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1. Introduction
The Mumford—Shah functional has its origin in image segmentation problems [50]. Given a rectangle (or more

generally a bounded domain D C R?) and a function g : D — R representing the gray level of an image, one aims at
minimizing the functional

MS(u,K) = / |W|2dx+ﬁH1(K)+y/|u—g|2dx.
D\K D
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Here K is the union of a finite number of points and a finite set of smooth arcs joining these points with no other
intersections. The function u is supposed to be differentiable on D\ K, but may have discontinuities on K. Then the
pair (u, K) is an approximation of the image. K represents the sharp edges in the image, while the smooth part u
yields a cartoon-like total image since it rules out fine textures away from K. Existence and regularity of minimizing
pairs (u, K) is far from being trivial. In [38] it was shown that there exists a minimizing pair (#, K) among all
closed sets K and u € C'(D\K) provided g € L°°(D). As commonly done in variational problems, one first has to
enlarge the set of competitors in order to obtain compactness of minimizing sequences. This leads to the nowadays
well-known formulation of the Mumford—Shah functional for SBV -functions, which was first introduced in [10]:
given u € SBV (D), the Mumford—Shah functional takes the form

MS(u):/|Vu|2dx+,37-l](Su)+y/Iu—glzdx. (1)
D D

Here S, denotes the discontinuity set of u. The closed set K then can be recovered setting K = S, since minimizers
have an essentially closed discontinuity set (see [38, Lemma 5.2]). However it is still unknown if K can be taken as
a finite union of regular arcs. We refer the interested reader to the recent survey articles [39,49] for known regularity
results for minimizers.

Besides the regularity of minimizers, there is the natural question how to minimize the Mumford—Shah functional
(1) in practice. A very popular approach is given by the Ambrosio—Tortorelli approximation [12,13], where the surface
term is replaced by a Modica—Mortola-type approximation with an additional variable. More precisely, given a small
parameter & > 0 and 0 < 7, < & one defines an elliptic approximation AT, : W12(D) x W12(D) — [0, +-00] by

1
ATg(u,v)z/(ng+v2)|Vu|2dx+§/s|Vv|2+g(v—1)2dx+y/|u—g|2dx.
D D D

In [13] it is shown that the family AT, approximates the Mumford—Shah functional (1) in the sense of I"-convergence
(we refer to the monographs [21,35] for details on this type of convergence). In particular, up to subsequences, the
u-component of any global minimizer (u, ve) of AT, converges to a global minimizer of MS. This approach was
recently extended to second order penalizations, that means to replace the term &|Vv|? either by £3|V2v|? or £3(Av)?,
where in the second case one puts additional boundary conditions on v (see [27] for more details or [14] for an
anisotropic version).

Instead of introducing a second variable, Braides and Dal Maso constructed non-local approximations. In [23] they
showed that the sequence of functionals NL, : W12(D) — [0, +00) defined by

1
= [ £ f vumPw)acry [u-gla
D

D B, (x)ND

I'-converges to MS provided f is continuous, increasing and satisfies

lim == =1, lim f(1)=fo <oo. 0

In this case it turns out that 8 =2 f.

Note that both approximations are defined on more regular, but still infinite-dimensional spaces. Hence one has to
discretize these spaces to numerically solve the minimization problems for the approximating functionals. On the one
hand, ¢ should be taken very small in order to obtain almost sharp interfaces. On the other hand, to guarantee that
finite elements/differences yield the same asymptotic behavior as the continuum approximations, it is proposed to take
the mesh-size to be infinitesimal with respect to ¢ (see [16,19]). Indeed, for the Modica—Mortola approximation of
the perimeter, such a choice is known to be necessary to preserve isotropy [26]. Very recently, in [15] this result was
extended to finite difference discretizations of the Ambrosio—Tortorelli functional. Thus continuum approximations
require in general a very fine mesh, which increases the computational effort. However, in dimension one there exists
a direct approximation based on finite differences. In this case the small parameter ¢ represents the mesh-size of a
one-dimensional grid €Z. Given a function u : eZ N (0, 1) — R, we define the functional F; by
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where g, is a suitable discretized version of g € L°°. The proof of convergence to the one-dimensional version of
the Mumford-Shah functional can be found for example in [21, Chapter 8.3]. The functional F; above has a natural
extension to higher dimensions. Indeed, given u : 7% N D — R, one sets

Fe(u)=% Z Sd_lmin{g’w

&

2
,/3}+y > euei) — ge(ei)[. 3)
ei,ejeeZND siceZiND
li—jl=1
However, in higher dimensions the anisotropy of the lattice Z¢ leads to anisotropic surface integrals. For d = 2 Cham-
bolle proved in [29] that the functionals F; I'-converge to an anisotropic version of the Mumford—Shah functional

given by
F(u)=/|vbt|2dx+ﬁ/|vu|1dH1+y/|u—g|2dx,
D Su D

where | - |; denotes the /;-norm of the normal vector v, at x € S, (we remark that with the results obtained in this
paper the I'-convergence above can be extended to any dimension).

In order to avoid the anisotropy, there have been found two approaches: on the one hand, inspired by the nonlocal
approximation of the Mumford—Shah functional studied in [45], one can consider long-range interactions in (3) instead
of only nearest neighbors. This has been analyzed in [30] and indeed anisotropy can be reduced but the functional to
be minimized gets more complex as the number of interactions grows. On the other hand, Chambolle and Dal Maso
considered functionals defined on piecewise affine functions with respect to a whole class of two-dimensional triangu-
lations. More precisely, let 7¢(D, 0) be the set of all finite triangulations containing D such that for each triangle the
inner angles are at least 0 and the side lengths are between ¢ and w(¢), where w(e) > 6¢ satisfies limg_,o w(e) = 0.
Denote by V.(D, 0) the set of continuous functions that are piecewise affine with respect to some 7 € 7.(D, ). In
[31] it is shown that there exists 0 < 6y < 60° such that for all 0 < 6 < 6 the functionals F; ¢ defined on V.(D, 6) by

1
Fs,e(u)=g/f(8|VM|2)dX+V/|M—g|2dx
D D

I"-converge to the Mumford—Shah functional when f satisfies (2). In this case it holds that 8 = f sin(8). We remark
that the triangulation is not fixed, so it is part of the minimization problem to find the optimal one (see [20] for details
on numerical minimization for slightly modified functionals). Moreover, in contrast to the approximations mentioned
before, this result is restricted to dimension two.

There are also different approaches to minimize the Mumford—Shah functional, for instance level-set methods,
graph cut algorithms or convex relaxation techniques. We do not go into details but refer the reader to [52] and
references therein.

The motivation for this work relies on the more recent paper [53], in which Cremers and Strekalovskiy propose
another discrete functional based on finite differences along with a very fast algorithm to compute its minimizers in
real-time. Although convergence of the algorithm has not been proven so far, it is demonstrated that it works well
in practice. The discrete functional has a similar form to (3), but takes into account non-pairwise interactions and
suitably scaled it reads as

d
Fa,g(u)z Z 8d_1miniot£z
i=1

exeeZiND
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The authors of [53] conjecture that I:"s, ¢ approximates the Mumford—Shah functional.
In this paper we analyze the asymptotic behavior of a more general family of discrete functionals. Inspired by
the structure of F , above, we allow the functionals to depend not only on pairwise but general finite differences.
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Furthermore, we replace the periodic lattice by so-called stochastic lattices. As a first consequence of our analysis,
which is described more in detail below, we can identify the I"-limit of the functionals 17"8, ¢ for d = 2. In particular,
we show that it differs from the Mumford—Shah functional due to an anisotropic surface integral (the last point can be
verified in any dimension; see Remark 4.2). Motivated by the fast algorithm for discrete approximations presented in
[53], we then construct a random family of discrete functionals for that we can prove I"-convergence to the Mumford—
Shah functional almost surely (a.s.). The basic idea is quite simple: since the anisotropy in the I'-limit of the family
of functionals in (3) stems mostly from the lattice, we replace Z¢ by a more isotropic point set. Since there exist no
isotropic, countable sets, we need to go beyond deterministic models and consider realizations of random point sets.
Those have the flexibility to be isotropic at least in distribution.

The main approximation result
We consider random, countable point sets £(w) C R? that satisfy the following geometric constraints:

(i) There exists R > 0 such that dist(x, £L(w)) < R for all x € R%;
(ii) There exists r > 0 such that dist(x, L(w)\{x}) > r for all x € L(w).

Given a small parameter ¢ > 0 (again representing a kind of mesh-size) and ¢ > 1, one possible approximation is the
family of random functionals F; ,(w) defined on functions u : e£L(w) N D — R™ by

— 2
Fg@@= 3 e (eI p S e — ge@)enl, )
(X,}‘)ENE;U) exeeL(w)ND
ex,ey€

where N (w) denotes the set of Voronoi neighbors (see Definition 2.6), f is a function satisfying (2) and g.(w) is
a suitable discretization of some given g € LY(D,R™). We require that the random point set £ is stationary and
isotropic, that means £ and RL + z have the same statistics for all z € Z¢ and all R € SO (d). If the shift operation is
realized by an ergodic group action and g.(w) — g in L9(D, R™), our main result, which is stated in full generality
in Theorem 4.3, can be summarized as follows:

Theorem. Under the above assumptions, there exist three positive constants c1, ca, c3 such that with probability 1 the
Sunctionals Fg 4(w) I'-converge with respect to the LY (D, R™)-topology to the deterministic functional F, g defined by

¢ / IVul? dx + cxHI7N(S,) + 3 / lu—gl?dx ifueLi(D,R")YNGSBVX(D,R™),

D D
+00 otherwise.

Fe(u) =

Given the probabilistic assumptions above, the result is quite robust. For example, the same limit (with different
constant ¢3) can be proven for the random version of (4) given by

= - u(ex) —u(ey) |2

Fe@= Y o7 Y )+ X eluen —ge@Enlt.
exesL(w)ND x, M) eN (o) exeeL(w)ND

eyeD

Some remarks are in order:

(i) A point process that satisfies all our assumptions is given by the random parking process [44,51].

(i1) The coefficients c¢; are not explicit but are derived from three abstract homogenization formulas. However, for
fixed £ one can still tune them since ¢| and c¢; are proportional to f/(0) and fs, respectively, while for c3 we
can multiply the second term in (5) by some factor.

(iii) We will prove the convergence for more general finite differences (see Section 2). Those require more technical
notation that we want to avoid in this introduction. Hence we restrict the description of our analysis below to
pairwise interactions via Voronoi neighbors.
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(iv) In the proof we will identify u with a piecewise constant function on Voronoi cells. However this is not needed
for minimizing the functional F¢ (). In particular one only has to determine the Voronoi neighbors, but no
volume of cells or piecewise affine interpolations on Delaunay triangulations. One can also avoid the determi-
nation of the Voronoi neighbors using a k-NN algorithm, but k& should not be too small (see also Remark 2.7 (ii)
& (iii)).

(v) We prove that global minimizers of F; , converge to minimizers of F in L(D,R™). Note that this is not the
natural compactness to be expected from finite energy sequences.

(vi) The discrete functionals are still non-convex which cannot be avoided since the I'-limit of any sequence of
convex functionals remains convex.

(vii) In our setting the case of vector-valued u corresponds to color images. Our arguments cannot be generalized
straightforward to models for linearized elasticity.

(viii) A different randomization of the functional (3) has been considered in another context in [25], where a ran-
dom choice between the potential f(s) = min{s, 1} and f (s) = s is analyzed. However, isotropy of the limit
functional remained an open problem.

(ix) Another approach to construct discrete approximations could be based on random point clouds similar to [42],
where the authors prove an approximation result for total variation-type functionals. Point clouds have the ad-
vantage that they can be generated very fast. However, for point clouds one usually needs interactions with range

1 . L . . . .
~ (log(n)/n)d for n points compared to ~ (1/n)d for stochastic lattices. Otherwise the corresponding graph
will not be connected. Besides the nonlocal structure there are also many redundant points due to clustering.

Plan of the paper

We now give a short overview of the paper and explain briefly the steps to prove our main approximation theorem.
Section 2 is divided into three preliminary parts. First we recall the necessary function spaces that we need for our
analysis. In the second part we introduce in a rigorous way the stochastic point sets that we use to define our approx-
imating functionals F; ,(w). In the last part we introduce the class of functionals under consideration (we omit the
fidelity term in most parts of the paper). For this introduction we assume the functionals to be of the form

uex) —u(e p
F@w= Y &'y <8‘7( ) —ue) ) ,
e
(x,y)eN (@)
ex,eyeD
where for the sake of generality we take a general exponent p > 1. The localized versions of these functionals will be
the main objects to be studied in the subsequent sections.

In Section 3 we present three general results that we prove on the way towards the main approximation result
and which might be of independent interest. Assuming only the geometric properties of a single realization L(w),
we prove in Theorem 3.3 that (up to subsequences) the I'-limit of the family F,(w) always has the form of a free
discontinuity functional, that means it is finite only on GSBV? (D, R™), where it can be written as

F(w)u) =/h(x,w)dx+/¢(x,uu)cmd*l. (6)

D Su

Moreover, the density % of the I'-limit coincides with the density of the I'-limit of the convex functionals

Ec(0)(u) = f'(0)

’

Z 8d‘u(8x) —u(ey)|p
(x,»)eN () ¢
ex,eyeD
while the surface density ¢ of the functional F(w) in (6) is given by surface density of the I'-limit of the Ising-type
energies defined on functions u : eL(w) — {%e1} by

Ia(wxu):%” Yo & ulex) —u(ey).
(x.y)eN (@)

ex,eyeD
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In Theorem 3.5 we state a general stochastic homogenization result for the functionals F, () in the case of stationary,
ergodic stochastic lattices. In particular, the I"-limit of F,(w) exists a.s., is deterministic and on its domain it is of the
form

F(u):/h(Vu)dx+/cp(vu)d’:’-[d_l,
D Su

that means in contrast to (6) the densities 2 and ¢ do not depend on x and are deterministic. Theorem 3.8 contains
the I'-convergence including the convergence of minimizers when we add the discrete fidelity term in the stationary,
ergodic setting.

In Section 4 we apply the results of Section 3. On the one hand, we identify the I'-limit of the functionals in (4).
On the other hand, with Theorem 4.3 we obtain our main approximation result about the Mumford—Shah functional
when we assume additionally that the stochastic lattice is isotropic in distribution.

Section 5 contains the proof of Theorem 3.3. While the integral form (6) of any I'-limit is obtained by standard
techniques combining the abstract methods of I'-convergence with an integral representation theorem, the character-
izations of the integrands / and ¢ by the I'-limits of the sequences E.(w) and I, (w) is the most delicate step in this
paper. Although similar results have been obtained in a continuum setting (see [24,28,43]), we cannot use interpola-
tion and copy the argument. This has several reasons: on the one hand, in dimensions larger than two, piecewise affine
interpolations on Delaunay tessellations might be degenerate due to very flat tetrahedrons. On the other hand, even
in a planar setting Voronoi cells can have very short boundary sides, so that the discrete functional overestimates the
length of interfaces. Moreover, fine constructions based on geometric measure theory can be incompatible with the
prescribed lattice structure. Thus our arguments, which are nevertheless inspired by the continuum case, need to use
the discrete environment as long as possible. The complete strategy is explained more in detail at the beginning of
Section 5.

In Section 6 we prove the remaining results of Section 3. With the characterizations proven in the previous section,
Theorem 3.5 is a straightforward consequence of the results on discrete-to-continuum stochastic homogenization for
elastic and Ising-type energies obtained in the two papers [5,6], respectively. Also adding the fidelity term is quite
straightforward.

The appendix contains a technical argument how to choose I'-converging diagonal sequences in our special setting
when the functionals are not equicoercive.

2. Setting of the problem and preliminaries

We first introduce some notation that will be used in this paper. Given a measurable set B C R? we denote by |B| its
d-dimensional Lebesgue measure, while more generally 7 (A) stands for the k-dimensional Hausdorff measure. We
denote by 1 g the characteristic function of B. If B is finite, #B means its cardinality. Given an open set O C RY, we
denote by .A(O) the family of all bounded, open subsets of O, while .A%(O) means the bounded, open subsets with
Lipschitz boundary. For x € R? or y € R” we denote by |x| and |y| the Euclidean norm. Given a matrix & € R"*¢,
we let |€] be its Frobenius norm. As usual B, (xo) denotes the open ball with radius o centered at x € R?. We simply
write B, when xo = 0. Given v € 91 we let vl = v, V3, ..., v be an orthonormal basis of R4 and we define the
cube Q, as

0, ={zeR’: [zu) <172},

where the brackets (-) denote the scalar product. Given xo € R? and o > 0, we set O, (x0, 0) = xo+00Q,. For xg € RY,
v e S and a, b € R™ we define the function uf’q’){’v by the formula

a if (x —xg,v) >0,
u®?l (x):= 7
x0.0 (%) {b otherwise. ™
The notation co(x1,...,xz) means the convex hull of finitely many points in R?. We will use |ul| Lr(a) for the

L?(A, R™)-norm. There should be no confusion about the dimension m. The symbol ® stands for the outer product
of vectors, that is, for any a e R™, b € R? we have a @ b € R"*? with (a ® b); j = a;b;. Finally, the letter C stands
for a generic positive constant that may change every time it appears.
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2.1. Generalized special functions of bounded variation

We briefly recall the function spaces we are going to use in this paper. We refer to [7,11,36] for more details.
Let O C R be an open set. We denote by BV (0, R™) C L'(0,R™) the space of vector-valued functions of
bounded variation. We write Du for the matrix-valued distributional derivative of u, which can be decomposed as

Du(B):/Vudx+ /(u*(x)—u*(x))@vu(x)dﬂd*‘+Dcu(B).
B SuNB

In the above formula Vu denotes the absolutely continuous part of Du with respect to the Lebesgue measure, S, is
the so-called jump set of u with (measure-theoretic) normal vector v, € SY~! and u~, u™ denote the one-sided traces
of u at HY~'-a.e. x € S,. The remainder Du is called the Cantor-part, but it will play no role in this paper.

Indeed, the space of special functions of bounded variation is defined as the set of those u € BV (O, R™) such
that Du = 0. We write u € SBV (0O, R™). Given p € (1, +00), we define SBV?(0O,R™) C SBV(O,R™) as the
set of those functions such that Vi € L? (0, R"*?) and H?~1(S,) < +o0. Due to a lack of compactness in many
free discontinuity problems, we have to enlarge this class. We say that a Borel-function u : O — R™ is a gen-
eralized special function of bounded variation, if ® ou € SBVi,c.(O,R™) for every function & € C LR, R™)
such that V& has compact support and write u € GSBV (O, R™). In this case, the approximate differential Vu(x)
still exists a.e. and there is a well-defined jump set S,, which is countably (d — 1)-rectifiable. Finally, we set
GSBVP?(0,R™) as those functions u € GSBV (O, R™) such that Vu € L?(0,R™*%) and H?~1(S,) < +00. As
shown in [36, Section 2], the set GSBV? (0, R™) is a vector space and, if ® € C! (R™, R™) is such that V® has com-
pact support, then ® ou € SBV?(0,R™). Moreover, given u € GSBV?(0O,R™), one can define a Borel-function
Vi © Sy — S and two Borel-functions ut, u~™ : S, — R™ still satisfying a weak trace condition for #? -a.e.
x €Sy,.

