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A B S T R A C T

This work presents a novel numerical methodology to model the degradation and failure of composite materials
like GFRP submitted to monotonic and high cycle fatigue loads. This is done by using the Serial–Parallel Rule
of Mixtures homogenisation technique together with a proper mechanical characterisation of the constituent
materials of the composite. This paper also proposes an efficient way of estimating the fatigue properties
of each of the material constituents (fibre or matrix) to comply with the experimental results obtained at
composite level; this enables to estimate the fatigue strength of any stacking/orientation of fibres with only
one mechanical characterisation of the material properties. A comparison of the results obtained analytically
and experimentally for GFRP is presented. The results show the applicability and accuracy of the proposed
methodology in this field.
1. Introduction

Given the extensive application that composite materials have
nowadays in different industries, due to their numerous advantages,
the study of composite materials is a field that is rising in interest.
One of the issues that stands out is the prediction of fatigue life in
composite materials and, reviewing the literature, it can be noticed
that research on this topic is, likewise, in a stage of growth and that
it still has a long way to mature. The first methodologies used for the
fatigue life prediction in composite materials are modifications of those
developed in the 1960s and 1970s for metals under the assumption that
composite materials do not suffer from fatigue. Nowadays, it is well
known that the behaviour of composite materials under cyclic loads is
very different from that of metals. While fatigue in metals has its origin
in a crack that propagates until it completely breaks, in composite
materials it is a much more complex process since there are various
damage accumulation mechanisms and failure modes. Following the
classification proposed by Sendeckyj [1], the damage models can be
divided in three big groups: fatigue life models, phenomenological
models and progressive damage models. A detailed summary can be
found in [2].

Most of the literature published during the last decades is centred in
he study of the damage that initiates between layers, i.e. delamination.

This is, precisely, one of the most feared modes of damage in composite
materials subjected to fatigue due to the great complexity that it entails.

∗ Correspondence to: Campus Norte UPC, 08034 Barcelona, Spain.
E-mail address: alejandro.cornejo.velazquez@upc.edu (A. Cornejo).

The most remarkable methods for its numerical study are the Virtual
Crack Closure Technique (VCCT) [3,4], based on fracture mechanics,
and the Cohesive Zone Model (CZM) [2,5–8], based on continuous
damage mechanics. However, numerous authors highlight the need
for further research in the development of approaches that allow a
better prediction of crack formation. The most recent research are
based on the combination of VCCT methods with Phase Field Model
(PFM) [9–12] or the eXtended Finite Element Method (X-FEM) [3,13].
These combinations allow to implicitly account highly complex fracture
patterns and to predict crack initiation, branching and merging [14,
15]. Thus, despite the promising route to analyse crack initiation and
propagation with considerable ease that these methodologies offer,
the computational cost is high since there is a need of discretising
with Finite Elements (FE) each layer of the composite. In this paper,
a phenomenological homogenisation technique called Serial/Parallel
Rule of Mixtures (SP-RoM) has been used to model the composite
material mechanical behaviour. The main advantage of this model is
its generality (different constitutive laws can be used for the matrix
and fibre), adaptability (once the simple materials have been charac-
terised, one can simulate different stacking sequences and orientations
automatically) and efficiency (the SP-RoM homogenises the n layers
in the kinematically needed finite elements, avoiding the need of
discretising each layer). Thus, it has been considered that the matrix
behaves following an isotropic damage model while the fibre follows
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a High Cycle Fatigue (HCF) damage model. As will be detailed later,
the isotropic damage model considers that the material degradation
is developed in all directions alike and only depends on one scalar
damage variable [16,17]. On the other hand, the HCF model establishes
a relationship between the residual strength of the material and the
evolution of the damage threshold, controlled by the internal variables
of the material and by new variables of the fatigue state [18].

Another field of study linked to the prediction of fatigue life in com-
posite materials is the development of time-advance strategies that allow
to reduce the number of calculations and, therefore, the computational
cost. The different proposed methodologies can be divided into four
groups: Proper Orthogonal Decomposition (POD) [19], Proper Gener-
alised Decomposition (PDG) [20], Large Time Increments (LATIN) [21]
and cycle-jumps. POD is a linear procedure that makes a given col-
lection of input data and creates an orthogonal basis constituted by
functions estimated as the solutions of an integral eigenvalue problem
decomposing a physical field depending on the different variables that
that influence its physical behaviours. On the other hand, PGD is
an iterative numerical method for solving boundary value problems
(BVPs), that is, partial differential equations constrained by a set of
boundary conditions, such as the Poisson’s equation or the Laplace’s
equation. Unlike the two previous methodologies, LATIN represents a
break with classical incremental methods in the sense that it is not
built on the notion of small increments. It is an iterative method that
sometimes starts with a relative gross approximation.

The cycle-jump strategies are based on detecting when some load
stabilisation condition is reached and, in that case, omitting the calcu-
lation of a certain number of cycles. In Kiefer’s thesis [22], a detailed
comparison between four cycle-jump models can be found: Peerling’s
model [23], Turon model [2], Harper model [6] and Kawashita and
Hallet model [24]. Some of the most recent studies are those proposed
by Russo et al. [25], Sally et al. [26] and Magino et al. [27]. The Smart
Cycle Strategy developed by Russo [25] provides a fast preliminary
evaluation of the fatigue behaviour of composite structures based on
the hypothesis that the stress redistribution can be neglected until a
damage in the fibre and/or matrix at an element/layer level is verified.
The kinetic damage rate model proposed in Sally et al. [26] predicts the
damage evolution in composite materials during fatigue and spectral
loadings. The model presented more recently by Magino [27] is based
on the parametrisation of the loading curve which enables to reformu-
late the model in terms of a cycle-scale and a logarithmic cycle-scale
variable, respectively. In this paper, a different version of the last one
will be used [18,28] since it allows to efficiently predict the initiation
and propagation of the damage on the model while loads are applied,
independently of their typology.

