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Abstract:
We study the effect of random scattering in quantum walks on a finite graph and compare it with

the effect of repeated measurements. To this end, a constructive approach is employed by introducing
a localized and a delocalized basis for the underlying Hilbert space. This enables us to design Hamil-
tonians whose eigenvectors are either localized or delocalized. By presenting some specific examples we
demonstrate that the localization of eigenvectors restricts the transition probabilities on the graph and
leads to a removal of energy states from the quantum walk in the monitored evolution. We conclude
that repeated measurements as well as random scattering provide efficient tools for controlling quantum
walks.

1 Introduction

Classical random walks play an important role in the description of the dynamics in statistical physics [1, 2]
with applications in many research areas, ranging from biological [3], chemical [4] and physical systems [5,
6, 7] to the dynamics of financial markets [8]. The basic idea of a classical random walk [5, 6] is to consider
the transition probability 0 ≤ Prr′ ≤ 1 of a random walker to move from the site r′ to the site r in a
fixed time interval. The available sites form a lattice or a graph with the constraint

∑
r Prr′ = 1 for

the transition probabilities, which is called detailed balance [9]. It reflects that the random walker does
not get lost or absorbed during the random walk. In order to include quantum effects, we replace the
transition probabilities by a unitary evolution from the local state |r′⟩ to the local state |r⟩ during the time
τ . This can be expressed by the unitary operator U(τ) = exp(−iHτ) with the Hermitian Hamiltonian H.
For the elements of a unitary matrix Urr′ = ⟨r| exp(−iHτ)|r′⟩ we apply the same constraint

∑
r′ Urr′ = 1

as for the classical transition probability. Thus, the substitution Prr′ → Urr′ constitutes a “quantization”
of the classical random walk. Most interesting is the asymptotic behavior of U(τ)n = U(nτ) for large n,
where the time reads t = nτ . In the following we will consider a continuous time t for simplicity. This is
a special model from the more general field of quantum walks, which has become the subject of intensive
research recently [10, 11, 12, 13, 14, 15, 16, 17].

Properties of the quantum walk depend on the eigenstates and eigenvalues of the Hamiltonian H,
which are also the eigenstates of the evolution operator. An important characterization is how far an
initial state |r0⟩ can be transferred to other local states |r⟩ by the unitary evolution over a large time. In
other words, is the quantum walk restricted inside the Hilbert space or not? This depends on whether the
eigenbasis of U(t) is localized or delocalized. In the former case the initial state will only evolve to states
{|r⟩} in a restricted vicinity of |r0⟩, while for a delocalized basis it can reach any of the existing states. For
a given graph, comprising of points {r1, . . . , rN} embedded in a d–dimensional space, there are equivalent
basis sets for the corresponding Hilbert space, spanned by {|r1⟩, . . . , |rN ⟩}, which are either localized or
delocalized or a mixture of both. Here is an example of two equivalent basis sets, one is localized, the
other delocalized: The states {|r1⟩, . . . , |rN ⟩} can be represented by a Cartesian basis {ek}, which are
localized vectors. Alternatively, the plane-wave basis {wk}k=1,...,N , consisting of extended vectors with

wk := (1, e2πi(k−1)/N , e2πi(k−1)2/N , . . . , e2πi(k−1)(N−1)/N )T /
√
N, (1)
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also spans this Hilbert space. A Hermitian operator H or a unitary operator U can be expanded in any
of these basis sets. Then the question is, in which basis the operator is diagonal? Or more specific,
is the diagonal basis localized or not? In this paper we will reverse the mapping U(τ) → {xk, Ek} by
constructing an operator U(τ) for a given set of eigenvalues {Ek} in a specific basis {xk}: {xk, Ek} →
U(τ). For a given spectrum this enables us to choose a localized, a delocalized or a mixed basis to construct
the operator U(τ). In this context we will demonstrate that for degenerate eigenvalues both types of
basis sets give the same operator. This means that the distinction between a localized vs. a delocalized
diagonal basis is not applicable in this case and the mapping {xk, Ek} → U(τ) is not invertible. This
reflects the more general problem that the mapping U(τ) → {xk, Ek} does not have a unique solution in
the case of degenerate eigenvalues. After setting up the unitary operator for a localized and for a plane-
wave basis, we will study the effect of (i) repeated projective measurements and (ii) random scattering
on the quantum walk.

