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Abstract
We study a geometric version of first-passage percolation on the complete graph, known as
long-range first-passage percolation. Here, the vertices of the complete graphKn are embed-
ded in the d-dimensional torus T

d
n , and each edge e is assigned an independent transmission

time Te = ‖e‖α
Td
n
Ee, where Ee is a rate-one exponential random variable associated with the

edge e, ‖ · ‖Td
n
denotes the torus-norm, and α ≥ 0 is a parameter. We are interested in the

case α ∈ [0, d), which corresponds to the instantaneous percolation regime for long-range
first-passage percolation on Z

d studied by Chatterjee and Dey [14], and which extends first-
passage percolation on the complete graph (the α = 0 case) studied by Janson [24]. We
consider the typical distance, flooding time, and diameter of the model. Our results show
a 1, 2, 3-type result, akin to first-passage percolation on the complete graph as shown by
Janson. The results also provide a quantitative perspective to the qualitative results observed
by Chatterjee and Dey on Z

d .

Keywords (Long-range) First-passage percolation · Typical distance · Flooding time ·
Diameter
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1 Introduction andMain Results

The study of first-passage percolation was initiated by Broadbent and Hammersley [13] and
has since attracted an enormouswealth of attention and interest, first on infinite graphs such as
Z
d , and later also on finite (random) graphs. In this paper, we study long-range first-passage

percolation on the complete graph; a geometric analogue of first-passage percolation on the
complete graph.
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First-passage percolation on the complete graph was first studied by Janson [24], where the
edge-weights are independent and indentically distributed exponential randomvariables. Jan-
son identified the leading asymptotics for the edge-weighted distance between fixed vertices,
the flooding time (the maximum weighted distance over all pairs of vertices (u, v) with u
fixed), and the diameter (themaximumweighted distance over all pairs of vertices), as well as
more precise second-order behaviour. Later, this work was extended in, among others, [1, 7,
22, 23]. For the study of non-exponential edges, we refer to [6, 8, 15–17], where first-passage
percolation on the complete graph with edge-weights of the form Esn is analysed. Here, E
is an exponential random variable and (sn)n∈N is a sequence that (possibly) depends on the
number of vertices n. We note that these articles generalise some of the work for exponential
edge-weights, where sn = 1 for all n ∈ N.
There is also a large body of work on first-passage percolation on random graphs. Results for
the Erdős-Rényi random graph consider, among others, the typical distance, hopcount (the
number of edges on the shortest edge-weighted path between two vertices), and the flooding
time [10, 19, 21].
In many scale-free graphs, there is a clear distinction between graphs with degree distri-
butions with finite- and infinite-variance degrees in terms of the behaviour of first-passage
percolation. When the degrees have infinite variance, many such graph models are explosive
in that the typical weighted distance between vertices converges in distribution to a finite ran-
dom variable. The term explosion is taken from the closely related theory of age-dependent
branching processes. When this condition is not met, or the degrees have finite variance,
first-passage percolation is conservative, in the sense that the weighted distances diverge
with the number of vertices in the graph.
In the configuration model, the explosive and conservative settings have both been studied
in detail in, among others, [2–4, 9, 11], as well as in preferential attachment models [25, 26].
Finally, in spatial models such as the scale-free percolation model and geometric inhomoge-
neous random graph model, both the conservative as well as the explosive setting have been
studied [20, 30], too.
In this paper, we study first-passage percolation on the complete graph, where the vertices
are embedded on a d-dimensional torus T

d
n of volume n, and where each edge e has an

edge-weight Te := ‖e‖α
Td
n
Ee, where α ≥ 0 is a model parameter and the Ee is a rate-one

exponential random variable. One could consider this as first-passage percolation with a
penalisation of long edges. The model is known as long-range first-passage percolation. An
infinite-size version of this model, essentially a ‘complete graph on Z

d ’, has been studied
by Chatterjee and Dey in [14], who identified multiple phase transitions in the long-range
parameter α for the behaviour of first-passage percolation. Related to this model, a degree-
penalised version of spatial scale-free random graphs has recently been studied by Komjáthy
and co-authors in [27–29], where multiple phases are discussed based on the penalisation
strength.

Main Contributions. We study the typical distance, flooding time, and diameter of long-
range first-passage percolation when the spatial dependence is weak, i.e. when α < d , which
Chatterjee and Dey call the instantaneous percolation regime. They prove the qualitative
result that, fromanyfixed vertex v ∈ Z

d , any other vertex inZ
d can be reachedwithin distance

t almost surely, for any t > 0 [14].Here,we study thefinite-size setting on the complete graph,
where we provide a quantitative counterpart to their results for the three aforementioned
quantities. In particular, our results extend those of Janson [24] on the complete graph, which
is the particular case α = 0.
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1.1 Model

In this section, we define the model and fix notation.
Notation. For n, d ∈ N, let T

d
n be the discrete d-dimensional torus of volume n. That is,

T
d
n := [−n1/d/2, n1/d/2]∩Z

d . It will be convenient to considerTd
n as an equivalence relation

on Z
d , where x is equivalent to y when x − y ∈ n1/dZ

d . Then, we define the torus ∞-norm

‖u‖Td
n

:= min ‖x‖Zd ,

where x runs over all elements inZ
d that are equivalent to u and ‖·‖Zd denotes the Euclidean

infinity norm. In a similar way, we can then define the torus p-norm on T
d
n by

‖u‖Td
n ,p := min ‖x‖Zd ,p,

where again x runs over all elements in Z
d that are equivalent to u, and

‖x‖Zd ,p =
( d∑

i=1

x p
i

)1/p

is the p-norm on Z
d . From now on, we omit the subscript T

d
n for the norm when the context

is clear, since we always work with the torus p-norm. Furthermore, we do specify which
p norm we use, since the results and proofs holds for all such norms, possibly by varying
constants that do not alter the results.
Let Gn denote the complete graph with vertex set T

d
n , i.e. Gn := (Td

n , En) where En :=
{{u, v} : u �= v ∈ T

d
n}, and we study long-range first-passage percolation on it: Fix α ≥ 0

and assign to each edge e ∈ En an edge-weight Te := ‖e‖αEe, where (Ee)e∈En is a collection
of i.i.d. rate-one exponential random variables.

