®
OPEN a ACCESS Universitit Augsburg
OPUS AUGSBURG w h Universititsbibliothek

A classical S2 spin system with discrete out-of-plane
anisotropy: variational analysis at surface and vortex
scalings

Marco Cicalese, Gianluca Orlando, Matthias Ruf

Angaben zur Veroéffentlichung / Publication details:

Cicalese, Marco, Gianluca Orlando, and Matthias Ruf. 2023. “A classical S2 spin system
with discrete out-of-plane anisotropy: variational analysis at surface and vortex scalings.”
Nonlinear Analysis 231: 112929. https://doi.org/10.1016/j.na.2022.112929.

Nutzungsbedingungen / Terms of use: CC BY-NC-ND 4.0

Dieses Dokument wird unter folgenden Bedingungen zur Verfiigung gestellt: / This document is made available under these conditions:
CC-BY-NC-ND 4.0: Creative Ci :N g - Nicht kommerziell - Keine Bearbeitung

Weitere Informationen finden Sie unter: / For more information see:

https://creativecommons.org/licenses/by-nc-nd/4.0/deed.de



https://doi.org/10.1016/j.na.2022.112929
https://creativecommons.org/licenses/by-nc-nd/4.0/deed.de

A classical S? spin system with discrete out-of-plane anisotropy:
Variational analysis at surface and vortex scalings

Marco Cicalese ™", Gianluca Orlando ", Matthias Ruf*

2 TU Munich, Zentrum Mathematik, Boltzmannstr. 3, 85747 Garching bei Miinchen, Germany
b politecnico di Bari, Dipartimento di Meccanica, Matematica e Management, via E. Orabona
4, 70125 Bari BA, Italy

¢ Ecole polytechnique fédérale de Lausanne, SB MATH, Station 8, 1015 Lausanne, Switzerland

1. Introduction

The classical Heisenberg model is a lattice spin model that associates to a configuration u:Z? — S? of

S2-spins the energy .
H(u) =~ > uli)-u(h). (1.1)

li—jl=1

While, as for all ferromagnetic models, the ground states of this model are constant spin configurations, the
analysis of its low energy states, i.e., spin configurations whose energy deviates from the energy of the ground
states by a small (in terms of energy per spin) energy, is quite delicate. In fact, due to the SO(3) symmetry of
the model, low energy Heisenberg spins can form complicated topological excitations, known as skyrmions.
They are the topological charges of this model and can be roughly considered as a higher dimensional analog
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Fig. 1. The codomain 5’1%, of an admissible spin field in the case N = 7.

of the vortex structures formed in planar rotator models (also known as classical XY models) in which the
spins take values in S! and the model has only SO(2) symmetry. The variational analysis of the planar rotator
model (and of some of its variants) has been the object of many recent studies [4-7,10,11,15,17,19,29] and the
behavior of its topological excited states, the vortices, has been well understood at several energy scalings
thanks to the equivalence between the discrete XY spin model and the continuum Ginzburg—Landau model
for S valued Sobolev maps, whose variational analysis has been developed in the last 30 years [1,25,26] (see
also the monographs [12,31]). In contrast, the variational analysis of Ginzburg-Landau type theories for
S2-valued Sobolev maps has a more recent history [23,28] and the equivalence of Heisenberg lattice models
with a continuum theory has not yet been investigated.

This paper can be thought of as a first attempt to understand some of the analogies between the classical
Heisenberg model and the classical XY model when, due to the presence of a discrete spin anisotropy, the
symmetry group of the Heisenberg model is reduced to SO(2) X Zx and skyrmions cannot appear. We point
out that the spin anisotropy in our classical model has microscopic (on scales much smaller than €) quantum
mechanical origins, it is induced by the presence of an external magnetic field, and can be controlled by an
electric field. All these effects are neglected in our model in which we only focus on the geometric constraint
induced by the anisotropy.

In what follows we describe in more detail the main results of this paper.

Our analysis starts by localizing and scaling the energy (1.1) as follows. Given a regular open bounded
set 2 C R? and a parameter £ > 0, to every spin configuration u:eZ? — S? we associate the energy per
spin in {2 given by

H.(u, ) = _% S i) ule)).
ci,ej€€Z2N02
li—jl=1
To enforce the anisotropic constraint in the Heisenberg model, we set H.(u, {2) = +oco unless the vertical
component of the spin is constrained to a discrete set. To introduce such a class of admissible spins we
assume u to be different from the north and the south poles and we collect its components (u',u?, u?) as
(cos((u))a, sin(p(u))), where u = u//|u/], v’ = (u',u?) and ¢(u) = arcsin(u?®) € (=%, %) is the latitude of
u. The admissible spin configurations u are then defined to be those such that u € %%, where .#% is the
stratification of the unit sphere in N circles defined by

y]% = {y: (y’,sm(go(y))) 682 : @(y):7g+k91\73 k:L"'aN}a

where Oy = (see Fig. 1). We refer the energy H.(u,{2) to its minimum by removing from each

s
N+1
interaction energy between neighboring spins —u(ei) - u(ej) the energy —1 of two neighboring spins in a
ground state configuration. We then divide by the number of lattice points in §2 which is of order 1/&2? and
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we obtain a new energy per particle that we denote by E.(u, {2) which is finite only on those spins valued
in %% on which it takes the form

B.(u, 0) ::% S e — uleh)l (1.2)

ci,ej€eZ2n
li—jl=1
The ground states u of this system have both discrete and continuous symmetries. They can be classified
according to their latitude ¢(u), which can take the N admissible values —5 + kfy, k= 1,..., N and to
the value of their normalized horizontal component % which belongs to S!. The energy needed to break such
symmetries is of different orders.

The discrete symmetry of the vertical component of the admissible spins induces the existence of an
energy regime, that we prove to be of order ¢, at which phase separations can take place. In other words,
as ¢ — 0 the vertical components of spin configurations u, such that E.(u.) < Ce are compact in BV (£2),
hence they take finitely many values according to which (2 is partitioned in a finite union of sets of finite
perimeter usually known as magnetic domains. On each of such sets, the limit spins have constant latitude
p e Ly = {Ek = —5 +kOn, k = L...,N} which jumps at the boundary of the partition. In this
energetic regime, the horizontal components of u. are only weakly™ compact in L°°, hence in a set on which
the latitude of a spin u takes the constant value ¢ the limit of its horizontal component can take any value in
the disk of equation |u/| < cos(¢). In Theorem 2.6 we prove that the I'-limit (see [13,20] for an introduction
to this subject) of the scaled functional E.(u)/e, carried out with respect to the L' convergence of the
vertical components and the weak™ convergence of the horizontal components of the spin, is proportional to
the anisotropic perimeter of the boundaries (the interfaces of the magnetic domains, also known as magnetic
domain walls) of the sets of the partition. The phenomenon of phase separation described above is similar
to that happening in other systems with discrete symmetry as for instance in those Ising-like spin systems
considered in [2,10,14,16,18].

The SO(2) symmetry of the horizontal component of the spins in our model plays an important role at a
lower energetic regime, i.e., when E.(u., 2) < Ce?|loge|. As e?|loge| < ¢, at the £2|loge| regime the spin
system cannot overcome the energetic barrier (of order €) of the anisotropy transition explained above (the
transition associated to the jump of the out-of-plane component of the spin field) (see Remark 2.5), hence
the latitudes ¢(u.) converge strongly in L' to a constant latitude ¢ € Zy (here we are assuming that 2
is connected, otherwise the argument applies to each connected component of £2). The normalized in-plane
components u. of the spin field u. are associated to the relevant order parameter of the system, the discrete
vorticity measures fi_ (see (2.6) for the definition) which keep track of a concentration phenomena already
observed in the logarithmic scaling of the classical XY spin model. More precisely, in Theorem 2.10, we
prove that, as € — 0, the vorticity measures pi; converge to pu = 224:1 di6z,, (M € N) with dy, € Z, x3, € 2
and that the limit energy is proportional to cos?()|u|(£2). The concentration of the vorticity measure piy_ on
finitely many points can be read as the continuum description of the formation of finitely many singularities
of a discrete spin whose out-of-plane component becomes constant and equal to @ € £y while its in-plane
component, constrained to be of length cos(¢), winds dj, times around the points xj, in clockwise (if di, < 0)
or counter-clockwise (if dy, > 0) direction. One of the difficulties in the proof derives from the fact that jumps
of the vertical component in small regions, vanishing in the limit, could decrease the energy-concentration
around vortices. We rule out this possibility by carefully revising the ball construction.

We finally mention that the effect of domain walls at a higher energy level and topological singular-
ities at lower energy level are conjectured or have been established also for a simplified version of the
Chern—Higgs—Simon energy (see [27, p. 545, 1. 5 and Theorem 1.1]).
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2. The model and main results
2.1. Basic notation

We let R? be the d-dimensional Euclidean space with norm |- |. The unit sphere in R? is S9! = {y €
R? : |y| =1}. We let eq, ..., eq denote the vectors of the standard basis of RY. We write B,.(z) for the open
ball centered at z with radius 7 and we set A, r(z) := Bgr(z) \ B, ().

For every @ = (r1,22) € R? we define |z|; = |z1]| + |72]. Given two unit vectors y,z € S?, we write
dg2(y, 2) for the geodesic distance on S%.

We let ¢« denote the imaginary unit. It will be used to identify unit vectors in R? with complex numbers
of the form exp(:6), 6 € R.

2.2. BV-functions

In this section we recall basic facts about functions of bounded variation. For more details we refer to the
monograph [9].

Let A C RY be an open set. A function v € L!(A;R") is a function of bounded variation if its distributional
derivative Dv is given by a finite matrix-valued Radon measure on A. We write v € BV (A;R™).

The space BVioc(A;R™) is defined as usual. The space BV (A;R"™) is a Banach space when endowed with
the norm [[v|[py(a) = [[v[lz1(a) + [Dv|(A4), where [Dv] is the total variation measure of Dv. The total
variation of v: A — R with respect to the anisotropic norm |- |; is denoted by |Dv|;. For any Borel set
B C A the latter total variation can be written as [Dv[1(B) = [, ‘% d|Dv|. If A is a bounded, open
set with Lipschitz boundary, then BV (A;R™) is compactly embedded in L*(A;R™). We say that a sequence
v, converges weakly* in BV (4;R™) to v if v, — v in L'(A;R") and Dv,, = Duv in the sense of measures.

2.8. Discrete spin fields and description of the model

We consider the square lattice €Z? with lattice spacing ¢ > 0. Given a non-empty set S, we will tacitly
interpret maps u:eZ? — S as piecewise constant functions. More precisely, we let

PC(S) == {u:R? = S : u(z) = u(ei) if x € i + [—¢/2,£/2)* for some i € eZ?}, (2.1)

and maps u:eZ? — S are in bijection with elements of PC.(S).
Given a vector y = (y', 42, 4°) € S* we let ¢(y) € [~5, ] denote its latitude, i.e.,

o(y) = arcsin(y?).
We collect the components of y as follows:
y=(y,y°) = (v/,sin(p(y))) . where y = (y",y°).
If y € S? is such that ¢(y) # +7, then we can define the unit vector

/

§o= L
Y]

Note that [y/|* +sin2(p(y)) = 1, hence |y/| = cos(¢(y)). We will often collect the components of y as follows:

y = (1¢'19,4%) = (cos((y)), sin(p(y))) -



We consider the stratification of the unit sphere in N circles given by

Sy = {y= (v, sin(e(y)) €S* ¢ o(y) = —F + kin, k=1,---,N},

s

where Oy = w1 We stress that the north and south poles of S? are excluded from the set .%%. For future

purposes, it is convenient to define the set of possible latitudes:
LN o= {Ek = 7%4’]{301\/, k:].,,N}

The following elementary lemma will be useful for our analysis.
Lemma 2.1. Lety,z € .%%. Then

. 2/(60N
Sin —_
2 —y|* > 49EVQ)¢(Z) —o(y)| .

