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Abstract

A weighted recursive tree is an evolving tree in which vertices are assigned random vertex-weights
and new vertices connect to a predecessor with a probability proportional to its weight. Here, we study
the maximum degree and near-maximum degrees in weighted recursive trees when the vertex-weights are
almost surely bounded and their distribution function satisfies a mild regularity condition near zero. We
are able to specify higher-order corrections to the first order growth of the maximum degree established
in prior work. The accuracy of the results depends on the behaviour of the weight distribution near
the largest possible value and in certain cases we manage to find the corrections up to random order.
Additionally, we describe the tail distribution of the maximum degree, the distribution of the number
of vertices attaining the maximum degree, and establish asymptotic normality of the number of vertices
with near-maximum degree. Our analysis extends the results proved for random recursive trees (where
the weights are constant) to the case of random weights. The main technical result shows that the degrees
of several uniformly chosen vertices are asymptotically independent with explicit error corrections.
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1. Introduction

The Weighted Recursive Tree model (WRT), first introduced by Borovkov and Vatutin [4],
is a recursive tree process (Tn, n ∈ N) and a generalisation of the random recursive tree model.
Here we consider a variation, first studied by Hiesmayr and Işlak [11], where the first vertex
does not necessarily have weight one. Let (Wi )i∈N be a sequence of positive vertex-weights.
Initialise the process with the tree T1, which consists of the vertex 1 (which denotes the
root) and assign vertex-weight W1 to it. Recursively, at every step n ≥ 2, we obtain Tn by
adding to Tn−1 the vertex n, assigning vertex-weight Wn to it and connecting n to a vertex
i ∈ [n − 1], which, conditionally on the vertex-weights W1, . . . , Wn−1, is selected with a
probability proportional to Wi . In this paper, we consider edges to be directed towards the
vertex with the smaller label. We note that allowing every vertex to connect to m ∈ N many
predecessors, each one selected independently, yields the more general Weighted Recursive
Graph model (WRG) introduced in [15]. The focus of this paper is the WRT model in the case
when the vertex-weights are almost surely bounded random variables.

Lodewijks and Ortgiese [15] established that, in the case of positive, bounded random
vertex-weights, the maximum degree ∆n of the WRG model grows logarithmically and that
∆n/ log n

a.s.
−→ 1/ log θm , where θm := 1+E [W ] /m with E [W ] the mean of the vertex-weight

distribution and m ∈ N the out-degree of each vertex. Note that setting m = 1 yields the
result for the WRT model. In this paper, we improve this result by describing the higher-
order asymptotic behaviour of the maximum degree when the vertex-weights are almost surely
bounded. In this case we are able to distinguish several classes of vertex-weight distributions
for which different higher-order behaviour can be observed.

Beyond the initial work of Borovkov and Vatutin and also Hiesmayr and Işlak studying
the height, depth and size of branches of the WRT model, other properties such as the degree
distribution, large and maximum degrees, and weighted profile and height of the tree have
been studied. Mailler and Uribe Bravo [17], as well as Sénizergues [19] and Sénizergues and
Pain [18] study the weighted profile and height of the WRT model. Mailler and Uribe Bravo
consider random vertex-weights with particular distributions, whereas Sénizergues and Pain
allow for a more general model with both sequences of deterministic as well as random weights.

Iyer [12] and the more general work by Fountoulakis and Iyer [8] study the degree
distribution of a large class of evolving weighted random trees, and Lodewijks and Ortgiese [15]
study the degree distribution of the WRG model. In both cases, the WRT model is a particular
example of the models studied and all results prove the existence of an almost sure limiting
degree distribution for the empirical degree distribution.

Finally, Lodewijks and Ortgiese [15] and Lodewijks [14] study the maximum degree and
the labels of the maximum degree vertices of the WRG model for a large range of vertex-
weight distributions. In particular, a distinction between distributions with unbounded support
and bounded support is observed. In the former case the behaviour and size of the label of the
maximum degree is mainly controlled by a balance of vertices being old (i.e. having a small
label) and having a large vertex-weight. In the latter case, due to the fact that the vertex-weights
are bounded, the behaviour is instead controlled by a balance of vertices being old and having
a degree which significantly exceeds their mean degree.

A particular case of the WRT model is the Random Recursive Tree (RRT) model, which
is obtained when each vertex-weight equals one almost surely. As a result, techniques used to
study the maximum degree in the RRT model can be adapted to analyse the maximum degree
in the WRT model. Lodewijks and Ortgiese [15] demonstrate this by adapting the approach of
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Devroye and Lu [6] for proving the almost sure convergence of the rescaled maximum degree
in the Directed Acyclic Graphs model (DAG) (the multigraph case of the RRT model) and using
it for the analysis of the maximum degree in the WRG model, as discussed above. Hence, we
survey the development of the properties of the maximum degree of the RRT model.

Szymańsky was the first to study the maximum degree of the RRT model and proved
its convergence of the mean; E

[
∆n/ log n

]
→ 1/ log 2. Later, Devroye and Lu [6] extend

this to almost sure convergence and extended this to the DAG model as well. Goh and
Schmutz [10] showed that ∆n −⌊log2 n⌋ converges in distribution along suitable subsequences
and identified possible distributions for the limit. Adarrio-Berry and Eslava [1] provide a precise
characterisation of the subsequential limiting distribution of rescaled large degrees in terms of
a Poisson point process as well as a central limit theorem result for near-maximum degrees (of
order log2 n−in where in → ∞, in = o(log n)). Eslava [7] extends this to the joint convergence
of the degree and depth of high degree vertices.

In this paper we adapt part of the techniques developed by Adarrio-Berry and Eslava in [1].
They consist of two main components: First, they establish an equivalence between the RRT
model and a variation of the Kingman n-coalescent and use this to provide a detailed asymptotic
description of the tail distribution of the degrees of k vertices selected uniformly at random,
for any k ∈ N. This variation of the Kingman n-coalescent is a process which starts with
n trees, each consisting of only a single root. Then, at every step 1 through n − 1, a pair
of roots is selected uniformly at random and independently of this selection, each possibility
with probability 1/2, one of the two roots is connected to the other with a directed edge. This
reduces the number of trees by one and, after n − 1 steps, yields a directed tree. It turns out
that this directed tree is equal in law to the random recursive tree. In the n-coalescent all n
roots in the initialisation are equal in law and the degrees of the vertices are exchangeable. This
allows Adarrio-Berry and Eslava to obtain the degree tail distribution with a precise error rate.
Second, this precise tail distribution is used to obtain joint factorial moments of the quantities

X (n)
i := |{ j ∈ [n] : Zn( j) = ⌊log2 n⌋ + i}|, i ∈ Z,

X (n)
≥i := |{ j ∈ [n] : Zn( j) ≥ ⌊log2 n⌋ + i}|, i ∈ Z,

(1.1)

where Zn( j) denotes the in-degree of vertex j in the tree of size n. The joint factorial moments
of these X (n)

i , X (n)
i are used to identify the limiting distribution of high degrees in the tree. The

sub-sequential convergence, as mentioned above, is due to the floor function applied to log2 n
and the integer-valued in-degrees Zn( j).

For the WRT model, however, it provides no advantage to construct a ‘weighted’ Kingman
n-coalescent to obtain precise asymptotic expression for the tail distribution of vertex degrees.
As pairs of roots in the Kingman n-coalescent are selected uniformly at random and hence the
roots are equal in law, it is not necessary to keep track of which roots are selected at what step.
In a weighted version of the Kingman n-coalescent, pairs of roots would have to be selected
with probabilities proportional to their weights, so that it is necessary to record which roots
are selected at which step. As a result, a weighted Kingman n-coalescent is not (more) useful
in analysing the tail distribution of vertex degrees.

Instead, we improve results on the convergence of the empirical degree distribution of the
WRT model obtained by Iyer [12] and Lodewijks and Ortgiese [15]. We obtain a convergence
rate to the limiting degree distribution, the asymptotic empirical degree distribution for degrees
k = k(n) which diverge with n, as well as asymptotic independence of degrees of vertices
selected uniformly at random. We combine this with the joint factorial moments of quantities
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similar to (1.1) and use the techniques developed by Adarrio-Berry and Eslava [1] to derive
fine asymptotics of the maximum degree in the WRT model.

Notation. Throughout the paper we use the following notation: we let N := {1, 2, . . .} be
the natural numbers, set N0 := {0, 1, . . .} to include zero and let [t] := {i ∈ N : i ≤ t} for any
t ≥ 1. For x ∈ R, we let ⌈x⌉ := inf{n ∈ Z : n ≥ x} and ⌊x⌋ := sup{n ∈ Z : n ≤ x},
and for x ∈ R, k ∈ N, let (x)k := x(x − 1)(x − 2) · · · (x − (k − 1)) and (x)(k)

:=

x(x+1)(x+2) · · · (x+(k−1)), and (x)0 = (x)(0)
:= 1. For x, y ∈ R, we write x∧y := min{x, y}

and x∨y := max{x, y}. Moreover, for sequences (an, bn)n∈N such that bn is positive for all n we
say that an = o(bn), an ∼ bn, an = O(bn) if limn→∞ an/bn = 0, limn→∞ an/bn = 1 and if there
exists a constant C > 0 such that |an| ≤ Cbn for all n ∈ N, respectively. For random variables
X, (Xn)n∈N, Y we denote Xn

d
−→ X, Xn

P
−→ X and Xn

a.s.
−→ X for convergence in distribution,

probability and almost sure convergence of Xn to X , respectively. Also, we write Xn = oP(1) if
Xn

P
−→ 0 and X ⪯ Y if Y stochastically dominates X . Finally, we use the conditional probability

measure PW (·) := P( · |(Wi )i∈N) and conditional expectation EW [·] := E [ · |(Wi )i∈N], where the
(Wi )i∈N are the i.i.d. vertex-weights of the WRT model.

2. Definitions and main results

The weighted recursive tree (WRT) model is a growing random tree model that generalises
the random recursive tree (RRT), in which vertices are assigned (random) weights and new
vertices connect with existing vertices with a probability proportional to the vertex-weights.

The definition of the WRT model follows the one in [11]:

Definition 2.1 (Weighted Recursive Tree). Let (Wi )i≥1 be a sequence of i.i.d. copies of a positive
random variable W such that P(W > 0) = 1 and set

Sn :=

n∑
i=1

Wi .

We construct the weighted recursive tree as follows:

(1) Initialise the tree with a single vertex 1, denoted as the root, and assign to the root a
vertex-weight W1. Denote this tree by T1.

(2) For n ≥ 1, introduce a new vertex n + 1 and assign to it the vertex-weight Wn+1.
Conditionally on Tn , connect to some i ∈ [n] with probability Wi/Sn . Denote the
resulting tree by Tn+1.

We treat Tn as a directed tree, where edges are directed from new vertices towards old vertices.

Remark 2.2. (i) Note that the edge connection probabilities are invariant under a rescaling of
the vertex-weights. In particular, we may without loss of generality assume for vertex-weight
distributions with bounded support that x0 := sup{x ∈ R|P(W ≤ x) < 1} = 1.

(i i) The model can be adapted to allow for a random out-degree: at every step the newly
introduced vertex n + 1 connects with every vertex i ∈ [n] independently with a probability
equal to Wi/Sn . The results presented below still hold for this model definition as well.

Lodewijks and Ortgiese studied certain properties of the Weighted Recursive Graph (WRG)
model in [15]. This is a more general version of the WRT model that allows every vertex
to connect to m ∈ N vertices when introduced, yielding a multigraph when m > 1. This
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paper aims to recover and extend some of these results in the tree case (m = 1) when the
vertex-weights are almost surely bounded, i.e. x0 < ∞. As stated in Remark 2.2(i), we can
set x0 = 1 without loss of generality. To formulate the results we need to assume that the
distribution of the weights is sufficiently regular, allowing us to control their extreme value
behaviour. In certain cases it is more convenient to formulate the assumptions in terms of the
distribution of the random variable (1 − W )−1:

Assumption 2.3 (Vertex-Weight Distribution). The vertex-weights W, (Wi )i∈N are i.i.d. strictly
positive random variables, which satisfy:

(C1) The random variable W takes values in (0, 1] and x0 := sup{x ∈ R|P(W ≤ x) < 1} = 1.
(C2) There exist C, ρ > 0, x0 ∈ (0, 1) such that for all x ∈ [0, x0] it holds that P(W ≤ x) ≤

Cxρ .

Furthermore, the vertex-weights satisfy one of the following conditions:

(Atom) The vertex weights follow a distribution that has an atom at one, i.e. there exists a
q0 ∈ (0, 1] such that P(W = 1) = q0. (Note that q0 = 1 recovers the RRT model)

(Weibull) The vertex-weights follow a distribution that belongs to the Weibull maximum
domain of attraction (MDA). This implies that there exist some α > 1 and a
positive function ℓ which is slowly varying at infinity, such that

P(W ≥ 1 − 1/x) = P
(
(1 − W )−1

≥ x
)

= ℓ(x)x−(α−1), x > 0.

(Gumbel) The distribution belongs to the Gumbel maximum domain of attraction (MDA)
(and x0 = 1). This implies that there exist sequences (an, bn)n∈N, such that

maxi∈[n] Wi − bn

an

d
−→ Λ,

where Λ is a Gumbel random variable.
Within this class, we further distinguish the following two sub-classes:

(RV) There exist a, c1, τ > 0, and b ∈ R such that

P(W > 1 − 1/x) = P
(
(1 − W )−1 > x

)
∼ axbe−(x/c1)τ as x → ∞.

(RaV) There exist a, c1 > 0, b ∈ R, and τ > 1 such that

P(W > 1 − 1/x) = P
(
(1 − W )−1 > x

)
∼ a(log x)be−(log(x)/c1)τ as x → ∞.

Remark 2.4. Condition (C2) is required only for a very specific part of the proof of
Proposition 5.1. Though we were unable to omit this assumption, it covers a wide range of
vertex-weight distributions. Still, we believe it is a mere technicality that can be overcome.

Throughout, we will write

Zn(i) := in-degree of vertex i in Tn.

Working with the in-degree allows us to (in principle) generalise our methods to graphs with
random out-degree, as mentioned in Remark 2.2. Obviously, if the out-degree is fixed, we can
recover the results for the degree from our results on the Zn(i).

In [15], the following results are obtained for the WRG model: if we let θm := 1+E [W ] /m,

pk (m) := E
[

θm − 1
θm − 1 + W

( W
θm − 1 + W

)k]
, p≥k (m) :=

∞∑
j=k

pk (m) = E
[( W

θm − 1 + W

)k]
, (2.1)
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then almost surely for any k ∈ N fixed,

lim
n→∞

1
n

n∑
i=1

1{Zn (i)=k} = pk(m) and lim
n→∞

1
n

n∑
i=1

1{Zn (i)≥k} = p≥k(m), (2.2)

whenever W follows a distribution with a finite mean. In particular, the above is satisfied for all
cases in Assumption 2.3. Moreover, if the vertex-weights are bounded almost surely (without
loss of generality x0 = 1),

max
i∈[n]

Zn(i)
logθm n

a.s.
−→ 1. (2.3)

In this paper we improve these results when considering the WRT model with almost surely
bounded weights. That is, we consider the case m = 1. For ease of writing, we let

θ := θ1 = 1 + E [W ] and pk := pk(1), p≥k := p≥k(1).

First, we are able to extend the result in (2.2) to the case when k = k(n) diverges with n in the
sense that the difference between both sides converges to zero in mean, under certain constraints
on k(n), and we obtain a convergence rate as well. Combining this result with techniques
developed by Addario-Berry and Eslava in [1] for random recursive trees we are then able
to identify the higher-order asymptotic behaviour of the maximum degree depending on the
cases in Assumption 2.3. Additionally, in certain cases we are able to derive an asymptotic tail
distribution for the maximum degree and obtain an asymptotic normality result for the number
of vertices with ‘near-maximal’ degrees (in certain cases). These results can be extended to the
model with a random out-degree as mentioned in Remark 2.2 as well.

Recall that θ := 1 + E [W ] and define

X (n)
i := |{ j ∈ [n] : Zn( j) = ⌊logθ n⌋ + i}|,

X (n)
≥i := |{ j ∈ [n] : Zn( j) ≥ ⌊logθ n⌋ + i}|.

(2.4)

For certain classes of vertex-weight distributions, we can prove the distributional convergence
of these quantities along subsequences, as is the case for the RRT model in [1]. This result can
be formulated in terms of convergence of point processes. Let Z∗

:= Z ∪ {∞} and endow
Z∗ with the metric d(i, j) = |2−i

− 2− j
| and d(i, ∞) = 2−i for any i, j ∈ Z, so that

[i, ∞] is a compact set. Following the notation in [5], let M#
Z∗ be the space of boundedly

finite measures on Z∗ (which in this case corresponds to locally finite measures) equipped
with the vague topology. If we let P be a Poisson point process on R with intensity measure
λ(dx) := q0θ

−x log θ dx, q0 ∈ (0, 1], and define

Pε
:=

∑
x∈P

δ⌊x+ε⌋, P (n)
:=

∑
i∈[n]

δZn (i)−⌊logθ n⌋, and εn := logθ n − ⌊logθ n⌋, (2.5)

then Pε and P (n) are random elements in M#
Z∗ and we can provide conditions such that P (nℓ)

converges weakly to Pε, for subsequences (nℓ)ℓ∈N such that εnℓ
→ ε as ℓ → ∞. We abuse no-

tation to write Pε(i) = Pε({i}) = |{x ∈ P : ⌊x + ε⌋ = i}| = |{x ∈ P : x ∈ [i − ε, i + 1 − ε)}|.
The choice of the metric on Z∗ is convenient since, by Theorem 11.1.VII of [5], weak
convergence in M#

Z∗ is equivalent to convergence of finite dimensional distributions, see
Definition 11.1.IV of [5]. In particular, the weak convergence of P (nℓ) implies the convergence
in distribution of X (nl )

≥i = P (nℓ)[i, ∞).
We now state our main results, which we split into several theorems based on the cases in

Assumption 2.3.
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Theorem 2.5 (High Degrees in WRTs (Atom) Case). Consider the WRT model in Definition 2.1
with vertex-weights (Wi )i∈[n] that satisfy the (Atom) case in Assumption 2.3 for some q0 ∈

(0, 1]. Fix ε ∈ [0, 1]. Let (nℓ)ℓ∈N be a positive integer sequence such that εnℓ
→ ε as ℓ → ∞.

Then P (nℓ) converges weakly in M#
Z∗ to Pε as ℓ → ∞. Equivalently, for any i < i ′

∈ Z,
jointly as ℓ → ∞,

(X (nℓ)
i , X (nℓ)

i+1 , . . . , X (nℓ)
i ′−1, X (nℓ)

≥i ′ )
d
−→ (Pε(i),Pε(i + 1), . . . ,Pε(i ′

− 1),Pε([i ′, ∞))).

We note that this result recovers and extends [1, Theorem 1.2], in which an equivalent
result is presented which only holds for the random recursive tree, i.e. the particular case of
the weighted recursive tree in which q0 := P(W = 1) = 1. In Theorem 2.5 we allow q0 ∈ (0, 1)
as well, under the additional condition (C2).

When the vertex-weight distribution belongs to the Weibull MDA, we can prove convergence
in probability under a deterministic second-order scaling, but are unable to obtain what we
conjecture to be a random third-order term similar to the result in Theorem 2.5:

Theorem 2.6 (High Degrees in WRTs, (Weibull) Case). Consider the WRT model in
Definition 2.1 with vertex-weights (Wi )i∈[n] that satisfy the (Weibull) case in Assumption 2.3
for some α > 1. Then,

max
i∈[n]

Zn(i) − logθ n
logθ logθ n

P
−→ −(α − 1).

Finally, when the vertex-weight distribution belongs to the Gumbel MDA, we have similar
results compared to the Weibull MDA case in the above theorem. Here we are also able to
obtain a deterministic second-order scaling for both the (RV) and (RaV) sub-cases, as well as
a third- and fourth-order scaling for the (RaV) sub-case:

Theorem 2.7 (High Degrees in WRTs, (Gumbel) Case). Consider the WRT model in
Definition 2.1 with vertex-weights (Wi )i∈[n] that satisfy the (Gumbel) case in Assumption 2.3.

In the (RV) sub-case, let γ := 1/(1 + τ ). Then,

max
i∈[n]

Zn(i) − logθ n
(logθ n)1−γ

P
−→ −

τ γ

(1 − γ ) log θ

( 1 − θ−1

c1

)1−γ

=: −Cθ,τ,c1 . (2.6)

In the (RaV) sub-case,

max
i∈[n]

Zn(i) − logθ n + C1(logθ logθ n)τ − C2(logθ logθ n)τ−1 logθ logθ logθ n
(logθ logθ n)τ−1

P
−→ C3,

(2.7)

where

C1 := (log θ )τ−1c−τ
1 , C2 := (log θ )τ−1τ (τ − 1)c−τ

1 ,

C3 :=
(

logθ (log θ )(τ − 1) log θ − log(ecτ
1 (1 − θ−1)/τ )

)
(log θ )τ−2τc−τ

1 .
(2.8)

We see that only in the (Atom) case we are able to obtain the higher-order asymptotics up to
random order. This is due to the fact that, in this particular case, the vertices with high degree
all have vertex-weight one. In the other classes covered in Theorems 2.6 and 2.7 vertices with
high degrees have a vertex-weight close to one, which causes their degrees to grow slightly
slower. This results in the higher-order asymptotics as observed in these theorems.
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We are able to obtain more precise results related to the maximum and near-maximum
degree vertices in the (Atom) case as well, which again recover and extend the results in [1].

Theorem 2.8 (Asymptotic Tail Distribution for Maximum Degree in (Atom) Case). Consider
the WRT model in Definition 2.1 with vertex-weights (Wi )i∈[n] that satisfy the (Atom) case in
Assumption 2.3 for some q0 ∈ (0, 1] and recall εn from (2.5). Then, for any integer-valued
in = i(n) with in + logθ n < (θ/(θ − 1)) log n and lim infn→∞ in > −∞,

P
(

max
j∈[n]

Zn( j) ≥ ⌊logθ n⌋ + in

)
=
(

1 − exp(−q0θ
−in+εn )

)
(1 + o(1)).

Moreover, let Mn ⊆ [n] denote the (random) set of vertices that attain the maximum degree in
Tn , fix ε ∈ [0, 1], and let (nℓ)ℓ∈N be a positive integer sequence such that εnℓ

→ ε as ℓ → ∞.

Then, |Mnℓ
|

d
−→ Mε, where Mε has distribution

P(Mε = k) =

∑
j∈Z

1
k!

(
q0(1 − θ−1)θ− j+ε

)k
e−q0θ− j+ε

, k ∈ N. (2.9)

Finally, we establish an asymptotic normality result for the number of vertices which have
‘near-maximum’ degrees. For a precise definition of ‘near-maximum’, we define sequences
(sk, rk)k∈N as

sk := inf
{

x ∈ (0, 1) : P(W ∈ (x, 1)) ≤ exp(−(1 − θ−1)(1 − x)k)
}
,

rk := exp(−(1 − θ−1)(1 − sk)k).
(2.10)

As a result, rk can be used as the error term in the asymptotic expression of p≥k (as in (2.1))
when the weight distribution satisfies the (Atom) case (see Theorem 5.3) and is essential in
quantifying how much smaller ‘near-maximum’ degrees are relative to the maximum degree
of the graph in this case. We note that rk is decreasing and converges to zero with k (see
Lemma A.5), and that in the definition of sk and rk we can allow the index to be continuous
rather than just an integer (the proof of Lemma A.5 can be adapted to still hold in this case).
We can then formulate the following theorem:

Theorem 2.9 (Asymptotic Normality of Near-Maximum Degree Vertices, (Atom) Case). Con-
sider the WRT model in Definition 2.1 with vertex-weights (Wi )i∈[n] that satisfy the (Atom)
case in Assumption 2.3 for some q0 ∈ (0, 1]. Then, for an integer-valued in = i(n) → −∞

such that in = o(log n ∧ | log rlogθ n|),

X (n)
in − q0(1 − θ−1)θ−in+εn√

q0(1 − θ−1)θ−in+εn

d
−→ N (0, 1).

Remark 2.10. The constraint in = o(log n ∧ log rlogθ n) can be simplified by providing more
information on the tail of the weight distribution. Only when W has an atom at one and
support bounded away from one do we have that o(log n ∧ log rlogθ n) = o(log n). That is,
when there exists an s ∈ (0, 1) such that P(W ∈ (s, 1)) = 0. In that case, we can set sk = s
and rk = exp(−(1 − θ−1)(1 − s)k) for all k large, so that

log rlogθ n = −(1 − θ−1)(1 − s) logθ n,

so that indeed o(log n ∧ log rlogθ n) = o(log n). In all other cases it follows that sk ↑ 1, so that
log rlogθ n = o(log n) and the constraint simplifies to in = o(log rlogθ n).
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Outline of the paper
In Section 3 we provide a short overview and intuitive idea of the proofs of

Theorems 2.5, 2.6, 2.7, 2.8 and 2.9. In Section 4 we discuss two examples of vertex-weight
distributions which satisfy the (Weibull) and (Gumbel) cases, respectively, for which more
precise results can be obtained. We then provide the key concepts and results that are used in
the proofs of the main theorems in Section 5. We use these results to prove the main theorems
in Section 6. Finally, in Section 7 we provide the necessary techniques and results, comparable
to what is presented in Section 5, to prove the statements regarding the examples of Section 4.

3. Intuitive idea of (the proof of) the main theorems

We provide a short intuitive idea as to why the results stated in Section 2 hold.
The main elements in obtaining a more precise understanding of the behaviour of the

maximum degree of the WRT are the following:

(i) A precise expression of the tail distribution of the in-degree of uniformly at random
selected vertices (vℓ)ℓ∈[k], for any k ∈ N. That is,

P(Zn(vℓ) ≥ mℓ for all ℓ ∈ [k]) =

k∏
ℓ=1

p≥mℓ
(1 + o(n−β)),

for some β > 0 and where the mℓ ∈ N are such that mℓ ≤ c log n for some
c ∈ (0, θ/(θ −1)). This extends (2.2) in the sense of convergence in mean to k ∈ N many
uniformly at random selected vertices rather than just one, and allows the mℓ to grow
with n rather than being fixed. Moreover, the error term 1 + o(n−β) extends previously
known results as well, for which no convergence rate was known.

(i i) The asymptotic behaviour of p≥k , as defined in (2.1), as k → ∞ for each case in
Assumption 2.3.

Element (i), which is proved in Proposition 5.1, allows us to obtain bounds on the probability
of the event {max j∈[n] Zn( j) ≥ kn} for any sequence kn → ∞ as n → ∞. These probabilities
can be expressed in terms of np≥kn (using union bounds and the second moment method in
the form of the Chung–Erdős inequality, as is shown in Lemma 5.8). By (i i) we can then
precisely quantify kn such that these bounds either tend to zero or one, which implies whether
{max j∈[n] Zn(i) ≥ kn} does or does not hold with high probability. This is the main approach
for Theorems 2.6 and 2.7.