1.2 Main Result

We start by introducing the main objects of study. For two vertices u, v, let �u,v denote the
set of all self-avoiding paths from u to v. We define the transmission time between u and v

as
Xu,v := min

π∈�u,v

∑
e∈π

Ee.

We also define
Rn :=

∑

u∈Td
n

u �=0

‖u‖−α. (1.1)

Our main result is as follows:

Theorem 1.1 (1,2,3 times log n/Rn for long-range first-passage percolation on the torus) Fix
d ∈ N, α ∈ [0, d). Let U and V be two distinct vertices in T

d
n , sampled uniformly at random,

and let u ∈ T
d
n be some fixed vertex. Then,

123



  107 Page 4 of 20 R. van der Hofstad, B. Lodewijks

XU ,V
Rn

log n
P−→ 1; (1.2)

max
v∈Td

n

Xu,v

Rn

log n
P−→ 2; (1.3)

max
u,v∈Td

n

Xu,v

Rn

log n
P−→ 3; (1.4)

where (1.3) holds for any u ∈ T
d
n .

Remark 1.2 (Interpretation main result) As our proof will indicate, Theorem 1.1 can be inter-
preted as follows. The typical distances in (1.2) originate from a continuous-time branching
process approximation of the neighborhood growth. This approximation kicks in on scale
1/Rn , i.e. after rescaling the edge-weights by a factor 1/Rn . Further, the vertices realizing
the maxima in (1.3) are traps, meaning that their closest neighbor is at distance (log n)/Rn

away. Thus, the v that realizes the maximum in (1.3) is one of these traps, while the u and v

realizing the maximum in (1.4) are both traps. Even though our proof does not follow these
lines, this intuition is very useful. It would be of interest to try to turn the above intuition into
a proof. �
Remark 1.3 (First-passage percolation on the complete graph) When α = 0, all edges have
an exponential weight with rate one, so that the spatial embedding of the vertices does not
play a role. In this setting, we recover first-passage percolation on the complete graph and
our results are in line with those of Janson [24, Theorem 1.1]. Our proof for the lower bound
on the flooding time and diameter in (1.3) and (1.4) follow that of Janson [24]. All other
bounds rely on a large-deviation analysis of the exploration processes from two sources. �
Remark 1.4 (More general distance functions) The results of Theorem 1.1 also hold when
using a distance function r : R+ → R+ such that r is (eventually) decreasing and

∫ n1/d

1
r(x)xd−1 dx/ log n → ∞

as n tends to infinity, where we assign an edge e the weight Ee/r(‖e‖). In particular, r(x) =
�(x)x−α with � a slowly varying function (i.e. � such that limx→∞ �(cx)/�(x) = 1 for any
c > 0) and α ∈ [0, d). �

1.3 Discussion and Open Problems

In this section, we discuss the structure of the proof of the main result, discuss the quantity
Rn , and state some open problems.

The proof. Our proof is organised as follows: In Sect. 2, we perform a large-deviation
analysis for typical distances that allows us to prove the upper bounds in (1.2), (1.3) and
(1.4): In Sect. 2.1, we discuss the continuous-time branching process approximation of the
neighborhood growth, Sect. 2.2 discusses the growth rate of this exploration process, Sect. 2.3
performs a large-deviation analysis for upper bound on the diameter in (1.4), while Sect. 2.4
extends this large-deviation analysis to prove upper bounds on the flooding time in (1.3) and
on the typical distances in (1.2). Having established all upper bounds, we move to the lower
bounds in Sect. 3. We prove the lower bound on typical distances in (1.2) in Sect. 3.1, the
lower bound on the flooding time in (1.3) in Sect. 3.2, and the lower bound on the diameter
in (1.4) in Sect. 3.3.
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The Limiting Constant. The dependence of Rn , which appears in Theorem 1.1 and is
defined in (1.1), on n can be made explicit. With relative ease, one can show that there exists
a limiting constant R = R(d, p, α) := limn→∞ Rnn−(1−α/d) when α < d . This implies Rn

is of the order n1−α/d and provides a quantitative limit for the results in Theorem 1.1. An
interesting question is what the value R is for different choices of d, p, and α.
In Appendix A we provide an integral representation for R for any dimension and any norm.
Moreover, we explicitly identify R (or provide a recursive approach how one can do so) for
p = 1 and p = ∞ and all dimensions, aswell as for dimension twoand any p ∈ [1,∞)∪{∞}.

Comparison to Long-Range Percolation. In long-range percolation on Z
d , there is a

number of phase transitions for the typical distance (also referred to as chemical distance)
between, say, the origin and a ‘far away’ vertex x . In this model, non-nearest neighbour edges
between vertices x, y ∈ Z

d are created independently with probability 1− exp(βr(x − y)),
where r(x) ∼ |x |−s as |x | → ∞ for some s > 0. Here, Benjamini et al. [5] show that
the model has finite diameter �d/(d − s)� when s < d . Our parameter α can be thought of
as the parameter s in the long-range parameter model. We choose to be consistent with the
notation in the work of Chatterjee andDey on long-range first-passage percolation in [14] and
thus use α rather than s. The results presented here are similar to the long-range percolation
setting in the sense that the diameter of the torus is bounded, and in fact converges to zero
with n. The latter is due to the fact that we consider an edge-weighted distance, where the
random edge weights have support in (0,∞), so that optimal paths use edges with vanishing
edge-weights, whereas the graph distances studied for long-range percolation are always at
least one. We refer the interested reader to the article of Biskup and Krieger [12] for a more
in-depth overview of results for chemical distances in long-range percolation.