Proof. Giveny € S?, we let y = (cos(¢(y))¥,sin(¢(y))). Observe that for every z = (cos(¢(2))Z, sin(¢(z)))
€ IR
|2 =yl = | cos(p(2))Z — cos(p())F]” + | sin(p(2)) — sin(o(y))|”

and S 3 2+ ’ cos(p(z))z — cos(gp(y))ﬂ’2 is minimized for z = 3. Hence,

12 =yl = | (cos( (=) sin(p(2)) — (cos(p(y)F sin(e(y))| (2:2)

Observe that (2.2) and the identity |a — b| = 2sin(4ds2(a, b)) imply

12—yl > |(cos(p(:))7 sin(p(2)) ~ (cos(o(u)ii sin(p(v))) |
= 45in” (s ((cos((2))7: 5in(2(2))), (cos( (1)) 5 (o)) )
= 45in” (o) — o)) .

Since p(y), p(z) € LN, we have that |o(z) — ¢(y)| = kfn for some k € N, hence

asin®(5l0(2) (o)) = dsin® (F5%) > aksind (%)

see [18, Lemma 3.1] for the last inequality. We conclude that

. 2(0N
[S10 0 R R
o 24 o) o

Given an S?-valued spin field u = (u',u?, u?):eZ? — S%, we collect its components as u = (u/, sin(p(u))),
where ¢(u) is its latitude. To a spin field u = (v, sin(¢p(u))) :eZ? — % we associate the auxiliary S'-valued
spin field ©:Z? — S' given by

~ u’

T

(Note that @ is well-defined, since u differs from the north and south poles, hence |u’| > 0.) Thus we write

U= (cos(cp(u))ﬂ, sin(cp(u))) .

We shall use the spin field u to define the vorticity measure p~ associated to u that is relevant for the
problem.



Let us define the energy of the model. Let 2 C R? be a bounded, open set with Lipschitz boundary. For
every u:eZ? — S? we set

E.(u, 2) ;:% > Pulei) — ule))) (2.3)

ei,ejESZQrTQ
li—gl=1

if ureZ? — % and E.(u,§2) := +oo otherwise. We will consider the energy as a functional E.(-, 2): L'
(2;R?) — [0, +00] by interpreting spin fields u:eZ? — % as piecewise constant functions in PC.(.3).

2.4. Vortices and the XY model

We recall here some basic facts about discrete vorticity. Following [6], in order to define it, we introduce
the projection Q:R — 277Z defined by

Q(t) :== argmin{|t — s| : s € 27Z}, (2.4)

with the convention that, if the argmin is not unique, then we choose the one with minimal modulus. Then
for every ¢t € R we define ¥(t) .=t — Q(t) € [—m, 7.

Let v:eZ? — S and let ¢:£Z? — [0,27) be the phase of v defined by the relation v = exp(1¢). For every
gi € €Z?, the discrete vorticity of v in the square i + [0, €]? is defined by

d, (i) ::% [ #(p(ei +ze1) — ole)) + P (plei + cer +2e2) — plei + en))

(2.5)
+ U (p(ei+eez) — p(ei+eer +eer)) + ¥ (p(ei) — p(ei + eez)) } .

As already noted in [6], it holds that d,, € {—1,0,1}, i.e., only vortices of degree +1 can be present in the
discrete setting. The discrete vorticity measure associated to v is given by

My = Z dv(Ei)éei_‘_(%é . (2.6)

ci€eZ?

Definition 2.2 (Flat Convergence). Let A C R? be an open set. A sequence of finite Radon measures
pj € My(A) converges flat to p € My(A) if

sup ‘/wd(w—u) — 0.
YEC®(A) A
1Yl oo <1, VY|l f,00<1

In that case, we denote the convergence by u; RN -

Given a bounded, open set with Lipschitz boundary 2 C R? and an S'-valued spin field v:Z? — S!, its

XY energy is defined by
1 . .
XY (v, 2) = 3 Z 2| (ei) — v(ej)|?.
ei,ejEsZQDQ
li—jl=1

We work with spin fields v.:eZ? — S' defined on the whole lattice €Z2. We can always assume that
XYE(UE;EE) < CXY(ve; 2), where 2° is the union of the squares i + [0,€]? that intersect £2. (If not,
thanks to the Lipschitz regularity of {2, we modify v. outside {2 in such a way that the energy estimate is
satisfied, see [4, Remark 2].)



Remark 2.3. We recall that there is a strong relation between the number of discrete vortices and the
XY-energy of a spin field. More precisely, under the assumption made above XY, (vs;ﬁg) < CXYc(ve; 2),
there exists a universal constant C’ > 0 such that for every v, :eZ? — S' we have

C/
(@) £ XY (0, ).

The reason is that a cell of eZ? with non-zero vorticity has non-aligned spins on the corners with a minimal
distance for at least one couple of neighboring points, and thus carries an XY-energy larger than a strictly
positive constant. For more details of the same estimate on the triangular lattice, see, e.g., [11, Remark 3.1].

We recall the following compactness and lower bound for the XY model, see, e.g., [4, Theorem 3] or
[7, Theorem 3.1].

Proposition 2.4. Let v.:eZ? — S' and assume that XY (v, 2) < Ce?|loge|. Then there exist M € N and
a measure i = Ekle di0
in 2. Moreover

z), With dy, € Z and x), € §2 such that, up to a non relabeled subsequence, pi,, RN N

1
<liminf —— .
2| uf(£2) < lim inf 7 1Og€|XY€(vsa 12)

2.5. Surface scaling

To present the results, we start by deducing some bounds provided by the energy.

Remark 2.5 (BV Bound for ¢(u)). We observe that the energy induces a bound on the total variation of
the latitude ¢(u). Let A CC £2. By Lemma 2.1, given u = (v, sin(¢(u))), for € small enough we have that

1 5 ) Ny sinZ(QTN) 2 . .
Ee(u,2) =5 > ulei) — uleg) 22— > Plelulei) - pluled))]
Ei,EjEEZZF‘I.Q N E’L,stSZQHQ
[i—jl=1 li—j|=1
2 9N
sin“ ( =5-
> 4% G2 b (4).
N

where we used that the discrete energy counts each interaction twice. The previous inequality implies that
sequences of spin fields u.:eZ? — #% satisfy

—_

Dip(ue)|(A) S = Ee(ue, 2).

€

In the limit of the surface scaling, the domain {2 is partitioned in a finite union of sets of finite perimeter
(25)pe.2y such that ¢ = @ a.e. in 25. This can be interpreted as follows: as ¢ — 0, the spin field u. lies on
the circle on S? with latitude @ in most of the region £2;. The limit energy is concentrated on the interfaces
between the sets of the partition. The behavior of the first two components of the unit-vector field u is less
rigid and we can control only the norm from above and a relaxation effect takes place. The precise statement
is contained in the following theorem, for which we use the following notation: given ¢ € BV ({2;R), define

L®(2;¢) = {v: 2 = R?: |u| < cos(y) a.e. in 2}.

Theorem 2.6. We have the following I'-convergence result:

(i) (Compactness) Let u.:eZ? — %% and assume that E.(uc, 2) < Ce. Then there exist a function
p € BV(2; %N) and v’ € L™(£2;p) such that, up to a non-relabeled subsequence, p(us) — ¢ strongly
in L' (2;R) and ul. = o' in L>®(12;R?).



12) (liminf inequality) Let u.:e — , let p € ;ZN), and let v € ;). Assume that
/i) (liminf i li L 72 5’]% l BV (2;% dl ! L>(12 A h
o(us) — o strongly in L*(2;R) and ul > ' in L°(2;R?). Then

4sin2(67N)

|
llgglf EEE (ue, 2) > e

D)1 (£2).

(iii) (limsup inequality) Let ¢ € BV (2; Zn) and v’ € L™=(£2; ). Then there exists a sequence of spin fields
ue:eZ? — F% such that p(u.) — ¢ strongly in L' (2;R), ul = ' in L°(£2;R?), and

4 sin? (GN )

2

1
lim sup - F, (ug, 2) < IDepl1(£2).

cs0 € On

Remark 2.7 (Limit as N — +00). Let Eg n denote the I'-limit of LE.(-, ) defined on L>(£2; B1(0)) x
BV (£; %n). Then one can prove that, as N — 400, the sequence of functionals %EO, ~ [-converges with
respect to weak*-convergence of v/ and strong L'-convergence of ¢ to the functional

|Do|1(82) if o € BV(2;[—7/2,7/2]) and v’ € L>®(§2;¢),
+00 otherwise.

E0,00<ul?50) = {

Let us briefly sketch the argument: compactness of energy-bounded sequences follows from the compact
embedding of BV in L'. In order to prove the lower bound, it suffices to note that the anisotropic total
variation is L' (2)-lower semicontinuous and that the condition u!, € L>(£2;¢,,) is stable when u/, converges
weakly* and ¢, converges strongly in L!'(£2;R) (cf. the compactness proof of Theorem 2.6). The proof
of the upper bound is slightly more technical. First one shows that one can approximate every piecewise
constant map ¢ € BV(£2;[—n/2,7/2]) with respect to strict convergence with piecewise constant maps
on € BV(£2; . £n) using that the set £y becomes dense in [—7/2,7/2] as N — +oo. The approximating
sequence uf € L*(§2;on) is defined by

u UI x .
N ﬁ cos(eon(x)) otherwise,

N(@) = {U/(x) if [u'(2)| < cos(on(2))

The L'-convergence ¢ — ¢ implies that u/y, — u’ even strongly in L*(£2;R?). This shows the upper bound
for piecewise constant functions ¢ and u’ € L>({2; ). Then one uses the general fact that piecewise constant
functions are dense in BV (£2;[—m/2,7/2]) with respect to strict convergence' and the same approximation
of the component u’ as above.

2.6. Vortex scaling

We carry out a finer analysis assuming that ¢ attains only one value ¢ € Zy, i.e., 2 = 25. As no
interface occurs, the scaled energy éEs(us, {2) vanishes as ¢ — 0, and thus it is reasonable to assume a
stricter assumption on the energy scaling that seeks for a finer description of low-energy sequences. We
study the scaled energy mEs(ug, 2) under the assumption E.(ue, 2) < Ce?|loge|. On the one hand,
by Remark 2.5 we get that [Do(ue)|(A) < e]loge| — 0 for every A CC 2. This is indeed compatible with
the assumption that ¢(u.) converges to the constant function ¢. In the next remark we show that we have
compactness for the discrete vorticity measures p -

1 This result is well-known for BV (£2;R), but the case considered here follows by truncation.
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Remark 2.8 (XY Energy Bound For u). Let us fix u = (cos(p(u))u,sin(p(u))):eZ? — #%. We deduce a
bound for the XY energy of u:eZ? — S'. By Lemma 2.9, we have that

. ) N~ N~ 2

E.(u,2)> Y W) —de) = D | (E)ulei) — o (eh)[ules)]
ci,ej€cZ2NN ci,ejEeZ2N0
l[i—jl=1 |i—j|=1

. N2 N2~/ - ~/ N2
> Y Sminfld ()] [l (e5)] Haled) — ules)]
E’i,EjGEZ2ﬂ.Q
[i—jl=1

~ . ~, N2 ~

>0k Y. Eulei) —uleh)’ = oA XVe(T, R2),
5i,sj€z~:Z2r‘|Q
[i—jl=1

where we set

0% = inf ly'|* = sin?(fy).
(v sin(p(y))) €S2

Thanks to Proposition 2.4, we deduce that a bound E. (u., ) < Ce?|loge| gives compactness for the discrete
vorticity measures Il with respect to flat convergence.

