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asymptotically zero drift.

We study risk processes with level dependent premium rate. Assuming that the premium rate converges, as the
risk reserve increases, to the critical value in the net-profit condition, we obtain upper and lower bounds for the
ruin probability; our proving technique is purely probabilistic and based on the analysis of Markov chains with

We show that such risk processes give rise to heavy-tailed ruin probabilities whatever the distribution of the
claim size, even if it is a bounded random variable. So, the risk processes with near critical premium rate provide

an important example of a stochastic model where light-tailed input produces heavy-tailed output.

1. Introduction

In context of the collective theory of risk, the classical Cramér—
Lundberg (Sparre Andersen) model is defined as follows. An insurance
company receives the constant inflow of premium at rate v, that is, the
premium income is assumed to be linear in time with rate v. It is also
assumed that the claims incurred by the insurance company arrive ac-
cording to a homogeneous renewal process N (#) with intensity A and
the sizes (amounts) ¢, > 0 of the claims are independent copies of a ran-
dom variable { with finite mean. The (,’s are assumed independent of
the process N(t). The company has an initial risk reserve x = R(0) > 0.
Then the risk reserve R(¢) at time 7 is equal to

N(@)

R(t)=x+vt—2§,-.

i=1
The probability
w(x) :=P{R(t) <0 for some ¢t > 0}
= P{rglélR(t) < 0}

is the probability of ruin. We have

* Corresponding author.

N@)
w(x)= [P’{ Z ¢; — vt > x for some ¢ 20}.
i=1

Since v > 0, the ruin can only occur at a claim epoch. Therefore,

n
l//(x):IP{Zéji—uT,,>xforsomen21},
i=1

where T, is the nth claim epoch, so that T, = 7; + ... + 7, where the
7;’s are independent copies of a random variable r with finite mean
1/4, so that N(¢t) :=max{n>1:T, <t}. Denote X; :={; — vr; and
S, =X, +...+X,, then

w(x)= [F"{ sup.S, > x}.

n>1
This relation represents the ruin probability problem as the tail proba-
bility problem for the maximum of the associated random walk {S,}.
Let the net-profit condition

v>v, 1= E{/Er = AE¢ m

hold, thus {.S,} has a negative drift: ES| = E{; — vE7r < 0. Hence by the
strong law of large numbers S, - —o a.s., so y(x) | 0 as x — oo.
If v < v, then y(x) =1 for all x.
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The most classical case is when the distribution of X satisfies the
following well-known Cramér condition: there exists a # > 0 such that

Eef*1 =1. 2

Under this condition, the sequence e#S» is a martingale and, by the
Doob maximal inequality, the following Lundberg’s inequality holds
true

v(x)=P {sup ePSn > ofx 3)

n>1

}Se‘ﬂx, x> 0.

If we additionally assume that E X, X! < co and the distribution of X,
is non-lattice, then the Cramér-Lundberg approximation holds, that is,
there exists a constant ¢, € (0, 1) such that

bx &)

see e.g. Theorem VI.3.2 in Albrecher and Asmussen (2010); in the lat-
tice case x must be taken as a multiple of the lattice step. The most
important feature of these results is the fact that the upper bound (3)
depends on the distribution of X only via the parameter f. If the mo-
ment condition (2) on the distribution of X; does not hold then the tail
asymptotics for y(x) are typically determined by the tail of the claim
size {. The most prominent situation is when the distribution of ¢ is of
subexponential type, see e.g. Embrechts and Veraverbeke (1982). We
discuss this case in more detail later.

The risk models with non-constant premium rates have also become
rather popular in the collective risk literature. There are two main ap-
proaches, one of them leads to a Markovian model when the premium
rate is a function of the current level of the risk reserve R(?), see e.g.
Albrecher and Asmussen (2010, Chapter VIII), Albrecher et al. (2013),
Boxma and Mandjes (2021), Czarna et al. (2019), Marciniak and Pal-
mowski (2016); in the context of queueing theory when both the service
and arrival rates depend on the current workload see e.g. Bekker et al.
(2004). The second approach considers the premium rate that depends
on the whole claims history, see e.g. Li et al. (2015).

In this paper we follow the first approach and consider a risk process
where the premium rate v(y) only depends on the current level of risk
reserve R(f) =y, so R(t) satisfies the equality

t

R(t)=x+/

0

y(x)~cpe” as x — oo,

N(@)

v(R(s)ds — )" &3 ()
j=1

hereinafter v(y) is assumed to be a bounded cadlag function bounded
away from zero on each interval; as v is a cadlad function, there are
countably many at the most discontinuity points of v, which together
with boundedness of 1/v on any interval implies by the Lebesgue—Vitali
theorem that the function 1/v is Riemann integrable. The probability
of ruin given initial risk reserve x is again denoted by w(x), it is a
decreasing function of x as it is in the classical case.

The ruin probability for such processes with level dependent pre-
mium rate is much less studied in the literature than with constant
premium rate, and all known results are exact expressions for some
particular distributions of 7, { and/or for particular choices of the rate
function v(y). The first example of the risk process where y(x) is ex-
plicitly calculable is the case of exponentially distributed z and ¢, say
with parameters A and u respectively, so hence v, = A/u. In this case,
for some ¢; € (0, 1),

y

0

dz

y/(x)=c0/%y)exp{—yy+/l @)

jar
y

:cox/%y)exp{/lo/<$—vl—c)dz}dy,

provided the outer integral is convergent from 0 to infinity, see, e.g.
Corollary 1.9 in Albrecher and Asmussen (2010, Ch. VIII). Some fur-
ther examples of solutions in closed form can be found in Albrecher et

(6)
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al. (2013). The authors of that paper use a purely analytical approach,
which works however only in the situations where the Laplace trans-
forms of { and 7 are rational functions.

The main goal of our paper is to develop a probabilistic method of
the asymptotic analysis of risk processes with level-dependent premium
rate, which is not based on exact calculations and uses only moment
and tail conditions on ¢ and . The following two qualitatively different
cases can be identified:

(7)
(€))

In the first case (7) one could expect that the ruin probability w(x)
decays similarly to the classical collective risk model with constant pre-
mium rate v,. In this paper we concentrate on a more difficult critical
case (8) where the ruin is more likely due to the approaching the criti-
cal premium rate. Notice that it is quite different from the heavy traffic
modelling where we consider dependence of a small parameter and
study phenomena arising when we send it to zero. This approach goes
back to Kingman (1962) where the convergence to exponential limit
was studied; see also Borovkov et al. (1992) where in the framework of
Markov chains the convergence to other laws has been discussed, say to
a I'-distribution.

We start by discretising the time; this procedure is standard for risk
processes with constant rate. Since the ruin can only occur at a claim
epoch, the ruin probability may be reduced to that for the embedded
Markov chain R, := R(T,), n>1, R :=x, that is,

V() > Uy > U, asy— oo;

v(y) = v, asy— oo.

y(x)=P{R, <0 for some n>0}.

So, our main goal is to analyse the down-crossing probabilities for the
chain {R,}. In contrast to the constant premium case, we deal with a
Markov chain instead of a random walk with independent increments.

As mentioned above, we shall restrict our attention to the case (8)
where v(y) approaches the critical value v, at infinity. Then the Markov
chain {R,} has asymptotically zero drift, that is,

E{R; —Ry|Ry=x}—-0 asx— oo, (C)]

see Theorem 1 below. The study of Markov chains with vanishing drift
was initiated by Lamperti in a series of papers (Lamperti, 1960, 1962,
1963). For further development in Lamperti’s problem, see Menshikov
et al. (1995, 2017). We also show in Theorem 1 that under (8) the ruin
probability decays slower than any exponential function, that is, for any
A>0,

10

ePy(x) > o0 asx - oo.

Our motivation to consider the critical case (8) is twofold. Firstly,
this setting can model the following situations.

(i) Decreasing the premium rate makes an insurance company more
attractive to new customers. Thus one has to analyse the impact of de-
creasing the premium rate on ruin probabilities.

(ii) One can also imagine the following strategy of an insurance com-
pany. The premium rate stays constant, but the company redirects (or
invests) a portion of the risk reserve to other activities of the company.
In that case v(y) describes the portion of the remaining risk reserve.

