , — u ; uniformly
on A\A,. Consider j large enough such that |u; — ullpea)y < 1 and s > |lu]lpoo(a) + 2.
Then Tsu; = u; a.e. on A. By construction, for any such s, and § > 0 and ¢ € [0, 1) there
exist » > 0 such that

sup —Vn@(T(u]p) —uj)| <r.
e>0 1

Since T (u; ) also converges uniformly to T(u;) = u; on A\A,, for & small enough we
can bound the integrand by

t
0= W@ £ 7V ® (T(uje) —u)dx < Lo, sup W, £.0) + sup W(w, £.).

e ll<r lcI<1

The second right-hand side term can be treated as before, while for the first one the equi-
integrability of x SUP|¢| <, W(u) , ) (cf. Assumption (A3) and Lemma 2.3) implies
that

lim lim sup/ sup W(w, 3, ¢)dx =0.
=0 -0 Ay |cl<r
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Since the limit does not depend on the subsequence we picked for Egorov’s theorem, we
proved that
lim sup lim sup lim sup lim sup lim sup(1 — #) x
1 810 stoo jtoo el0
2t
/ W, 3 7V ® (T, = ;) dx <0,
A —
so that in combination with (4.42) and (4.41) we indeed obtain (4.40).
Combining (4.36), (4.37) and (4.40) with the definition of v, s, ; 5, we obtain

lim sup lim sup lim sup lim sup lim sup
11 840 stoo Jj1oo el0

<||tv£,5,j,s - u”Ll(A) + Fe(w, tves,js) — / Whom (Vi) dx) <0.
A

Passing to a suitable diagonal sequence and using the lim inf-inequality of Proposition 4.9
on the bounded, open set A, we obtain the desired recovery sequence satisfying (4.32).
Step 3. Recovery sequence with prescribed boundary values for affine functions — Assump-
tion (AS).
‘We show that for bounded, open set A C R, every affine function u with Vu = £ € R” xd
there exists a sequence (v ), satisfying
) ~o.

(4.43)

1, .
(ve)e C M+W0 p(A)m, LIF&(HUS - u“LP(A)‘i“/ W(w, %! Vvg) — Whom (Vi) dx
A

We first consider the case when A isaball. Let B = Bg(xp) withR > 0,x¢ € R4 consider
a sequence u; of affine functions satisfying Vu; = &; € Q"4 and uj — uin wheo(Bym,
For § € (0, %) and j € N,letn =n.s jbeasinLemma4.10 with N = land u; = 8¢gj(g).
We set

Ve,5,j i= Ne,s,j(Uj + ¢z, (5)) + (1 — ne.s, ju.
Clearly, we have

lim sup lim sup lim sup lim sup |[tve s, ; — ullLr) =0 (4.44)
11 810 Jj1oo el0

and by convexity, we have
Fe(w, tves.j, B) 5/ t(1—=nes )W(ow, 7,8)dx +t/ Nes. jW(w, 5,8 + Ve, (7)) dx
B B

t
FA=0) [ W Vs © g () + 1y — ) d.
B _
Similarly to Step 2, we obtain

lim sup lim sup lim sup lim sup/ t(l = nes, ) W(w, %, &) =0 (4.45)
1 810 jtoo el0 JB

(see (4.36)) and

lim sup lim sup lim sup lim sup t/ Nes jWiw, 3.8 + V(]ﬁgi(f)) dx < |B|Whom(§)
M1 80 jtoo  el0 B :

:/ Whom (Vu) dx. (4.46)
B
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Hence, it remains to estimate the last term in the above bound. By Lemma 4.10, we find for
every p > 0 a constant C,, < oo depending only ond, m, p and p > 0 such that

. pl 1 ’
1Vnes,j @ edg; (D)llLen) < E(W/ |V¢sj(§)|pdx)

(aRd/ o5, (¢ )|de>

By Lemma 4.3 the last integral vanishes as ¢ — 0, while the first right-hand side integral
remains bounded as ¢ — 0. From the arbitrariness of p > 0 we thus infer that

limsup Ve s, ® ege; () L) =0,
el0

which due to the triangle inequality and (4.21) implies that for all t € [0, 1), 6 € (0, %] and
j € Nitholds

1
<—— —lluj — ullL=B).

lim sup =

el0

I—Vn ® (s, (2) + 1 —u)

In particular, for all r € (0, 1), 6 € (0, %] and j sufficiently large (depending on ¢ and §) we
have

limsup/ W(a),g, Vn€5,®(8¢gj(8)+uj—u))dx
e—0 -
< lim sup/ sup W(w, 7, ¢)dx
e—0 JB¢|<1
= [D|E[sup W(-, )],
[g]=1

where we used Assumption (A3) and the ergodic theorem in the form of Lemma 2.3. Thus

lim sup lim sup lim sup lim sup(1 — #) x
1 510 jToo el0

/ W(w, %, — Vng,;, (ede; (3) +uj —u))dx <0. (4.47)

Combining (4.44), (4.45), (4.46) and (4.47), we obtain a diagonal sequence satisfying (4.43)
in the case A = B.

Next, we remove the restriction on A being a ball and consider a general bounded, open
set A C R and an affine function u with Vu = & € R”*¢_ By the Vitali covering theorem,
we find a collection of disjoint balls BY) ¢ A, j € N such that |A\ Ujeny BY| = 0. Hence,
for every v > 0 there exists N € N such that |A\(U,N:13(i))| < v. The previous result for
balls ensures that foralli € {1, ..., N}, we find a sequence (vgi))g cu+ Wé’p(B(i))m such
that

lim [0 — ullppary =0 and 1imF(a),v§">,B<i>):/ ~ Whom(Vu) dx.
el el0 B
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Setting v, := u+ Z?’:l(véi) —u), we have that v, € u + Wol’p(A)m and v, — uin LP(A)™.
Moreover, by the ergodic theorem it holds that

N

lim sup F (o, u;, A) <limsup F (o, ug, A\ UL, BD) + > lim sup F(w, uc, BY)
el0 el0 i=1 el0

N
=Ilim sup/ W(w, %, &)dx + / Whom (Vu) dx
el0 JAauY B ¢ ; B

<E[W(. £)]|A\UY, BO| + /A Whom (Vat) do,

where we used in the last step Wyom > 0. Letting N 1 400, we conclude the proof.