To obtain the random limits described in terms of the Poisson process Pε, as in Theorem 2.5,
we use a similar approach as in [1]. Both (i) and (i i) are still essential, but are now used
to obtain factorial moments of the quantities X (n)

i and X (n)
≥i , defined in (2.4), as shown in

Proposition 5.6. More specifically, for any i < i ′
∈ Z and ai , . . . , ai ′ ∈ N0, and recalling

that (x)k := x(x − 1) . . . (x − (k − 1)),

E

⎡⎣( X (n)
≥i ′

)
ai ′

i ′−1∏
k=i

(
X (n)

i

)
ai

⎤⎦ =

(
q0θ

−i ′+εn
)ai ′

i ′−1∏
k=i

(
q0(1 − θ−1)θ−k+εn

)ak
(1 + o(1)).

(3.1)

We stress that the specific form of the right-hand side is due to the underlying assumption in
Theorem 2.5 that the vertex-weight distribution has an atom at one, as in the (Atom) case of
Assumption 2.3. The error term can be specified in more detail, but we omit this as it serves no
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further purpose here. The result essentially follows directly from these estimates by observing
that the right-hand side of (3.1) can be understood as an approximation of the factorial moment
of the Poisson random variables Pε([i − ε, i + 1 − ε)), . . . ,Pε([i ′

− ε, ∞)), when εn converges
to some ε.

The equality in (3.1) follows from the fact that X (n)
i and X (n)

≥i can be expressed as sums of
indicator random variables of disjoint events, so that their factorial means can be understood
via the probabilities in (i). Then, again using the asymptotic behaviour of p≥k (as in (i i)),
allows us to obtain the right-hand side of (3.1).

Finally, Theorems 2.8 and 2.9 are also a result of (3.1). This is due to the fact that the events
{max j∈[n] Zn( j) ≥ ⌊logθ n⌋+ i} can be understood via the events {X (n)

≥i > 0}. Again using ideas
similar to ones developed in [1] then allow us to obtain the results.

4. Examples

In this section we discuss some particular choices of distributions for the vertex-weights for
which more precise statements can be made compared to those stated in Section 2. The reason
we can improve on these more general results is due to a better understanding of the asymptotic
behaviour of pk and p≥k (see (2.1)) as k → ∞. As discussed in Section 3, to understand
the asymptotic behaviour of the (near-)maximum degree(s) up to random order a very precise
asymptotic expression for p≥k is required. Though not possible in general in the (Weibull)
and (Gumbel) cases of Assumption 2.3, certain choices of vertex-weight distributions do allow
for a more explicit formulation of p≥k , yielding improved asymptotics. The proofs of the results
presented here are deferred to Section 7.

Example 4.1 (Beta Distribution). We consider a random variable W with a tail distribution

P(W ≥ x) =

∫ 1

x

Γ (α + β)
Γ (α)Γ (β)

sα−1(1 − s)β−1 ds, x ∈ [0, 1), (4.1)

for some α, β > 0. Clearly, W belongs to the (Weibull) case of Assumption 2.3. Moreover,
W satisfies condition (C2) of Assumption 2.3. Since for any x0 ∈ (0, 1) we can bound
(1 − s)β−1

≤ 1 ∨ (1 − x0)β−1 for all s ∈ (0, x0), it follows that for any x ∈ [0, x0],

P(W ≤ x) =

∫ x

0

Γ (α + β)
Γ (α)Γ (β)

sα−1(1 − s)β−1 ds ≤ (1 ∨ (1 − x0)β−1)
Γ (α + β)

Γ (α + 1)Γ (β)
xα,

so that condition (C2) is satisfied with C = (1 ∨ (1 − x0)β−1)Γ (α + β)/(Γ (α + 1)Γ (β)), the
constant x0 ∈ (0, 1) arbitrary, and ρ = α. We set, for θ := 1 + E [W ] ∈ (1, 2),

X (n)
i := |{ j ∈ [n] : Zn( j) = ⌊logθ n − β logθ logθ n⌋ + i}|,

X (n)
≥i := |{ j ∈ [n] : Zn( j) ≥ ⌊logθ n − β logθ logθ n⌋ + i}|,

εn := (logθ n − β logθ logθ n) − ⌊logθ n − β logθ logθ n⌋,

cα,β,θ :=
Γ (α + β)
Γ (α)

(1 − θ−1)−β .

(4.2)

Then, we can formulate the following results.

Theorem 4.2. Consider the WRT model in Definition 2.1 with vertex-weights (Wi )i∈[n] whose
distribution satisfies (4.1) for some α, β > 0, and recall εn and cα,β,θ from (4.2). Fix ε ∈ [0, 1],
let (nℓ)ℓ∈N be an increasing integer sequence such that εnℓ

→ ε as ℓ → ∞ and let P be a
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Poisson point process on R with intensity measure λ(x) = cα,β,θθ
−x log θ dx. Define

Pε
:=

∑
x∈P

δ⌊x+ε⌋ and P (n)
:=

∑
i∈[n]

δZn (i)−⌊logθ n−β logθ logθ n⌋.

Then in M#
Z∗ (the space of boundedly finite measures on Z∗

= Z∪{∞} with the metric defined
in Section 2), P (nℓ) converges weakly to Pε as ℓ → ∞. Equivalently, for any i < i ′

∈ Z, jointly
as ℓ → ∞,

(X (nℓ)
i , X (nℓ)

i+1 , . . . , X (nℓ)
i ′−1, X (nℓ)

≥i ′ )
d
−→ (Pε(i),Pε(i + 1), . . . ,Pε(i ′

− 1),Pε([i ′, ∞))).

We remark that the second-order term β logθ logθ n is established in Theorem 2.6 as well
and that the above theorem recovers this result and extends it to the random third-order term,
which is similar to the result in Theorem 2.5.

Theorem 4.3. Consider the WRT model in Definition 2.1 with vertex-weights (Wi )i∈[n] whose
distribution satisfies (4.1) for some α, β > 0, and recall εn and cα,β,θ from (4.2). Then, for
any integer-valued in with in = δ logθ n + o(log n) for some δ ∈ [0, θ log θ/(θ − 1) − 1) and
lim infn→∞ in > −∞,

P
(

max
j∈[n]

Zn( j) ≥ ⌊logθ n − β logθ logθ n⌋ + in

)
=
(

1 − exp
(

−cα,β,θ (1 + δ)−βθ−in+εn
))

(1 + o(1)).

Moreover, let Mn ⊆ [n] denote the (random) set of vertices that attain the maximum degree in
Tn , fix ε ∈ [0, 1] and let (nℓ)ℓ∈N be a positive integer sequence such that εnℓ

→ ε as ℓ → ∞.

Then, |Mnℓ
|

d
−→ Mε, where Mε has distribution

P(Mε = k) =

∑
j∈Z

1
k!

(
cα,β,θ (1 − θ−1)θ− j+ε

)k
exp

(
−cα,β,θθ

− j+ε
)
, k ∈ N.

Theorem 4.4. Consider the WRT model in Definition 2.1 with vertex-weights (Wi )i∈[n] whose
distribution satisfies (4.1) for some α, β > 0 and recall εn and cα,β,θ from (4.2). Then, for an
integer-valued in → −∞ such that in = o(log log n),

X (n)
in − cα,β,θ (1 − θ−1)θ−in+εn√

cα,β,θ (1 − θ−1)θ−in+εn

d
−→ N (0, 1).

The three theorems are the analogue of Theorems 2.5, 2.8 and 2.9, respectively, where
we now consider vertex-weights distributed according to a beta distribution rather than a
distribution with an atom at one.

Example 4.5 (Fraction of ‘Gamma’ Random Variables). We consider a random variable W
with a tail distribution

P(W ≥ x) = (1 − x)−be−x/(c1(1−x)), x ∈ [0, 1), (4.3)

for some b ∈ R, c1 > 0 with bc1 ≤ 1. The random variable (1 − W )−1 belongs to the Gumbel
maximum domain of attraction, as

P
(
(1 − W )−1

≥ x
)

= P(W ≥ 1 − 1/x) = e1/c1 xbe−x/c1 , x ≥ 1,

so that W belongs to the Gumbel MDA as well by [15, Lemma 2.6], and satisfies the
(Gumbel)–(RV) sub-case with a = e1/c1 , b ∈ R, c1 > 0, and τ = 1. As a result, X :=

(1 − W )−1 is a ‘gamma’ random variable in the sense that its tail distribution is asymptotically

515



L. Eslava, B. Lodewijks and M. Ortgiese Stochastic Processes and their Applications 158 (2023) 505–569

equal to that of a gamma random variable, up to constants. We can then write W = (X −1)/X ,
a fraction of these ‘gamma’ random variables.

Let fW denote the probability density function of W . It follows from (4.3) that

fW (x) = (1/c1 − b(1 − x))(1 − x)−(b+2)e−x/(c1(1−x)).

Observe that the requirement bc1 ≤ 1 ensures that fW (x) ≥ 0 for all x ∈ [0, 1). As
limx↑1 fW (x) = 0 and the density is bounded from above in a neighbourhood of the origin, it
follows that fW (x) ≤ C for some C > 0 and all x ∈ [0, 1). As a result, this distribution satisfies
condition (C2) of Assumption 2.3 with ρ = 1, x0 ∈ (0, 1) arbitrary, and some sufficiently large
C > 0.

Recall Cθ,τ,c1 from (2.6). We set, for θ := 1 + E [W ] ∈ (1, 2),

C := ec−1
1 (1−θ−1)/2√πc−1/4+b/2

1 (1 − θ−1)1/4+b/2, and cc1,b,θ := Cθ
C2

θ,1,c1
/2

, (4.4)

and

X (n)
i :=

⏐⏐{ j ∈ [n] : Zn( j) =
⌊

logθ n − Cθ,1,c1

√
logθ n + (b/2 + 1/4) logθ logθ n

⌋
+ i
}⏐⏐,

X (n)
≥i :=

⏐⏐{ j ∈ [n] : Zn( j) ≥
⌊

logθ n − Cθ,1,c1

√
logθ n + (b/2 + 1/4) logθ logθ n

⌋
+ i
}⏐⏐,

εn :=
(

logθ n − Cθ,1,c1

√
logθ n + (b/2 + 1/4) logθ logθ n

)
−
⌊

logθ n − Cθ,1,c1

√
logθ n + (b/2 + 1/4) logθ logθ n

⌋
.

(4.5)

Then, we can formulate the following results.

Theorem 4.6. Consider the WRT model in Definition 2.1 with vertex-weights (Wi )i∈[n] whose
distribution satisfies (4.3) for some b ∈ R, c1 > 0 such that bc1 ≤ 1, and recall Cθ,τ,c1
from (2.7). Then,

max
i∈[n]

Zn(i) − logθ n + Cθ,1,c1

√
logθ n

logθ logθ n
P
−→

b
2

+
1
4
. (4.6)

Furthermore, recall εn from (4.5), fix ε ∈ [0, 1], and let (nℓ)ℓ∈N be an increasing integer
sequence such that εnℓ

→ ε as ℓ → ∞. Let P be a Poisson point process on R with intensity
measure λ(x) = cc1,b,θθ

−x log θ dx, where we recall cc1,b,θ from (4.4). Define

Pε
:=

∑
x∈P

δ⌊x+ε⌋ and P (n)
:=

∑
i∈[n]

δZn (i)−⌊logθ n−Cθ,1,c1

√
logθ n+(b/2+1/4) logθ logθ n⌋

.

Then in M#
Z∗ (the space of boundedly finite measures on Z∗

= Z∪{∞} with the metric defined
in Section 2), P (nℓ) converges weakly to Pε as ℓ → ∞. Equivalently, for any i < i ′

∈ Z, jointly
as ℓ → ∞,

(X (nℓ)
i , X (nℓ)

i+1 , . . . , X (nℓ)
i ′−1, X (nℓ)

≥i ′ )
d
−→ (Pε(i),Pε(i + 1), . . . ,Pε(i ′

− 1),Pε([i ′, ∞))).

We remark that the second-order term in (4.6) is established in Theorem 2.7, (2.6), as well.
The above theorem recovers this former result and extends it to the third-order rescaling and
to the random fourth-order term, which is similar to the result in Theorem 2.5.

Theorem 4.7. Consider the WRT model in Definition 2.1 with vertex-weights (Wi )i∈[n] whose
distribution satisfies (4.3) for some b ∈ R, c1 > 0 such that bc1 ≤ 1, and recall Cθ,τ,c1 ,
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cc1,b,θ , and εn from (2.7), (4.4), and (4.5), respectively. Then, for any integer-valued in with
in = δ

√
logθ n + o(

√
log n) for some δ ≥ 0 and lim infn→∞ in > −∞,

P
(

max
j∈[n]

Zn( j) ≥ ⌊logθ n − Cθ,1,c1

√
logθ n + (b/2 + 1/4) logθ logθ n⌋ + in

)
=
(

1 − exp
(

−cc1,b,θθ
−in+εn−δCθ,1,c1 /2 )) (1 + o(1)).

Moreover, let Mn ⊆ [n] denote the (random) set of vertices that attain the maximum degree in
Tn , fix ε ∈ [0, 1] and let (nℓ)ℓ∈N be a positive integer sequence such that εnℓ

→ ε as ℓ → ∞.

Then, |Mnℓ
|

d
−→ Mε, where Mε has distribution

P(Mε = k) =

∑
j∈Z

1
k!

(
cc1,b,θ (1 − θ−1)θ− j+ε

)k
exp

(
−cc1,b,θθ

− j+ε
)
, k ∈ N.

Theorem 4.8. Consider the WRT model in Definition 2.1 with vertex-weights (Wi )i∈[n] whose
distribution satisfies (4.3) for some b ∈ R, c1 > 0 such that bc1 ≤ 1, and recall cc1,b,θ

and εn from (4.4) and (4.5), respectively. Then, for an integer-valued in → −∞ such that
in = o(log log n),

X (n)
in − cc1,b,θ (1 − θ−1)θ−in+εn√

cc1,b,θ (1 − θ−1)θ−in+εn

d
−→ N (0, 1).

The three theorems are the analogue of Theorems 2.5, 2.8 and 2.9, respectively, where we
now consider vertex-weights distributed according to a distribution as in (4.3) rather than a
distribution with an atom at one.

In both examples we see that a better understanding of the asymptotic behaviour of the tail of
the degree distribution, (p≥k)k∈N0 , allows us to identify the higher-order asymptotic behaviour
of the (near-)maximum degree(s). It also shows that a higher-order random limit as in the sense
of Theorems 4.2 and 4.6 is not expressed just by vertex-weights whose distribution has an atom
at one, and we conjecture that this result is in fact universal for all vertex-weights distributions
with bounded support.

5. Degree tail distributions and factorial moments

In this section we state and prove the key elements required to prove the main results
as stated in Section 2. We stress that the results presented and proved in this section
cover all the classes introduced in Assumption 2.3 (in fact, they cover any vertex-weight
W that satisfies conditions (C1) and (C2)) and that the distinction between the classes of
Assumption 2.3 follows in Section 6. The intermediate results presented here form the main
technical contribution, and their proofs are the main body of the paper.

5.1. Statement of intermediate results and main ideas

As discussed in Section 3, to understand the asymptotic behaviour of the maximum degree
and near-maximum degrees we require a more precise understanding of the convergence in
mean of the empirical degree distribution. To that end, we present the following result:

Proposition 5.1 (Distribution of Typical Vertex Degrees). Let W be a positive random variable
that satisfies conditions (C1) and (C2) of Assumption 2.3. Consider the WRT model in
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Definition 2.1 with vertex-weights (Wi )i∈[n] which are i.i.d. copies of W , fix k ∈ N, and let
(vℓ)ℓ∈[k] be k vertices selected uniformly at random without replacement from [n]. For a fixed
c ∈ (0, θ/(θ − 1)), there exist β ≥ β ′ > 0 such that uniformly over non-negative integers
mℓ < c log n with ℓ ∈ [k],

P(Zn(vℓ) = mℓ, for all ℓ ∈ [k]) =

k∏
ℓ=1

E
[

E [W ]
E [W ] + W

( W
E [W ] + W

)mℓ
] (

1 + o
(

n−β
))

, (5.1)

and

P(Zn(vℓ) ≥ mℓ, for all ℓ ∈ [k]) =

k∏
ℓ=1

E
[( W

E [W ] + W

)mℓ
] (

1 + o
(

n−β ′ ))
. (5.2)

Remark 5.2. (i) In [6, Lemma 1], it is proved that the degrees (Zn( j)) j∈[n] are negative
quadrant dependent when considering the random recursive tree model (the WRT with
deterministic weights, all equal to 1). That is, for any k ∈ N and any j1 ̸= . . . ̸= jk ∈ [n] and
m1, . . . , mk ∈ N,

P

(
k⋂

ℓ=1

{Zn( jℓ) ≥ mℓ}

)
≤

k∏
j=1

P(Zn( jℓ) ≥ mℓ) .

This property only holds for the conditional probability measure PW when considering the
WRT (or, more generally, the WRG) model, as follows from [15, Lemma 7.1], and can be
obtained ‘asymptotically’ for the probability measure P, as in the proof of [15, Theorem 2.8,
Bounded case]. Proposition 5.1 improves on this by establishing asymptotic independence under
the non-conditional probability measure P of the degrees of typical vertices, which allows us
to extend the results in [15] to more precise asymptotics.

(i i) We note that the result only requires the two main conditions in Assumption 2.3 on the
behaviour of the vertex-weight distribution close to zero and one. Hence, results for other
vertex-weight distributions that do not satisfy any of the particular cases outlined in this
assumption can be obtained as well using the methods presented in this paper.

(i i i) The result in Proposition 5.1 improves on known results, especially those in [9,12]. In
these papers similar techniques are used to prove a weaker result, in which the mℓ are not
allowed to diverge with n and where no convergence rate is provided.

(iv) The constraint c ∈ (0, θ/(θ − 1)) arises from the following: when m = c log n + o(log n),
as we shall encounter later in the proof of Lemma 5.11, see Eq. (5.55), for ε > 0 small,

1
n

∑
i<nε

P(Zn(v1) ≥ m) ≤ exp
(

log n
(

−(1 − ε) + (c + o(1))
(

1 −
1

c(θ − 1)
+ log

( 1
c(θ − 1)

))))
.

We want the contribution of left-hand side, compared to the left-hand side of (5.2) to be
negligible. Hence, it needs to be o(p≥m) = o(θ−m) (recall p≥m from (2.1)). We thus have
the requirement that

− (1 − ε) + c
(

1 −
1

c(θ − 1)
+ log

( 1
c(θ − 1)

))
> −c log θ (5.3)

is satisfied. The inequality in (5.3) becomes an equality exactly when c = θ/(θ −1) and ε = 0.
Hence the need for c to be strictly smaller than θ/(θ −1). Also, a more technical reason is that
certain error terms no longer converge to zero with n when c ≥ θ/(θ−1). Moreover, we observe
that 1

log θ
< θ

θ−1 when θ ∈ (1, 2], so that Proposition 5.1 covers degrees that extend beyond the
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value of the maximum degree (see (2.3)). This is a crucial element of Proposition 5.1 and the
reason that strong claims regarding the largest degrees in the tree can be proved.

To use this (tail) distribution of k typical vertices v1, . . . , vk , a precise expression for the
expected values on the right-hand side in Proposition 5.1 is required. Recall pk from (2.1).
The following theorem comes from [15, Theorem 2.7], in which the maximum degree of
weighted recursive graphs is studied for a large class of vertex-weight distribution and in which
asymptotic expressions of pk are presented.

Theorem 5.3 ([15], Asymptotic Behaviour of pk). Recall that θ := 1 + E [W ]. We consider
the different cases with respect to the vertex-weights as in Assumption 2.3, but do not require
condition (C2) to hold.

(Atom) Recall that q0 = P(W = 1) > 0 and recall rk from (2.10). Then,

pk = q0(1 − θ−1)θ−k ( 1 + O(rk)
)

.

(Weibull) Recall that α > 1 is the power-law exponent. Then, for all k > 1/E [W ],

L(k)k−(α−1)θ−k
≤ pk ≤ L(k)k−(α−1)θ−k, (5.4)

where L and L are slowly varying at infinity.
(Gumbel) (i) If W satisfies the (RV) sub-case with parameter τ > 0, set γ := 1/(τ + 1).

Then,

pk = exp
(

−
τ γ

1 − γ

( (1 − θ−1)k
c1

)1−γ

(1 + o(1))
)

θ−k . (5.5)

(ii) If W satisfies the (RaV) sub-case with parameter τ > 1,

pk = exp
(

−

( log k
c1

)τ (
1 − τ (τ − 1)

log log k
log k

+
Kτ,c1,θ

log k
(1 + o(1))

))
θ−k .

(5.6)

where Kτ,c1,θ := τ log(ecτ
1 (1 − θ−1)/τ ).

Remark 5.4. Equivalent upper and lower bounds can be obtained for p≥k as in (2.1) (with
m = 1), by adjusting the multiplicative constants in front of the asymptotic expressions by a
factor (1 − θ−1)−1 only. This is due to the fact that

(1 − θ−1)−1 pk = E
[

1
1 − θ−1

θ − 1
θ − 1 + W

( W
θ − 1 + W

)k]
≥ E

[( W
θ − 1 + W

)k]
= p≥k ≥ pk .

Equivalently, the proof of [15, Theorem 2.7] can be adapted to work for p≥k in which case the
same asymptotic behaviour is established for p≥k , but with different constants in the front.

We also provide less precise but more general bounds on the degree distribution.

Lemma 5.5. Let W be a positive random variable with x0 := sup{x > 0 : P(W ≤ x) < 1} =

1. Then, for any ξ > 0 and k sufficiently large,

(θ + ξ )−k
≤ pk ≤ p≥k ≤ θ−k .
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Proof. The upper bound on p≥k directly follows from the fact that x ↦→ (x/(θ − 1 + x))k is
increasing in x , so that

p≥k = E
[( W

θ − 1 + W

)k]
≤

( 1
θ − 1 + 1

)k

= θ−k .

For the lower bound, let us take some δ ∈ (0, ξ/(θ − 1 + ξ )) and define

fk(θ, x) :=
θ − 1

θ − 1 + x

( x
θ − 1 + x

)k
.

Note that pk = E [ fk(θ, W )]. Then, since fk(θ, x) is increasing in x on (0, 1] for k sufficiently
large,

E [ fk(θ, W )] ≥ E
[

fk(θ, W )1{W>1−δ}

]
≥ P(W > 1 − δ)

θ − 1
θ − δ

( 1 − δ

θ − δ

)k

.

We note that, since x0 = 1, it holds that P(W > 1 − δ) > 0 for any δ > 0. Now, by the choice
of δ, we have (θ + ξ )(1 − δ)/(θ − δ) > 1, so we can find some ζ > 0 sufficiently small so that

E [ fk(θ, W )] (θ + ξ )k
≥ P(W > 1 − δ)

θ − 1
θ − δ

( (θ + ξ )(1 − δ)
θ − δ

)k

≥ (1 + ζ )k
≥ 1,

as required. □

Recall the definition of X (n)
i , X (n)

≥i and εn from (2.4) and (2.5), respectively. Proposition 5.1
combined with Theorem 5.3 then allows us to obtain the following result.

Proposition 5.6 (Factorial Moments When Vertex-Weights Satisfy the (Atom) Case).
Consider the WRT model as in Definition 2.1 with vertex-weights (Wi )i∈[n] that satisfy

the (Atom) case in Assumption 2.3 for some q0 ∈ (0, 1]. Recall rk from (2.10), recall that
θ := 1+E [W ], and that (x)k := x(x −1) · · · (x − (k −1)) for x ∈ R, k ∈ N, and (x)0 := 1. For
fixed K ∈ N and c ∈ (0, θ/(θ − 1)), there exists β > 0 such that the following holds. For any
integer-valued in and i ′

n , such that 0 < in + logθ n < i ′
n + logθ n < c log n and any (a j )in≤ j≤i ′n

non-negative integer sequence such that
∑i ′n

j=in a j = K ,

E

⎡⎣( X (n)
≥i ′n

)
ai ′n

i ′n−1∏
k=in

(
X (n)

k

)
ak

⎤⎦ =

(
q0θ

−i ′n+εn
)ai ′n

i ′n−1∏
k=in

(
q0(1 − θ−1)θ−k+εn

)ak

×
(

1 + O
(

r⌊logθ n⌋+in ∨ n−β
))

.

Remark 5.7. (i) Intuitively, the result of this proposition tells us that the random variables
(X (n)

k )i ′n−1
k=in and X (n)≥i ′n are, jointly, approximately Poisson distributed, since their factorial

moments approximate those of Poisson random variables. This result hence plays an essential
role in proving the weak convergence to a Poisson point process in Theorem 2.5.

(i i) Related to Remark 2.10, the error term decays polynomially only if W has an atom at
one and support bounded away from one and logθ n + in > η log n for some η > 0. That
is, when there exists an s ∈ (0, 1) such that P(W ∈ (s, 1)) = 0. In that case, sk ≤ s and
rk ≤ exp(−(1 − θ−1)(1 − s)k) for all k large, so that

r⌊logθ n⌋+in ∨ n−β
≤ exp(−(1 − θ−1)(1 − s)η log n) ∨ n−β

= n− min{η(1−θ−1)(1−s),β}.

In all other cases, the error term decays slower than polynomially.
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Proof of Proposition 5.6 subject to Proposition 5.1. We closely follow the approach in
[1, Proposition 2.1], where an analogue result is presented for the case q0 = 1, i.e. for the
random recursive tree. Set K ′

:= K − ai ′n and for each in ≤ k ≤ i ′
n and each u ∈ N such that∑k−1

ℓ=in aℓ < u ≤
∑k

ℓ=in aℓ, let mu = ⌊logθ n⌋ + k. We note that mu < logθ n + i ′
n < c log n,

so that the results in Proposition 5.1 can be used. Also, let (vu)u∈[K ] be K vertices selected
uniformly at random without replacement from [n], and define I := [K ]\[K ′]. Then, as the
X (n)

≥k and X (n)
k can be expressed as sums of indicators,

E
[(

X (n)
≥i ′n

)
ai ′n

i ′n−1∏
k=in

(
X (n)

k

)
ak

]
= (n)KP

(
Zn(vu ) = mu ,Zn(vw) ≥ mw for all u ∈ [K ′], w ∈ I

)
= (n)K

K ′∑
ℓ=0

∑
S⊆[K ′ ]
|S|=ℓ

(−1)ℓP
(
Zn(vu ) ≥ mu + 1{u∈S} for all u ∈ [K ]

)
,

(5.7)

where the second step follows from [1, Lemma 5.1] and is based on an inclusion–exclusion
argument. We can now use Proposition 5.1. First, we note that there exists a β > 0 such that
for non-negative integers m1, . . . , mK < c log n,

P
(
Zn(vu ) ≥ mu + 1{u∈S} for all u ∈ [K ]

)
=

K∏
u=1

E
[ ( W

E [W ] + W

)mu+1{u∈S}
](

1 + o
(

n−β
))

. (5.8)

Now, by Theorem 5.3 and the definition of rk in (2.10) and as rk is decreasing by Lemma A.5
in the Appendix, when |S| = ℓ,

K∏
u=1

E
[( W

E [W ] + W

)mu+1{u∈S}
]

= q K
0 θ−ℓ−

∑K
u=1 mu

(
1+O

(
r⌊logθ n⌋+in ∨n−β ′ ))

, (5.9)

as the smallest mu equals ⌊logθ n⌋ + in . We have

(n)K

K ′∑
ℓ=0

∑
S⊆[K ′]
|S|=ℓ

(−1)ℓq K
0 θ−ℓ−

∑K
u=1 mu = (n)K q K

0 θ−K ′
−
∑K

u=1 mu

K ′∑
ℓ=0

(
K ′

ℓ

)
(−1)ℓθ K ′

−ℓ

= (n)K q K
0 (1 − θ−1)K ′

θ−
∑K

u=1 mu .