The next lemma holds true.

Lemma 2.9. Let a,b,c,d € RY. Assume that |c| = |d|. Then

2 . 2 172 2
|lale — [bld|” > min{|al”, [b]"}|c — d]”.
The precise behavior of the energy in the present scaling regime is contained in the following theorem.

Theorem 2.10. Assume that {2 is connected.” Then we have the following:

(i) (Compactness) Let u.:eZ? — #% and assume that E.(u., 2) < Ce?|loge|. Then there exist a constant
P € LN and a measure | = Z,iw:l dibz, (M € N) with dy, € Z, xp, € §2 such that, up to a non-relabeled
subsequence, o(u:) — @ strongly in L*(2;R) and i RN woin £2.

(i) (liminf inequality) Let u.:eZ* — %, let p € Ln, and let p = Z,iw:l didg, with M € N, d € Z,
xy, € 2. Assume that o(u.) — ¢ strongly in L'(£2;R) and that pi SN win 2. Then

. 1 _
llIEIlgélf mEe(ug, 2) > 271 cos® (@) || (2) .
(#3) (limsup inequality) Let ¢ € Ly and let p = Zi\il dydy, with M € N, dy, € Z, x, € 2. Then there
exists a sequence of spin fields u.:eZ? — % such that p(u.) — ¢ € Ly strongly in L1 (2;R), pi RN "
i §2, and

lim sup (e, 2) < 2w cos®(@)|ul (£2) .

—F
cs0 €2|loge| ©
2.7. Gradient scaling

To prove Theorem 2.10, we first need to prove the following result about the gradient scaling. Given
w:eZ? — R, we let A[w]:R? — R denote its piecewise affine interpolation defined as the unique continuous
function such that Afw](ei) = w(ei) for all i € Z? and that is affine on all triangles of the form
gi + co(0,ee1,eez) and i + co(0, —eeq, —eeq) with i € Z.

2 If 2 is not connected, a similar result can be proved on each connected component. Due to the Lipschitz regularity and
the boundedness of 2 there exist finitely many connected components and the boundary of each connected component is itself
Lipschitz. These properties follow from the fact that the subgraph of a Lipschitz function is connected and a covering argument
using the compactness of Q.



Theorem 2.11. Assume that {2 is connected.” Then we have the following:

(i) (Compactness) Let u.:eZ? — % be such that E.(uc, 2) < Ce?. Then there exist a constant p € Ly
and a map u = (cos(p)u,sin(p)) € H(2;.72) such that, up to a non-relabeled subsequence, Alu.] — u
strongly in L*(£2;R?), and Aluc] — u weakly in H. .(£2;R3). Moreover, ¢(u.) — @ strongly in L' ({;R),
Alue] — u strongly in L*(2;R?), and Alu:] — u in HL (2;R?).

(ii) (liminf inequality) Let u.:eZ* — %, let ¢ € Ly, and let u = (cos(p)u,sin(p)) € H' (2;.7%) be such

that p(ue) — @ strongly in Ll((l; R) and Alu.] — u strongly in L?(2;R3). Then

e—0

hmmf (U, £2 / |Vul* dz = cos? / \Val® da.
g2
(i%i) (limsup inequality) Let ¢ € £y and let u = (cos(@)u,sin(@)) € H(2;.7%). Then there exist
ue:eZ? — % such that o(us) — @ strongly in L' (£2;R), Aluc] — u strongly in L*(2;R3), and

e—0

lim sup — E (ue, 2 /|Vu| dz = cos? /|Vu| dz .
€2

Remark 2.12. It will be clear from the proof that the sole information Afu.] — u € H'(£2;.%) in
L?(£2;R?) implies the lower bound

hmmf (e, 2 /|Vu| dz .

e—0

We will use this inequality in the proof of Theorem 2.10.

3. Proofs of the main results
3.1. The surface scaling regime

Proof of Theorem 2.6. We prove the statements (7)-(%ii) in separate steps.

Proof of (i) (compactness).

Due to Remark 2.5, the sequence ¢(uc) is bounded in BV (A4;R) for every A CC 2. Since it is also
bounded in L*(£2;R), the equi-integrability and a diagonal argument show that (up to a subsequence)
o(us) — ¢ in LY(2;R) for some ¢ € BV (£2;.%Ly). Moreover, u. is bounded in L*>(£2;R?), so that (up
to a further subsequence) it converges weakly* to some function u’ € L>(£2;R?). It remains to show that
' € L*(2;¢). Fix x € 2. Since ¢(u:) — ¢ in L(2) as € — 0, from the weak*-lower semicontinuity of the
L'-norm we infer that for any r > 0

][ || dy < lim inf][ |ul|dy = lim inf][ cos(p(ue)) dy :][ cos(ip) dy,
Br () 20 JBy(a) <20 JBy(a) B ()

where we used the Dominated Convergence Theorem in the last step. Sending r — 0, Lebesgue’s
differentiation theorem implies that |u'(x)| < cos(p(z)) for a.e. x € 2, i.e., v’ € L™ (£2;p).

Proof of (i) (liminf inequality).

Fix A CC 2. Then due to Remark 2.5, for £ small enough we have that

N
L ) 2 P b (4).

3 See Footnote 2.
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The anisotropic total variation on A is lower semicontinuous with respect to strong convergence in L'(A;R).

Hence we conclude that . 2(9N)

Dol ().

The arbitrariness of A CC 2 and the fact that B — |Dg|;(B) is a Borel-measure yield the claim.
Proof of (i) (limsup inequality).

1
ool S
11?361f 8EE(uE, ) >

We argue by gradual approximation as follows: first we assume that ¢ € BV (§2; %y) is given by the
restriction to 2 of a function ¢ € PCs(ZLn) (cf. (2.1)) for some 6 > 0. We further assume that on each
half-open cube where ¢ is constant, the function v satisfies |u’| = cos(y) and that there exists a further
partition into smaller half-open cubes with side-length 7 < § such that «’ is constant on each of these
cubes. Given the recovery sequence in this case, by approximation (i.e., refining the cube size 7, averaging
and projecting onto spheres) we can approximate every u’ € L ({2; ) satisfying |u'| = cos(p) (recall that
© is still constant on half-open cubes). To cover the general case u’ € L ({2; ), it suffices to note that
for any half-open cube @ and r > 0, the weak*-closure of L>(Q;dB,(0)) is given by L>(Q; B,(0)). In
a final approximation, we use the density result proven in Proposition A.1 to cover the case of a general
BV-function ¢ and u' € L (£2; ).

Let ¢ € BV(£2; %N) N PCs(Ly) for some & > 0. In particular, there exists a partition of R? into half-
open cubes of the form zo + [—8/2,8/2)% such that ¢ is constant on each cube. Moreover, we assume
that u/ € L>®(£2;¢) is such that for each cube z + [—0/2,8/2)% of the partition associated to ¢ we
have |u'| = cos(p(xg)) and that there exists a further partition into smaller half-open cubes of the form
Yo + [-n/2,1/2)? such that «' is constant on each of them. In what follows we shall always assume that
n < & and to reduce notation we let Q,(u’) be the partition of R? consisting of half-open cubes on which
u’ (and hence also ¢) is constant. (We refer to the first picture in Fig. 2.)

We construct the approximating sequence u. : eZ? — .2 locally on each cube Q € Q, (u/) (see the second
picture in Fig. 2). First, we fix a projection IT:R? — R? such that for z € Q it holds that I1(z) € 0Q with
|II (z) — 2| = dist(x, Q) (such a function is unique except on the diagonal lines connecting the corners of a
cube Q). Then we define the latitude of u. on €Z? N Q by setting (see below an explanation of the formula)

On|[e~tdist(ei, 0Q)] — 1]
Ple — @I (c))]

where [-] denotes the ceiling function and with a slight abuse of notation we set min{x/0,1} - 0 = 0 for all

() (e0) = (1T (i) + min 1} (elo - (i), (3.1)

x > 0. Note that the function ¢ is defined pointwise on 9@ since the cubes of the partition are half-open. In
particular, on the top side and right side of 9Q), the function ¢ takes the value of the cubes adjacent to @,
with the exception of the top-right corner, where ¢ takes the value of the cube containing this point (but
this corner does not belong to the image I1(Q)). Moreover, note that ¢(u.) € £y. The third component is
defined by

ul (ei) = sin(p(ue)(ei)) .

Let us briefly explain the formula in (3.1) more in detail (see also the third picture in Fig. 2): if i is closest
to a side of 0Q that belongs to the half-open cube, then ¢(II(ci)) = ¢|g. If €i is close to a side of JQ) that
does not belong to the half-open cube, then ¢(II(£i)) corresponds to the value of ¢ on a neighboring cube
and p(u.) is an interpolation between the values p|g and ¢(I1(e7)) towards the boundary with a step-wise
increment of £60y. Close to the corners of the cube @, the projection II is not continuous, but as we will
see the interactions close to the corners are negligible due to the surface scaling of the energy. In fact, close
to the corners the value of ¢(u.) could be chosen arbitrarily, see the third picture in Fig. 2.

Next, we define the component u. on eZ? N Q. Since the condition u.(gi) € .2 must be satisfied for all

points ei € eZ2, we first construct a S'-valued function %, and then set u’ := /(1 — |u3|*)u.. To define .,
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Fig. 2. In the first picture: partition into cubes of size § and of size n with 7 < §. In the second picture: the interpolation formula (3.1)
occurs in the gray regions. In the third picture: the vectors represent the direction determined by the latitude ¢(u.) on a great circle
of S? passing through the poles; the change in each angle is +6y; the value of the latitude close to the corner is not relevant as there
the energy is negligible at the surface scaling.

let 6 € [0,27) be such that u'|g = cos(p|g) exp(¢f) and consider the piecewise affine function

0 if 0 <t < 2Ne,
1 1
O:(t) =< e 2(t—2Ne)f if 2Ne <t <2Ne+¢e2,
1
0 ift>2Ne+e2.

For ei € €Z? N Q define then
Uc (i) = exp (0. (dist (i, 0Q))) .

Let us identify the L'-limit of u. on Q. First, let us consider the latitude ¢(u.). Note that |¢|g —
w(I(ei))| < NOy, so that

o(uc(ei)) = plo if [e'dist(ei,0Q)] > N + 1. (3.2)

In particular, p(uc(ei)) = ¢l|q if dist(ei,0Q) > (N + 1)e, which together with uniform boundedness
implies that ¢(u:) — ¢l in L'(Q;R). Next, consider the function .. If dist(ei, Q) > 2Ne + 5%, then
te (gi) = exp(16), so that due to uniform boundedness we have that . — exp(:6) in L!(Q;R?). We conclude
that

ul = cos(p(ue ). — cos(p|g) exp(td) = u|q  in LY(Q;R?).

Globally, we deduce that ¢(u.) — ¢ in L*(2;R) and u. — v’ in L' (£2;R?) and due to uniform boundedness
also weakly* in L°°(£2;R?). Hence u. is an admissible candidate for a recovery sequence.

In the final step, we estimate the energy of u..

Step 1: Interactions between different cubes.

Consider €i € €Z2NQ and €] € eZ>NQ’ with Q # Q' and assume without loss of generality that i —j = ey
(the case —ey follows upon exchanging the roles of ¢ and j, while the case te; can be treated by similar
arguments). Note that @’ is positioned below Q.