OpenProblems. For the complete graph, i.e. forα = 0, Janson [24,Theorem1.1] discusses
the fluctuations around the main asymptotics in (1.2) and (1.3), while the fluctuations around
(1.4) were identified by Bhamidi and the first author in [7]. It would be of interest to extend
that analysis to our spatial setting. Janson also considers the hopcount Hu,v , i.e. the number
of edges on the shortest edge-weighted path between u and v, as well as maxv∈Td

n
Hu,v , in

the complete graph. Addario-Berry, Broutin, and Lugosi consider maxu,v∈Td
n
Hu,v in [1]. It

would be interesting to see if these results can be extended to the spatial setting.
It would also be of interest to see whether the result on the typical distance, as in (1.2), can be
proved to hold for fixed vertices u and v, rather than vertices selected uniformly at random.
Though we expect this to be the case, the proof of the lower bound crucially depends on the
uniformity of these two vertices (in fact, it suffices if one is uniformly chosen, by translation
invariance). The upper bound does apply in full generality. In the complete graph setting, i.e.
for α = 0, independently of which vertices have already been explored, the next vertex that
is to be explored is uniform among all unexplored vertices. This is only true in the spatial
setting when the verticesU and V are uniform themselves. It seems to us that understanding
the distribution of the set of explored vertices, and how close it is to the uniform distribution
(among all sets in T

d
n of size equal to the number of explored vertices), is important to

enable one to prove (1.2) for fixed vertices. We expect this understanding to also be crucial
in analysing the other statistics mentioned above.
Further, it would be of interest to extend the results in this paper to other edge-weight
distributions or transmission times. For example, Bhamidi and the first author in [6] consider
the natural example of a power of an exponential distribution, and identify the continuous-
time branching-process approximation of the first-passage percolation exploration, which
might yield a starting point for the present spatial problem.
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The case α > d is studied in detail on the d-dimensional lattice by Chatterjee and Dey
in [14]. They determine three additional regimes (that is, α ∈ (d, 2d), α ∈ (2d, 2d + 1), and
α > 2d + 1) in which the edge-weighted distance between the origin and a vertex x ∈ Z

d

with ‖x‖ = m grows as a function of m. Since the distance grows with m in these regimes,
we expect analogous behaviour for the typical distance on the torus that we study here, with
m replaced by n1/d . The flooding time and diameter when α > d should be of the same
order as the typical distance. Indeed, the time to escape traps, i.e. the vertices that realise the
maxima in (1.3) and (1.4) (as mentioned in Remark 1.2), are of order log n. On the other
hand, the typical distances growmuch faster than log n when α > d (as proved by Chatterjee
and Dey in [14]).

2 Large Deviations Approach for Distances: Upper Bounds

In this section we analyse our distances in T
d
n under the random metric. We start by proving

the upper bound in (1.4) in Theorem 1.1. For this, we use a large deviations approach, similar
to Janson [24]. At the end of this section, we show how this argument can easily be extended
to the upper bounds in (1.2) and (1.3) in Theorem 1.1.

2.1 Long-Range First-Passage Percolation as an Exploration Process

We can view the exploration process of long-range first-passage percolation process on Gn ,
started from any vertex u ∈ T

d
n , as a birth process Tn(u, t). Any vertex in this birth process

has a unique spatial location in T
d
n . Here, Tn(u, 0) = 1 and for any j ∈ [n − 1] and t ≥ 0,

when Tn(u, t) = j , a birth takes place at rate

� j :=
j−1∑
�=0

(
Rn −

j−1∑
i=0
i �=�

‖vi − v�‖−α

)
, (2.1)

where vi denotes the i th vertex born in the birth process Tn(u, t) and v0 = u. Here, the
argument of the outer sum equals the rate at which the vertex v� gives birth to the next
vertex. It follows that � j is random. When the j th birth takes place, conditionally on � j and
v1, . . . , v j−1,

P
(
v j = z | � j , v1, . . . , v j−1

) =
∑ j−1

i=0 ‖z − vi‖−α

� j
, z ∈ T

d
n\{v0, . . . , v j−1}.

Then, observe that, for each � ∈ {0, . . . , j − 1}, the vertices v0, . . . v�−1, v�+1, . . . , v j−1 are
at least as far away from v� as the j − 1 closest vertices to v�. The sum of the weighted
distances of these j − 1 closest vertices equals R j . Using this thus yields the bounds

j(Rn − R j ) ≤ � j ≤ j Rn . (2.2)

We thus find that for all j = o(n) almost surely, since α < d ,

j Rn(1 − O(( j/n)1−α/d)) ≤ � j ≤ j Rn . (2.3)

Moreover, if we let E j ∼ Exp(� j ), and, for j ∈ [n − 1],
E j,U ∼ Exp( j(Rn − O( j1−α/d))), E j,L ∼ Exp( j Rn),
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where the (E j,L) j∈[n−1] (resp. (E j,U ) j∈[n−1]) are independent, then E j,L � E j � E j,U for
any j = o(n), where X � Y denotes that the random variable X stochastically dominates
the random variable Y . As a result, the time until j = o(n) vertices have been discovered
stochastically dominates, and is stochastically dominated by, a sequence of independent
exponential random variables with deterministic rates that are also controllably close to one
another.

2.2 Growth Rate of Exploration Process

Wedescribe our first-passage percolation process started from a vertex v ∈ T
d
n via the random

metric induced by the random edge-weights. We define

Bv(t) := {u ∈ T
d
n : Xv,u ≤ t},

as the (random) ball of radius t around v with respect to the transmission-time metric. That
is, Bv(t) denotes all vertices in T d

n that can be reached within time t from v. Let us also
define (τk)k∈N0 by τk := inf{t > τk−1 : |Bv(t)| = k + 1}, k ∈ N, and τ0 = 0. It is clear that
the intervals τk − τk−1 for k ∈ N are exponentially distributed with rate �k , conditionally on
�k . Since �k ≈ kRn follows from (2.3) for k not too large, we have the following lemma,
which controls the fluctuations of the times at which the first-passage percolation process
discovers vertices in T

d
n :

Lemma 2.1 (Distributional limit of τk) Fix α ∈ (0, d). Let k = k(n) be such that k → ∞
and k = o(n). Then,

Rnτk − log k
d−→ �,

where � is a Gumbel random variable. In particular, when k = nβ(1 + o(1)) for some
β ∈ (0, 1),

Rnτk − β log n
d−→ �, and thus τk

Rn

log n
P−→ β. (2.4)

Lemma 2.1 proves more than we will need below, since it also identifies the fluctuations of
τk . One can interpret the Gumbel limiting variable � as log(1/E), where E is exponential
with rate 1. This variable E is the limit of e−t Zt , where (Zt )t≥0 is the Yule process that arises
as the distributional limit of the (rescaled) (|Bv(t/Rn)|)t≥0 discovery process.