Therefore, the main objective of the undergone research has been
to propose a generalisation of the SP-RoM technique to improve the
accuracy of crack initiation and propagation modelling in GFRP mate-
rials subjected to fatigue loading, since it is one of the phenomena of
most common failure. In addition, the HCF constitutive law with a time-
advance strategy has not yet been validated for composite materials in
combination with the SP-RoM and, therefore, it is intended to review
and expand it. On the other hand, a generalised method that allows
calibrating the fatigue parameters of the component materials, fibre
and matrix, from the data at composite level has been proposed.

The paper is organised in several sections, starting with Section 2,
which describes the methodology that has been followed to reproduce
the different models that govern the behaviour of composite materials,
such as damage, plasticity, and HCF. The model used to simulate
the composite material, SP-RoM, and the method to systematically
calibrate its material constituents are described in Section 3. The setup
of the experimental tests developed by RISE are detailed in Section 4.
To validate the correct operation of this method, some application cases
are presented in Section 5 in which the results obtained numerically
are compared with the experimental data. Finally, the conclusions are
2

presented in Section 6.
2. Component constitutive model

This section describes the constitutive models used in each of the
component materials of the composite materials analysed, i.e., the
ibre and matrix materials. Once the constitutive laws governing the
echanical behaviour of simple materials are known, it is necessary to
resent the SP-RoM homogenisation theory [29–33], which allows us to
btain the behaviour of the composite material from the participations,
rientations and individual constitutive behaviour of the fibre and
atrix in it.

.1. Isotropic damage model

According to experimental evidence, the matrix does not get dam-
ged due to fatigue, instead it suffers from monotonic-type degra-
ation [34–37]. This is because, in the experiments carried out, the
oading of the first cycle itself induces cracks in the matrix, since it has
very low yield strength compared to that of the fibre. Therefore, the

sotropic damage model has been used to reproduce the behaviour of
he matrix. This model is widely known and only some brief explana-
ions will be given from here on. The readers can find the complete
escription in [16,17].

For the isotropic damage model, the material degradation is devel-
ped in all directions alike and only depends on one scalar damage
ariable 𝑑, which ranges from 0 (intact) to 1 (fully damaged); Hence,
he isotropic damage constitutive law reads

= (1 − 𝑑)𝐂0 𝜺 = (1 − 𝑑)𝝈0, (1)

here 𝑑 is the internal damage variable, 𝜺 is the strain tensor (assum-
ng small strains), 𝐂0 is the undamaged constitutive tensor, 𝝈 is the
auchy’s stress tensor and 𝝈0 is the effective Cauchy’s stress tensor
easured in the ‘‘non-damaged’’ space.

In order to know if the material is in elastic or non linear regime, a
ield surface has to be defined such as

= 𝑓 (𝝈0) − 𝜅 ≤ 0 (2)

here 𝑓 (𝝈0) is the so-called equivalent effective stress whose definition
epends on the yield surface of interest (Rankine, Simo-Ju, Drucker–
rager, etc.), and 𝜅 is the stress threshold (related to the material
trength), which each yield surface will define and updated afterwards.
n this paper, a Von Mises yield surface has been chosen for the matrix,
hus:

(𝝈0) =
√

3𝐽2 (3)

eing 𝐽2 the second invariant of the deviatoric stress tensor. By using
his yield surface, the material strength threshold 𝜅 is a historical value
hat must be updated at each time step according to

= max(𝜅0 , max(𝑓 (𝝈0)𝑡∈[0,𝑡𝑛])) (4)

where 𝜅0 is the initial threshold (yield stress in tension) and 𝑓 (𝝈0)𝑡∈[0,𝑡𝑛]
the maximum uniaxial stress achieved up to the current solution
step 𝑡𝑛. A complete description of the different yield surfaces can
e found in [16,38–40]. The implemented damage model in Kratos-
ultiphysics [41] offers different damage evolution laws like: linear

oftening, exponential softening, stress/strain curve defined by points,
mong others. When Eq. (2) is not satisfied, an updated damage 𝑑 must

be calculated according to (assuming exponential softening) [17,42]:

𝑑 = 1 −
𝜅0

𝑓 (𝝈0)
⋅ 𝑒𝑥𝑝

[

𝐴 ⋅
(

1 −
𝑓 (𝝈0)
𝜅0

)]

(5)

with

𝐴 =

(

𝑔𝑓 ⋅ 𝐸

𝜅20
− 1

2

)−1

≥ 0 (6)

where 𝐸 is the Young’s modulus and 𝑔𝑓 the volumetric fracture energy.
A high value of 𝑔 will induce a perfectly flat post-peak evolution.
𝑓
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2.2. High cycle fatigue model

As previously mentioned, supported by the experiments, it has
been considered that the fibre is submitted to a high cycle fatigue
behaviour. The HCF methodology employed in this paper is based on
the work presented in Barbu [18] which was initially developed by
Oller et al. [40]. More recently, other authors have worked in the
direction of reducing the computational cost of this methodology [28]
or generalising its use to other type of materials.

This constitutive law can be seen as a modified continuum damage
model for mechanical fatigue analysis that is coupled with a cycle
advance strategy for cyclic loading. The model establishes a relation-
ship between the residual strength of the material and the evolution
of the damage threshold, controlled by the internal variables of the
material and by new variables of the fatigue state. In this model, it is
assumed that the coalescence of micro-scale defects occurs during the
cyclical loading period, which is reflected as a continuum reduction
in the strength of the material, which occurs even in the elastic stage.
Furthermore, it considers that stiffness degradation occurs only in the
post-critical stage. The damage and the material threshold historical pa-
rameters of the model have a phenomenological meaning that indicates
the irreversibility of the fatigue process.