For our analysis we make use of a special family of smooth truncations as in [28] which essentially allows to reduce
many proofs to the space SBV?. Consider a function ¢ € C2°(R) such that ¢ (t) =¢ forall |t] <1, ¢(t) =0fort >3
and ||¢’ |loo < 1. We define the function ® € C°(R™, R™) by
[etunis ifuo,

d(u
@) 0 ifu=0.

As shown at the beginning of [28, Section 4] the function @ is 1-Lipschitz. Given k > 0 we further set ®; (1) = kCID(%),
which is still 1-Lipschitz. Then we have the following approximation result, which is a consequence of dominated
convergence and [7, Propositions 1.1-1.3 & Theorem 3.7].

Lemma 2.1. Leru € GSBVP?(D,R™) N LY(D, R™) and let k > 0. Defining the truncation Tyu = (1), the function
Tyu belongs to SBVP(D,R™)N L*°(D,R™) and

() lm Tiu=u a.e. andin LY(D,R™);
k— 400

() VTiu(x) =VOr(u(x))Vu(x) fora.e. x € D;
(i) ST C Su, limg— 100 H 1 (S1) = H™1(Sy) and v, = +vr,, H' ' -a.e. on St

2.2. Stochastic lattices

Next we introduce the random point sets that we use for the discrete approximations. Throughout this paper we
let 2 be a probability space with a complete o -algebra F and probability measure P. We call a random variable
L£:Q — (RHN a stochastic lattice. The following definition, which has been introduced in [17] in the context of
quantum models (and is known in a deterministic setting as Delone sets), essentially forbids clustering of points as
well as arbitrarily big empty regions in space.

Definition 2.2 (Admissible lattices). Let L be a stochastic lattice. £ is called admissible if there exist R > r > 0 such
that the following two conditions hold a.s.:
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(i) dist(x, L(w)) < R for all x € RY;
@ii) dist(x, L(@)\{x}) > r for all x € L(w).

Remark 2.3. We also make use of the associated Voronoi tessellation V(w) = {C(x)}re(w), Where the (random)
Voronoi cells with nuclei x € £(w) are defined as

Cx)={zeR%: |z—x|<|z—y| forallye L(w)}.
If £(w) is admissible, then [6, Lemma 2.3] yields the inclusions B% (x) CcC(x) C Br(x).

Next we introduce some notions from ergodic theory that build the basis for stochastic homogenization.

Definition 2.4. We say that a family of measurable functions {z;},c74, 7; : £ — €, is an additive group action on 2
if
to=id and Ty 4, =T,07; forallzy,zre 74,
An additive group action is called measure preserving if
P(r;'B)=P(B) forall BeF, zeZ".
Moreover, {1;},c7q is called ergodic if, in addition, for all B € F we have the implication
(.(B)=B VzeZ') = P(B)e{0,1}.
In terms of a stochastic lattice the probabilistic properties read as follows:
Definition 2.5. A stochastic lattice £ is said to be stationary if there exists an additive, measure preserving group
action {7}, .z« on Q such that for all z € Z¢

Lot,=L+z.

If in addition {t,} .7« is ergodic, then L is called ergodic, too.
We call L isotropic, if for every R € SO(d) there exists a measure preserving function 7y : € — € such that

Loty =RL.

In order to define gradient-like structures, we equip a stochastic lattice with a set of directed edges. We summarize
the necessary properties in a separate definition:

Definition 2.6 (Admissible edges). Let £ be an admissible stochastic lattice and £ C £2. We call £ admissible edges
if for all i, j € N the set {w € Q: (L(w);, L(w)}) € E(w)} is F-measurable and

(i) there exists M > R such that a.s.

sup{lx —y|: (x,y) € E(w)} < M; ®)

(ii) the Voronoi neighbors defined by N'(w) := {(x, y) € L(w)? : HI1(C(x) N C(y)) € (0, +00)} are contained in
&(w) up to symmetrizing, that means

N(@) CE@) U{(y, x) € L@)*: (x,y) €E@)}. €))

If £ is stationary or isotropic, we say that the edges £ are stationary or isotropic if £ o 7, = £ + (z, z) for all z € Z¢ or
Eotp=RE forall R e SO®).
Up to enlarging M, by Remark 2.3 we may assume in addition that

sup #H{yeL(w): (x,y)e&(w)or(y,x)e(w)} <M. (10)
xeLl(w)
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Remark 2.7.

(i) In the proof of [6, Lemma A.2] it is shown, that the choice £ (w) = N (w) satisfies the measurability assumption.
Then we can add for example non-Voronoi neighbors by selecting them based on a maximal distance.

(i) In order to avoid the computation of the Voronoi neighbors (or the Delaunay triangulation), one can also use
a k-NN algorithm (taking all points in case of a tie to avoid anisotropy). By a naive volume bound based on
Remark 2.3 it suffices to take

k= {(41{;’—1 + 1)d — (2Rr—1 - 1)? —2

Indeed, if (x, y) € N (w) is a pair of Voronoi neighbors, then for any point z € C(x) N C(y) it holds that |z — x| <
R and the ball B|x_;|(z) is contained in By|,_;(x) and contains no other point of £(w). For all other points
x' € L(w) with |x" — x| < |y — x| (including x) the balls B (x') are pairwise disjoint and contained in the set
B2|X_ZH_%(x)\B|x_Z|_%(z). The volume of this set is monotone in |x — z| > r/2, which implies the claimed
bound. For the random parking model we have the optimal ratio R/r = 2 at the packing limit, which yields
k =70 for d = 2. This bound is far from being optimal. Nevertheless, a more detailed treatment of numerical
issues is beyond the scope of this paper.

(iii) We use (9) only for proving Lemma 5.1. Hence in (9) the set AV (w) can be replaced by any set of edges such that
this lemma remains valid.

Having introduced the random framework, we will need it again only in Section 6. To simplify the notation, we will
drop the dependence on w for some quantities. If so, we tacitly assume that we have a realization satisfying properties
(1) and (ii) of both Definitions 2.2 and 2.6.

2.3. A generalized weak-membrane energy

In order to discretize vectorial Mumford—Shah-type functionals we basically follow the approach used on periodic
lattices for the scalar case. However we go beyond pairwise interactions. Due to the possibly non-ordered edges £ (w)
this requires some notation. For M € N satisfying (10) we denote by

Pi(M) ={p:[0,+00) > No: #p~'(N) <400, > p(v) <M}

vep~I(N)
the set of all multisets over [0, +00) with at most M elements. Note that if vy, ..., v, € [0, +00) with k < M,
then up to permutation we can identify these points with a unique p € P (M) setting p(v;) =#{j : v; = v;} for
all 1 <i <k and zero elsewhere. In this sense we sometimes use the more common notation p = {v;},, where the
b indicates a badge in which elements can occur several times in contrast to ordinary sets. For p € P, (M) we set
Ipll = Zvep’l(N) p(v)v. In this paper we fix a bounded function f : Py (M) — [0, 4+00) satisfying the following
two structural assumptions: there exists 0 < o < +oo such that

) _

im =« (1
Iplhi—0 [Ipll1

and f is monotone increasing in the following sense: for all v, v’ € [0, +oo)M with v; < vlf forall 1 <i < M and for
any 1 <k < M we have

FAui,-vdp) < FAVL L v 12)

We also assume that f is lower semicontinuous in the sense that for all sequences (v"), C [0, +o0)M converging to
some v € [0, +oo)M and for all 1 <k < M it holds that

VACCITRRRI /373 §Li§if£f({v?a--~avz}h)~ 13)

Remark 2.8. Note that from the boundedness of f, the monotonicity assumption and the property (11) it follows that
there exist constants C ¢ > ¢y > 0 such that
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cymin{[[pll1, 1} = f(p) = Cymin{| p|i1, 1}. (14)

Moreover, again by boundedness and monotonicity, for every 1 <[ <k < M there exists the limit
B, k)= lim [y, + (k—D1) >0. (15)
N——+o00

While we will frequently use the property (12) for our analysis, the lower semicontinuity (13) will just guarantee the
existence of minimizers for the discrete approximations.

In order to define the discrete approximation of a continuous functional we scale a stochastic lattice by a small
parameter ¢ > 0. Let us fix a reference set D C R4, which we assume to be a bounded Lipschitz domain, and a
growth exponent p € (1, 400). Given u : eL(w) — R™, an open set A € A(D) and n > 0, we define the function
NV, AP : eL(w) — P (M) by

Ve, )P (e3) = | “EL =D

C (1, y) € E(w), ex, ey € A} .
& b

Then we define the localized discrete approximations (which we also call energies) as
Fe@, Ay= Y &7 f(e[Vue(u, A)|P(ex)) .
exeeL(w)NA

We simply write F,(w) for F;(w)(-, D), which will be the functional of interest in this paper.

Remark 2.9. We chose the abstract framework above for two reasons.

(i) We take directed edges to define n|V,, (1, A)|? (¢x) in order to include the functional (4);
(i) we define the function f on multisets to handle pairwise and non-pairwise gradients simultaneously. For pairwise
interactions, we set f(p) =Y _ 1y P(V) fo(v) with fo satisfying (2). The other example of the introduction is

given by f(p) = fo(llpll1)-

veEPT

As we aim at using the abstract theory of I'-convergence, we will identify a discrete variable with its piecewise
constant interpolation on the Voronoi cells, that means with functions of the class

PCL={u: R > R™ : UjeC(x) is constant for all x € L(w)}.

With a slight abuse of notation we extend the functional to F.(w) : LY(D,R™) x A(D) — [0, +00] by

Fe(w)(u, A) ifuePC?,

Fe(w)(u, A) = otherwise

(16)

Remark 2.10. We work in the space L' due to the applications we have in mind. A priori there is no equicoercivity in
this space and therefore it seems more natural to define the functionals for example on measurable functions. However,
we will show in Lemma 5.6 that this can be circumvented using a fidelity term that is part of the Mumford—Shah
functional anyway.

3. Presentation of the general results

Having introduced the necessary notation, we now give an overview of the theoretical results that we prove on
the way to obtain the discretization of the Mumford—Shah functional. Readers who are interested specifically in the
Mumford—Shah functional can go to Section 4.2.
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3.1. Integral representation and separation of bulk and surface effects

Our first result establishes a general I'-convergence result (up to subsequences), which holds without any prob-
abilistic assumptions on the lattice, but pointwise for admissible lattices and edges. We show that any I'-limit has
an integral representation which is characterized by the separate I'-limits of an associated bulk energy and a surface
energy. More precisely, a formal linearization of F(w) at u = 0 yields the bulk energy E(w)(:, A) : PC? — [0, +-00]
defined by

E.(w)(u,A)=«a

Z ol u(ex) —u(ey) p’ an

(x, )€€ (w) ¢
£x,eyEA
where « is given by (11). At least when u is the discretization of a Lipschitz function, the functional E.(w)(u, A)
should be a good approximation of F,(w)(u, A) since ||V (1, A)|”||1 vanishes when ¢ — 0. On the contrary,
when u is the discretization of a (macroscopically) piecewise constant function, the elements in €|V,, (1, A)|? either
equal zero or blow up. Hence one expects that F(w)(u, A) should be well-approximated by the functional I, (w) : {v :
eL(w) — {£e1}} — [0, +00] given by the formula

1
L@ = > (3 Elv(sx)—v(sy)|,#{8y€8£(w)ﬂA:(x,y)eé’(a))}), (18)

exee L(w)NA eyee L(w)NA
(x,y)e€(w)

where the function g is given by (15) and B(0, k) := 0 for all 1 <k < M. Indeed, the function 8 takes into account
how many components of the discrete gradient blow up while all others remain zero.

In order to formulate the theorem we recall the I'-convergence results obtained for the energies E;(w) and I, (w)
(both extended to L? (D) via 4+00). The following result was proven in [5, Theorem 3]':

Theorem 3.1 ([5]). For every sequence € — 0 there exists a subsequence €, such that for every A € AR(D) the
Sfunctionals E¢, (0)(-, A) T'(L?(D,R™))-converge to a functional E(w) : L?(D,R™) x AR(D) — [0, +00] that is
finite only on WP (A, R™), where it takes the form

E(w)(u, A) = /q(x, Vu)dx
A

for some non-negative Carathéodory-function q that is quasiconvex in the second variable for a.e. x € D and satisfies
the growth conditions

1
EIEI”—Ciq(x,S) <Cy&I”P+ D).

The I'-convergence of functionals of the type (18) was treated in [6, Theorem 3.2]%:

Theorem 3.2 ([6]). For every sequence € — 0 there exists a subsequence €, such that for every A € AR(D) the
Sfunctionals I, (w)(-, A) T'(L?(D,R™))-converge to a functional 1(w) : LP(D,R™) x AR(D) = [0, +00] that is
finite only on BV (A, {e1}), where it takes the form

1(w)(u,A>=/s<x,uu)de—l
A

for some measurable function s that satisfies the growth conditions

! Interactions via a random edge set £(w) are not covered by the results in [5]. However, the proof works for general finite range interactions
with p-growth and coercive Voronoi neighbor interactions. Due to (9) those assumptions are fulfilled.

2 1n [6] the proofs are given only for pairwise interactions, but as already mentioned in [6, Section 6.3], up to minor modifications they cover also
multi-body interactions. Hence we decided not to repeat the arguments.
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L s =c
— <s(x,v)<C.
c=

Our first main result states that the I'-limit of F,(w) can be characterized by the I'-limits of E;(w) and I, (w) in the
following sense:

Theorem 3.3. Let &, — 0. The T'(L'(D))-limit of Fy, (w) exists if and only if the T'(LP (D))-limits of E, (w)(-, D)
and I, (w)(-, D) exist. In this case the I'-limit F (w) is finite only GSBV? (D, R™), where it is given by

F(w)(u) =/q(x,Vu(x))dx~|—/s(x,vu)d7-ld_l

D Su

with the integrands given by Theorems 3.1 and 3.2.

Remark 3.4. Both Theorems 3.1 and 3.2 provide asymptotic formulas for the integrands ¢ and s, respectively. To
state them, we need some notation. Given a set A € AR (D) and § > 0, we set

9sA = {x e R?: dist(x,dA) < §). 19)

o0

o (R4, R™), we define the set of discrete functions taking the boundary

For a pointwise well-defined function u € L
value u on 95 A as

’ch)’a(lz, A)={u e PC?: u(ex)=1ii(ex) for all ex € eL(w) N IsA}. (20)

Then, as shown in Step 1 of the proof of [5, Theorem 2], for a.e. xo € D and every & € R”*< it holds that

q(x0.6) = Qligg)g“’ lim  (inf{Eg, (@)(v, Qe; (x0,0)) : v € PCY, (6 = X0), Qe (x0,0))})

n

where M denotes the maximal range of interactions given by Definition 2.6.
The formula we use for s can be found at the beginning of the proof of [22, Theorem 5.8]. It states that for all
xoeDandve S! we have

. Lo . _
s(xg, v) = limsup F (Shrr(l)hm sup (1nf{I€n (@) (v, Qu(x0,0)) : v € PC sy ", Qe (o, Q))}) ,
0—0 -

n—-+00
where u;(f{,’e‘ is defined in (7). Note that the minimization problem defining s is automatically restricted to functions
with values in {£e;}.

3.2. Stochastic homogenization

The second main result uses the statistical properties of the lattice and the edges (more precisely only station-
arity and ergodicity) in order to avoid passing to subsequences for the I'-convergence result. It is a straightforward
consequence of Theorem 3.3 and the homogenization results proven in [5,6].

Theorem 3.5. Assume that L is a stationary and ergodic stochastic lattice with admissible stationary edges in the
sense of Definitions 2.2 and 2.6. Then P-a.s. the functionals F,(w) T'-converge in the L' (D, R™)-topology to a deter-
ministic functional F : L'(D,R™) — [0, +00] with domain L' (D, R™) N GSBV?(D,R™), where it is given by
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Fu) :/h(Vu)dx+/<,0(Vu)de_l
D Su

for some convex, p-homogeneous function h and some convex, one-homogeneous function ¢.
Remark 3.6.

(i) By Theorem 3.3 the functions & and ¢ are given by the formulas in Remark 3.4 for ¢ (0, -) and s (0, -), respectively.
However, we can take o = 1 in both formulas and in the formula for s(0, -) one can avoid the additional limit in
8 by setting § = 2Me. Moreover, every remaining lim sup-expression can be replaced by a limit.
(ii) The above I'-convergence result also holds locally on each A € AR (D) for the same set of .
(iii)) Theorem 3.5 still holds if we drop the ergodicity assumption. Then the integrands are t-invariant, but possibly
random.

3.3. Convergence of minimizers in the stationary, ergodic setting

Now we add a discrete fidelity term to our approximating functional F(w), which will approximate the continuum
fidelity term that penalizes the distance to the measured image.

In order to define the discrete approximation, we consider a discrete measurement of a given continuum function.
More precisely, throughout this section we fix an exponent ¢ > 1 and consider a sequence g.(w) : eL(w) — R, for
which we assume that there exists g € L9(D, R™) such that P-a.s.

ge(w) — g inLIY(D,R"). 1)

Remark 3.7. For every given g € LY(D,R™), we find a sequence with this approximation property by first extending
g =0 on RY\ D and then setting

1
ge@)(ex) = ——— / o(2)dz.
’ | Be(ex)|
Be(ex)
To see this, we may assume that m = 1. It is a consequence of the (generalized) Lebesgue differentiation theorem (see

[40, Remark 1.160]) that g.(w) — g a.e. on D. Since g, is bounded in modulus by the maximal function of g (which
belongs itself to L4 (R9Y), we deduce (21) from dominated convergence.

Given a sequence g, () satisfying (21), we introduce Fy () : L'(D,R™) — [0, +00] defined by

Fe@)w+ Y ellutex) —ge@)e0)|’ ifuePCy,
Fs,g(w) () = exeeL(w)ND 22)
400 otherwise,

where F;(w) is defined in (16). Note that we chose a discrete fidelity term not depending on the measure of the
Voronoi cells. The identification of the I'-limit of F; ,(w) is contained in the following theorem.

Theorem 3.8. Let g € (1, +00) and g.(w) satisfy (21). Under the assumptions of Theorem 3.5, there exists a constant
y > 0 such that P-a.s. the functionals F; z(w) defined in (22) I'-converge with respect to the L' (D,R™)-topology to
the functional Fy : LY(D,R™) — [0, +00] with domain LY(D,R™) N GSBVP(D,R™), where it is defined by

Fg<u)=/h<w)dx+/<p<vu)d%d—l+y/|u—g|qu
D D

Su
with the functions h and ¢ given by Theorem 3.5.

Moreover, for each & > 0 there exists a global minimizer ii, € PCY of the functional Fg ¢(w) and if ug € PCY is
any sequence such that
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lim ((Feg (@) = min Fog(@)w) =

&

then a.s. it is compact in L9(D, R™) and each cluster point as € — 0 is a global minimizer of Fy.

Remark 3.9. Up to a further subsequence, the statement of Theorem 3.8 remains valid in the non-stationary setting of
Theorem 3.3. However, the I'-limit contains a heterogeneous fidelity term of the form f p V@) |u — g|?dx for some
positive function y € L° (D) such that also 1/y € L°°(D). In the case of a stationary, but non-ergodic group action
the function y does not depend on x, but might be random.