Proof Let (Ek)k∈N be a sum of i.i.d. exponential random variables with rate one. It holds
that τk+1 is equal in distribution to

τk+1
d=

k∑
j=1

E j

� j
,

where we recall � j from (2.1), the (random) rate at which the first-passage percolation
process spreads from j vertices to j + 1 vertices. As a result, we can write

Rnτk+1 − log k =
k∑
j=1

E j

j
−

k∑
j=1

1

j
+ γ + 1

2k
− εk + Rn

k∑
j=1

( 1

� j
− 1

j Rn

)
E j ,

where we use that log k = Hk + γ + 1/(2k) − εk , where Hk is the harmonic sum, γ is
the Euler-Mascheroni constant, and εk is an error term such that εk ∈ [0, 1/(8k2)]. We now
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combine the first three terms, which contribute to the limiting random variable, and write all
deterministic terms that tend to zero with k as o(1), to obtain

k∑
j=1

E j − 1

j
+ γ +

k∑
j=1

j Rn − � j

j� j
E j + o(1).

For the first sum, we have that as k → ∞,

k∑
j=1

E j − 1

j
+ γ

d−→
∞∑
j=1

E j − 1

j
+ γ

d= �,

where � is a Gumbel random variable. For the second sum, we use (2.3) to obtain

j Rn − � j ≤ j R j−1 = O( j2−α/d).

Moreover, using that � j = j Rn(1 − o(1)) almost surely for any j = o(n), as follows
from (2.2), we obtain for some constant C > 0,

k∑
j=1

j Rn − � j

j� j
E j = C

Rn

k∑
j=1

j−α/d E j .

It thus remain to show that sum is smaller than εRn with high probability for any ε > 0 to
conclude that the sum on the left-hand side converges to zero. So, using a Markov bound,

P

⎛
⎝

k∑
j=1

j−α/d E j ≥ εRn

⎞
⎠ ≤ 1

εRn

k∑
j=1

j−α/d = O(k1−α/d/Rn) = o(1),

since k = o(n) (as Rn = (R + o(1))n1−α/d when α < d). So, for any k that diverges with n
such that k = o(n),

Rnτk+1 − log k
d−→ �.

The desired result then follows since log k − log(k + 1) = o(1). ��

2.3 Large Deviation Analysis for Upper Bound Diameter

We have, for any ε > 0,

P

(
max
u,v∈Td

n

Xu,v ≥ (3 + 2ε)R−1
n log n

)
≤
∑

u,v∈Td
n

P
(
Xu,v ≥ (3 + 2ε)R−1

n log n
)

≤ n2 max
u,v∈Td

n

P
(
Xu,v ≥ (3 + 2ε)R−1

n log n
)
.

We now bound the transmission time between u and v from above by

τ (u)

an + τ (v)

an + min
x∈Bu(τ (u)

an ),y∈Bv(τ
(v)
an )

Txy . (2.5)

Here, τ (v)
an denotes τan for a FPP process started from v ∈ T

d
n . Note that both τ

(v)
an and τ

(u)
an

satisfy (2.4) inLemma2.1 (so also jointly), but they are independent if Bu(τ
(u)
an )∩Bv(τ

(v)
an ) = ∅

holds. Indeed, if Bu(τ
(u)
an ) ∩ Bv(τ

(v)
an ) = ∅ holds, then the time for the exploration processes

of u and v to both reach size an plus the shortest edge between their respective explored
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vertices, is a possible way to connect u and v, and thus an upper bound for the transmission
time. If, on the other hand, Bu(τ

(u)
an ) ∩ Bv(τ

(v)
an ) �= ∅, then the third term in (2.5) equals zero

almost surely, and the transmission time between u and v is no more than the time it took for
both exploration processes to reach size an . As such, we obtain the upper bound

n2 max
u,v∈Td

n

P

(
τ (u)

an + τ (v)

an + min
x∈Bu(τ (u)

an ),y∈Bv(τ
(v)
an )

Txy ≥ (3 + 2ε)R−1
n log n

)

≤ n2 max
u,v∈Td

n

[
P

(
τ (u)

an + τ (v)

an ≥ (3 + ε) log n

Rn

)
+ P

(
min

x∈Bu(τ (u)
an ),y∈Bv(τ

(v)
an )

Txy ≥ ε log n

Rn

)]
.

(2.6)
Let us bound the second probability on the right-hand side first. The minimum contains
(an+1)2 many terms.As such, by bounding the spatial distance between any x ∈ Bu(τ

(u)
an ) and

y ∈ Bv(τ
(v)
an ) from above byCn1/d for some sufficiently large constantC > 0, theminimum is

stochastically dominated by an exponential random variable with rate (an +1)2(Cn1/d)−α =
(c21C

−α + o(1))n1−α/d . Hence,

P

(
min

x∈Bu(τ (u)
an ),y∈Bv(τ

(v)
an )

Txy ≥ εR−1
n log n

)
≤ exp(−(c21C

−αR−1ε + o(1)) log n) = o(n−2),

(2.7)
where the final equality holds when c1 >

√
2RCα/(ε(1 − α/d)). Observe that this upper

bound is independent of the choice of u, v ∈ T
d
n . It thus remains to upper bound

P
(
τ (u)

an + τ (v)

an ≥ (3 + ε)R−1
n log n

)
.

Again, we aim to obtain an upper bound that is o(n−2), independently of u and v, so that
combining this with (2.7) in (2.6) yields that maxu,v∈Td

n
Xu,v is at most (3 + 2ε)R−1

n log n

with high probability, for any fixed ε > 0. To this end, we replace τ
(v)
an by τ̂

(v)
an , which is the

time it takes to reach an vertices from v when all edges incident to the vertices in Bu(τ
(u)
an )

are removed. As this leaves fewer possible edges to reach vertices (and fewer vertices to
be reached), τ

(v)
an � τ̂

(v)
an . Let us write (z j )

an
j=0 for the vertices that are explored by u, in

chronological order. That is, zi is the i th vertex explored by u (with z0 = u): Xu,z j > Xu,zi

for i ∈ [ j − 1] and Xu,z j < Xu,zk for any k > j . Then, conditionally on Bu(τ
(u)
an ), we know

that τ̂ (v)
an is a sum of an exponential random variables (Ẽ j ) j∈[an ], where

Ẽ j ∼ Exp

( j−1∑
�=0

(
Rn −

j−1∑
i=0
i �=�

‖zi − z�‖−α −
∑

w∈Bu (τ (u)
an )

‖z� − w‖−α

))
.