(5.10)

We then observe that (n)K = θ K logθ n(1 + O(1/n)). Moreover, we recall that K =
∑i ′n

k=in ak

and K ′
=
∑i ′n−1

k=in ak , while mu = ⌊logθ n⌋ + k if
∑k−1

ℓ=in aℓ ≤ u <
∑k

ℓ=in aℓ for in ≤ ℓ ≤ i ′
n; in

addition, recall εn from (2.5). Using (5.10) combined with (5.8) and (5.9) in (5.7), we obtain

E
[(

X (n)
≥i ′n

)
ai ′n

i ′n−1∏
k=in

(
X (n)

k

)
ak

]
= q K

0 (1 − θ−1)K ′

θ K logθ n−
∑K

u=1 mu
(

1 + O
(

r⌊logθ n⌋+in ∨ n−β
))

=

(
q0θ

−i ′n+εn
)ai ′n

i ′n−1∏
k=in

(
q0(1 − θ−1)θ−k+εn

)ak

×
(

1 + O
(

r⌊logθ n⌋+in ∨ n−β
))

,

as desired. □

The next lemma builds on [15, Lemma 7.1] and [6, Lemma 1] and provides bounds on the
maximum degree that hold with high probability.

Lemma 5.8. Let W be a positive random variable that satisfies conditions (C1) and (C2) of
Assumption 2.3. Consider the WRT model in Definition 2.1 with vertex-weights (Wi )i∈[n] which
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are i.i.d. copies of W . Fix c ∈ (0, θ/(θ − 1)) and let (kn)n∈N be a non-negative, diverging
integer sequence such that kn < c log n and let v1 be a vertex selected uniformly at random
from [n]. If limn→∞ nP(Zn(v1) ≥ kn) = 0, then

lim
n→∞

P
(

max
i∈[n]

Zn(i) ≥ kn

)
= 0.

Similarly, when instead limn→∞ nP(Zn(v1) ≥ kn) = ∞,

lim
n→∞

P
(

max
i∈[n]

Zn(i) ≥ kn

)
= 1.

Remark 5.9. Similar to what is discussed in Remark 5.2(i), the result in this lemma is stronger
than the results presented in [15, Lemma 7.1] and [6, Lemma 1]. It extends the latter to the
WRT model rather than just the RRT model, and improves the former as the result holds for the
non-conditional probability measure P rather than PW , which is what is used in [15]. Due to the
difficulties of working with the conditional probability measure, only a first order asymptotic
result can be proved there. With the improved understanding of the degree distribution, as in
Proposition 5.1, the above result can be obtained, which allows for finer asymptotics to be
proved.

Proof of Lemma 5.8 subject to Proposition 5.1. The first result immediately follows from a
union bound and the fact that

nP(Zn(v1) ≥ kn) =

n∑
i=1

P(Zn(i) ≥ kn) . (5.11)

For the second result, let An,i := {Zn(i) ≥ kn}, i ∈ [n]. Then, by the Chung–Erdős inequality
(which is one way of formalising the second moment method),

P
(

max
i∈[n]

Zn(i) ≥ kn

)
= P

(
∪

n
i=1 An,i

)
≥

( ∑n
i=1 P

(
An,i

) )2

∑
i ̸= j P

(
An,i ∩ An, j

)
+
∑n

i=1 P
(

An,i
) .

By (5.11) it follows that
∑n

i=1 P
(

An,i
)

= nP(Zn(v1) ≥ kn). Furthermore, by Proposition 5.1,∑
i ̸= j

P
(

An,i ∩ An, j
)

= n(n − 1)P
(

An,v1 ∩ An,v2

)
= (nP

(
An,v1

)
)2(1 + o(1)),

where v2 is another vertex selected uniformly at random, unequal to v1. Note that the condition
that kn < c log n is required for this to hold. Together with the above lower bound, these two
observations yield

P
(
∪

n
i=1 An,i

)
≥

(nP
(

An,v1

)
)2

(nP
(

An,v1

)
)2(1 + o(1)) + nP

(
An,v1

) =
nP
(

An,v1

)
nP
(

An,v1

)
(1 + o(1)) + 1

.

Hence, when nP
(

An,v1

)
= nP(Zn(v1) ≥ kn) diverges with n, we obtain the desired result. □

5.2. Non-rigorous proof of Proposition 5.1 when k = 1

What remains for this section is to prove Proposition 5.1. As the proof is rather long and
involved, we first provide a non-rigorous step-by-step proof of the case k = 1. That is, we
provide an asymptotic estimate for P(Zn(v) = m), where v is a vertex selected uniformly at
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random. Though this part is not essential for the proof of Proposition 5.1, it helps the reader
in understanding the complete proof of the proposition later in this section. In the next sub-
section, we discuss the strategy of the full proof and take care of certain parts of the proof
in separate lemmas. Whilst proving these lemmas, we refer back to the simpler non-rigorous
proof provided here for guidance. The main part of the proof is dedicated to proving (5.1).
Once this is established, (5.2) follows without much effort. We thus focus on discussing the
proof of (5.1) here first.

To provide a non-rigorous proof of the asymptotic estimate of P(Zn(v) = m), we first make
the following simplification: we assume that Sℓ = (ℓ + 1)E [W ] for all ℓ ∈ N. Naturally, the
law of large numbers implies that Sℓ/ℓ

a.s.
−→ E [W ], so that, up to lower-order error terms, this

equality holds. Using this simplification, however, allows us to omit many details and focus on
the most important steps of the proof.

Let us fix an ε ∈ (0, 1), which we shall choose sufficiently small later. We then first condition
on the value of the uniform vertex v, and distinguish between its values being smaller or larger
than nε. That is,

P(Zn(v) = m) =
1
n

n∑
j=1

E [PW (Zn( j) = m)]

=
1
n

∑
1≤ j<nε

E [PW (Zn( j) = m)] +
1
n

∑
nε≤ j≤n

E [PW (Zn( j) = m)] .

(5.12)

We first take care of the second sum, and start by determining PW (Zn( j) = m) when j ≥ nε,
under the simplification that Sℓ = (ℓ+1)E [W ]. Since Zn( j) is a sum of independent indicator
random variables, we will see that Zn( j) is well-approximated by a Poisson random variable,
whose rate equals the sum of the success probabilities of the indicator random variables. By
the simplification Sℓ = (ℓ + 1)E [W ], we can thus determine that

Zn( j) =

n∑
i= j+1

1{i→ j} =

n∑
i= j+1

Ber
( W j

Si−1

)
≈ Poi

( n∑
j=i+1

W j

iE [W ]

)
≈ Poi

( W j

E [W ]
log(n/j)

)
=: Pj .

It thus follows that PW (Zn( j) = m) ≈ PW
(
Pj = m

)
. We now provide the necessary steps to

obtain this intuitive result. The degree of vertex j in Tn equals exactly m when there exist
vertices i1, . . . , im that connect to j , and all other vertices do not. Since these connections are
independent,

PW (Zn( j) = m) =

∑
j<i1<···<im≤n

m∏
s=1

W j

Sis−1

n∏
s= j+1

s ̸=iℓ,ℓ∈[m]

(
1 −

W j

Ss−1

)

=

∑
j<i1<···<im≤n

m∏
s=1

W j

isE [W ]

n∏
s= j+1

s ̸=iℓ,ℓ∈[m]

(
1 −

W j

sE [W ]

) (5.13)

Here, we sum over all possible choices of vertices i1 < · · · < im that connect to j , and the final
step follows from the simplifying assumption. We now include the terms s ∈ {i1, . . . , im} in the
second product, by changing the denominator in the fraction in the first product to isE [W ]−W j .
This yields

PW (Zn( j) = m) =

∑
j<i1<···<im≤n

m∏
s=1

W j

isE [W ] − W j

n∏
s= j+1

(
1 −

W j

sE [W ]

)
. (5.14)
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Since W j ∈ (0, 1] almost surely, is > j ≥ nε, and m < c log n, it follows that for any ξ ∈ (0, 1),

m∏
s=1

1
isE [W ] − W j

=

m∏
s=1

1
isE [W ] (1 + O(n−ε))

= (1 + O(n−(1−ξ )ε))
m∏

s=1

1
isE [W ]

. (5.15)

Similarly,
n∏

s= j+1

(
1 −

W j

sE [W ]

)
= exp

( n∑
s= j+1

log
(

1 −
W j

sE [W ]

))
= exp

(
−(1 + O(n−ε))

n∑
s= j+1

W j

sE [W ]

)
.

As
n∑

s= j+1

1
s

≈ log(n/j),

we arrive at
n∏

s= j+1

(
1 −

W j

sE [W ]

)
≈

( j
n

)(1+ζn )W j /E[W ]

, (5.16)

where ζn = O(n−ε). Combined with (5.15) in (5.14), this yields

PW (Zn( j) = m) = (1 + O(n−(1−ξ )ε))
( j

n

)(1+ζn )W j /E[W ]( W j

E [W ]

)m ∑
j<i1<···<im≤n

m∏
s=1

1
is

.

We can approximate the sum by the multiple integrals∫ n

j

∫ n

x1

· · ·

∫ n

xm−1

m∏
s=1

x−1
s dxm . . . dx1.

By Lemma A.4 we obtain that this equals (log(n/j))m/m!. So, we finally have

PW (Zn( j) = m) ≈

( j
n

)W j /E[W ]( W j

E [W ]
log(n/j)

)m 1
m!

= exp
(

−
W j

E [W ]
log(n/j)

) ( W j

E [W ]
log(n/j)

)m 1
m!

= PW
(
Pj = m

)
,

as desired. Since all vertex-weights are i.i.d., when we take an expectation over the weights, we
can in fact omit the index j from W j and use a general random variable W instead, so that Pj

has mean log(n/j)W/E [W ]. Using this expression in the second sum in (5.12) approximately
yields

1
n

∑
nε≤ j≤n

E
[
PW
(
Pj = m

)]
. (5.17)

To avoid confusion between different parametrisations, we say that a random variable X has
a Gamma(α, β) distribution for some α, β > 0 when it has a probability density function
f : R+ → R+ with

f (x) =
βα

Γ (α)
xα−1e−βx , x > 0. (5.18)

We now use the following duality between Poisson and gamma random variables. Let G ∼

Gamma(m, 1) be a gamma random variable for some integer m. Note that we can also interpret
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G as a sum of m independent rate one exponential random variables. Then, conditionally on
W , the event {Pj = m} can be thought of as the event that in a rate one Poisson process
exactly m particles have arrived before time log(n/j)W/E [W ]. This is equivalent to the sum
of the first m inter-arrival times (which are rate one exponentially distributed) being at most
log(n/j)W/E [W ], and the sum of the first m + 1 inter-arrival times exceeding this quantity.
As we mentioned, this sum of m rate one exponential random variables is, in law, identical to
G. So, if we let V be the m + 1st inter-arrival time, independent of G, then

PW
(
Pj = m

)
= PW (G ≤ log(n/j)W/E [W ] , G + V > log(n/j)W/E [W ])

= PW
(
Y ≤ log(n/j), Y + Ṽ > log(n/j)

)
.

where, conditionally on W , we have Y ∼ Gamma(m, W/E [W ]) and Ṽ ∼ Exp(W/E [W ]).
In (5.17), this yields

1
n
E

⎡⎣ ∑
nε≤ j≤n

PW
(
Y ≤ log(n/j), Y + Ṽ > log(n/j)

)⎤⎦ ≈ E
[
PW

(
Y ≤ log(n/v), Y + Ṽ > log(n/v)

)]
,

where we recall that v is a uniform element of [n]. Observe that log(n/v) ≈ T , where T ∼

Exp(1). As a result, the conditional probability can be expressed, using that Y can be viewed as
a sum of m i.i.d. copies of Ṽ and the memoryless property of exponential random variables, as

E
[
PW
(
Y ≤ T, Y + Ṽ ≥ T

)]
= E

[
E [W ]

W + E [W ]

( W
W + E [W ]

)m]
,

as desired. We provide some more details for this derivation. First, we write the sum as

1
n
E

⎡⎣ ∑
nε≤ j≤n

PW (Y ≤ log(n/j)) − PW
(
Y + Ṽ ≤ log(n/j)

)⎤⎦ . (5.19)

Since Y +Ṽ ∼ Gamma(m+1, W/E [W ]), it suffices to deal with the first conditional probability
only. We can approximate the sum by

∑
nε≤ j≤n

PW (Y ≤ log(n/j)) ≈

∫ n

nε

PW (Y ≤ log(n/x)) dx = n
∫ (1−ε) log n

0
e−yPW (Y ≤ y) dy.

The second step follows from a variable transformation y = log(n/x). We write PW (Y ≤ y) =∫ y
0 fY |W (x)dx , where fY |W (x) is as in (5.18) with α = m − 1, β = W/E [W ], the conditional

probability density function of Y , conditionally on W . Changing the order of integration yields

n
∫ (1−ε) log n

0
e−x fY |W (x) dx − nεPW (Y ≤ (1 − ε) log n)

= n
( W
E [W ] + W

)m

PW
(
Y ′

≤ (1 − ε) log n
)
− nεPW (Y ≤ (1 − ε) log n) ,

where Y ′
∼ Gamma(m, 1 + W/E [W ]), conditionally on W . A similar result with m + 1 and

Y ′′
∼ Gamma(m + 1, 1 + W/E [W ]) instead of m and Y ′ follows for the probability of the

event {Y + Ṽ ≤ log(n/j)}. We remark that, via the construction of the random variables Y ′ and
Y ′′ using Y and Y + Ṽ , respectively, they are defined on the same probability space and that in
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fact Y ′′ stochastically dominates Y ′. As such, combining both in (5.19) approximately provides

E
[ ( W

E [W ] + W

)m (
PW

(
Y ′

≤ (1 − ε) log n
)
−

W
E [W ] + W

PW
(
Y ′′

≤ (1 − ε) log n
) )]

=(1 + O(n−(1−ξ )ε))E
[

E [W ]
E [W ] + W

( W
E [W ] + W

)
mPW

(
Y ′

≤ (1 − ε) log n
)]

+ E
[( W

E [W ] + W

)m W
E [W ] + W

PW
(
Y ′

≤ (1 − ε) log n, Y ′′ > (1 − ε) log n
)]

.

Here, the second step follows from the fact that Y ′
⪯ Y ′′. We finally show that this quantity

equals

E
[

E [W ]
E [W ] + W

( W
E [W ] + W

)m]
(1 + o(n−β)),

for some small β > 0, when ε is sufficiently small, by proving that PW
(
Y ′

≤ (1 − ε) log n
)

and
PW
(
Y ′′ > (1 − ε) log n

)
are sufficiently close to one and zero, respectively. We thus conclude

that
1
n

∑
nε≤ j≤n

E [PW (Zn( j) = m)] = E
[

E [W ]
E [W ] + W

( W
E [W ] + W

)m]
(1 + o(n−β))

= pm(1 + o(n−β)),

(5.20)

where β and ε are sufficiently small and where we recall pm from (2.1).
It remains to show that the first term on the right-hand side of (5.12) can be included in

the o(n−β) term. The main difficulty here for the actual proof is controlling the partial sums
Sℓ, which, for ‘too small’ ℓ, do not concentrate around the expected value with probability
sufficiently close to one. In this simplified non-rigorous proof, however, the assumption that
Sℓ = (ℓ + 1)E [W ] allows us to ignore this technical difficulty for now and focus on the main
probabilistic arguments. The aim is to show that

1
n

∑
1≤ j<nε

E [PW (Zn( j) = m)] = o(pmn−β), (5.21)

for some small β when ε is sufficiently small.
We first focus on the case that m = c̃ log n + o(log n) with c̃ < 1/ log θ . In this case, we

can simply bound the conditional probability from above by one to obtain the upper bound
n−(1−ε). Then, by Lemma 5.5, we have that pm ≥ (θ + ξ )−m

= n−c̃ log(θ+ξ ) for any ξ > 0.
Since c̃ < 1/ log θ , it follows that we can choose ξ, β, and ε sufficiently small such that
n−(1−ε)

= o(n−β−c̃ log(θ+ξ )) = o(pmn−β), from which the claim in (5.21) follows.
When c̃ ∈ [1/ log θ, c) instead (where we recall that c < θ/(θ − 1)), a more careful

approach is required. In this case, we bound PW (Zn( j) = m) ≤ PW (Zn( j) ≥ m) and use a
Chernoff bound on the right-hand side of the inequality. This bound follows from the proof of
[15, Proposition 7.2] and yields

1
n

∑
1≤ j<nε

E [PW (Zn( j) = m)] ≤
1
n

∑
1≤ j<nε

E
[
exp(m(1 − u j + log u j ))

]
, (5.22)

where

u j :=
1
m

n−1∑
ℓ= j

W j

Sℓ

=
1
m

n∑
ℓ= j+1

W j

ℓE [W ]
≤

log(n/j)
mE [W ]

≤
log n

mE [W ]
=

1 + o(1)
c̃E [W ]

.
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Note that the second step follows from our simplifying assumption on Sℓ and we bound W j
from above by one in the inequality. Using that x ↦→ 1 − x + log x is increasing on (0, 1), that
1/(̃cE [W ]) ≤ log θ/(θ − 1) < 1, and that we have a bound for u j uniformly in 1 ≤ j ≤ nε,
(5.22) yields

1
n

∑
1≤ j<nε

E [PW (Zn( j) = m)] ≤
1

n1−ε
exp

(
(1 + o(1))̃c log n

(
1 −

1
c̃(θ − 1)

+ log
( 1

c̃(θ − 1)

)))
= n−(1−ε)+(1+o(1))̃c(1−1/(̃c(θ−1))+log(1/(̃c(θ−1)))).

(5.23)

The aim is to show that this last expression is o(pmn−β) for some sufficiently small β > 0.
Again using that pmn−β

≥ n−c̃ log(θ+ξ )−β , it suffices to show that

−(1 − ε) + c̃
(

1 −
1

c̃(θ − 1)
+ log

( 1
c̃(θ − 1)

))
< −c̃ log(θ + ξ ) − β

holds when we choose ξ, ε, and β sufficiently small. Since the right-hand side is continuous
in ξ and β, and the left-hand side is continuous in ε, it suffices to prove that

−1 + c̃
(

1 −
1

c̃(θ − 1)
+ log

( 1
c̃(θ − 1)

))
< −c̃ log θ

holds for any θ ∈ (1, 2] and any c̃ < θ/(θ − 1). As the second derivative of the mapping
x ↦→ −1 + x − 1/(θ − 1) + x log(1/(x(θ − 1))) is negative and the mapping x ↦→ −x log θ is
tangent to the former mapping at x = θ/(θ − 1), the inequality follows for all c̃ < θ/(θ − 1).
This completes the proof of (5.21) for some sufficiently small ε and β. Combined with (5.20),
this yields (5.1) for k = 1.

5.3. Complete proof of Proposition 5.1

Before we provide the complete proof, we first discuss the proof strategy. Though this is
similar to the approach of the non-rigorous proof provided in the previous sub-section, dealing
with k > 1 many uniformly selected vertices provides technical challenges worth addressing.
Let us start by introducing the following notation: for two sequences f (n) and g(n), we let
f (n) ≤ j1 ̸= . . . ̸= jk ≤ g(n) denote the set

{( j1, . . . , jk ) ∈ Nk
: jℓ ∈ [ f (n), g(n)] for all ℓ ∈ [k], and jℓ1 ̸= jℓ2 for any 1 ≤ ℓ1 < ℓ2 ≤ k}.

In words, summing over all indices f (n) ≤ j1 ̸= . . . ̸= jk ≤ g(n) denotes summing over all
distinct indices j1, . . . , jk which are at least f (n) and at most g(n).

The left-hand side of (5.1) can be expressed by conditioning on the values of the typical
vertices, and splitting between cases of young and old vertices. That is,

P(Zn(vℓ) = mℓ for all ℓ ∈ [k]) =
1

(n)k

∑
1≤ j1 ̸=...̸= jk≤n

P(Zn( jℓ) = mℓ for all ℓ ∈ [k])

=
1

(n)k

∑
nε≤ j1 ̸=...̸= jk≤n

P(Zn( jℓ) = mℓ for all ℓ ∈ [k])

+
1

(n)k

∑
j∈In (ε)

P(Zn( jℓ) = mℓ for all ℓ ∈ [k]) ,

(5.24)

where

In(ε) := {j = ( j1, . . . , jk) : 1 ≤ j1 ̸= . . . ̸= jk ≤ n, ∃i ∈ [k] ji < nε
} (5.25)
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for any ε ∈ (0, 1). Splitting the sum on the first line into the two sums on the second and
third line allows us to deal with them in a different way, and is similar to the distinction made
in (5.12). In the sum on the second line, in which all indices are at least nε, we can apply the
law of large numbers on sums of vertex-weights to gain more control over the conditional
probability of the event {Zn( jℓ) = mℓ for all ℓ ∈ [k]}. The aim is to show that this first
sum has the desired form, as on the right-hand side of (5.1). This uses the same ideas as in
the non-rigorous proof in the previous sub-section, but increases in difficulty due to multiple
summations, integrals, and careful ‘book-keeping’ of a large number of distinct indices.

The sum on the third line, in which at least one of the indices takes on values strictly smaller
than nε can be shown to be negligible compared to the first sum. Especially when mℓ is large,
this is non-trivial. To do this, we consider the tail events {Zn( jℓ) ≥ mℓ for all ℓ ∈ [k]} and use
the negative quadrant dependence of the degrees (see Remark 5.2 and [15, Lemma 7.1]), so that
we can deal with the more tractable probabilities PW (Zn( jℓ) ≥ mℓ) for all ℓ ∈ [k], rather than
the probability of the intersection of all tail degree events. We observe that this is not required
when k = 1 (that is, using the negative quadrant dependence), and significantly increases the
technical difficulty of this part of the proof compared to the non-rigorous proof provided in the
previous sub-section. Depending on whether the indices in In(ε) are at most or at least nε, we
then use bounds similar to one developed in the proof of [15, Lemma 7.1] or use an approach
similar to what we use to bound the sum on the second line of (5.24), respectively.

In the following lemma, we deal with the sum on the second line of (5.24).

Lemma 5.10. Let W be a positive random variable that satisfies condition (C1) of
Assumption 2.3. Consider the WRT model in Definition 2.1 with vertex-weights (Wi )i∈[n] which
are i.i.d. copies of W and fix k ∈ N and c ∈ (0, θ/(θ − 1)). Then, there exist β > 0 and an
ε ∈ (0, 1) that can be made arbitrarily small, such that uniformly over non-negative integers
mℓ < c log n, ℓ ∈ [k],

1
(n)k

∑
nε≤ j1 ̸=...̸= jk≤n

P(Zn( jℓ) = mℓ for all ℓ ∈ [k]) =

k∏
ℓ=1

E
[

E [W ]
E [W ] + W

( W
E [W ] + W

)mℓ
](

1 + o
(

n−β
))

.

We note that condition (C2) of Assumption 2.3 is not required for this result to hold. To
prove this lemma, we sum over all possible mℓ vertices that connect to jℓ for each ℓ ∈ [k] and
use the fact that the j1, . . . , jk are at least nε to precisely control the connection probabilities
and to evaluate the sums over all the possible mℓ vertices for all ℓ ∈ [k], as well as the sum
over the indices j1, . . . , jk .

In the following lemma, we show the sum on the third line of (5.24) is negligible compared
to the sum on the second line.

Lemma 5.11. Let W be a positive random variable that satisfies conditions (C1) and (C2) of
Assumption 2.3. Consider the WRT model in Definition 2.1 with vertex-weights (Wi )i∈[n] which
are i.i.d. copies of W . Fix k ∈ N, c ∈ (0, θ/(θ − 1)) and recall In(ε) from (5.25). There exist
ε ∈ (0, 1) and a β > 0 such that uniformly over non-negative integers mℓ < c log n, ℓ ∈ [k],

1
(n)k

∑
j∈In (ε)

P(Zn( jℓ) = mℓ for all ℓ ∈ [k]) = o
( k∏

ℓ=1

E
[

E [W ]
E [W ] + W

( W
E [W ] + W

)mℓ
]

n−β

)
.

528



L. Eslava, B. Lodewijks and M. Ortgiese Stochastic Processes and their Applications 158 (2023) 505–569

Note that condition (C2) of Assumption 2.3 is required only in this lemma, where it was
not necessary in Lemma 5.10. In fact, it is required for one inequality in the proof only, which
convinces us that it could possibly be avoided.

It is clear that (5.1) in Proposition 5.1 immediately follows from using the results of
Lemmas 5.10 and 5.11 in (5.24). Namely, in Lemma 5.10 we can take ε arbitrarily small
and the left-hand side of the equality in Lemma 5.11 is monotone decreasing as ε decreases,
so that we can take ε as small as required. In what follows we first prove Lemma 5.10 in
Section 5.4, prove Lemma 5.11 in Section 5.5, and finally complete the proof of Proposition 5.1
in Section 5.6. After each of the proofs we discuss the required adaptations to prove the
results of Lemmas 5.10 and 5.11 for the model with random out-degree, as introduced in
Remark 2.2(i i).

5.4. Proof of Lemma 5.10

Proof of Lemma 5.10. We provide a matching upper bound and lower bound for

1
(n)k

∑
nε≤ j1 ̸=...̸= jk≤n

P(Zn( jℓ) = mℓ for all ℓ ∈ [k]) .