The HCF constitutive law presented in [40] is an extension of the
isotropic damage model proposed by Oliver et al. [17] briefly described
in the previous Section. The constitutive law used in HCF is identical
to the one defined for isotropic damage in Eq. (1). However, to account
for the material degradation due to the cycling process, a new fatigue
eduction factor 𝑓𝑟𝑒𝑑 is introduced in the yield condition as

(𝝈0) =
𝑓 (𝝈0)

𝑓𝑟𝑒𝑑 (𝑁𝑐 , 𝑅, 𝑆𝑚𝑎𝑥)
− 𝜅 ≤ 0 (7)

here 𝑓𝑟𝑒𝑑 ranges from 1 (no fatigue) to 0 (maximum amplification due
o fatigue). This parameter takes into account the effect of the acting
yclic load and, consequently, amplifies the stress state depending on
he number of cycles applied, 𝑁𝑐 , the reversion factor, 𝑅 = 𝑆𝑚𝑖𝑛∕𝑆𝑚𝑎𝑥,
nd the maximum stress generated by the applied load, 𝑆𝑚𝑎𝑥. The
umber of cycles, 𝑁𝑐 , along the simulation is updated based on the
volution of the equivalent stresses at the integration point level, i.e.,
hen maximum and minimum values of the stress are detected this

ndicates that a new cycle has overcome. Therefore, 𝑆𝑚𝑎𝑥, 𝑆𝑚𝑖𝑛 and 𝑅
ariables are updated at each new cycle, if necessary. The calculation
f damage 𝑑 and the historical stress threshold 𝜅 update is done
nalogously to the isotropic damage case with a nuace: 𝑑 = 𝑑

(

𝑓 (𝝈0)
𝑓𝑟𝑒𝑑

)

y using Eq. (5).
The following function is proposed to describe the variation of the

esidual strength [18,28]:

𝑟𝑒𝑑 = 𝑒−𝐵0⋅(𝑙𝑜𝑔10𝑁𝑐 )
𝛽2𝑓 (8)

here 𝐵0 is obtained as a function of the ratio 𝑆𝑚𝑎𝑥∕𝑆𝑢:

0 = −
⎛

⎜

⎜

⎝

𝑙𝑛(𝑆𝑚𝑎𝑥∕𝑆𝑢)

(𝑙𝑜𝑔10𝑁𝑓 )
𝛽2𝑓

⎞

⎟

⎟

⎠

(9)

nd the number of cycles to failure 𝑁𝑓 , by:

𝑓
(

𝑆𝑚𝑎𝑥, 𝑅
)

= 10

⎡

⎢

⎢

⎢

⎢

⎣

[

−
1

𝛼𝑡(𝑅)
ln

(

𝑆𝑚𝑎𝑥−𝑆𝑡ℎ(𝑅)

𝑆𝑢−𝑆𝑡ℎ(𝑅)

)]

1

𝛽𝑓

⎤

⎥

⎥

⎥

⎥

⎦ (10)

in which 𝛼𝑡 and 𝛽𝑓 are material parameters that need to be adjusted
according to experimental tests. The description of these parameters
can be found in [28]. An S–N (Stress versus Number of cycles) curve can
be seen as a material property that relates the maximum stress achieved
during the cyclic load and the amount of cycles that the sample
withstands up to failure. Since the minimum stress can be different
depending on the load, several S–N curves are estimated experimentally
3

according to the 𝑅 factor. The S–N curve is sufficient to determine the
fatigue life when 𝑆𝑚𝑎𝑥 and 𝑅 remain constant. However, when dealing

ith different load interactions the main focus resides on the residual
trength curve. The curve quantifies the loss of strength in the material
s the number of cycles accumulates and as load characteristics change.
n Eqs. (9) and (10), 𝑆𝑚𝑖𝑛 is the minimum stress, 𝑆𝑢 is the ultimate
tress, 𝑆𝑒 is the endurance limit for any given reversion factor and 𝑆𝑡ℎ
s the elastic threshold limit.

As mentioned by Barbu [18], fatigue models are usually limited
o correctly describing the S–N curves and, based on the level of
tress applied, estimate the fatigue life. When the 𝑁𝑐 corresponding to
he Wöhler curve has been reached for a certain level of stress, the
espective Gauss point has suffered complete degradation. However,
his model utilises the respective 𝑁𝑐 = 𝑁𝑓 point as the starting point for
amage accumulation and the nonlinear zone, for that particular Gauss
oint. That mirrors the initiation point for a micro-crack. Posterior
amage accumulation is an indicator of a rearrangement of the internal
tructure of the material followed by micro-fisuration and a completely
egraded Gauss point (𝑑𝐺𝑃 = 1) represents the formation of a macro-
rack in the volume associated to the integration point. At macro-scale
evel, a tracking of the damage propagation throughout the continuum
s an indicator of a crack propagation and total structural fracture is
onsidered to have occurred when the crack has propagated through
he entire cross-sectional area.

.3. Time advancing strategy

The fatigue degradation analysis is done with several steps by cycle,
hich is very computationally expensive. To overcome this issue, load
dvancing strategies have been developed. As previously mentioned,
arbu [18] presented a step wise load-advancing strategy for cyclic

oading that yields convergence in reasonable computational time for
ighly nonlinear behaviour occurring past the S–N curve. The algorithm
s also effective when dealing with combinations of cyclic loads.

The proposed strategy uses the formulation described in Oller
t al. [40] and is divided into two phases: load-tracking phase and
arge increments phase. The first one is defined by load-advance
eing conducted by small time increments, with the consequent load
ariation following a cyclic path. The second phase is characterised by
oad-advance being done with large increments of number of cycles.
nlike the formulation proposed by Oller, the strategy presented in
arbu [18] automatically switches from one phase to the other, going
epeatedly back and forth between both in accordance with the loading
nput and the damage increase rate. The strategy was developed for
etals and in [18,28] applied for long fibre reinforced composites. A
etailed description of the algorithms can be found in the Appendix,
ummarising how the time advancing strategy and the SP-RoM are
ombined.