4. Applications and the main result

We postpone the technical proofs of the results of Section 3 to the last two sections. First we use them to derive the
I'-limit of the functionals in (4) and prove our main result, that is, the approximation of the Mumford—Shah functional
announced in the introduction.

4.1. The T-limit for forward differences on 7.*

Our aim is to analyze the asymptotic behavior of the discrete functional proposed in [53]. It is based on the square
lattice £ = Z? with edges that yield standard forward differences, thatis, Erp = {(x, x+¢;) : x € 72, i=1, 2}, where
{ei}i=1,2 denotes the standard basis of R2. The discrete approximation is then defined for functions u : eZ? — R™ and
after rescaling and dropping the fidelity term it reads as

Fo(u,A) = Z eminfae ! (lu(ex + ge1) — u(ex)|> + lu(ex + sez) — u(ex)|?), 1}. (23)
exeeZ?NA

The set of edges satisfies (9) as the Voronoi neighbors are given by all x, y € Z? such that |x — y| = 1. Moreover F,
has the required structure to apply our results which can be seen by setting f(p) = min{o||p||1, 1}. In [53] Cremers
and Strekalovskiy conjectured that F, approximates the Mumford—Shah functional. With the results of Section 3 we
can identify the ['-limit of F,, which differs from the Mumford—Shah functional due to an anisotropic surface integral.

Corollary 4.1. The functionals F, defined in (23) I'-converge with respect to the L' (D, R™)-topology to the functional
Fo: LY(D,R™) with domain L' (D, R™) N GSBV?(D,R™), where it is given by

Fo(u)—a/IVul +/</)0(V)d7-ll

Su

with the function @y : R? — [0, +00) defined by

[vil + [val ifvi-v <0,
wo(v) = ,
max{|vi], [v2|} ifvi-vy>0.

Proof. As outlined above, we can apply Theorem 3.5 to the sequence F,. Moreover, from Theorem 3.3 we deduce
that the function % in Theorem 3.5 is given by the density of the I'-limit of the sequence E. defined in (17). With our
choice of f and £fp the functional E, takes the form

E.(u) =« Z ) )u(sx)—u(sy)r

ex,eyeeZ*ND
|x—yl=1

In this case [4, Remark 5.3] yields that

['(LP(D))- 1ir%E8(u)=a/|vu|2dx
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for all u € Wh-2(D, R™), so that h(£) = «|£|? and it remains to identify the surface integrand ¢ in Theorem 3.5 as ¢p.
By convexity, the function ¢ is continuous, so it suffices to treat the case v - v # 0. Note that for forward differences
the functional /. defined in (18) is given by

1
I.(u, A) = 3 Z emax{|u(ex +ee;) —u(ex)|: i €{l,2} with ex + ee; € A},
exeeZ?NA

where u : £Z* — {£e;}. From Remarks 3.4 and 3.6 we know that ¢ is given by the formula
p(v) = lim (mf{lg(v 0,0, 1)1 v € PCeaclity"*!, 0,0, 1)}). (24)

Consider for fixed ¢ << 1 any function v € PC; 4. (uO ‘1 0,(0, 1)) with values in {Ze1}. We locally construct a
function v € BV (Q,(0, 1), {£e1}) as follows: on Q,, (ex, &) with x € Z? such that Qe (ex,8) C 0,(0,1) we set

v(ex) 1f]_[ _1lv(ex +ee;) —v(ex)| =
v(y) = { v(ex) if Hi:l lv(ex + ge;) — v(sx)| ;é 0 and (y —ex, ey +e2) <0,
v(iex +eey) if ]_[1-221 lv(ex +¢ce;) —v(ex)| #0Oand (y —ex,e; +e2) >0,

while we define o = u, I on all cubes Q,, (ex, &) with Q,, (ex, &) N3 Q,(0, 1) # ¥. The latter implies ¥ = Uy, Senel
on 30, (0, 1) in the sense of traces. Moreover we modified the jump set away from the boundary in such a way that it
contains diagonal lines of length +/2 instead of corners formed by the upper and the right hand side of a cube. Setting
Q:.:={ye 0,(0,1): dist(y, 00,(0, 1)) > 2¢}, the above construction and the boundary conditions for v imply

(v, 0,0, 1) > / oo(vy) dH! = / oo(v) dH! — Ce. (25)
S$5N0¢ SN0, (0,1)

Observe that ¢ is convex. Hence the functional on the right hand side is BV -elliptic in the sense that

po(vy) dH' > @o(v)
SN0, (0,1)

for all v € BV (Q,(0, 1), {Ze1}) such that v = uoiil’el on 30, (0, 1) in the sense of traces (see [9] for more details).

Since v € PC; 4¢ (”0 ‘1 0,(0, 1)) was arbitrary, we conclude from (24) and (25) that ¢(v) > @o(v).
In order to prove the reverse inequality, first note that

1

L A)=3 Y eluen) —uey)l. (26)
sx,ayesZzﬂA
lx—yl=1

The I'-limit of the right hand side of (26) is well-known. It is finite only on BV (D, {£e1}) and given by f s, lv]; dH!
(see [3]). By comparison we obtain ¢(v) < |vi| 4+ |v2|. This finishes the proof in the case v - vy < 0. If v; - vy > 0,
denote by i the index such that |v;,| = max{|vq], v2|} and set i} = {1, 2}\{ip}. We define a candidate for the minimum
problem in (24) setting u, (¢x) = Uy, vl “I(ex) for all x € Z2. By definition it satisfies the correct boundary conditions.
A straightforward analysis shows that for any x € 72 with u, (ex) #uy(ex + ee;) we have u,(ex) #u,(ex + ee;y).

Thus it suffices to count just the interactions along the direction e;,. Those can be bounded by g1 [viy| + C, so that
I (uy, 00(0, 1)) < |vjg| + Ce = max{|vi ], 2|} + Ce.
From (24) we conclude that ¢(v) < ¢o(v) which finishes the proof. O

Remark 4.2. For the d-dimensional version of F, (defined in the introduction), one still has the existence of the
I'-limit with an anisotropic surface integrand. To see the latter, one first shows that ¢(e;) = 1. Then for the vector
Vo = ( 12 75 , 0) the discretization of U0, v, €11 yields an upper bound ¢ (v) < \sz (actually equality holds). The precise

[-limit in higher dimensions is beyond the scope of this paper.
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4.2. Approximations of the Mumford—Shah functional

Now we use our general results to provide a discretization of the vector-valued Mumford—Shah functional. To this
end, we need to take our parameters p = g = 2. However, it might be of interest to obtain also other exponents for
the fidelity term and therefore we consider the general case ¢ > 1 and just fix p = 2 to focus on the isotropy issue.
We suggest to take as stochastic lattice the so-called random parking process. For the precise geometric construction
of this process by suitably choosing projected points of a homogeneous Poisson point process in dimension d + 1,
we refer the reader to the two papers [51,44]. Here we recall that the random parking process defines a stochastic
lattice L p that is admissible, stationary, ergodic and, most important for our applications, isotropic in the sense of
Definition 2.5. Moreover, we can choose for instance £(w) = N () to obtain stationary and isotropic edges (see also
Remark 2.7 for other possible choices). We prove our result for general stochastic lattices satisfying these assumptions.
Note that the following theorem covers in particular the two functionals presented in the introduction.

Theorem 4.3. Fix p =2 and let g € (1,400) and g.(w) satisfy (21). Assume that L is an admissible stochas-
tic lattice that is stationary, ergodic and isotropic with admissible stationary and isotropic edges. Then there exist
constants cy, ¢z, c3 > 0 such that P-a.s. the functionals F; q4(w) defined in (22) I'-converge with respect to the
Ll(D,Rm)—topology to the functional Fy : L](D,]Rm) — [0, 400] with domain L1(D,R™) N GSBVQ(D,R”‘),
where it is defined by

Fg(u)zc]/|Vu|2dx+cz’Hd_l(Su)+C3/|u—g|qu.
D D

Remark 4.4. In the scalar case m = 1, the statement of Theorem 4.3 is valid for every p > 1. Indeed, we already
know that the function % has to be p- homogeneous. Following the proof below, stochastic isotropy implies that it is
constant on $?~!. Hence h(£) = c1|£|? for some ¢; > 0. The formula for the surface term does not depend on p.

Remark 4.5. Theorem 4.3 and the convergence of minimizers in Theorem 3.8 yield the full discretization of the
Mumford—Shah functional. In practice it is of course impossible to create the stochastic lattice on the whole space but
one has to take a finite particle approximation. Moreover the minimization of the discrete functionals F.(w) is still
nontrivial due to non-convexity. However, first numerical tests have shown promising results and we plan to further
investigate our approach in the future.

Proof of Theorem 4.3. Due Theorem 3.8 it only remains to show that 2(§) = ¢ |€ |2 and ¢ (v) = ¢ for some constants
c1, c2 > 0. By Theorem 3.3 the function /% is also the density of the I'-limit of the functionals E.(w) defined in (17).
For p =2 these are non-negative quadratic forms, so we deduce from [35, Theorem 11.1] that £ is a non-negative
quadratic form, too. We write it explicitly as

m d
hE) =Y Y hijukiju,
i,k=1j,i=1
where the coefficients satisfy the symmetry condition £;jx; = hg;;j. Since the discrete functional is invariant under
orthogonal transformations # — Qu it holds that h(Q&) = h(&) forall £ € R™*4 and Q € O(m). Moreover, reasoning
exactly as for the case m = d treated in [5, Theorem 9] one can further show that ergodicity and isotropy imply
h(ER) = h(£) for all £ € R™*“ and all R € SO(d). We argue that 7 depends only on the singular values. To this
end, we fix a matrix £ € R”*? and consider any singular value decomposition £ = Q= V7 with orthogonal matrices
Q € O(m) and V € O(d) and a diagonal matrix X € Rm=d IfV ¢ SO(d) then h(&) = h(X). Otherwise we replace
V by arotation observing that

A=QprL2plisp P2V

where P,,l’2 denotes the n x n-matrix which differs from the identity by exchanging the first and the second column. In
this case h(§) = h(Pnﬁ’ZEP;’Z) since the matrix P;’ZVT belongs to SO(d). Set [ = min{d, m} and write the singular
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values as A(£) € R! with non-negative coefficients. We conclude that there exists a permutation P (£) € {1, Pll‘z} such
that

1
hE) =" hiirk(PEAE)),(PEAE)),.

i,k=1

Thus it is enough to characterize the coefficients h;;xr. We will test several diagonal matrices £. To simplify notation,
given v € R/ we denote by diag(v) € R"*¢ the diagonal matrix with elements v. As a first step, note that we can find
QO € O(m) and R € SO(d) such that diag(e;) = Q diag(—e;) R. Thus by invariance h;;;; = hjj;; foralli, j=1,...,L
Now consider i # k. We argue that h;ixx = 0. To this end, we use that there exists a matrix Q € O(m) such that
diag(e; + er) = Q diag(e; — ex), which yields again by invariance that

hiiii + hikik + hiikke + hikii = hiiii + hikike — hiikke — Bikii -

Due the symmetry condition on the coefficients of 4 we obtain h;;xx = 0. Setting ¢; = k1111 we have shown that

I
hE) =c1 ) 1@ =cilgl
i=1
It follows from Theorem 3.1 that ¢; > 0.
We now turn to the surface integrand ¢ and prove that ¢ (Rv) = ¢(v) for all R € SO(d). Since ¢ is deterministic
by ergodicity, we can take expectations in the asymptotic formula given by Remark 3.4 and simplified via Remark 3.6.
Since tj is measure preserving, dominated convergence and a change of variables yield

@(Rv) =8li_r)rz)/inf{le(w)(v, Orv(0, 1)) : v € PCE o (g 20" s Qru(0, 1))} dP(w)
Q

= tim [ inf{L (thr @) (v, Qu(0, 1) : v € PC Y (55", 040, 1)} dP(@)
E—> ’ ’

Q

= sli_I)T%)/inf{Ie(w/)(v, 0,(0,1):ve PCi‘f/zMg(u(Ii"e', 0,(0, D)} dP(@) = ¢(v),
Q

where we used from the first to the second line that by isotropy of £ and £ the discrete functional in (18) satisfies
Ig(rl/ga))(u, Orv(0, 1) =I(w)(woR, 0,(0,1)) for every R € SO(d). We finish the proof setting ¢ = ¢(e1) since
Theorem 3.2 implies ¢, > 0. O

5. Separation of scales: proof of Theorem 3.3

This section is devoted to the proof of Theorem 3.3, which will constitute the most involved part of the paper. In a
first part we use [18, Theorem 1] to represent (up to subsequences) the I'-limit on SBV? as an integral functional. In a
second and third part we study asymptotic formulas for the integrands of that representation which allow to conclude
the proof. Several times we will need the following property of Voronoi neighbors in a stochastic lattice.

Lemma 5.1. Let L(w) be an admissible set of points with constants R > r > 0 as in Definition 2.2. Then for all
x,y € L(w) there exists a path P(x,y) = {xo=x,Xx1, ..., X, =y} such that (x;_1,x;) € N(w) forall 1 <i <n and

P(x,y) Cco(x,y)+ Bz2r(0).
In particular, there exists a constant Cr g < +00 such that #P (x,y) < C, grlx — y|.
Proof. For 0 < § <« 1 consider the collection of segments

Gs(x,y)={z+A(y—x): z€Bs(x),0<A<1}.
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We argue that there exists a segment s* = {z9 + A(y — x) : 0 <A < 1} C Gs(x, y) that does not intersect any Voronoi
facet of the tessellation V(w) of dimension less than d — 1. Indeed, assume by contradiction that the claim is false for
all zg € Bs(x). By Remark 2.3 we find finitely many Voronoi facets of dimension less than d — 1 whose projections
onto the hyperplane containing x and orthogonal to y — x cover a d — 1-dimensional set. Since projections onto
hyperplanes are Lipschitz continuous, we obtain a contradiction. Hence, for § small enough, we can construct a path
of Voronoi neighbors connecting x, y by suitably numbering the set

P(x,y)={z€ L(w): C(z) N sy # 0},
which satisfies P (x, y) C co(x, ) + Br4s(0) as claimed. Combining Remark 2.3 with a covering argument we obtain

in addition

#P(x,3) < [B; (O]~ (Ix = y| + 2R 2R~ < B (0)

_122R)
7=l =)= Crrly =yl O

5.1. Integral representation on SBVP
We are going to prove the following intermediate result:

Proposition 5.2. Given any sequence ¢ — 0 there exists a subsequence &, such that for all A € AR(D) the func-
tionals Fg, (w)(-, A) I'-converge in the LY (D,R™)-topology to a functional F(w)(-, A) : L'(D,R™) — [0, +-00]. If
ueSBVP(A,R™) then F(w)(u, A) can be written as

F(w)(u,A):/h(x,Vu)dx—i— / (p(x,u+—u_,v)d7-£d_l,
A S.NA

where, for xo € D, v € S', a e R and & € R4*™, the integrands are given by

1
h(xo, &) = limsup Q—dM(w)(E(- —x0), Qv (x0,0)),

0—0

. 1

¢(x0, @, v) = limsup ——m () 5", Qv (x0, 0))
0—0 @

with the function uﬁ(’)(’)v defined in (7) and the function m(w)(u, A) defined for any u € SBVP(D,R™) and A € AR(D)

by

m(w)(u, A) = inf{F(w)(v, A) : ve SBVP(A,R™), v =1u in a neighborhood of dA}.

In order to prove this result we will analyze the localized I'-liminf and I'-limsup F’(w), F”(w) : L'(D,R™) x
A(D) — [0, +00] of the functionals F(w), which are defined by

F'(0)(u, A) = inf{lim inf Fy (@) (e, A) : e — uin LY(D,R™)},
E—>

F"(w)(u, A) = inf{limsup F, (w)(ug, A) : uy — u in L' (D, R™)}.

e—0

Remark 5.3. It is well-known that both functionals are L'(D, R™)-lower semicontinuous. Moreover, note that for
any u € L'(D, R™) there exists indeed a sequence u, € PC? such that u, — u in LY(D,R™). For u € C.(D,R™)
this follows from Remark 2.3. In the general case one can use a density argument and construct suitable diagonal
sequences.

Our aim is to apply the integral representation of [18, Theorem 1] to a slightly modified functional. To this end,
below we establish several properties of F’(w) and F”(w) which are necessary in the context of integral representation.
However, at first we prove a truncation lemma that allows to reduce many arguments to the case of bounded functions.
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Lemma 5.4. Let u, € PC?. For any k > 0 set Tyus as in Lemma 2.1. Then, for any A € A(D), it holds
that Fg(w)(True, A) < Fe(w)(ue, A). In particular, whenever u € L*°(D,R™) we can compute F'(w)(u, A) and
F"(w)(u, A) considering sequences us € PC? such that |ug(ex)| < 3|ulloo for all x € L(w). Moreover, for all
ue LY(D,R™) we have

Jim F'(0)(Teu, A) = F'(0)(u, A),

. lirf F'(0)(Teu, A) = F" () (u, A).

Proof. For the estimate at the discrete level, it suffices to combine the fact that |Tjug(ex) — Tru (ey)| < |us(ex) —
ug(ey)| for all x,y € L(w) with the monotonicity assumption (12). In order to restrict the class of approximating
sequences, we use the first estimate and the fact that any truncated sequence Tyu, with k = ||u|| s still converges to u
in L'(D, R™). The continuity property at the limit follows from L!(D, R™)-lower semicontinuity of both functionals
and the fact that the discrete upper bound is conserved in the limit. O

We next show that F”(w) is local.

Lemma 5.5 (Locality of F"). Let A € AR(D). If u,v € L'(D,R™) and u = v a.e. on A, then F"(w)(u, A) =
F"(w)(v, A).

Proof. Due to Remark 5.3 there exist sequences u,, v, € PC? converging to # and v in L'(D,R™), respectively, and
such that

limsup F; (w) (s, A) = F" () (u, A), limsup F; (w)(ve, A) = F"(w) (v, A).

e—0 e—0

Define i, € PC? by
ug(ex) =L a(ex)ue(ex) + (1 — La(ex))ve(ex).
Since |dA| =0 and u, and v, are equiintegrable, it follows that ii, — v in L' (D, R™). Then by definition

F"(w)(v, A) < limsup Fx()(iie, A) = limsup Fa(w)(ue, A) = F"(w)(u, A).

£—0 e—0

Exchanging the roles of u and v concludes the proof. O

The following two lemmata provide a lower bound for F’ and an upper bound for F”. Together with the lower
bound we obtain an equicoercivity property under an additional equiintegrability assumption.

Lemma 5.6 (Compactness and lower bound). Assume that A € AR(D) and u, € PCY are such that

sup Fe(w)(ug, A) < 400.

>0

If u. is equiintegrable on A, then there exists a subsequence (not relabeled) such that u, — u in LY(A, R™) for some
ueL'(A,R")NGSBVP(A,R™). Moreover we have the estimate

1 d—1 /
- [Vul?dx + H* 7' (S, NA) | < Fl(w)(u, A)
C

A

for some constant ¢ > 0 independent of w, A and u.