Similar to (2.2), for each j ∈ [an] we bound this rate from below by considering the 2an + 1
closest vertices to z� for each � ∈ {0, . . . , j − 1}. This yields a sequence of independent
exponential random variables (Ê j ) j∈[an ] such that Ẽ j � Ê j for each j ∈ [an], and

Ê j ∼ Exp
(
j(Rn − R2an+1)

)
, j ∈ [an − 1].

By (2.3) and since 2an + 1 = o(n), it follows that the rate equals j Rn(1 − o(1)), where the
o(1) is independent of j . We can thus couple τ̂

(v)
an with the (Ê j ) j∈[an ] such that

τ̂ (v)

an �
an∑
j=1

Ê j .
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Similarly, as discussed in Sect. 2.1, we can stochastically bound τ
(u)
an from above by the sum

of the random variables (E j,U ) j∈[an ], which are independent of the (Ê j ) j∈[an ]. Combined
with a Chernoff bound with s = cRn and c ∈ (2/(2 + ε), 1), this then yields

P
(
τ (u)

an + τ (v)

an ≥ (3 + ε)R−1
n log n

) ≤ n−(3+ε)c
an∏
j=1

E

[
esE j,U

] an∏
j=1

E

[
es Ê j
]

= n−(3+ε)c
an∏
j=1

( j Rn(1 − o(1))

j Rn(1 − o(1)) − s

)2

≤ n−c(3+ε) exp
(
2

an∑
j=1

c

j(1 − o(1)) − c

)

= exp(−c(3 + ε) log n + 2c log(an) + o(log n))

= n−c(2+ε)+o(1).

By the choice of c, this upper bound is o(n−2). Combining this with (2.7) in (2.6) finally
yields the desired result. This proves the upper bound on (1.4) in Theorem 1.1. ��

2.4 Large Deviation Analysis for Upper Bounds Flooding Time and Typical Distances

We next extend this analysis to upper bounds on the flooding time in (1.3), and on the typical
distances in (1.2).

Upper bound on flooding time. A similar approach, now taking c ∈ (1/(1 + ε), 1) and
u ∈ T

d
n fixed, gives

P

⎛
⎜⎝max

v∈Td
n

v �=u

Xu,v ≥ (2 + 2ε)R−1
n log n

⎞
⎟⎠ ≤ n max

v∈Td
n

v �=u

P
(
Xu,v ≥ (2 + 2ε)R−1

n log n
)

≤ O(n1−(1+ε)c+o(1)) + o(n−1) = o(1).

This proves the upper bound on (1.3) in Theorem 1.1. ��
Upper bound on typical distance. Again using a similar approach, for distinct u, v ∈ T

d
n

and with c ∈ (0, 1),

P

(
Xu,v ≥ (1 + 2ε)R−1

n log n
)

≤ P

⎛
⎝τ

(u)
an + τ

(v)
an + min

x∈Bu (τ
(u)
an ),y∈Bv(τ

(v)
an )

Tuv ≥ (1 + 2ε)R−1
n log n

⎞
⎠

= O(n−cε).

As this holds for any distinct u, v ∈ T
d
n and the upper bound is independent of the choice of u

and v, this also extends to the typical distance betweenU and V , two distinct vertices selected
uniformly at random. This proves the upper bound on (1.2) in Theorem 1.1. In particular,
while we state (1.2) in Theorem 1.1 only for two uniform vertices, the upper bound actually
holds for all fixed pairs as well. ��
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3 Lower Bounds on Distances

Having established all upper bounds in Theorem 1.1, we continue with the lower bounds.
We analyse the lower bound on the typical distance in (1.2) in Sect. 3.1, on the flooding in
(1.3) in Sect. 3.2 and on the diameter in (1.4) in Sect. 3.3.

3.1 Lower Bounds on Typical Distances

Let us start by explaining how we proceed. To analyse the distance between two vertices,
selected uniformly at random from T

d
n , as in (1.2), we show that their exploration processes

are disjoint up to time (1−ε) 12 R
−1
n log n with high probability. This implies that their typical

distance is at least (1 − ε)R−1
n log n with high probability.

Let U be vertex selected uniformly at random from T
d
n and let v ∈ T

d
n fixed. First, we write

P
(
XU ,v ≤ 2tn

) ≤ P(U = v) + P(BU (tn) ∩ Bv(tn) �= ∅ |U �= v)

= 1

n
+ P

(
∃w ∈ T

d
n : w ∈ BU (tn), w ∈ Bv(tn) |U �= v

)

≤ 1

n
+
∑

w∈Td
n

P
(
XU ,w ≤ tn, X̃v,w ≤ tn |U �= v

)
,

(3.1)

where X̃v,w is the time for an exploration process started from v to reachw outside of BU (tn),
i.e. onT

d
n\BU (tn). Since X̃v,w � X ′

v,w , where Xv,w is a copy of Xv,w , independent of XU ,w,
we obtain the upper bound

1

n
+
∑

w∈Td
n

P
(
XU ,w ≤ tn |U �= v

)
P
(
Xv,w ≤ tn

) ≤ 1

n
+
∑

w∈Td
n

1

n − 1
E [|Bw(tn)|]P

(
Xv,w ≤ tn

)
.

(3.2)
By translation invariance, E [|Bw(tn)|] = E [|B0(tn)|], where 0 denotes the origin. We thus
arrive at

1

n
+ 1

n − 1
E [|B0(tn)|]

∑

w∈Td
n

P
(
Xv,w ≤ tn

) = 1

n
+ 1

n − 1
E [|B0(tn)|]2 .

Finally, we use that by the upper bound in (2.2),

E [|B0(tn)|]2 ≤ (eRntn
)2 = n1−ε, (3.3)

to arrive at the desired result that

P
(
XU ,v ≤ (1 − ε)R−1

n log n
) = P
(
XU ,v ≤ 2tn

) = o(1).