Upper bound Let ζn = n−δε/E [W ] for some δ ∈ (0, 1/2). We define the event

E (1)
n :=

{ j∑
ℓ=1

Wℓ ∈ ((1 − ζn)E [W ] j, (1 + ζn)E [W ] j), for all nε
≤ j ≤ n

}
, (5.26)

We use E (1)
n to mimic the simplified assumption that S j = ( j + 1)E [W ] in the non-rigorous

proof in Section 5.2. We know that P((E (1)
n )c) = o(n−γ ) for any γ > 0 (and thus of smaller

order than
∏k

ℓ=1 pmℓ
n−β for any β > 0 and uniformly in m1, . . . , mk < (θ/(θ −1)) log n) from

Lemma A.2 in the Appendix. By also conditioning on the vertex-weights, this yields for any
γ > 0 the upper bound

1
(n)k

∑
nε≤ j1 ̸=...̸= jk≤n

E [PW (Zn( jℓ) = mℓ for all ℓ ∈ [k])]

≤
1

(n)k

∑
nε≤ j1 ̸=...̸= jk≤n

E[PW (Zn( jℓ) = mℓ for all ℓ ∈ [k])1E (1)
n

] + o(n−γ ),
(5.27)

Now, to express the first term on the right-hand side of (5.27), we consider ordered indices
rather than unordered ones. We provide details for the case nε

≤ j1 < j2 < · · · < jk ≤ n
and discuss later on how the other permutations of j1, . . . , jk can be dealt with. Moreover, for
every ℓ ∈ [k], we introduce the ordered indices jℓ < i1,ℓ < · · · < imℓ,ℓ ≤ n, ℓ ∈ [k], which
denote the steps at which vertex ℓ increases it degree by one. Note that for every ℓ ∈ [k] these
indices are distinct by definition, but we also require that is,ℓ ̸= it, j for any ℓ, j ∈ [k], s ∈ [mℓ]
and t ∈ [m j ] (equality is allowed only when ℓ = j and s = t). Indeed, a new vertex can
only connect to one already present vertex. We denote this constraint by adding a ∗ on the
summation symbol. Finally, we define jk+1 := n. Combining these additional steps, we arrive
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at

1
(n)k

∑
nε≤ j1<···< jk≤n

E
[
PW (Zn( jℓ) = mℓ for all ℓ ∈ [k])1E (1)

n

]

=
1

(n)k

∑
nε≤ j1<···< jk≤n

∑
∗

jℓ<i1,ℓ<···<imℓ,ℓ≤n,

ℓ∈[k]

E
[ k∏

t=1

mt∏
s=1

W jt∑is,t −1
ℓ=1 Wℓ

×

k∏
u=1

ju+1∏
s= ju+1

s ̸=iℓ,t ,ℓ∈[mt ],t∈[k]

(
1 −

∑u
ℓ=1 W jℓ∑s−1
ℓ=1 Wℓ

)
1E (1)

n

]
.

(5.28)

This step is equivalent to (5.13) in the non-rigorous proof. The terms in the first double product
denote the probabilities that vertices is,t connect to jt , whereas the terms in the second double
product denote the probabilities that vertices is,t do not connect to the vertices jℓ such that
jℓ < is,t . Similar to (5.14) in the non-rigorous proof, we then include the terms where s = iℓ,t
for all ℓ ∈ [m t ] and t ∈ [k] in the second double product. To do this, we change the first double
product to

k∏
t=1

mt∏
s=1

W jt∑is,t −1
ℓ=1 Wℓ −

∑k
ℓ=1 W jℓ1{is,t > jℓ}

≤

k∏
t=1

mt∏
s=1

W jt∑is,t −1
ℓ=1 Wℓ − k

, (5.29)

that is, we subtract the vertex-weight W jℓ in the numerator when the vertex jℓ has already been
introduced by step is,t . In the upper bound we use that the weights are bounded from above
by one. We thus arrive at the upper bound

1
(n)k

∑
nε≤ j1<···< jk ≤n

∑
∗

jℓ<i1,ℓ<···<imℓ,ℓ≤n,

ℓ∈[k]

E
[ k∏

t=1

mt∏
s=1

W jt∑is,t −1
ℓ=1 Wℓ − k

k∏
u=1

ju+1∏
s= ju+1

(
1 −

∑u
ℓ=1 W jℓ∑s−1
ℓ=1 Wℓ

)
1E (1)

n

]
.

For ease of writing, we omit the first sum until we actually intend to sum over the indices
j1, . . . , jk . We use the bounds from the event E (1)

n to bound

is,t −1∑
ℓ=1

Wℓ ≥ (is,t − 1)E [W ] (1 − ζn),
s−1∑
ℓ=1

Wℓ ≤ sE [W ] (1 + ζn).

For n sufficiently large, we observe that (is,t −1)E [W ] (1−ζn)−k ≥ is,tE [W ] (1−2ζn), which
yields

1
(n)k

∑
∗

jℓ<i1,ℓ<···<imℓ,ℓ≤n,

ℓ∈[k]

E
[ k∏

t=1

mt∏
s=1

W jt

is,tE [W ] (1 − 2ζn)

k∏
u=1

ju+1∏
s= ju+1

(
1 −

∑u
ℓ=1 W jℓ

sE [W ] (1 + ζn)

)
1E (1)

n

]
.

Moreover, relabelling the vertex-weights W jt to Wt for t ∈ [k] does not change the distribution
of the terms within the expected value, so that the expected value remains unchanged. We can
also bound the indicator from above by one, to arrive at the upper bound

1
(n)k

∑
∗

jℓ<i1,ℓ<···<imℓ,ℓ≤n,

ℓ∈[k]

E
[ k∏

t=1

mt∏
s=1

Wt

is,tE [W ] (1 − 2ζn)

k∏
u=1

ju+1∏
s= ju+1

(
1−

∑u
ℓ=1 Wℓ

sE [W ] (1 + ζn)

)]
.
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We bound the final product from above by

ju+1∏
s= ju+1

(
1 −

∑u
ℓ=1 Wℓ

sE [W ] (1 + ζn)

)
≤ exp

(
−

1
E [W ] (1 + ζn)

ju+1∑
s= ju+1

∑u
ℓ=1 Wℓ

s

)

≤ exp
(

−
1

E [W ] (1 + ζn)

u∑
ℓ=1

Wℓ log
( ju+1

ju + 1

))

=

( ju+1

ju + 1

)−
∑u

ℓ=1 Wℓ/(E[W ](1+ζn ))

.

(5.30)

As the weights are almost surely bounded by one, we thus find

ju+1∏
s= ju+1

(
1 −

∑u
ℓ=1 Wℓ

sE [W ] (1 + ζn)

)
≤

( ju+1

ju

)−
∑u

ℓ=1 Wℓ/(E[W ](1+ζn )) (
1 + O

(
n−ε

))
,

which is equivalent to (5.16) in the non-rigorous proof. As a result, we obtain the upper bound

1
(n)k

∑
∗

jℓ<i1,ℓ<···<imℓ,ℓ≤n,

ℓ∈[k]

E
[ k∏

t=1

( ( Wt

E [W ]

)mt mt∏
s=1

1
is,t (1 − 2ζn)

) k∏
u=1

( ju+1

ju

)−
∑u

ℓ=1 Wℓ/(E[W ](1+ζn )) ]

×

(
1 + O

(
n−ε

))
.

As jk+1 = n, we can simplify the final product to obtain

1
(n)k

∑
∗

jℓ<i1,ℓ<···<imℓ,ℓ≤n,

ℓ∈[k]

(1 − 2ζn)−
∑k

h=1 mhE
[ k∏

t=1

( Wt

E [W ]

)mt k∏
t=1

(
j Wt /(E[W ](1+ζn ))
t

mt∏
s=1

i−1
s,t

)

× n−
∑k

ℓ=1 Wℓ/(E[W ](1+ζn ))
](

1 + O
(

n−ε
))

.

We bound this from above even further by no longer constraining the indices is,t to be distinct.
That is, for distinct t1 and t2 ∈ [k], we allow is1,t1 = is2,t2 to hold for any s1 ∈ [m t1 ] and
s2 ∈ [m t2 ]. This yields

1
(n)k

∑
jℓ<i1,ℓ<···<imℓ,ℓ≤n,

ℓ∈[k]

(1 − 2ζn)−
∑k

h=1 mhE
[ k∏

t=1

( Wt

E [W ]

)mt k∏
t=1

(
j Wt /(E[W ](1+ζn ))
t

mt∏
s=1

i−1
s,t

)

× n−
∑k

ℓ=1 Wℓ/(E[W ](1+ζn ))
](

1 + O
(

n−ε
))

.

(5.31)

We set

at := Wt/(E [W ] (1 + ζn)),
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and look at the terms

n−
∑k

t=1 at

(n)k

∑
jℓ<i1,ℓ<···<imℓ,ℓ≤n,

ℓ∈[k]

k∏
t=1

(
(at (1 + ζn))mt jat

t

mt∏
s=1

i−1
s,t

)
. (5.32)

We bound the sums from above by multiple integrals, almost surely, which yields

n−
∑k

t=1 at

(n)k

k∏
t=1

(at (1 + ζn))mt jat
t

∫ n

jt

∫ n

x1,t

· · ·

∫ n

xmt −1,t

mt∏
s=1

x−1
s,t dxmt ,t . . . dx1,t .

Using (A.5) in Lemma A.4, we obtain that this equals

n−
∑k

t=1 at

(n)k

k∏
t=1

(at (1 + ζn))mt jat
t

(log(n/jt ))mt

m t !
.

Substituting this in (5.32) and reintroducing the sum over the indices j1, . . . , jk , we arrive at

(1 + ζn)
∑k

h=1 mh

(n)k

∑
nε≤ j1<···< jk≤n

k∏
t=1

( jt
n

)at (at log(n/jt ))mt

m t !
. (5.33)

We observe that switching the order of the indices j1, . . . , jk achieves the same result as
permuting the m1, . . . , mk and a1, . . . , ak . Hence, if we let π : [k] → [k] be a permutation,
then considering the indices nε

≤ jπ (1) < jπ (2) < · · · < jπ (k) ≤ n yields a similar result as
in (5.33) but with a term j

aπ (t)
π (t) (log(n/jπ (t)))mπ (t)/mπ (t)! in the final product. Since this product

is invariant to such permutations of the m t and at , the only thing that would change is the
summation order of the indices j1, . . . , jk .

By using (5.33) in (5.31) and incorporating all permutations of the indices, i.e. nε
≤ jπ (1) <

jπ (2) < · · · < jπ (k) ≤ n for all π ∈ Pk (where Pk denotes the set of all permutations on [k]),
we arrive at

1
(n)k

∑
nε≤ j1 ̸=...̸= jk≤n

E[PW (Zn( jℓ) = mℓ, ℓ ∈ [k])1E (1)
n

]

≤
1

(n)k

( 1 + ζn

1 − 2ζn

)∑k
h=1 mh

E

⎡⎣∑
π∈Pk

∑
nε≤ jπ (1)<···< jπ (k)≤n

k∏
t=1

( jπ (t)

n

)at (at log(n/jπ (t)))mt

mt !

⎤⎦
=

1
(n)k

( 1 + ζn

1 − 2ζn

)∑k
h=1 mh

E

⎡⎣ ∑
nε≤ j1 ̸=...̸= jk≤n

k∏
t=1

( jt
n

)at (at log(n/jt ))mt

mt !

⎤⎦ .

(5.34)

We bound the last expression from above even further by allowing the indices j1, . . . , jk to
take any integer value in [nε, n]. That is, jℓ1 = jℓ2 is allowed for ℓ1 ̸= ℓ2. As this introduces
more non-negative terms, it yields the upper bound

1
(n)k

( 1 + ζn

1 − 2ζn

)∑k
h=1 mh

E
[ ∑

nε≤ j1≤n

· · ·

∑
nε≤ jk≤n

k∏
t=1

( jt
n

)at (at log(n/jt ))mt

m t !

]

=
1

(n)k

( 1 + ζn

1 − 2ζn

)∑k
h=1 mh k∏

t=1

E

⎡⎣ ∑
nε≤ j≤n

( j
n

)at (at log(n/j))mt

m t !

⎤⎦ ,

where we note that the product can be taken out in the second line, since the weights are
independent. We now observe two things: First, we can redefine at = a := W/(E [W ] (1+ζn)).
After all, the index of the vertex-weights W1, . . . , Wk is irrelevant, since they are independent
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and identically distributed. Second, the summand is equal to PW (P(a) = m t ), where P(a) ∼

Poi(a log(n/j)), conditionally on W . So we obtain, similar to (5.17) in the non-rigorous proof,

1
(n)k

( 1 + ζn

1 − 2ζn

)∑k
h=1 mh k∏

t=1

E

⎡⎣ ∑
nε≤ j≤n

PW (P(a) = m t )

⎤⎦ .

We now use the duality between Poisson and gamma random variables, as also explained in the
intuitive proof after (5.17). That is, let G t ∼ Gamma(m t , 1) and V ∼ Exp(1) be independent
random variables. Then, {P(a) = m t } = {G t ≤ a log(n/j), G t + V > a log(n/j)}, so that

PW (P(a) = m t ) = PW (G t ≤ a log(n/j), G t + V > a log(n/j))

= PW
(
Yt ≤ log(n/j), Yt + Ṽ > log(n/j)

)
= PW (Yt ≤ log(n/j)) − PW (Yt + Ṽ ≤ log(n/j)),

(5.35)

where Yt ∼ Gamma(m t , a) and Ṽ ∼ Exp(a), conditionally on W (and observe that Yt + Ṽ ∼

Gamma(m t + 1, a)). We thus obtain

1
(n)k

( 1 + ζn

1 − 2ζn

)∑k
h=1 mh k∏

t=1

E

⎡⎣ ∑
nε≤ j≤n

(
PW (Yt ≤ log(n/j)) − PW (Yt + Ṽ ≤ log(n/j))

)⎤⎦ , (5.36)

similar to (5.19) in the non-rigorous proof. We now compare the sum of the gamma probabil-
ities with an integral. That is, since both probabilities are decreasing in j , we can bound the
sum from above by∫ n

⌊nε⌋

PW (Yt ≤ log(n/x)) dx −

∫ n

⌈nε⌉

PW (Yt + Ṽ ≤ log(n/x)) dx

= n
∫ log(n/⌊nε

⌋)

0
e−yPW (Yt ≤ y) dy − n

∫ log(n/⌈nε
⌉)

0
e−yPW (Yt + Ṽ ≤ y) dy,

(5.37)

where we use a variable substitution y = log(n/x) to obtain the second line. Writing the
cumulative density function as an integral from zero to y and switching the order of integration,
we find

nEW [e−Yt1{Yt ≤log(n/⌊nε⌋)}] − nEW [e−(Yt +Ṽ )1
{Yt +Ṽ ≤log(n/⌈nε⌉)}]

+ PW (Yt + Ṽ ≤ log(n/⌈nε
⌉)) + ⌊nε

⌋
(
PW (Yt + Ṽ ≤ log(n/⌈nε

⌉)) − PW
(
Yt ≤ log(n/⌊nε

⌋)
) )

.

As the last term is negative, we can omit it to obtain an upper bound. The first term on the
second line can be bounded from above by

PW (Yt + Ṽ ≤ log(n/⌈nε
⌉)) ≤ PW (e−(Yt +Ṽ )

≥ n−(1−ε)) ≤ n1−εE
[
e−(Yt +Ṽ )

]
= n1−ε

( a
1 + a

)mt +1
.

Combined, this yields the upper bound

nEW [e−Yt1{Yt ≤log(n/⌊nε⌋)}] − nEW [e−(Yt +Ṽ )1{Yt +Ṽ ≤log(n/⌈nε⌉)}] + n1−ε
( a

1 + a

)mt +1
. (5.38)

We now distinguish two cases:

(1) m t = ct log n + o(log n) with ct ∈ [0, 1/(θ − 1)], for all t ∈ [k].
(2) m t = ct log n + o(log n) with ct ∈ (1/(θ − 1), c), for some t ∈ [k].
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In case (1), we bound the difference of the expected values from above by

nEW [e−Yt ] − nEW [e−(Yt +Ṽ )] + nEW [e−(Yt +Ṽ )1{Yt +Ṽ >log(n/⌈nε⌉)}] + n1−ε
( a

1 + a

)mt +1

≤ n
1

1 + a

( a
1 + a

)mt
(1 + O(n−ε)) + O(nε).

(5.39)

Substituting this for the argument of the expected value for each t ∈ [k] in (5.36) yields( 1 + ζn

1 − 2ζn

)∑k
h=1 mh

(1 + O(n−ε))
k∏

t=1

(
E
[

1
1 + a

( a
1 + a

)mt
]

+ O(n−(1−ε))
)

. (5.40)

We recall that a := W/(E [W ] (1 + ζn)) and that ζn := n−δε/E [W ]. Since W ∈ [0, 1] almost
surely and m t = O(log n),

E
[

1
1 + a

( a
1 + a

)mt
]

= E
[

E [W ]
E [W ] + W

( W
E [W ] + W

)mt
]

(1 + o(n−β )) = pmt (1 + o(n−β )), (5.41)

for some small β > 0. We have by Lemma 5.5 that pmt ≥ (θ + ξ )−mt for any ξ > 0. Now
we use that in case (1) m t = ct log n + o(log n) with ct < 1/(θ − 1). As a result, for ξ ,
ε, and some β > 0 sufficiently small and since log θ < θ − 1 for θ > 1, we then have
n−(1−ε)

= o(n−(ct +o(1)) log(θ+ξ )−β) = o(pmt n
−β). Together with (5.41), this implies we can write

the argument of the product in (5.40) as pmt (1 + o(n−β)) whenever m t satisfies case (1).
In case (2), these bounds do not suffice. First of all, we note that because of the product

structure in (5.36), we can deal with any terms that satisfy ct ∈ [0, 1/(θ − 1)] in the same way
as in (1). Without loss of generality we thus assume that ct ∈ (1/(θ − 1), c) for all t ∈ [k]. In
this case, we use that for any N > 0,

EW [e−Yt1{Yt ≤N }] =

∫ N

0

amt

Γ (m t )
xmt −1e−(1+a)x dx

=

( a
1 + a

)mt
∫ N

0

(1 + a)mt

Γ (m t )
xmt −1e−(1+a)x dx

=

( a
1 + a

)mt
PW
(
Y ′

t ≤ N
)
,

(5.42)

where Y ′
t ∼ Gamma(m t , 1 + a), conditionally on W . As Yt + Ṽ ∼ Gamma(m t + 1, a), we

also obtain a similar result for the second expected value in (5.38) with a random variable
Y ′′

t ∼ Gamma(m t + 1, 1 + a). As in the non-rigorous proof, we can assume that Y ′
t and Y ′′

t are
defined on the same probability space and we have that Y ′

t ⪯ Y ′′
t . Using this in (5.38), we thus

obtain

n
( a

1 + a

)mt
[
PW

(
Y ′

t ≤ log(n/⌊nε
⌋)
)
−

a
1 + a

PW
(
Y ′′

t ≤ log(n/⌈nε
⌉)
) ]

+n1−ε
( a

1 + a

)mt +1

≤ n
( a

1 + a

)mt
[

1
1 + a

PW
(
Y ′

t ≤ log(n/⌊nε
⌋)
)
+ PW

(
Y ′

t ≤ log(n/⌈nε
⌉), Y ′′

t > log(n/⌈nε
⌉)
)

+ PW
(
log(n/⌈nε

⌉) ≤ Y ′
t ≤ log(n/⌊nε

⌋)
) ]

+n1−ε
( a

1 + a

)mt +1
.

(5.43)

By omitting the probability from the first term and bounding the other two probabilities from
above by PW

(
Y ′′

t > log(n/⌈nε
⌉)
)
, we obtain an upper bound

n
( a

1 + a

)mt ( 1
1 + a

(1 + O(n−ε)) + 2PW
(
Y ′′

t > log(n/⌈nε
⌉)
) )

.
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Again, we substitute this for the argument in the expected value in (5.36) to obtain for some
large constant C > 0,( 1 + ζn

1 − 2ζn

)∑k
h=1 mh

(1 + O(n−ε))
k∏

t=1

(
E
[( 1

1 + a

( a
1 + a

)mt
]

+CE
[( a

1 + a

)mt (
PW

(
Y ′′

t > log(n/⌈nε
⌉)
)
+ n−ε

)] )
.

(5.44)

It thus remains to show that the second expected value in (5.44) is of sufficiently smaller order
compared to the first. We obtain this by using the indicators 1{(1+a)<ct /(1−µ)} and 1{1+a≥ct /(1−µ)}
to split the expected value in two parts, for some µ > 0 small enough such that ct/(1 − µ) <
θ/(θ − 1) (which is possible since ct < c < θ/(θ − 1)). For the first indicator, we can bound

E
[( a

1 + a

)mt (
PW

(
Y ′′

t > log(n/⌈nε
⌉)
)
+ n−ε

)
1{1+a<ct /(1−µ)}

]
≤

( ct /(1 − µ) − 1
ct /(1 − µ)

)mt

=

(
1 −

1 − µ

ct

)mt

< (θ + ξ )−mt ,

for some small ξ > 0 and n sufficiently large. Since the first expected value in (5.44) equals
pmt ≥ (θ + ξ/2)−mt , where the inequality follows from Lemma 5.5, we thus obtain that

E
[ ( a

1 + a

)mt
PW

(
Y ′′

t > log(n/⌈nε
⌉)
)
1{1+a<ct /(1−µ)}

]
= o

(
E
[( 1

1 + a

( a
1 + a

)mt
]

n−β

)
, (5.45)

for some small β > 0, since m t = ct log n + o(log n) with ct ∈ [1/ log θ, c). For the second
indicator, we observe that {Y ′′

t > log(n/⌈nε
⌉)} = {Z t > (1 + a)(1 − ε) log n(1 + o(1))}, where

Z t ∼ Gamma(m t + 1, 1). We then have

E
[ ( a

1 + a

)mt
PW (Z t > (1 + a)(1 − ε) log n(1 + o(1)))1{1+a≥ct /(1−µ)}

]
≤ E

[ ( a
1 + a

)mt
]
P
(

Z t >
ct (1 − ε)

1 − µ
log n(1 + o(1))

)
.

It thus suffices to show that the probability on the right-hand side is o(n−β) for some small
β > 0. By choosing ε ∈ (0, µ) we can apply a standard large deviation bound. Let (Vi )i∈N be
i.i.d. exponential rate 1 random variables and let I (a) := a − 1 − log(a) be their rate function.
Then, as we can think of Z t as the sum of V1, . . . , Vmt +1,

P
(

Z t ≥
ct (1 − ε)

1 − µ
log n(1 + o(1))

)
= P

(mt +1∑
i=1

Vi ≥ (mt + 1)
ct (1 − ε) log n(1 + o(1))

(1 − µ)(mt + 1)

)

≤ exp
(

−(mt + 1)I
( ct (1 − ε) log n(1 + o(1))

(1 − µ)(mt + 1)

))
.

In the first step, we express the upper bound within the probability in terms of the mean of
the sum of random variables, which equals m t + 1. We then use the large deviations bound
in the second step, which we can do as the argument of I is strictly greater than 1 when
n is sufficiently large (as m t + 1 ∼ ct log n) and ε ∈ (0, µ) is sufficiently small. Since
I ((ct +o(1))(1 − ε) log n/((1−µ)(m t +1))) = (1 − ε)/(1−µ)−1− log((1 − ε)/(1−µ))+o(1),
we thus arrive at

P
(

Z t ≥
ct (1 − ε)

1 − µ
log n(1 + o(1))

)
≤ e−ct log n((1−ε)/(1−µ)−1−log((1−ε)/(1−µ))+o(1))

= n−ct,µ,ε+o(1),

(5.46)

where ct,µ,ε := ct ((1 − ε)/(1−µ)−1−log((1 − ε)/(1−µ))) > 0 as ε < µ and x−1−log x > 0
holds for x > 1. This yields (5.45) when using 1{1+a≥ct /(1−µ)} for µ and ε sufficiently small
as well. Together with (5.41), this yields the desired result.
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Combined with the analysis in case (1), and the fact that

( 1 + ζn

1 − 2ζn

)∑k
h=1 mh

(1 + O(n−ε)) = 1 + o(n−β),

for some small β > 0, by the choice of ζn , and the fact that m t = O(log n) for all t ∈ [k],
it follows that (5.40) is at most (o(n−β)

∏k
t=1 pmt ) for some small β > 0 in both cases (1)

and (2). Finally, using this in (5.27) yields

1
(n)k

∑
nε≤ j1 ̸=...̸= jk≤n

P(Zn( jℓ) = mℓ for all ℓ ∈ [k]) ≤

k∏
t=1

(
pmt (1 + o(n−β))

)
+o(n−γ ).

As we can choose γ arbitrarily large (as discussed prior to (5.27)), this term can incorporated
in the o(n−β) term regardless of the choice of m t , which completes the proof of the upper
bound.

Lower bound
We then focus on proving a similar lower bound. We define the event

E (2)
n :=

{ j∑
ℓ=k+1

Wℓ ∈ (E [W ] (1 − ζn) j,E [W ] (1 + ζn) j), for all nε
≤ j ≤ n

}
.

We again have from Lemma A.2 in the Appendix that P((E (2)
n )c) = o(n−γ ) for any γ > 0. We

obtain a lower bound for the probability of the event {Zn(vℓ) = mℓ, ℓ ∈ [k]} by omitting the
second term in (5.27). This yields, together with the rearrangements in (5.28),

1
(n)k

∑
nε≤ j1 ̸=...̸= jk≤n

E [PW (Zn( jℓ) = mℓ for all ℓ ∈ [k])]

≥
1

(n)k

∑
nε< j1 ̸=...̸= jk≤n

∑
∗

jℓ<i1,ℓ<···<imℓ,ℓ≤n,

ℓ∈[k]

E
[ k∏

t=1

mt∏
s=1

W jt∑is,t −1
ℓ=1 Wℓ

k∏
u=1

ju+1∏
s= ju +1

s ̸=iℓ,t ,ℓ∈[mt ],t∈[k]

(
1 −

∑u
ℓ=1 W jℓ∑s−1
ℓ=1 Wℓ

)]
.

We again start by only considering the ordered indices nε < j1 < · · · < jk and also omit this
sum for now for ease of writing. We also omit the constraint s ̸= iℓ,t , ℓ ∈ [m t ], t ∈ [k] in the
final product. As this introduces more terms smaller than one, we obtain a lower bound. Then,
in the two denominators, we bound the vertex-weights W j1 , . . . , W jk from above and below by
one and zero, respectively, to obtain a lower bound

1
(n)k

∑
∗

jℓ<i1,ℓ<···<imℓ,ℓ≤n,

ℓ∈[k]

E
[ k∏

t=1

mt∏
s=1

W jt∑is,t −1
ℓ=1 Wℓ1{ℓ̸= jt ,t∈[k]} + k

k∏
u=1

ju+1∏
s= ju+1

(
1 −

∑u
ℓ=1 W jℓ∑s−1

ℓ=1 Wℓ1{ℓ̸= jt ,t∈[k]}

)]
.

As a result, we can now swap the labels of W jt and Wt for each t ∈ [k], which again does not
change the expected value, but it changes the value of the two denominators to

∑is,t
ℓ=k+1 Wℓ +k

and
∑is,t

ℓ=k+1 Wℓ, respectively. After this we introduce the indicator 1E (2)
n

and use the bounds
in E (2)

n on these sums in the expected value to obtain a lower bound. Finally, we note that the
(relabelled) weights Wt , t ∈ [k], are independent of E (2)

n so that we can take the indicator out
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of the expected value. Combining all of the above steps, we arrive at the lower bound

1
(n)k

∑
∗

jℓ<i1,ℓ<···<imℓ,ℓ≤n,

ℓ∈[k]

E
[ k∏

t=1

( Wt

E [W ]

)mt mt∏
s=1

1
is,t (1 + 2ζn)

×

k∏
u=1

ju+1∏
s= ju+1

(
1 −

∑u
ℓ=1 Wℓ

(s − 1)E [W ] (1 − ζn)

)]
P(E (2)

n ).