Proof. We first construct a suitable function v, € SBV? (A, R™) that is asymptotically close to u.. Given a triangu-
lation 7 of the cube [0, 1]¢ we construct a periodic triangulation of R? via

T={T=z+T;: z€Z% T;eT%.
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We may assume that diam(7') < R for all T € 7. Define ugff as a continuous piecewise affine interpolation of u, on
eT as follows: for each z € Z4 we choose a point x(z) € L(w) such that z € C(x) and set

ui"(e2) = ue (ex(2)).
Next we decompose the scaled lattice as e L(w) = Lo U L1 ¢, Where
Lo ={ex € eL(®): ||€|Ve,e(u, AP (ex)]l1 < 1}
Let us also group the simplices overlapping with A according to
Ti={TeT:TNA#, zlegfr dist(z, 0A) < 8Re},
Th={TeT:TNA#J, zleIeszT dist(z, 0A) > 8Re and zlel}sz dist(z, L1,¢) < 6Re},

Tz={TeT:TNA#(, inf dist(z, dA) > 8Re and inf dist(z, L1,) > 6Re}.
zeeT zeeT
Given ugff we define v, on the interior of each simplex ¢T € 7 setting

EleT

T e Ts,
v =
Flet 0 otherwise.

Note that v € SBVP (A, R™). We start estimating the difference of u. and v, on A. Consider any simplex T with
T € 7Ti. Then eT C 0A + Byg:(0). Since dA is a Lipschitz boundary it admits a (d — 1)-dimensional Minkowski
content. Hence there exists a constant C = Cg > 0 such that for ¢ small enough we have

’ Jern A‘ <l{zeA: dist(z, dA) <9Re}| < CHY ' (3A)e. 27)
TeTy
Next, if T € 7, then there exists ex € L1 . N A such that €T C B7g.(ex). From (14) and the definition of L; . we
deduce
‘ U eT N A‘ <Cel#{ex cel(w)NA: 1| Ve.e(, A)|P (ex)||1 > 1} < CeFe(w)(ue, A) < Ce. (28)
TeT,

Finally, if z € eT N A for some T € 731 then by definition dist(z, L1 ) > 6Re and dist(z, dA) > 8Re. Let us write
T=coZ,....,z2%) eT and z = > ;i A;z'. Choosing x € L(w) such that z € £(C(x) N T), Remark 2.3 yields

d
0e(2) —ue ()] < D M udT(er) —ue(ex) < D Jue(ey) — uc(ex))| (29)
i=0 yeL(w)NB3R(x)
except for a null set where u, is not well-defined. Given y € L(w) N B3g(x), welet P(y, x) = {y = x0, X1, ..., X =X}

be the path of Voronoi neighbors given by Lemma 5.1. Since |x — y| < 3R, we have
Ixi — e~ 'z <dist(x;, co(x, y)) + |y — x|+ |x —e 'z <2R+ 3R+ R =6R.

In particular we conclude that ex; € Lo N A for all 0 <i < n. Using (9), the definition of the set Lo . implies that

1
lue(ex;) — ug(exiyr)| < &' 77 for all 0 <i <n — 1. By Remark 2.3 the number of Voronoi neighbors in Bgg(¢~!z)
is uniformly bounded, so that from (29) we infer the bound

10(2) — s (2)] < Ce' 7. (30)

Since we have set v, =0 on all ¢T € ¢(7; U T7) and u, is equiintegrable by assumption, we conclude from (27), (28)
and (30) that

81i_r)1})||v5 —Ms“Ll(A) =0. (31)
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Moreover, the sequence v, is still equiintegrable on A. We will show the convergence for the sequence v,. We start
estimating the size of its jump set. We have at most two contributions. The first one comes from discontinuities along
edges of simplices in 7. For those we have, again for & small enough, the estimate

HH | deTnA | <Ce7{z eRY: dist(z, 0A) <9Re}| < CHOT' (2 A),
TeTy

where we used the Lipschitz regularity of A and a reverse isoperimetric inequality for the finitely many simplices in
7. The other contribution is given by

H | 9eTnA| <) Ce < CRo(w)(ue, A) < C,
TeT, TeT,

where the second inequality follows by the same reasoning used in the lines preceding (28). The last two estimates
imply that

HNS, nA) <HT | () seTnA] <C. (32)
TeT1UT,
To estimate the gradient it suffices to consider simplices T = co(Z°, ..., z%) € T3. Write any basis vector e as e =

Zle Af(z" — z9). Due to the periodicity of the triangulation 7 the coefficients )»f.‘ are equibounded with respect to
the simplices. Take x € £L(w) such that ugff(azo) =u.(ex). Since v, is affine on eT we have

ul(ez) — ud(e2°) ‘

&

4 ve(ez) — v, (e2°) 4
B, | = | YoM <0 )
i=1 i=0

<C Y e Muley) —uex)|<C D e uelexi) — ue(ex))l,
yeL(@)NB3R(x) Xi,Xj€Bsg(x)
(xi.x;)eN (@)

where the last inequality follows by the same reasoning we used for proving (30). Now observe that if T € 73 and
|x; —x| <5R, then ex; € Lo N A. Thus taking the p-th power of the above estimate and using (9) and (14) we obtain

Ve P <C D e Plug(exy) —ue(exp)|? <Ce™' 3" ||| Ve, A)|P (exi) 1
Xi,Xj€BsR(x) x;€L(w)NBsg (x)
(xi.x;)eN (o)
<Ce™t YT fEVeel, AIP (exi).

xi €L(w)NBsg (x)

We sum the last estimate over all T € T3. Since T C B7g(x;) we count each lattice point x; at most C times and thus
conclude

/ IVoe@IPdz<C Y &7 f (el Ve (u, AP (X)) = CFe(@)(ue, A) < C. (33)
A exeeL(w)NA

By (32) and (33), the compactness theorem for GSBV (A, R™)-functions [7, Theorem 2.2] implies that, up to subse-
quences, v — u € GSBV (A, R™) in measure and by equiintegrability also in L!(A, R™). Moreover Vv, — Vu in
LP(A, Rmxd ) and from lower semicontinuity [7, Theorem 3.7] we deduce

/|Vu|” dz+ M (S, NA) < Climinf Fy () (e, A) + CHI"'(9A) <C.
£e—
A

Thus by definition u € GSBV?(A) which finishes the proof of compactness. In order to prove the lower bound, note
that the argument above shows that for any open set A’ CC A it holds that
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/HVMWdz+?ﬂ‘%&ﬂwy)5cnmgyfgwxu&Ax
E—>
A/

provided the right hand side is finite and u; — u in LY(D,R™). By the definition of F’(w) and the arbitrariness of A’
we obtain the desired estimate. [

As a next step we estimate F”(w) from above.

Lemma 5.7 (Upper bound). Let u € L' (D, R™). There exists a constant ¢ > 0 independent of @ and u such that for
all A € AR(D) withu e GSBVP(A,R™) it holds that

F"(w)(u, A) <c /|Vu|p dx + H4N(S, N A)
A

Proof. Take any ball By, such that D CC By. For the moment let us assume that u € SBV? (B, R™) is such that

(i) HN(SA\Su N BL) =0,
(ii) Sy is the intersection of By, with a finite number of pairwise disjoint (d—1)-simplices,
(iii) u € WE°(B\S,, R™) for all k € N.

We define an admissible sequence to bound F”(w)(u|p, A) setting

u(ex) ifex € BL\S,,
0 otherwise.

ug(ex) = {

Using the properties (ii) and (iii) from above it follows by Remark 2.3 that u; — u|p in L'(D,R™). To bound the
energy, consider first the case that ex € e£(w) N A is such that dist(ex, S,,) > 3Me. Then for all y € L(w) with
(x,y) € £(w) we have by Jensen’s inequality and the regularity of u that
p 1
)4
= /Vu(sx +se(y —x)(y—x)ds| <|y—x|? [ |Vu(ex +se(y — x))|? ds.
0 0

ug(ex) — ug(ey)
&

Integrating both sides over ¢C(x) we infer from Fubini’s theorem and Remark 2.3 the bound

1
| DN e [ [ a4 sey i ds
¢ eC(x) 0
1
<C //IVu(z+s8(y—x))|pdeZ+05 / |z —ex|Pdz
\cto 0 £Clx)
1
sc|[ [ vuredssde]. oY

0 e(Cx)+s(y—x))
where ¢, denotes the L>°-norm of D?u on By \S,. Here we used that by Remark 2.3 we have
t(ex +se(y — ) + (1 = 1)z +5e(y — x)) € Bane(ex) C BL\Sy, (35)

for all z € eC(x) and s, t € [0, 1], so that ¢, indeed provides Lipschitz estimates for Vu. Due to (14) we have f(p) <
Crliplli, so that (10), (34) and (35) imply
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/7 f (61Vu,e (u, AP (ex)) < C / IVu@)|P dz+ cie™? | . (36)
Bame (ex)
In order to control the contribution from the remaining lattice points, fix a set A’ € AR (R?) such that A cC A’.
Then, for ¢ small enough, Remark 2.3 yields the estimate
|(Su NA") + Byp (0)]
B

e {ex eeL(w)NA: dist(ex, S,) <3Me} <

Recall that S, is the intersection of B; with a finite union of pairwise disjoint (d—1)-simplices, so that S. N A’ admits
a (d — 1)-dimensional Minkowski content. Hence, letting & — 0, it holds that
. |(Su M A") + Bape (0)]
lim sup
S el By (0)]

where we used assumption (i) in the second identity. Since f is bounded, from (36) and the bound above we conclude
that

< CHI (S, N A =HIT (S, N A,

lim sup Fy (@) (ug, A) < limsup Z C / IVu()|? dz + cLe®™P | + CHN(S, NA)

e=0 20 execLwna gy, en

< C/IVu(z)I” dz + CHIN (S, NAT).
A/

Letting A’ | A in this estimate yields by definition of F”(w) that

F"()(up, A) < C/ IVu(z)|? dz + CH4™ (S, N A). (37)
A

From this estimate we can now prove the claim by density. First we assume that u € SBV?(A,R™) N L*(A,R™).
Due to the Lipschitz regularity of dA we can use a local reflection argument to extend u to a function u €
SBVP(Br,R™) N L®(B.,R™) such that H~! (S NdA) =0. By [33, Theorem 3.1] applied to the large set By, we
find a sequence u,, € SBV? (B, R™) fulfilling assumptions (i)-(iii) of the first part such that u,, — @ in L' (B, R™),
Vu, — Vii in L?(Br, R"*9) and limsup, H?~'(S,, N A) < HI1(S;) N A) = HI~(S, N A). From locality and
lower semicontinuity of F”(w)(-, A) and (37) we deduce

F"(u, A) = F"(ii|p, A) <liminf F" () (un|p, A) < c/ IVu(z)|? dz + CHII(S, N A).
n
A

It remains to remove the L>-bound. To this end, given any u € GSBVP(A,R™) N L'(D,R™), we consider the
truncated sequence Tru € SBVP (A, R™")NL*(A,R™). Then uy — u in L' (D, R™) and, as in the previous reasoning,
the claim follows by lower semicontinuity of F”(w)(-, A), Lemma 2.1 and the estimate established for bounded
functions. O

The following technical lemma establishes an almost subadditivity of the set function A — F” (w)(u, A).

Proposition 5.8 (Almost subadditivity). Let A, B € AR(D). Moreover let A’ € AR(D) be such that A’ CC A. Then,
forallue L'(D,R™),

F"(w)(u,A’UB) < F'(®)(u, A) + F"(w)(u, B).

Proof. We can assume that F”(u, A) and F”(u, B) are both finite. Since A’ U B € A(D), Lemma 5.4 allows us to
reduce the proof to the case u € L>°(D, R™). Let u,, v, € PCY both converge to u in LY(D,R™) such that
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limsup Fy(w)(ue, A) = F"(w)(u, A), limsup Fe(w)(ve, B) = F"(w)(u, B). (38)

e—0 e—0

By Lemma 5.4 we may assume that ||u¢]lco, [|Velloo < 3|l#]lc0, SO that both sequences actually converge to u in

LP(D,R™). Fix h <dist(A’, A°) and N e N. Fori =1, ..., N we define the sets

h
A= {xeA: dist(x,A’)<im}.

Let 0 < ®; <1 be a cut-off function between the sets'A,- and A;41, that means ®; =1 on A; and ®; =0on Rd\AiH.
We may assume that [|[VO; ||eo < 4TN. Then define w, € PCY by

wé(sx) =0;(ex)uc(ex) 4+ (1 — O;(ex))v.(ex).

Note that for fixed i € {1, ..., N} it holds that wé — uin L? (D, R™). We define the layer-like set
Si:={xe A'UB: dist(x, Aj+1\A;_1) < 3Me}.

Then by the definition of the localized functionals we can decompose F; (a))(wé, A’ U B) via

Fe(o)(w!, AU B) < Fe(0)(ue, A;) + Fe(0)(ve, B\Aj+1) + Fe(w)(wi, S
< Fe(0)(tte, A) + Fe(w)(ve, B) + Fe(w)(wl, SL). (39)

e e

We show that the last term is negligible. This will be done by averaging. Observe that

wi(ey) — wl(ex) = ©;(ey) (e (8y) — ug(ex)) + (1 — ©; (e9)) (Ve (ey) — ve (£x))
+ (@i (ey) — O;(x)) (e (x) — ve(£x))

forall x, y € L£(w). Applying the convexity inequality (a 4+ b+ ¢)? < 37~ (a” + bP 4 cP) and the mean value theorem
for ®;, we obtain for all (x, y) € £(w) the bound

5‘ wé(sy) — wé(ax) ‘P
&

ug(8y) — ug(€x)
£

ve(ey) — ve(ex) |P n (12M N)?

<3r-1
- ¢ & 3hP

p
‘ +3P71g

glug (ex) — ve(sx)|P.
Summing this estimate over all ey € e L(w) N Sé with (x, y) € £(w) we infer

161V,e Wi, SOIP (x) 11 < 377 |6 Vi e (e, SHIP (6x) 11 + 377 €] Vo e (ve, SHIP (ex) 1

+ CNPelug(ex) — vg(ex)|?. (40)

Note that for all A > 1 and x, y € R it holds that

min{Ax + y, 1} < Amin{x, 1} + min{y, 1}.
We combine this estimate with the bound (14) and the monotonicity of x — min{x, 1} to deduce from (40) that

e f (el Ve (Wi, SHIP (ex)) < Ce¥™ (2] Vi e (e, SHIP(ex)) + Ce™" f (] Vap,e (ve, S| (ex))

+ CNPeu,(ex) — ve(ex)|P.

Summing this inequality yields

Fe(@) (i, S5) <C(Fe(@) (e, SD) + Fe(@)(ve, SD) +CNP Y~ e%ue(ex) — ve(ex)|?.
exeeL(w)NSE

For & small enough we have Sé N Sg =@ for i — j| = 3. Moreover, Sé C AN B fori > 2 as well as Sé CcC Awitha
uniform distance to d A. Thus averaging the last inequality and applying (38) gives
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—ZFg(w)(ws, s)<%(Fg(w><us,A>+Fg<w><vg,B)>+CNP Py euc(ex) —ve(ex)|”

eC(x)CA
< S NP g = el
=N LP(D)
Since we have u; — v, — 0 also in L? (D, R™), the last term vanishes when ¢ — 0. Forevery ¢ > O leti, € {2, ..., N}
be such that
Fe(@) W, §) < +— ZFg(a»(wg, SH<— +CN1’ e = vell 1o ) (41)

and set w, := wés. Note that w, still converges to u strongly in L” (D, R™). Hence, using (38), (39) and (41), we
conclude that

F"(w)(u, A’ U B) <limsup Fy(w)(we, A’ U B) < F"(0)(u, A) + F" () (u, B) + g.
e—0

The claim follows by letting N — +oco. O
In the lemma below we state the last property that we need to prove Proposition 5.2.

Lemma 5.9 (Inner regularity). Let u € L'(D). Then for any A € AR(D) it holds that

F'(@)u,A)= sup F"(w)u,A).
ACCA

Proof. It suffices to prove one inequality since A — F”(w)(u, A) is monotone with respect to set inclusion. For k € N
define the set Ay = {x € A : dist(x, dA) > 27%}. Then for k large enough we have that Ay, A\A; € AR(D) (see [44,
Lemma 2.2]). We first treat the case u ¢ GSBVP? (A, R™) and prove that limsup, F”(w)(u, Ax) = +00. Assume by
contradiction that this sequence is bounded. Then, for each k we have u € GSBV? (A, R"™) by Lemma 5.6 and
thus u € GSBV (A, R™). Since the measure of the jump set and the L”-norm of the gradient in Ay are equibounded
with respect to k, we reach the contradiction u € GSBV? (A, R™). Now assume that u € GSBV? (A, R™). Note that
A= Ar,1 UA\Ay. Hence Lemma 5.7 and Proposition 5.8 imply

F'@)u, 4) = F' @), Ars2) +C (IVullf

2 i F RIS N (AAD)

< sup F'(o)u, A)+C(||W||”

d—1 —
AccA Lravap TR Su (A\Ak)))-

Letting k — 400 proves the claim since u € GSBVF (A, R™). O

Proof of Proposition 5.2. Given a sequence ¢ — 0T, by the compactness property of I'-convergence on separable
metric spaces (see [21, Proposition 1.42]) we find a subsequence ¢, such that

I-lim Fy, (@)(u, R) =: F(w)(u, R)

exists for every u € L'(D,R™) and all sets R € R, where R denotes the class of all subsets of D that are finite unions
of rectangles with rational vertices. Due to Lemma 5.9 and monotonicity, for every u € L'(D, R™) and A € AR(D)
we conclude that

I'-limsup Fg, (w)(u, A) < sup F(a))(u R) <T- hmmstn(a))(u A),
n ReER

so that we can define F(w)(u, A) := I'-lim, Fe, (u, A) also for all u € L'(D,R™) and A € AR(D). We extend
F(w)(u, ) to A(D) via its inner regular envelope

F(w)(u, A) :=sup{F(w)(u,A): A’ cc A, A’ e AR(D)}.
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By Lemma 5.9 this functional indeed extends F (w)(u, -). Next we need to slightly perturb the functional. Given n > 0,
forany u € SBVP(D,R™) and A € A(D) we define the auxiliary functional 7, : SBV? (D, R™) x A(D) — [0, 4+-00)
as

Fyu, A) = F(@)(u, A) + 1 / ut —u dH
SuNA

We argue that F,; satisfies the assumptions of [18, Theorem 1], that means,

(i) Fy(u,-) is the restriction to .A(D) of a Radon measure;
(ii) Fy,(u, A) = F,(v, A) whenever u = v a.e. on A € A(D);
(iii) Fy(-, A)is L'(D,R™)-lower semicontinuous;
(iv) there exists ¢ > 0 such that

1
- /|W|de+ /(1+|u+—u—|)de—1 < Fp(u, A)
A

SuNA

<ec /(1+|W|f’)+ /(1+|u+_u_|)de_1
A SuNA

(i): We verify the De Giorgi—Letta criterion (see [40, Theorem 1.62]). Clearly A — F;,(u, A) is a non-negative,
increasing and inner regular set function with F;(u, #) = 0. Moreover, discrete superadditivity on disjoint sets is
transfered from F; (w)(u, -) to F'(w)(u, -), which implies that F,, (u, AUB) > F; (u, A)+F,(u, B) whenever ANB =
@. In order to prove subadditivity, let A, B € A(D) and consider S CC A U B such that S € AX(D). Let us define the
set Ay = {x € A : dist(x, dA) > 2%} and similarly we define By. Then the family {A; U By} forms an open cover of
S. By compactness we find an index k¢ such that Sc Ay U By,. Next we regularize the sets Ay, Bak, and Asy,, Bag,
by standard methods to find further sets Ao, A1, By, B; € AR(D) such that S € AgU By and A9 CC A; CC A and
By CC By CC B. Then by Proposition 5.8

F(w)(u, §) < T-limsup F, (@) (u, Ag U Bo) < F(w)(u, A1) + F(w)(, B1) < F(@)(u, A) + F(0)(u, B).