Let us first consider the case where IT(gj) does not belong to the top side of Q'. Since |ei — ¢j| = €, the
projection II(ej) must belong either to the right or the left side of @'. Then the projection of IT(ej) onto
the top side of @’ is a corner point z of Q' at distance at most 2¢ from ;. This implies that €5 and i are
in the ball Bs.(z), where z is a corner point of ’. Note that the number of lattice points of €Z? in the ball
Bsc(2) is uniformly bounded with respect to € and @’. Hence, for these interactions we pay an energy

éEE(uE,Bgs(z)) < Ce.
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With an argument analogous to the previous one we treat the case where I (£7) does not belong to the
bottom side of @ (which coincides with top side of ). Also in this case €5 and ei are in the ball Bs.(2),
where z is a corner point of @'. The energy paid for these interactions is Ce.

If instead IT (ei) and I (€5) both belong to the top side of Q)’, then necessarily II (i) = II(ej) and therefore
o(II (1)) = (I (ej)) = p|g. For ei € Q this implies that p(u.)(ei) = ¢|g. For ¢j € Q" we use that
0 < dist(e7,0Q’) < ¢, so that [e~!dist(ej,0Q")] — 1 = 0 and therefore also p(u.)(ej) = p|g. Moreover, the
definition of the function . implies that u_(ei) = cos(¢|g)er = ul(ej), so that u.(ei) = u-(ej) and these
interactions do not contribute to the energy.

To sum up, we can estimate the total energy by

TE(ue )<Y 1B Q)+ CoAQ € Q) s QN £}, (33)
QEQn(u)
QNNRAD
The second term vanishes when € — 0 and therefore it suffices to estimate the energy on a single cube Q.
This will be the next part of the analysis.
Step 2: Interactions in a single cube.
Fix €i,ej € €Z? N Q. We distinguish the following two cases:

(i) min{dist(e7, 0Q), dist(¢j,0Q)} > (N + 1)¢;
(i) min{dist(ei, 0Q), dist(e, 0Q)} < (N + 1)e.

We split the energy

1 1 . . 1 . .

sEe(u,Q) < 5 Yo elueled) —ueh) + 3 Yo elue(ed) —us(eh)” (3.4)
ei,eanZQrTQ si,astZ2ﬁQ
|i—j]=1i) holds |i—j|=1ii) holds

In case (i), by (3.2) we have that u2(ei) = u2(ej) = sin(¢|q) and therefore

Juc(ei) — ue(e)]” = ut(ei) — uz(ed)® = cos®(plo) e (ed) — e (ej)|?

3.5
< 2cos?(p|g)e 10 |dist (gi, 0Q) — dist(e], 0Q)|* < 2cos*(¢|g)eh?, (3:5)

where we used the 1-Lipschitz continuity of the distance function. This estimate can be improved when
min{dist(e7, 0Q), dist(ej, 0Q)} > 2Ne + €2, because in this case . (ei) = U.(¢j) and hence the difference is
1

zero. For e small enough we have that 2Ne < 2. Let us add the third condition, stronger than (i),
(i") min{dist(ei, 0Q), dist(cj, 0Q)} > e2.
Then, by (3.5), we have that

Yoo cluele) —uENP < YD elucled) —uE)P + ) efue(ed) — ua(eh))

ai,ejEsZzﬁQ ei,sjEsZ2ﬂQ ei,sjEsZQOQ
li—jl=1 li—j|=1 li—j|=1 (3.6)
(i) holds (i’) holds (i) holds, (i’) does not

< CH#{ei € Q: dist(z,0Q) < 2{-:%}62.

Hence the first term on the right-hand side of (3.4) vanishes as e — 0, so we focus on the second term. From
now on we assume that ei,ej satisfy (ii). We distinguish two cases:

Case 1: First assume that II(ei) and II(ej) belong to different sides of ) and let II; and II; denote the
projection onto the sides that contain the points I1(ei) and II(gj), respectively. Due to (ii) and the fact that
lei — ej| = ¢, the points II(ei) = II;(ei) and II(ej) = II;(¢j) cannot belong to opposite sides, so that the
point II;(II;(ei)) is a corner point of Q. From the 1-Lipschitz continuity of the projections II; and II;, and
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from (ii) we infer that

et — I (IT; (1)) | < |ei — ILi(e1)| + [Ii(ed) — IL;(11;(i))| < (N +2)e + |ei — IT;(e1))
< (N +2)e + |ei —ej| + |ej — I (e))| + | () — 1I;(e7)] < (2N + 6)e.

The same argument applies to €j and the corner point II;(II;(¢j)) and therefore the points €i,ej belong to
a ball of radius Cye centered at a corner point of ). Clearly those interactions are negligible as ¢ — 0.

Case 2: In the second part of the analysis on @, we assume that II(ei) and II(gj) belong to the
same side Sy of Q. In particular, we can assume that they belong to the relative interior of S since
otherwise the behavior is already covered by the above analysis. This additional assumption guarantees
that p(II(gi)) = @(II(ej)) =: @o. Inserting this equality in the definition of ¢(u.) we obtain that

p(ue(et)) — p(uc(ed)) = (vl — o)
i On|[e~tdist(ei, 0Q)] — 1] _ mnin On|[e~ dist(e], 0Q)] — 1|
x ( { ,1} { 1}) (3.7)

|50\Q—<P0| |50\Q—<P0|

If vlg = o, then the above difference vanishes. The same holds if ei — &j is parallel to Sy, since then
dist(gi,0Q) = dist(ej, dQ). In both cases we obtain u2(ei) = u2(ej). Moreover, since 2N > N + 2 for
N > 2, property (ii) implies that @, (i) = u.(ej) = e1 and hence u. (i) = u-(e5). We conclude that such
interactions do not contribute to the energy.

Thus in case 2 we may assume that ¢|g # ¢ and that i — 5 is orthogonal to Sp. Then dist(ei, 0Q) —
dist(ej, 0Q) = te. Since ¢ takes values in the set £y, we can write

olq — wol = kin

for some k € {1,..., N}. In particular, by (3.7) the difference ¢(u.(gi)) — ¢(uc(g5)) is non zero only if there
exists n with 0 <n < k — 1 such that

|[e  dist(ei,0Q)] — 1| =n and |[e 'dist(ej,0Q)] — 1| =n+1 or
|[e !dist(¢i,0Q)] — 1] =n+1 and |[e 'dist(c],0Q)] — 1] =n.

Since we assume that ¢|g # @0, we know that Sy cannot be contained in the half-open cube Q. In particular,
dist(e,0Q) > 0 and therefore [e~1dist(¢i, Q)] —1 > 0 and we can omit the modulus in the above inclusion,
that is, there exists n with 1 <n <k

[e1dist(ci,0Q)] =n and [e 'dist(ei,0Q)] =n+1 or
[e7dist(¢i,0Q)] =n+1 and [e 'dist(ci, Q)] =n.

In this case, the linearity of z — min{z, 1} on [0, 1] implies that

lo(uc(e) — p(uc(ej))| = On| [e dist(ed,0Q)] — [¢ Ndist(e], 0Q)] | = On. (3.10)
=+1

Now we are in the position to evaluate the full difference |uc(gi) — uc(e5)|*. Inspecting the proof of the
second estimate in Lemma 2.1, we see that due to (3.10) and since u.(gi) = U:(¢j) = ey, all inequalities in
that proof are in fact equalities and therefore we have that

sin? (4
Jue (i) — ue(eh)|* = 49gv2|@<u5(gi>) — p(uc(ej))| = 4sin’ (97) :
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Taking once more into account that dist(ei, 0Q) — dist(ej, 0Q) = +e, the number of pairs (ei,ej) satisfying
(3.8) is given by 2k times the number of possible orthogonal lattice layers that are projected onto Sy. Hence
the energetic contribution of all pairs (ei,£5) such that II(gi) = II(ej) € Sp can be bounded by

) GN
11, HY(So) + 2 , s (7)
77(216)L524sm2 (07N> =4——=>"2|olo — @o|(H'(So) + 2¢). (3.11)
2¢e £ On

Note that |p|g — ¢o| equals the jump amplitude of ¢ along the side Sy and since Sy is parallel to one of the

coordinate axes, we have that

[elo = ol #!(50) = [ l* =™ gt
0

Moreover, the closure of any cube @ € Q,(u’) such that @ N 2 # ( is contained in 2 + By, (0). Hence,

starting from (3.3) and taking into account (3.4), (3.6), and that (3.11) can be non-zero only if Sy is either

the top or the right side of @ (so that the corresponding side is not taken into account by the energy on

another cube), we deduce that

1 SiIl2 <07N>
lim sup — B (uz, 2) < 4——> / T = | vl A
e—=0 € N 024 By (0)

Finally, fixing the piecewise constant functions v’ and ¢, we can refine the cube size 7 and repeat the above
construction to obtain a diagonal sequence u. : €Z? — .#Z such that p(u.) — ¢ in L'(2;R), ul = o' in
L>(2;R?) and

1 sin? (071\’) sin? (7) -
limsup - FEc(ue, 2) <4———~ /7\<p+ — ¢ || voh dH' = 4———%|Dg|1 (02).
=0 € On 7 On
Using the abstract lower semicontinuity of the I'-limsup and standard approximation results in the weak*-
topology (cf. the beginning of the proof), we deduce that for ¢ as above and an arbitrary function v’ €
L>(£2; ¢) it holds that

) GN
1 sin <7> o
Potimsup LB ) 0) < 42 i), (@),
es0 € On

Finally, given an arbitrary function ¢ € BV (£2; %y) and u' € L>*(£2;p), we consider a sequence ¢, €
PCs, (£Ly) such that ¢, — ¢ in L}(2;R) and |Dyp,|1(2) — |Dp|1(2) (see Proposition A.1) and define
uy € L=(02;0n) by

0 otherwise.

/ {U’ on {p, = ¢},

Since Ly is a finite set, the convergence ¢, — ¢ in L*(2;R) implies that |{p, # ¢}| — 0 as n — +oo.
Therefore u, — u' in L' (£2;R?) and by boundedness also weakly* in L°°(£2;RR?), so that once again by the
lower semicontinuity of the I'-limsup we find that

1 1
I-limsup —E.(-, 2)(v, ) < liminf I'-limsup = E. (-, 2)(ul,, ¢n)

e—0 €& n—-+o0o e—0 €&

sin? (971\7) . sin? (97N>
< lim inf 4——2—=% [Dip, [1(2) = 4——"[Dyp[1(92).

n—-+o00 N 0N

By the definition of the I'-limsup this yields the property (iii) in Theorem 2.6 and we conclude the proof.
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3.2. The gradient scaling regime

Proof of Theorem 2.11. We prove each part separately.

Proof of (i) (Compactness).

By assumption we know that lim._,q %Ee(u87 2) = 0. Hence from Theorem 2.6 it follows that (up to a
subsequence) there exists ¢ € BV (§2;R) such that ¢(u.) — ¢ in L'(£2;R) and |Deg|;(£2) = 0. Since 2 is
connected, we deduce that ¢ = @ € £y is constant. Moreover, note that the definition of the piecewise
affine interpolation implies that for any 2’ CC 2 and e small enough it holds that

C2 5B 9) 2 [ VAW dr,
Ql

where we used that Afu.] is affine on triangles with volume £2/2. In particular, since the norms of u. and
Alu,] are uniformly bounded by 1, it follows that up to a further subsequence there exists u € H'(£'; %)
such that Afu.] — u in H'(£';R3) and strongly in L?(£2’;R?). Since u. is equi-integrable, we can use the
arbitrariness of £’ CC 2 and a diagonal argument to show that u € H!(£2;.%%) and in addition Afu.] — u
in L?(§2;R3) and weakly in H _(£2;R3). Clearly we can write u = (cos(¢)u, sin(@)) with u € H(£2;S').