An almost analogous argument can be used to yield the same result for two uniform vertices
U and V as well. This proves the lower bound for (1.2) in Theorem 1.1. ��

3.2 Lower Bound on Flooding Time

In this section we prove a lower bound on the flooding time, and is an adaptation of the idea
for a lower bound on the diameter for the case α = 0 by Janson in [24].
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Fix v ∈ T
d
n and ε > 0 small, and take some set A ⊂ T

d
n\{v} such that nA := |A| = �n1−ε�

and let B := T
d
n\A. We enumerate the vertices in A in an arbitrary order, so that we can

write A = {u1, . . . , unA }. Abusing notation, we write i ∈ [nA] when we mean ui ∈ A.
We define, for i ∈ [nA], the random variable Ui := minv∈B Tuiv . That is, Ui is the transmis-
sion time from ui to B. We also set b = (1−2ε)R−1

n log n andμi :=∑v∈B ‖ui −v‖−α, i ∈
[nA]. For all i ∈ [nA], it readily holds thatμi ≤ Rn . Furthermore, independently of i ∈ [nA],
since α < d ,

μi = Rn −
∑
v∈A
v �=ui

‖ui − v‖−α ≥ Rn − RnA = Rn(1 − O(nε(1−α/d))), (3.4)

so that μi = Rn(1 − O(nε(1−α/d))), where the O term is independent of i ∈ [nA]. Now, for
i ∈ [nA], define

fi (x) := − 1

μ i
log
(
e−bμi + (1 − e−bμi

)
e−μi x
)
.

By [24, Lemma 2.1], it follows that fi (Ui )
d= (Ui |Ui ≤ b), i.e. fi (Ui ) has the same distri-

bution as Ui , conditionally on the event Ui ≤ b.
Now, fix some k ∈ [nA] and let

U ′
i :=

⎧⎪⎨
⎪⎩

fi (Ui ) if i < k,

Ui + b if i = k,

Ui if i > k.

If we let Ek := {Uk > b,Ui ≤ b for all i < k}, then, conditionally on Ek , U ′
i has the same

distribution asUi , by the memoryless property of the exponential distribution. As theUi are
independent, the distributional equality also holds jointly. Similarly, we set

T ′
uiv :=

{
Tuiv −Ui +U ′

i if i ∈ [nA], v ∈ B,

Tuiv otherwise.

Equivalently, T ′
vui = T ′

uiv . Again, by the memoryless property and since Tuiv − Ui is inde-
pendent of Ui , it follows that, conditionally on Ek , T ′

uiv has the same distribution as Tuiv . In
an equivalent manner we define X ′

v,u for v, u ∈ T
d
n , which, for each pair v, u ∈ T

d
n , we can

think of as equal in distribution to Xv,u , conditionally on Ek .
Suppose the following holds:

U ′
i ≥ (1 − 2ε)Ui for all i ∈ [nA],

Tuki ≥ 3R−1
n log n for all i ∈ [nA]\{k},

Xuk ,v ≥ (1 − 2ε)R−1
n log n.

(3.5)

First, we observe that
T ′
uv ≥ (1 − 2ε)Tuv for all v �= u. (3.6)

To see this, we need only consider u ∈ A, v ∈ B. Suppose u = ui for some i ∈ [nA]. Then,
by the first line of (3.5),

T ′
uiv = Tuiv −Ui +U ′

i ≥ Tuiv − 2εUi ≥ (1 − 2ε)Tuiv,
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asUi is theminimal edge-weight between ui and B. As Xuk ,v ≥ (1−2ε)R−1
n log n, it implies

that for any path (uk = ui0 , ui1 , . . . , ui� = v) it holds that

W =
�∑

j=1

Tu j−1u j ≥ (1 − 2ε)R−1
n log n.

We then set W ′ := ∑�
j=1 T

′
u j−1u j

to be the conditional weight of this path. If ui1 ∈ A,

then W ′ ≥ Tukui1 ≥ 2R−1
n log n by the second line of (3.5). If instead ui1 /∈ A, then

T ′
ukui1

= Tukui1 + b and

W ′ ≥ b + (1 − 2ε)W ≥ (1 − 2ε)R−1
n log n + (1 − 2ε)2R−1

n log n ≥ (2 − 6ε)R−1
n log n.

It thus follows that, for k ∈ [nA],
P
(
Xv,uk ≥ (2 − 6ε)R−1

n log n | Ek
) = P
(
X ′

v,uk ≥ (2 − 6ε)R−1
n log n

) ≥ P((3.5) holds for k) .

We can then write

P

(
max
u∈Td

n

Xv,u ≥ (2 − 6ε)R−1
n log n

)
≥ P

(⋃
u∈A

{Xv,u ≥ (2 − 6ε)R−1
n log n}

)

≥ P

⎛
⎝ ⋃

k∈[nA]
{Xv,uk ≥ (2 − 6ε)R−1

n log n} ∩ Ek

⎞
⎠ .

Since the events Ek are disjoint, we can write the union as a sum and introduce N to be a
uniform element of [nA], so that uN is a uniform element of A. Then, we obtain

nAP
({Xv,uN ≥ (2 − 6ε)R−1

n log n} ∩ EN
) = nAP

(
Xv,uN ≥ (2 − 6ε)R−1

n log n | EN
)
P(EN )

= P
(
Xv,uN ≥ (2 − 6ε)R−1

n log n | EN
) nA∑
k=1

P(Ek)

≥ P((3.5) holds for N )

nA∑
k=1

P(Ek) .

(3.7)
Let us first argue that the sum is 1 − o(1). As the events Ek are disjoint and the random
variables (Ui )i∈A independent,

nA∑
k=1

P(Ek ) = P

⎛
⎝

nA⋃
k=1

Ek

⎞
⎠ = 1 − P

⎛
⎝

nA⋂
k=1

Eck

⎞
⎠ ≥ 1 − P(Ui ≤ b for all i ∈ [nA]) = 1 −

nA∏
i=1

P(Ui ≤ b) .

Now, as b = (1− 2ε)R−1
n log n, Ui ∼ Exp(μi ), and μi = Rn(1− O(n−ε(1−α/d))) by (3.4),

where the O(n−ε(1−α/d)) term is independent of i , we obtain

1−
nA∏
i=1

P(Ui ≤ b) = 1−
nA∏
i=1

(
1−exp(−μi b)

) ≥ 1−exp(−n(2ε−1)+o(1)nA) = 1−exp(−nε+o(1)).

(3.8)
We use this in (3.7) to arrive at

P

(
max
u∈Td

n

Xv,u ≥ (2 − 6ε)R−1
n log n

)
≥ (1 − o(1))P((3.5) holds for N ) .
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To show that the probability on the right-hand side converges to one, it suffices to show that
the events in (3.5) hold with high probability, uniformly in k ∈ A, which we do now.
Fix k ∈ [nA]. For the first line in (3.5), we have

P

(⋃
i∈A

{U ′
i < (1 − 2ε)Ui }

)
≤
∑
i∈A

P
(
U ′
i < (1 − 2ε)Ui

) =
∑
i<k

P( fi (Ui ) ≤ (1 − 2ε)Ui ) ,

where the last equality follows since U ′
i ≥ Ui for all i ≥ k by (3.5).