Before we proceed with a detailed discussion of the quantum walk model we give a short summary of
the present work. After defining a quantum walk model on a finite graph with N sites, we begin with
introducing a symmetric N × N Hamiltonian that connects all sites of the graph with equal transition
amplitudes. This Hamiltonian has one zero eigenvalue and an N−1–fold degenerate eigenvalue 1. A basis
of linear independent eigenvectors is immediately identified and within the Gram-Schmidt approach we
construct a localized orthonormal basis for this Hamiltonian. On the other hand, the plane-wave basis,
representing delocalized eigenvectors, is also an eigenbasis for this Hamiltonian. This reflects the fact that
this special Hamiltonian does not have a unique eigenbasis due to the N−1–fold degeneracy. In particular,
it enables us to choose either a localized or a delocalized eigenvector. Now we reverse the procedure of
finding eigenvectors and eigenvalues for a given Hamiltonian by constructing a new Hamiltonian for a
given basis and given eigenvalues: Using the two types of eigenvectors, we replace the degenerate by
non-degenerate eigenvalues. In other words, we employ a mapping, either for the localized or for the
delocalized basis, and a set of arbitrary eigenvalues to create a new Hamiltonian H. Choosing random
eigenvalues, we study in Sect.2.3 the transition probability between different states under a unitary
evolution and average this quantity. It turns out that the evolution splits into two parts, where one is
classical with a finite limit for infinite times, while the other describes quantum fluctuations. The latter
decays for longer times, such that only the classical contribution survives. This is the case for a localized
as well as for a delocalized basis. Then the unitary evolution is compared with a monitored evolution,
where repeated projective measurements are applied. In analogy to the unitary evolution, the monitored
evolution is defined by a non-unitary evolution operator. It is challenging to ask whether the projective
measurements play a similar role as the random eigenvalues in the unitary evolution. To answer this
question, we study in Sect.2.2 the monitored evolution in terms of the first detected transition from the
initial state to the state of the measurement. We find that the localized basis implies a localization effect
for the monitored evolution, while the plane-wave basis provides a uniform spreading of the quantum
walk. The behavior of the classical part during the averaged unitary evolution also distinguishes between
a localized and the plane-wave basis.

The article is organized as follows. In Sect.2 we introduce the quantum walk on a finite graph,
define the unitary and the monitored evolution, and construct a localized and a delocalized basis on
the graph. Next we discuss briefly a mapping from eigenvectors and non-degenerate eigenvalues to the
unitary evolution matrix in Sect.2.1. This enables us to describe in Sect.2.2 the monitored evolution of the
transition probability for both types of eigenvectors and in Sect.2.3 the average transition probability for
the unitary evolution. The results of our calculations are discussed in Sect.3 and examples of uncorrelated
and correlated random eigenvalues are presented in Sect.3.1. Finally, in Sect.4 we conclude our results
for the quantum walk and give a brief outlook for the extension of this work.

2 Quantum walks on a graph

The general concept of a quantum walk is quite broad and has many models and realizations [10, 18, 15,
16, 17]. We will focus here on the tight-binding model, including random scattering [19, 20] and repeated
projective measurements [21, 22, 23, 24, 25]. To this end, we define a graph G as a set of spatial sites,
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embedded in a d–dimensional space, as

G := {r1, r2, . . . , rN} (N <∞), (2)

where rj is a d–dimensional vector. Then the quantum walk on G is defined by a unitary evolution
operator exp(−iHt) with the Hamiltonian H, which is acting on the N–dimensional Hilbert space H
that is spanned by the basis of the position states {|rn⟩}n=1,2,...,N . It describes quantum tunneling
between the sites of the graph. H is also spanned by the eigenstates {|Ek⟩} of H, whose corresponding
eigenvalues are {Ek}. Then we write for the unitary evolution matrix

UMM ′(t) = ⟨rM |e−iHt|rM ′⟩ =
N∑

k=1

qM,ke
−iEktq∗M ′,k, (3)

where qM,k = ⟨rM |Ek⟩ = ⟨Ek|rM ⟩∗ is the overlap or scalar product of the particle position state and the
energy eigenstate.