To control the behavior of the piecewise affine interpolation of ., we recall that, due to Remark 2.8, also
Alti.] is bounded in H(§2';R?) for every 2’ CC 2. Repeating the arguments used above, it thus suffices to
identify the L!-limit along the subsequence chosen for Afu.]. Due to [8, Proposition A.1 & Remark A.2] we
know that the L'({2;R?)-convergence of A[u.] implies the L!(£2;R?) convergence of . to the same limit.
Hence it suffices to prove that u. — u in L'(§2;R?). By definition, it holds that

R

= ——U,
cos(¢p(ue))
Since the set .Zn does not contain the values +m/2, it follows that COS(;(TLE)) — Cosl(@ in L'(2;R) and

the convergence Afu.] — u in L'(£2;R?) implies the convergence u. — u in L'(2;R?). In particular, from
uniform boundedness it follows that @, — ﬁ(@u’ = in L'(02;R?).

Proof of (i) (liminf inequality).

Without loss of generality we assume that the liminf is finite and, up to a subsequence, it is a limit. Fix
£ CC 0. Then as in Step 1, for € small enough we have that

1 2
?Es(ug,ﬂ) > /Q/ |V Aluc](x)|” da .

The weak lower semicontinuity of the right-hand side functional with respect to L?(§2; R3)-convergence yields
that

lim inf E. (u, 2) > / |Vu(z)|* dz = cos(@) / IVa(z)]? da.
e—0 Q' 0/

Letting 2’ 1 §2 yields the claim.

Proof of (i) (limsup inequality).

Fix u = (cos(p)u,sin(p)) € H*(2;.7%). Then © € H'(£2;S"). Using a local reflection argument (cf. the
proof of [17, Lemma 3.4] for the details) we can assume that u € H'(§2’;S') for some open, connected set
' 5D 2 with smooth boundary. The density of smooth functions C*°(£2’;S!) in H'(£2’;S') allows us to
reduce the proof of the limsup inequality to the case u € C*°(£2;S'). The recovery sequence is then given
by

ue(ei) = (cos(@)u(ei), sin(p)).
A standard computation (that we leave to the reader) yields that for any 2 ccC 2" cc '
lim sup %Ea(us, ) = cos®() lim sup éXYE(ﬂ, ) < cos*(p) /QH Va(z)|” dz.

e—0 & e—0
Letting 2 | 2 we conclude the proof of the limsup inequality, keeping in mind that |0/2| = 0.
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3.3. The vortex scaling regime

We prove a result that will be fundamental for the proof of the theorem in the vortex scaling. It is based
on the fact that 1 E.(uc) behaves like an interface energy.

Lemma 3.1. Let A’ cC A C R? be bounded open sets with Lipschitz boundary. There erists a constant
C(A’,N) > 0 depending on A" and N such that for every u.:eZ* — % and ¢ € Ly with p(u.) — ¢
strongly in L'(A;R), for e small enough we have that

_ 1 2
[ letusta)) = elde < O N) (2B (e, )
A €
Moreover, if A’ is a ball A" = By, then the constant C(A’, N) = C(N) only depends on N.
Proof. We start by observing that
[ tetuela) -~ plda = | (oluna () — @lde < mL2({o(w) £} N A).  (312)
Al {p(ue)#pn A/

By the relative isoperimetric inequality (see [9, Remark 3.50]) we have that

min{£2({ip(uc) # ¢} N A), L2(A'\ {p(ue) # ¢})} < C(A) (M0 {p(ue) # ¢} N A))7, (3.13)

where 0* is the reduced boundary and C(A’) is a constant depending on A’. The constant C(A’) is
independent of A’ if is a ball, A" = B,,. By the assumptions, we have that

_ 1 _
£({plue) £ ¢} 4) < 5 [ Joluc) ~ pldz =0,
N Ja
thus the minimum in (3.13) is attained at £2({p(u:) # @} N A’). This yields

L2({p(u) # @} N A") < C(A) (HN O {plue) # @} N A)). (3.14)

To estimate H(0*{p(u:) # @} N A’) we observe that Remark 2.5 gives

HU(O {p(ue) £ ) N AY) < / Va1 dH?

0" {pluz) £FINA!
1 _
<1 / () — (D) |y AH!

1 1

N"<———>—"FE.(us,A).
T On 4sin2(07N) € ( )

The thesis follows by combining the previous inequality with (3.13) and (3.12).

The next proof of Theorem 2.10 is based on the well-known ball construction [24,30]. For the reader’s
convenience, in Appendix B we present a variant of this tool as presented in [11, Lemma 5.1]. We would like
to stress that in what follows when we generically refer to “the ball construction” we mean the full geometric
process contained in the proof of Lemma B.1 and not only those properties that we have single out in its
statement.

Proof of Theorem 2.10. Proof of (i) (Compactness).
Since £2|loge| < € as ¢ — 0, we deduce from Theorem 2.6-(i) that, up to a subsequence, ¢(u.) — @
in L1(2;R) for some ¢ € BV (§2;.%y). Theorem 2.6-(ii) then implies that [Depl|;(£2) = 0. Hence, due to
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the connectedness of (2, there exists ¢ € £y such that ¢ = ¢ on 2. The compactness of the discrete
vorticity measures 1 is a consequence of Remark 2.8 and the corresponding result for the XY model (see
Proposition 2.4).

Proof of (ii) (liminf inequality).

To obtain the liminf inequality, we need to improve the lower bound given by Remark 2.8

o 1 2
hgi)lélf MEE(UE, 2) > 2mon|ul(£2),

which is sharp only in the case where o(p) = on, i.e., p = =5 + 0y or ¢ = =5 + NOy. To improve the
lower bound, we will combine the ball construction with the result at the gradient scaling (Theorem 2.11)
adapting a technique already proven to be useful in different contexts, see [3,5,11,21].

Hereafter, we shall assume that

- 1

otherwise any lower bound is trivial. Moreover, up to extracting a subsequence we can assume that the liminf
is a limit, and thus
E.(u., 2) < Ce?|loge]. (3.16)

Step 1: (localization) By arguing locally in §2 close to each point of supp(u) and by the superadditivity
of the liminf, we can assume without loss of generality that 0 € {2 and

> dd, (3.17)

with d € Z. We fix open sets with Lipschitz boundary 2’ CC 2" CcC 2 with 0 € 2.

Step 2: (setting up the ball construction) The plan is to apply the ball construction to the discrete
vorticity measures py - We define here the initial family of balls B, and the increasing set function £.

We consider the family of balls

B. = {B.js(x) : « € supp(uz ) N 2}

Notice that each of these balls is contained in a square of the lattice £Z2.

We define now the increasing set function required for the ball construction. For every r and R with 0 <
7 < R and for every = € R? such that the annulus A, g(z) = Bgr(z)\ B, () satisfies A, z(z) \Upep. B =0,
we set

R
E(Bey iz, Avn(w)) = Iz (Bu(a))|Tog

and we extend & to every A € A(R?) by

N
E(Bz, i, A) = sup { S EBeipy A):NEN, A=A, p(z;), An | ] B=0,
j=1 BeB: (3.18)

AT AR =0 for j #k, AjCAforallj} .
The set function £ has the following property. Given A’ CC A it holds that

E(Beypiy ') < gXYE(ﬂE,A), (3.19)

for v/2e < dist(A’, 0A). The proof of the previous estimate can be found in [11, proof of Lemma 6.2]. It is
based on the observation that the XY energy behaves like the squared L? norm of the gradient of the spin
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field and thus carries at least an energy proportional to [u; (By(x))|log &= g(B., pi 5 Ar,r(z)) in annuli
A, r(z) that do not contain vortices.

Step 3: (applying the ball construction) We apply the ball construction (Lemma B.1) to B = B, up = T
and & defined in (3.18), which satisfy the assumptions (B1) and (B2). We let {B.(t)}:;>0 denote the family
of balls satisfying (1)—(6) of Lemma B.1 with the choice

oc=0.=2V2. (3.20)

For future use, it is convenient to count the number of balls in B.. By Remark 2.3, Remark 2.8, and (3.16),
we have that

#B. = #5pp( ) 1 2 = |z [(0) € SXVae, ©) € S Pu(ue, @) < Cllogel . (321)
Thanks to (3.21), we estimate the sum of the radii of the balls in B. by
R(B:) < Ce|loge|. (3.22)
By property (5) in Lemma B.1, by (3.20), and by (3.22), we have that
R(B:(t) < (1 +t)(R(Be) + #Beo.) < C(1+t)elloge|. (3.23)
Moreover, by the ball construction, and thanks to property (6) in Lemma B.1,
r(B) > (1+ t)% for every B € B.(t). (3.24)
Finally, it is useful to define the set of merging times
TIe8 .= {t € [0,+00) : #B.(tT) < #B.(t7) for every t~,tT such that t~ <t < t"}

and to observe that there exists K > 0 such that, by the ball construction,

#T27® < Klloge]. (3.25)
In the following we let
U.(t)= |J B. (3.26)
BeBe(t)

We observe that by (3.19), by Remark 2.8, and by (3.16), the increasing set function & satisfies

— C _ C
E(Bey py_, 2"\ UL(0)) < g—zXYE(u67 7)< 6—2E€(u67 2) < C|loge]. (3.27)
Step 4: (choice of time for the ball construction) Let us fix p € (0,1). (At the very end of the proof we
will let p — 1.)
For k=0,...,|2K|loge|] we set

1—
Bp = eXp(W) ) tlsc,p = (Bp)kgﬁ_l -1, (3.28)
and
Kei={k € {1,..., |2K logel]} s (15,1, ¢5 ] nTers = g (329)

We observe that (3.25) implies that

K
#K. > |2K|loge|| — #T2% > Klloge| — 1 > §| logel, (3.30)
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for e < e=2/K. We choose k. € K. such that (recall that U.(t) is defined in (3.26))
E (u., 2NU. (tke Y\ Ue (t’;fp_l)) < B (ue, 2N Us(t’;p) \Ug(t’;;,l)) for every k € K. .

We set

tep = 1re,. (3.31)

We will also use the notation t’s“fp when we want to stress the choice of the index k.. This choice yields,
thanks to property (1) in Lemma B.1, (3.16), and (3‘30)

Ee(ue, 2 NUL(th2) \ UL (th=)) < D Bo(ue, 2N U(t5 )\ T(t5,1)

< #IC
| e (3.32)
< ——FE.(u., 2) < Ce.
S #]Cs e<u57 ) = Ce
Step 5: (auxiliary measures) We set
pep = >tz (B)oug, (3.33)
BeBe(te,p)

where we let xp denote the center of the ball B. We claim that the following bound and convergence
statement hold true:

lepl () < Cp and  pz =gy > 0in 2, (3.34)
for some constant C), > 0 depending on p.* By (3.17) we then have that

fie.p — b . (3.35)

We now prove the claim (3.34). By (3.27) and by property (3) in Lemma B.1, we have that for £ small
enough

Clloge| > E(Be, piy;_, 2"\ U(0)) > E(Be, p_, 2" N UL(tE5,) \ Uc(0))
> > g (B)|log(1 4 t55) > |ue (92 )Ilog(1+t2,p)l > |pepl(2')(1 = /p)| logel .