. Constitutive modelling of GFRP with the serial–parallel rule of
ixtures

.1. Serial–parallel rule of mixtures law

In the previous section, a detailed description of the constitutive
odels for each of the material components, i.e. the matrix and the

ibre, have been given. Next, since the two material components are
nteracting within the GFRP composite type material, a homogenisa-
ion technique is needed in order to phenomenologically estimate the
echanical properties of the bulk composite material. In this regard,

he Serial–Parallel Rule of Mixtures (SP-RoM) has been used [28].
The SP-RoM can be defined as a phenomenological homogenisation,

n which the behaviour of the composite material is obtained from the
onstitutive response of its component materials. Through this, it is
ossible to take into account the non-linear behaviour of the composite
ithout requiring the enormous computational cost. This theory was
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developed by Rastellini et al. [43,44] and is an evolution of the theory
of parallel mixtures developed by Car [45]. A detailed description of the
SP-RoM algorithm and many examples of its application can be found
in [29–33].

The main hypotheses for the numerical formulation are summarised
in

1. The composite is formed by only two components: fibre and
matrix.

2. Component materials have the same strain in parallel (fibre)
direction.

3. Component materials have the same stress in serial direction.
4. Composite material response is in direct relation with the vol-

ume fractions of compounding materials.
5. Homogeneous distribution of phases is considered in the com-

posite.
6. Perfect bonding between components is considered; this condi-

tion can be alleviated by using low values of the shear modulus
in one of the material components together with an orthotropic
behaviour.

As this formulation proposes to combine the behaviour of the com-
onent materials in order to obtain the response of the composite
aterial, the global anisotropy of composite material is considered

s the result of the interaction of the components. Additionally, the
P-RoM theory allows component materials that present any type of
on-linearity such as damage and plasticity to be analysed.

The strain tensor 𝜺 is decomposed into a serial part 𝜺𝑠 and a parallel
part 𝜺𝑠 by means of the projection tensors (𝐏𝑃 , 𝐏𝑆 ) of fourth order in
parallel and in serial directions, respectively:

𝜺 = 𝜺𝑃 + 𝜺𝑆 (11)

𝜺𝑃 = 𝐏𝑃 ∶ 𝜺 𝜺𝑆 = 𝐏𝑆 ∶ 𝜺 (12)

The stress tensor 𝝈 is also separated into its serial components 𝝈𝑆
nd its parallel components 𝝈𝑃 :

𝝈 = 𝝈𝑃 + 𝝈𝑆 (13)

𝝈𝑃 = 𝐏𝑃 ∶ 𝝈 𝝈𝑆 = 𝐏𝑆 ∶ 𝝈 (14)

where the fourth-order projection tensors are found through the
second-order parallel projection tensor 𝐍𝑃 and the fourth-order identity
tensor 𝐈,

𝐏𝑃 = 𝐍𝑃 ⊗ 𝐍𝑃 (15)

𝐏𝑆 = 𝐈 − 𝐏𝑃 (16)

𝐍𝑃 is a function of the unit vector 𝐞1 that indicates the direction of
the behaviour in parallel, that is, the direction of the fibre

𝐍𝑃 = 𝐞1 ⊗ 𝐞1 (17)

Equilibrium and compatibility equations in the composite layers
In order to minimise the computational cost, the numerical imple-

mentation of the SP-RoM was developed to decompose the composite
𝑐 into a certain number of layers 𝑛𝑙𝑎𝑦, such that each layer 𝑗 is made
up of a matrix 𝑚 and a fibre 𝑓 mixture. Consequently, according to
the enunciated hypotheses, the following equilibrium and deformation
compatibility equations must be fulfilled in each layer of the composite:

Parallel behaviour
𝑐
𝑗𝜺𝑃 = 𝑚

𝑗 𝜺𝑃 = 𝑓
𝑗 𝜺𝑃 (18)

𝑐𝝈 = 𝑚𝑘 ⋅ 𝑚𝝈 + 𝑓𝑘 ⋅ 𝑓𝝈 (19)
4

𝑗 𝑃 𝑗 𝑗 𝑃 𝑗 𝑗 𝑃
Serial behaviour
𝑐
𝑗𝝈𝑆 = 𝑚

𝑗 𝝈𝑆 = 𝑓
𝑗 𝝈𝑆 (20)

𝑐
𝑗𝜺𝑆 = 𝑚

𝑗 𝑘 ⋅
𝑚
𝑗 𝜺𝑆 + 𝑓

𝑗 𝑘 ⋅
𝑓
𝑗 𝜺𝑆 (21)

where 𝑘 is the volumetric fraction of each matrix and fibre component.
The system of equations described in Eqs. (18) and (21) must be
solved simultaneously at each integration point of the structure. Since
this system of equations is implicit, an iterative solution algorithm
(Newton–Raphson type) is used [28,29,43,44].

3.2. Component characterisation

Testing the fibre and the matrix separately in the laboratory is
a difficult task. For that reason, the complete composite is usually
tested providing homogenised data. However, in order to simulate the
behaviour of the laminate numerically with this formulation, it is nec-
essary to know the properties of the individual component materials.
This information is often not available and, for this reason, the method
described below is proposed to characterise them without the need of
testing them in the laboratory.

In this paper, supported by experimental evidence, it is considered
that the fibre is the component that fails due to fatigue. Therefore, the
method allows to transform data from fatigue at the composite level to
a characterisation at the fibre level. The same method could be applied
to the matrix if needed.