Secondly, as well-known, in the classical Cramér-Lundberg model
under the net-profit condition (1), the ruin probability decays slower
than any exponential function if and only if the claim size tail dis-
tribution is so, see e.g. Embrechts and Veraverbeke (1982). As just
mentioned, the risk processes under the critical premium rate (8) give
rise to heavy-tailed ruin probabilities whatever the distribution of the
claim size, even if it is a bounded random variable. So, the risk pro-
cesses with near critical premium rate provide an important example of
a stochastic model where light-tailed input produces heavy-tailed out-
put. To the best of our knowledge, this effect was not observed before.

We want to investigate how the rate of convergence in (8) is re-
flected in how slowly the ruin probability y(x) decreases. In Section 2
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we get some intuition on what kind of phenomena we could expect
here by considering the case of exponentially distributed ¢ and 7. In
Section 3 we show that the convergence v(y) — v, implies that the
ruin probability w(x) decays slower than any exponential function, see
(10). Section 4 is devoted to sufficient conditions on the rate function
v(y) which ensure that the embedded Markov chain R, is transient
and hence the ruin probability is strictly less than one. Notice that the
ruin probability as a function of the initial risk reserve is a harmonic
function for the chain R,. Our approach to the study of asymptotic be-
haviour of the ruin probability y(x) is based on constructing nearly
harmonic functions for R,. This approach allows us to investigate the
whole spectrum of the rate of convergence of v(y) to v,. Specifically,
in Section 5 we study the case where the premium rate approaches the
critical value at rate of §/x as x - oo and shows polynomial decay of
the ruin probability,
20ET

Var { +v2Var 7

w(x) =< L where p = —
xP

Then in Section 6 we discuss the case of slower approach to the critical
value, namely 6/x* as x — oo, for some # >0 and 0 < « < 1, and show
Weibullian decay of the ruin probability which particularly implies the
following logarithmic asymptotics

20E7
E(vr =)
Finally, in Section 7 we study the case where the distribution of the
claim size is so heavy that the moment conditions in Theorem 5 proved
in Section 5 are not met.

log y(x) ~ ——x!""

where r| =

2. Intuition based on exponential case

Let us get some intuition on what kind of phenomena we could ex-
pect if v(y) — v, by considering the case of exponentially distributed ¢
and 7. As we have mentioned above, the ruin probability y(x) is given
in this case by (6). Combining (6) and (8), we obtain

0 y
% /exp{/l/(L—i
v, v(z) v,

w(x)~— )dz}dy as x — 00.
x 0

If the premium rate v(z) > v, approaches v, at the rate of 6/z, 6 >0,
more precisely, if
|U(z)—UC—€‘§p(z) forall z> 1, a1)

z

where p(z) > 0 is an integrable at infinity decreasing function, then we

get
Lol 0 opm+1/)
u(z) v,

and consequently
y

S

0

ou?
)dz=—710gy+cl +o(l) asy— oo,

where ¢, is a finite real. Let 8 > A/u®. Then, for C := cye‘l /(Ou —
Afw)>0,

w(x) ~ as x — 0. (12)

02 /A1
A similar asymptotic equivalence can be obtained also in the case where
the Laplace transforms of variables {; and 7, are rational functions, see
Albrecher et al. (2013).

If the premium rate v(z) approaches v, at a slower rate of 6/z%,

0 >0 and « € (0, 1), more precisely, if
v(z)—v, — % <p(z) forall z>1, 13
z

where p(z) > 0 is an integrable at infinity decreasing function, then we
get
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v(z) - UL 2(‘—)'— +0(p(2)).

Let y :=min{k €N : ka > 1}. Then

y—1

S(-2Y L +owe.

=0 Ue

1 1

v(z) v,

where p,(z) = p(z) + z77* is integrable at infinity. Consequently, if 1/«
is not integer, then

y yy—l .
J
A/(L-l)dz:i/ (-ﬁ) L dzt eyt
v(z) v, U, ~\ v/ z¥
0 1 7=
r-1 i l—aj
J
-4 (—i> L+c3+o(l) as y - oo,

Ve j=1 o l_aj

where c; is a finite real because p,(x) is integrable. In the case of integer
1/a one has
y

[ (a5 —Z( 0T

0

] —aj

1—aj

A

6 \r!
(——) logy+c4+0(l) asy— oo.
v

c c
Let, for example, @ € (1/2,1). Then
y

A/(%—%ﬁ)dz:—

0
Therefore, for C; :=cye®3/0u>0and C, :=0u>/A(1 —a) >0,

Ou?
(—a)”

" 4+c3+0(1) asy— oo.

w(x)~C,; x"‘e_cz"Fn as x — co. 14)

We are going to extend these results to not necessarily exponential
distributions where there are no closed form expressions like (6) avail-
able for w(x). In that case we can only derive lower and upper bounds
for yw(x) which have the same decay rate at infinity.

3. Heavy-tailedness of the ruin probability in the critical case

Denote the jumps of the chain { R, = R(T},)} by &(x), that is,

P{&(x)€ B} =P{R, — Ry € B| Ry=x}

for all Borel sets B. The dynamics of the risk reserve between two con-
sequent claims is governed by the differential equation R’(f) = v(R(t))
where by R’ we mean the right derivative of V. This equation is solv-
able in R because the function 1/v is Riemann integrable, due to the
boundedness of 1 /v and its right continuity. Let V, (¢) denote its solution
with initial value x, so then

t
V. =x+ / v(V,(s))ds.
0
Therefore,

EX)=¢ Vi(r)—x—¢ o(Vi(s)ds — ¢,

T
0
where =, stands for the equality in distribution.

To avoid trivial case where y(x) =0 for all sufficiently large x, we
assume that

w(x)>0 forall x. (15)

A sufficient condition for that is that, for all x;, > O there exists an € =
€(xg) > 0 such that
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P{é(x) < —e}>¢e forall x €[0,xq].

In its turn, for that it suffices to assume that the random variable ¢ is
unbounded, due to the inequality &(y) < vz — ¢ valid for all y, where
D i=sup,5q v(2).

Theorem 1. Let v, = E{ /E7 and let v(x) — v, as x — co. Then the chain
{R,} has asymptotically zero drift, that is, (9) holds true.

If, in addition, (15) holds true, then, for all 1 >0, e**y(x) = o as
X — 0.

Proof. Since v(y) — v,, for all 1 > 0,
t

/U(Vx(s))ds - vt asx— oo.
0

This implies the following convergence in distribution:

Ex)=>v,7—( asx— oo,

which implies the first statement by the dominated convergence theo-
rem, due to the upper bound |£(x)| <, ¢ + vr. It also implies that, for
all >0,

(@ _DI{EE) > —x} =2 E70%D 1 asx - .

Hence, as follows from Fatou’s Lemma,

liminf E(e™*®™ — DI{&(x) > —x} > Ee*¢70%D — |

X—00

> /EC-ven

Recalling that v, = E¢/Er, we get E({ — v,7) = 0. Therefore, for all
4> 0 there exists an € = £(4) > 0 such that

[E(e_’l‘g(") — DI{é(x) > —x} > ¢ for all sufficiently large x. (16)

Let A > 0. Consider a bounded decreasing function U;(x) :=
min(e~**, 1). For all x >0,
E(Up(x +6(x)) = U (x)) 2 E{e™ 00D — 7 x4 £(x) > 0)
= e ME{e MM _1; £(x) > —x].

Due to (16), there exists a sufficiently large x, > 0 such that

E(U (x+&(x)=U,;(x))>0 forall x> x,.
Therefore, the process {U;(R

nATh, )} is a bounded submartingale, where

B, :=(-00,x,] and 7z :=min{n : R, € B}. Hence by the optional
stopping theorem, for z > x; and x € (x, z),

E.U,(R > EU,;(Xy) = Uyx).

TBA/\T<Z’°°))

Letting z — oo we conclude that
[Ex{U/l(RrBAﬁ g, <o}

zzlgg [Ex{U/l(RrBA); 7, <T(zvoo)}

= lim E U, (R )= lim E (U (R )i 75, > T o))

7B, AT(z,00 T(z,00)

>U;(x)—-0 = U;(x).

On the other hand, since U, is bounded by 1,
[Ex{U/l(RrBA); g, <0} <P {7p, <oo}.

This allows us to deduce the lower bound

P {rp, <o} 2U,(x) = e forall x> x,.

Hence the conclusion (ii) follows, because by the strong Markov prop-
erty, for all A>0 and x > 0,
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=P < >P < inf P <
y(x) x{T(foo,O) OO}_ x{TBA oo}yel[g,x,l] y{T(—oo,O) 00}
> [FDX{TB/1 <ooly(xy), 17)
since y(x) is decreasing; here w(x;) > 0 owing to the condition
(15). O

4. Transience of the embedded Markov chain

In this section we find conditions on the rate function v(z) which
ensure that the ruin probability is strictly less than one.