Taking the supremum over such S yields the subadditivity of A +— F(w)(u, A). The corresponding property for the
perturbation term is straightforward. Thus the De Giorgi—Letta criterion applies and we infer that J;(u, -) is the trace
of a Borel measure. By Lemma 5.7 this measure is finite, so it is a Radon measure.

(i1)+(iii): The locality property follows from Lemma 5.5 and the definition of F(w) by inner approximation as
well as locality of the perturbation term. By the properties of I'-limits we know that F (@)(-, A) is LY (D, R™)-lower
semicontinuous and so is F(w)(-, A) as the supremum of lower semicontinuous functionals. L' (D, R™)-lower semi-
continuity of the perturbation term along sequences such that F(w)(u,, A) remains bounded follows from the bounds
established in Lemma 5.6 that still hold for F(w)(u, A). Indeed those bounds yield stronger compactness so that we
can combine [7, Theorems 2.2 and 3.7] to conclude lower semicontinuity. Hence F (-, A) is lower semicontinuous as
the sum of (finite) lower semicontinuous functionals.

(iv): The bounds follow from Lemmata 5.6 and 5.7, which still hold for F(w) in place of F (w), and the definition
of the perturbation term.

From [18, Theorem 1] and the fact that Fe(w)(u + z, A) = Fe(w)(u, A) for all z € R™ we deduce that F;, has the
representation

fn(u,A)z/h,,(x,Vu)dx+ / on(x,ut —u v, dHI! (42)
A S,NA

forallu € SBV?(D,R™) and A € A(D) with the integrands given by the asymptotic formulas
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1
hy(x0,&) =limsup — inf{F, (v, Qv (x0,0)) : v=E&(- — x¢) in a neighborhood of 3 0, (xo, 0)},
0—0 ©@

1
@y (xg,a,v) =lim sgp F inf{F, (v, Qv (x0,0)) : v= ui(;?v in a neighborhood of 3 Q, (x0, 0)}.
Q‘)

Hence, due to locality, for every u € L'(D, R™) and A € AR(D) such that u € SBV?(A,R™) we have

F-liman(a))(u,A)zF(w)(u,A):/hn(x,Vu)dx+ /(gon(x,u*—uivu)—n|u+—u*|)dﬂd*1.
A S.NA

It remains to prove the formulas for the integrands stated in Proposition 5.2. Note that the mapping 1 > ¢, (xo, a, v) is
increasing and non-negative on (0, +-00). Hence there exists the limit ¢ (xo, a, v) = lim; .o ¢, (xg, a, v). By the same
reasoning there exists i (xg, §) = limy,_¢ hy(x0, §), so that monotone convergence implies that

F(w)(u,A):/h(x,Vu)dx+ / e, ut —u, v, dHe!
A SuNA

for every A € AR(D) and every u € L'(D,R™) such that u € SBV?(A,R™). Since F(w)(u, A) < Fp(u, A), we
further know by the definition of m(w)(v, A) (cf. the statement of Proposition 5.2) that

limsupglidm(w)(ui(’)(,)uv Q\)(XOs Q)) S r}i_lz})(/)ﬂ(-x()a a, V) = (p(-x01 a, V)'

0—0
In order to show the reverse inequality, we note that Lemma 5.4 implies a very weak maximum principle for
F(w): there exists u, € SBV?(Q,(x0, 0), R™) admissible for the definition of m(w) (u,“c(’ﬂ,, 0, (x0, 0)) and satisfying
[4|loo < 3|al such that

0" F () (ug, Qv(x0,0)) < m@) %Y, 0y (x0.0)) +o.

Then clearly |qu - u;l <6lal for H4 1-ae. x € S, o+ With the lower bound of Lemma 5.6 we obtain

¢y (x0, a,v) < hmsgp@l“’(F(w)(ug, 0,(x0.0)) +6laln M~ (S, N Q0. 0)))
o—

<timsupo!™ (m(@) @i, Quxo, 0)) + ClalnF @) g, 0u(x0.0)))
o—

< (1+Clalm limsup o'~/ m (@) (uf;),. Qv (x0. 0))-
0—0
Since the term on the right hand side is finite, we conclude by taking the limit as n — 0. The proof of the formula for
h is the same except that we can choose u, even such that ||u,[|co < C|£]0, so that there is no need to let n — 0 at the
end. This finishes the proof of Proposition 5.2. O

5.2. Characterization of the bulk density

In this section we show that the function & given by Proposition 5.2 agrees with the density of the I'-limit of the
discrete functionals defined in (17).

Let us briefly explain the strategy: for both functionals F.(w) and E.(w) we consider recovery sequences for
affine functions instead of minimization problems with affine boundary conditions since this approach shortens the
proof. Our aim is to modify those sequences on a small set such that |||V, ¢(us, A)|7]|1 is equiintegrable because
at that level F,(w) and E;(w) become comparable. It is well-known that if a sequence is bounded in WLP, then up
to a subsequence one can modify it on a set whose measure goes to zero in such a way that the gradients become
p-equiintegrable (see [41, Lemma 1.2]). This is usually achieved via an abstract Lipschitz-extension on the set where
the maximal function of the norm of the gradient is very large. Indeed, this classical strategy goes back at least to [1].
To control the size of the set where the function is modified, one estimates the maximal function by the gradient itself,
which is possible only for p > 1. In our case no a priori L”-bounds on the gradient are available. However, in [48] the
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modification procedure was extended to BV -sequences with vanishing singular part. In our setting the basic idea is
the following observation: on a ball of radius o the energy of a recovery sequence can be trivially bounded by ~ o?.
Morally speaking, this shows that the set where no L”-bounds are available is relatively small with a quantitative
rate in . In suitable diagonal regimes of o and ¢ this can be exploited to still perform a modification on small sets
which makes the gradients equiintegrable. However, we emphasize that we have to transfer these ideas to the discrete
environment.

The analysis splits into three different parts. As a first step, we argue that affine functions indeed fully characterize
the function / and establish the framework for the diagonal argument on small balls B, (xp). Then we introduce the
notion of discrete maximal functions on stochastic lattices and prove the doubling property of the counting measure
as well as a Poincaré inequality. Those properties allow to perform modifications on small sets by abstract Lipschitz
extensions. Finally, with these tools at hand, we can carefully modify recovery sequences on smaller and smaller balls
to conclude by a blow-up argument.

Although it is just a technical detail, we first prove that / is a Carathéodory function, which is necessary to conclude
its quasiconvexity.

Lemma 5.10. Let h : D x R"*? — [0, 400) be given by Proposition 5.2. Then, for every & € R"*? the map x
h(x, &) is measurable and, for every x € D, the map & — h(x, £) is continuous.

Proof. Denoting by u,, ¢ the affine function u,, ¢ (x) = &(x — xo), the function x > h;(x, §) defined in the proof of
Proposition 5.2 is the Radon-Nikodym derivative of the measure J;,(ux,.¢, -) with respect to the Lebesgue-measure.
Hence it is measurable and so is x — h(x, §) as the pointwise limit. In order to prove continuity in &, let us write
Qo = 0v(x0,0) and fix &1, & € R™*4 and 5 > 0. Consider a smooth function 0 < ® < 1 such that ® = 1 on Qo

and supp(®) C Q(14n)o satistying in addition ||VO||» < Q%}. Given uy; € SBV?(Q,, R™) such that u| = u,, ¢ ina
neighborhood of 9 Q, (extended to the whole space) we define uy € SBV?(Q (14290, R™) by

ur = Oui + (1 — @)um,gz.
Then HI=1(Sy, N (Q(142i0\ Qo)) = 0 and us = uy, ¢, in a neighborhood of d Q(1+24)0- Hence by Lemma 5.7

m(w)(Uxy,g, O(1+2n)0) _ F(w)(uz, Q+2n)0) - F(w)(ui, Qp) +Cod / Vo |? dz

((@+2n® = ! S _
Q(1+21’})Q\QQ
F(o)(u1, Qo) d o’

e Lo +2pt—1 r P —&|7).

s T e =D (Gl el + e - el

Since u1 was arbitrary, by the definition of 4 we obtain for fixed 0 < n < % the inequality

h(xg,&2) =limsup m (@) (g 5y Q(lfn)@)
0—0 (1 +2n)o)

Exchanging the roles of &1 and &;, for any 0 < n < % we infer

1
< (o, &) + C((al” + 18217 + 11— &I7).

1
(0. &) — hixo, £2] = Cn((I&11” +1&217) + — 161 — &aI”).
n

This estimate implies continuity since the right hand side can be made arbitrarily small on bounded sets by first
adjusting n and then the difference |£] — &|. O

In the next lemma we prove that / is determined by the behavior of F(w)(ux,e, By (x0)) for ¢ — 0.

Lemma 5.11. Let ¢;,, and F(w) be as in Proposition 5.2. Then there exists a null set N C D such that for every
xo0 € D\N and all £ € R™*? it holds that

| By | (x0, &) = Qlig})e‘dF(wxum,s, By (x0)),

where uy, ¢ denotes the affine function x — &(x — xp).
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Proof. It follows from the definition of F(w) that

0™ F(@)(uxy £, Bo(x0)) = | B ][ h(z,§)dz.
By (x0)

Due to Lebesgue’s differentiation theorem there exists a null set N C D such that for any xo € D\ N¢ we have
|Bilh(x0, &) Z(Slig})Q_dF(w)(Mxo,g, By (x0))- (43)

It remains to show that the null sets can be chosen independent of £. To this end, observe that the restriction of
F(w) to WP (D, R™) is L' (D, R™)-lower semicontinuous. Using the defining formula provided by Proposition 5.2
and testing an affine function, by Lemma 5.7 we find that 0 < h(xg, &) < C|&|? and Lemma 5.10 yields that % is a
Carathéodory-function. Hence by standard results (see [34, Theorem 1.13]) there exists a null set N C D such that for
every x € D\N’ the function & — h(x, &) is quasiconvex on R”*¢ and therefore locally Lipschitz continuous. More-
over the Lipschitz constant is uniformly bounded on compact sets. Let us define the null set N = N' U U%—Emed Ng.
Then for any xo € D\N it holds that & (xg, &) = lim, h(xo, &,), where Q"*¢ 5 &, — £. On the other hand, whenever
&, — &, then without loss of generality sup,, |£,| < (|| 4+ 1) and by the uniform local Lipschitz continuity we obtain

][ |h(x, &) — h(x,§)]dx < Cgl§ — &al.
Bg(x())

Thus, for xo € D\N we can pass to the limit in n on both sides in (43) finishing the proof. O

Motivated by the previous lemma we analyze the limit functional F(w)(ux,.e, Bo(x0)) by studying recovery se-
quences for the affine function uy, . As explained at the beginning of this subsection, we have to localize the analysis
to small balls B, (xo) and consider diagonal sequences (g,, 0). Therefore we need the auxiliary result below, which is
an immediate consequence of a change of variables. We omit its proof.

Lemma 5.12. Let &, and E(w) be as in Theorem 3.1. For ¢ > 0 and xo € D such that B,(xo) C D, define the
Sfunctional G, ,(xo, ®) : LP (B, R™) — [0, +00] to be finite only for u : %"(ﬁ(a)) — ’;—‘l)) — R™ with value

g_,,)d‘u(%‘X) —u(2y) r

Gerolio- )@= 35 (7 =

@.y)e€@) -3
én y En
o %o YeB

Then G, o(x0, @) I'(LP(By, R™))-converges to the functional E,(xg, w) : L? (B, R™) — [0, +-00] with domain
WP (B, R™), where it is given by

E,(x0, w)(u) = /q(xo + oy, Vu(y))dy.
By

In order to use diagonal sequences of the functionals G, ,(xo, w), we first identify the I'-limit of the functionals
Ey(xo, w)(u, A) when ¢ — 0. This is already contained in [43, Lemma 2.1] for scalar problems. Here we provide a
short proof in the vectorial case. We essentially follow the lines of [35, Theorem 5.14] up to some necessary modifi-
cations.

Lemma 5.13 (Blow-up by I'-convergence). Let E,(xo, w) be a functional as in Lemma 5.12. Then there exists a null
set N C D such that for all xo € D\N it holds that

/Q(XO, Vu(y))dy ifueWhP(B,R™),
By
+00 otherwise.

P(LP(B1. R™)- lim Eq(xo, )(u) =
Q*)
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Proof. By coercivity, the I'-liminf can be finite only on WLP(B;,R™). Let N C D be the null set where the func-
tion £ — ¢(x, &) is not quasiconvex or does not fulfill the bound %ISIP —C<q(x,&) <C(&|” 4+ 1). We redefine
q(x, &) =|&|? for all x € N’ not changing the functional E,(xo, ). Then, according to [34, Proposition 2.32], there
exists a constant C; such that

lq(x, ) —q(x, OI < Cu(1+ P+ 1¢1P7HIE —¢| (44)

Rmxd

for all x € D and all &, ¢ € R™*?. Moreover, by Lebesgue’s differentiation theorem, for every & € there exists

a null set Ng such that for every xg € D\ N¢ we have

hm][|q<xo+ey £~ g(x0.£)]dy = lim ][ 14z &) — q(x0.£)] dz =0. 4s)

B o (X0)

Set N=N'U Usemed Ne, fix xo € D\N and consider a sequence ¢; — 0. We first prove that, along a suitable
subsequence, for each £ € R"*¢ the functions y > qj(y,§)=q(xo+0;y,&) converge a.e. on By to g(xo, §). Indeed,
due to (45) the convergence holds true in LY(By) for every & € Q’”Xd. Thus we find a (§-dependent) subsequence
such that g, (-, &) — q(xo, &) a.e. on By. Enumerating the § € Q™*4 we can ensure that the subsequences are nested.
Then, by a diagonal argument, we find a common subsequence ji such that g, (-, &) — ¢(xo, &) a.e. on By for every
£ € Q<4 Using (44) we can extend the convergence to all £ € R"*¢,

We now prove the I'-convergence along this subsequence. By dominated convergence the existence of a recovery
sequence is provided through the pointwise limit. In order to prove the lower bound, we can assume that u ; — u in
L?(By,R™) and that u ; is bounded in wlr (B1,R™). By [41, Lemma 1.2] there exists a subsequence (not relabeled)
and another sequence z; € WP (B, R™) such that |Vz ;1P is equiintegrable and

lir_n|{zj7éuj oerj;éVujH:O. (46)
J

Note that the above property implies that z; is also bounded in WLP (B, R™). Otherw1se along a subsequence,

w = —— converges in 1, 0 a non-zero constan u e sequence v; = —~-— converges to 0 stron
”Z”p g whr (B, R™) t tant, but the seq = Hzllp ges to 0 strongly

in W-P(B;, R™). This contradicts (46) which remains valid for w ; and v;. Thus we deduce from (46) that z; — u in
WLP(B;, R™). Moreover, equiintegrability of |[Vz;|?, the bound 0 < g(x,&) < C(|§|” + 1) and (46) imply that

liminf Eq, (x0, ®)(u;) = liminf Eg, (xo, 0)(z;)- A7)
J J ’

Next, for any § > 0 we find again by equiintegrability and the upper bound on g a number 15 > 0 such that for any
measurable set G C B with |G| < ns it holds that

Sup/q(m, Vzj(y)dy <. (43)
J
G

Hence let us choose t5 > 0 such that sup; {IVz;| > ts}] <ns and set Ks = Cy(1 + 2t8p_1) with C; given by (44). By
a compactness argument we find &1, ..., &y € R™*4 such that |&;| < 15 and

(g eR™: |s|<ts}cU{seRmxd € — sl|<—}

i=1

Due to Egorov’s theorem there exists a set G C By with |G| < ns such that the sequences g (y, &) converge uniformly
to g (xo, &) on B1\G. Hence there exists js € N such that for all j > js, alli and all y € B;\G we have |q;(y,&;) —
q(x0, &;)| < 6. Using (44) and the triangle inequality we obtain

g (v, §) —q(x0.8)| =2C,(1 +2t§’_l)miin|5i —&l+8=38

forall y € B{\G, all £ € R"™*¢ with |£| <15 and all j > js. Since g(x, &) > 0, we infer that for those j
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Eg; (x0, 0)(zj) = / q;(y,Vz;(y))dy > / q(x0, Vz;(y))dy —3|B1d
{IVzj|<ts}\G {IVz|<ts\G

z/q(xo,Vz,-<y>>dy—(3|Bl|+2)a,
B

where we used (48) and the definition of 75. By quasiconvexity and the growth conditions on ¢ the last term is lower
semicontinuous with respect to weak convergence in W7 (B, R™). Hence (47) implies

liminf Ey; (x0, w)(uj) > /q(xo, Vu(y))dy — Cs.
J
By

By the arbitrariness of § we obtain the lower bound. Since the limit functional is independent of any subsequence, we
established the full I'-convergence result. O

Remark 5.14. Taking the same null set N C D as in Lemma 5.13, the convergence (45) holds for all xo € D\N and
all £ € R? again by (44).

Now we are almost in a position to use a diagonal sequence to recover the function g (xo, £). However, in general
there exists no metric characterizing the I"-convergence when equicoercivity fails, so that diagonal arguments are not
always available. Therefore we provide an explicit construction similar to [37] in the appendix. With this metric at
hand we can derive the following result.

Lemma 5.15. Under the assumptions of Lemma 5.12, let xg € D\N where N is given by Lemma 5.13. For every @
there exists (o) > 0 such that whenever we chose &,(p) < £(0) it holds that

/CI(XO, Vu(y)dy ifueW'P(B;,R™),
B :
+00 otherwise.

F(LP(B] ’ Rm))—gi% Gsn(g),g(XOa a))(u) =

Proof. This result is an immediate consequence of Lemma A.1 and Remark A.2, which allow to combine Lemma 5.13
and a diagonal argument with respect to the metric 0 constructed in the appendix. O

We now come to the second part and derive Lipschitz-estimates from bounds on the gradient’s discrete maximal
function. For the remainder of this subsection it will be convenient to view a stochastic lattice also as an undirected
graph G = (L(w), B(w)) with edges B(w) = E(w) U {(y,x) € L(w)?: (x,y) € E(w)}. We say that P is a path of
length n if P = {xg,...,x,} with (x;_1,x;) € B(w) for all i = 1,...,n. Given x, y € L(w), we define the graph
distance as

dg(x, y) = inf{length of a path P such that x, y € P}.

We denote by Bg(x,n) ={y € L(w) : dg(x, y) < n} the closed ball with radius n with respect to the graph metric. In
the next lemma we establish a doubling property of the counting measure and a weak Poincaré inequality that allow us
to relate Lipschitz continuity to discrete maximal functions of gradients. Given ¢ > 0 and u : eL(w) — R we define
the length of its edge gradient |V, cu|: eL(w) — R by

3 u(ex) —u(ey)

|Veeul(ex) =
&

49)
(x.y)€B()

Note that in the above definition we take into account the undirected edges e € B(w) (hence the subscript).