The SP-RoM technique allows obtaining a factor, 𝐶, that relates the
stresses in the composite, 𝜎𝑐 with the ones in the fibre (or matrix) at a
any desired orientation (0◦, 45◦, 90◦), 𝜎𝑓 . By means of this factor, one
can transform the S–N curve at composite level (experimental input) to
component level and, in this way, being able to characterise the fatigue
behaviour of each material constituent (fibre in this case). As shown in
Fig. 1, the same S–N curve of the fibre is obtained for different laminate
sequences.

𝐶 =
𝜎𝑓
𝜎𝑐

(22)

Once the S–N curve of the fibre has been determined, it is possible
to obtain its fatigue parameters through a parameter optimisation code
that includes the equations described in Section 2. Since the code
requires S–N curve data for two different values of 𝑅, the Gerber
formula (23), can be used to transform the data from 𝑅 = 0.1 to 𝑅 = −1.
𝑆𝑎, 𝑆𝑢 and 𝑅 in the equation correspond to the amplitude and ultimate
stresses and the reversion factor, respectively.

𝑆𝑎(𝑅 = 1) = 𝑆𝑚𝑎𝑥(𝑅 = −1) =

(

1−𝑅𝑅
2 𝑆𝑚𝑎𝑥(𝑅𝑅)

)

1 −

(

1+𝑅𝑅
2 𝑆𝑚𝑎𝑥(𝑅𝑅)

𝑆𝑢𝑙𝑡

)2
(23)

The previous equation is only valid for stress values close to 𝑆𝑒.
Therefore, it is necessary to make a selection and adjust them.

In this paper, the homogenised data of the composite material
have been obtained from experimentally testing two different stack-
ing sequences in the laboratory, in the case of this study, 0/90 and
0/90/45. Considering both sequences allows validating the correct
functioning of the methodology by comparing the obtained results with
the experimental evidence. From the received homogenised composite
data it has been possible to obtain its S–N curve and, afterwards, by
means of transforming it, the one of the fibre. Thus, once the fibre has
been characterised, the data can be used for any stacking sequence.

4. Experimental setup

4.1. Materials and specimen geometry

In this Section, a description of the manufacturing of the compos-

ite specimens is provided. Two laminates with two different layups,
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Fig. 1. Diagrams of the fibre S–N curve obtained from different composite stacking sequences.
Fig. 2. (a) Tabbed specimens ([0/90] top, [0/90/±45] bottom); b) Specimen geometry in accordance with ASTM D3039 (𝐿0 = 50 mm). The dimensions are expressed in mm.
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.e. [0∕90]2𝑠([0/90/0/90/90/0/90/0]) and [0∕90∕ ± 45]𝑠 ([0/90/+45/-
5/-45/+45/90/0]), have been manufactured via vacuum injection (in
◦ direction at 0.114 Bar). Huntsman Araldite LY1564 resin and Aradur
2962 hardener (at a ratio 4:1) at room temperature are used and cured
reaching 0.31 Bar) at 80 ◦C for one hour and 150 ◦C for two hours.
verall, 4 layers of glass fibre EBX400 (bidirectional ±45◦ layup by
elcom srl with a surface weight of 408 g∕m2 with stitch yarns in the
orizontal direction have been stacked up to a resulting thickness of
he plates of approx. 1.4 mm and a size of approx. 630 × 630 mm.

The geometry of the specimens was chosen to be identical for both
ayups and tensile and fatigue testing. Composite tabs at both ends
re used to avoid failure in the grips during the tests. The tabs are
ade of ±45◦ fibreglass in an epoxy resin, ‘‘G11’’ with a thickness

f approximately 1.5 mm. Commercially available acrylic adhesive
as used and cured at room temperature. Finally, the tabbed plates
ere water jet cut. The geometric details of the specimens with an
spect ratio (𝐿∕𝑤 = 5.8) are given in Fig. 2. For further details on
he investigation of the optical damage monitoring, and results on
uasi-static and fatigue testing, see [46].

.2. Monotonic test

The quasi-static tensile and fatigue tests were executed on an Instron
ervo-hydraulic testing machine with a maximum load capacity of 100
N. The loading has been induced by the actuator located at the bottom
f the test frame. The specimens were rigidly hydraulically gripped
sing diamond jaw surfaces and a pressure of 100 Bar. The specimens
ave been aligned with specimen stops on one side of each grip. The
train was measured with an extensometer (Instron) with a length of
0 = 50 mm attached on the (thin) side of the specimen using rubber
ands, see Figs. 3(a) and 3(b).

The displacement-controlled tensile tests were conducted at a nom-
5

nal rate of 0.00011 1∕s (1 mm∕min for 𝐿 = 150 mm). The data K
cquisition rate was set to 20 Hz. Two specimens were tested for each
ayup.

.3. Fatigue test

For the fatigue tests, the same specimen geometry and testing setup
as used as for the tensile tests. The force-controlled fatigue tests were

onducted at a stress ratio of 𝑅 = 0.1 (tension–tension fatigue) and a
inusoidal loading frequency of 5 Hz. Due to the low thickness of the
pecimens, and the likelihood of buckling, the stress ratio 𝑅 = −1 has
ot been investigated, which would require shorter specimens which
n turn would affect the fatigue lifetime. Two specimens per load level
ere tested for each layup. The data acquisition rate was set to 1000 Hz,

esulting in 200 data points per cycle with a duration of 0.2 s.
Before the testing, the load string stiffness for each type of layup has

o be determined aiming for proper test control. The maximum number
f cycles till the test end (run out) was chosen to be 106 cycles. Three
oad levels have been chosen with two tests each for each layup. Due
o small differences in thickness of the manufactured samples, different
aximum stresses are obtained. A total of 12 samples were tested to

atigue, whose results can be seen in Table 1.