Step 4. The general case.

In this step, we pass from the limsup-inequality for affine functions to the limsup-inequality
for general functionsu € W'1(D)™. Letus first consider u € W52 (D)™ whichis piecewise
affine, i.e., there exist finitely many disjoint open sets A; C D,i = 1,..., K such that
ID\U; A;| = 0and u|, (x) = &x + b; forsome &; € R”*4 and b; € R™. In view of Step 2
and Step 3, we find for every A; a sequence (u; o), € u + Wol’ ! (A;)™ satisfying either (4.32)
or (4.43). Since all u; ¢, i = 1, ..., K coincide with u at the boundary of A;, we can glue
them together and obtain a recovery sequence for u on D.

The limsup-inequality for general u € W' (D)™ follows as in [15, 28]. By the "locality
of the recovery sequence’ (see [15, Corollary 3.3]), we can assume that D C R" is an open
ball. Indeed, for a bounded, open set with Lipschitz boundary D we find a ball B such that
D CC B. Assume that we have a recovery sequence (u.), satisfying u, — u in L'(By"
and Fe(w, ug, B) = [ Whom(Vu)dx as & | 0. Then,

hm Fs(wv Ug, D) :hm(FF(wv Ug, B) - Fe(a)a Ug, D\B)) E hm Fs(wv Ug, B)
£0 £0 £l0

— liminf Fy (o, up, D\B)
el0

< f Waom (Vit) dx — / Whom (Vi) dx = / Waom (Vit) dx,
B B\D D

where we used that u, is a recovery sequence on B and the lim inf inequality Proposition 4.9

Hence, it suffices to assume that D C R” is an open ball and thus smooth and star-shaped.
Fix u € Wh1(D)™ such that [, Whom (Vi) dx < +00. Since Whom : R™*" — [0, +00) is
convex (cf. Lemma4.3), we can apply [28, Lemma 3.6] and find a sequence (u ) ; of piecewise
affine functions satisfyinguj — win W'(D)™ and [}, Whom (Vi) dx — [}, Whom(Vu) dx
as j — oo. Hence, by the previous argument, we find (1 ), with u; ; — u; in LY(Dy"
and Fy(w,uj e, D) = [ Whom(Vu ) dx and thus

) —0.

The claim follows again by a diagonal argument. O

lim liﬁ}(ﬂuj,s —ullpip) + ’/ W(w, %, Vg j) — Whom (Vi) dx
D

j—oooe

4.4 Convergence with boundary value problems and external forces

In this section we prove the I'-convergence result under Dirichlet boundary conditions and
with external forces, i.e., Theorem 3.3.
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Proofof Theorem 3.3 In a first step we consider the case f, = f = 0. Weak Wh!-
compactness (or W!-”-compactness assuming (A5)) of energy bounded sequences follows
from the unconstrained case (cf. Lemma 4.1) and the fact that the Dirichlet boundary con-
dition allows us to apply a Poincaré inequality to deduce L'-boundedness. The I'-liminf
inequality is also a consequence of the unconstrained case (cf. Lemma 4.9) since the bound-
ary condition is stable under weak convergence in W' (D)™. Hence it remains to show the
I-limsup inequality, which requires more work. Fix u € W' (D)™ such that u = g on 8D
in the sense of traces and Fhom (1) < +00.
Letr € (0,1). Thenu; ;= g+t(u—g) g+ WOI’I(D)’” and by convexity we have

1
Fhom <m(ut - g))

2t
. (4D o (U4n =D+
1 1- 1
= ( +t)Fhom(’/l)+( 2 [)Fhom<§tj8g> < +09,

and Fhom ;) < (1 — 1) Fhom(g) + ¢ Fhom(#) < +00. In particular,
ltiTnll Frhom () < Fhom (1)

and since u; — u in L'(D)™ when ¢ 1 1 and ITJ;’ > 1, a diagonal argument allows us to

show the I'-limsup inequality for functions u such that additionally Fpom (s(u — g)) < +00
for some s > 1. By Lemma C.1 and the properties of Wyom (cf. Lemma 4.3) there exists a
sequence v, € C°(D)™ such that v, — u — g in wh1(D)y" and

lim / Whom (s Vu,) dx = / Whom (sV (1 — g)) dx < +o0. (4.48)
D D

n——+00

By choosing a suitable subsequence (not relabeled) we can assume in the following that (v,),
satisfies in addition v, — u — g and Vv, — Vv — Vg a.e. in D. Next, we show

lim f Waom (V (un + £)) dx = f Waom (Vi) dx.
D D

n——+00

Indeed, by Fatou’s lemma and the non-negativity of Whom, we have

lim inf/ Whom (V (v, + g))dx > / Whom (Vi) dx.
n—o00o D D
To show the corresponding inequality for the lim sup, we first observe that for all & € R"*¢

Whom (& + Vg) = Whom (158 + (1 = D)2 V(%)) < Whom (5€) + Whom (27 Vg (x)).
(4.49)
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Hence, the desired inequality follows with help of estimate (4.49), Fatous lemma and (4.48):

lim sup/ Whom (V(Un + g)) dx
D

n—oo

< —lim inf/ Whom (s Vv,) + Whom(ssjvg(x)) = Whom (V(vn, + g)) dx
D

n—oo

+ lim Whom (sVup) + Whom( - Vg(x)) dx

n— o0
S/ Whom (Vu) dx.
D

Since g is Lipschitz-continuous, we thus deduce that there exists a sequence u, € Lip(D)"
such that u,, = g on 3D with u,, — u in W1 (D)" and