(5.47)

The 1 + 2ζn in the fraction on the first line arises from the fact that, for n sufficiently large,
(is,t − 1)(1 + ζn) + k ≤ is,t (1 + 2ζn). As stated above, P(E (2)

n ) = 1 − o(n−γ ) for any γ > 0.
Similar to the calculations in (5.30) and using log(1 − x) ≥ −x − x2 for x small, we obtain
an almost sure lower bound for the final product for n sufficiently large of the form

ju+1∏
s= ju+1

(
1 −

∑u
ℓ=1 Wℓ

(s − 1)E [W ] (1 − ζn)

)
≥ exp

(
−

1
E [W ] (1 − ζn)

u∑
ℓ=1

Wℓ

ju+1∑
s= ju+1

1
s − 1

−

( 1
E [W ] (1 − ζn)

u∑
ℓ=1

Wℓ

)2 ju+1∑
s= ju+1

1
(s − 1)2

)

≥

( ju+1

ju

)−
∑u

ℓ=1 Wℓ/(E[W ](1−ζn )) (
1 − O

(
n−ε

))
.

Using this in (5.47) yields the lower bound

1
(n)k

∑
∗

jℓ<i1,ℓ<···<imℓ,ℓ≤n,

ℓ∈[k]

(1 + 2ζn)−
∑k

h=1 mhE
[ k∏

t=1

( Wt

E [W ]

)mt ( jt
n

)ãt mt∏
s=1

i−1
s,t

)](
1 − O

(
n−ε

))
,

where ãt := Wt/(E [W ] (1 − ζn)). As in the upper bound, we can take the product over t ∈ [k]
out of the expected value by the independence of the vertex-weights. This yields

1
(n)k

∑
∗

jℓ<i1,ℓ<···<imℓ,ℓ≤n,

ℓ∈[k]

( 1 − ζn

1 + 2ζn

)∑k
h=1 mh k∏

t=1

E
[

ãmt
t

( jt
n

)ãt mt∏
s=1

i−1
s,t

](
1 − O

(
n−ε

))
.

As ζn = n−δε/E [W ] and mh = O(log n) for all h ∈ [k], the fraction and the 1−O(n−ε) can be
combined to yield a 1 − o(n−β), for some small β > 0. We now reintroduce the sum over the
indices nε

≤ j1 < · · · < jk ≤ n and bound the sum over the indices is,ℓ from below. We note
that the expression in the expected value is decreasing in is,ℓ and we restrict the range of the
indices to jℓ +

∑k
h=1 mh < i1,ℓ < · · · < imℓ,ℓ ≤ n, ℓ ∈ [k], but no longer constrain the indices

to be distinct (so that we can drop the ∗ in the sum). In the distinct sums and the suggested
lower bound, the number of values the is,ℓ take on equal

k∏
ℓ=1

(
n − ( jℓ − 1) −

∑ℓ−1
h=1 m t

mh

)
and

k∏
ℓ=1

(
n − ( jℓ − 1) −

∑k
h=1 mh

mℓ

)
,

respectively. It is straightforward to see that the former allows for more possibilities than the
latter, as

(b
c

)
>
(a

c

)
when b > a ≥ c. As we omit the largest values of the expected value (since

it decreases in is,ℓ and we omit the largest values of is,ℓ), we thus arrive at the lower bound

((n)k )−1
∑

nε< j1<···< jk≤n−
∑k

h=1 mh

∑
jℓ+

∑k
h=1 mh <i1,ℓ<···<imℓ,ℓ≤n,

ℓ∈[k]

k∏
t=1

E
[

ãmt
t

( jt
n

)ãt mt∏
s=1

1
is,t

](
1 − o(n−β )

)
, (5.48)
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where we also restrict the range of indices in the upper bound of the outer sum, as otherwise
there would be a contribution of zero from these values of j1, . . . , jk . We now use similar
techniques compared to the upper bound of the proof to switch from summation to integration.
First, we observe that we can switch the inner summation and the product over t . Second, we
restrict the upper bound on the outer sum to n − 1 − 2

∑k
h=1 mh . This will prove useful later.

Combined, this yields

((n)k)−1
∑

nε< j1<···< jk≤n−1−2
∑k

h=1 mh

k∏
t=1

∑
jℓ+

∑k
h=1 mh<i1,ℓ<···<imℓ,ℓ≤n,

ℓ∈[k]

E
[

ãmt
t

( jt
n

)ãt mt∏
s=1

1
is,t

]
(1 − o(n−β)).

(5.49)

Then, we take the inner summation in the expected value and, for now, focus on

∑
jt +

∑k
h=1 mh <i1,t <···<imℓ,ℓ≤n

ℓ∈[k]

mt∏
s=1

i−1
s,t ≥

∫ n+1

jt +
∑k

h=1 mh+1

∫ n+1

x1,t +1
· · ·

∫ n+1

xmt −1,t +1

mt∏
s=1

x−1
s,t dxmt ,t . . . dx1,t .

Since jℓ ≤ n−1−2
∑k

h=1 mh for each ℓ ∈ [k], it follows in particular that jℓ+1+
∑k

h=1 mh ≤ n.
It thus follows that we can use (A.6) in Lemma A.4 with a = jℓ + 1 +

∑k
h=1 mh, b = n + 1,

and k = mℓ to obtain the lower bound
k∏

t=1

1
m t !

log
( n + 1

jt +
∑k

h=1 mh + m t

)mt

≥

k∏
t=1

1
m t !

(
log

( n

jt + 2
∑k

h=1 mh

))mt
. (5.50)

Substituting this in (5.49) yields the lower bound

1
(n)k

∑
nε< j1<···< jk≤n−1−2

∑k
h=1 mh

k∏
t=1

E
[ ( jt

n

)ãt ãmt
t

mt !

(
log

( n

jt + 2
∑k

h=1 mh

))mt
](

1 − o(n−β )
)

.

Note that, due to the independence of the vertex-weights W1, . . . , Wk , and hence of ã1, . . . , ãk ,
we can interchange the product and the sum with the expected value. To simplify the summation
over j1, . . . , jk , we write the summand as

k∏
t=1

(
jt + 2

k∑
h=1

mh

)ãt
n−ãt

m t !

(
log

( n

jt + 2
∑k

h=1 mh

))mt
(

1 −
2
∑k

h=1 mh

jt + 2
∑k

h=1 mh

)ãt

.

Using that m t < c log n, jt ≥ nε and almost surely, x ãt ≥ x1/(E[W ](1−ζn )) for x ∈ [0, 1], we
obtain the lower bound

k∏
t=1

(
jt + 2

k∑
h=1

mh

)ãt
n−ãt

m t !

(
log

( n

jt + 2
∑k

h=1 mh

))mt (
1 − o(n−β)

)
.

We can then shift the bounds on the range of the sum to nε
+2

∑k
h=1 mh and n −1. As jk = n

yields a contribution of zero to the sum, we can increase the upper range on the summation
from n − 1 to n. We thus obtain the lower bound

1
(n)k

E

⎡⎢⎣ ∑
nε+2

∑k
h=1 mh< j1<···< jk≤n

k∏
t=1

( jt
n

)ãt 1
m t !

(log(n/jt ))mt

⎤⎥⎦ ( 1 − o(n−β)
)

.
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We can now use a similar approach as in (5.34) through (5.38). By considering all permutations
of the indices j1, . . . , jk , we obtain

1
(n)k

∑
nε≤ j1 ̸=...̸= jk≤n

E[PW (Zn( jt ) = m t for all t ∈ [k])]

≥
1 − o(n−β)

(n)k
E
[ ∑

nε+2
∑k

h=1 mh< j1 ̸=...̸= jk≤n

k∏
t=1

( jt/n)̃at
1

m t !
(̃at log(n/jt ))mt

]
.

We now aim to again exchange the order of summation and the product in the expected
value at the expense of some additional terms. To this end, we allow the indices j1, . . . , jk
to take on the same values, but also subtract the largest terms from the sum to still obtain a
lower bound. We are thus required to determine which terms are the largest. The following
holds for any t ∈ [k]: jt ↦→ ( jt/n)̃at (̃at log(n/jt ))mt /m t ! is increasing on [1, n exp(−m t /̃at ))
and decreasing on (n exp(−m t /̃at ), n], with maximum value e−mt mmt

t /m t !. As such, we again
distinguish the two cases (1) and (2) as in the upper bound (i.e. m t = ct log n + o(log n) with
either ct ≤ 1/(θ−1) for all t ∈ [k] or ct > 1/(θ−1) for some t ∈ [k]). In case (2), we know that
n exp(−m t /̃at ) ≤ n1−ct (θ−1)(1+o(1))

= o(1), so that ( jt/n)̃at (̃at log(n/jt ))mt /m t ! is maximised for
the smallest value of jt . Omitting these terms thus yields a lower bound. In case (1), this is
not the case, and hence we omit the largest terms at n exp(−m t /̃at ).

Let us deal with case (1) first. Since the sums contain(
n −

⌈
nε

+

k∑
h=1

mh

⌉
+ 1

)
k

many terms, we bound these sums from below by

∑
nε+

∑k
h=1 mh≤ j1≤n

· · ·

∑
nε+

∑k
h=1 mh≤ jk≤n

k∏
t=1

( jt/n)̃at

m t !
(̃at log(n/jt ))mt

− O
( (

n −

⌈
nε

−

k∑
h=1

mh

⌉
+ 1

)k−1 ) k∏
t=1

e−mt
mmt

t

m t !

=

k∏
t=1

( ∑
nε+

∑k
h=1 mh≤ j≤n

( j/n)̃at

m t !
(̃at log(n/j))mt

)
−O(nk−1),

where the last line follows from the fact that e−x x x/Γ (x+1) ≤ 1 for all x > 0. We now identify
the argument of the sum as PW (P (̃at , j) = m t ), where P (̃at ) ∼ Poi(̃at log(n/j)). Again using
the Poisson-gamma duality, we can rewrite this sum as∑

nε+
∑k

h=1 mh≤ j≤n

PW (Yt ≤ log(n/j), Yt + V > log(n/j))

=

∑
nε+

∑k
h=1 mh≤ j≤n

(
PW (Yt ≤ log(n/j)) − PW (Yt + V ≤ log(n/j))

)
,

where Yt ∼ Gamma(m t , ãt ) and Vt ∼ Exp(̃at ) and both random variables are independent,
conditionally on Wt . With a similar approach as in (5.37) and (5.38), we can bound this sum
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from below by

nEW [e−Yt1{Yt ≤log(n/ f (n))}] − nEW [e−(Yt +Vt )1{Yt +Vt ≤log(n/ f̃ (n))}] + O(nε),

with f (n) := ⌈nε
+
∑k

h=1 mh⌉, f̃ (n) := f (n) − 1. As f (n) ∼ f̃ (n) ∼ nε, the desired lower
bound follows in an analogous way to the approach used in the upper bound in (5.39) through
the paragraph following (5.41).

In case (2), we can as in the upper bound assume without loss of generality that the condition
on ct holds for all t ∈ [k]. Then, the largest values of PW (P (̃at , j) = m t ) are attained for jt
as small as possible. So, by omitting these small jt , we obtain the lower bound∑

nε+
∑k

h=1 mh≤ j1≤n

∑
nε+1+

∑k
h=1 mh≤ j1≤n

· · ·

∑
nε+(k−1)+

∑k
h=1 mh≤ jk≤n

k∏
t=1

PW (P (̃at , jt ) = m t )

=

k∏
t=1

( ∑
nε+(t−1)+

∑k
ℓ=1 mℓ≤ j≤n

PW (P (̃at , j) = m t )

)
.

As in case (1), we can write each sum as a difference of expected values. Then, following the
same steps as in (5.42) through (5.46), we obtain the desired matching lower bound in case (2)
for ε, β > 0 sufficiently small. The only difference is that we cannot bound the conditional
probability in the second line (5.43) from above by one. Instead, the lower bound we obtain is

n
( a

1 + a

)mt
[

1
1 + a

PW

(
Y ′

t ≤ log
(

n
/⌊

nε
+ (t − 1) +

k∑
ℓ=1

mℓ

⌋ ))

− PW

(
Y ′′

t ≥ log
(

n
/⌈

nε
+ (t − 1) +

k∑
ℓ=1

mℓ

⌉ ))
− n−ε a

1 + a

]

≥ n
[

1
1 + a

( a
1 + a

)mt
(
PW

(
Y ′

t ≤ log
(

n
/⌊

nε
+ (t − 1) +

k∑
ℓ=1

mℓ

⌋ ))
− O(n−ε)

)

− O
( ( a

1 + a

)mt
)]

.

From here on out, the same approach used to bound (5.44) from above can be used to yield
the lower bound

1
(n)k

∑
nε≤ j1 ̸=...̸= jk≤n

E [PW (Zn( jℓ) = mℓ for all ℓ ∈ [k])] ≥

k∏
t=1

pmt (1 − o(n−β)).

Combined with the upper bound, this yields the desired result and concludes the proof. □

We now discuss the necessary changes to the proof for it to hold for the model with random
out-degree, as introduced in Remark 2.2(i i), as well. The main difference between these two
models is the fact that the events {n → i} and {n → j} are no longer disjoint, where u → v

denotes that vertex u connects to vertex v with an edge directed towards v. As a result,
the probability, conditional on the vertex-weights, that vertex n does not connect to vertices
j1, . . . , jk ∈ [n − 1] now equals

k∏
ℓ=1

(
1 −

W jℓ

Sn−1

)
instead of

(
1 −

∑k
ℓ=1 W jℓ

Sn−1

)
. (5.51)

Moreover, as a new vertex can connect to multiple vertices at once, it is no longer necessary
to restrict ourselves to indices jℓ < i1,ℓ < · · · < imℓ,ℓ ≤ n, ℓ ∈ [k] with is,ℓ ̸= it, j for
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any ℓ, j ∈ [k], s ∈ [mℓ], t ∈ [m j ]. Instead, when ℓ ̸= j , is,ℓ = it, j is allowed for any
s ∈ [mℓ], t ∈ [m j ]. That is, the steps at which two vertices increase their degree by one no
longer need to be disjoint.

In the proof of the upper bound, this changes the right-hand side of (5.28) into

1
(n)k

∑
nε≤ j1<···< jk≤n

∑
jℓ<i1,ℓ<···<imℓ,ℓ≤n,

ℓ∈[k]

E
[ k∏

t=1

mt∏
s=1

W jt∑is,t −1
ℓ=1 Wℓ

×

k∏
u=1

ju+1∏
s= ju+1

s ̸=iℓ,t ,ℓ∈[mt ],t∈[k]

u∏
ℓ=1

(
1 −

W jℓ∑s−1
r=1 Wr

)
1En

]
,

where we change the last term in the expected value due to (5.51) and omit the ∗ in the inner
sum due to the degree increments no longer being disjoint. We can then again use the event
E (1)

n to bound the denominators with deterministic quantities. Then, the exact same steps to
obtain the upper bound as in (5.30) can be performed. Most importantly, this yields that the
difference in the upper bound due to (5.51) is no longer present. Furthermore, as we omit the
constraint of disjoint indices is,t in (5.31), we obtain the exact same upper bound as we would
here. As a result, the remaining steps of the proof of the upper bound carry through as well.

The same is true for the lower bound. In fact, in the proof of the lower bound of Lemma 5.10
we argue why we can omit the constraint of disjoint indices is,t in a certain way and still obtain
a lower bound in (5.48), which is no longer necessary here. Hence, we obtain (5.50) without
the factor two in front of

∑k
h=1 mh . This change carries through all the steps, so that we arrive

at the same desired lower bound. Together with the upper bound, this establishes the desired
result.

5.5. Proof of Lemma 5.11

Proof of Lemma 5.11. We aim to bound
1

(n)k

∑
j∈In (ε)

P(Zn( jℓ) = mℓ for all ℓ ∈ [k]) , (5.52)

where we recall that In(ε) from (5.25). This is the equivalent of the steps following (5.21) in
the non-rigorous proof in Section 5.2. We first assume that mℓ = cℓ log n + o(log n) for some
cℓ ∈ [0, 1/ log θ ) for all ℓ ∈ [k]. We define

In(ε, i) := {j ∈ In(ε) : |{ℓ ∈ [k] : jℓ < nε
}| = i}, i ∈ [k],

that is, In(ε, i) denotes the set of indices j = ( j1, . . . , jk) such that exactly i of the indices are
smaller than nε, and note that In(ε) = In(ε, 1) ∪ · · · ∪ In(ε, k). We then write

1
(n)k

∑
j∈In (ε)

P(Zn( jℓ) = mℓ for all ℓ ∈ [k]) =

k∑
i=1

1
(n)k

∑
j∈In (ε,i)

P(Zn( jℓ) = mℓ for all ℓ ∈ [k]) ,

and bound the probability on the right-hand side from above by omitting all events {Zn( jℓ) =

mℓ} whenever jℓ < nε. This leaves us with
k−1∑
i=1

1
(n)k

niε
∑
S⊆[k]

|S|=k−i

∑
∗

nε≤ jℓ≤n
ℓ∈S

P(Zn( jℓ) = mℓ for all ℓ ∈ S) +
nkε

(n)k
, (5.53)
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where we recall that the ∗ on the inner summation denotes that we only consider distinct values
of jℓ, ℓ ∈ S. We isolate the case i = k here as in this case no indices are larger than nε and
we hence bound the probability from above by one, whereas i = k would yield a contribution
of zero in the triple sum. The inner sum can then be dealt with in the same manner as in the
derivation of the upper bound in the proof of Lemma 5.10, to yield an upper bound

k−1∑
i=1

n−i(1−ε)
∑
S⊆[k]

|S|=k−i

∏
ℓ∈S

E
[

E [W ]
E [W ] + W

( W
E [W ] + W

)mℓ
] (

1 + o
(

n−β
))

+2n−k(1−ε),

for some β > 0. It thus remains to show that for any mℓ = cℓ log n + o(log n) with
cℓ ∈ [0, 1/ log θ ) we can take ε and a β > 0 sufficiently small, such that

n−(1−ε)
= o

(
E
[

E [W ]
E [W ] + W

( W
E [W ] + W

)mℓ
]

n−β
)

.

By Lemma 5.5, we have for any ξ > 0 and n sufficiently large, that

E
[

E [W ]
E [W ] + W

( W
E [W ] + W

)mℓ
]

≥ (θ + ξ )−mℓ = n−cℓ log(θ+ξ )+o(1),

and n−(1−ε)
= o(n−η−cℓ log(θ+ξ )+o(1)) when we choose η, ξ , and ε sufficiently small, since

cℓ log θ < 1 for any ℓ ∈ [k]. As a result,

1
(n)k

∑
j∈In (ε)

P(Zn( jℓ) = mℓ for all ℓ ∈ [k]) = o
( k∏

ℓ=1

E
[

E [W ]
E [W ] + W

( W
E [W ] + W

)mℓ
]

n−η
)

.

We now assume (as before in the proof of Lemma 5.10 without loss of generality) that
mℓ = cℓ log n + o(log n) with cℓ ∈ [1/ log θ, θ/(θ − 1)) for all ℓ ∈ [k]. In this case, the
crude bound used above no longer suffices. Now, the aim is to combine the above with a
similar approach as at the start of the proof of [15, Theorem 2.9, Bounded case] and also
use condition (C2) in Assumption 2.3. First, we consider the set of indices In(ε, k). To make
use of the negative quadrant dependence of the degrees (Zn(i))i∈[n] (see Remark 5.2 and
[15, Lemma 7.1]), we create an upper bound by considering the event {Zn( jℓ) ≥ mℓ for all ℓ ∈

[k]}. Then, using the tail distribution and the negative quadrant dependency of the degrees under
the conditional probability measure PW yields

1
(n)k

∑
j∈In (ε,k)

P(Zn( jℓ) = mℓ for all ℓ ∈ [k]) ≤
1

(n)k

∑
1≤ j1 ̸=...̸= jk<nε

E
[ k∏

ℓ=1

PW (Zn( jℓ) ≥ mℓ)

]
.

We then allow the indices j1, . . . , jk to take any value between 1 and nε, to obtain the upper
bound

1
(n)k

E

[
k∏

ℓ=1

( ∑
i<nε

PW (Zn(i) ≥ mℓ)

)]
.

As in the proof of [15, Theorem 2.9, Bounded case], we apply a Chernoff bound to the
conditional probability measure PW to obtain

1
(n)k

E
[ k∏

ℓ=1

( ∑
i<nε

PW (Zn(i) ≥ mℓ)

)]
≤

1
(n)k

E
[ k∏

ℓ=1

( ∑
i<nε

exp(mℓ(1 − ui,ℓ + log ui,ℓ))
)]

,

where

ui,ℓ :=
1

mℓ

n−1∑
j=i

Wi

S j
.
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This is the equivalent of (5.22) in the non-rigorous proof in Section 5.2. We then introduce
the constants δ ∈ (0, 1/2), C > kc−1

θ θ log(θ )/(θ − 1), and α > 0 (with cθ := 1/(2θ2)). Also,
we define the sequences ζ ′

n := (C log n)−δ/(1−2δ)/E [W ], f (n) := ⌈log n/ log log log n⌉, and
g(n) := ⌈log log n⌉, n ∈ N. We then define the events

E (3)
n :=

{ j∑
ℓ=1

Wℓ ≥ jE [W ] (1 − ζ ′

n), for all (C log n)1/(1−2δ)
≤ j ≤ n

}
,

E (4)
n := {S⌈α log n⌉ ≥ c log n},

E (5)
n := {S f (n) ≥ g(n)}.

The event E (3)
n is similar to the event E (1)

n introduced in (5.26), but considers a larger range of
indices j . The particular choice of the lower bound on the indices j follows from the fact that
we want as much control over the partial sums of the vertex-weights as possible, but need to
ensure that P((E (3)

n )c) decays sufficiently fast. It follows that for all three events, the probability
of their complement is o(n−γ ) for any γ > 0 (in the case of E (3)

n and E (4)
n when we choose C

and α sufficiently large, respectively) by Lemma A.2 in the Appendix.
We can use these events in the expected value to arrive at the upper bound

1
(n)k

E

[
k∏

ℓ=1

( ∑
i<nε

exp(mℓ(1 − ui,ℓ + log ui,ℓ))
)
1E (3)

n ∩E (4)
n ∩E (5)

n

]
+P((E (3)

n ∩ E (4)
n ∩ E (5)

n )c).

(5.54)

By the proof of Corollary A.3 in the Appendix and since mℓ = cℓ log n +o(log n) with cℓ > 0,
we can bound ui,ℓ from above uniformly in i ∈ [nε] and for any ℓ ∈ [k] by (1+o(1))/(cℓE [W ]).
Recalling that E [W ] = θ − 1 and that cℓ ≥ 1/ log θ > 1/(θ − 1) (as θ > 1), we find that
ui,ℓ < 1 for all i ∈ [n] and ℓ ∈ [k] as well. Since x ↦→ 1 − x + log x is increasing on (0, 1)
we can thus use this upper bound in the first term of (5.54) to bound it from above by

1
(n)k

k∏
ℓ=1

( ∑
i<nε

exp
(

cℓ log n
(

1 −
1

cℓE [W ]
+ log

( 1
cℓE [W ]

))
(1 + o(1))

))

≤ exp
(

log n(1 + o(1))
k∑

ℓ=1

(
−(1 − ε) + cℓ

(
1 −

1
cℓE [W ]

+ log
( 1

cℓE [W ]

))))
,

(5.55)

which is the equivalent of (5.23) in the non-rigorous proof in Section 5.2. We then require that

exp
(

log n(1 + o(1))
k∑

ℓ=1

(
−(1 − ε) + cℓ

(
1 −

1
cℓE [W ]

+ log
( 1

cℓE [W ]

))))
= o

( 1
nβ

k∏
ℓ=1

pmℓ

)
, (5.56)

for some β > 0. As, by Lemma 5.5, pmℓ
≥ (θ + ξ )−mℓ = exp(− log n(1 + o(1))cℓ log(θ + ξ ))

for any ξ > 0 and n sufficiently large, it suffices to show that

k∑
ℓ=1

(
−(1 − ε)+cℓ

(
1−

1
cℓE [W ]

+log
( 1

cℓE [W ]

)))
< −

k∑
ℓ=1

cℓ log(θ+ξ )−β, (5.57)

when ξ, β, and ε are sufficiently small. We show that this strict inequality can be achieved for
each term individually, by arguing that we can choose ε ∈ (0, 1) small enough such that

(1 − ε) > cℓ

(
1 −

1
cℓ(θ − 1)

+ log
( θ + ξ

cℓ(θ − 1)

))
, ℓ ∈ [k],
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where we note that we have written E [W ] as θ − 1. The right-hand side is increasing in cℓ

when cℓ ∈ [1/ log θ, θ/(θ − 1)), so that all k inequalities are satisfied when we solve

(1 − ε) > c̃
(

1 −
1

c̃(θ − 1)
+ log

( θ + ξ

c̃(θ − 1)

))
,

with c̃ := maxℓ∈[k] cℓ. We now show that the right-hand side is strictly smaller than one when
ξ is sufficiently small. We write

c̃
(

1 −
1

c̃(θ − 1)
+ log

( θ + ξ

c̃(θ − 1)

))
= c̃

(
1 −

1
c̃(θ − 1)

+ log
( θ

c̃(θ − 1)

))
+c̃ log

(
1 +

ξ

θ

)
≤ c̃

(
1 −

1
c̃(θ − 1)

+ log
( θ

c̃(θ − 1)

))
+

ξ

θ − 1
,

where the final upper bound follows from the fact that log(1 + x) ≤ x for x > −1 and
c̃ < θ/(θ − 1). We denote the first term on the right-hand side by κ = κ (̃c, θ). As κ is
increasing in c̃ when c̃ < θ/(θ −1) (which is the case when cℓ < θ/(θ −1) for all ℓ ∈ [k]), we
have κ < 1, as c̃ < θ/(θ −1). Thus, setting ξ < (1−κ)(θ −1)/2 we achieve the desired result.
Now, taking ε ∈ (0, 1 − (κ + ξ/(θ − 1))), we arrive at (5.56) for some small η > 0. Recalling
that we can bound the second term in (5.54) by o(n−γ ) for any γ > 0 and that pmℓ

≥ n−ν for
some ν > 0 uniformly in mℓ < c log n, we obtain

1
(n)k

∑
j∈In (ε,k)

P(Zn( jℓ) = mℓ for all ℓ ∈ [k]) = o
(

n−η

k∏
ℓ=1

pmℓ

)
, (5.58)

for some small η > 0.
We now consider the remaining sets In(ε, 1), . . . , In(ε, k − 1) and aim to bound

1
(n)k

k−1∑
i=1

∑
j∈In (ε,i)

P(Zn( jℓ) ≥ mℓ for all ℓ ∈ [k]) .

Again, using the negative quadrant dependence and introducing the events E (1)
n , E (3)

n , E (4)
n , and

E (5)
n yields the upper bound

1
(n)k

k−1∑
i=1

∑
j∈In (ε,i)

E
[
1E (1)

n ∩E (3)
n ∩E (4)

n ∩E (5)
n

k∏
ℓ=1

PW (Zn( jℓ) ≥ mℓ)

]
+ P

(
(E (1)

n ∩ E (3)
n ∩ E (4)

n ∩ E (5)
n )c

)
.