Theorem 2. Let, for some 6 > 0,

v(z) 2 v, +0/z for all sufficiently large z. (18)
Let both [E':l2 and E¢ 12 be finite. If

Var ¢ + v*Vart
0> —, 19)

2Etr

then the embedded Markov chain { R, = R(T},)} is transient in the sense that
w(x) < 1 for all sufficiently large x.

If, in addition, the chain {R,} is transient in the common sense that
w(x) <1 for all x>0 and

v(z)—v,~0/z asz— x, (20)

then R% /n weakly converges to a I'-distribution with mean 2y + b and vari-
ance (2u + b)2b where u :=0Er and b :=Var{ + v?\/ar T.

As we see from the convergence to a I'-distribution, in the case (19)
the chain {R,} escapes to infinity in probability at rate \/Z in quite
specific way as there is no law of large numbers. In the case where
v(z)—v, ~ c/z* with @ € (0, 1), the chain { R, } is transient too, however
as follows from Lamperti (1962, Theorem 7.1), it follows a law of large
numbers, R}l*""/n —>c(l+a)asn— oco.

Below we prove Theorem 2 via Lyapunov (test) function approach,
so we start with moment computations for the jumps of {R,}. Denote
by my (x) the kth moment of the jump &(x) of the chain {R,} from state
x, that is, m;(x) = E&¥ (x).

Lemma 3. If both Ez? and E¢? are finite, then, under the rate of conver-

gence (11), as x — oo,

@ +0((x) +1/x),

my(x) = Var ¢ + v2Var  + O(1/x).
If E¢70%2 < oo for some y, > O then, for all 6 > 0,

2D
(22)

my(x) =

P{é(x) < —-6x} = o(p,(x)/x“ﬁ'l) as x — oo, (23)

for some decreasing integrable at infinity function p;(x).
If Ex2log(1 + 7) < o0 and E¢2log(1 + ¢) < oo, then, as x — o,

(24)
(25)

E{IE0); [E(x0)] < 6x} = o(x?p; (X)),
E{&2(x); |E(x)| > 8x} = o(xp; (x)).

Proof. By (11),

v(y)<v,+6/y+p(y)
<v.+0/x+p(x) forally>x,

therefore

t

V.(t)—x= / v(V,(s))ds
0
< v t+0t/x+ p(x)t,

t>0. (26)
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On the other hand, again by (11),

() Z v, +60/y—pOy)
>v,.+0/y—p(x) forall y>x.

Hence,

t
Vx(t)—xZUct+9/ ds

V()

—p(x)t
t

Zvct+9/
0

=+

ds _
X+, +0/x+ p(x))s

p(x)t

0
———log(1 .+ 6 t/x) — t,
Py S og(1+ (v, +60/x+ p(x))t/x) — p(x)
where the second inequality follows from the upper bound (26). There-
fore,

Vx(t)—XZUCT+m10g(1+UCI/X)—p(X)I. (27)
Since &(x) =V, (r) — x — {, it follows from (26) and (27) that
0 v, T
UCT—C'F m 10g<1 + T) —p(X)T
<éw < vr—g+ E ot pr. (28)

Recalling that v, = E{/E7, we get

0

v, T 0
S (1 L_>_ Er < 0 .
v, +60/x+ p(x) og\ 1+ X POET <my(x) < . 7+ p(x)Et
By the inequality log(1 + z) > z — z2/2 for z > 0,

v v.E 1)2[ET2
[Elog(l + i) et
X 2x2

Therefore, the relation (21) follows. From that expression we have

>

X

my(x) = Var &(x) + m’ (x)
=Var (V(r) — x = ) + O(p*(x) + 1/x%)
=Var (V(r) — x) + Var { + O(p*(x) + 1/x%) as x — co.

Recalling that

vt =p)t <V () —x < vt + gt + p(o)t,

we get

(v, — p(x)NET <EWV, (7) —x) < (v, +6/x+ p(x)Er

and

(v, = PO’ E? SE(V () — x)* < (v, +0/x + p(x))*Ez>.
Hence,

Var (V, (1) - x) = v*Var 7 + O(1/x) as x > o,

which in its turn implies (22).
Next, since V,(r) —x >0 and ¢ > 0, we have

E2OI{E(x) > dx} = (Vi (1) — x = O Vi (r) — x = > 6x)
< V() = )’V () = x > 6x}
< 2{r > 6x/0}, (29)

where v = sup, v(z), owing to the inequality V,(f) — x < vt, which fol-
lows from (26). Similarly,
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EXONEX) < =6x} = (Vo (1) — x = O* N V(1) — x — £ < —6x}

<E2¢ > sx). (30)

Then it follows from the finiteness of E¢2log(1 + ¢) and Ez2log(1 + )
that both tail expectations E{z?; = > 6x/0} and E{¢?; ¢ > 6x} are of
order o(xp,(x)) for some decreasing integrable at infinity function p; (x),
see Lemma 23. Hence the upper bound (25).

Further, the upper bound (24) follows from Lemma 18 with y =2
and a = 1.

Finally,

P{&() < =6x) <P{¢>6x) = o(p; (x)/x10*)),

for some decreasing integrable at infinity function p(x), due to
Lemma 22 with y =y, +2, f =0, and a = 1. Hence the upper bound
(23). O

Proof of Theorem 2. Let us consider the function
Ug(2z) :=min(v(z),v, + 0/z).

The dynamics of the risk reserve between two consequent claims with
premium rate vy(z) is governed by the differential equation R'(¢) =
vg(R(1)). Let Vp ,(7) denote its solution with the initial value x, so then

t
Vpul) =x + / 09 (Vpx(s))ds.
0

Since vy(z) < v(2),

Vi) 2V, (1) forallt>0. (3D

For &y(x) 1=V, (7) —x -, denote mg . (x) 1= [Efg(x). Since vy(z) =
v, + 0/z for all sufficiently large z, Lemma 3 applies. As a result we
have

mg 1(x) = OEr +O(1/x2) as x — oo,
’ X
and

mg,(x) =Var ¢ + vf\/arr +0(1/x) asx— .
Therefore,

2myg 1 (x) 20Er 1
— - +

my 5 (X) T Var¢ + v?Varz X

O(1/x*) asx— oo.

By the condition on 6, there exists an ¢ > 0 such that

2my | (x)
ol > I+e for all sufficiently large x. (32)
my 5 (X) X
Further, again by Lemma 3 with y, =0, for any fixed 6 > 0,
P{&y(x) < —6x} =O0(p(x)/x) asx — oo, (33)

for some decreasing integrable at infinity function p(x), due to E{? < co.
The bounds (32) and (33) show that the conditions (11) and (13)
from Theorem 3 in Denisov et al. (2013) hold true. In addition, there
exists a sufficiently large x, such that the Markov chain { Ry ,}—the
embedded Markov chain for the ruin process with premium rate
vy(z)—dominates above the level x( a similar Markov chain generated
by a risk process with constant premium rate v,. The latter represents a
zero-drift random walk which is null-recurrent and hence satisfying the
condition (12) from Theorem 3 in Denisov et al. (2013), thus

[F"x{limsupngnzoo} -1 asx— oo.
n—00

Therefore, Theorem 3 from Denisov et al. (2013) applies and we con-
clude that
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P, {Ry,>c0asn—>oo} - 1 asx— oo,
which in its turn yields that
P {Ry,>xqforalln} — 1 asx— co.

Then the same property holds true for the original chain {R,}, due to
the domination property (31).

The convergence to a I'-distribution follows from Theorem 4 in
Denisov et al. (2013). []

Remark 4. It is worth mentioning that the condition (19) is close to be
minimal one for w(x) < 1. More precisely, one can show that if

v(z) <v,+0/z for all sufficiently large z
with some

Var ¢ 4+ v2Var r
6 < Cic
2Er

then the chain {R, } is recurrent or, equivalently, y(x) =1 for all x > 0.
This statement follows by similar arguments applied to a dominating
Markov chain with premium rate v,(z) : = max(v(z),v, + 6/z) that sat-
isfies, for some £ > 0,

2zmy 1(2) < (1 —€)my,(z) for all sufficiently large z,

and hence the classical Lamperti criterion (see, e.g. Lamperti (1960))
for recurrence of Markov chains applies.