. IIT Whom(Vun) dx = / Whom (Vu) dx. (4.50)
- D

Thus, by a further diagonal argument, it suffices to show the upper bound for Lipschitz-
functions u € Lip(D)™ with u = g on 9 D. Applying componentwise [17, Proposition 2.9,
Chapter X], we find a sequence u, € Lip(D)™ and an increasing sequence of open sets
D, C D such that |[D\ D, | — 0, the function u, is piecewise affine on D, u, = g on 9D,
u,, — u uniformly on D, Vu,, — Vu a.e. on D, and

IVuplleopy < IVull Ly + o(1). (4.51)

Then u, — u in L'(D)™ and the dominated convergence theorem and the continuity of
Whom imply that

lim Whom(Vu,) dx =f Whom (Vu) dx. (4.52)
n——+4oo D
Since u,, is piecewise affine in D,,, there exist disjoint open sets D1 D,I,V " such that
D, =U; D/ and Vu = S,, on DJ By Step 2 and Step 3 of the proof of Proposition 4.11, we
find forevery j € {1, ..., N,} arecovery sequence us n €U+ W0 (D/ )" satisfying

ul, = uy inL' (D" and lim F (0 ul,. D) = / Whom (Vi) dx.
& Di
Since ué.,,, € u, + Wol’l(D;{)m, we have that u, , : D — R defined by

satisfies ug, € whl(pym, Ugp =gondD.

o (x) = ué‘,n(x) ifx € D,{.
o up(x) ifx € D\D,

Finally, ug,n being a recovery sequence on D,{, it holds that u, , — u, in LY(D)"ase — 0
and

N
lim sup Fi (, g, D) = th Fo(w, ul,, D}) +limsup Fu(w, un, D\Dy)
e—0 e—0
j_
= | Whom(Vuyn) dx + limsup Fe(w, un, D\Dy,).  (4.53)
Dy e—0
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We estimate the last term as follows: the function ||Vu, || p) is uniformly bounded by
(4.51), so that for some r > 0 Assumption (A3) and the ergodic theorem in the form of
Lemma 2.3 imply that

lim sup Fe (@, un, D\D,) < lim sup W(w, ¢, ¢)dx = [D\Dy|E | sup W(-,0,¢) |.
e—0 e=>0Jp\D, I¢|=<r Ig1=<r

Inserting this bound into (4.53), we infer from (4.50) that

lim limsup Fy(w, ugn, D) < / Whom (Vu) dx.
D

n—>+00 .

Since u,, — u in L' (D)™, using another diagonal argument we conclude the proof without
external forces.

Next, we consider non-trivial forcing terms f; and f. Here, we only prove the case that
fes f € LY(D)™ are such that fe—f in LY(D)™, the refined results if W satisfies (A5)
are simpler and left to the reader. We first show relative compactness of energy bounded
sequence. Due to Holder’s inequality, the Sobolev embedding in W1 (D)™, and Poincaré’s
inequality in WOI‘I(D)’”, for any admissible # we have that

/ [fe - uldx < || fellpacpylull para—vpy < Coll fell Lacpylullwri oy
D

= CO||fs||Ld(D)(||VM - Vg||L|(D) + ||g||W1-1(D))
= C0||fe||Ld(D)||VM||L1(D) + Coll fe ||Ld(D)||g||w1yl(D)7

which combined with (2.3) for C = Co sup, || fell L¢(py and Remark 2.2 shows that
1
Fe(w, u, D) —/ Je-udx = EFe(w,u, D)
D

+C/ IVuldx—/ sup W*(w,%,n)dx—/ | fe - uldx
D D D

Inl=C

=:as ()

1
= 3 Fe(@,u, D) = a:(@) = Cligllyiip)- (4.54)

Due to the ergodic theorem the sequence a. (w) is bounded when ¢ — 0. Hence bounded-
ness of F f, o(w,ue, D) implies that also Fg(w, ue, D) is bounded, so the weak relative
compactness of u, in whti(Dy" is a consequence of the case f; = 0. Moreover, as shown
in [32, Theorem B.1], the weak convergence in W'!(D)™ implies the strong convergence
in L4/@=D (D)™ Hence along any sequence with equibounded energy and with u; — u in
L' (D)™, the term fD fe - us dx converges to fD f - udx. Thus also the I'-convergence is a
consequence of the case f, = 0. O

4.5 Differentiability of the homogenized integrand

In this section we prove that if W satisfies the stronger Assumption 2, then Whop, is contin-
uously differentiable. To this end, we rely on convex analysis on generalized Orlicz spaces
(cf. Sect.2.3 and Remark 2.6). Given @ defined by (2.7), let L? (©)™*4 be the associated
generalized Orlicz space. Below we prove the announced properties of Whom.
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Proposition 4.12 Let W satisfy Assumption 2. Then Wyom is continuously differentiable with
derivative

9 Whom (§) = E[9: W (-, 0, & + he)],
where ﬁg is given by Lemma 4.3.

Proof Tt suffices to show that Whop, is differentiable with the claimed derivative. The con-
tinuity of the derivative follows from general convex analysis [19, Theorem 4.65]. Recall
that

Whom(§) = min G(€ +h) where G(2) :=E[W(, 2)]. (4.55)
he(Fpo)™

We already know that Wy, is a real-valued, convex function on Rm*d p particular, its
subdifferential is always non-empty and Whon is differentiable at & € R”*¢ if and only if
the subdifferential at £ contains exactly one element. We aim to express the subdifferential
via a suitable chain rule. To this end, define the set-valued mapping F : R”*4 — L#(Q)mxd
by

F(§) = (& + (Fjo)") N dom(G).