It now follows from [24, Lemma 2.1] and (3.4) that the right-hand side can be upper bounded
by

∑
i<k

P(Ui > b/(1 − 2ε) − 1/μi ) =
∑
i<k

e1−bμi /(1−2ε) ≤ nAe
1−bRn(1−O(n−ε))/(1−2ε) = o(1),

since bRn/(1 − 2ε) = log n and nA = o(n), and where the right-hand side is independent
of the choice of k ∈ A. As a result, the first line in (3.5) also holds for a uniform element
N ∈ [nA].
For the second line in (3.5), with k ∈ A fixed,

P

⎛
⎝ ⋃

i∈A\{k}
{Tukui < 3R−1

n log n}
⎞
⎠ = 1 − exp

(
− 3

log n

Rn

∑
i∈A\{k}

‖uk − ui‖−α
)

≤ 3
log n

Rn
RnA−1 = o(1),

where the penultimate step uses the same idea as in (2.3) and where the upper bound holds
uniformly in k and thus also for k = N .
Finally, the third line of (3.5) requires that the typical distance between a uniform element
uN from A and v is at least (1− 2ε)R−1

n log n with high probability. The lower bound on the
flooding time in Sect. 3.2 tells us this holds if we had a uniform vertex from T

d
n rather than

from A. However, this argument is readily adapted to work for uN as well. Namely, using uN

instead of U in (3.1) and (3.2) (where we don’t have to condition on uN �= v since v /∈ A)
yields for tn := (1 − 2ε) 12 R

−1
n log n,

P
(
XuN ,v ≤ 2tn

) ≤
∑

w∈Td
n

P
(
XuN ,w ≤ tn

)
P
(
Xv,w ≤ tn

)

=
∑

w∈Td
n

P
(
Xv,w ≤ tn

) 1

nA
E [|Bw(tn) ∩ A|] .

We can simply bound E [|Bw(tn) ∩ A|] ≤ E [|Bw(tn)|] = E [|B0(tn)|], where 0 is the origin.
As a result, we obtain the upper bound

1

nA
E [|B0(tn)|]

∑

w∈Td
n

P
(
Xv,w ≤ tn

) = 1

nA
E [|B0(tn)|]2 ≤ 1

nA
n1−2ε = o(1),

where we use (3.3) in the penultimate step. This proves the third line of (3.5) and concludes
the proof of the lower bound for the flooding time. ��

123



Long-Range FPP on the Complete Graph Page 15 of 20   107 

3.3 Lower Bound on the Diameter

This section proves a lower bound on the diameter, and uses a similar approach and the same
definitions as in Sect. 3.2.
Fix k ∈ [nA] and suppose that the first two lines of (3.5) hold, while the third line is replaced
with

Yk := max
v∈Td

n
v �=uk

Xuk ,v ≥ (2 − ε)R−1
n log n.

(3.9)

Indeed, the statement in (3.9) holds with high probability by what is discussed in Sect. 3.2,
while (3.5) was already proved to hold with high probability.
We then claim that it follows from the first two lines of (3.5) and (3.9) that

Y ′
k := max

v∈Td
n

v �=uk

X ′
uk ,v ≥ (3 − 7ε)R−1

n log n.

Since Yk ≥ (2 − ε)R−1
n log n by (3.9), there exists a path (uk = ui0 , ui1 , . . . , ui� ), such that

W :=
�∑

j=1

Tui j−1ui j
≥ (2 − ε)R−1

n log n. (3.10)

Consider such a path, and its conditional weight W ′ = ∑�
j=1 T

′
ui j−1ui j

. If i1 ∈ [nA], then
W ′ ≥ Tukui1 ≥ 3R−1

n log n by the second line in (3.5). If i1 /∈ [nA], then T ′
ukui1

= Tukui1 +b,
and

W ′ ≥ b+ (1−2ε)W ≥ (1−2ε)R−1
n log n+ (1−2ε)(2−ε)R−1

n log n ≥ (3−7ε)R−1
n log n,

where the second and third step follow from (3.6) and (3.10), respectively. It thus follows
that this lower bound on the conditional transmission time holds for any path from uk to ui� ,
so that Y ′

k ≥ X ′
ukui�

≥ (3 − 7ε)R−1
n log n. If we let Ck,n denote the event that the first two

lines of (3.5) and (3.9) hold, we have thus shown that

P
(
Yk ≥ (3 − 7ε)R−1

n log n | Ek
) = P
(
Y ′
k ≥ (3 − 7ε)R−1

n log n
) ≥ P
(Ck,n
)
.

We next use the fact that the events (Ek)k∈[nA] are disjoint to obtain the lower bound

P

(
max
u,v∈Td

n

Xu,v ≥ (3 − 7ε)R−1
n log n

)
≥

nA∑
k=1

P
(
Yk ≥ (3 − 7ε)R−1

n log n | Ek
)
P(Ek)

≥ min
k∈[nA] P

(
Yk ≥ (3 − 7ε)R−1

n log n | Ek
) nA∑
k=1

P(Ek)

= (1 − o(1)) min
k∈[nA] P

(Ck,n
)
,

where the final step follows from (3.8). Since we have already verified that the event Ck,n
holds with high probability independently of the choice of k ∈ A, we conclude that the right-
hand side converges to 1 as n → ∞. This proves the lower bound for (1.4) in Theorem 1.1.

��
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Appendix A The Limiting Constants

In this appendix we investigate the limiting constant

R = R(d, p, α) := lim
n→∞ Rn/n

1−α/d ,

when α < d , where we recall Rn from (1.1). By switching from summation to integration
and using a variable transform x = n1/dw, we obtain

Rn = (1 + o(1))
∫

[− 1
2 n

1/d , 12 n
1/d ]d

‖x‖−α
p dx = (1 + o(1))n1−α/d

∫

[− 1
2 , 12 ]d

‖w‖−α
p dw.