5. Approaching critical premium rate at rate of

In this section we generalise the polynomial asymptotics (12) shown
in Section 2 under exponential assumptions, to = and ¢ having general
distributions. Then the result only depends on the first two moments of
their distributions.

Theorem 5. Assume (15) and the rate of convergence (11) with some 6
satisfying (19), that is,

Var § + Uf\/arr
>\
2E7
Set
pi= 20Er _
" Var¢ +u2Varr

If both Ez?log(1 +7) and E¢?*? are finite then there exist positive constants
¢, and ¢, such that

g < <
Ty <y(x) <

a iz v for all x > 0.
x

These bounds are quite similar to the classical estimates (3) and (4).
Indeed, they are universal and only depend on a single parameter p of
the distribution of ({, 7). In contrast to the classical Cramer case, the
crucial parameter p only depends on 7 and ¢ via the first two moments.
A further advantage of the bounds in Theorem 5 is the fact that they are
applicable to a wide class of claim size distributions: the only restric-
tion is that the moment of order p + 2 should be finite; otherwise, the
probability of ruin is higher, see Section 7.

By the condition on 6, p > 0. Define a decreasing function

q(x) :=(p+ 1)min(l,1/x)

and

X

O(x) 3=/£I()’)dy—>oo as x — oo;

0

(34
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hereinafter we define Q(x) =0 for x < 0. The increasing function Q(x)
is concave on the positive half line because g(x) is decreasing. We have,
forc=p+1,

X
0x) = /q(y)dyz(p+ Dlogx+c¢ forall x>1,
0
so the function e~2™) is integrable at infinity, due to p > 0. It allows

us to define the following bounded decreasing function which plays the
most important réle in our analysis of the ruin probabilities:

Ux) := / e P04y for x>0, (35)
X
and U(x) =U(0) for x <0. For all x > 1 we have
—0(x) — ,—¢ /,pt] — ,—C P
e =e“/x and U(x)=e¢/px’. (36)

Let us also define the following auxiliary decreasing functions
needed for our analysis. Without loss of generality we assume that
p1(x) < p(x) < g(x) for all x, where p;(x) is given by Lemma 3; oth-
erwise we can always consider the function max(p;(x),p(x)) instead
of p(x). Consider the functions g, (x) := g(x) + p(x) and ¢g_(x) :=
q(x) — p(x) and let

X
0,(x):= / q.(»)dy,

0

oo

U,(x) := / e %=Wdy, x>0,

X

37)

and U, (x) = U,(0) for x <0. We have 0 <g_(x) <q(x) <q,(x), 0 <
O0_(x)<£0(x) <Q,(x) and U_(x) > U(x) > U, (x) > 0. Since

C, :=/p(y)dy is finite,
0

we have
Qi(x)zQ(x)iCp+0(1) as x — oo. (38)
Therefore,
_ &¥Co
U, (x) ~e™rUx) ~ —xe 2™ as x - . (39)
® p

Since p(x) is decreasing and integrable, p(x)x — 0 as x — co. We
also assume that

P(x) = 0(1/x%).

It follows from Lemma 24 that the condition on p’(x) is always satisfied
for a properly chosen function p.

(40)

Lemma 6. As x — oo,

EU, (x + &(x)) — U, (x) = p(x)(1 + o(1))e" %+ (41)
and
EU_(x + &(x)) = U_(x) = —p(x)(1 + o(1))e™2- ). (42)
Proof. We start with the following decomposition:
EU, (x + &(x)) = U, (x) = E{U,(x + £&(x)) = U,(x); &(x) < —x/2}
FE{U,(x + E(x) = U, (x); [E(x)| <x/2}
HE{U, (x + £(x)) = U, (x); £(x) > x/2}. (43)
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The third term on the right hand side is negative because U, decreases
and it may be bounded below as follows:

E{U, (x+&(x)) = U, (x); &(x) > x/2} > -U, (x)P{&(x) > x/2}

=o(p (x)e_Qt(X)), (44)

due to the upper bound (25) which implies P{&(x) > x/2} = o(p;(x)/x),
and due to the relations (38) and (39). Further, the first term on the
right hand side of (43) is positive and possesses the following upper
bound:

E{U.(x +&(x)) = UL(x); &(x) < —x/2} SE{U.(x +&(x)); &(x) < —x/2}
= o(pl(x)e’Q‘—'(x)), (45)

due to the upper bound (23) with y; = p and due to the relations (36)
and (38).

To estimate the second term on the right hand side of (43), we make
use of Taylor’s expansion:

E{U(x +&(x)) — U, (x); [£(x)] <x/2}
UL (OE{E(); €00l < x/2) + %U;'(X)[E{iz(x); [0l < x/2}

+ ZE{UL G+ 05G)E (5 6] <x/2)
U;(x)ml x)+ %U;’(x)m2(x)

— UL (OE (€0 [0 > x/2) — %U;’(X)[E{EZ(X); |&@0)| > x/2}

+ SE{UL (e 060008 3160 < /2, (46)
where 0 <0 = 6(x, &(x)) < 1. By the construction of U,
Ujr(x) =—¢ Q™)
i (47)
U(x) = g, (x)e™0219 = (q(x) & p(x)e 0=,
Then it follows that
UL () + LU om0 = 7029 (my () + ) 2.0 "2 )
= sz(x)e—Qt(X) (_M + q(x) ip(x)>
my(x)
= im2T(X)e_Q‘—'(") p(x)(1+o(1)), (48)
by Lemma 3 which yields
2m (x) =q(x)+ o(p(x) + l/xz)) as x — oo.
my(x)
It follows from (25) and (47) that
U;(x)[E{f(x); [ > x/2} + %U;'(X)[E{CZ(X); ()] > x/2}
= o(p(x)e W), (49)

Finally, let us estimate the last term in (46). Notice that by the condition
(40) on the derivative of p(x),

UL () = (' () £ p'(x) = (q(x)  p(x))*) e~ %=
=0(1/x?)e %+,
hence,
U (x+y) = 0(1 /x*)e™ %+
as x — oo uniformly for |y| < x/2 which implies
|[E{U G + 0600 03 1600) < %72}

< %E{W(xn; |EG)] < x/2}eC 0,
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Then, in view of (24),

|[EUL (x+ 020 (0: 1601 < x/2}] = o(py (0™ 0=).

Substituting (48)—(50) into (46), we obtain that

(50)

E{U,(x +&(x)) = Up(x); [EG0)] < x/2} = £my(x)p(x)(1 + o(1))e™ =)

(51)
Substituting (44)—or (45)—and (51) into (43) and recalling that
p;1(x) < p(x), we finally come to the desired conclusions. []

Lemma 6 implies the following result.

Corollary 7. There exists an X such that, for all x > X,

EU_(x + &(x)) <U_(x),
EU, (x + £(x)) > U, (x).

Proof of Theorem 5. The process U_(R,) is bounded above by U_(0).
Let X be any level guaranteed by the last corollary, B = (—c0,X] and
tp=min{n>1: X, € B}.

By Corollary 7, U_(R,,.,,) is a bounded supermartingale. Hence by
the optional stopping theorem, for z > X and x € (X, z),

E,U_(R < E,U_(Ry) = U_(x).

TB/\T(LOG))
Letting z — oo we conclude that

E {U_(R;,); tp <oo}
:Z]Lrgo [EX{U_(RTB); Tp < T(Z’oo)}
= Zlggo [ExU_(RTBM(zm)) - zllglo E, { U_(RT(ZYW)); T8> Tz 00))
<U_(x)—-0 = U_(x).

On the other hand, since U_ is decreasing,

EAU_(R,); 75 <00} 2 U_(R)P,{rp < oo}.
Therefore,

U_(x)

U_x’

which implies, by (39), that, for some constant ¢, < oo,

P {rp <o} < (52)

P, {R, <X for some n} < c,U(x) forall x>X.

Thus,

P, {R, <0 for some n} <P, {R, <X for some n}
<c¢U(x) forall x>X.

This gives the desired upper bound.

On the other hand, the process {U, (R, A,B)} is a bounded submartin-
gale due to the lower bound provided by Corollary 7. Hence again by
the optional stopping theorem, for x > x,

EA{UL(R;,); 15 <oo} > E,UL(Ry) = U (%)
On the other hand, since U, is bounded by U_(0),

EAUL(R,); 15 <00} < U, (0P, {rg<oco}.
This allows us to deduce a lower bound
U, (x)

PX{TB < oo} b U+(0)’

which completes the proof of the lower bound, for some constant ¢; > 0,

P, {R, <X for some n} > c;U(x) forall x>X,
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due to (39). To complete the proof of the lower bound it remains to
refer to the arguments in (17). []

6. Approaching critical premium rate at rate of

In this section we consider the case (13) with some a € (0, 1). The
asymptotic behaviour of the ruin probability under this rate of ap-
proaching the critical value v, is described in the next theorem. Define

y :=min{k>1:ak>1}.