Due to the estimate (w, -) < CW(w, -) + A () (cf. (2.8)), it follows indeed that dom(G) C
L?(Q)"*4_ Since G is convex, the graph of F defined by gph(F) = {(&,h) € R"™*? x
LP(Q)™*4 h e F(&)} is a convex subset of R"*? x L?()"*?. Clearly, we can rewrite
the first identity in (4.55) by

Whom (§) = min{G(y) : y € F(§)}. (4.56)
We aim to use the representation result for subdifferentials of optimal-value functions as in
(4.56) given in [27, Corollary 7.3]. For this it is left to check that G is finite and continuous at
apoint in F(§) wi7th respect to convergence in L“’(Q)mxid . We choose the constant function
£e F()andleth, — 0in LP(Q)m=d Setr, =1 — 171 1lz. Then the convexity of W and
of ¢ together with (2.8) and @ (-, 0) = 0 yield that for n large enough such that 7, € (0, 1)
GE +hy) =E[W(, & +hp)] < t,EIWC, §/t)]+ (1 — 6,)E[W (-, by /(1 = 1))]
<EIW(, §/t)] + hallg BB, ha /I hnllg)] 17l ELA]
—_————
<1
<E[W(, &/t)] + [hallg(1 4+ E[A]).

Hence, ||/, llz — 0asn — oo yields

limsup G (& + h,) < limsupE[W (-, £/t,)] = G(&).

n—oo n—o00

The reverse inequality follows from Fatous’s lemma since %, — 0 also in L'(2)"*? by the
continuous embedding. Now we are in a position to apply [27, Corollary 7.3] to conclude
that

0Whom(§) =

U {n eR™: (g2 —&) < t(h— (E+he)) forallz e R™4 fe F(z)},
LedG(E+he)
4.57)
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where in the above equation £(1 — (& +h¢)) stands for the duality pairing and hg € (Fplot)m is
aminimizer in (4.55). Our goal is to show that the sets above are all singletons containing the
same element, which then concludes the proof that Wy, is differentiable with the claimed
derivative. For this, we first observe that for every z € R"*d and ¢ € (0, 1), convexity of w
and Assumption (A3) imply

1 —1t
<t Whom (&) + (1 — r)IE[W ( _f “)} < to0,

G(z+the) < G(IE +the + (1 —t)_tS—H)

so that 7 + tﬁg € dom(G) and thus z + tﬁg € F(z). Hence, for n € 0 Wyom (&) we deduce
from (4.57)

(12— &) <z —&+ (t— Dhe) =z — &) + (t — D) > £z — ©).
This holds for all z € R™*9 and therefore
(n,z) =£(z) forallz e R"*?

We claim that the above expression does not depend on the element £ € 3G (§ + h ¢). To this
gnd, we recall the expression for the subdifferential of G at & + h¢ in Sect. 2.3: for a function
h e L?(Q2)"* we have

AG(h) = (€, € LY ()" : £y4(w) = 0: W (0, h(w))}
+{ts € S9(Q) : ;0 —h) <0 forall v € dom(G)}.

In particular, there is only one possibility for the component £,. Moreover, as noted in Sect. 2.3
it holds that £(z) = O for all constant functions z € R"*? and all £, € S?(2). This in turn
yields that

(n,2) = La(z) = E[3e W (-, & + he)z]
for all z € R™*4_ Hence d Whom (&) is a singleton containing the claimed element. O
4.6 Stochastic homogenization of the Euler-Lagrange equations
In this last section we provide the arguments for our main result on the Euler-Lagrange
equations. The notation relies heavily on the generalized Sobolev-Orlicz spaces introduced

in Remark 2.6 (see also Sect.2.3).

Proof of Theorem 3.5 1): We start showing existence of minimizers for the problem

min / W(w, %, Vu(x)) — fe(x) - u(x)dx. (4.58)
ueg+wy(pyn J D

Recall that in (4.54), forallu € g + W&’I(D)’" we proved the estimate

1
Fs(a),u,D)—/ ferudx > EFs(w,u, D) —as(w) — Cligllwr1(py
D

where a, (w) is finite and converging as ¢ — 0. This implies the compactness of minimizing
sequences since for fixed ¢ > 0 the weak W!-!-coercivity of F;(w, -, D) can be proven as in
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Lemma 4.1 and moreover

sup (Fg(a), g, D) —/ fe-g) dx) < 400 (4.59)
D

O<e<l1

due to the Lipschitz regularity of g and Assumption (A3). Moreover, F;(w, -, D) is weakly
lower semicontinuous due to convexity and strong lower semicontinuity, while the term
involving f; is continuous with respect to weak convergence in W1 (D)™ due to the Sobolev
embedding. We thus proved the existence of a minimizer. Next, let us show that minimizers
are characterized by

/DagW(w, 7 Ve (x)Ve(x) — fo(x) - ¢ (x) dx

=0 ifg € Wy (D)",
>0 ifgp € Wy (D)y"andF. (0, u + ¢, D) < +o0,

which proves i). Assume first that u, satisfies the above system. Then, due to convexity of
W, for any ¢ € WOI’I(D)’” with Fo(w, u + ¢, D) < +00 we have that

Fefglwu+¢,D)— Fe g, o(@,u, D)
> Fe g g(@u+¢,D)— F,  g(w,u, D)

- /;) I W(w, 3. Ve (0)Ve(x) — fe(x) - ¢(x) dx

> / W(w, 3, Vue +V$) — W(w, 3, Vue) — 0: W(w, 7, Vue (x)) Ve (x) dx > 0,
D

[P [EPE]

>0

which shows minimality since Fy and Fg s, , have the same domain on g + Wol‘l.
For the reverse implication, we omit the dependence on o to reduce notation. Define the
two proper convex functionals G : Wol“p”(D)m — [0, 4o00] and F : Wol’(p‘g (D)™ — R by

G(v)=/ W(s, Vg + Vv)dx, F(v):—[f£~(v+g)dx.
D D

Note that F is real-valued and continuous since Wol’% (D)™ embeds into W(}’l (D)™. More-
over, 0 € dom(G), so that we can apply the sum rule for the subdifferential of G + F [27,
Theorem 6.1] to obtain

0(G+ F)(v) =0G(v) + 9F(v) =0G(v) — fe forall v € dom(G).