Using symmetry and again using a variable transform y = 2w, we arrive at

Rn = (1 + o(1))2dn1−α/d
∫

[0, 12 ]d
‖w‖−α

p dw = (1 + o(1))2αn1−α/d
∫

[0,1]d
‖y‖−α

p dy.

It follows that

R(d, p, α) = 2α

∫

[0,1]d
‖y‖−α

p dy.

Then, it is immediate that R(d, p, 0) = 1 for all d ∈ N and p ∈ [1,∞) ∪ {∞}. It thus
remains to consider α ∈ (0, d). For p = ∞, we can use that

∫ ∞

0
tα−1e−at dt = a−α�(α),

to write

R(d,∞, α) = 2α

�(α)

∫

[0,1]d

∫ ∞

0
tα−1e−t max{y1,...,yd } dtdy1 · · · dyd

= 2α

�(α)

∫ ∞

0
tα−1
∫

[0,1]d
e−t max{y1,...,yd } dy1 · · · dyddt

= 2αd!
�(α)

∫ ∞

0
tα−1
∫ 1

0

∫ 1

yd
· · ·
∫ 1

y2
e−t y1 dy1 · · · dyddt .

(A.1)
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Let us define the inner integrals as

I (d, t) :=
∫ 1

0

∫ 1

yd
· · ·
∫ 1

y2
e−t y1 dy1 · · · dyd .

By evaluating the innermost integral and observing that I (1, t) = 1 − e−t , we obtain

I (d, t) = 1

t
I (d − 1, t) − 1

t
e−t 1

(d − 1)! = . . . = t−d −
d∑

i=1

t−ie−t 1

(d − i)!

= t−d
(
1 −

d−1∑
j=0

e−t t
j

j !
)

.

The part between brackets equals the probability that a rate t Poisson random variable is at
least d . Via a rate-one Poisson process we can see that this probability equals the probability
that a Gamma(d, 1) random variable is at most t . Using this in (A.1), we arrive at

R(d,∞, α) = 2αd!
�(α)

∫ ∞

0
tα−d−1

∫ t

0

1

(d − 1)! x
d−1e−x dxdt

= 2αd

�(α)

∫ ∞

0
xd−1e−x

∫ ∞

x
tα−d−1 dtdx

= 2α

�(α)

d

d − α

∫ ∞

0
xα−1e−x dx = d

d − α
2α.

(A.2)

For p ∈ [1,∞) a similar approach yields

R(d, p, α) = 2α

∫

[0,1]d

( d∑
i=1

y pi

)−α/p
dy1 · · · dyd

= 2α

�(α/p)

∫

[0,1]d

∫ ∞

0
tα/p−1 exp

(
− t

d∑
i=1

y pi

)
dtdy1 · · · dyd

= 2α

�(α/p)

∫ ∞

0
tα/p−1

∫

[0,1]d
exp
(

− t
d∑

i=1

y pi

)
dy1 · · · dyddt .

We use the variable transformation zi = t y pi to then obtain

R(d, p, α) = 2α

�(α/p)

∫ ∞

0
tα/p−1

(∫ t

0

1

p
t−1/pz1/p−1e−z dz

)d
dt (A.3)

= 2α p−d

�(α/p)

∫ ∞

0
t (α−d)/p−1γ (1/p, t)d dt,

where γ (1/p, t) := ∫ t0 z1/p−1e−z dz is the lower incomplete gamma function.
We are unable to explicitly evaluate this integral in full generality. For d = 2 and α ∈ (0, 2),
however, an explicit expression of R in terms of the hypergeometric function can be obtained
for all p ∈ [1,∞). Namely, the integral in (A.3) can be written, using integration by parts,
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as
[ p

α − 2
t (α−2)/pγ (1/p, t)2

]∞
0

+ 2p

2 − α

∫ ∞

0
t (α−2)/pγ (1/p, t)t1/p−1e−t dt

= 2p

2 − α

∫ ∞

0
t (α−1)/p−1γ (1/p, t)e−t dt,

(A.4)

where the last step uses that limt↓0 t−1/pγ (1/p, t) = p and α ∈ (0, 2). Now, Gradshteyn
and Ryzhik [18, 6.455.2] show this equals

2p2

2 − α
�(α/p)2−α/p

2F1
(
1,

α

p
, 1 + 1

p
,
1

2

)
,

where 2F1(a, b, c, z) denotes the hypergeometric function, defined for |z| < 1 as

2F1(a, b, c, z) :=
∞∑
n=0

�(a + n)�(c + n)�(b)

�(a)�(c)�(b + n)

zn

n! .

Substituting this into (A.3) finally yields

R(2, p, α) = 21+α(1−1/p)

2 − α
2F1
(
1,

α

p
, 1 + 1

p
,
1

2

)
. (A.5)

We also observe that the limit of p → ∞ on the right-hand side yields the same expression as
for R(d,∞, α) in (A.2). Since the supremum-norm corresponds to the limit of the p-norm as
p → ∞, it follows that (A.2) also follows from (the derivation of) (A.5) and the dominated
convergence theorem.
In the case of general dimension d , one interesting observation is the following: let Md,p be
the maximum of d i.i.d. Gamma(1/p, 1) random variables and let fMd denote its probability
density function. Then,

γ (1/p, t)d = �(1/p)dP
(
Md,p ≤ t

)
.

As a result, using integration by parts on the right-hand side of (A.3) (as in (A.4)) we obtain

R(d, p, α) = 2α�(1/p)d p−(d−1)

�(α/p)(d − α)

∫ ∞

0
t (α−d)/p fMd,p (t) dt

= 2α�(1/p)d p−(d−1)

�(α/p)(d − α)
E

[
M (α−d)/p

d,p

]
.

Using that the density fMd,p is given by

fMd,p (t) = dF�(t)d−1 f�(t),

where f� is the density of a Gamma(1/p, 1) random variable, we can rewrite

E

[
M (α−d)/p

d,p

]
= d
∫ ∞

0
t (α−d)/pF�(t)d−1 f�(t) dt

= d�((α − (d − 1))/p)

�(1/p)
P(�′ >

d−1
max
i=1

�i ),

where �′ is a Gamma((α − (d − 1))/p, 1) random variable, and (�i )
d−1
i=1 are i.i.d.

Gamma(1/p, 1) random variables. While these provide analytic and probabilistic expres-
sions for R(d, p, α), they do not allow us to simplify the formulas further.
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