BeBs(tEfp)
.’L‘BE.Q/

To prove the convergence in (3.34), we estimate the flat distance between p. , and 1y with a standard
argument (see, e.g., [22, Lemma 2.2]). We let ¢ € C*(£2) be such that [[¢)| oo (o) < 1, ||V1/)||Loo oy < 1.
Since the balls in Ba(t’gfp) are pairwise disjoint and contain the support of Il and fe p,

(g, —pep ) = Y / Y d(uz, —pep)+ Y /B dpry

BeB (1) BeBe(tFe)) msupp(w)
zBEQ' J:ngl
< osen(¥) (g |+ lpepl) (2) + D osen(¥)|ug ()
BeBe: (t£5,) BEBe (1)
zpeR’ ep#?

< ARB (1) (11| + el) (2),

where we used that for xp ¢ 2’ we can insert ¢(xp) = 0 in the integral to estimate ¢ via its oscillation on
the ball B. Observe that by (3.23)

R(Be(tep)) < (1+ tkf 5)Celloge| < (B By) el vP=10¢| log e| = CeP|loge| . (3.36)

4 As a side note, (3.34) are the key estimates that yield compactness in the flat norm for the discrete vorticity measures.
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(In particular, this implies that all radii in our construction will be small.) Taking the supremum over v in
the above inequality, by (3.36), (3.21), and the bound in (3.34), we get that

Iz, — epllnanor < CRB(E)) (g | + e pl) (27) < CePllogel =0,

whence also the convergence statement in (3.34).

Step 6: (modification in balls with zero net vorticity) We classify the balls of the family B.(¢. ,) into two

subclasses
Bz ={B¢c Be(tep) “ZE(B) =0, zpe '}, (3.37)
BZ®:={B € B.(tp) : p; (B) #0, zp € 2'}. '

In what follows we modify the .#Z-valued spin field u. in the balls of B=Y with an .#%-valued spin field w,
such that w. has no discrete vorticity in the balls of B=? and whose energy does not increase (asymptotically).
More precisely, we prove that there exist a constant ¢, € (0,1) and a sequence w,:eZ? — .#% such that
we =ue on 2\ Up, (1yep=0 Be,r(2), lug_|(B) =0 for all B € B9 and

1 1
lim inf mEs(ws, " < lim inf mEs(us, 2).
We remark that the proof of the previous result is divided in two parts. In the first part we modify only the
horizontal components . : €Z? — S' and we define @, : eZ? — S! with zero discrete vorticity in the balls of
B=Y and whose XY energy does not increase with respect to @.. In the second part of the proof we need
to define the third component (or, equivalently, the latitude) of w.. This is done by modifying the third
component of u., setting it equal to the constant value ¢ inside balls contained in those belonging to B=°
and chosen via a De Giorgi averaging argument.

We now prove what is stated above with the constant ¢, = 2 2”;; !
Let Bg,(z.) € BZ°. Since k. € K., by (3.29) no merging occurs in the interval (t£<, !, %< ] and therefore,
according to the ball construction, there exists B, (z.) € B-(t5,7!) (i.e., a ball with the same center in the
family B.(t%<1)). Note that, by (3.24) and by (3.28),

. Let us construct the spin field we..

C Cel-vP
T < VP50, (3.38)
Te 1 + ts,sp (Bp) €

Let 7. be the radius of the ball centered in x. at the last merging time T < t’;fp*I (in the case no merging
occurred before t’;fp_l, let T'= 0). By construction, recalling (B.4) and (3.28), we deduce that

re  L4thel R 14tk R.
— = s _— = 2 — — = . 3.39
r! 14T r! 1+7T Te By ( )

S &€

Note that, according to the ball construction, p;_ (Br.(zc)) = 0 and, by property (4) in Lemma B.1
and due to the choice 0 = 2v/2¢, I (A, 5 5. p.42v3-(2e)) = 0. The latter condition ensures that
b (g0 410, e]?) = 0 for i € Z? such that (gi+[0,e]*) N A, g.(z:) # 0. Furthermore, thanks to Remark 2.8
and (3.32), again appealing to the ball construction, we have that

XY (e, Ay, p.(22)) < OB (ue, Ar. p.(22)) < Ce?. (3.40)

Therefore, we are in a position to apply the following extension result for discrete spin fields proven in
[11, Lemma 3.5], see also [11, Remark 3.6].

Lemma 3.2 ([11, Lemma 3.5]). There exists a universal constant Cy > 0 such that the following holds
true. Let e > 0, xg € R%, and R > r > ¢, let C1 > 1 and v.:eZ* — S with XY (ve, A r(z0)) < C12,
. (Br(z0)) = 0, and |po.|(gi + [0,€]?) = 0 for every i € Z* such that (gi + [0,€]?) N A, r(zo) # 0. Then

there exists U, :eZ? — St such that for ¢ < gozj”l .
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o e =v. oneZ?\ Bryg (z0);
2

¢ |pz.|(Br(wo)) = 0;

e XY.(Us, Br(xo)) < C(r, R) XY (ve, Ay r(x0)), where C(r,R) = Cy ler'

Applying the previous extension result to ., we obtain w.:eZ? — S! such that w. = U, on €Z? N
Ac,Re R. (z<) (observe that retRe — ¢ R.), lug |(Br.(z:)) = 0, and

XY’E({D&BRE (355)) < C(Tsv RE)XY;:('J&ATS,RE (xs)) (341)
for £ small enough (i.e., such that = < %, cf. (3.38) and (3.39)). Note that (3.39) implies that
Bo  _

Rs ﬂprs
Bp -1

Clre, Be) = Co R.—r. Coﬁprg . Co

C(Bp),

i.e., it is independent of €.
We need to define the latitude ¢(w.) € Zn. Once p(w,) is defined, we set

we = (cos(p(we))We, sin(p(w.))) . (3.42)

We define the latitude p(w.) by setting p(w.) := ¢ inside a suitable ball contained in B., g, and ¢(w.) =
©(ue) outside the same ball. The selection of the ball is done via a De Giorgi averaging argument that we
explain in detail here. It is convenient to introduce the auxiliary energy pertaining the third component of
the spin fields

1 . . . .
Fe(p, 4) =5 > Esin(p(ei) — sin(p(e))[. (3.43)
si,£j€5Z2ﬂA
li—jl=1
We let \/p <p<1and
1
H. = LHJ . (3.44)

Note that, by (3.38) for € small enough we have that
2 _
2¢eH, < %228p<<7’5.
el—p
We consider H. equispaced circles in the annulus A,_ ., r. (2c), i-e., OB n(z) for h=1,..., H. with

h cpRe —1e
=r.+h——.
T re + 1

Moreover, we consider the strips
St = 0B p(v.)+ Bse forh=1,... H..

Note that, for € small enough,

SPASY =0 for h# W (3.45)
since, by (3.39) and (3.38),
. b oh! cpRe — 12 Bp —1 C 5 C
= - — = ——— — > p_ = -
dist(S7, S2) i1 6e SH- T 1)7"5 be > ——e¢ 6e i 6e > 0.

For h =1,..., H. and for i € Z?> N Bg_(z.) we let

ol (ei) = {w feie Byled,
¢ ' p(ue(ei)) ifei € B (xe) \ BT? (z).
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We let h. € {1,..., H.} be such that

[, totu) —pldo< [ fotu) — gl forh=1,....H..
se sk

We claim that the latitude ¢(w.) := @"s satisfies the following inequality
C _
Fiplw), B (22) < Folue) Ars o) + g [ Iolue) = ¢l dr. (3.46)
€ BRE Te

Indeed, since every point in Z2 has at most 4 neighbors, by definition of o/ we get that
F.(p(we), Br.(z:)) < Fe(p(ue), Br. (22) \ET?E (ze)) + FE(@FTQE (zc))
+2 > &% sin(p(uc(ci))) — sin(@)|”
cicez2 (347)

rle <Jei—mze|<rle e

< Fa(p(ue), Are g (22)) +2 / [sin(p(ue)) — sin(@)[> da

ghe

Note that |sin(p(uz)) — sin(@)|* < 7|o(us) — @|. Due to the choice of k. we find that
2 &
FL(p(w0). B ) < Fulpluc). v (@) + 3 3 [ litue) = las
€ h=1 €

27 _
< Fulplu) A (@) + 5 [ ol — gl do,
¢ JBR,(ze)

where we used that the strips (S")7<, are pairwise disjoint. This concludes the proof of (3.46).
We are in a position to estimate the energy of w, in the ball Br . We exploit the inequality

e — ,Bd‘z < 2(62|c —d) +|a— ﬁ|2|c|2) for a, 3 > 0 and ¢, d € R?

to obtain that (recall the definition of F. in (3.43))

1 . .
E.(we, Br. (zc)) = ) Z 52"105(51) - ws(5])|2
si,ajEsZ2ﬁBRE (ze)
li—jl=1
1 ANy~ Ny~
—2 Y leos(plun(ei))i () — cos(p(uwe(ed))iv- () + Fe(p(we), B (x.)
Ei,sanZQOBRE (ze) (348)

jimjl=1

~ . . 2
< 2XY(we, Br. (2c)) + Y leos(p(we(ei) — cos(p(we(ef)))]

si,ajeeZ2ﬁBRE (ze)
li—jl=1

+ F.(p(we), Br. (zc)) -

We observe that cos(¢(w.)) = /1 — sin®(p(w.)) with ¢(w.) € ZLy. Note that Ly C [-F + Oy, % — On]
and thus sin(%y) C [—arcsin(§ — 0y ), arcsin(F — 6n5)] €C (—1,1). The function s — /1 — s2 is Lipschitz
(with a Lipschitz constant depending on N) on [—arcsin(5 — 0x),arcsin(3 — 6x)], hence

| cos(p(we (£0))) — cos(p(w-(e§)|* < C| sin(p(we(ei))) — sin(p(w.(£4)))]”.
Therefore (3.48) reads

E.(w., Br, (xs)) < CXY(@E, Bk, (ms)) + CF&(‘P(U)E), Bg. (358)) .
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By (3.41) and (3.46) we have that
E£<wa7 BRS (-TE))
~ C _
< CXY&(Um ATe,Rg (375)) + CFE(‘F(UE))ATE,RE (1‘8)) + = / ( |<p(u5) - @l dz,
BRs Te

which in turn implies, by Remark 2.8 and the definition of F. in (3.43),

C _
Ee(we, Br.(7e)) < CEc(ue, Ar_ R, (zc)) + 7/ lo(ue) — @l da .
BR, (z¢)

We apply the previous construction in every ball Bgr_(z.) € BZY in order to obtain w. such that
we = ue on 2\ U, (20)eB=03 B.,r. () and g |(Br.(z2)) = 0 for all Br_(z.) € B0 (we recall
that 2 CC 2" CC £2). By the ball construction it holds that

E. (w57 U BRg(:Z:E))
{xE:BRE(IE)GBEZO} (349)
< OB (ue, @ N UL(#55)\ U (t5e ) / olu) — @ da.
Q//

We estimate the last integral by applying Lemma 3.1, by the definition of H. in (3.44), and by the energy
bound (3.16):

1 - 1 " 1 2 " gl~? 2 2
. o lo(ue) — @] do < FC(Q ’N)(EEE(UE’ Q)) <C2 ,N)ms [loge|”.
Thanks to the previous inequality and to (3.32), for € small enough (3.49) reads
E5<w6, U BRE(xE)) < C2 4+ C(0",N)et 72| logel* .
{a:s:BRE(wg)EBE:O}
We conclude that
1 1
hil’l)lélf m <w57 .Q ) < hgi)l(l)lf m (EE('U/E7 Q) + E;._« ('LU;._«7 U _BR6 (IE)))
{xE:BRE(:cE)GBS—O}
< liminf ——— F. (u., ) + i ( C et |)
1£n_>1(r)1 e?|loge| e Hsn_?élp [loge| c 08 <
1
=liminf ——F.(u., 2).