. Validation cases

The previous proposed methodology has been applied to simulate
wo different sequences of GFRP laminates. The specimens have been
ested in the laboratory under monotonic and fatigue regimes and
fter, these tests have been reproduced numerically. In this section,
comparison between the experimental and numerical results is pre-

ented in order to validate the correct functioning of the methodology.
he cases described in this work have been solved using the software

ratos-Multiphysics [41,47].
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T
E

Fig. 3. (a) Testing setup (tensile and fatigue) and clamped specimen with attached extensometer and backlight, (b) Field of View of the camera for qualitative detection ([0∕90]2𝑠
layup with stitching yarns ±45◦ shown) (c) Field of View of the camera for qualitative detection ([0∕90∕ ± 45]𝑠 layup with stitching yarns 0◦/90◦/45◦ shown)
Fig. 4. Stress-Strain (composite level) experimental results from the monotonic test for GFRP with stacking sequences 0/90 and 0/90/45.
able 1
xperimental data for sequences 0/90 and 0/90/45.
0/90 0/90/45

Number of cycles Max stress [MPa] Number of cycles Max stress [MPa]

1 449.1 1 335.2
1 442.6 1 301.4
69 424.6 69 296.9
94 407.7 174 293.9
1784 326.3 675 232.4
1596 317.9 2717 224.9
33944 232.3 13323 161.2
21371 226.1 18957 163.8

The data received from the laboratory (see Table 1 and Fig. 4) in
monotonic and fatigue regime corresponds to the composite level; for
this reason it has been necessary to establish a generalised methodology
to extract the data from the composite to its individual component
materials. As it can be noticed in Table 1, there are two stress values
for the same number of cycles. This difference is a result of material
fluctuations in the manufactured samples.
6

5.1. Monotonic test

The monotonic material properties of the fibre and the matrix have
been characterised from the homogenised composite level data received
from the laboratory tests following the methodology proposed in the
previous section. The estimated material properties for the matrix and
fibre are given in Table 3. Since the behaviour of the matrix is deter-
mined by the stress and strain points of the curve, its fracture energy
has not been considered. On the other hand, as the fibre behaviour is on
the domain previous to the softening, a tentative high level of fracture
energy has been chosen. Two numerical simulations have been carried
out for two different stacking sequences (0/90 and 0/90/45/-45) to
verify the correct functioning of the methodology (see Table 2). It is
important to note that the calibration of the individual components is
done once, then the SP-RoM is able to compose the behaviour to model
any stacking sequence and orientation. Fig. 5 shows a comparison of
the results obtained numerically and in the experiment. As can be
seen, the initial stiffness of the composite is consistently reproduced in
both stackings as well as the post-yield regime. The experimental result
obtained ends when reaching a 3% strain in which a sudden drop due
to the fibre failure is expected.
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Fig. 5. Comparison of the results obtained numerically reproducing the monotonic test for the 0/90 and 0/90/45 sequences by considering the homogenised data and the component
data with the SP-RoM model.

Fig. 6. Experimental and numerical data of the composite with sequence 0/90 for 𝑅 = 0.1 and 𝑅 = −1.

Fig. 7. Experimental and numerical data of the composite with sequence 0/90/45 for 𝑅 = 0.1 and 𝑅 = −1.
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Fig. 8. Fibre and composite curves numerically obtained from the composite homogenised data for the sequence 0/90.
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Table 2
Composite materials definition for each layer of the specimens for 0/90 and 0/90/45
sequences.

Layer Id Layer volumetric participation [%] Euler angles [𝜙, 𝜃, 𝜓] [Deg]

1 0.25 [0,0,0]
2 0.25 [90,0,0]
3 0.25 [45,0,0]
4 0.25 [−45,0,0]

Table 3
Monotonic fibre and matrix properties.

MATRIX FIBER

Volumetric Participation [%] 0.55 0.45
Young Modulus [MPa] 2580 68 800
Yield stress [MPa] 340 1199
Stress Curve Points [MPa] [340, 370, 403, 436, 454, 472] –
Strain Curve Points [%] [1.34, 1.50, 1.75, 2.00, 2.25, 2.50] –
Fracture Energy [J/m2] – 105

5.2. High cycle fatigue test

Following the methodology previously described, the fatigue pa-
rameters of the fibre have been characterised from the homogenised
experimental data of the composite submitted to fatigue for 𝑅 = 0.1
(Table 4). These parameters will be used to obtain the S–N curve.
The input data obtained using the Gerber parabola for the fibre and
composite and their output S–N curves are summarised in Figs. 6 and
7. Figs. 8 and 9 show that the fibre S–N curve numerically obtained
for both sequences of the composite coincide, which is an expected
outcome.

Figs. 6 and 7 show the process followed to calibrate the fatigue
parameters of the fibre. The experimental points of the composite for
𝑅 = 0.1 have been factorised by using the ratio 𝐶, that relates the fibre
and composite stresses, to obtain the points of the S–N curve of the fibre
for 𝑅 = 0.1. Afterwards, the points for 𝑅 = −1 have been calculated by
means of the Gerber formula (Eq. (23)). Finally, the fatigue parameters
of the fibre have been determined through the parameter optimisation
code mentioned in Section 2.

In order to check the correct functioning of the proposed methodol-
8

ogy, the stresses in the different orientations of the fibres have been p
Table 4
Fibre fatigue parameters.
𝑆𝑒
𝑆𝑢

𝑆𝑡ℎ,𝑅1
𝛼𝑓 𝛽𝑓 𝐴𝑈𝑋𝑅1

0.139 3.224 0.026 2.843 −0.015

monitored. For that, the code has been extended to be able to get
information from the different layers of the composite. As shown in
Figs. 10 and 11, the fibres oriented at 0◦ are withstanding larger
stresses in both sequences. In the 0/90 sequence, the layer with 90◦

oriented fibres supports very low stresses while in the case of the
0/90/45 sequence it is distributed with the layers with 45◦ oriented
ibres. Although layers oriented at 45◦ and -45◦ seem to withstand the
ame stress of layer oriented at 90◦, the stress is very similar since it is
onsidered in the 𝑥-direction.