To find a suitable formula for the subdifferential of G, we first write G = G o V, where the
gradient V : Wol’%(D)m — L% (D)™*4 is a bounded linear map, and G : L¥* (D)ym>d s
[0, 4-00] is defined by

Go(h) = / W(E, Vg +h)dx.
D

Arguing as in the proof of Proposition 4.12, the boundedness of Vg implies that G is
finite and continuous in 0. Hence the chain rule for subdifferentials implies that 0G (u) =
V*3Go(Vu), where V* denotes the adjoint operator of the gradient map. In particular, for
any v, ¢ € Wé'% (D)™ itholds that 9G (v)¢p = 3G o(Vv)Ve, while by the results in Sect. 2.3
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the subdifferential of G at a function » € L% (D)"*? is given by
3Go(h) = {£y € L% (D)™ 1 4, = 8 W (X, Vg(x) + h(x)))
+{ts € § (D)™ : t5(p —h) <0 forall ¢ € dom(Gy)}.

The function u = g + v being a solution of the minimization problem (4.58) is equivalent to
the fact that

0€d(G+ F)(v) = V*9Go(Vv) — fe,

which is equivalent to the facts that d: W(;, Vu) € L% (D)™ and that there exists £, €
8% (D)"*4 with £,(- — Vv) < 0 on dom(Gp), which combined satisfy

/ W (E, Vi)V — fo - ¢pdx + £,(V) =0 forall ¢ € Wy # (D).
D

Ifo e W&"pg(D)de is such that Fe(w, u + ¢, D) < 400, then Vv + V¢ € dom(Gy) and
therefore £;(V¢) < 0, which then yields

/ #W(E, Vu)yVe — fo - ¢dx > 0. (4.60)
D

Moreover, as noted in Sect.2.3 we have that £;,(V¢) = 0 whenever ¢ € WO1 *°(D)™. This
shows that any minimizer satisfies the system in Theorem 3.5 i).

ii) The fact that Assumption 2 implies Wyom € C! was shown in Proposition 4.12

iii) The proof for the homogenized equation is analogous once one notes that Wyop, satisfies
the same assumptions as W on a deterministic level. Indeed, we already know that Wyop, is
differentiable (Proposition 4.12), while Assumption 2 implies that

— _ 1 - — 1
Whom(—§) = E[W (-, =§ + h_¢)] = E]E[W(né —h_p)] - E[A] = EWhom(%‘) —-C,

so that also Whom 18 almost even, which allows us to define the associated Sobolev-Orlicz
space. Moreover, Assumption (A3) holds since Whon, 1S convex, finite and superlinear at +00
(the last property ensures that Wy is also convex and finite), while (A4) or (A5) (which
were not needed in the proof of i) anyway) were proven in Lemma 4.3.

iv) Under the additional assumption that su, € dom(F;(w, -, D)) for some s > 1 with
us = g + v, we know that s(Vv + Vg) — Vg € dom(Gy). Then for any ¢ € Wg"pg(D)’”
and é > 0, convexity implies that

-1
Go(Vv+46Ve) = Gy (; (s(Vv+Vg) —Vg) + (1 - %) (—Vg + <1 — %) 8V¢>)

-1
< %G()(S(VU 4+ Vg) —Vg) + (1 — %) Gy (—Vg + (1 — %) 6V¢) .

Since Gy is continuous in —Vg with Go(—Vg) = fD W(%, 0) dx, for § small enough the
right-hand side is finite and we can therefore conclude that ¢,(§V¢) < 0 ({5 as in the
subdifferential representation in i)), which yields that £,(V¢) < 0. Since this also holds for
—, we conclude that £,(V¢) = 0 and therefore
/ BSW(g, Vu)Vep — fe -¢pdx =0 forall ¢ € WOI’(’)E(D)'”.
D

The proof for the homogenized functional is the same.
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v) The convergence claim in the strict convex case is a consequence of 1), iii) and Remark
3.4 (ii). O
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Appendix A: Convex envelopes of coercive radial functions

LemmaA.1 Let £ : [0, +00) — R be coercive, i.e., its sublevel sets are precompact, and
bounded from below. Then the convex envelope of R¥ 5 & > L(&) := £(|&|) is given by the
formula

co(lisc)(IED) &l = rmax,

Lise (Fmax) iflE] < rmax,

where rmax 1= max{r € [0, +00) : Lisc(r) = min;c[0,4+00) Lisc ()} is the largest minimizer of
the lower semicontinuous envelope {s. of £ and co({s.) denotes the convex envelope of the
function . In particular, it is of the form & +— £(|§]) for some convex, monotone function
£.

Proof First, we observe that L is bounded from below and co(L) is finite, hence continuous.
Therefore, by [19, Remark 4.93] we have co(L) = co(Ljs). The lower semicontinuous
envelope of L is given by Lisc(§) = £15c(|€]). By [10, Theorem 3.8] the function {4 is
still coercive. Moreover, it is also bounded from below. Hence we can assume without loss
of generality that ¢ is already lower semicontinuous. Note that rpyax exists due to the lower
semicontinuity and coercivity of £. Define the function C: [0, +00) — R by

Z‘(r) _ co(O)(r) ifr = rmax,

L(rmax)  1fr < rmax.

We argue that ¢ is monotone and convex. Constant functions being convex, we know that
L(rmax) < co(€)(r) < £(r) for all r € [0, +00], which implies that £(rmax) = co(£)(rmax)-
We next fix r; < rp with ri, 7y € [rmax, +00) and write r; = trmax + (1 — t)rp for some
t € [0, 1]. Then by convexity of co(£)

co(£)(r1) = rco(€)(rmax) + (1 — 1) co(€)(r2) = 1 £(rmax) + (1 — 1) co(£)(r2)
= tco(€)(r2) + (1 — 1) co(f)(r2) = co(£)(r2),

which shows the monotonicity of 7. To prove convexity of 7, it suffices to consider the case
whenr| < rmax < r2andt € [0, 1] (the other cases being obvious). Then by the monotonicity
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of £ we have that

ZJ(”’l +0-0n) < Z(trmax + (1 —1t)r2) =col)(trmax + (1 —t)r2)
<1 co(€)(rmax) +(1 — 1) co()(r2) = 1E(r1) + (1 — )E(r2).
— e’