=0 ¢2|loge|

This concludes the construction of w,.

Step 7: (limit of balls in BZ°) In view of (3.34), we have that #B7° < C,, and therefore we can assume
that (up to a subsequence) #B7° = L for all ¢ > 0 for some L € N. Let BZ® = {B ((zf)}},. By
definition (3.33), we have that {zl,...,2L} is the support of the measure p.,. The pointss xt converge
(up to a subsequence) to points belonging to a finite set {0 = &1, ... ,ﬁL/} contained in 2’ with L’ < L. Fix
p > 0 such that B, CC £’ and B,(¢")N B, = for all h =2,... L. For ¢ > 0 small enough we have that
either B ¢ (zf) N B, = 0 or B, () CC B,. Furthermore, by (3.33), (3.35), and the fact that |u|(0B,) =0
for & small enough we have that

D g (Bu(al) =d. (3.50)
zteB,
We will prove that

1 _
11?;1(1)1f WEE(U& Bp) > 27 0052(90)|d|'
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Since our estimate is local, we can assume, without loss of generality, that | 1y |(R?\ B,) = 0, which implies
that 2 € B, i.e. BTg( Yy cc By, for £ =1,...,L and ¢ small enough.

Step 8: (lower bound by energy on annuh) We follow now an argument used, e.g., in [3,5,11,21] aimed
at separating the scales of the radii of the balls charged by py -

Fix 0 < p’ < p” < p such that R(B. (t’CS ) < e’ (this is possible due to (3.36)). We consider the function
ge:[p',p"] = {1,..., L} such that g.(q) gives the number of connected components of Ue | Bea(z%). For each
€ > 0, the function g. is monotonically non-decreasing so that it can have at most L<L-1 discontinuity
points. We let {q5, ..., qi} denote these discontinuity points with

P<gr < <g <p
Up to a subsequence we may assume that L is independent of €. Moreover, there exists a finite set
D = {q07._.7qz+1} with p: =@ <@ < <gp, = p" such that (g5)- converges to some point in
Dase — 0, for j=1,...,L. Note that we can always choose the set ® such that L < L. Let us fix A > 0
with 4\ < ming, (gn41—qn). For € > 0 small enough (that is, such that for 2’ = 1,..., L one has la5, — aqn] < A
for some ¢;, € ®) the function g, is constant in the interval [g, + A, gr+1 — A] with constant value M, where

M; < L. Up to extracting a subsequence, we assume that M; = M. For h =0, ... ,E we construct a family
of annuli as in [11, Lemma 6.7]. More precisely, we set

ap=qn+ A, Bn=qnt1 —A.
The family of disjoint annuli {Abmy M with AP = BLoy, (21°™)\ B_g, (21"™) satisfies that the sets in the

family {U L AbmyE are pairwise disjoint and

My,

L
U Be@b) ¢ | Bos (22™) (3.51)
=1 m=1

€
The rest of the proof shows that the relevant energy of u. is concentrated on the annuli A»™. Hence we

estimate the energy from below by:

for h=0,... ,Z. Moreover, the points 2™ are suitably chosen in eZ2 N ULI B.(2%).

LMh

1 m,h
52|10g5| ZZ 62|10g6| (e, 42°7)

h=0m=1

and exploit the annuli Ag’m to prove the lower bound.

Note that, for & small enough A»™ cc B, C 2 for h = 07...,5 and m = 1,..., My. Moreover, let
us show that |u; (B_s, (2 hm))| < C. Indeed, let Be(x.) € B be such that z. € B_g, (zI"™) (the measure
pi;_ only charges pomts as x. inside the set B_g, (z"™)). By the ball construction, we have that B.(z.) is
contained in a ball B i(x Y forsome ¢ =1,..., L (recall that B=° = )). By (3.51), there exists m’ = 1,..., M},

such that B 11( £) € B_g, (2! m') A fortzom we have that m = m/, i.e., Be(ze) C Brg( “c B ;;h( fom

(otherwise we would have B, (acg) N B_g, (zl"™) = 0, in contradiction with the fact that . belongs to this

intersection). From the previous argument and by (3.33), we deduce that

e Bt = (U B)= X w®)

BeB: BeB:e
h,m h,m
BCBeﬂh (z7) BCBaﬁh (z¢7)

~ oy Y o ®= Y (Bl

0 BeB PR
B ,(ab)eB? < B ,(«b)eB
g (725 BCB 4 (af) g (7R E8E

Y h,m Te Vi h,m
Brg(ZE)CBgﬁh (2¢ ) Brg(lE)CBgBh (zE )

= ILLEJ)(Bgﬁh (ng)) .
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In view of (3.31), we have that [u7 (B_s, (2 hm\| < Cfor h=0,...,L and m = 1,..., M. Therefore, up
to extracting a further subsequence and thanks to (3.50), we have that

My,

p (Bgy, (22) = dim € Z\{0} and Y dpm =d, (3.52)

m=1

with M}, and dj,_,, independent of e.
Step 9: (blow-up of the annuli) We fix h € {0,...,L} and m € {1,..., M} }. In this and in the next two
steps we will show that

1 m _
IIIEIL}(IJlf mE (ue, AB™) > (B, — )2 cos? (@) |dpm]| - (3.53)

We fix R > 1 and, to simplify the notation, we write a := ay,, 8 := By, and z = 2™

We set N g = [(8—«a) llfgggj and for n =1,..., N, g define A™¢ := Bpn_s(2)\ Bgn-1.5(2). We remark

that [J= A" C Bea(2)\ Bos(z) = A™. Let 7 = . be such that

E.(ug, A™°) < E.(uz, A™¢) forn=1,...,N.gr.

s

We let 6, 3 and observe that

Rnl

pfcipzen, (3.5
Then, defining the rescaled spin fields as vs, (9:4) = u. (i — 27

(=9
™

™). i € Z2, we have

Ne r
1 1 ~ 1 1 N.gr =
7E€ €7Ah7m > 7E6 EvAmE > — Es E’A”LE
e?|loge] (ue, A7) 2 [loge] ; g2 (u )2 |[loge| €2 (u )
1 N r 53
= —F Br\ By).
|10g€| 53 55(1}55’ R\ 1)

Since N. g > (8 — «) |11:gg§‘ — 1, from the previous inequality we get that

1 (8- )i -

lim inf #E (ue, A™) > lim inf Es_(vs.,Br \ B1)

=0 e2|loge| e=0 [loge| &2
. ((B—a) 1 1 _
= lim inf — ) Br\B (3.55)
= ( log R |10g5\)6§ o (v5:, Br\ B1)
_ 1 _
> B2 it — Es.(vs., B \ B1).

~ logR e—=0 42
Step 10: (limit of rescaled variable and lower bound at gradient scaling) We identify the limit in
L?(Bg \ B1;R?) of the rescaled spin fields vs,_. First of all, we observe that (3.15) and (3.55) imply that

| =
hgriglf@Egs(vgs,BR \ B1) < 4.

Up to the extraction of a subsequence (that we do not relabel), the above liminf is a limit, and thus
Es.(vs., Br \ B1) < C62. Let us write vs, = (cos(¢(vs,))0s.,sin(p(vs.))). We apply Theorem 2.11-(i) to
get a (non-relabeled) subsequence and a map v € H'(Bg \ By;.#%) such that A[vs.] — v strongly in
L?*(Bgr\ B1;R?) and weakly in H. (Bg\ B1;R?). By Theorem 2.11-(ii) (see also Remark 2.12) we have that

1 _
lim inf — Ej_(vs., Br \ B1) z/ Vol da . (3.56)
e—0 (52 Br\B,
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Let us prove that ¢(vs,) — @ strongly in L'(Bg \ B1;R) and thus ¢(v) = ¢. We provide the details here
as the specific model studied in the paper plays a role. By interpreting vs. and u. as piecewise constant
functions, we have that for every y € Bg \ B

p(vs.) (W) = ¢(vs. (v)) = p(vs. (0 ££)) = p(uclefy — 2'™)) .

hm

Changing variables z = iy - and recalling (3.54), for & small enough we obtain that

/ o) () — @l dy = / lo(ue(Ey — 2Pm) — gl dy
Bgr\B1 Bgr\B1

O 2/ _
< (= ug(x)) — p|dx
< (%) T P = (3.57)

<e 2 /B p(uc()) — @l dz,

n

where B,, CC {2 is such that B.a(2"™) CC B, for € small enough. By Lemma 3.1 and (3.16) we have that
1 2 9 2
/ lp(ue(z)) — @l dz < C(gEe(uE,Q)) < 02| log el
BTI
We can conclude the estimate in (3.57):
/ _ le(vs) () — ¢ldy < Ce*7?|logel* = C=*C~Plogel” — 0.
Br\B1

where we recall that § < 1.
Since p(u) = @, the lower bound (3.56) reads (cf. also Theorem 2.11-(ii))

1 — -
liminf — Fs. (v, B \ B1) > cos(§) / Vo2 der,
e—0 55 Br\B)

which together with (3.55) implies that

1 —
lim inf ——— B, (u., Ay > 8= o0 / Vo[ da. (3.58)
log Br\B1

e—0 £2|loge|

Step 11: (degree of limit in the gradient scaling) We are now in a position to conclude the proof of (3.53).
Observe that thanks to the ball construction we have that |u [(Beo (202™) \ B.s(2l™)) = 0. The latter
equality, together with (3.54), and (3.52), yields

iz, [(Br\ Br) = |z |(Brg (22™) \ Bz (20™)) = g |(Bea (22™) \ Boa (1)) = 0,
py (B1) = pg (B (20™) = iy (Bep (™)) = dim -

Ve 5

These conditions and the convergence A[vs_ ] — v weakly in HIIOC(B 7\ B1;R?) imply by standard arguments
(see, e.g., [11, proof of Proposition 4.3] for more details) that deg(v,d0B;) = djm for a.e. r € [1,R].
Minimizing among all ¥ € H'(£2;S!) with deg(v,0B,) = dj m, we conclude that (see also [11, proof of
Proposition 4.3])

COSQ(QB)/ B [V dz > 27 cos?()|dp.m| log R .
Br\B1
Putting together the last inequality and (3.58), we get (3.53), since

(B—a)
log R

1
liminf ————F. (u., A"

STy >
=0 ¢2|loge| ")z

27 cos (¢)|dh,m| logR=(8—«a)2m cos2(@)|dh,m\ )
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Step 12: (conclusion) Summing (3.53) over h and m and using (3.52), yields

L My

1
lim inf ————F(ug, 2') > > Y (Bn — an)2m cos® (@) |dn.m]

e50 e*[loge| h=0 m=1

L
> (B — an)2m cos® (@)|d]

h=0
(p" = 9" = 2(L + 1)A)2m cos*(9) d]
= (" — ' = 2(L + 1)A)2m cos* (@) |ul(€2) .

Letting A — 0, p’ — 0, p” — p, and p — 1 in this inequality, we conclude the proof.
Proof of [(iii) (limsup inequality).
Combining [4, Theorem 2 & Remark 3] and [6, Proposition 5.2], the Lipschitz-regularity of 2 implies that
there exists a sequence 1. : €Z? — S* such that 1y 5 4 in 2 and
lim XY, (@, 2) = 2n[ul(2)
00 e2|loge|” "¢ Y, 20) = 2R ’
We define u.:eZ? — 72 by uc(ei) = (cos(@)uc(gi),sin(@)). Then p(u.(gi)) = ¢ for all ei € €Z? and thus
o(ue) — @ in L*(£2;R). In order to estimate the energy of u., note that

Jue () — ue(ef)|” = cos(@)?[iic (ed) — e (),

which implies that

(ue, 2) = cos?(p) lim Y. (e, 2) = 27 cos? (@) || (£2).

lim —F, ——X
ey e2|loge| e—0 £2|log ¢|

This proves the limsup inequality in Theorem 2.10 and therefore we conclude the proof.
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Appendix A. An anisotropic density result for partitions

Similar to this paper, in many discrete-to-continuum approximations of interfacial problems the anisotropy
of the lattice Z2 (or Z%) plays a fundamental role. Here we provide an approximation result for partitions
that fits well the structure of the lattice Z?.