Theorem 8. Assume (15) and the rate of convergence (13). Let Errt! < 0
and Ee™¢'™ < oo for some

I

r > —a’

where

r o= 20ET _ 20ET . (53)
E(v,t —¢)? Var { +v2Var ¢

Then there exist constants r,, rs, ..., r,_i € R, defined recursively in the
proof below, and 0 < C; < C, < oo such that

() if «=1/(y — 1) for an integer y > 2, then, for all x > 1,

Clx" = rj l—aj
1= - —aj
x"r-1 exp{ 2_: l—ajx
Jj=1
C,x* 2
Sw(x) < ——expg — L_xIa b (54)
x'r=1 e | —qj
j=1
(i) ifa<1/(y — 1) then
L )
Cx%exp{ — Z 1 _/ajxl"”
Jj=1
=1 )
<y(x) <Cuxexp —Z L_x!=ai b (55)
= 1-aj

As seen from these bounds, the ruin probability is decaying, roughly
speaking, as a Weibullian distribution with shape parameter 1 —a. How-
ever further terms in the exponent are needed to make lower and upper
bounds precise up to a constant multiplier.

In order to prove the last theorem, we firstly derive asymptotic esti-
mates for the moments of V,(r) — x.

Lemma 9. Let Ez” < oo and there exists an x( > 0 such that

v_(x)<o(x) £ vi(x) forall x> x, (56)

where both v_(x) and v, (x) are decreasing functions on [x, o). Then, for

all k<vy,

Ec* (v_(x+ rv+(x)))k < E(V (1) - x)f <ok (0ET, x> x. (57)

If, in addition, Ez?*t1-% < oo and (13) holds true, then there exists an inte-
grable decreasing function p,(x) such that, for all k <y,

E(V,(7) = x)F = (v, + 0/x)ErF + O(p,(x)) a5 x — 0. (58)

Proof. Fix some x > x. Due to (56), v(z) < v, (x) for all z > x. Hence,
'
V. () =x+/U(VX(s))ds

0
t

§x+/u+(x)ds = x+1tv (%),
0

(59
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and the inequality on the right hand side of (57) follows. It follows from
the left hand side inequality in (56) and from the last upper bound for
V(1) that

t

V() —x> / v_(V,())ds > tv_(x+tv,(x)),
0

(60)

and the left hand side bound in (57) is proven.

Owing to (13), v(z) is sandwiched between the two eventually de-
creasing functions v, (z) := v, + 6/z% + p(z). Therefore, applying the
right hand side bound in (57) we get

E(V, () — x)* < (v, + 0/x* + p(x))FEr*
= (v, +0/xEcF + O(p(x)) as x = oo. (61)

From the lower bound in (57) we deduce that, for all k <y,

k> Bt 6 ‘
E(W, (r) —x)* > Er (Uc + Gr ) p(x))
k 0 k —_
>Er (Uc + —(x T one ) +0(p(x)), v= sgp v(z).

By the inequality 1/(1 + »)* > 1 — ay A 1, we infer that, for ¢, = av,
t

L)

(x +vr)* X

Therefore, for all k <y,

X

0 k
0 _% Tﬂ{‘rﬁx/cz}—i[l{r>x/c2}>
1 X«

X xot

E(V, (1) — x)* > Ezk (uc +
+ O(p(x))

O \er k3 k.
Z<UC+F> Er _F[E{T ; T>x/cy)

k

1 ki
_63; xf<a+1>[E{’ s T<x/e} = e3p(x), (62)
for some c; < c0. Then, due to the integrability of p(x), in order to prove
that

E(Ve(r) = )* > (v, + 0/x")Er* - p(x) (63)

for some decreasing integrable function p; (x), it suffices to show that

x“E{r"; T >x}

and

xJOHDE(H ) £ < x)

are bounded by decreasing integrable at infinity functions. Indeed, the
integral of the first function—which decreases itself—is finite due to
the finiteness of the (y + 1 — a) moment of z. Concerning the second
function, first notice that

E{z7+!; 7 <x}

x_j(“+l)[E{17+j; r<x}<
xlta

j>1.

s

The right hand side is bounded by a decreasing integrable at infinity
function due to the moment condition on 7 and Lemma 18. So, (63) is
proven which together with (61) completes the proof. []

Proposition 10. Assume the rate of convergence (13). If both Et'*? and
E¢7 are finite, then, for all k <y,

k
Ay j _
my(x) = 2 x—wj + O(x*k l)pz(x)) as x — oo,
=0

where p,(x) is a decreasing integrable at infinity function and

4, = <’;>01[E1f(ucr—c)"—f, j<k<y.
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In addition,

E{IE*0)l; 60| > x*} = o(x**Dpy(x)) as x > co. (64)

Proof. It follows from the definition of £(x) that

k

B ) =BV () —x -0 = )

i=0

(’f) E(V, () = x) E(=¢)F.

Applying Lemma 9, we then obtain

k 0 \'
i (Uc+x_"‘

) EFEG-0 + 00, ()
k kli i i—if© J
( )[E 'E-0) JZ;(,)”’(,T) +0(p1 ()

my(x) 1= E&¥(x) =

M- 1M

Il
~ o

i

DN

=0
K (k—j

j2 = i k=i i—j
(])9 ,':j<i_j>[ET Ho be

—j <k fj)Ti+j(_C)k—j—iUi
1

- (})=x

- (’J‘) 0ET (0,7 — O

It is immediate from (59) that V,(r) — x < vz where v = sup, v, (2).
Then

where

Ay j .

E{1EF0)]; 1€G0] > x7)
S E{(Ve(0) = )85 Vi(2) = x> x%} + E{¢55¢ > x*)
<TE{F; ©>x%/0) + E{¢%; ¢ > x%).

Since Et"*! < o0, for all k <7y,

—a(k—)y k. a sy L
x E{z"; 7> x /U}_O(xa(k—l)xa(y+l—k)>

1
=O<—) as x — o0.
x*r

By the definition of the y, ay > 1. The function 1/x% is inte-
grable at infinity. The same arguments work for ¢, so the value of
x~?C=DE{|E5(x)|; |&(x)| > x*} is bounded by a decreasing integrable
at infinity function, and the proof is complete. []

Proof of Theorem 8. We first show that there exist constants r,r,, ...,
r,_; such that

y—1

r.
. J
400 = ; (b + x)%

satisfies

)
—my (x) + 2( 1Y 22 71 (x) = o(py (), (65)

Jj=

where p; is a decreasing integrable function and b is a positive number.
We can determine all these numbers recursively. Indeed, as proven
in Proposition 10,

my(x) =

and

my(x) =Var ¢ + v?\/ar T+ 0™ +x%py(x)) as x — oo.
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For r; defined in (53),

—ml(x)+2( 1)/ q/ Lx) = 0(x~2 + py(x)) asx — o,

Jj=
for any choice of r,, r3,...,r,_;. Then we can choose r, such that the

coefficient of x=2¢ is also zero,

E(v.r —¢)*r}/3 - 20Ex(v,7 -

Ory
Var{ + v2Var ’

ry=

and so on. It is clear that the numbers ry, r,,...,r,_; do not depend
on the parameter b. Therefore, we can take b so large that the function
q(x) is decreasing on [0, o).

As in the previous section, we define

Q(x)=/q(y)dy and U(X)=/e‘Q(”dy, x>0.
0 x
For x <0 we set U(x) = U(0). It is immediate from the definition of
q(x) that
ox)= /2(b+z)vu z, x>0,
and

y
U(x)= /exp /Z(b+z)’1/ z}dy, x>0.
0

We define also, for p(x) > max(p;(x), po(x)),
x o
4 () =q() £p(x), Q. (x)= / 4 (ndy and U,(x)= / e Wy
0 x
We further assume that, forall 1 <k <y -1,

a0 =g’ (x)), PP (x)=0(g’ (x)) asx— oo (66)
and
q"(x) =o(p(x)) as x — oco. (67)

If g(x) ~ ¢/x* where ya <2, then it follows from Lemma 24 that the
condition on the derivatives of p(x) is always satisfied for a properly
chosen function p, so the condition (66) on the derivatives of p does not
restrict generality under this specific choice of r(x).