Lemma 5.16. Let G = (L(w), B(w)) be a graph associated to an admissible stochastic lattice. Then there exists a
constant C = C(r, R, M) > 0 such that for all x € L(w), n > 0 and u : L(w) — R™ it holds that
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(i) #Bg(x,2n) < C#Bg(x,n),
(ii)
Yo ) —usgeapl <Cn > Veaul(y),
YEBG (x,n) Y€BG (x,Cn)

where the average u g (x,y) is defined as

1
UBG(x,p) = = u(y).
o #Bg (x, m) yeﬁg(;c )

Remark 5.17. Given 1 > 0 and a scalar function v : e£(w) — R we define the maximal function /\/l;v ceL(w) > R
as

1
MEv(ex) = sup (W 3 |v(8y)|>. (50)

O<s<n yeBg(x. )
Then, assuming the doubling property, the Poincaré inequality is equivalent to the estimate

u(ex) —u(ey)

- =T 1) (M, o) [VeeulEex) + ME 19, cul(en) (51)

Cedg(x,y)

where C is a constant independent of u : ¢ £(w) — R™ and x, y € L(w). For &, m = 1 this fact can be found in a much
more general context in [46, Lemma 5.15]. For ¢ > 0 and m = 1 it follows by applying the inequality to v : L(w) — R
defined as v(x) = e~ 'u(ex) upon noticing that M,17|Ve,1v|(x) = M, IVe,cul(ex). In particular the constant C is
independent of . For m > 2 the inequality remains true arguing for each component and increasing the constant C by
at most a factor of m.

Proof of Lemma 5.16. (i): We may assume that 1 > % Our aim is to compare the graph-metric with the Euclidean

one. Given x, y € L(w) and an optimal path P = {xo = x, x1, ..., X, = y}, by (8) we have
dg(x,y)
x—yl< D i —xil < Mdg(x, y). (52)

i=1
On the other hand, it follows from (9) and Lemma 5.1 that
dg(x,y) < Crrlx —yl. (53)
Using again Remark 2.3 and (52), for n > % we deduce that
#BG (x, 21) < #(L(®) N Bayy(x)) < By~ [ Bany (),
while due to (53) for any ¢ > 0 it holds that
|Bo(x)| < |Br(O)[#(L(w) N Bap(x)) < [Br(0)|#Bg (x, 2Cy rO). (54)

The claim now follows from the scaling properties of the Lebesgue measure by choosing o = ﬁ
(ii): We can assume that > 1. Due to the triangle inequality we have

D lu(y) —up - > ) —u) (55)
Gl = #BG (x, 1) .

yeBgG (x,n) y,2€Bg (x,n)

Fix y, z € Bg(x, n) and consider the path P(y, z) = {xo =y, x1, ..., x, =z} given by Lemma 5.1. Then

u(y) —u(@) <Y luxio1) — u(x)l. (56)

i=1

The triangle inequality, Lemma 5.1 and (52) imply that for all x; € P(y, z)
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dg(xi,x) <dg(xi, y) +dg(y,x) <#P(y,2) +n < C.rly —zl +1n
<SG r(ly—x[+1x—=zD+n=<C2CMCyg + )n.
Setting C = 2MC,. g + 1, we deduce that P(y,z) C Bg(x, Cn). Conversely, given an edge (x/,y’) € B(w) with
x',y" € Bg(x, Cn), we denote by
NG, y)=#{(y,2) € B(x,n) x Bg(x,n): x',y' C P(y,2)}

the number of pairs (y, z) such that this edge is contained in the path given by Lemma 5.1. As a consequence of (54),
(55), (56) and (9) we have

1
Y ) —upgenl S o ) NGl —u()]
#Bo(r,m) 4
yeBg(x,n) @',y eB(w)

x',y'eBg(x,Cn)

N/, y')

<C sup —a Z |Ve,114|()’)- (57)
(x',y")eB(w) n yeBg (x,Cn)

x',y'€Bg(x,Cn)

It remains to prove a suitable upper bound for N (x’, y). Since x’, y’ € Bg(x, Cn), it follows by (52) that x’, y" €
Buycy(x) and therefore

N, y) =#{(3,2) € Bamen(x) x Bayey (') 1 X',y C P(y, )},

where we used that C > 1. Consider then the boundary-like set I' = {b € L(w) : C(b) N dBapcy(x") # B} and for
each b € T" let us define the cylinder-type set

Zb,xY={a+1(x'—b): A €][0,2], a € Bgr(b)}.

For the moment fix any y, z € Baycy(x') such that x’, y" € P(y, z). By Lemma 5.1 there exists a point x € co(y, z)
such that |x, — x’| < 2R. Without loss of generality we assume that |y — x| < |z — x| and denote by p the unique
point p € {x'+A(z—x"): A >0}N3Bapycy(x’). Then we find b € I" with |p — b| < R. We argue that y, z € Z(b, x').
For z this follows upon writing z = p + A, (x’ — p) with A, € [0, 1] and choosing a = A,b + (1 — A;)p and A = A in
the definition of Z (b, x’). Regarding y, recall that we assume |y — x| < |z — x|, so that for some Ay €[1,2] we can
write

y=z+Ay(xs —2)=p+ )\z(x, —p)+Ay(xe—p— )‘z(x/ = Pp))-
Setting A = A, + A, — A;A, € [0, 2] and using the ansatz a = b + £ in the definition of Z(b, x), we find

E=(p—-b(~- Ay) + Ay (X — x/)»

so that || < 5R and therefore y € Z(b, x") as well. Thus we have proven that
2
N,y < 2(#F)(sup#(£(a)) nZ@, x’))) . (58)
bel

Now we use again Remark 2.3 combined with a covering argument and the fact that n > 1 to find

#T < By )" (IBawcy+ ()| = | Baweq—r (1) = C(@MCn+ R — @My — ) < cn =,
With the same technique we obtain the bound

#(L@) N Z(b.x)) <2|B;5©0)]7' 14R)! (1" —b| + TR) < C1.

Combining the last two estimates with (57) and (58) we conclude the proof. O

The next lemma is a discrete analogue of [41, Lemma 1.2].
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Lemma 5.18. Let G = (L(w), B(w)) be admissible, let xo € RY, . > 0 and set k =3 + 6CC,. g M with C and C, g
given by (51) and Lemma 5.1, respectively. If € |, 0 and u, : e L(w) — R™ is a sequence such that

sup Z 5d|ve,sus|p(8x) <C,
>0 exee L(0)NBy, (x0)

then there exists a subsequence ¢; and a sequence wj : €;L(w) — R™ such that |V, ., w;|P is equiintegrable on
By, (x¢) and moreover

1i/rne;?#{ejx € &;L(w) N By (x0) : ug; #wj one;Bg(x, 1)} =

Proof. Define a function V; : e L(w) — [0, +00) by

Ve (ex) {we,gua(sx) if ex € By, (x0),
otherwise.

By piecewise constant interpolation on the Voronoi cells {eC(x)} of e L(w) we can view V, as an element of L” (R9).
From our assumption we deduce that

Vel o, <C Y &l Vesuel”(ex) < C.
exee L(w)NBg, (x0)

Hence the sequence V; is bounded in L?(R4). We claim that ME_V; is also bounded in LP(RY), where ME Ve is
the discrete maximal function of V, defined in (50). To this end, we show that it can be pointwise controlled by the
standard Hardy-Littlewood maximal function. Indeed, by (52), (54) and Remark 2.3, for any function v : eL(w) — R
we can estimate

e 1 d
C 1
S“p<|B< 51 / '”“”dz)fcf’,‘i’é(W / '”(Z)'dz)'
B3y (ex) By (ex)

Thus boundedness of the Hardy—Littlewood maximal function operator on L”(R%) (see [40, Theorem 2.91]) implies
that

IMEVell] <ClIVel} =C. (59)

LP(Rd) — LP(Rd) —

For [ > 0 we introduce the scalar truncation operator §; : R — R given by §;(x) = min{/, |x|}ﬁ (with §;(0) = 0).
Applying [40, Lemma 2.31], we know that there ex1sts a subsequence ¢; and an increasing sequence of positive
integers l P _ 400 such that the sequence 811) o (|M VS/ |P) = (61 o |MOOV5, |) is equiintegrable on R?. Define the
sets

R :={x € L(®): MVs,(ejx) <1},
R = U Bg(x,1).

xeR_’,.
Note that R} C R;. By Remark 2.3 and (59) we have
C

eH(L(@)\R)) < eI#(L)\R) < — 7 /|M8f Ve, @I dz < 5. (60)
J

Next we bound /\/liéJ ng on the set R;. Given y € Bg(x, 1) with x € R}, for n > 2¢; it holds that

2
B(;(x,L)CBG<x,l—1)CBG<y,i>CBG(x,l—i—l)CBG(x,—n).
2£j 8]' 8]' 8j 8]'
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Hence applying twice the doubling property proven in Lemma 5.16 (i) we conclude that

1

su _— Ve.(ei)|) <C MLV, (e:x <Cl;.
77222,4<#BG()’,8%) Z ls’(/)|) ( 008’(1)> /

zeBc(y,%)

If n < 2¢;, then by Remark 2.3 and (8) we still have the inequality and inclusion

1 U U

—#Bg(x,2) <#Bg |y, — and Bg|y,— ) C Bg(x,?2),

C €] gj
so that for y € R; we obtain the estimate

MLV, (ey) < Clj. (61)
Next we want to use (51) and Kirszbraun’s extension theorem on ¢ ; L(w) N B3, (xp). To this end, note that by (52) and
(53),forallx,y e R; N E;Ing(xo) and z € Bg (y, Cdg(x, y)), it holds that

lejz —x0l <3h+ejlz—y| <3r+¢e;MCdg(x,y) <31+ 6AMCC, g =kh.

Since Ve, agrees with |Ve,£j u£j| on &;L(w) N By, (xp), it follows from (61) that for £y € &; R; N B3, (xp) we have
the estimate
€j

fgjdc(x’y)|ve,s_,'u€_,~|(8jy) ZM& Vej (ejy) < Miévej- (ejy) < Clj.

Cejdg(x,y)

Combining (51) and Kirszbraun’s extension theorem we find Lipschitz-functions w; : &; £L(w) — R™ that agree with
Ug; ON the set £; R; N B3 (xp) and with Lipschitz constant bounded by C/; (up to enlarging C due to (53)). We claim
that |V, ¢, w;|? is equiintegrable on By, (xo). To verify this assertion, we observe that for j = j (1) large enough, by
the definition of R; we have that |Ve’£j wj|= |Ve’gju8j| on f-:jR} N Bs;,/2(x0). Hence for g;x € ¢; R} N Bsy2(x0) we
deduce

Ve, w17 (6,2) = Voo ue, 1P (6)3) = Vi, (017 < IMELVe, (8,017 = (81, 0 IMEL Ve, 1) (e,
while on ¢ (C(w)\R}) the bound on the Lipschitz constant implies

|Ve,e,wil? (8x) < CIY = C(81; 0 M Ve, 1) (e%).
Hence equiintegrability on By (x¢) transfers from (81/. o |/\/lf,é Ve, |)p 10 [ Ve e w; |”. Finally, note that

{ejx €8, £(@) N Bo(x0) : e, #wj on e B (v, D} C e (L@\R).

so that the second claim of the lemma follows from (60). O
Now we are finally in a position to compare the two discrete functionals F.(w) and E;(®).

Proposition 5.19 (Separation of bulk effects). Let €, and F(w) be as in Proposition 5.2. Then for a.e. xo € D and
every & € R"™*4 it holds that

|Bi|h(x0,&) = QliLI%)Q_dF(w)(uxo,s, By (x0)) = |Bilg(xo, &),
where q is an (equivalent) integrand given by the I'-limit of E¢, (w)(-, D), which in particular exists.

Proof. The first equality follows from Lemma 5.11, so we turn to the proof of the second one. We apply Theorem 3.1,
so that, passing to a further subsequence (not relabeled), we may assume that E,, (w) I'-converges to some integral
functional E(w) with density g (x, &). Let us fix xo € D satisfying the first equality and such that Lemmata 5.13 and
5.15 hold. Choose 0 < go < 1 such that By, (xo) C D. Lemma 5.4 yields a sequence u,, € PC;‘; that is equibounded

in L2 (R4, R™), Ug, = Uyy e in L7 (D, R™) and
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gliino Fe, (0)(ug,, By, (x0)) = F(w)(txy, £, By, (X0))-

Now consider 0 < ¢ < 0. By discrete superadditivity and I'-convergence on AR (D) we find that

limsup Fe, () (ue,, Bp(x0)) < 8“2‘0 Fg, () (ug,, Bgy(x0)) — liminf F, (w)(us, , By, (x0)\ By (x0))

en—0 g —0

< F(@)(uxy.g, Boy(x0)) — F (@) (uxy,g, By (x0)\ By (x0))

= F(w)(uxy,&, Bo(x0)), (62)
where in the last equality we used that the limit energy of u,, ¢ does not concentrate on 9B, (xp). (62) shows that u,,
is also a recovery sequence on each B, (xp) for 0 < ¢ < @o. Next we introduce a constant whose value will become
clear later in the proof (cf. the constant k in Lemma 5.18). Choose k satisfying

3+6CCrxM + £ <k,

where C and C, g are given by (51) and Lemma 5.1, respectively. Since |uy, | < |§]o on By (xp), Lemma 5.4 implies
that the truncated functions Tj,u,, also yield a recovery sequence on B, (xo). Now consider a sequence ¢; — 0. For

any ¢ =0; € (0, (3Mk*)~ o) we choose €0 = En(o) = min{gﬁ , 0%} non-decreasing in o, satisfying Lemma 5.15
and such that

Fep (@) (Tiqlte, . B3pizg(x0)) < CIE|P0%,
][ |Tkgusg — Uxy,& |Pdx < Qp+1- (63)
By (x0)

Note that the first estimate is realizable due to Lemma 5.4 and the fact that u,, is a recovery sequence also on
B2 0 (xp). Finally, we can also require that

lim o™ F () 1t29,6. Bo (x0)) = lim 0™ Fr, (@) (Tgtte,  Bo(x0)). (64)

Our analysis relies on several modifications of the sequence Tyou., and a rescaling to Bj.

Step 1 Construction of Lipschitz competitors
The following argument is well-known for continuum functionals and we adapt it carefully to the discrete setting.
Let us set vy : L(w) — R™ as vy (x) = 851 Tyotts, (g0x). Then, for given A > 0, we define the sets

Ré\ ={xeLlwn 8g]BkQ(xO) : M}{zgsgl [Ve 100l (x) < A},
A
Sp = {x € L(®) : |Ve,100](x) = E}’

where /\/l,l7 denotes the discrete maximal function operator defined in (50) and the norm of the discrete gradient is
given by the formula (49). First we estimate the cardinality of (L(w) N 89’1 Byo (xo))\RZ)\. To this end, note that for
every x € (L(w) N 85131@ (xo))\Ré‘ there exists a number 0 < n, < kzgag_l such that

A#BG () < Y [Veavgl(y) =: [Vivgl (BG (x, 1y)).
YEBG (x,1x)

Applying Vitali’s covering lemma on separable metric spaces we find a (finite) collection of disjoint balls Bg(x;, n;)
with x; € (L(w) N sngkg (xo))\Ré‘ satisfying the above inequality and

(L) Ney " Bro(xo)\Ry € | Bo(xi, 5ni).

1

Since the balls are disjoint we conclude that

AU om0 < 910l Botar ) = 9ol Botws o 057) + %#(LiJBGm, m).
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where we used the definition of Sé\ in the last estimate. Rearranging terms we obtain
2
#(UBo i) < <1910l (U Bo im0 53). (65)
i i

To reduce notation, for x € L(w) we set Ny = {y € L(w) : (x, y) € B(w)}. Moreover define
Jo=1{x € L(w): &g|Ve,10,]" (x) = 1}.

Note that for any x € J, there exists a point y € Ny with &,|v,(x) — vo(3)|? > ﬁ Hence the growth condition (14)
implies the inequality

1= C( (el Var1 (0 RDIP(0) + £ (21 Vio1 (0, R (1)) (66)

In order to control the location of such y, observe that by (52) we have B (x;, n;) C By, (x;), which in turn implies
(for M > 1) that

U U Necey' By, (xo). (67)
i x€BG(xi,ni)
Here we also used (8) and that M kzg > Me,. Next we sum the estimate (66) over x. Note that due to (10) every term
can appear at most M + 1 times. By the definition of v, we obtain

eq™'#( | Bo (i) N 70) = CFey(@)(Tigite,, Byypiag (0)) = CIE 1o,
i

where we applied the first bound in (63). By truncation we further know that |V, 1v,[(x) < ngle for all x € L(w),
so that

Vivol(lUJ Bo im0 %) < cw(%)dg. (68)

In order to estimate the remaining contributions in the right hand side of (65) we use Holder’s inequality in the form

p—1
P

1
|V1UQ|(UBG(xi,77i)mSé\\jQ) §#<UB(;(xi,7)i)ﬁSé\\jg) ( Z |Ve,1UQ|p(X)>p, (69)
i i XEU,v BG(XiJIi)\jg

In the last term we have to pass from the undirected gradient to the directed version: for x ¢ J, and y € N, it holds
that £, |vo(x) — v, (¥)|? < 1. Hence we infer from the bound (14) that for x € Ui Bg (xi, i)\ T,

C
Ve 101 (1) <C 3 0o () = vp)I” = — 3 minfeo|vg(x) = vo(»)I”, 1}

yEN; € yeN,
E -1 b4 -1 P
=2 Z S €0V, 1(Vg, 85" Bapi2o (X017 (X)) + f(€0| Ve, 1(vg, €5 B3prp2o(X0)) 17 (1)),
o
YENK

where we used again (67). We sum this estimate and by (10) each term is counted at most 2M times. Thus in combi-
nation with the first estimate in (63) we have

1 _d 7 5
(X Vawl’ ) =Cep " (Fey @) (Tue,. Biyiag o)) = () Clél. 7
xel; Bo (xi,ni\Tp i

Combining this estimate with (69) leads to

9ol (U Ba st ) 1 59\, ) = €#(1 Bo i 0 ) T (§)%|é|.

e

In order to bound the cardinality term, note that by the definition of S é\ and (70) it holds that
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H(Usswmnsiz)(3) s X Fawrw=cer(2)”

xelJ; B (xi.ni)\Jp ¢
Plugging this estimate into the previous one yields
_ 0\4
Vvl (U Bati ) 0 $8\%e ) < €A 7igl? () an
; 0
1

Applying trice the doubling property of Lemma 5.16 and combining (65), (68) and (71) we infer that
-1 A oNt -
H(L@ Ny Boon\&y) = #(U Boti.sm) = c#({ Boti.m) = Cler (Z) (ea™! +477).
l l
We choose A = A, as AP~1 = p~1 5o that the last inequality can be written as
_ A o\ _
#((L(@) Ny Bro(o)\Ry*) = ClEN () A, (72)
0

With this choice of A,, we now construct the Lipschitz competitor. First observe that for any x, y € L(w) N eQ’l Bio(x0)
the definition of k yields

Cdg(x,y) < CCrrlx — y| <2C Cprhoe, ' < ke, ",
so that (51) and (53) imply for any x, y € RZ;\ ¢ the Lipschitz estimate
g (x) = V(M| <2C Cr rAglx — y| < kAglx — yl.
Using Kirszbraun’s extension theorem we find a Lipschitz function 9, : £(w) — R” with Lipschitz constant kA, that

. A . . .. ~
agrees with v, on R, ?. Moreover, by truncation via the operator T - ko We can additionally assume that ||V, |lco <
P
9¢, 'ko.