The aim is to treat the probabilities of indices which are at most nε in the same way as when
dealing with the indices in In(ε, k) to reach a bound as in (5.56), for which we use the events
E (i)

n , i = 3, 4, 5. For the indices which are larger than nε such an upper bound will not suffice.
Instead, we aim to bound PW (Zn( jℓ) ≥ mℓ) when nε

≤ jℓ ≤ n in a similar way as we bounded
PW (Zn( jℓ) = mℓ) from above in the proof of Lemma 5.10, for which we use the event E (1)

n .
First, we split the summation over In(ε, i) over all possible configurations of indices with

are at most and at least nε, similar to (5.53). That is,

1
(n)k

k−1∑
i=1

∑
j∈In (ε,i)

E
[
1E (1)

n ∩E (3)
n ∩E (4)

n ∩E (5)
n

k∏
ℓ=1

PW (Zn( jℓ) ≥ mℓ)

]

=
1

(n)k

k−1∑
i=1

∑
S⊆[k]
|S|=i

∑
∗

1≤ jℓ<nε

ℓ∈S

∑
∗

nε≤ jℓ≤n
ℓ∈[k]\S

E
[
1E (1)

n ∩E (3)
n ∩E (4)

n ∩E (5)
n

∏
ℓ∈S

PW (Zn( jℓ) ≥ mℓ)
∏

ℓ∈[k]\S

PW (Zn( jℓ) ≥ mℓ)

]
.

Using the events E (i)
n , i = 3, 4, 5, we can follow similar steps as above to bound the sum over

the indices jℓ and the product of probabilities PW (Zn( jℓ) ≥ mℓ) for ℓ ∈ S from above by the
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deterministic upper bound

exp
(

log n(1 + o(1))
∑
ℓ∈S

(
−(1 − ε) + cℓ

(
1 −

1
cℓE [W ]

+ log
( 1

cℓE [W ]

))))
=: nC(S)(1+o(1)),

which yields

k−1∑
i=1

ni

(n)k

∑
S⊆[k]
|S|=i

nC(S)(1+o(1))
∑

∗

nε≤ jℓ≤n
ℓ∈[k]\S

E

⎡⎣1E (1)
n

∏
ℓ∈[k]\S

PW (Zn( jℓ) ≥ mℓ)

⎤⎦ . (5.59)

We now proceed to bound each individual probability PW (Zn( jℓ) ≥ mℓ) when ℓ ∈ [k]\S. This
follows a similar approach to the upper bound of PW (Zn( jℓ) = mℓ) in the proof of Lemma 5.10
(as well as the non-rigorous proof provided in Section 5.2), with a couple of modifications.
Introducing indices jℓ < i1 < · · · < imℓ

≤ n, which denote the steps at which vertex jℓ
increases its degree, we can write

PW (Zn( jℓ) ≥ mℓ) =

∑
jℓ<i1<···<imℓ

≤n

mℓ∏
t=1

W jℓ∑it −1
r=1 Wr

imℓ
−1∏

s= jℓ+1
s ̸=it ,t∈[mℓ]

(
1 −

W jℓ∑s−1
r=1 Wr

)
.

The second product, in comparison to dealing with the event {Zn( jℓ) = mℓ}, goes up to imℓ
−1

instead of n. This is due to the fact that we now only need to control the connections vertex j
does and does not make up to its mℓth connection. Using the same idea as in (5.29) and using
the event E (1)

n , we obtain the upper bound

∑
jℓ<i1<···<imℓ

≤n

mℓ∏
t=1

W jℓ

(it − 1)E [W ] (1 − ζn) − 1

imℓ
−1∏

s= jℓ+1

(
1 −

W jℓ

sE [W ] (1 + ζn)

)

≤

∑
jℓ<i1<···<imℓ

≤n

mℓ∏
t=1

W jℓ

itE [W ] (1 − 2ζn)

imℓ
−1∏

s= jℓ+1

(
1 −

W jℓ

sE [W ] (1 + ζn)

)
.

The last step follows from the fact that (it − 1)(1 − ζn)E [W ] − 1 ≥ it (1 − 2ζn)E [W ] for n
sufficiently large. Using this in the expected value of (5.59) yields

∑
∗

nε≤ jℓ≤n
ℓ∈[k]\S

E

⎡⎣ ∏
ℓ∈[k]\S

( ∑
jℓ<i1<···<imℓ

≤n

mℓ∏
t=1

W jℓ

itE [W ] (1 − 2ζn)

imℓ
−1∏

s= jℓ+1

(
1 −

W jℓ

sE [W ] (1 + ζn)

))⎤⎦ .

We can now relabel the vertex-weights W jℓ as Wℓ, ℓ ∈ [k]\S. This does not change the expected
value and is possible since the indices jℓ are distinct for all ℓ ∈ [k]\S. Directly after this, we
omit the requirement that the indices jℓ are distinct, which is now of no consequence as the
weights have been relabelled already. We hence arrive at the upper bound

∏
ℓ∈[k]\S

E
[ ∑

nε≤ jℓ≤n

∑
jℓ<i1<···<imℓ

≤n

mℓ∏
t=1

Wℓ

itE [W ] (1 − 2ζn)

imℓ
−1∏

s= jℓ+1

(
1 −

Wℓ

sE [W ] (1 + ζn)

)]
,

(5.60)

where the product can be taken out of the expected value due to the independence of the
vertex-weights W1, . . . , Wℓ. As a result, we can deal with each of expected values individually.
Following the same approach as in (5.30) and setting aℓ := Wℓ/(E [W ] (1+ ζn)), we obtain the
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upper bound

E
[ ∑

nε≤ jℓ≤n

∑
jℓ<i1<···<imℓ

≤n

mℓ∏
t=1

Wℓ

itE [W ] (1 − 2ζn)

( imℓ

jℓ

)−aℓ
](

1 + O
(

n−ε
))

= E
[

amℓ
ℓ

∑
nε≤ jℓ≤n

∑
jℓ<i1<···<imℓ

≤n

mℓ∏
t=1

i−1
t

( imℓ

jℓ

)−aℓ
] ( 1 + ζn

1 − 2ζn

)mℓ (
1 + O

(
n−ε

))
.

(5.61)

Let us first take out the term (aℓ jℓ)aℓ from the inner sums. We then observe that the summand
of the inner sum over the indices i1, . . . , imℓ

is decreasing, so that we can bound it from above
almost surely by the multiple integrals∫ n

jℓ

∫ n

x1

· · ·

∫ n

xmℓ−1

mℓ−1∏
t=1

x−1
t x−(1+aℓ)

mℓ
dxmℓ

. . . dx1 = a−mℓ

ℓ j−aℓ

ℓ

(
1 −

( n
jℓ

)−aℓ
mℓ−1∑
s=0

as
ℓ

(log(n/jℓ))s

s!

)
.

The equality follows from (A.7) in Lemma A.4 with a = jℓ, b = n, c = aℓ, and k = mℓ.
Again reintroducing the term amℓ

ℓ jaℓ in the expected value in (5.61), we arrive at

1 −

mℓ−1∑
s=0

(n/jℓ)−aℓ
(aℓ log(n/jℓ))s

s!
= PW (P(aℓ) ≥ mℓ) ,

where P(aℓ) ∼ Poi(aℓ log(n/jℓ)), conditionally on Wℓ. With a similar duality between Poisson
and gamma random variables, we obtain, as in (5.35),

PW (P(aℓ) ≥ mℓ) = PW (Yℓ ≤ log(n/jℓ)) ,

where Yℓ ∼ Gamma(mℓ, aℓ), conditionally on Wℓ. Then, by the choice of ζn , it follows that
((1 + ζn)/(1 − 2ζn))mℓ = 1 +O

(
n−δε log n

)
. Using both these results in (5.61), we arrive at

E
[ ∑

nε≤ jℓ≤n

PW (Yℓ ≤ log(n/jℓ))
](

1 + O
(

n−δε log n
))

. (5.62)

As the conditional probability is decreasing in jℓ, we can bound the sum from above by an
integral almost surely to obtain, as in (5.37) and (5.38),∫ n

⌊nε⌋

PW (Yℓ ≤ log(n/x)) dx ≤ nEW [e−Yℓ1{Yℓ≤log(n/⌊nε⌋)}] ≤ n
( aℓ

1 + aℓ

)mℓ

.

Combining this almost sure upper bound with (5.62) in (5.60), we arrive at

nk−|S|
∏

ℓ∈[k]\S

E
[( aℓ

1 + aℓ

)mℓ
] (

1 + O
(

n−δε log n
))

. (5.63)

Finally, with the same steps as in (5.41), we obtain

nk−|S|
∏

ℓ∈[k]\S

E
[( W

E [W ] + W

)mℓ
] (

1 + o
(

n−β
))

,

for some small β > 0. Using this bound in (5.59) yields, for some constant K > 0, the upper
bound

K
k−1∑
i=1

∑
S⊆[k]
|S|=i

nC(S)(1+o(1))
∏

ℓ∈[k]\S

E
[( W

E [W ] + W

)mℓ
]

= K
k−1∑
i=1

∑
S⊆[k]
|S|=i

nC(S)(1+o(1))
∏

ℓ∈[k]\S

p≥mℓ
.
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By Remark 5.4, the tail probability p≥mℓ
= O(pmℓ

) and by (5.57) we have nC(S)(1+o(1))
= o

(
n−η(S)∏

ℓ∈S pmℓ

)
for some η(S) > 0. Combined, this yields

1
(n)k

k−1∑
i=1

∑
j∈In (ε,i)

E
[
1E (3)

n
1E (1)

n

k∏
ℓ=1

PW (Zn( jℓ) ≥ mℓ)

]
≤ K

k−1∑
i=1

∑
S⊆[k]
|S|=i

nC(S)(1+o(1))
∏

ℓ∈[k]\S

p≥mℓ

= o
(

n−η̃
k∏

ℓ=1

pmℓ

)
,

with

η̃ := min
S⊆[k]

1≤|S|≤k−1

(
C(S) −

∑
ℓ∈S

log(θ + ξ )cℓ

)
,

which is strictly positive when ε and ξ are sufficiently small, similar to what is discussed
above. Combining this with the fact that P

((
E (1)

n ∩ E (3)
n ∩ E (4)

n ∩ E (5)
n

)c)
= o

(
n−β

∏k
ℓ=1 pmℓ

)
uniformly in m1, . . . , mk < c log n for some β > 0 by Lemma A.2, and the result in (5.58),
we finally conclude,

1
(n)k

∑
j∈In (ε)

P(Zn( jℓ) = mℓ for all ℓ ∈ [k]) =
1

(n)k

∑
j∈In (ε,k)

P(Zn( jℓ) = mℓ for all ℓ ∈ [k])

+
1

(n)k

k−1∑
i=1

∑
j∈In (ε,i)

P(Zn( jℓ) = mℓ for all ℓ ∈ [k])

= o
(

n−β
k∏

ℓ=1

pmℓ

)
,

(5.64)

for some β > 0 in the case that mℓ = cℓ log n + o(log n) with cℓ ∈ [1/ log θ, θ/(θ − 1)) for all
ℓ ∈ [k] as well.

When the mℓ do not all behave the same, that is, for some ℓ ∈ [k] cℓ ∈ [0, 1/ log θ ) and
for some cℓ ∈ [1/ log θ, θ/(θ − 1)), we can use a combination of the approaches outlined for
either of the cases, which concludes the proof. □

We now discuss the required adaptations so that the proof holds for the model with random
out-degree as well. This follows from the fact that Lemma 5.10 holds for this model, together
with the fact that the degrees are still negatively quadrant dependent when the out-degree is
random. As a result, all probabilities related to the degrees of multiple vertices can either be
dealt with using Lemma 5.10 or can be split as a product of probabilities of individual vertices.
From the perspective of the in-degree of an individual vertex i ∈ [n], the model with out-degree
one and the model with random out-degree are equivalent, as in every step the in-degree of
vertex i increases by one with the same probability. Hence, the proof follows through in exactly
the same way and Lemma 5.11 holds for the model with random out-degree as well.

5.6. Proof of Proposition 5.1

We finally prove Proposition 5.1, using Lemmas 5.10 and 5.11. We remark that the proof
does not use that the out-degree is deterministic but uses (5.1) only, so that the proof and
hence (5.2) hold for both the model with fixed and random out-degree.

Proof of Proposition 5.1. As discussed before, (5.1) directly follows from (5.24) combined
with Lemmas 5.10 and 5.11. Using (5.1), we then prove (5.2). For ease of writing, we recall
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that

pk := E
[

θ − 1
θ − 1 + W

( W
θ − 1 + W

)k]
, and p≥k := E

[( W
θ − 1 + W

)k]
.

We start by assuming that mℓ = cℓ log n+o(log n) with cℓ ∈ (0, c) for each ℓ ∈ [k]. We discuss
how to adjust the proof when mℓ = o(log n) for some or all ℓ ∈ [k] at the end.

For each ℓ ∈ [k] take an ηℓ ∈ (0, c − cℓ) so that ⌈(1 + ηℓ)mℓ⌉ < c log n. Then, we use the
upper bound

P(Zn(vℓ) ≥ mℓ for all ℓ ∈ [k])

≤

⌊(1+η1)m1⌋∑
j1=m1

· · ·

⌊(1+ηk )mk⌋∑
jk=mk

P(Zn(vℓ) = jℓ for all ℓ ∈ [k])

+

k∑
i=1

P(Zn(vi ) ≥ ⌈(1 + ηi )mi⌉,Zn(vℓ) ≥ mℓ for all ℓ ̸= i) .

(5.65)

We first discuss the first term on the right-hand side. As (5.1) holds uniformly in m1, . . . , mk
< c log n, we find

⌊(1+η1)m1⌋∑
j1=m1

· · ·

⌊(1+ηk )mk⌋∑
jk=mk

P(Zn(vℓ) = jℓ for all ℓ ∈ [k]) =

⌊(1+η1)m1⌋∑
j1=m1

· · ·

⌊(1+ηk )mk⌋∑
jk=mk

k∏
ℓ=1

p jℓ
(

1 + o
(

n−β
))

=

k∏
ℓ=1

(
p≥mℓ

− p≥⌈(1+ηℓ)mℓ⌉

)(
1 + o

(
n−β

))
≤

k∏
ℓ=1

p≥mℓ

(
1 + o

(
n−β

))
.

(5.66)

To finish the upper bound, it remains to show that the term on the second line of (5.65) can be
incorporated in the o

(
n−β

)
term, and it suffices to show this can be done for each term in

the sum, independent of the value of i . Using the negative quadrant dependence of the degrees
under the conditional probability measure PW (see Remark 5.2 and [15, Lemma 7.1]), we find

P(Zn(vi ) ≥ ⌈(1 + ηi )mi⌉,Zn(vℓ) ≥ mℓ for all ℓ ∈ [k]\{i})

=
1

(n)k

∑
1≤ j1 ̸=...̸= jk≤n

E
[
PW (Zn( ji ) ≥ ⌈(1 + ηi )mi⌉)

∏
ℓ∈[k]\{i}

PW (Zn( jℓ) ≥ mℓ)
]

=
1

(n)k

∑
j∈In (ε)

E
[
PW (Zn( ji ) ≥ ⌈(1 + ηi )mi⌉)

∏
ℓ∈[k]\{i}

PW (Zn( jℓ) ≥ mℓ)
]

+
1

(n)k

∑
nε≤ j1 ̸=...̸= jk≤n

E
[
PW (Zn( ji ) ≥ ⌈(1 + ηi )mi⌉)

∏
ℓ∈[k]\{i}

PW (Zn( jℓ) ≥ mℓ)
]
.

(5.67)

The first term in the last step can be included in the little o term in (5.66) (even when
considering mi rather than ⌈(1 + ηi )mi⌉ in the probability), as follows from computations
similar to the ones in (5.52) through (5.64), combined with Remark 5.4 (which states that
p≥k = O(pk)). It remains to show that the same holds for the second term in the last step.
Again, we use an argument similar to the steps performed in (5.59) through (5.63) to arrive at
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1
(n)k

∑
nε≤ j1 ̸=...̸= jk≤n

E
[
PW (Zn( ji ) ≥ ⌈(1 + ηi )mi⌉)

∏
ℓ∈[k]\{i}

PW (Zn( jℓ) ≥ mℓ)
]

≤ K p≥⌈(1+ηi )mi ⌉

∏
ℓ∈[k]\{i}

p≥mℓ
,

(5.68)

for some positive constant K . By Lemma 5.5 we have the inequalities

p≥⌈(1+ηi )mi ⌉ ≤ θ−⌈(1+ηi )mi ⌉ ≤ θ−mi θ−ηi mi , and p≥mi ≥ (θ + ξ )−mi ,

for any ξ > 0. As a result, taking ξ ∈ (0, θ(θηi − 1)) and setting φi := 1 − (1 + ξ/θ )θ−ηi > 0,
we obtain

p≥⌈(1+ηi )mi ⌉ ≤ (θ + ξ )−mi
(

(1 + ξ/θ )θ−ηi
)mi

≤ p≥mi (1 − φi )mi . (5.69)

As mi = ci log n(1 + o(1)), it follows that (1 − φi )mi = n−ci log(1/(1−φi ))(1+o(1)), so that

1
(n)k

∑
nε≤ j1 ̸=...̸= jk≤n

E
[
PW (Zn( ji ) ≥ ⌈(1 + ηi )mi⌉)

∏
ℓ∈[k]\{i}

PW (Zn( jℓ) ≥ mℓ)
]

can be incorporated in the little o term in (5.66) for each i ∈ [k] when we take a β ′ <

β ∧ mini∈[k] ci log(1/(1 − φi )). This yields

P(Zn(vℓ) ≥ mℓ for all ℓ ∈ [k]) ≤

k∏
ℓ=1

E
[( W

θ − 1 + W

)mℓ
] (

1 + o
(

n−β ′ ))
. (5.70)

For a lower bound, we can omit the second line of (5.65) and use (5.66) to immediately obtain

P(Zn(vℓ) ≥ mℓ for all ℓ ∈ [k]) ≥

⌊(1+η1)m1⌋∑
j1=m1

· · ·

⌊(1+ηk )mk⌋∑
jk=mk

P(Zn(vℓ) = jℓ for all ℓ ∈ [k])

=

k∏
ℓ=1

(
p≥mℓ

− p≥⌈(1+ηℓ)mℓ⌉

)(
1 + o

(
n−β

))
.

(5.71)

Again using (5.69) yields p≥mℓ
− p≥⌈(1+ηℓ)mℓ⌉

= p≥mℓ

(
1 + o

(
n−β ′ ))

when we set
β ′ < β ∧ mini∈[k] ci log(1/(1 − φi )). Combined with (5.70) this yields (5.2) for the case
mℓ = cℓ log n + o(log n) with cℓ ∈ (0, c) for all ℓ ∈ [k].

When cℓ = 0 and thus mℓ = o(log n) for some (or all) i ∈ [k], a few minor alterations
are required. Most importantly, we substitute the quantity ⌊(c/2) log n⌋ for ⌊(1 + ηℓ)mℓ⌋ in all
the steps. With this, the upper bound in (5.66) follows directly. Similarly, the first term on the
right-hand side of (5.67) can be included in the little o term in (5.66), as the computations
required (which are similar to those in (5.52) through (5.58)) include the case mℓ = o(log n).
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We again use the upper bound in (5.68) to obtain

1
(n)k

∑
nε≤ j1 ̸=...̸= jk≤n

E
[
PW (Zn( ji ) ≥ ⌈(c/2) log n⌉)

∏
ℓ∈[k]\{i}

PW (Zn( jℓ) ≥ mℓ)
]

≤ K p≥⌈(c/2) log n⌉

∏
ℓ∈[k]\{i}

p≥mℓ

= K
p≥⌈(c/2) log n⌉

p≥mi

∏
ℓ∈[k]

p≥mℓ
.

By Lemma 5.5, we obtain that the fraction is at most θ−(c/2) log n(θ + ξ )mi ≤ θ−(c/4) log n
=

n−c log(θ )/4 for all n sufficiently large, when mi = o(log n). As a result, this term can be included
in the o(n−β) term in (5.66) for any i ∈ [k] such that mi = o(log n), which proves the upper
bound.

For the lower bound, we again substitute ⌊(c/2) log n⌋ for ⌊(1+ηi )mi⌋ when mi = o(log n).
In (5.71), this yields a term

(p≥mi − p≥⌈(c/2) log n⌉)(1 + o(n−β)) = p≥mi

(
1 −

p≥⌈(c/2) log n⌉

p≥mi

)
(1 + o(n−β)).

Again, the fraction is at most n−η for some η > 0, which proves the lower bound and concludes
the proof. □

6. Proofs of the main theorems

With the tools developed in Section 5, in particular Propositions 5.1 and 5.6 and Lemma 5.8,
we now prove the main results formulated in Section 2.

First, we prove the main result for high degree vertices when the vertex-weight distribution
has an atom at one, as in the (Atom) case.

Proof of Theorem 2.5. The proof follows the same approach as [1, Theorem 1.2]. For an
integer subsequence (nℓ)ℓ∈N such that εnℓ

→ ε as ℓ → ∞, it suffices to prove that for any
i < i ′

∈ Z,

(X (nℓ)
i , X (nℓ)

i+1 , . . . , X (nℓ)
i ′−1, X (nℓ)

≥i ′ )
d
−→ (Pε(i),Pε(i + 1), . . . ,Pε(i ′ − 1),Pε([i ′, ∞))) as ℓ → ∞

holds. We obtain this via the convergence of the factorial moments of X (nℓ)
i , . . . , X (nℓ)

i ′−1, X (nℓ)
≥i ′ .

Recall rk from (2.10). By Proposition 5.6, for any non-negative integers ai , . . . , ai ′ ,

E

⎡⎣( X (nℓ)
≥i ′

)
ai ′

i ′−1∏
k=i

(
X (nℓ)

k

)
ak

⎤⎦ =

(
q0θ

−i ′+εnℓ

)ai ′
i ′−1∏
k=i

(
q0(1 − θ−1)θ−k+εnℓ

)ak

×
(

1 + O
(

r⌊logθ nℓ⌋+i ∨ n−β

ℓ

))
→

(
q0θ

−i ′+ε
)ai ′

i ′−1∏
k=i

(
q0(1 − θ−1)θ−k+ε

)ak
,

as ℓ → ∞. By using the properties of Poisson processes, it follows that the limit equals

E

⎡⎣( Pε[i ′, ∞)
)

ai ′

i ′−1∏
k=i

(
Pε(k)

)
ak

⎤⎦ ,
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due to the particular form of the intensity measure of the Poisson process P (which is used in
the definition of the Poisson process Pε). The result then follows from [13, Theorem 6.10]. □

For the results for the (Weibull) and (Gumbel) cases, as outlined in Theorems 2.6 and 2.7,
respectively, we combine the asymptotic behaviour of p≥k in Theorem 5.3 with Proposition 5.1
and Lemma 5.8.

Proof of Theorem 2.6. To establish the convergence in probability, it follows from Lemma 5.8
that we need only consider nP(Zn(v1) ≥ kn) for some adequate integer-valued kn such that
kn < c log n for some c ∈ (0, θ/(θ − 1)) and where v1 is a vertex selected from [n] uniformly
at random. By Proposition 5.1, this quantity equals np≥kn (1+o(1)). Then, we use Theorem 5.3
and Remark 5.4 to obtain that, when W satisfies the (Weibull) case in Assumption 2.3, this
quantity is at most

nC L(kn)k−(α−1)
n θ−kn ,

where C > 1 is a constant. Now fix an arbitrary η > 0 and set kn := ⌊logθ n − (α − 1)(1 −

η) logθ logθ n⌋. This yields

nC L(logθ n(1 + o(1)))(logθ n)−(α−1)θ−⌊logθ n−(α−1)(1−η) logθ logθ n⌋(1 + o(1))

≤ C2L(logθ n)(logθ n)−(α−1)(logθ n)(α−1)(1−η)

= C2L(logθ n)(logθ n)−(α−1)η.

(6.1)

Here, C2 > 0 is a suitable constant and we use that kn = logθ n(1 + o(1)) in the first step.
Furthermore, we use [2, Theorem 1.5.2], which states that for a slowly-varying function L ,
L(λx)/L(x) converges to one uniformly in λ on any interval [a, b] such that 0 < a ≤ b < ∞.
As a result, L(logθ n(1 + o(1))) ≤ cL(logθ n) for some constant c > 1 and n sufficiently large.
Finally, we use [2, Proposition 1.3.6 (v)] to obtain that for any η > 0, the final line of (6.1)
tends to zero with n. This shows that for any η > 0, with high probability,

max
j∈[n]

Zn( j) − logθ n
logθ logθ n

≤ −(α − 1)(1 − η)

holds, due to the first result in Lemma 5.8. A similar approach, when setting kn := ⌊logθ n −

(α − 1)(1 + η) logθ logθ n⌋, yields

nP(Zn(v1) ≥ kn) → ∞,

so that for any η > 0, with high probability,

max
j∈[n]

Zn( j) − logθ n
logθ logθ n

≥ −(α − 1)(1 + η)

holds. Together, these two bounds prove the desired result. □

Proof of Theorem 2.7. The proof of this theorem follows a similar approach to the proof of
Theorem 2.6. That is, we again apply the results from Theorem 5.3 together with the fact that

nP(Zn(v1) ≥ kn) = np≥kn (1 + o(1)),

for some adequate integer-valued kn such that kn < c log n for some c ∈ (0, θ/(θ − 1)), as
follows from Proposition 5.1 and Lemma 5.8. In the (Gumbel)–(RV) sub-case, we know that

p≥kn = exp
(

−
τ γ

1 − γ

( (1 − θ−1)kn

c1

)1−γ

(1 + o(1))
)

θ−kn , (6.2)
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where we recall that γ = 1/(τ + 1). To prove the desired results, we first set kn =

⌊logθ n − (1 + η)Cθ,τ,c1 (logθ n)1−γ
⌋ for any η > 0, where we recall Cθ,τ,c1 from (2.6). Using

this in (6.2) then yields

np≥kn =
n

θ kn
e− log(θ)Cθ,τ,c1 k1−γ

n (1+o(1))
≥ eη log(θ )Cθ,τ,c1 (logθ n)1−γ (1+o(1)),

where we use that k1−γ
n = (logθ n)1−γ (1 + o(1)) in the last step. Hence, nP(Zn(v1) ≥ kn)

diverges. We thus conclude from Lemma 5.8 that

max
j∈[n]

Zn( j) − logθ n
(logθ n)1−γ

≥ −(1 + η)Cθ,τ,c1

holds with high probability. A similar approach, setting kn := ⌈logθ n−(1−η)Cθ,τ,c1 (logθ n)1−γ
⌉

and combining this with the first result of Lemma 5.8 yields

max
j∈[n]

Zn( j) − logθ n
(logθ n)1−γ

≤ −(1 − η)Cθ,τ,c1

holds with high probability. Together, these two bounds prove (2.6).
To prove (2.7) we apply the same methodology but use the asymptotic expression of pk (and

p≥k by adjusting constants), as in (5.6). We recall the constants C1, C2, C3 from (2.8) and set
kn =: ⌈logθ n−C1(logθ logθ n)τ +C2(logθ logθ n)τ−1 logθ logθ logθ n+(C3+η)(logθ logθ n)τ−1

⌉,
for any η > 0. Then, (5.6) yields

np≥kn =
n

θ kn
exp

(
−

( log kn

c1

)τ (
1 +

τ (τ − 1) log log kn

log kn
−

Kτ,c1,θ

log kn
(1 + o(1))

))
.