={(rmax)

Due to monotonicity and convexity of 7, the map & +— [ (1&]) is convex on R¥ and therefore
co(L)(&) = €(]&]). It remains to show the reverse inequality. To this end, note that for every
unit vector v € R¥ the restriction of co(L) to Ruv is also convex and satisfies co(L)(rv) <
L(rv) = £(r) for all r € [0, +00). Hence co(L)(rv) < co()(r) for all » € [0, +00]. As v
was arbitrary, we deduce that co(L)(§) < co(£)(|&]) for all & € R¥. However, we need to
improve this bound for || < ryax. Let €& € R* be such that |&] < rmax and consider the line
through 0 and &, which intersects 9B, in two points &; and &, (take any line if § = 0).
Then we can write £ = t&1 + (1 — t)&; for some ¢ € [0, 1] and hence we conclude the proof
via the estimate

co(L)(§) = tco(L)(§1) + (1 —1) co(L)(§2) = 1co(f)(rmax) + (I — 1) co(€) (rmax)
= L(rmax) = £(I5]). o

Appendix B: Measurability and convergence of the multi-cell formula

Here we prove a general measurability result that covers our integrand W satisfying Assump-
tion 1.

LemmaB.1 Let W : QxR x R"*d 5 [0, 400] be FR L4 x B"*4 -measurable, &€ Rmxd
and O C R? be a bounded, open set. If the function

pne(w, 0) = inf / W(w, x,& + Vu)dx
uewy oy Jo

is almost surely finite, then it is F-measurable. Moreover, if for almost every w € 2 there
exists a minimizer in Wé’l (O)™, then there exists a measurable functionu : Q — Wol’ ! o
such that almost surely

e (w, 0) = / W(w, x,& + Vu(w)) dx.
0

Proof Redefining W(w, x, &) = |€]% on the set of w, where pe(w, O) is not finite (and
when no minimizer exists in the second case), we can assume without loss of generality that
all properties hold for all w € 2. Note that this is possible since the modified integrand
is still jointly measurable due to the completeness of the probability space. We first prove
that the functional (&, u) > [, W(w, x, & + Vu) dx is F @ B(W,’' (0)")-measurable. By
truncation, we can assume without loss of generality that W is bounded. If W is additionally
continuous in the third variable, then the joint measurability is a consequence of Fubini’s the-
orem (which shows measurability in @) and continuity of the functional with respect to strong
convergence in Wé’l(O)’". Indeed, joint measurability then holds due to the separability of

WOl )1 (0)™, which ensures joint measurability of Carathéodory-functions.
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To remove the continuity assumption on W, we use a Monotone Class Theorem for
functions. To this end consider the classes of functions defined as

C:=lh:Qx R x R™¥4 R, h(w, x, &) = hi(w)ha(x)g(&), hy, ha, g bounded,
h; F — measurable, hp £ — measurable, g continuous},

R :={h:Q xR x R"*¢ - R, hbounded and F ® £¢ @ B"*?¢ — measurable,

such that (w, u) — / h(w, x, € 4+ Vu) dx is F @ B(W,"' (0)™) — measurable}.
(0]

Note that if & € C, then h is F ® £¢ @ B™*4-measurable, thus the argument above shows
that C C R. Moreover, R contains the constant functions, is a vector space of bounded
functions, and is closed under uniformly bounded, increasing limits. Finally, the set C is
closed under multiplication. Thus [12, Chapter I, Theorem 21] ensures that R contains all
bounded functions that are measurable with respect to the o-algebra generated by C. By
definition of C this o-algebra coincides with F ® £¢ ® B™*4.

Given the joint measurability of (w, u) — f o W(w, x, § + Vu) dx, the measurability of
the optimal value function pg (-, O) follows from the measurable projection theorem. Indeed,
for every t € R we know that

{(a),u) eQx W0y / W (w, x, & + Vu)dx < t} e F@BW, ' (0)™). (B.1)
o

By assumption (€2, 7, P) is a complete probability space. Since Wol‘l(O, R™) is a com-
plete, separable, metric space, the projection theorem [19, Theorem 1.136] yields the
F-measurability of the projection of (B.1) onto 2. Therefore

weQ: inf /W(w,x,$+Vu)dx:M5(w,0)<t e F,
uewl oy Jo

which proves the F-measurability of g (-, A). To show the existence of a measurable selec-
tion of minimizers, define the multi-valued map I : @ = W' (0)™ by

I(w) = {u e W, (o) / W(w, x, £ + Vu)dx = pe (o, 0)} .
0]

By the measurability of 11¢ (-, O) and the joint measurability of the functional, we see that the
graph of the this multi-function is F® 5 (Wol’ ! (0)™)-measurable. Due to the completeness of

(2, F, IP) and the separability and completeness of WOl - (0)™, we can now apply Aumann’s
measurable selection theorem [19, Theorem 6.10] and conclude the proof. ]

For reader’s convenience, below we also show the existence of the limit of the multi-cell
formula.

Proof of Lemma 4.4 We apply the subadditive ergodic theorem. According to Lemma B.1 the
function  — g (w, O) is measurable. To show its integrability, we test the affine function
u(x) = £x as a candidate in the infimum problem. Since F is nonnegative, we obtain
0= 40, 0) < [ W8 dx (B.2)
0

Tonelli’s theorem and stationarity of W yield that

E [pe(-, 0)] 5/OIE[W(-,x,S)]dx=E[W(~,E)]|0l. (B3)
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Hence g (-, 0) € L'(2). By stationarity of W also g is T-stationary in the sense that
pe(tw, 0O) = pg(w, O +z) forallw € Q. (B.4)

Finally, if (U j);fz e R? are bounded open sets with

n n
Uujco. ujnuc=pforalll <j<k<n |0\ JUjl=0.
j=1 j=1

and for every 1 < j < n we consider a map v; € &x + Wol’l(Uj, R™), then the function
v = Z?:l vjxu, belongs to §x + WOI’I(O, R™) and therefore

n
pe (@, 0) < Fi(w,v,0) =Y Fi(®,v),U)).
j=1

Minimizing the right-hand side with respect to the variables v;, we deduce subadditivity in
the form of