It is clear that

U, (x)~ eFOU(x) as x — oo.
Noting that
U'(x)
— e~ 0()
( q(x) ¢ )

and applying the L’Hopital rule, we conclude that, as x — oo,

_ -0
T (—q'(x)/¢*(x) — 1)e=2)

-1 asx—-> o

¢, e0) 0
U(x)~ and U, (x)~e"r—— . (68)
)
Lemma 11. As x — oo, we have the following estimates:
Var ¢ 4+ v2Var 7 + o(1)
EU,(x+&(x) - U, ()= ke 2 plx)e™ R, (69)
Var ¢ 4+ v2Var 7 + o(1)
EU_(x+é&(x) - U_(x)=— e 3 p(x)e R-9 (70)
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Proof. We start with the following decomposition:

EU,(x +£(x0) — U (x) = E{U, (x + £(x)) = U, (x); &(x) <—x"}
FE{UL(x + £(0) = UL (x); 1E(0)] <x7}

FE{UL(x + (X)) — U, (x); §(x)>x"}.  (71)

The third term on the right hand side is negative because U, decreases
and it may be bounded below as follows:

E{U(x +£0(0) — U, (x); £x) > x*} 2 U, (0P {&(x) > x*}

= o(pz(x)e_Qt(")), (72)

due to the upper bound (64) which implies P{&(x) > x*} = o(p,(x)/x%),
and due to the relation (68).

Further, the first term on the right hand side of (71) is positive. To
obtain an upper bound for that expectation we first notice that, due to
the fact that Q(z) is monotone increasing,

X X
U (x—y)-U,(x)= / e %= gz < / e 9@ gz < Crye~ QN
x—y x—y

Since ¢(x) is chosen to be decreasing, Q(z) is concave and, conse-
quently,

O(x—y) 2 0(x) - O().
Using this inequality we obtain
U, (x—y) - U,(x) < 26 ye—Q(x)eQ(y)
and
E{UL(x +&(x) — UL(x); &(x) <—x"}
< @9 CIE{—£(0)e?M(x) < —x7)
< D OWE(e2@; ¢ > x7).

The moment assumption on ¢ implies that the decreasing function
E{£e9®);¢ > x7} is integrable at infinity. As a result we have

E{UL(x +&(x)) = U, (x); &(x) < =x"} =o(p;(x)e™%=).

To estimate the second term on the right hand side of (71), we make
use of Taylor’s expansion with y + 1 terms:

(73)

E{UL(x +£(x) = U (x); 1E()] < x*}

L UL
= Y R ] <x)
k=1 :

U(y+1)(x+0§(x))
UL+ 0560y )
GrDr o Gk ll=x }
L UP(x) 7 y®(x)
=1; R _,; & E{&*(x); [E(x)] > x*}
U(y+1)(x+0§(x))
UL+ 060y )
G O @IS x } 74)

where 0 <0 = 6(x, £(x)) < 1. By the construction of U,

Ul ==e"%0, U0 =q.(x)e7% = (g(x)  px))e”2:(75)

and, for k=3,...,y + 1,
UL ) = =720 D = (—1)* (g5 (x) + o(p(x))) e 2= as x — oo,

where the remainder terms in the parentheses on the right are of order
o(p(x)) by the conditions (66) and (67). By the definition of g, (x),

5 0 = (@) = p()) ! = ¢ @) +o(p(x)) for all k >3,
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which implies the relation

Uik)(x) =(=D¥ (qk_l x)+ o(p(x)))e_Qi(x) as x — oo. (76)

From these equalities we get |Uf£k)(x)| < Cx~?k=De=0+()  Combining
this with (64), we obtain

Y Uik)( )
> 0> 1) =0 (p0e %) asx oo (77)
k=1 :
It follows from the equalities (75) and (76) that
i U(k)(x)
* m (x)
=L
4 k—1
=00 (Z(—l)k T )+ o) 2 2 >
k=1 :
=¢ %= (o(p(x)) + p(x) m22(x) ) as x — oo, (78)

by the equality (65). Owing to the condition (66) on the derivatives of
r(x) and (67),

UV (@) = (=17 (¢ () + o(g (x))e %+ as x - co.

Then, the last term in (74) possesses the following bound:

UV (x + 0&(x))

(r+1)! &) 16! Sx"}

=0(q" ()" %) E{ £ &) < x}
= o(p(x)e_Q‘—'(x)) as x = oo,

by the condition (67). Therefore, it follows from (74), (77) and (78)
that

E{UL(x +&(0) = UL(x); [E)] < x}
m[S(X)]

= iP(x)%e_Qi(X) + U(P(x)e_Qt(")) as x — oo.

Together with (72), (73), and (71) this completes the proof. []

The remaining part of the proof repeats literally the final part of the
proof of Theorem 5 and we omit it. []

7. Heavy-tailed claim sizes

In this section we study the case where the distribution of the claim
size is so heavy that the moment conditions in Theorem 5 are not met.

We assume that v(x) converges towards v, at rate 6/x and that the
distribution of { is regularly varying at infinity with index —(f + 2) for
some g € (0, p). Then E¢?*2 is infinite and, consequently, Theorem 5
does not apply.

Theorem 12. Assume the rate of convergence (11) with some 0 satisfying
(19). Assume also that Ez*log(1 + 7) < oo and that

P{¢>x}=x"2PL(x) (79)

for some slowly varying at infinity function L(x) and f € (0, p). Then there
exist constants C, and C, such that

(o] o]

C1/yP{C>y}dySw(x)SCz/yP{C>y}dy for all x> 0.

X X



D. Denisov, N. Gotthardt, D. Korshunov et al.

Under the condition (79), by Karamata’s theorem,

(o)

/y[P’{C>y}dy~ %xzp{é>x} as x — oo.

Therefore, the claim of Theorem 12 can be reformulated in the follow-
ing way:

élx_ﬂL(x) <wy(x)<L ézx_pL(x).

Notice that, for the classical ruin process with constant premium rate
and with claim size of subexponential type, w(x) is asymptotically
equivalent to the integral fxoo P{¢ > y}dy (see e.g. Foss et al., 2013,
Section 5.11). So, the main difference between our case and the classi-
cal one is that the probability of ruin is higher in our case owing to the
additional weight y in the integral, which is not surprising and reflects
the fact that our system is close to a critical one, v(y) = v, as y = .

Notice that the condition (15) follows by (79).

The proof of Theorem 12 is split into two parts, where we derive the
upper and lower bounds. For both, we need the following result on the
left tail distribution of the jumps of the chain {R,}.

Lemma 13. If the distribution of { is long-tailed, that is, if

P{¢>x+u}
P{{>x}
then, uniformly for all x > 0,

lim

X—00

=1 for any fixed u,

P{E() <—y} ~P{{>p} asy— co.

Proof. Using the equality £(x) = V,(r) — x — {, we get the following
upper bound

P{&(x) <=y} =P{{ - (Vi (r) —x) >y}
<P{¢>y}
For a lower bound, let us notice that, for any fixed u,
P{&(x) <=y} 2P{{ >y +u}P{V (r) — x <u}
~P{{>yIP{V,(r) —x<u} asy— oo,

due to the long-tailedness of the distribution of ¢. Also, by the stochastic
boundedness of the family of random variables {V, () — x, x >0},

inf P{V (r)—x<u} -1 asu— oo,
X

which implies the following lower bound, uniformly for all x > 0,

P{EG) < -y} ZP{{ >y} +0o(1)) asy— oo,
O

hence the desired result.

7.1. Proof of the upper bound

As in the previous sections, we analyse the behaviour of the chain
R, = R(T,), n > 0. In order to understand the impact of large claim
sizes on ruin probabilities from the point of view of an upper bound,
we introduce an auxiliary chain with jumps truncated below. For every
x > 0 we define jump E(x) as follows:

P{&(x) € B} :=P{&(x) € B|&(x) 2 —x/2}, B€BR).
Let {E,,} be a Markov chain with jumps E(x). The connection between

{R,} and {R,} is described in the next lemma.

Lemma 14. Set A, := {£(Ry) > —R, /2 for all k < n}. Then, for all Borel
sets By, B,, ..., B, we have
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}

n—1
[1s®Ro: R, eB,.....R,eB,

P.{R,€B,.....R, €B,: A,} :[Ex{
k=0

where
g(x) :=P{&(x) 2 —x/2} € (0, 1).