Complementary to the unitary evolution we consider a monitored evolution with repeated projective
measurements. The idea is to prepare the quantum system in an initial state |rM ′⟩, let it evolve unitarily
for the time τ to the state e−iHτ |rM ′⟩ and perform a projective measurement with the projector Π =
1 − |rM ⟩⟨rM |, where 1 is the identity operator and |rM ⟩ a state that defines the measurement. This
operation yields the state |ψ′

1⟩ = Πe−iHτ |rM ′⟩, which is either orthogonal to |rM ⟩ or it vanishes when
e−iHτ |rM ′⟩ = eiφ|rM ⟩ with some phase φ. A further unitary evolution for the time τ yields |ψ1⟩ =
e−iHτΠe−iHτ |rM ′⟩ and ϕ1 = ⟨rM |ψ1⟩. If ϕ1 ̸= 0 the system was not in the state eiφ|rM ⟩ when the
projection was applied. This means that our measurement to detect |rM ⟩ was not successful. In this
case we apply another projection to |ψ1⟩, followed by a unitary evolution to get |ψ2⟩ = e−iHτΠ|ψ1⟩ and
ϕ2 = ⟨rM |ψ2⟩. Again, if ϕ2 ̸= 0 the system was not detected in the state eiφ|rM ⟩. These steps can be
repeated m times until the measurement has detected the state |rM ⟩ such that ϕk = 0 for all k ≥ m. In
other words, if the measurement is unsuccessful by not detecting the state |rM ⟩, the experiment continues
by another measurement, followed by the evolution for the time step τ . This enables us to determine the
case when none of the first m − 1 measurements did detect the state |rM ⟩ when ϕm−1 ̸= 0. Moreover,
the values of |ϕm1

|2 gives the probability that the system is in the state |rM ⟩ after m − 1 unsuccessful
measurements. The monitored transition amplitude can be defined as [25]

ϕMM ′(m, τ) = ⟨rM |e−iHτ/2Tm−1
M e−iHτ/2|rM ′⟩ , TM := e−iHτ/2(1− |rM ⟩⟨rM |)e−iHτ/2, (4)

where TM is the monitored evolution operator, the analogue to the unitary evolution operator e−iHτ .
This evolution generates a distribution of finite quantum walks with respect to the number of unsuccessful
measurements m− 1, as illustrated by two examples in Fig.1. In contrast to a unitary evolution at times
tm = τm, the measured states |rM ⟩ can only be reached at the end of the monitored quantum walk. This
protocol was discussed in Ref. [21] and has been applied to single-particle states to detect the particle
location on a graph [22, 26, 23, 27, 28, 29, 30]. Its advantage, in comparison to a unitary evolution, is
that all information about the transition |rM ′⟩ → |rM ⟩ is collected in the distribution with respect to the
number of measurements.

The non-unitary evolution operator TM has matrix elements in the energy basis [25]

T̂M ;kl(τ) := ⟨Ek|e−iHτ |El⟩ − ⟨Ek|e−iHτ/2|rM ⟩⟨rM |e−iHτ/2|El⟩ = e−iEMτ/2(δkl − q∗M,kqM,l)e
−iElτ/2. (5)

This provides the N × N matrix T̂M (τ) = Û(τ/2)(1 − Q∗
MEQM )Û(τ/2), where 1 is the N × N unit

matrix and E is the N ×N matrix whose matrix elements are 1, and with the diagonal matrices

Û(τ) = diag(e−iE1τ , . . . , e−iENτ ) , QM = diag(qM,1, . . . , qM,N ).

It describes a unitary evolution for the time τ/2, followed by a projection onto the space orthogonal to
|rM ⟩ by 1−Q∗

MEQM , and finally a unitary evolution for the time τ/2 again.
Both evolution matrices U and T are defined via the eigenvalues {Ek} of the Hamiltonian H and

the overlap functions {qn,k} between the position states and the eigenstates of the Hamiltonian. The
eigenvalues of U(t) are on the unit circle and the eigenvalues of TM are on the unit disk with one eigenvalue
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a) b)

Figure 1: Two typical examples of a monitored quantum walk from |rM ′⟩ to |rM ⟩ with a) 6 and b) 14
steps between projective measurement, where the links represent a unitary evolution for the time τ . The
measured state |rM ⟩ is only visited at the end of the quantum walk.

at the center, since 1−Q∗
MEQM has an eigenvalue 0 with the eigenvector q∗

M = (q∗M,1, . . . , q
∗
M,N )T and

the N − 1–fold degenerate eigenvalue 1 with eigenvectors {q∗
k}k ̸=M .

To define a quantum walk on G we use the graph’s adjacency matrix with specific weights for its
elements. We begin with the idealistic case, in which the diagonal elements of H are 1 − 1/N and the
off-diagonal elements connect all sites equally with weight 1:

Hrjrj′ ≡ Hjj′ = δjj′ −
1

N
. (6)

This can also be written as the symmetric N × N matrix H = 1 − E/N . The vector u1 := (1, . . . , 1)T

is eigenvector with eigenvalue 0: Hu1 = 0. This reflects the detailed balance property
∑

j′ Ujj′ = 1 of
the quantum walk at each site of the graph, which restricts the quantum walk effectively to an N − 1
dimensional Hilbert space.