Step 2 From Lipschitz continuity to equiintegrability of discrete gradients
It will be convenient to rescale the function v, constructed in the first step onto Bj. First we introduce some
notation. We set 0, = %" and L(w), 1= L(w) — if—g. For any x € L(w), we further denote by N, , = Nx+§_2 — z—z the

set of adjacent points in the undirected shifted graph. In the notation for the discrete gradients we will replace e by eg
and w by wy, respectively. Define u€ : 0, L(w), — R™ via

u®(opx) = 0,0, <x + x_()) .
g

0
By the properties of 9, established in the first step, the function u¢ satisfies

() [lu®lloo < 9k;
(ii) [u®(opx) —u® (oY)l <kAgyo,|x —y|forall x,y € L(w),;

(iil) u@(0px) = 0pvp(x + j—g) = Q_lTkngg(SQx + xo) for all x € R:,\Q — 0.

We aim at applying Lemma 5.18 with xo = 0, A = 1 and the vanishing sequence o, (note that the shift of the graph
preserves admissibility). Due to (ii) we have the bound IVeo.0, ul|P(opx) < CAZ . In combination with (iii) and a
change of variables we derive the bound

d d
§ Oy |Veo,ag”Q|P(0Qx) + § Oy |Veo,aguglp(ogx)
0px€0 L(w)oNBx 0ox €0y L(w)oNBx
A, A X
NX,Q\(RQ@—;‘—S);&@ Nx,gc(Rg"—;—g)

= CALo#((L@) N BrgGod\Ry®) ) + D 08 IVervgl” (x).

A
xERS,g
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- . . . A
By definition of the maximal function operator it holds that g,|Ve, 1v,[? (x) < SQAS <lforxeR, ¢, so that we can
use (72) and the same reasoning as for (70) to obtain the estimate

Y 08 Vep.0,ul 1P (0px) < CIEIP + Co™ Fe(@) (Tiglte, . Bappazo(x0)) < CIEIP

0ox€0u L(w)oNBy

Hence our choice of k allows to apply Lemma 5.18 and we obtain a subsequence ¢ and a sequence w; : o, L(@)o; —>
R™ such that, setting o; = oy, the sequence |Ve, 5, w;|? is equiintegrable on B and

1i]gno;’#{ajx €0jL(@)g; N By u¥l #wjono;Bg, (x, 1)} =0, (73)

where G,; denotes the undirected shifted graph. Finally, by a truncation argument based on the operator To; we can
assume that ||w|le < 27k.

Step 3 Proof of lin}) 0" F(0)(txy ¢, Bo(x0)) > |B11q(x0, )
Q—)

Let w; be the sequence constructed in Step 2. First we estimate the L”(B)-norm of the sequence w; — uge.
Define the set

Ap;
Uj= {ajx €0 L(w)y; : B(;Qj (x,1)C jog_, —xosgj] } \R’;,

where R;. denotes the set in (73). Then by construction w;(ojx) = Q]-_lTij Uy, (xo +¢ejx) for all ojx € B, N Uj.
Moreover, by (10) and (72) we can bound the cardinality of the complement via
oM#(0;L(@), N B\U) < 0%#R + Co%# | L(w) Ne, ! Bry, (x )\RAQ-" <o%R" 4+ CIE|P AP
VRN oj 11 P2\Vj) = O TR j 0j Pkej X0\ Re; - | = O X
so that by (73) and the choice of A 0j We have
. d . N
jBTwaj#(Ulﬁ(w)gj ﬂBz\U/) =0. (74)
Due to the L*°-bound on wj, for j large enough a change of variables yields
c d
”wj — Ut ”IZP(BI) = Q_p ][ |Tkgjuegj — Uxy,E |p dz + CUJ' #(Uj[/(w)gj N BZ\Uj) .
7 By, (x0)

Hence (63) and (74) imply that w; — ug ¢ in L? (B, R™). Now we turn to the energy estimates. Fix n > 0. Since
|Veo,gj w;|P is piecewise constant with respect to the Voronoi tessellation of o jﬁ(a))g_i, Remark 2.3, (74) and the
equiintegrability of | Ve, 5;w;|” on By imply that there exists j, such that for all j > jy

> 04| Veg.owj |7 (0jx) < 1. (75)
(fij(le(a))QjﬂBl\Uj
For ¢ > 0 let us further introduce the sets
Sj(t) ={ojx € 0jL(@w)g; N B : |Vey.o;wjlP(0jx) > t}.
Again due to the equiintegrability of |V, o; w;|” on B, we find 7, > 0 such that for j > j; we have
> 0 VepowjlP(ojx) < C / Ve.0;w; [P (2)dz < n. (76)
o;xeS;(ty) BaN{[Vey,05w; 17>t}
Moreover, if €5, x € (xo +0;(B1 NU;j\S;(1y)), then
||<99j va,sgj (Tkgjusgj ) ng (XO))|p(5jx)”1 = &yp; |Ve0,0j wj|p(0jx - Q;IXO) =&p;ly. ()

The right hand side converges to zero. Thus, after enlarging j,, assumption (11) yields
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f(ggj |Vw,£gj (Tkgjuegj , BQj (XO))V)(@jx)) >(1-na ||<9gj |Vw,sgj (Tkgjusgj s ng (X()))|p(8ij)||1

for all j > j, and all €ojX € (xo +0;(B1 NU;j\S;(ty)). For the remaining lattice points we can use (75) and (76), so
that from a change of variables we deduce the lower bound

05 Fry, (@) (Tigjtte, + By (x0)) = (1 = mar > o0} Vag.0; (wj, BDIP (0,011 — 21
ajxeajﬁ(w)gjﬂBl
= (1 =mGe,, 0, (x0, @) (wj) =21

with the functional G ,(x, w) defined in Lemma 5.12. Since we have chosen x¢ and ¢, such that Lemma 5.15 holds,
we deduce from (64) and the convergence w; — ug¢ in L (B, R™) that

lim 0™ F () (tx ¢, Bo(x0)) = lim Qj_d Fe, (0)(Tkg,ute, s Bo; (x0)) = liminf(1 — )G, . o, (X0, @) (w;) — 21
0—0 J / T J I

> (1 —n)/q(XO,E)dz—2n=(1 —0)IBilg(ro. &) — 21,
By

Since 1 > 0 was arbitrary, we conclude that for a.e. xg € D and all £ € R"*¢
lim o™ F () (g 6. Bo(x0)) = |B1lq (x0. §). (78)
Note that the exceptional set may depend on the subsequence chosen at the beginning.

Step 4 Proof of lir% Q_dF(a)) (txg,£, Bo(x0)) < |B1lg(x0, &)
o—>

To prove the reverse inequality in (78) we take a sequence u,, € PC;‘; converging to uy, ¢ in L? (D, R™) and such
that

Jim E,, () (e, . Boy(X0)) = E(@)(xy.£. By (x0))-

The arguments are very similar to Steps 2 and 3, so we just sketch them. As in (62) one can show that the truncated
functions Ty,u,, form a recovery sequence on all balls B, (xg) with 0 < ¢ < @g. This time we apply Lemma 5.18 to
Tipue, with the chosen xg and A = ¢. Note that the assumptions are satisfied since for ¢ < go/(2k) we have that

> £4|Ve .0, Trotte, |” (enx) < CEq, (0)(Tkolte, . Bako(x0)) < CEq, () (e, , Boy (x0)).-
enx€en L(@)NByp(x0)
Hence we find a subsequence ¢,; and a sequence v; € PCy ~ (both depending on @) such that, setting &; = &, the
"

sequence |V, ¢;v;|” is equiintegrable on Bj, (xo) and

li]r_nsf#{ejx € & L(w) N Byy(xp) : Tiouts; #vjonegjBg(x, l)} =0. 79)

By truncation we may further assume that [|v;|lcc < 9k0. Fix > 0 and for ¢ > 0 define the sets S;(¢) by
Si@) = {ij € & L(w) N By (x0) & |Vee;vj1P(ejx) > t} .
We choose t; > 0 (possibly depending on @) such that, keeping in mind the inequality f(p) < Cr|pll1, for j large
enough it holds that
ot Y a;"‘f(e V.6, (), Bo(xo))IP (e ,-x)) <cp™ / Ve, 0j1P()dz<n,  (80)
£jxe8; () Bag(x)N | Ve 017> 1)

which is possible due to the equiintegrability of |Ve,€j v;|? on By (xg). Denoting by W; the set in (79), the same
arguments yield j, € N such that for all j > j, we have

o™ Y e (Ve (0 BoGo) I (e)) <. 81)

e;xeW;NBy(xo)
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Similar to (77), for ejx € &;L(w) N By (xo)\(W; U S;(t;)) we know that e Vu,e; (vj, By (xo)IP|l1 < e;t,. Hence
assumption (11) and the bounds (80) and (81) imply for large enough j the estimate

0 Ee; (@) (Trolte; . Bo(x0)) = 0~ (1 — ) Fe, (@) (v, By(x0)) — 21

From (79) and the uniform boundedness of v; we infer that v; — uy, ¢ in Ll (By(x0), R™). By a modification on
gj L(w)\By(xp) not affecting the energy, this convergence also holds in LY(D,R™) and therefore we deduce from
I"-convergence along the subsequence ¢; and the previous inequality that

0~ E(@)(ux ¢, Bo(x0)) = lim 0 Y Ee; (@) (Trolte;, Bo(x0)) = 0~ (1 = 1) F (@) (x,, Bo(x0)) — 21.
In view of Remark 5.14 and the arbitrariness of n we conclude that
|Bilq(xo, &) = gig})@"E(w)(um,s, Bo(x0) = lim 0™ F (@) (uxy 6. By(x0)).

Combined with (78), this estimate yields the claim along the chosen subsequence. In the general case, we obtain that
along any subsequence of ¢, the ['-limit of E,(w) is uniquely defined by the integrand h(x, £), so that the I"-limit
along the sequence ¢, exists by the Urysohn-property of I'-convergence, although the integrand might differ on a
negligible set depending on the subsequence. O

5.3. Characterization of the surface density and conclusion

Having identified the bulk term, we now show that the computation of the surface integrand ¢(x,a, v) can be
performed with the discrete functional F,(w) restricted to functions taking only the two values a and 0. Then we
prove that the surface density ¢ agrees with the function s defined in Remark 3.4 via the energy I, ().

We study the asymptotic minimization problems given by Proposition 5.2 and their connection to boundary value
problems for the discrete functionals F,(w). More precisely, as a first step we compare the two quantities

m¥ (@) (@i, A) = inf{Fe(0) (v, A) : v e PCs(i, A)},
m(w)(it, A) = inf{F (w)(v, A): ve SBVP(A,R™), v=1iu in a neighborhood of 9 A},

where the limit functional F(w) is given (up to subsequences) by Proposition 5.2 and the set PC;‘f s, A), which takes
into account discrete boundary conditions, is defined in (20). We restrict the class of boundary conditions to pointwise
well-defined functions # € SBV?(D,R™) N L* (D, R™) such that, setting u, € PC? as it (ex) = ii(ex), it holds that
lim sup F (itg, B) < C/ [Va|? dx + CHY™ (S N B),
e—0 (82)

B

iie —>ain L'(D,R™),  H*(SindA)=0

for some C > 0 uniformly for B € AR (D). In particular, as seen in the proof of Lemma 5.7, we allow for piecewise
smooth functions with polyhedral jump set that has no mass on d A. We have the following convergence result.

Lemma 5.20 (Approximation of minimum values). Let &, and F (w) be as in Proposition 5.2. Then, for any A € AR(D)
and u as in (82), it holds that

lim liminfm?, ()(i, A) = lim limsupm?, (@)@, 4) = m(@) (@, 4).
— n n — n n

Proof. First note that by monotonicity the limits with respect to § exist. Moreover, from the first assumption in
(82) it follows that mg(w)(ﬁ, A) is equibounded. For n € N let u, € PC;‘;’a(ﬁ, A) be such that mgn (w)(, A) =
Fe, (w)(up, A). Since it € L* we can apply Lemma 5.4 and assume without loss of generality that |u, (¢,x)| < 3||i|| 0o
for all x € L(w). By Lemma 5.6 we know that, up to a subsequence (not relabeled), u,, — u in L'(A,R™) for
some u € LY(A,R™") N GSBVP(A,R™). Using Remark 2.3 and again (82) we infer that u = & on dsA. Note that
u € L°°(A,R™), which implies u € SBVP? (A, R™). Up to extension we can assume that u is admissible in the infi-
mum problem defining m () (u, A) and Proposition 5.2 yields
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m(w)(u, A) < F(w)(u, A) < lirr}liangn (w)(uy, A) < lirr}linfmgn (w)(u, A).

As § was arbitrary, we conclude that m(w) (i, A) < lims_,¢liminf, mgn (w)(u, A).
In order to prove the remaining inequality, for given 6 > 0 we let u € SBVP(A,R™) be such that ¥ =i in a
neighborhood of dA and F(w)(u, A) <m(w)(u, A)+0.Take u, € PC;‘; converging to u in LY(D,R™) and satisfying

lim Fy, (w)(u,, A) = F(w)(u, A). (83)

We will modify u,, such that it fulfills the discrete boundary conditions. The argument follows the proof of Proposi-
tion 5.8. Since u = i in a neighborhood of d A, there exist sets A’ CC A” CC A such that A’, A” € AR(D) and

w=i onA\A' (84)
Fix N € N. For h < dist(A’,dA”) and i € {1, ..., N} we define the sets

h
Aiz{xeA: dist(x,A’)<iﬁ}.

Let ®; be a cut-off function between the sets A; and A; | with [|[VO;|leo < % and define ui, € PC;; by

U (80%) = O (£2X)tty (80 X) + (1 — O; (8,%))i (£.X).

Up to extending u on D\A via u;p\a = u, by (82) and (84) we can assume that for each i € {1, ..., N} it holds that
ul, — uin LY(D,R™). Setting S}, :={x € A : dist(x, A;+1\A;—1) <3Me,}, we have

Fe, () (g, A) < Fe, (@) (ttn, A) + Fo, (@) (e, ANA) + Fy, (0) (17, Sp). (85)
Using the same arguments as in the proof of Proposition 5.8 we infer that

Fo(@)th, S1) = € (Fey @) tn, S} + Fe, (@) (e, SD) +CNPRTP 30 ellun(ex) = g, (e,
enx€e, L(w)NS]

By construction Si N S,f =@ for |i — j| >3 and S| cC A\A’ fori > 2. Averaging the previous inequality and using
(82) and (83) yields

N
1 D C 1, — -
1 2 Fe@) i, 8 = = CNPTU Ty — e, 1y
i=2

By equiboundedness, properties (82) and (84) imply that u, — i, — 0 in L?(A\A’, R™). For every n we choose
in €{2,..., N} such that
F. (w)(ul", S1) < < +CNP VWP uy — i P (86)
&n noOn) ="y n EnllLP(A\A")"
Note that ui{’ still converges to u in L' (D, R™). Moreover, uf{’ (g4x) = it (g, x) for all g,x € £,L(w) N A\A”. Hence
ur e PC, s, A) for all § > 0 small enough. From (83), (85) and (86) we obtain

, — C
limsupmgn (w)(@, A) <limsup F, (w)(u}", A) < F(w)(u, A) + limsup F;, (0) (g, , A\A") + N
n n n

C
<m(w)(i, A) +6 +C / |Vi|? dx + CHI™1(S; N A\A") + N

A\A’

where we used (82) with B = A\E. As 0 > 0 was arbitrary, the claim follows letting first § — 0, then N — +o00 and
finally A"+ A. O
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In view of Proposition 5.2 and Lemma 5.20 we can further characterize the surface densities of possible I'-limits
of the family F,(w) by analyzing the quantities mg (w)(uﬁg)(?v, 0, (x0, 0)). To this end, we define the class of interfaces

S2ssP,, 0y (x0,0)) = {u € PCL 5w, 0, (x0,0)) : u(ex) € {a, 0} for all x € L(w)}.

X0,V

We have the following important result, which also implies that the minimization defining the surface energy density
can be performed on characteristic functions of sets of finite perimeter instead of general Caccioppoli partitions.

Proposition 5.21 (Separation of surface effects). Let €, — 0. Then, for all xy € D, all a € R™ and all v € S~ it
holds that

limsup o'~ lim limsup(inf[an(a))(u, 0,(x0,0)) : U €S2 5usl, Qv(xo,g))})
00 550 ’ ’
1 1—d q; . ) a,0
=limsupo lim limsupm; (w)(u 0y (x0,0)).
§—0 5 n

X0,V
0—0

Proof. Note that it suffices to bound the first term by the second one. To reduce notation, we set Q, := 0, (xo, ¢) and
write ¢ instead of €. If a = 0 then both sides are zero. Thus assume that a # 0. Fix u, € PC; 5(u§(’)?u, Qo) such that

Fe()(ug, Qp) < Fe(@)@?,, Qp) < Co" ™', (87)

where the last inequality is a consequence of Remark 2.3 and the boundedness of the discrete density f (provided ¢ is
small enough). In what follows we construct a sequence v; € S¢; (uf‘c(’,?v, Q,) that has almost the same energy. Given
6 > 0, due to the monotonicity (12) one can choose Ly > 1 such that

1B, k) — f(p)| <Of (p) ¥p € Pr(M) withp~'(N) C[Lg,+00) and Y p(v) =k (88)
vep~1(N)
for all 1 <k < M, where B(k, k) is given by (15). We fix Ly from now on and consider the set of edges
Tu. ={(x,y) €E(w) : ex,ey € Qp and P lug(ex) — ug(ey)|? > Lg}.
Denote by u’e the i'” component of u.. If a; = 0 we set vé (ex) =0forall x € L(w). Otherwise, we assume that a; > 0.
The remaining case requires only minor modifications. For ¢ € R we define
Si(t) == {ex € eL(@) N Qp : ul(ex) > t}.
To reduce notation, we also introduce the set
RL(t) ={(x,y) €E(w) : ex € Qp N SH(2), ey € Qp\Si(2) or vice versa}.
Observe that for (x, y) € E(w) with ex, ey € Q, we have (x, y) € RL () if and only if 7 € [ul(ex), ul(ey)) or t €
[ul(ey), u}(ex)). Hence for such x, y the following coarea-type estimate holds true:
a;
/]l{(x,y)eRg(t)} dr <ug(ex) —ug(ey)l.
0
Summing this estimate, we infer from (10) and Holder’s inequality that
aj

/ ETHRIONT,)dr s Y e ue(ex) — e ey))

0 @ EE@\Tup
ex,ey€Qp

e (ex) — g (2y) ‘pD

&

< Ce"7 (oL @) N Qg))pf—"< e

(e, ) EE(@N\Tue
ex,ey€Qy
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In order to estimate the last sum, recall that Ly > 1. Thus the definition of the set 7,,,, (10) and assumption (14) imply
for ex € eL(w) N Q, the uniform bound
j2
1}

U (EX) — U (E p
Z 8‘—8( ) £(€7) §CL9min{8 Z
eyesL(w)NQ, € eyesL(w)NQ,
(x,)€E(@N\Tug x,y)eE(@N\Tue

< CLgmin{|[e|Ve,e (e, Qo)I”(eX)ll1,1} < CLo f (¢ Voo e (e, Q)17 () -

Moreover, for ¢ = £(g) small enough the cardinality term can be bounded by #(eL(w) N Q,) < C(QS_l)d, so that

Ug(ex) — ug(£y)
&

a;
dp—d dp—1

/ (R (O\T,, ) dt < Co" 7 (Lo Fe(@)(ue. Q)7 < CLog" 7 .
0

where we applied (87) in the second inequality. Hence there exists ¢! € (0, a;) such that

.y dp=1
e H(RLED\Tu,) < Clail ' Loo 7 . (89)

Define vé by its values on ¢ L(w) setting

0 ifug(ex) < té,

a;i ifug(ex) >t

vé (ex) = :

As té € (0, a;), the boundary conditions imposed on u, imply that the function v, satisfies ve(ex) = uﬁ(f?u (ex) for all

ex € eL(w) N 35 Q,, so that v, € S;’s (uﬁ(’)?v, Qo). In order to estimate the energy difference, let ex € eL(w) N Q,
be such that [|&|Vy ¢ (ve, Qp)IP (ex)]l1 # 0. We distinguish two exhaustive cases: either (x,y) € J,, for all ey €
eL(w) N Q, with (x, y) € E(w), so that (12) and (88) yield

I (€lVa.e(ve, Q)17 (€x)) < (1 4+6) f (€] Ve (e, Q)17 (£x)) (90)
or there exists y € L(w) with (x, y) € R’g (t;')\Jug for some i. In this case we can use the estimate (89) to bound the

number of such x. Since f is bounded by assumption, we deduce from (90) that

p—1

0" Fe(@)(ve, Qo) < (14 0)0' ™ Fe(@)(ue, Q) +C Y lail ' Loo
i:a; 70

Taking the appropriate infimum on each side, then letting ¢ — 0 before § — 0 and o — 0, we conclude the proof as
0 > 0 was arbitrary. 0O

Now we can relate the surface density ¢ to the I'-limit of the functionals I, (w) defined in (18).