N

pe@. 0) <) e, Uj). (B.5)

j=1
By the subadditive ergodic theorem (see [1, Theorem 2.7]), a.s. there exists the a priori
random limit

1
po(w, &) := —ug(@,nQ) (B.6)

lim
a0
for all cubes of the form Q = z 4+ (—k, k)¢ with integer vertices k € Nand z € Vi

The extension to arbitrary sequences f — oo and general cubes Q = x + (—n, n)?
with x € R? and > 0 follows by approximation as in [32, Lemma 4.3], exploiting that
W(-,&) € L'(), which allows us to apply the additive ergodic theorem in the form of
Lemma 2.3 to the error terms that are due to integrating W(w, x, &) over sets with small
measure (relatively to the scale 7). Similarly, one can prove that y is invariant under every
group action T, so by ergodicity it is deterministic. We call this value pthom(§).

To fix the issue that the exceptional set where convergence fails may depend on &, fix
£0, & € R™*4_ For comparing e and g, we consider cubes of different size. For a cube
0 =x+ (—n, n)d and s > O set Q(s) = x + (—s7n, sr/)d and fix § > 0. There exists a
cut-off function ¢ = @5, € C° (R4, [0, 1]) such that

c
p=1lontQ, ¢=00nRI\rQ(l+35/2), ||V¢||LM(R(,)58—tQ.

Given v € &x + Wol’l(tQ, R™), extend it to R? setting v(x) = £x on R¢\rQ and define
Te&x+ Wyt Q( +8), R™) as

v(x) = p()v(x) + (1 — p(x))éox.

From the properties of ¢, we infer that

pey (@, tQ(1+68)) < Fi(w, v, tQ(1 +6)) < / W (w, x, Vu(x)) dx
tQ

+/ W(w, x, VU(x)) dx.
tQ(14+8)\tQ
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For x € tQ(1 + 6)\t Q the product rule yields
~ 1 1 1
Vo) = S2Ve(x) ® (§ — £o)x + Z9(0)28 + 2 (1 — ¢(x))2%.

Since % + %(p + %(1 — ¢) = 1, due to convexity of W in the last variable we can bound the
error term by

/ Wiw. . Vi) dr < / W (@, x,2V0(x) ® (& — £0)x) dx
tQ(14+8)\tQ tQ(1+5)\tQ

+/ W (w, x,28) + W (w, x, 2&) dx.
tQ(14+8)\tQ
Since |x| < Co(1 4+ &)t ontQ(1 4 8), for § < 1 we deduce that

2Ve ® (€ — Eo)x| < @

where C is independent of § and 7. We assume from now on that | — &y| < §. Passing to the
infimum over v, we deduce that

e (@, 1Q(1+8)) < pg(w.1Q) +/ sup W(w, x,n) + W (o, x, 2§)
1QU+8)\1Q In|<C

+W (w, x, 2&) dx.
Assume further that & € Q”*¢ and consider o in the set of full probability such that the

limit of  — |t Ql’lugo (w, tQ) at o0 exists for all rational matrices &y and all cubes. The
additive ergodic Theorem 2.3 applied to the last integral then yields that

.. 1
Mhom (§0) < lllgl f&f @Ms (w,10)

_ _ — 1

In|<C
From an analogous construction with the cubes ¢ Q and t Q (1 — §) we further infer that

pe(@,1Q) < pgy (@, 1Q(1 = 8))

+f sup W(w, x, ) + W (o, x,28) + W (0, x, 2§) dx,
10\1Q(1-9) n|<C

which again by the ergodic theorem implies that

1 _ _ _
lim sup —— g (@, Q) < pnom (o) +E | sup W, n) + W (-, 28) + W (-, 2&0)
t—+oo 10| Inl<C

(1 —(- 3)‘1). (B.8)
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Combining the two estimates (B.7) and (B.8) yields

1 1
lim sup — s (w, 1 Q) < liminf — s (w, 1 Q)
o rolM o [10]"*

[nl<ro

Cq_sd_ L
(2 (1 =19) (1+5)d)'

Considering a sequence of rational matrices that converges to £ and then letting § — 0, we
deduce that

+E [ sup W(,n) + W (-, 286)+ W (., 250)}

1 1
lim sup — e (w, t Q) < liminf —— e (w, 1Q),
e 10l oo 10"

so that the limit exists and hence the convergence holds for a uniform (with respect to £ and
Q) set of full probability. The convexity of upom is a consequence of the convexity of the
map & — g (w, O), which itself follows from the convexity of the map & — W(w, x,£).0

Appendix C: Approximation results in the vectorial case

In this section we present an extension of [17, Proposition 2.6, Chapter X] to the vectorial
setting, a result that has already been used in the literature, but the proof in [17] is only
valid for scalar functions. In contrast to the scalar setting, we need to assume in addition
the analogue of (A4) in the homogeneous setting or the lower bound W(-) > | - |? for some
p > d — 1. Let us emphasize that in the literature the result was used under the stronger
assumption p > d.