28



Proposition A.1. Let T C R™ be a finite set and uw € BV ($2;T). Then there exists a sequence
Up € BVioe(RY; T) such that

u, € PCs, 1= {un(z) = un(i) for allz € i+ [~6,2/2,0,/2)", i € 5nzd} :
such that u, — w in L*(2;R™) and |Duy,|1(2) — |Dul1(£2).

Proof. Fix a cube of the form Q = (—k,k)? with & € N such that Q D £ and set J,, = 2k/(2n + 1) for
n € N. Define then the functional

Joms, ™ —u™ | vuli dH"Y i w € BV(Q:T) NPCs, .

Fo(u,Q) =
(u,Q) {+oo otherwise on L'(Q;T) .

Note that for u € PCs, we can rewrite the functional F,,(u, Q) as

Fw@=5 Y 8l - (),

i,j€RZANQ
li—jl=1

where we used that |e;[; = 1 for all canonical basis vectors e; € R? and that (up to boundary facets) Q can
be written as the union of cubes of the form i + [—6,/2,6,/2)". In [14, Theorem 5.8] it is proven that the
I-limit in L*(Q) of such discrete functionals admits an integral representation of the form

out,u",v,)dH ifue BV(Q;T),
FO(ua Q) = /Qﬂsu

+00 otherwise on L'(2;T).

In the present periodic setting with finite range of interactions, the integrand ¢ can be obtained through
the following multi-cell formula:

o(a,b,v) = lim td%inf{Fl(u,th,) s u € PCy, u(i) = u®P(q) if dist(i, 0(tQ,)) < 2};

t——+o0

cf. [14, Remarks 4.2 (i) and 5.9]. Here, for a,b € T and v € S?~1, the function u%’ is defined by

a if (x,v) >0,
b if (z,v) <0.

Since F,(u,Q) = |Du|1(Q) for all u € BV(Q;T) N PCs,, it follows by comparison and the L'(Q)-lower
semicontinuity of u — |Du|;(Q) that

ola,b,v)>la—b| vy foralla,beT, vesSi

In order to show equality, we just have to provide a candidate for the minimization problem defining ¢(a, b, )

that has asymptotically an energy less than or equal to |a — b || v|; as t — +oo. To this end, we define

uy € PCy by its values on Z¢ setting u; (i) = u2?(i). Then clearly |u(i) — u.(§)| € {0,]a — b} and therefore
Fy(ug, tQ,) = la = bl# {(i,4) € (27 NtQ,)? : |i — j| = 1, (i,v) > 0, (j,v) <0} .

::If,

Arguing as in the proof of [18, Proposition 3.4] one can show that limsup,_,, . #I, < |v|1, which then
implies that ¢(a,b,v) =|a—"b || v|1.
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Summarizing, we proved that the I'-limit of u +— F},(u, @) is given on BV (Q;T) by
Fow.Q) = [t = u i dit = Duh(@).
QNSy

Now given u € BV (§2;T), we can use a local reflection argument (cf. the proof of [17, Lemma 3.4] for details)
to extend u to a function u € BV(Q;T) such that |Du|(0§2) = 0. Applying the I'-convergence result to the
extended function, we find a recovery sequence u, € PCs, such that u, — u in L*(Q;R3) (and thus in
L'(£2;R3)) and moreover [Du,|1(Q) — |Du|(Q). Since |Du|(062) = 0 (which implies |Dul;(942) = 0), this
also implies that |[Du,|1(2) — [Dul1(£2) = |Du|1(£2) as claimed.

Appendix B. The ball construction

The proof uses a variant of the ball construction used in [24,30] for the Ginzburg-Landau model and
in [7,29] for the core radius approach and discrete dislocation models. For the reader’s convenience we include
in this appendix the precise formulation used in this paper, see [11, Lemma 5.1].

Let A(R?) be the collection of open subsets of R%. Let B = {B,, (zx)}#; be a finite family of pairwise
disjoint open balls. Let pu = Ziw:l dibs,, di € Z\ {0}, 7, € R?, and let £(B, p,-): A(R?) — [0, +00] be an
increasing set function satisfying the following properties:

(B1) EB, i, UUV) > EB, u, U) + E(B, u, V) for every U,V € A(R?) such that UNV = (.
(B2) for every annulus A, g(z) = Br(z) \ B,(z), with 0 <7 < R and A, g(z) N in:l B, (z) = 0, it holds

E(B, 1, Ar.n(2) > |u(B, ()] log - (B.1)

Given a ball B, we let r(B) denote its radius. For a family of balls B, we let R(B) := ) 5.5 7(B).

Lemma B.1 (Ball Construction). Let B, u, and € be as above. Let o > 0. Then there exists a one-parameter
family {B(t)}1>0 of balls such that

(1) the following inclusions hold:

UBC U B C U B, forevery0 <t; <tsy;
BeB BeB(t1) BeB(ta)

(2) BNB =0 for every B,B" € B(t), B+# B’, andt > 0;
(3) for every 0 < t; <ty and every U € A(R?) we have that

eBavn( U By U B))z X u®)osr s

BeB(t2) BeB(ty) BeB(t2)
BCU
(4) |p|(Bryo () \ Br—o(x)) =0 for every B = B,.(xz) € B(t) and for every t > 0;
(5) for everyt > 0 we have that R(B(t)) < (1+1t) (R(B) + Mo);
(6) for everyt >0, B € B, and B’ € B(t) with B C B’ we have that r(B') > (1 + t)r(B).

Proof. In order to construct the family B(t), we closely follow the strategy of the ball construction. We
adapt the argument to ensure that condition (4) holds true, i.e., that the measure u is supported far from
the boundaries of the balls of the constructed family.
The ball construction consists in letting the balls alternatively expand and merge into each other. We let
Ty := 0 and we define the family B(7T}) by distinguishing the following two cases: If Eri+0(wi)ﬂ§Tj+U (xj) #0
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for some of the starting balls with ¢, j € {1,..., M}, i # j, then the construction starts with a merging phase

and Ty = 0 is the first merging time. This phase consists in identifying a suitable partition {S;) }i=1,...M, of

the family {B,, 1o (z;)} L, which satisfies the following: for each j € {1,..., My} there exists a ball B,o(z)
J

which contains all the balls in S;.) and such that

(i) Bo(x)) ﬂ?rg(xg) =0 for every j,£ € {1,..., My}, j # ¢,
J

(i) 19'< S peso 7(B).

We then define
B(Tp) == {Brg(x(;):j =1,...,My}. (B.2)

If, instead, By, 4o(2i) N Brqol(x;) = 0 for every i,j € {1,...,M}, i # j, then we let My := M,
Bo(z9) = B, io(z;) for j =1,....,M in (B.2), and we start with an expansion phase. During this first
J

expansion phase, we let the balls expand without changing their centers, in such a way that the new radius

r9(t) of the ball centered in z satisfies

ro(t 1+t
J E) ) _ + 14t
r; 14+ Ty
for every t > Ty = 0 and every j € {1,..., My}. We continue the first expansion phase as a long as
ET?@) (x;) QETg(t)(xg) = for every j,0 € {1,..., Mo}, j# ¢, (B.3)

and we let T7 denote the smallest ¢ > Tp = 0 such that (B.3) is violated. (Note that 77 > 0.) At time

Ty, following the same procedure described above, a merging phase starting from the balls {B,. o(ry )( 0) ?401
begins, and it defines a new family of balls {B,. 1( )};Vll1
We iterate this procedure by alternating merglng and expansion phases to obtain the following: a discrete
M1,

set of times {7y, ..., Tk}, K < M; for each k € {1,..., K}, a partition {Sk} L of {B k-1, )( k= 1)}j T
for each subclass S”C a ball B k( ) which contains the balls in 57 k¥ and such that the followmg properties

are satisfied:

(i) B,x(z¥)NB k(:cé?) = () for every j, £ € {1,..., My}, j # ¢,
J
(1) 14 < s r(B).
For ¢t > 0, the family B(t) is given by {Br?(t) (xf)}jj\i’“l for t € [Ty, Tk41) and k = 0,..., K, where we set

Tk 41 := 400 (in other words, it consists of a single expanding ball for ¢t > Tk). For every t € [Ty, Tk+1) and
for j =1,..., My, the radii satisfy

k
(t
7‘](): 1+t . (B.A)
rh 1+ Ty
Note that
0
B(Ty)) =Y 19 <R(B)+ Mo . (B.5)
j=1

It remains to check that conditions (1)—(5) hold true. By construction, it is clear that (1) and (2) are
satisfied.
Let us prove (3). We note that, by (1),

S B = Y |uB)| forevery 0 <7 <7,. (B.6)
BeB(T1) BeB(r2)
BCU BCU

31



Let t; <t < tg. In view of (B.6), since £ is an increasing sub-additive set-function, if we show that (3) holds
true for the pairs (¢1,¢) and (Z,¢2), then (3) also follows for ¢; and ¢5. Therefore we can assume, without loss
of generality, that Ty ¢ (t1,t2) for every k =1,..., K. Let t; < 7 < t5 and let B € B(7). Then, there exists
a unique ball B’ € B(t1) such that B’ C B. By construction u(B) = p(B’) and, by (B.1), we have that

14+7 1+7
— |u(B)|1 .
s |1 )|0g1+t1

E(B,p, B\ B') = |u(B')|log

Summing up over all B € B(r) with B C U and using (B.6) yields

eEavn( U B\ U 8)> X uooe il S s L

BeB(ta) BeB(t1) BeB(T) BeB(ta)
BCU BCU

Property (3) follows by letting 7 — to. Let us prove (4). Let ¢ > 0 and let B = B,.(x) € B( ). Let us
fix an initial ball B, (x;). By construction, B, i, (z;) is contained in some ball B,.(y) € B(t), i.e.B,,(x;) C
B,_,(y). Then B, (z;) N By1,(x) C B,_y(x), since condition (2) implies that B,/ _,(y) N Brio(x) = 0
whenever y # x. This yields

M M
Brio(x) N U By, (zi) C Br—o(z) = Brio(@)\ Br—o(2) C Brios(2) \ U By, (xi) .

Therefore o
1l (Brio (8) \ Bro(@)) < |l (R\ | By (@) =0,
i=1
where we used the fact that p is supported on {x1,...,x}. This proves (4).
To prove (5), we start by observing that, by (B.4),

My, My,

RIB0) =30 =3 1) = 1o RIBE)

for every ¢ € [Ty, Tk+1) and every k € {0, ..., K'}. It thus suffices to show that R(B(T})) < (1+T%)(R(B)+
Mo) for every k € {0,...,K}. For k = 0 this is a consequence of (B.5). For k > 1, it follows inductively by
applying (5) for ¢ € [T)—1,T%) and observing that

My My
R(B(Ty)) =Y _rh Z S orB)= Y it
j=1 Jj= 1Bes;? j=1

= limsup R(B(t)) < (1+T%) (R(B) + Mo) ,
Ty,

which follows from (7).
Finally, property (6) holds true by construction.
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