Using Taylor expansions, we obtain

−

( log kn

c1

)τ

= −

( log logθ n
c1

)τ

+ o(1) = − log(θ )C1(logθ logθ n)τ + o(1),

τ (τ − 1)
cτ

1
(log kn)τ−1 log log kn =

τ (τ − 1)
cτ

1
(log logθ n)τ−1 log log logθ n + o(1)

= log(θ )C2(logθ logθ n)τ−1 logθ logθ logθ n

+ (logθ (log θ ))(log θ )τ
τ (τ − 1)

cτ
1

(logθ logθ n)τ−1
+ o(1),

−
Kτ,c1,θ

cτ
1

(log kn)τ−1
= −

Kτ,c1,θ

cτ
1

(log logθ n)τ−1
+ o(1)

= − (log θ )τ−1 Kτ,c1,θ

cτ
1

(logθ logθ n)τ−1
+ o(1),

where we recall Kτ,c1,θ from (5.6) in Theorem 5.3. As a result,

n exp
(

−

( log kn

c1

)τ

+
τ (τ − 1)

cτ
1

(log kn)τ−1 log log kn −
Kτ,c1,θ

cτ
1

(log kn)τ−1(1 + o(1))
)

θ−kn

= n exp
(

− log(θ )C1(logθ logθ n)τ + log(θ )C2(logθ logθ n)τ−1 logθ logθ logθ n

+ log(θ )C3(logθ logθ n)τ−1(1 + o(1))
)

θ−kn

≤ exp
(

−(η − o(1))(logθ logθ n)τ−1 ),
where in the last step we use that kn ≥ logθ n − C1(logθ logθ n)τ + C2(logθ logθ n)τ−1

logθ logθ logθ n + (C3 + η)(logθ logθ n)τ−1. As the right-hand side tends to zero with n,
Lemma 5.8 yields for any fixed η > 0, with high probability,

max
i∈[n]

Zn(i)−
(

logθ n − C1(logθ logθ n)τ + C2(logθ logθ n)τ−1 logθ logθ logθ n
)

(logθ logθ n)τ−1 ≤ C3 +η.
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With a similar approach, setting

kn = ⌊logθ n − C1(logθ logθ n)τ + C2(logθ logθ n)τ−1 logθ logθ logθ n + (C3 − η)(logθ logθ n)τ−1
⌋,

we can obtain that for any fixed η > 0, with high probability,

max
i∈[n]

Zn(i)−
(

logθ n − C1(logθ logθ n)τ + C2(logθ logθ n)τ−1 logθ logθ logθ n
)

(logθ logθ n)τ−1 ≥ C3 −η.

Together these two bounds yield (2.7), which concludes the proof. □

Proof of Theorem 2.8. We first prove the asymptotic distribution of the maximum degree,
whose proof follows the same approach as the proof of [1, Theorem 1.3]. We need to consider
two cases: in = O(1) and in → ∞ such that in +logθ n < (θ/(θ −1)) log n and lim infn→∞ in >

−∞. For the former case, as exp(−q0θ
−in+εn ) = O(1), it suffices to prove

P
(

max
j∈[n]

Zn( j) ≥ ⌊logθ n⌋ + in

)
− (1 − exp(−q0θ

−in+εn )) → 0 as n → ∞.

By the definition of X (n)
≥i in (2.4), this is equivalent to

P
(

X (n)
≥in = 0

)
− exp(−q0θ

−in+εn ) → 0 as n → ∞. (6.3)

This follows from Theorem 2.5 and the subsubsequence principle. That is, if we assume the
convergence in (6.3) does not hold, then there exists a subsequence (nℓ)ℓ∈N and a δ > 0 such
that

P
(

X (nℓ)
≥inℓ

= 0
)

− exp(−q0θ
−inℓ

+εnℓ ) > δ ∀ ℓ ∈ N. (6.4)

However, as εnℓ
is bounded, there exists a subsubsequence εnℓk

such that εnℓk
→ ε for some

ε ∈ [0, 1]. Then, by Theorem 2.5, the statement in (6.4) is false, from which the result follows.
In the latter case, we need only consider E

[
X (n)

≥in

]
and E

[(
X (n)

≥in

)
2

]
, as by

[3, Corollary 1.11],

E
[

X (n)
≥in

]
−

1
2
E
[(

X (n)
≥in

)
2

]
≤ P

(
X (n)

≥in > 0
)

≤ E
[

X (n)
≥in

]
. (6.5)

By Proposition 5.6, we have that

E
[

X (n)
≥in

]
= q0θ

−in+εn (1 + o(1)), E
[(

X (n)
≥in

)
2

]
=
(

q0θ
−in+εn

)2
(1 + o(1)).

Hence, as in → ∞ and εn is bounded,

E
[

X (n)
≥in

]
=
(

1 − exp
(

−q0θ
−in+εn

))
(1 + o(1)),

E
[

X (n)
≥in

]
−

1
2
E
[(

X (n)
≥in

)
2

]
=
(

1 − exp
(

−q0θ
−in+εn

))
(1 + o(1)).

Combining this with (6.5) yields the desired result.
Recall εn := logθ n − ⌊logθ n⌋. We now prove the limiting distribution of |Mnℓ

| has the
desired distribution, as in (2.9), when the subsequence (nℓ)ℓ∈N is such that εnℓ

→ ε ∈ [0, 1],
which follows the same approach as [7, Theorem 1.1]. Consider the event E j,k := {X (nℓ)

j =

k, X (nℓ)
≥ j+1 = 0} for j ∈ Z and k ∈ N. E j,k implies that there are exactly k vertices which attain

the maximum degree ⌊logθ n⌋ + j in the tree Tnℓ
. We observe that the events E j,k are pairwise

disjoint for different values of j . As a result, we obtain the following inequalities: For any
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M ∈ N,

P
(
|Mnℓ

| = k
)

= P
( ⋃

j∈Z

E j,k

)
≤ P

( ⋃
j≤−(M+1)

E j,k

)
+

M−1∑
j=−M

P
(
E j,k

)
+ P

( ⋃
j≥M

E j,k

)

≤ P
(

X (nℓ)
≥−M = 0

)
+

M−1∑
j=−M

P
(
E j,k

)
+ P

(
X (nℓ)

≥M > 0
)

,

and

P
(
|Mnℓ

| = k
)

= P
( ⋃

j∈Z

E j,k

)
≥

M−1∑
j=−M

P
(
E j,k

)
.

By Theorem 2.5 it thus follows that

lim sup
nℓ→∞

P
(
|Mnℓ

| = k
)

≤ lim inf
M∈N

(
P
(
Xε

≥−M = 0
)
+

M−1∑
j=−M

P
(

Xε
j = k, Xε

≥ j = 0
)

+ P
(
Xε

≥M > 0
) )

,

lim inf
nℓ→∞

P
(
|Mnℓ

| = k
)

≥ lim sup
M∈N

M∑
j=−M

P
(

Xε
j = k, Xε

≥ j+1 = 0
)

,

where X ε
j ∼ Poi

(
q0(1 − θ−1)θ− j+ε

)
and X ε

≥ j ∼ Poi
(

q0θ
− j+ε

)
are independent Poisson

random variables, for j ∈ Z. As a result,

P
(
Xε

≥−M = 0
)

= e−q0θ M+ε

, P
(
Xε

≥M > 0
)

= 1 − e−q0θ−M+ε

,

P
(

Xε
j = k, Xε

≥ j+1 = 0
)

= P
(

Xε
j = k

)
P
(

Xε
≥ j+1 = 0

)
=

1
k!

(
q0(1 − θ−1)θ− j+ε

)k
e−q0θ− j+ε

.

Hence, we obtain

lim sup
nℓ→∞

P
(
|Mnℓ

| = k
)

≤ lim inf
M∈N

(
e−q0θ M+ε

+

M−1∑
j=−M

1
k!

(
q0(1 − θ−1)θ− j+ε

)k
e−q0θ− j+ε

+ 1 − e−q0θ−M+ε

)

≤

∑
j∈Z

1
k!

(
q0(1 − θ−1)θ− j+ε

)k
e−q0θ− j+ε

,

lim inf
nℓ→∞

P
(
|Mnℓ

| = k
)

≥ lim sup
M∈N

M∑
j=−M

1
k!

(
q0(1 − θ−1)θ− j+ε

)k
e−q0θ− j+ε

=

∑
j∈Z

1
k!

(
q0(1 − θ−1)θ− j+ε

)k
e−q0θ− j+ε

.

It is then readily checked that the limit is indeed finite and that summing over all k ∈ N yields
one, which concludes the proof. □

Proof of Theorem 2.9. The proof follows the same argument as the proof of [1, Theorem 1.4],
which is based on [3, Theorem 1.24]. Let 1 ≤ a ≤ b be integers. Then, by Proposition 5.6 and
since in = o(log n),

E
[(

X (n)
in

)
a

]
−

(
q0(1 − θ−1)θ−in+εn

)a
= O

(
θ−ina ( r⌊logθ n+in⌋ ∨ n−β

))
.

It then remains to show that the right-hand side is in fact o(θ inb). We note that in = o(log rlogθ n∧

log n), so that we can write the right-hand side as

O
(

(rlogθ n)1−ina log θ/ log rlogθ n ∨n−β−ina log θ/ log n )
= O

(
(rlogθ n)1−o(1)

∨n−β−o(1) )
= o(θ inb),

by the constraints on in , from which the result follows. □
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7. Technical details of examples

In this section we discuss some technical details of the examples discussed in Section 4.
In particular, for each example we provide a precise asymptotic expression of pk and p≥k as
well as a key element that leads to the results in Section 4. That is, for each of the examples
we state and prove the analogue of Proposition 5.6. The three theorems presented in each
of the examples in Section 4 mimic three of the theorems presented in Section 2. That is,
Theorems 4.2 and 4.6 are the analogue of Theorems 2.5, Theorems 4.3 and 4.7 are the analogue
of Theorem 2.8, and Theorems 4.4 and 4.8 are the analogue of Theorem 2.9. As a result, their
proofs are very similar to the proofs of Theorems 2.5, 2.8, and 2.9, so we omit proving the
theorems stated in Section 4.

7.1. Example 4.1, beta distribution

Let W be beta distributed, i.e. its distribution function satisfies (4.1) for some α, β > 0. We
prove a result on (the tail of) the limiting degree distribution and provide additional building
blocks required to prove the results in Example 4.1.

Lemma 7.1. Let the distribution of W satisfy (4.1) for some α, β > 0 and recall pk, p≥k

from (2.1). Then,

pk =
Γ (α + β)
Γ (α)

(1 − θ−1)1−βk−βθ−k ( 1 + O(1/k)
)
,

p≥k =
Γ (α + β)
Γ (α)

(1 − θ−1)−βk−βθ−k ( 1 + O(1/k)
)

.

Note that this lemma improves on the bounds in (5.4) by providing a precise multiplicative
constant, rather than two slowly-varying functions that are (possibly) of different order.

Proof. By the distribution of W , we immediately obtain that

pk =

∫ 1

0
(θ − 1)xk(θ − 1 + x)−(k+1) Γ (α + β)

Γ (α)Γ (β)
xα−1(1 − x)β−1 dx

= (θ − 1)−k Γ (α + β)
Γ (α)Γ (β)

∫ 1

0
xk+α−1(1 − x)β−1(1 + x/(θ − 1))−(k+1) dx,

We now use Euler’s integral representation of the hypergeometric function. That is, for
a, b, c, z ∈ C such that Re(c) > Re(b) > 0 and z is not a real number greater than one,∫ 1

0
xb−1(1 − x)c−b−1(1 − zx)−a dx =

Γ (c − b)Γ (b)
Γ (c) 2 F1(a, b, c, z),

where 2 F1 is the hypergeometric function. We thus obtain

(θ − 1)−k Γ (α + β)Γ (k + α)
Γ (α)Γ (k + α + β) 2 F1(k + 1, k + α, k + α + β, −1/(θ − 1)).

We then use one of the Euler transformations of the hypergeometric function,

2 F1(a, b, c, z) = (1 − z)c−a−b
2 F1(c − a, c − b, c, z),

to arrive at

θ−k Γ (α + β)Γ (k + α)
Γ (α)Γ (k + α + β)

( θ

θ − 1

)β−1

2 F1(α + β − 1, β, k + α + β, −1/(θ − 1)). (7.1)
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We directly find a particular case in which we can find the value of the hypergeometric function
explicitly, namely when α+β = 1. When α+β = 1, we find that the hypergeometric function
on the right-hand side of (7.1) equals one as the first argument equals zero, independent of the
other arguments, so that we arrive at

(1 − θ−1)1−βΓ (k + α)
Γ (α)Γ (k + 1)

θ−k
=

(1 − θ−1)1−β

Γ (α)
k−βθ−k ( 1 + O(1/k)

)
,

since Γ (x+a)/Γ (x) = xa
(

1+O(1/x)
)

as x → ∞ and α = 1−β in this particular case. When
α +β ̸= 1, we can obtain a similar expression. First, we use one of Pfaff’s transformations for
the hypergeometric function,

2 F1(a, b, c, z) = (1 − z)−b
2 F1(b, c − a, c, z/(z − 1)).

Then, applying this to the right-hand side of (7.1), so that z/(z − 1) = 1/θ ∈ (−1, 1), we can
express the hypergeometric function as a power series. Namely, for z such that |z| < 1,

2 F1(a, b, c, z) =

∞∑
j=0

a( j)b( j)

c( j)

z j

Γ ( j)
,

where a( j)
:=

∏ j
ℓ=1(a + (ℓ − 1)) (and similarly for b( j), c( j)). Thus, combining the Pfaff

transformation and the power series representation yields

2 F1(α + β − 1, β, k + α + β, −1/(θ − 1)) =

( θ

θ − 1

)−β ∞∑
j=0

β ( j)(k + 1)( j)

(k + α + β)( j)

θ− j

j !
. (7.2)

From the α + β = 1 case, we immediately distil that
∞∑
j=0

β ( j)

j !
θ− j

=

( θ

θ − 1

)β

. (7.3)

The aim is to show that for k large, the series in (7.2) is close to (θ/(θ − 1))β for any choice
of α, β > 0, so that the entire term in (7.2) is close to one. We consider two cases, namely
α +β < 1 and α +β > 1. Let us start with the latter. We immediately obtain the upper bound
(k +α +β)( j) > (k + 1)( j), so that using (7.3) yields that the right-hand side of (7.2) is at most
one. For a lower bound, note that

(k + 1)( j)

(k + α + β)( j) =

j∏
ℓ=1

(
1 −

α + β − 1
k + α + β + (ℓ − 1)

)
≥

(
1 −

α + β − 1
k + α + β

) j

,

as the fraction in the second step in decreasing in ℓ, since α + β − 1 > 0. We thus have( θ

θ − 1

)−β ∞∑
j=0

β ( j)(k + 1)( j)

(k + α + β)( j)

θ− j

j !
≥

( θ

θ − 1

)−β ∞∑
j=0

β ( j)

j !

((
1 −

α + β − 1
k + α + β

) 1
θ

) j

,

which, using (7.3), equals( θ − 1

θ − 1 +
α+β−1
k+α+β

)β

=

(
1 −

α + β − 1
(θ − 1)(k + α + β) + (α + β − 1)

)β

= 1 − O(1/k).

A similar approach can be used for α + β < 1, where one would have an elementary lower
bound and an upper bound that is 1+O(1/k). In total, combining the above in (7.2) and in (7.1)
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yields

pk =
Γ (α + β)
Γ (α)

(1 − θ−1)1−βk−βθ−k ( 1 + O(1/k)
)

.

An equivalent computation can be performed for∫ 1

0
xk(θ − 1 + x)−k Γ (α + β)

Γ (α)Γ (β)
xα−1(1 − x)β−1 dx, (7.4)

to obtain that it equals

θ−k Γ (α + β)Γ (k + α)
Γ (α)Γ (k + α + β)

( θ

θ − 1

)β

2 F1(α + β, β, k + α + β, −1/(θ − 1))

= θ−k Γ (α + β)Γ (k + α)
Γ (α)Γ (k + α + β) 2 F1(β, k, k + α + β, 1/θ )

= θ−k Γ (α + β)Γ (k + α)
Γ (α)Γ (k + α + β)

∞∑
j=0

β ( j)k( j)

(k + α + β)( j)

θ− j

j !
.

In this case an equivalent approach for bounding the sum on the right-hand side works for all
α, β > 0. Hence, for (7.4) we obtain the asymptotic expression

p≥k =
Γ (α + β)
Γ (α)

(1 − θ−1)−βk−βθ−k ( 1 + O(1/k)
)
,

which concludes the proof. □

Recall that in this example we set

X (n)
i := |{ j ∈ [n] : Zn( j) = ⌊logθ n − β logθ logθ n⌋ + i}|,

X (n)
≥i := |{ j ∈ [n] : Zn( j) ≥ ⌊logθ n − β logθ logθ n⌋ + i}|,

εn := (logθ n − β logθ logθ n) − ⌊logθ n − β logθ logθ n⌋.

We then state the analogue of Proposition 5.6.

Proposition 7.2. Consider the WRT model as in Definition 2.1 with vertex-weights (Wi )i∈[n]
whose distribution satisfies (4.1) for some α, β > 0, and recall cα,β,θ from (4.2). For a
fixed K ∈ N, c ∈ (0, θ/(θ − 1)), the following holds. For any integer-valued in, i ′

n , such
that 0 < logθ n + in < logθ n + i ′

n < c log n and in, i ′
n = δ logθ n + o(log n), for some

δ ∈ (−1, c log θ − 1) ∪ {0} and for ain , . . . , ai ′n ∈ N0 satisfying ain + · · · + ai ′n = K ,

E
[ (

X (nℓ)
≥i ′n

)
ai ′n

i ′n−1∏
k=in

(
X (nℓ)

k

)
ak

]
=

( cα,β,θ

(1 + δ)β
θ−i ′n+εn

)ai ′n

i ′n−1∏
k=in

( cα,β,θ (1 − θ−1)
(1 + δ)β

θ−k+εn
)ak

×

(
1 + O

( log log n
log n

∨
|in − δ logθ n| ∨ |i ′n − δ logθ n|

log n

))
.

Proof. Set K ′
:= K − ai ′n and for each in ≤ k ≤ i ′

n and each u such that
∑k−1

ℓ=in aℓ <

u ≤
∑k

ℓ=in aℓ, let mu = ⌊logθ n − logθ logθ n⌋ + k. Also, let (vu)u∈[K ] be K vertices selected
uniformly at random without replacement from [n]. Then, as the X (n)

≥k and X (n)
k can be expressed

as sums of indicators, following the same steps as in the proof of Proposition 5.6,

E

⎡⎣( X (n)
≥i ′n

)
ai ′n

i ′n−1∏
k=in

(
X (n)

k

)
ak

⎤⎦ = (n)K

K ′∑
ℓ=0

∑
S⊆[K ′]
|S|=ℓ

(−1)ℓP
(
Zn(vu) ≥ mu + 1{u∈S} for all u ∈ [K ]

)
.
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By Proposition 5.1,

P
(
Zn(vℓ) ≥ mu + 1{u∈S} for all u ∈ [K ]

)
=

K∏
u=1

E

[( W
E [W ] + W

)mu+1{u∈S}

]
(1+o(n−β )),

for some β > 0. By Lemma 7.1, when |S| = ℓ,
K∏

u=1

E
[( W

E [W ] + W

)mu+1{u∈S}
]

=

( Γ (α + β)
Γ (α)

(1 − θ−1)−β
)K

θ−
∑K

u=1 mu−ℓ

K∏
u=1

(mu + 1{u∈S})−β(1 + O(1/ log n)).

Here, we are able to obtain the error term 1−O(1/ log n) due to the fact that logθ n+in > η log n
for some η ∈ (0, 1 + δ) when n is large. Moreover, as in, i ′

n = δ logθ n + o(log n) and thus
mu ∼ (1 + δ) logθ n for each u ∈ [K ],

K∏
u=1

(mu + 1{u∈S})−β
= ((1 + δ) logθ n)−βK

(
1 + O

( log log n
log n

∨
|in − δ logθ n| ∨ |i ′n − δ logθ n|

log n

))
,

uniformly in S (and ℓ). Recalling that cα,β,θ = (Γ (α + β)/Γ (α))(1 − θ−1)−β , we thus arrive at

(n)K

K ′∑
ℓ=0

∑
S⊆[K ′]
|S|=ℓ

(−1)ℓ
(

cα,β,θ (1 + δ)−β(logθ n)−β
)K

θ−
∑K

u=1 mu−ℓ

×

(
1 + O

( log log n
log n

∨
|in − δ logθ n| ∨ |i ′

n − δ logθ n|

log n

))
=
(

cα,β,θ (1 + δ)−βθ−i ′n+εn
)ai ′n

i ′n−1∏
k=in

(
cα,β,θ (1 + δ)−β(1 − θ−1)θ−k+εn

)ak

×

(
1 + O

( log log n
log n

∨
|in − δ logθ n| ∨ |i ′

n − δ logθ n|

log n

))
,

where the last step follows from a similar argument as in the proof of Proposition 5.6. □

With Proposition 7.2 at hand, the proofs of Theorems 4.2, 4.3, and 4.4 follow the same
approach as the proofs of Theorems 2.5, 2.8, and 2.9, respectively.

7.2. Example 4.5, fraction of ‘gamma’ random variables

Let the distribution of W satisfy (4.3) for some b ∈ R, c1 > 0 with bc1 ≤ 1. We prove a
result on (the tail of) the limiting degree distribution and provide additional building blocks
required to prove the results in Example 4.5.

Lemma 7.3. Let the distribution of W satisfy (4.3) for some b ∈ R, c1 > 0 such that bc1 ≤ 1,
and recall pk, p≥k , and C from (2.1) and (4.4), respectively. Then,

pk = (1 − θ−1)Ckb/2+1/4e−2
√

c−1
1 (1−θ−1)k

θ−k ( 1 + O
(

1/
√

k
))

,

p≥k = Ckb/2+1/4e−2
√

c−1
1 (1−θ−1)k

θ−k ( 1 + O
(

1/
√

k
))

.
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Note that this lemma improves on the bounds in (5.5) by providing a polynomial correction
term and a precise multiplicative constant.

Proof. We start by proving the equality for p≥k and then show the similar result for pk .
By (4.3), we obtain the following expression for p≥k .

p≥k =

∫ 1

0
xk(θ − 1 + x)−kc−1

1 (1 − x)−(2+b)e−c−1
1 x/(1−x) dx

−

∫ 1

0
xk(θ − 1 + x)−kb(1 − x)−(1+b)e−c−1

1 x/(1−x) dx .

(7.5)

The second integral is of a similar form as the first, with a different constant in front and a
different polynomial exponent. We hence only provide an explicit analysis of the first integral.
Using a variable transform u = x/(1 − x), we find the first integral equals

θ−kc−1
1

∫
∞

0
uk(1 + u)b−k

(
1 −

1
θ (1 + u)

)−k

e−c−1
1 u du.

We now define Xu to be a negative binomial random variable with parameters k and pu :=

(θ (1 + u))−1, for any u > 0. As the sum over the probability mass function of Xu is one
irrespectively of the value of u, we obtain that the above equals

θ−kc−1
1

∫
∞

0

∞∑
j=0

(
j + k − 1

j

)
p j

u (1 − pu)kuk(1 + u)b−k
(

1 −
1

θ (1 + u)

)−k

e−c−1
1 u du

= θ−kc−1
1

∫
∞

0

∞∑
j=0

(
j + k − 1

j

)
θ− j uk(1 + u)b−( j+k)e−c−1

1 u du

= θ−kc−1
1

∞∑
j=0

(
j + k − 1

j

)
θ− jΓ (k + 1) U (k + 1, 2 + b − j, c−1

1 ),

where U (a, b, z) is the confluent hypergeometric function of the second kind, defined as

U (a, b, z) :=
1

Γ (a)

∫
∞

0
xa−1(1 + x)b−a−1e−zx dx,

whenever Re(a) > 0. Using the Kummer transform U (a, b, z) = z1−bU (1 + a − b, 2 − b, z)
yields

θ−kc−1
1

∞∑
j=0

(
j + k − 1

j

)
θ− jΓ (k + 1) cb−( j−1)

1 U ( j + k − b, j − b, c−1
1 ).

Again using the definition of the confluent hypergeometric function of the second kind, we
obtain

cb
1θ−k

∞∑
j=0

Γ ( j + k)Γ (k + 1)
Γ (k)Γ ( j + 1)Γ ( j + k − b)

(c1θ )− j
∫

∞

0
u j+k−b−1(1 + u)−(k+1)e−c−1

1 u du

= cb
1kθ−k Γ (k)

Γ (k − b)

∞∑
j=0

Γ ( j + k)Γ (k − b)
Γ ( j + k − b)Γ (k)

1
j !

(c1θ )− j
∫

∞

0
u j+k−b−1(1 + u)−(k+1)e−c−1

1 u du

= cb
1kθ−k Γ (k)

Γ (k − b)

∞∑
j=0

(k)( j)

(k − b)( j)
1
j !

(c1θ )− j
∫

∞

0
u j+k−b−1(1 + u)−(k+1)e−c−1

1 u du,
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where (x)( j)
:= x(x + 1) · · · (x + ( j − 1)), for any x ∈ R and j ∈ N0. We can then bound

(k)( j)

(k − b)( j) ≥

⎧⎨⎩1 if k > b ≥ 0,(
k

k−b

) j
if b < 0.

and
(k)( j)

(k − b)( j) ≤

⎧⎨⎩1 if b < 0,(
k

k−b

) j
if k > b ≥ 0.

(7.6)

As the bounds are symmetric, we can assume that b ≥ 0 without loss of generality; the other
case follows similarly. We deal with the lower bound first. This yields

cb
1kθ−k Γ (k)

Γ (k − b)

∞∑
j=0

1
j !

(c1θ )− j
∫

∞

0
u j+k−b−1(1 + u)−(k+1)e−c−1

1 u du

= cb
1kθ−k Γ (k)

Γ (k − b)

∫
∞

0
uk−b−1(1 + u)−(k+1)e−c−1

1 (1−θ−1)u du

= cb
1kθ−k Γ (k)

Γ (k − b)
Γ (k − b)U (k − b, −b, c−1

1 (1 − θ−1)).

(7.7)

It follows from [20, (3.12) and (3.15)] that, when a > d/2 is large and d, z are bounded,

Γ (a)U (a, d, z2) = 2ez2/2
( 2z

u

)1−d

K1−d (uz)
(

1 + O(1/u)
)
,

where u = 2
√

a − d/2 and K1−d (uz) is a modified Bessel function. Combined with the
asymptotic expression for the modified Bessel function as in [16, (10.40.2)], we obtain

Γ (a)U (a, d, z2) = 2
√

π

2uz
ez2/2−uz

( 2z
u

)1−d (
1 + O(1/u)

)
. (7.8)

In this particular case, it yields

Γ (k − b)U (k − b, −b, c−1
1 (1 − θ−1))

= ec−1
1 (1−θ−1)/2√π (c−1

1 (1 − θ−1))1/4+b/2k−b/2−3/4e−2
√

c−1
1 (1−θ−1)k ( 1 + O

(
1/

√
k
))

.