LemmaC.1 Let W : R"*4 — [0, +00) be convex and D C R? be a bounded, open set with
Lipschitz boundary. Assume that one of the following assumptions holds true:

(1) there exists C < +oo such that for all ¢ € R"™*4 and all € € R™*4 with e]T E-%) e
{0, eJTE} forall 1 < j < m it holds that

W(E) < C(WE) + D). (C.1)
(2) there exists p > d — 1 such that
W(E) > &P forallE € R™¥4, (C.2)

Then for any u € Wol’l(D)m there exists a sequence u, € C°(D)™ such that u, — u
strongly in W1 (D)" and
n——+00

lim /W(Vu,,(x))dx:/ W(Vu(x))dx.
D D

Proof Under Assumption (C.2) the claim follows from [21, Corollary 2.4], so we focus on
the case (C.1). It suffices to treat the case when

/ W(Vu)dx < 400,
D

since otherwise the statement reduces to well-known density results in Wol‘l. Next, let us
reduce to the case that u € L°°(D)™. Consider for s >> 1 the componentwise truncation Tyu
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at level s (cf. (4.35)). Then Tyu € W, (D)" and Tyu — u in Wh!'(D)™ as s — 400 by
the dominated convergence theorem. Moreover, by the non-negativity of W we have

/ W(VTsu)dx 5/ W(Vu)dx—l—/ W (VTsu)dx,
D D {luloo=s}

where |u|oo = max; |u;|. We show that the last integral vanishes as s — 400, which then
yields

lim sup/ W(VTsu)dx 5/ W (Vu)dx.
s—>+o00 JD D

The reverse inequality for the lim inf follows from Fatou’s lemma since W is lower semi-

continuous and VTyu — Vu pointwise almost everywhere. For said integral, we use (C.1)

to estimate

/ W(VTsu)dx < C/ W(Vu)dx + Clf{|u|so = s}
{luloo>s}

{luloo=s}

The last term vanishes as s — 400 since |u|oo, W(Vu) € L'(D). Hence by a diagonal
argument it suffices to show the claim foru € L°>°(D)™. Moreover, by a routine regularization
by convolution (see [17] or [28, Lemma 3.6]) it suffices to reduce the analysis to functions u
with compact support in D. First extend u to be zero outside D, so that u € W7 (R?)™. For
every x € D we consider a ball B, (x) CC D, while for x € 9D the Lipschitz regularity of
d D implies that (up to an Euclidean motion) there exists acylinder Cy = B;’i,fl 0)x(=hy, hy)
with x € Cyand DN Cy = {(y, yq) € Cy : yg < ¥x(y")} for some Lipschitz-function
Yy - Bf,:l (0) — (—hy, hy). Up to reducing r,s, we may assume that

Vs (B~H(0) CC (=i hy). (C3)

Choose ry < min{r}, h,} such that B, (x) CC Cy and such that the Lipschitz-constant L
of v, satisfies
0 <2Lyry < hy +| inf l/fx(y/)’ (C4)

Y=g

which is possible due to (C.3). Due to the compactness of D, we find a finite family of above
balls B; = B,_(x;) (1 <i < N) that cover D. These balls will be fixed throughout the rest
of the proof, 50 we omit the dependence on the radii 7y, or the number N of certain quantities.
For interior points x; € D, we define z; = x;, while for points x; € 3D we choose z; € R4
such that in the local coordinates we have z; = (0, —hy;) (i.e., at the bottom of the local
graph representation). Now let 0 < px < 1 be such that limg pr = l and forany 1 <i < N
we define

ki () = pruzi + 5 (x = z0).

Since px — 1, it holds that ug; — u in W'P(R?)™ as k — +o0. Next, let (¢;) be a
smooth partition of unity subordinated to the cover {]Rd \5, (B;) lN: 1 }of R4 (note that we work
on the ‘manifold’ R? and therefore supp(¢;) is compactly contained in B; and ¢ vanishes
on D). We then set

N
we(x) =y i (g (x),

i=1
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for which the gradient on D (here ¢ vanishes) can be expressed as

N N
Vup =Y ¢iVuri+ Y Vi ® (i — u).

i=1 i=1

As a convex combination, we still have that u; — u in L'(D)™, while for gradients this
follows from the uniform boundedness of V¢;. Finally, due to the convexity of W, for any
t € (0, 1) it holds that

N
/ W (1 Vi) dx < Z/ 1 W (Vuy)dx + (1 —1)
D i=1vP

N

/D W <Z ﬁwi ® (ups — u)) dx. (C.5)

i=1

Let us discuss the two right-hand side integrals separately. By a change of variables we have

N N
> /D 16 ()W (Vi ;) dx = pf't /R 2 0@ Gi + pr(y = )W (Vu(y)) dy.
i=1

i=1

The functions ¢; are Lipschitz, so that for z; + px(y — z;) € D we have the estimate

A

N
Y i+ oy —z) < I+ C max |z +pe(y —2i) =yl = 1+ CA = po)lzi =y

i=1

IA

I+ C1 = px).

Inserting the bound into the previous equality, we deduce that
N
Z/ 161 COW (V1) dx < pf(1+C(1 - pi)
; D
i=1

f max xp(z;i + ok (y — z)W(Vu(y))dy.
Rd 1<i<N

The pre-factor of the right-hand side integral converges to 1, while for the integrand we can
use the dominated convergence theorem to infer that max<;<y xp (zi +0k(-—2;)) W (Vu) —
xpW (Vu) in L' (R?) (recall that D is open with |dD| = 0). Hence we deduce that

N
limsupi 1 (X)W (Vg ;) dx 5[ W(Vu(y))dy.
1 D D

k—+00 i

It remains to show that the second integral in (C.5) is negligible. Using the boundedness of
u we find a constant ¢ = ¢; p,, such that pointwise on D

- Inl<c

N
14 (Z %w,-(uk,,- - u)) < sup W(y) < 400

i=1

since W is locally bounded by continuity. The dominated convergence theorem yields that

k——+00

N
lim (1 — t)/ w (Z %V(pi(uk,i - u)) dx = (1 —1)|D|W(0).
b i=1
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In total, starting from (C.5) we deduce the estimate

limsuplimsup/ W (tVuy)dx Sf W(Vu)dx.
1 k—+o00 JD D

Since tuy — tu in Wh1(D)™, we can use a diagonal argument with respect to k and ¢ to
find a sequence 1y such that i1 — u in WL1(D)Y" and, combined with Fatou’s lemma,

lim /W(Vﬁk)dx:f W(Vu)dx.
D D

k—+00

Moreover, it holds that supp(it;) = supp(uy) for some k” € N, so it remains to show that all
uy have compact support in D. Using (C.3) and (C.4), the argument is identical to the one
used in [21, Lemma 3.3] for the case of (C.2), so we omit the straightforward computation.
This concludes the proof. O
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