The fatigue test has been reproduced applying the time-advance
trategy. The different load scenarios considered in the simulations
re summarised in Table 5. The numerical S–N curve obtained by
onsidering the maximum stress for each load scenario shows good
greement with the experimental data (Fig. 12 and Fig. 13). The
ive numerical values obtained have been compared with the eight
xperimental values received from the laboratory only considering the
CF region.

Figs. 14 to 17 illustrate the advance in time strategy for load
cenarios 1 and 5 for both studied sequences. For the 0/90 sequence in
he load scenario 1, the time-advance strategy performs a jump of 1008
ycles, which corresponds to a stress in the fibre of 1234 MPa (Figs. 14
nd 15). In Fig. 10 it can be seen that it is the maximum stress that the
ayer of fibres oriented at 0◦ withstands. The same thing happened in
he case of the 0/90/45 sequence, which performs a jump of 970 cycles
see Fig. 15) since, by distributing the stresses between the layers with
ibres oriented 90◦, 45◦ and -45◦, the layer with fibres oriented at 0◦

ontinues to be the one that supports the greatest stresses (see Fig. 11).
n the other hand, from the point of view of the composite, the jump
orresponds to 320.2 MPa and 225.65 MPa for the 0/90 and 0/90/45
equences, respectively. These values coincide with the ultimate stress,
𝑢, of the composite for these sequences.

As shown in Figs. 16 and 17, in the load scenario 5, the jump
erformed by the advance strategy in both the case of the composite
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Fig. 9. Fibre and composite curves numerically obtained from the composite homogenised data for the sequence 0/90/45.
Table 5
Load scenarios and numerical results in fatigue life.
LOAD Max Displ [mm] 0/90 0/90/45/−45

Max stress [MPa] Number of cycles Max stress [MPa] Number of cycles

1 4.50 320.20 1008 225.65 970
2 4.00 288.20 1397 204.62 2709
3 3.50 255.80 3770 182.90 7341
4 3.25 238.90 6287 171.48 12 250
5 3.00 221.90 21 478 159.87 20 943
Fig. 10. Tracking of the stresses in the different layers of the composite for the
sequence 0/90.

and the fibre is in accordance with that stress value. The maximum
stress reached in the fibre is 823 MPa.

6. Conclusions

In this paper, a generalised methodology for the numerical analysis
of high cycle fatigue in composite materials has been proposed. This
9

Fig. 11. Tracking of the stresses in the different layers of the composite for the
sequence 0/90/45.

method couples the time-advance strategy for high cycle fatigue predic-
tion with the SP rule of mixtures technique. The generic integration and
equilibrium scheme of the SP-RoM allows different type of constitutive
behaviour for each material of the structure. Furthermore, this method
is able to account for the transmission of structural effects from one
material to the other and the monitoring of the internal stress–strain
state on each component material of the volume. At the same time, the
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Fig. 12. Experimental and numerical data comparison for sequence 0/90.

Fig. 13. Experimental and numerical data comparison for sequence 0/90/45.
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Fig. 14. Experimental composite data and fatigue curves of the fibre and both sequences of the composite.

Fig. 15. Experimental composite data and fatigue curves of the fibre and both sequences of the composite.
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Fig. 16. Experimental composite data and fatigue curves of the fibre and the composite.

Fig. 17. Experimental composite data and fatigue curves of the fibre and the composite.
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computational cost is considerably reduced by the use of a cycle jump
strategy while still counting with a significant level of information for
each material at each integration point of the specimen.

Two cases of two specimens with different stacking sequences have
been studied and used as an example of application and validation of
the proposed methodology. The fatigue results obtained numerically for
the composite material show a high precision in the reproduction of the
laboratory tests. On the other hand, it has been checked that the same
S–N curve is obtained for different stacking sequences. This validates
that the same characterised fibre fatigue parameters can be used for
different stacking sequences. Therefore, the most relevant improvement
that the proposed methodology offers is the reduction of number of
experimental laboratory tests which implies a decrease of time and
costs. It is possible to characterised different stacking sequences parting
from experimental homogenised data of one stacking sequence. Re-
garding the time advancing strategy, its correct functioning has been
demonstrated showing an accordance between the load applied and the
cycle jump.

We can therefore conclude that the formulation is capable of simu-
lating the effect of high cycle fatigue in composite materials. In addi-
tion, it allows calibrating the component materials from homogenised
data of the composite.
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Appendix. Time advancing strategy together with the SP-RoM

This appendix includes the structure of the algorithm used to com-
bine the time advancing strategy with the SP-RoM (See Algorithm 1).
13

The stability condition of the cycle is described in 2. The algorithm to
actualise the different variables such as the current and the final num-
ber of cycles, 𝑁 and 𝑁𝑓 , the 𝑇ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑𝑆𝑡𝑟𝑒𝑠𝑠 and the 𝑀𝑎𝑥𝑖𝑚𝑢𝑚𝑆𝑡𝑟𝑒𝑠𝑠
an be found in Appendix A.2.