Using this, as well as Γ (k)/Γ (k − b) = kb(1 + O(1/k)), in (7.7), we arrive at

ec−1
1 (1−θ−1)/2√πc−1/4+b/2

1 ((1 − θ−1)k)1/4+b/2e−2
√

c−1
1 (1−θ−1)k

θ−k ( 1 + O
(

1/
√

k
))

.

We then tend to the upper bound in (7.6) for b ≥ 0, which yields

cb
1kθ−k Γ (k)

Γ (k − b)

∞∑
j=0

1
j !

( (c1θ )−1k
k − b

) j ∫ ∞

0
u j+k−b−1(1 + u)−(k+1)e−c−1

1 u du

= cb
1kθ−k Γ (k)

Γ (k − b)

∫
∞

0
uk−b−1(1 + u)−(k+1)e−(c−1

1 (1−θ−1)−(c1θ )−1b/(k−b))u du

= cb
1kθ−k Γ (k)

Γ (k − b)
Γ (k − b)U (k − b, −b, c−1

1 (1 − θ−1) − (c1θ )−1b/(k − b)).

From the asymptotic result in (7.8) we find that

U
(

k − b, −b,
1
c1

(
1 − θ−1 )

−
1

c1θ

b
k − b

)
= U

(
k − b, −b,

1
c1

(
1 − θ−1 ))( 1 + O(1/

√
k)
)
,
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so that the lower and upper bound match up to error terms. By (7.8), we thus arrive at∫ 1

0
xk (θ − 1 + x)−kc−1

1 (1 − x)−(2+b)e−c−1
1 x/(1−x) dx

= ec−1
1 (1−θ−1)/2√πc−1/4+b/2

1 ((1 − θ−1)k)1/4+b/2e−2
√

c−1
1 (1−θ−1)k

θ−k ( 1 + O
(

1/
√

k
))

= Ck1/4+b/2e−2
√

c−1
1 (1−θ−1)k

θ−k ( 1 + O
(

1/
√

k
))

.

(7.9)

Finally, when considering the second integral in (7.5), we observe its integrand is similar to
that of the first integral but with a different constant in front and with a constant b̃ = b − 1
in the polynomial exponent. We can thus follow the exact same steps as for the first integral
in (7.5) to conclude that it can be included in the O(1/

√
k) term in (7.9). We thus obtain that

p≥k = Ck1/4+b/2e−2
√

c−1
1 (1−θ−1)k

θ−k ( 1 + O
(

1/
√

k
))

,

as required.
We now show the result for pk , which uses the above steps with several minor adjustments.

First,

pk = (θ − 1)
∫ 1

0
xk(θ − 1 + x)−(k+1)c−1

1 (1 − x)−(2+b)e−c−1
1 x/(1−x) dx

− (θ − 1)
∫ 1

0
xk(θ − 1 + x)−(k+1)b(1 − x)−(b+1)e−c−1

1 x/(1−x) dx .

As for the proof of the asymptotic expression of p≥k , we consider the first integral only as the
second one is of lower order. This yields

(θ − 1)
∫ 1

0
xk (θ − 1 + x)−(k+1)c−1

1 (1 − x)−(2+b)ec−1
1 x/(1−x) dx

= (1 − θ−1)c−1
1 θ−k

∫
∞

0
uk (1 + u)b−k

(
1 −

1
θ (1 + u)

)−(k+1)
e−c−1

1 u du

= (1 − θ−1)c−1
1 θ−k

∞∑
j=0

(
j + k

j

)
θ− j

∫
∞

0
uk (1 + u)b−( j+k)e−c−1

1 u du

= (1 − θ−1)c−1
1 θ−k

∞∑
j=0

(
j + k

j

)
θ− jΓ (k + 1)U (k + 1, 2 + b − j, c−1

1 )

= (1 − θ−1)cb
1θ−k

∞∑
j=0

(
j + k

j

)
(c1θ )− jΓ (k + 1)U (k + j − b, j − b, c−1

1 )

= (1 − θ−1)cb
1θ−k Γ (k + 1)

Γ (k − b)

∞∑
j=0

(k + 1)( j)

(k − b)( j)
(c1θ )− j

j !

∫
∞

0
uk+ j−b−1(1 + u)−(k+1)e−c−1

1 u du.

Similar to (7.6), we bound

(k − 1)( j)

(k − b)( j) ≥

⎧⎨⎩1 if k > b ≥ −1,(
k+1
k−b

) j
if b < −1.

and
(k)( j)

(k − b)( j) ≤

⎧⎨⎩1 if b < −1,(
k+1
k−b

) j
if k > b ≥ −1.

Again, we assume without loss of generality that b ≥ −1. Moreover, we only concern ourselves
with the lower bound on (k + 1)( j)/(k − b)( j) when b ≥ −1, since we obtain a matching upper
bound with the required error term when using the upper bound on (k + 1)( j)/(k − b)( j) when
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b ≥ −1, as in the proof for p≥k . Thus, we obtain the lower bound

(1 − θ−1)cb
1θ

−k Γ (k + 1)
Γ (k − b)

∞∑
j=0

(c1θ )− j

j !

∫
∞

0
uk+ j−b−1(1 + u)−(k+1)e−c−1

1 u du

= (1 − θ−1)cb
1kθ−k Γ (k)

Γ (k − b)

∫
∞

0
uk+ j−b−1(1 + u)−(k+1)e−c−1

1 (1−θ−1)u du,

which, up to the constant (1 − θ−1), is the exact same expression as in (7.7). As discussed
above, using the upper bound on (k + 1)( j)/(k − b)( j) yields a matching upper bound (up to
error terms), from which the result follows. □

Recall that in this example we set

X (n)
i :=

⏐⏐{ j ∈ [n] : Zn( j) =
⌊

logθ n − Cθ,1,c1

√
logθ n + (b/2 + 1/4) logθ logθ n

⌋
+ i
}⏐⏐,

X (n)
≥i :=

⏐⏐{ j ∈ [n] : Zn( j) ≥
⌊

logθ n − Cθ,1,c1

√
logθ n + (b/2 + 1/4) logθ logθ n

⌋
+ i
}⏐⏐,

εn :=
(

logθ n − Cθ,1,c1

√
logθ n + (b/2 + 1/4) logθ logθ n

)
−
⌊

logθ n − Cθ,1,c1

√
logθ n + (b/2 + 1/4) logθ logθ n

⌋
.

We then state the analogue of Proposition 5.6.

Proposition 7.4. Consider the WRT model as in Definition 2.1 with vertex-weights (Wi )i∈[n]
whose distribution satisfies (4.3) for some b ∈ R, c1 > 0 such that bc1 ≤ 1, and recall cc1,b,θ

from (4.4). For a fixed K ∈ N, c ∈ (1, θ/(θ − 1)) the following holds. For any integer-valued
in, i ′

n such that 0 < logθ n + in < logθ n + i ′
n < c logθ n and in, i ′

n = δ
√

logθ n + o(
√

log n) for
some δ ∈ R and for ain , . . . , ai ′n ∈ N0 satisfying ain + · · · + ai ′n = K ,

E
[(

X (nℓ)
≥i ′n

)
ai ′n

i ′n−1∏
k=in

(
X (nℓ)

k

)
ak

]
=
(

cc1,b,θ θ
−i ′n+εn−Cθ,1,c1 δ/2 )ai ′n

i ′n−1∏
k=in

(
cc1,b,θ (1 − θ−1)θ−k+εn−Cθ,1,c1 δ/2 )ak

×

(
1 + O

( logθ logθ n√
logθ n

∨
|in −

√
logθ n| ∨ |i ′n −

√
logθ n|√

logθ n

))
.

Proof. Set K ′
:= K − ai ′n and for each in ≤ k ≤ i ′

n and each u such that
∑k−1

ℓ=in aℓ <

u ≤
∑k

ℓ=in aℓ, let mu =
⌊

logθ n − Cθ,1,c1

√
logθ n + (b/2 + 1/4) logθ logθ n

⌋
+ k. Also, let

(vu)u∈[K ] be K vertices selected uniformly at random without replacement from [n]. Then, as
the X (n)

≥k and X (n)
k can be expressed as sums of indicators, using the same steps as in the proof

of Proposition 5.6,

E

⎡⎣( X (n)
≥i ′n

)
ai ′n

i ′n−1∏
k=i

(
X (n)

k

)
ak

⎤⎦ = (n)K

K ′∑
ℓ=0

∑
S⊆[K ′ ]
|S|=ℓ

(−1)ℓP
(
Zn(vu ) ≥ mu + 1{u∈S} for all u ∈ [K ]

)
.

By Proposition 5.1,

P
(
Zn(vℓ) ≥ mu + 1{u∈S} for all u ∈ [K ]

)
=

K∏
u=1

E
[( W

E [W ] + W

)mu+1{u∈S}
]

(1 + o(n−β )),
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for some β > 0. By Lemma 7.3 (and recalling the constant C in (4.4)), when |S| = ℓ,
K∏

u=1

E
[( W

E [W ] + W

)mu+1{u∈S}
]

= (C)K θ−
∑K

u=1 mu−ℓ exp
(

−2
K∑

u=1

√
1 − θ−1

c1

(
mu + 1{u∈S}

) ) K∏
u=1

(mu + 1{u∈S})b/2+1/4

× (1 + O(1/
√

log n)).

Here, we are able to obtain the error term 1 + O(1/
√

log n) due to the fact that logθ n + in >

η log n for some η > 0 when n is large. We note that Cθ,1,c1 log θ = 2
√

c−1
1 (1 − θ−1). As

in, i ′
n ∼ δ

√
logθ n,

K∏
u=1

(mu + 1{u∈S})b/2+1/4
= (logθ n)K (b/2+1/4) ( 1 + O

(
1/
√

logθ n
))

,

uniformly in S (and ℓ). Moreover, again uniform in S and ℓ,

exp
(

−Cθ,1,c1 log θ

K∑
u=1

√
mu + 1{u∈S}

)
= exp

(
−

(
Cθ,1,c1 log θ

√
logθ n −

Cθ,1,c1 − δ

2

))K

×

(
1 + O

( logθ logθ n√
logθ n

∨
|in −

√
logθ n| ∨ |i ′

n −
√

logθ n|√
logθ n

))
.

This last step follows from the fact that the first-order term of mu is logθ n and its second-order
term is −(Cθ,1,c1 − δ)

√
logθ n. Finally, its lower-order terms are logθ logθ n + (|i −

√
logθ n| ∨

|i ′
n −

√
logθ n|). Then, using a Taylor expansion for the square root yields the result. Combining

all of the above and recalling that cc1,b,θ = Cθ
C2

θ,1,c1
/2, we thus arrive at

(n)K

K ′∑
ℓ=0

∑
S⊆[K ′ ]
|S|=ℓ

(−1)ℓ
(

C(logθ n)b/2+1/4 exp
(

−

(
Cθ,1,c1 log θ

( √
logθ n −

Cθ,1,c1 − δ

2

))))K

× θ−
∑K

u=1 mu−ℓ
(

1 + O
( logθ logθ n√

logθ n
∨

|in −
√

logθ n| ∨ |i ′n −
√

logθ n|√
logθ n

))

=
(

cc1,b,θ θ
−i ′n+εn−Cθ,1,c1 δ/2 )ai ′n

i ′n−1∏
k=in

(
cc1,b,θ (1 − θ−1)θ−k+εn−Cθ,1,c1 δ/2 )ak

×

(
1 + O

( logθ logθ n√
logθ n

∨
|in −

√
logθ n| ∨ |i ′n −

√
logθ n|√

logθ n

))
,

where the last step follows from a similar argument as in the proof of Proposition 5.6. □

With Proposition 7.4 at hand, the proofs of Theorems 4.6, 4.7, and 4.8 follow the same
approach as the proofs of Theorems 2.5, 2.8, and 2.9.
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Appendix

In this appendix we collect various estimates on the sum of i.i.d. random variables, including
a quantitative version of the law of large numbers, see Lemmas A.1 and A.2 and Corollary A.3.
Finally, we also include the details of the calculations of certain iterated integrals in Lemma A.4
and the proof of some of the properties of the sequences defined in (2.10) in Lemma A.5.

Lemma A.1. Let (Wi )i∈N be i.i.d. copies of a random variable W that satisfies conditions (C1)
and (C2) of Assumption 2.3. Then, there exists C ′ > 0 such that for any n ∈ N and any x > 0,

P(SN ≤ x) ≤
(

C ′Γ (ρ)xρ
)N

Γ (ρN + 1)−1.

Proof. We prove the bound by induction. We first couple the random variable W and (Wi )i∈N
to i.i.d. random variables X and (X i )i∈N, respectively. W satisfies condition (C2) for some
C, x0, ρ > 0, and we can without loss of generality assume that Cxρ

0 = 1. Indeed, if Cxρ

0 < 1
holds, then we can increase C , and if Cxρ

0 > 1 then we can decrease x0. Hence, we let X be
a random variable with probability density function fX : [0, 1] → [0, 1]

fX (x) :=

{
Cρxρ−1 if x ∈ [0, x0],
0 if x ∈ (x0, 1].

It is clear, by the assumption Cxρ

0 = 1, that fX indeed is a probability density function, and
that P(W ≤ x) ≤ P(X ≤ x) for all x ∈ [0, 1] by Condition (C2). If we thus let (X i )i∈N be i.i.d.
copies of X , then P(SN ≤ x) ≤ P

(
S′

N ≤ x
)

for any N ∈ N and x ∈ R, where S′

N :=
∑N

i=1 X i .
It thus suffices to bound P

(
S′

N ≤ x
)

from above.
For N = 1 it directly follows that P(X1 ≤ x) ≤ Cxρ for any x > 0, so that the case N = 1

is satisfied by setting C ′
:= Cρ = CΓ (ρ + 1)/Γ (ρ). Let us then assume that the bound

P
(
S′

N ≤ x
)

≤ (C ′Γ (ρ)xρ )NΓ (ρN + 1)−1

holds for any x > 0 and some N ∈ N. Then, by the induction hypothesis and the definition
of fX ,

P
(
S′

N+1 ≤ x
)

=

∫ x∧1

0
P
(
S′

N ≤ x − t
)

fX (t) dt ≤

∫ x∧1

0
(C ′Γ (ρ)(x − t)ρ )NΓ (ρN + 1)−1Cρtρ−1 dt.

By extending the upper range of the integral to x , using the substitution s = t/x , and recalling
that Cρ = C ′, we arrive at the upper bound

C ′N+1Γ (ρ)N x (N+1)ρ

Γ (ρN + 1)

∫ 1

0
(1 − s)ρN sρ−1 ds =

C ′N+1Γ (ρ)N x (N+1)ρ

Γ (ρN + 1)
B(ρ, ρN + 1) =

(C ′Γ (ρ)xρ )N+1

Γ (ρ(N + 1) + 1)
,

where we use in the final step that, for x, y > 0, B(x, y) := Γ (x)Γ (y)/Γ (x + y) is the Beta
function. This yields the desired result and concludes the proof. □

Lemma A.2 (Bounds on Partial Sums of Vertex-Weights). Let (Wi )i∈N be i.i.d. copies of a
random variable W with finite mean. Let ε ∈ (0, 1), δ ∈ (0, 1/2), k ∈ N, C > k log(θ )/(2θ (θ −
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1)), and c, α > 0, and set ζn := n−δε/E [W ] and ζ ′
n := (C log n)−δ/(1−2δ)/E [W ]. Consider the

events

E (1)
n :=

{ j∑
ℓ=1

Wℓ ∈ ((1 − ζn)E [W ] j, (1 + ζn)E [W ] j), for all nε
≤ j ≤ n

}
,

E (2)
n :=

{ j∑
ℓ=k+1

Wℓ ∈ ((1 − ζn)E [W ] j, (1 + ζn)E [W ] j), for all nε
≤ j ≤ n

}
,

E (3)
n :=

{ j∑
ℓ=1

Wℓ ≥ (1 − ζ ′

n)E [W ] j, for all (C log n)1/(1−2δ)
≤ j ≤ n

}
,

E (4)
n := {S⌈α log n⌉ ≥ c log n}.

Then, for any γ > 0 and any i ∈ [4] (where, for i = 3, 4, we choose C and α sufficiently large
depending on γ , respectively), for all n large,

P
(
(E (i)

n )c)
≤ n−γ .

Finally, additionally assume that W satisfies conditions (C1) and (C2) of Assumption 2.3, set
f (n) := ⌈log n/ log log log n⌉, g(n) := ⌈log log n⌉, and define E (5)

n := {S f (n) ≥ g(n)}. Then, for
any γ > 0 and all n large,

P
(
(E (5)

n )c)
≤ n−γ .

Proof. We prove the bounds for the complement of the events one by one. By noting that
S̃ j :=

∑ j
ℓ=1 Wℓ − jE [W ] is a martingale, that |S̃ j − S̃ j−1| ≤ 1 + E [W ] = θ and that

ζn ≥ j−δ/E [W ] for j ≥ nε, we can use the Azuma–Hoeffding inequality to obtain

P
(
(E (1)

n )c)
≤

∑
j≥nε

P
(⏐⏐S̃ j

⏐⏐ ≥ ζn jE [W ]
)

≤ 2
∑
j≥nε

exp
(

−
j1−2δ

2θ2

)
.

Writing cθ := 1/(2θ2), we further bound the sum from above by

2
∫

∞

⌊nε⌋

exp
(

−cθ x1−2δ
)

dx = 2
c−1/(1−2δ)
θ

1 − 2δ
Γ
( 1

1 − 2δ
, cθ⌊nε

⌋
1−2δ

)
,

where Γ (a, x) is the incomplete Gamma function. As, for a > 0 fixed, Γ (a, x) = (1 +

o(1))xa−1e−x , this yields the desired bound. The proof for the event E (2)
n follows in an

analogous way.
For the event E (3)

n , we again use the Azuma–Hoeffding inequality to obtain that there exist
constants Cθ,δ, C̃θ,δ > 0 such that

P
(
(E (3)

n )c)
≤ Cθ,δ

(
cθC log n

)2δ/(1−2δ)
exp

(
−cθ⌊(C log n)1/(1−2δ)

⌋
1−2δ

)
(1 + o(1))

= C̃θ,δ(log n)2δ/(1−2δ) exp(−cθC log n)(1 + o(1))

= n−cθ C(1+o(1)).

Choosing C sufficiently large then yields the desired result. A similar application of the same
inequality for E (4)

n yields

P
(
(E (4)

n )c)
≤ P

(
|S̃⌈α log n⌉| ≥ |c − αE [W ] | log n

)
≤ 2 exp

(
−

(αE [W ] − c)2 log n
2αθ2

)
.
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Again, choosing α sufficiently large yields the desired result. Finally, we use Lemma A.1 to
obtain

P
(

(E (5)
n )c

)
≤
(

C ′Γ (ρ)g(n)ρ
) f (n)

Γ (ρ f (n) + 1)−1

=
1 + o(1)

√
2πρ f (n)

exp(ρ f (n)(1 + log g(n)) + f (n) log(CΓ (ρ)) − ρ f (n) log(ρ f (n)))

≤ exp
(

−
ρ
2 f (n) log f (n)

)
,

where the final inequality holds for all n sufficiently large. By the choice of f (n), this yields
the desired result and concludes the proof. □

Corollary A.3. Let (Wi )i∈N be i.i.d. copies of a random variable W that satisfies condi-
tions (C1) and (C2) of Assumption 2.3 and define, for i ∈ N,

Ui,n :=
1

log n

n−1∑
j=i

Wi

S j
.

Then, for any i ∈ [n] and any γ > 0, there exists a sequence ηn ↓ 0 such that

P
(

Ui,n ≤
1 + ηn

E [W ]

)
= 1 − O(n−γ ).

Proof. For some constants α > 0 as in Lemma A.2 and δ ∈ (0, 1/4) we bound Ui,n from
above by

Ui,n ≤
1

log n

[ ⌊α log n⌋∑
j=1

1 ∧
1
S j

+

⌊(C log n)1/(1−2δ)
⌋∑

j=⌈α log n⌉

1
S j

+

n−1∑
j=⌈(C log n)1/(1−2δ)⌉

1
S j

]
, (A.1)

where in the first sum on the right-hand side we use that Wi ≤ 1 ∧ S j for any j ≥ i . We
now consider each of the sums one at a time. For the final sum, we use the event E (3)

n from
Lemma A.2 to obtain that on this event,

1
log n

n−1∑
j=⌈(C log n)1/(1−2δ)⌉

1
S j

≤
1

E [W ]
1

1 − ζ ′
n

=
1 + o(1)
E [W ]

. (A.2)

For the middle sum in (A.1), we can bound S j ≥ S⌈α log n⌉ for each index j in the sum. Together
with the event E (4)

n from Lemma A.2, we obtain the upper bound

(C log n)1/(1−2δ)

log n
1

S⌈α log n⌉

≤
C1/(1−2δ)

c
(log n)(4δ−1)/(1−2δ)

= o(1), (A.3)

by the choice of δ. Finally, we bound the first sum in (A.1). We set f (n) := ⌈log n/ log log log n⌉

and g(n) := ⌈log log n⌉. On the event E (5)
n from Lemma A.2, we then have

1
log n

⌊α log n⌋∑
j=1

1∧
1
S j

≤
f (n)

log n
+

1
log n

⌊α log n⌋∑
j= f (n)+1

1
S j

≤
f (n)

log n
+

α

S f (n)
≤

f (n)
log n

+
α

g(n)
= o(1).

(A.4)
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Combining (A.2), (A.3) and (A.4) yields a sequence (ηn)n≥1 with ηn ↓ 0 such that

P
(

Ui,n ≤
1 + ηn

E [W ]

)
≤ P

((
E (3)

n ∩ E (4)
n ∩ E (5)

n

)c
)

= O(n−γ ),

for any γ > 0, by Lemma A.2, which concludes the proof. □

Lemma A.4. For any k ∈ N and any 0 < a ≤ b < ∞,∫ b

a

∫ b

x1

· · ·

∫ b

xk−1

k∏
j=1

x−1
j dxk . . . dx1 =

(log(b/a))k

k!
. (A.5)

Similarly, for any k ∈ N and any 0 < a ≤ b − k < ∞,∫ b

a+1

∫ b

x1+1
· · ·

∫ b

xk−1+1

k∏
j=1

x−1
j dxk . . . dx1 ≥

(log(b/(a + k)))k

k!
. (A.6)

Moreover, for any k ∈ N and any 0 < a ≤ b < ∞ and c > 0,
∫ b

a

∫ b

x1

· · ·

∫ b

xk−1

x−(1+c)
k

k−1∏
j=1

x−1
j dxk . . . dx1 = c−ka−c

(
1 − (b/a)−c

k−1∑
j=0

c j (log(b/a)) j

j !

)
. (A.7)

Proof. We prove (A.5) by recursively computing the integrals. For the inner integral, we
directly obtain∫ b

xk−1

x−1
k dxk = log(b/xk−1). (A.8)

Now, for the j th innermost integral we use the substitution yk−( j−1) = log(b/xk−( j−1)), with
2 ≤ j ≤ k. This yields, for the second innermost integral (i.e. j = 2), by (A.8),∫ b

xk−2

x−1
k−1 log(b/xk−1) dxk−1 =

∫ log(b/xk−2)

0
yk−1 dyk−1 =

1
2

(log(b/xk−2))2.

Reiterating this approach for j = 3, . . . , k yields the desired result.
We use the same approach for the proofs of (A.6) and (A.7). For the former, the inner

integral equals log(b/(xk−1 + 1)). The integrand we then obtain can be bounded from below
by using x−1

k−1 ≥ (xk−1 + 1)−1. Moreover, we restrict the upper limit of the integral over
xk−1 from b to b − 1 (note that this is possible since a ≤ b − 1). By using the substitution
yk−1 = log(b/(xk−1 + 1)), this yields the lower bound, for any xk−2 ≤ b − 2,∫ b−1

xk−2+1
(xk−1 + 1)−1 log(b/(xk−1 + 1)) dxk−1 =

∫ log(b/(xk−2+2))

0
yk−1 dyk−1 =

1
2

(log(b/(xk−2 + 2)))2.

By repeating this procedure for the remaining integrals, we obtain the desired result.
To finally prove (A.7), let us define the multiple integrals on the left-hand side as Ik . Then,

by computing the value of the innermost integral,

Ik =
Ik−1

c
−

1
bcc

∫ b

a

∫ b

x1

· · ·

∫ b

xk−2

k−1∏
j=1

x−1
j dxk−1 . . . dx1 =

Ik−1

c
−

(log(b/a))k−1

bcc(k − 1)!
,

567



L. Eslava, B. Lodewijks and M. Ortgiese Stochastic Processes and their Applications 158 (2023) 505–569

where the last step follows from (A.5). Continuing this recursion yields

Ik =
I1

ck−1 −
1
bc

k−1∑
j=1

c− j (log(b/a))k− j

(k − j)!
= c−ka−c

(
1 − (b/a)−c

k−1∑
j=0

c j (log(b/a)) j

j !

)
,

which concludes the proof. □

Lemma A.5. Consider the sequences (sk, rk)k∈N in (2.10). These sequences have the following
properties:

(i) sk is increasing,
(ii) rk is decreasing and limk→∞ rk = 0.

Proof. (i) Assume that sk+1 < sk for some k ∈ N and take x ∈ (sk+1, sk). By the definition of
sk+1, sk and the choice of x ,

P(W ∈ (x, 1)) ≤ e−(1−θ−1)(1−x)(k+1) < e−(1−θ−1)(1−x)k < P(W ∈ (x, 1)) ,

which leads to a contradiction.
(i i) Assume that sk < sk+1 (otherwise the claim is immediately clear). Note that since the

function P(W ∈ (x, 1)) is càdlàg, we have for any x < sk ,

P(W ∈ (sk, 1)) ≤ rk ≤ lim
y↑sk

P(W ∈ (y, 1)) ≤ P(W ∈ (x, 1)) . (A.9)

Hence, we have that for any x ∈ (sk, sk+1).

rk ≥ P(W ∈ (sk, 1)) ≥ P(W ∈ (x, 1)) ≥ rk+1.

For the second part, since sk is increasing by (i), we have that sk → s∗
∈ (0, 1]. Suppose that

s∗
∈ (0, 1). Then, for k sufficiently large, we have sk ≤ (1+s∗)/2 and so rk ≤ e−(1−θ−1)(1−s∗)k/2

and so rk converges to 0.
Therefore, we can assume that sk ↑ 1. Let k0 be the smallest k such that sk < sk+1. Such a

k0 exists, otherwise s∗ < 1 since each sk < 1. Then, for k ≥ k0, let ℓk be the largest integer
such that sℓk < sk .

The assumption that sk ↑ 1 also excludes that sℓk is eventually constant and so ℓk → ∞. In
particular, we can argue as in (A.9) to see that

rk ≤ P
(
W ∈ (sℓk , 1)

)
.

Moreover, as sℓk → 1 as k → ∞, we deduce that rk → 0. □
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