Proof. We use the induction in n. If n =1, then

P.{R; €B; A} =P{x+&(x) € By, &(x) > —x/2}

= g()P{x+&(x) € B}

=E,{g(Ry): R, € By).
For the induction step n—1 — n it suffices to apply the Markov property:
P.{R,€B,,...R,€B,;A,}

= / P.{R, € By,....R,_ €dy;A,_|}P{y+ &) € B,,&(y) > —y/2}

Bn—l
n—2

= / [EX[Hg(Rk); R,€B,,..R_ edy

B, . k=0

-, { I

which completes the proof.
Let y(x) denote the ruin probability for the chain {E,, }, that is,

gP{y+E&(y) € B,)

n—1

[[s®Ro: R eB,....R, B,
k=0

|

F(x)=P_{R, <0 for some n > 1}.

Let H . be the renewal measure of {'IE,,} with starting point x:

H (B)= 2 P {R,€ B}, BeB®R).
n=0

Lemma 15. The following inequality holds true

w0 <700+ [ (1= DAy, 80)
0

Proof. Let

7y :=inf{n>1: R, <0}

and

Aqy 1= {E(RY) > =Ry /2 for all k <17y},

Noting that

{rp <0} C ({TO < oo} nA,O) UAiO,

we get

Po{7o <o} SP,{r) < o0, Ay} +P{AC ). 81)

Using now Lemma 14 with B =..=B,_; =
we obtain

[0,0) and B, = (—c0,0)

n—1

[Te®o; 7% =n

P.{to=nA4,} =[EX{
k=0

} <P ATy=n}, n21,
where

%, :=inf{n>1: R, <0}.

This implies that
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Px{fo<oo,ATO}SPX{T'O<00}=IT/(X). (82)

To bound the second probability term on the right hand side of (81),
we firstly apply the total probability law twice

IPX{AjO} =P, {&(Ry) < —Ry /2 for some k < 7}

= Z P {A,.7y>n&R,) <—R,/2}
n=0

=y / PR, €dy. A, > n}P{EY) < —y/2).
n—O0

and then we apply again Lemma 14 to the probability on the right hand
side:

PX{A:'O}SZ/Px{Enedy}(l_g(y))
n=00

- / (1 = gV A (@),
0

Plugging now this bound and (82) into (81), we get the desired upper
bound. []

In order to get an upper bound for y(x) we need upper bounds for
both terms on the right hand side of (80). It turns out that y(x) can be
estimated by the method used in the proof of Theorem 5.

Lemma 16. Assume that Et% log(1 + 7) and E¢? log(1 +¢) are finite. Then
there exists a constant C such that

(83)

~ 149
IP’X{R,,Syforsomenzl}SCi
X

foral 0<y<x.

In particular,

w(x) < < for all x> 0.
xP

Proof. Let U_(x) be the function defined in the proof of Theorem 5. By
the definition of &(x),

EU_(x +&(x)) - U_(x) = $[E{U,(x +&(x) = U_(x); &(x) 2 —x/2}

LU (4 &) - U (): e < x/2)
g(x)

1
+——E{U_(x +&(x)) — U_(x); &(x) > x/2}.
g(x)
Since the estimates (24) and (25) are valid under the conditions of the
present lemma, we may apply (44) and (51) to get

1+o(1)

EU_(x + &(x)) = U_(x) = —
g(x)

p(x)e0-,

Therefore, there exists X such that U_(ﬁ,, rp) is a bounded supermartin-
gale, where B = (—o0, X]. Then, applying the optional stopping theorem,
we get the desired upper bound. []

We now turn to the second term in (80). Firstly we state the follow-
ing upper bounds for the renewal function.

Lemma 17. The following bounds hold true:

H,(0,y1SC(+y?) forallx,y>0 84)
and

- 1 2+

7.00<c— 2" praio<y<x. (85)
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Proof. Firstly note that

P{&u) < —u/2}=0.
Next, by using Lemma 3, we conclude that
0Er

u

E&(u) ~
and

[EZ‘Z(u) — Var{ + U%\/HIT as u — oo.

Using these estimates one can easily see that all conditions of Lemma
4 in Denisov et al. (2013) are met. This implies (84). To prove (85) it
suffices to notice that

H_.(0.y] <P {R, <y for some n> 1} sup H,(0, y]
usy

and to apply (83) and (84). [

Now we are ready to bound the second term in (80). Since &(x) >,
-,
/ (1-gODH @y < / P{C > y/2)H (dy).

0 0

o)

(86)

Fubini’s theorem implies that

o0

/

0

P{c>y/2}ﬁx<dy>=/ﬁx<dy>/P{zqedu}
0 y+0

oo u—0

=/P{2cedu}/ﬁx<dy)
0

0
:/ﬁx(o,u)u»{zgedu}.
0

Next, by Lemma 17,

X

T ~ 1+y2+p
/Hx<o,y1nm{256dy}sc/—xp P(2¢ € dy)
0 0

+ C/(l +y)P{2¢ e dy}

<C(1/xP +XPP{E > x/2)),

owing to the regular variation of the distribution of { and Karamata’s
theorem. Since f < p, we conclude that

/ H,(0.yIP{2¢ € dy} < C,x*P{{ > x}.
0

Together with (86) it yields that

/(1 — g H (dy) < C;x*P{¢ > x).
0

This estimate and Lemma 16 imply the desired upper bound.
7.2. Proof of the lower bound

To start with, we notice that, forall x>0 and N > 1,

oo
(o)

w(x)= Z PR, €dy, R, >0 forall k <n}P{&(y) <—y}
n=0
0
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N
> < P AR, €[x/2,2x] for all k <
o PED) y}nZ:‘) « € [x/2.2x] n)
> P{E(y) < —y}NP, {R, €[x/2,2x] forall k < N}.
ye[x/22]

Due to Lemma 13,

. s 3
ye[;r/lgmp{é(yK y}_ye[}(r/l£2x]ﬂ3’{§(y)< 2x}
~P{{>2x} asx— .

Consequently, putting N = §x2, we get the following lower bound

w(x) > cP{{ > x}6x°P, { R, € [x/2,2x] for all k < 5x?},

for every 6 > 0. Thus, it only remains to show that we can choose a
6 > 0 so small that the probability on the right hand side is bounded
away from zero.

We start by stating the following decomposition

P { R, & [x/2,2x] for some k < 6x2}
<P {R, <x/2 for some k > 1}
+P { x/2foralln21}.

It follows from Lemma 3 that for every € < p there exists an x; such
that

max R, >2x,R,
k<éx?

(87)

2xm(x)
my(x)

Noting that

>1+4+¢ forall x> x.

P{E() < —yx} SP(¢>yx) =o(1/x*+0)

for every f, < p, we infer that all the conditions of Lemma 1 in Denisov
et al. (2013) hold true and, consequently, there exists an x, such that
P.{R, <z forsomen>1} <(z/x)% forall x>z > x,.

In particular,

P, {R, <x/2 for some k> 1} <1/2% for all x > 2x,,. (88)

To bound the second probability on the right hand side of (87) we in-
troduce a martingale

k—1
M, ;:Rk—RO—Zml(Rj), k>0.

Due to Lemma 3, we may assume that x, is so large that ym,(y) < 20Er
for all y > x,. This implies that, for Ry = x,

max R, <x+ max M, +406xEr
k<éx? k<ox?

on the event { R, > x/2 for all k> 1}. Consequently,

P
where ¢; :=40Ez. Applying the Doob inequality to the right hand side
and noting that E, M2 < ¢,k for all k and x, we obtain

0

o T
1- c16)2
Plugging this estimate and (88) into (87), we conclude that

max Ry >2x, R, >x/2 for all k>1

} <P {max M >(1- clé)x}
k<éx?

max R, > 2x, Rk>x/2forallk>1}
k<éx?