Algorithm 1 Time advancing strategy together with the SP-RoM.
At the end of the time step 𝑡 + 𝛥𝑡.
if CycleIsFound then ⊳ Check that the min and max stresses are
computed.

if StabilityConditionAchieved then ⊳ Stability in cycle
characteristics. See Alg. 2.

if Damage > 0 in any IP then
Time + = Fixed 𝛥𝑡𝐴𝐼𝑇𝑆 ⊳ Fixed amount of time

increment. User defined.
else

for Element do
for IntegrationPoint do

Compute: 𝑁𝑓 , 𝑁 , Period, ThresholdStress and Max-
imumStress ⊳ See Alg.
3

𝛥𝑡𝐴𝐼𝑇𝑆,𝑖𝑒𝑙𝑒𝑚,𝑗𝐼𝑃 = (𝑁𝑓 −𝑁) ⋅ 𝐶𝑦𝑐𝑙𝑒𝑃 𝑒𝑟𝑖𝑜𝑑
end for

end for
𝑇 𝑖𝑚𝑒+ = min𝛥𝑡𝐴𝐼𝑇𝑆,𝑖𝑒𝑙𝑒𝑚,𝑗𝐼𝑃

end if
end if

end if
otation: 𝑁𝑓 : Cycles to failure; N: Number of cycles.

A.1. Cycle stability condition

See Algorithm 2.

Algorithm 2 Cycle stability condition.
for Elements do ⊳ This loop is done for all the integration points
even if the cycle has not changed.

if MaximumStress > ThresholdStress then
𝐹𝑎𝑡𝑖𝑔𝑢𝑒𝐼𝑛𝐶𝑜𝑢𝑟𝑠𝑒 = 𝑡𝑟𝑢𝑒
𝐴𝑐𝑐𝑢𝑚𝑢𝑙𝑎𝑡𝑒𝑑𝑀𝑎𝑥𝑆𝑡𝑟𝑒𝑠𝑠𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝐸𝑟𝑟𝑜𝑟+ =

𝑀𝑎𝑥𝑖𝑚𝑢𝑚𝑆𝑡𝑟𝑒𝑠𝑠𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝐸𝑟𝑟𝑜𝑟
𝐴𝑐𝑐𝑢𝑚𝑢𝑙𝑎𝑡𝑒𝑑𝑅𝐹𝑎𝑐𝑡𝑜𝑟𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝐸𝑟𝑟𝑜𝑟+ =

𝑅𝑒𝑣𝑒𝑟𝑠𝑖𝑜𝑛𝐹𝑎𝑐𝑡𝑜𝑟𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝐸𝑟𝑟𝑜𝑟 ⊳ The relative
error accounts for the difference in the maximum stress or reversion
factor between the current and the previous cycle.

end if
end for
if (AccumulatedMaxStressRelativeError < Tol𝜎 and AccumulatedR-
FactorRelativeError < Tol𝑅)
or
(FatigueInCourse and DamageIndicator and AccumulatedMaxStress-
RelativeError < Tol𝜎 and AccumulatedRFactorRelativeError < Tol𝑅)
then

𝐴𝑑𝑣𝑎𝑛𝑐𝑖𝑛𝑔𝑆𝑡𝑟𝑎𝑡𝑒𝑔𝑦 = 𝑡𝑟𝑢𝑒
end if

Notation: Tol𝜎 and Tol𝑅 are the stress and reversion factor tolerances.

A.2. Variables calculation at composite level

See Algorithm 3.
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Algorithm 3 Variables calculation at composite level.
Retrieval of a VARIABLE.
for NumberOfLayers do ⊳ We loop over the layers

if Layer is HCF then ⊳ We check that this layer is HCF CL
if VARIABLE = MaximumStress or VARIABLE = Threshold-

Stress then ⊳ We return the layer raw
value

if 𝑀𝑎𝑥𝑖𝑚𝑢𝑚𝑆𝑡𝑟𝑒𝑠𝑠[𝐿𝑎𝑦𝑒𝑟] ≥ 𝐹𝑎𝑡𝑖𝑔𝑢𝑒𝐿𝑖𝑚𝑖𝑡 then ⊳ Check
that the stress induces HCF

𝑅𝑒𝑡𝑢𝑟𝑛𝑉 𝐴𝑅𝐼𝐴𝐵𝐿𝐸[𝐿𝑎𝑦𝑒𝑟]
end if

else if VARIABLE = VariableRelativeError then ⊳ Compute
the composite relative error of a variable

𝑉 𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝐸𝑟𝑟𝑜𝑟+ = 𝑉 𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝐸𝑟𝑟𝑜𝑟[𝐿𝑎𝑦𝑒𝑟] ⊳
We accumulate the layer errors and return the sumation

else if VARIABLE = CyclesToFailure then ⊳ We estimate the
time increment at composite level for the AITS

if 𝑀𝑎𝑥𝑖𝑚𝑢𝑚𝑆𝑡𝑟𝑒𝑠𝑠[𝐿𝑎𝑦𝑒𝑟] ≥ 𝐹𝑎𝑡𝑖𝑔𝑢𝑒𝐿𝑖𝑚𝑖𝑡 then ⊳ Check
that the stress induces HCF

𝐶𝑦𝑐𝑙𝑒𝑠𝑇 𝑜𝐹𝑎𝑖𝑙𝑢𝑟𝑒 = min(𝐶𝑦𝑐𝑙𝑒𝑠𝑇 𝑜𝐹𝑎𝑖𝑙𝑢𝑟𝑒[𝐿𝑎𝑦𝑒𝑟]) ⊳ We
return the most restrictive time increment of the layers

end if
else⊳ By default, the composite values are averaged over the

layers
𝐶𝑜𝑚𝑝𝑜𝑠𝑖𝑡𝑒𝑉 𝑎𝑟𝑖𝑎𝑏𝑙𝑒+ = 𝑉 𝑜𝑙𝑢𝑚𝑒𝑡𝑟𝑖𝑐𝑃 𝑎𝑟𝑡𝑖𝑐𝑖𝑝𝑎𝑡𝑖𝑜𝑛𝐿𝑎𝑦𝑒𝑟 ⋅

𝐿𝑎𝑦𝑒𝑟𝑉 𝑎𝑟𝑖𝑎𝑏𝑙𝑒
end if

end if
end for
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