Proposition 5.22. Let ¢, and F (w) be as in Proposition 5.2. Then for every xo € D, a € R™ \ {0} and v € S! it holds
that
@(xo0, a,v) =s(xo, ),

where s is the surface tension of the I'-limit of I, (w) (-, D), which in particular exists.

Proof. Choosing any subsequence of ¢, (not relabeled), the I'-limit of F;, (w) remains the same. Hence, combining
Propositions 5.2 and 5.21 with Lemma 5.20 yields the formula

0(x0, @, V) =1imsgpgl_d alin})limsup(infian (@) (1, Qu(x0,0)) : u €S2 w0, Oy (xo, Q))} ). 1)
o— i n

For any u € S;‘:M;(u;(’)?v, 0, (x0, 0)) we define the function v € S;’S(u;(f‘v’e‘ , Qy(x0,0)) by
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(6x) —e; ifu(ex)=a,
v(ex) = .
el otherwise.

Let I (w) be the Ising-type energy defined in (18). Then by the monotonicity (12) it holds that
Ig, (@) (v, Qv (x0,0)) = Fe, () (u, Qv(x0,0))

fp)
= min {00 P oy + K= Dl e, @), 00 (0. 00).

Since we have chosen a subsequence at the beginning of the proof, we may assume that I, (w) I'-converges to some
surface integral functional 7/ (w) as in Theorem 3.2 with density s(x, v). Since |a| # 0, the definition of B(I, k) in (15)
and Remark 3.4 imply

¢ (x0, a,v) =limsup o'~ lim lim supinf { s, () (v, Qu(x0, 0)) : v € S 5 (u ", Qu(x0, )} =5 (x0, v).
0—0 g n

Since the subsequence was arbitrary, the Urysohn-property of I'-convergence yields that I, (w) indeed I'-converges
and the surface densities of the limits F(w) and I (w) agree. O

Eventually, we can prove our first main result.

Proof of Theorem 3.3. If F, (w) I'-converges, then due to Propositions 5.19 and 5.22 both E;, (w) and I, (w)
I'-converge, too. Also the reverse statement follows from the same propositions, since (up to subsequences) any
I-limit of Fg, is characterized by the I'-limits of E;, (w) and I, (w), which do not depend on further subsequences.
Taking also into account Proposition 5.2 and Lemma 5.6 the I"-limit is given by

o)) [pa(x, Vu)dx + [¢ s(x,v,)dH?"! ifu e SBVP(D,R™),
w)(u) = u
+00 ifueLY(D,R"\GSBVP(D,R™).

Hence it remains to characterize the functional F(w)(u) for u € L'(D,R™) N GSBVP?(D,R™) such that u ¢
SBVP?(D,R™). This will be achieved via truncation. Given k > 0 we have that Tpu € SBV?(D,R™). Lemma 5.4
implies that F(w) () = limg_ 400 F (@) (Tu). In order to pass to the limit in the integral formula, we use Lemma 2.1
and the symmetry s(x, v) = s(x, —v), which yield

F(o) (T, A) = / g(x, Vu)dx + / q(x,VTku)dx+/s(x,uu)dﬂd”.
DN{u<k} DN{u>k} N

Since S, = Uk S7.u U N with Hd’l(N ) = 0 and the second term vanishes due to dominated convergence, we can
pass to the limit and conclude the proof. O

6. Stochastic homogenization: proof of Theorems 3.5 and 3.8
In this section we derive the results in the random setting.

Proof of Theorem 3.5. By [5, Theorem 2] and [6, Theorem 5.5],% the I-limits of the two functionals E.(w) and
I (w) defined in (17) and (18) exist almost surely and have deterministic, spatially homogeneous densities. Hence the
claim on the existence and form of the I"-limit follows from Theorem 3.3. It remains to establish the properties of the
integrands. Convexity and p-homogeneity of / follow from the fact that the I'-limit of the sequence of convex and
p-homogeneous functionals E.(w) is again convex and p-homogeneous [35, Theorem 11.1 and Proposition 11.6],
whereas convexity of the one-homogeneous extension of ¢ follows from standard L '-lower-semicontinuity results for
functionals defined on sets of finite perimeter (see for instance [8, Theorem 3.1]). O

3 As noted before, in [6] the proofs were given only for pairwise interactions. Nevertheless the same arguments apply in our setting (see also [6,
Theorem 6.7]). Note that stationarity of the edges is important to apply the subadditive ergodic theorem of [2].
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Finally we prove Theorem 3.8. For the convergence of minimizers we exploit the notion of biting convergence,
which we recall here for reader’s convenience.

Definition 6.1 (Biting convergence). Let u, € L' (D) be such that supy, [lunll1(py < +00. We say that u, converges

b
weakly to u € L'(D) in the biting sense and write u,, — u, if there exists a decreasing sequence S 7 C D of measurable
sets such that |S;| — 0 and u,, — u in LI(D\Sj) for all j € N.

. b .. . ..
Remark 6.2. Note that if u, — u and u,, — v a.e., then u = v. This is a consequence of the uniqueness of the biting
limit and equiintegrability of L!-weakly convergent sequences.

Proof of Theorem 3.8. We first construct a candidate for the constant y. Define the sequence of non-negative equi-
bounded functions y, (w) € L*°(D) by

1
V@)@ = Y ——Lw @) 92)
o, el

We apply the ergodic theorem in order to establish weak™*-convergence of y,(w). To this end, we introduce the family
of half-open boxes with integer vertices Z := {[a,b) : a,b € 74, a; < b; for all i } and define the rescaled integral
averages 7 : Z — L'(Q) by

- 1 IC(x)N 1|
o= [ ¥ ptaw@a= Y SRS
7 xel(w) IC)I xel(w) IC)I

The following three properties can be verified:

(1) 0<y{,w)<C|I|forall I €Z,
(i) If I =Y, I; € I with finitely many, pairwise disjoint [; € Z, then y (I, w) = Y, ¥ (I;, w),
(i) (I, T,w) = (I — z, w) for all z € Z7.

Moreover, arguing as in [32, Lemma A.1], one can show that w — y (I, ®) is F-measurable. Hence we can apply
the multi-parameter additive ergodic theorem (see [47, Chapter 6, Theorem 2.8]) and conclude that P-a.s. and for all
lel

y(nl, w)
n—4o00 |nl|

y=E[7]=

bl

where [E denotes the expectation. It is straightforward to extend this convergence to all sequences t, — +o00 and then
to all cubes in R? by a continuity argument. Now we identify the weak*-limit of y,(w). By a density argument it is
enough to compute averages on cubes Q C D. A change of variables yields

/Ve(w)(z)dz=8d)7(Q/8,w)—> y1ol.
0

whence y, () A y in L°°(D) almost surely.
Next we prove the lower bound for the I'-convergence. Passing to a subsequence, for the liminf-inequality it
suffices to consider u € L' (D, R™) and a sequence u, € PCY such that u, — u in LY(D,R™) and

liminf Fe (@) (e) = lim Fe g(@) () < C < +00. (93)
e— e—

Without affecting the convergence properties or the functional we redefine g.(w)(ex) = ug(ex) = 0 for all ex €
eL(w)\D. Then by Remark 2.3 we have

e — ge(@)fapy <C Y. &luclex) — ge(w)(ex)|? < C,
exeeL(w)ND
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which in combination with (21) implies that u, is bounded in L9(D,R™). Thus we obtain u € L?(D,R™), while
Theorem 3.5 and (93) yield u € GSBV? (D, R™). Moreover, for any 1 <r < g we deduce the following convergence
properties:

ug—u inL"(D,R™), wuy—u in LY(D,R™). (94)

Observe that by the definition of the function y, (®) it holds that

Z 6 ue (x) — ge (@) (ex)|7 = / Ve (@) ()] [ue (2) — ge (@) (2)|? dz.
D

exee L(w)ND

Due to (21) and (94), the sequence u, — g-(w) converges to u — g in L"(D,R™) for any 1 < r < ¢g. The lower
semicontinuity result for pairs of weak-strong convergent sequences in [40, Theorem 7.5] and the I'-convergence of
Theorem 3.5 imply

liminf F ¢ (w)(ue) > liminf Fe (w) (ue) + liminf Z 8d|u£ (ex) — ge(w)(ex)|?
e—0 e—0 e—0
exeeL(w)ND

2F(u)+)//|u—g|qdz, (95)
D

where we used that y > 0 to avoid the modulus. This finishes the proof of the lower bound.

For the upper bound, it suffices to consider u € LY(D,R™) N GSBV?(D,R™). Note that for such u we can
equivalently compute the I'-limit of F,(w) with respect to convergence in L4(D, R™). Indeed, by Lemma 5.4 this is
true for all truncated functions Tru with k > 0 and by lower semicontinuity with respect to L4-convergence and again
Lemma 5.4 we obtain

P(LY(D))-limsup F (@) () < liminf (F(L‘f (D))-limsup F (a))(Tku)) < liminf F (Tiu) = F(u).

=0 e—>0

Hence we find a sequence u, € PC{ such that u; — u in L9(D, R™) and
lim Fy(w)(ue) = F(u). (96)
e—0

Since D has Lipschitz boundary, it satisfies an interior cone condition. Thus we find c¢p > 0 such that

|eC(x)N D| > cpe?  forall ex € eL(w) N D.

Setting D, = {z € D : dist(z, D) < 2Re}, we deduce from the above estimate that

> elueex) — ge(w)(ex)|? S/Ve(w)(Z)lus(Z) — 8 (w)(2)|?dz

exeeL(w)ND D

+C / lue(z) — ge (@) ()7 dz.
D;

The last term vanishes when ¢ — O since the sequence |u; — g.|? is equiintegrable on D. Moreover, by its product
structure the sequence y; (w)|us — gs (w)|? converges weakly in LY (D,R™) to y|u — g|?. Therefore the last inequality
implies

limsup Y e?fuc(ex) — ge(@)(ex)|” sy/|u<z>—g<z>|”dz.
D

¢20 resL(w)ND

Combined with (96) we obtain the upper bound.

Now we come to the second claim of the theorem. Existence of minimizers for fixed & follows from L*°-coercivity
of the fidelity term in F; ¢(w) and the lower semicontinuity assumption (13). The last statement is true due to the
fundamental property of I'-convergence except that we have to prove compactness in L?(D,R™). As shown for the
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lower bound, any sequence i, as in the statement is bounded in L9 (D, R™) and therefore Lemma 5.6 yields that, up
to subsequences, u; — u in LY(D,R™) for some u € LY(D, R™). Clearly u, is a recovery sequence for this u, so that

Fe(u) = lin}) Fe o (@) (ue).

Repeating the reasoning for (95) we conclude from the above limit that

g%/Va(w)(Z)lus(Z)—ga(w)(Z)Iq dz=/y|u(z)—g(z)|‘1 dz, o7
D D

where v, (w) is defined in (92). Now consider the non-negative sequence a; := |u, — g-(w)|?. By (97) and the quali-
tative lower bound y, (w)(z) > c this sequence is bounded in LY(D). By the biting lemma (see [40, Lemma 2.63]) and

Remark 6.2 we find a subsequence (not relabeled) such that a, LA |u — g|9. Taking the same sets S; as for the biting
convergence of a, one can prove that the product y, (w)a, converges in the biting sense to y|u — g|9. Indeed, on D\ S;
the sequence «, is equiintegrable by the Dunford—Pettis theorem and thus strongly convergent in L!(D\ S 7). Then by
the usual product rules we obtain y, (w)as — y|u — g|? in L'(D\S ), which shows biting convergence. Now we use
that y, (w)a, is nonnegative. By (97) and [40, Proposition 2.67] this yields that y,(w)a, — y|u — g|? also in LY(D).
Thus both sequences y; (w)a. and a, are equiintegrable on D. By Vitali’s convergence theorem we obtain that

lim |lue; — gellLepy = lu — gllLa(p),
e—0

which, by uniform convexity of L?(D, R™) and (21), implies that u, — u in L(D, R™) as claimed. O
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Appendix A

In this appendix we provide a suitable framework to use diagonal arguments along I"-converging discrete energies.
We need this step since the general theory [35, Chapter 10] to construct a metric for I'-convergence requires an
LP-coercive lower bound for the discrete energies.

Given any function G : LP(B1, R™) — [0, +o0c] not identically +oco we define its Moreau—Yosida approximation
for y > 0 as

G'w=_inf (G — s, )-
() veLP (B, R™) (V) + yllu U“L/ (B))
For p > 1 the functional G is locally Lipschitz-continuous on L? (B, R™) (see [35, Theorem 9.15]). Let {wy}xen
be a dense subset of L” (B, R™) containing 0. Given two lower semicontinuous functions G, H : L”(By, R") —
[0, +o0] not identically +o00 we define their distance by

1 . _
UG H)= ) Wlarctan(G’(wk)) — arctan(H' (wy))|.
i,keN

Note that on lower semicontinuous functions ? is indeed a distance, since 9(G, H) = 0 implies by local Lipschitz con-
tinuity that G = H' for all i € N. Letting i — 400 it follows by lower semicontinuity that G = H (see [35, Remark
9.11]). In order to state our result we need further notation: let 4 : By x R™ xd _, [0, +00) be a Carathéodory-function
such that £ — h(x, ) is quasiconvex for a.e. x € By and
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1 p p
EISI —C=<hx, 8§ =C(&I"+ D).
Define the functional & : L? (B, R™) — [0, +00] by

Jg, hx, Vu(x) dx  ifu e WhP(By, R™),

En(u) =
n() otherwise.

Then we have the following result.

Lemma A.1. Consider a sequence ¢ j — 0 and let xo € D and ¢ > 0 be such that By,;(x0) C D and ¢;/0; — 0. Let

further h : By X R™*d 5 [0, +00) be a Carathéodory-function as above and define ng,gj (x0, w) as in Lemma 5.12.
Then the following are equivalent:

(i) T(LP(B1,R™))-lim; Gg, o, (x0, ) = &,
(i) 1im; 3(Ge, o, (x0, ), €) =0.

Proof. (ii) = (i): First note that both functionals are lower semicontinuous on L” (B, R™) and not identically +oco.
Assumption (ii) implies that
lim G, (0, ) (i) = € (i)

for all i,k € N. Since 0 € {wy} and Géj’gj (x0, w)(0) = 0, we deduce from [35, Theorem 9.15] that the sequence

GL 0 (x0, w) is locally equicontinuous, so that the convergence extends to L? (B, R™) by density. The claim then
follows from a general characterization of I"-convergence (see [35, Theorem 9.5]) when we let i — +oc0.
(i) = (ii): Clearly GZJ,Q/. (x0, w)(u) < ylullLr(B,)» so that given a sequence u; such that

1
G0y (X0, @) ¥t =l ) = G, (0, 0) ) + = (A1)

uj is bounded in LP (B, R™). Since the discrete density f satisfies f(p) < Cr||pll1, we have by definition

1
Gej0;(x0, 0)(uj) = Eg;jo; (0)(uj(- —x0/0j), Bi(x0)) = Est/g,- (@)(wj(- —x0/0;), B1(x0))-

From Lemma 5.6 and a change of variables we conclude that u; is compact in L'(B;,R™). Hence there exists
v e LP(By,R™) such that, up to subsequences, u; — v in L'(B1,R™) and additionally uj —~vin LP(B;,R™).
In order to use the assumption (i), we use a truncation argument. Note that Tyu; — Tyv in L?(D,R™). Then by
I'-convergence in L? (D, R™) and decrease by truncation of ng‘ 0j (x0, w) we obtain

liminf G, o; (x0, @) (uj) = liminf G, o, (x0, @) (Txu ;) = /h(x, VTiv),dx.
J J
B

Using Lemma 2.1 we can pass to the limit in k¥ by dominated convergence. Combined with the weak lower semicon-

tinuity of the L”-norm we infer from (A.1) that
€4 (v) ¥ v = ullzp,) <liminf G o, (x0. @) ().

Moreover, given any u# € LP(By,R™) let us consider a sequence u; — # in LP(B;,R™) such that
lim; G, o; (x0, @)(ij) = &, (u). Then by the definition of the Moreau—Yosida transformation

limsup G, o, (x0, @) () <Him(Ge, o, (x0. @) i) +y it - Ul o)) = €@ +ylli —ull}pg,)-
J

Combined with the previous inequality we obtain that QEZ m) =€Ex(v) +ylv — u||€p( B)) and by setting i = v we
showed that
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lim G, o, (x0, @) () = €] @)

forall u € LP(B;, R™) and all y > 0. This property implies (ii) by the definition of the metric. O

Remark A.2. The equivalence of Lemma A.1 remains valid for two functionals €;,; and €, provided the Carathéodory
functions h; satisfy growth conditions uniformly in j. In this case the proof simplifies since the Moreau—Yosida
transformations are equicoercive in L? (B, R™) due to the Sobolev embedding.
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