1 0
2o (1—¢;6)?
Choosing 6 > 0 sufficiently small, we can make the right hand side less
than 1, hence

P ARy & [x/2,2x] for some k < §x? 1< for all x > 2x,.

inf P_{Ry € [x/2,2x] for all k <6x*} > 0.
x>2x(
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This completes the proof of the lower bound.
8. Appendix

Lemma 18. Let a € (0,1] and y > a. Let a family of positive random vari-
ables {&y, 6 € O} possess a majorant E, &, <, E for all € O, such that
EZ7+1-% < 0. Then there exists a decreasing integrable at infinity function
p(x) such that

sup [E{§§+l§ & <x}=o(x"p(x)) asx - oo.
6O

Proof. Fubini’s theorem yields that

E{&M g <x)= /P{éeedu}/(yﬂ)ywy
0 0
=(J/+1)/y’P{r§g€(y,x]}dy
0

<o+ 1)/y’P{E > yldy,
0
by the majorisation condition. Therefore, by the Markov inequality,
(g g <x) <@+ 1>/y“[E{EH; 2> y)dy

= (y + Dx"p(x),

e

The finiteness of EZ"+!~* implies integrability at infinity of p(x). In-
deed,

where

p(x) = > yldy.

x1+a

(S [Se] X
- dx ax =r-a. =
/”(X)dx—/xm /y E{E"™"; E>y}dy
0 0 0
o0 0
_ dx
— AEI=r—a. = -
—/y E{E ,_>y}dy/xl+a
0 y

o)

:l/[E{EV"’; E>yldy
a
0
Ey+1—a

< o0,
a

by the moment condition on E. In addition, the function p(x) is decreas-
ing because

X

/y“[E{EV“’; E>yldy

0

4. 1
dx xl+a

X

l+a AE(ET—a. T lergra =
Lt e e aye de@ a0
0
< e ~>x}/ Yidy+ = [E{”V“ 2> x}
X

0.

The proof is complete due to the next Lemma 19. []
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Lemma 19. Let p(x) > 0 be a decreasing function which is integrable at
infinity. Then there exists a decreasing integrable at infinity function p(x) >
0 such that p;(x)/p(x) = o0 as x — .

Proof. Without loss of generality we assume that p is a left-continuous
function. Since p(x) is integrable at infinity, there exists an increasing
sequence x; — 00, k > 0, such that x, =0 and

(o)
/p(y)dy < 1/k* forall k> 1.
Xk
Since p(x) decreases, a sequence x;, may be chosen in such a way that
(k+2)p(xy41) < (k+1p(x,) forall k>1.
Due to this condition the following sequence y, such that x; < y; <

X4 for all k is well-defined:

Vi i=sup{x>x; : (k+ 1Dp(x) > (k+2)p(xi 1)}

Define a function p,(x) as follows:

pi(x) 1= (k+ Dp(x) for x € [xy, y],
I (k+2)p(xp4p)  for x € (¥, Yia1],

which is decreasing by construction. Since

p1(x) > (k+ Dp(x) forall x € [x;, x4411,

the function p,(x) satisfies the condition p,(x)/p(x) - o as x — oo.
Lastly, its integral may be bounded as follows:

o X
00 k+1

/pl(x)dx=2/p1(x)dx

k=1 %

2k+1)

X1

8

/ p()dx + Z(k + 2Py )X — V)
Xk

Xk+1

Z(k+2) / p(x)dx
Xk

8

k=1

< 2 k+2
k=1
where the last bound is due to the choice of x;, which completes the
proof. []

Lemma 20 (Denisov (2006)). Let p(x) > 0 be a decreasing function which
is integrable at infinity. Then there exists a decreasing integrable at infinity
function p;(x) > 0 which dominates p(x) and is regularly varying at infinity
with index —1.

Lemma 21. Let £ > 0 be a random variable and let V (x) > O be an increas-
ing function such that EV () < 0. Let U(x) > 0 be a function such that the
function f(x) :=V(x)/xU(x) increases and satisfies the condition

f(2x)
sup
x>1 f(x)

Then there exists an increasing function s(x) — oo of order o(x) such that

<o (89

E{U©); &> s(x)} = o(p(x)xU(x)/V(x)) asx — oo,

where p(x) is a decreasing integrable at infinity function which is only deter-
mined by & and V (x).

Proof. Since EV(£) < o0, the decreasing function

nx) = E{V(©)/& &> x}
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is integrable at infinity. Then by Lemmas 19 and 20,

E{(V(&)/& £>x) = o(p(x)) as x — oo,

where a decreasing function p(x) is integrable and regularly varying at
infinity with index —1. Hence, due to the increase of V' (x)/xU(x),

U
B £>x) =E{ SRV £>x)
CEV©/8 £>x)
V(x)/xU(x)
=o(p(x)xU(x)/V(x)) asx— oo.
Therefore, for any n € N,
E{U&); &> x/n} =

because the function p(x) is regularly varying at infinity and owing to
(89). Hence, there exists an increasing sequence x,, — oo such that

o(p(x)xU(x)/V(x)) asx— oo

E{U(&); €>x/n} < p(x)xU(x)/nV (x) forall x>x,.
Then the level function s(x) = ;—‘U{x € (x,,x,41]} is of order o(x) and

delivers the stated result. []

Lemma 22. Let ¢ > 0 be a random variable with finite yth moment for some
y €[1,0). Let a € [1/y,1]. Then, for all g € [0,y — 1/a], there exists an
increasing function s(x) — oo of order o(x*) such that

E(&P; &> s(x)} = o(p(x)/x**"P71) as x — co,

where p(x) is a decreasing integrable at infinity function which is only deter-
mined by &, y, and a.

Proof. Put = &/ and V(x) = x%’. As follows from Lemma 21 with
U(x) = x*P, since E&” = EV (5)) < oo, there exists a regularly varying at
infinity with index —1 function p(x) which is integrable at infinity and
a function s(x) = o(x) such that

E{n*; 1> s(x)} = o(p(x)xU (x)/V (x))

= o(p(x)/x*""P~1)  as x - o,
which can be rewritten as
E(&F: &> s"(0)} = o(p(x)/x*T"P71) as x — oo,
O

and the proof is complete.

Lemma 23. Let ¢ > 0 be a random variable and let V (x) be a non-negative
function such that EV (€)log(1 + &) < co. Then there exists an increasing
function s(x) — oo of order o(x) such that,

E{V(&); £> s(x)} =o(p(x)x) asx— oo,

where p(x) is a decreasing integrable at infinity function.

Proof. It follows almost immediately because

/dx/V(y)P{:edy}
/V(y)P{éedy}/

1

/ [E{V(f) £>x}

1

oo

=/V(y)(10gy)P{-§€dy} < 0.
1

Hence, by Lemmas 19 and 20,

E{V(&); é>x} =o(p(x)x) as x — oo,
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where a decreasing function p(x) is integrable and regularly varying
at infinity with index —1. Then concluding arguments as in Lemma 21
complete the proof. []

Lemma 24. Let p(x) > 0 be a decreasing function which is integrable at
infinity. Then, for any k > 1, there exists a decreasing integrable at infinity
function Pr(x) > p(x) such that it is k times differentiable and, for all j <k,

pk(x) O(1/x'*) as x - .

dxJ
Proof. Consider a decreasing function p,(x) defined by the equality

p(x) =28 /dyk/dykl / /P(.VI)

x/2 yie/2 »3/2 »/2

Firstly, since the function p(x)/ x¥ decreases,

o b
/ p(ykl) dy, > / p(ykl) dy, > %p(ykz) % p(ky_zl)’
y y y y
»n/2 1 /2 1 2 2

so repetition of this lower bound eventually leads to the inequalities

X

pe(x) 2 2% /

x/2

1 P(yk)
2k-1 Vi

> kX 1 ﬁ

Ve 2 2550 = p(x).

Secondly, p,(x) is integrable at infinity because

T 2
/"(yl)dymp(yzm/ v = o(Z2L2),
»n/2 yl »n/2 l &

and hence after k — 1 steps we arrive at upper bound

k—1
p(yi/2 )d

Pk(X)SC/ "

x/2

k> € <00,

where the integral on the right hand side is integrable with respect to
X, since

< < k-1 < k—1 2y
2k 25
/dx/p(y/ )dy=/p(y/ )dy/dx
y y
0 X2 0 0
=2/p(y/2"’1)dy < .
0
Thirdly,
(x0) = 2k gkl p(yl)
dx kp"x)_ 2 dxk-l
x/ »3/2 »n/2
k 2k
= (=1)¥ 2 px/27) = O(p(x/Zk)/xk) as x — co.

2-4 -2k (x/2k)k
Since p(x) is decreasing and integrable at infinity, p(x) = O(1/x) as x -
0, SO pik)(x) = O(1/x'*¥). Integrating the kth derivative k — j times we
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get that the jth derivative of p,(x) is not greater than (k — j)th integral
of ¢/x'** which is of order O(1/x'*/). This completes the proof. []
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