Besides the zero eigenvalue of H with eigenvector u1, there is the N − 1–fold degenerate eigenvalue 1.
Thus, we must construct a basis of linear independent vectors, which are orthogonal to u1. An example
is {ul}l=2,...,N with ul := (1, 0, . . . , 0,−1, 0 . . . 0)T , where the lth component is −1. This means that the
Hilbert space H separates into H1, spanned by u1 and H′, spanned by {ul}l=2,...,N , as H = H1 ⊕ H′.
The basis {ul}l=2,...,N is not orthogonal, though, but can be orthonormalized by the Gram-Schmidt
approach. This recursive procedure creates N -component vectors that are systematically filled with
non-zero components, beginning, for instance, with v2 = 1√

2
(1,−1, 0, . . . , 0)T and proceeding with

vk =
1√

k(k − 1)
(1, . . . , 1,−k + 1, 0, . . . , 0)T (3 ≤ k ≤ N), (7)

where the first k−1 components are 1. This enables us to expand the adjacency matrix (or Hamiltonian)
(Hjj′) of Eq. (6) in terms of its eigenvalues and eigenvectors as

Hjj′ =

N∑
k=2

v∗k,jEkvk,j′ , E1 = 0 , Ek = 1 (2 ≤ k ≤ N), (8)

where the first index k of vk,l refers to the vector vk and the second index l refers to its components. It

should be noted that vk,l = q∗l,k = ⟨rl|Ek⟩∗ = ⟨Ek|rl⟩. Moreover, the matrix elements v1,l = 1/
√
N do

not appear in the expansion of H due to E1 = 0, which is required by detailed balance. For 2 ≤ k ≤ N ,
1 ≤ l ≤ N we get from Eq. (7)

vk,l =
1√

k(k − 1)

{
1 1 ≤ l ≤ k − 1
−k + 1 l = k
0 k < l ≤ N

. (9)

This can also be written as

vk,l =
1√

k(k − 1)
[(−k + 1)δkl +Θkl] with Θkl =

{
0 l ≥ k
1 l < k

. (10)
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Although we don’t need v1 = (1, . . . , 1)T /
√
N for the expansion of H, it contributes to the expansion of

the unitary evolution matrix U(t) = exp(−iHt). After including k = 1 in the matrix v we obtain from
Eq. (10) for its elements

vk,l =
1√
N
δk1 + (1− δk1)

1√
k(k − 1)

[(−k + 1)δkl +Θkl] . (11)

While the Gram-Schmidt procedure gives a unique basis (which depends on the choice of u2 though),
another basis can be created by a unitary transformation. An important question is related to the local-
ization of eigenvectors. {ul}l=2,...,N are localized eigenvectors but summing them creates also extended
eigenvectors, as already demonstrated for the orthonormal basis {vl}l=2,...,N . This ambiguity exists only
for degenerate eigenvalues, where any linear combination of eigenvectors gives another eigenvector.

For specific values of k and l the spectral weights (vk,l)
2 = ⟨rk|El⟩⟨Ek|rl⟩ characterizes the decay of

the eigenvector vk. For instance, r1 is equally connected through U(t) to any site rl on the graph, while
r2 is only connected to r1, r3 to r1 and r2 etc. up to rN which is connected to all sites but also has a
dominant spectral weight (vN,N )2 = 1 − 1/N . This, as well as (vk,k)

2 = 1 − 1/k (2 ≤ k ≤ N), reflects
localization with increasing spectral weight due to increasing k. More general, the quantity

ck :=

N∑
l=1

(vk,l)
4 (12)

provides a criterion for the localization of vk: It defines localization for ck ∼ 1/N0 and delocalization for
ck ∼ 1/N . For the basis {vk} we get c1 = 1/N and for 2 ≤ k ≤ N

ck =
1

k2(k − 1)2

N∑
l=1

[(k − 1)4δkl +Θkl] = (1− 1/k)2 +
1

k2(k − 1)
, (13)

which is independent of N and bounded as 1/2 ≤ ck ≤ 1. Thus, all eigenvectors are localized except
for v1. The localization originates in the component vk,k of the degenerate spectrum, which is larger
than the other components of vk. In contrast to the localized {vk}l=2,...,N , the basis {wl} is a set of
delocalized eigenvectors with ck =

∑
l |wkl|4 = 1/N .

H can also be spanned by plane waves {wk} in Eq. (1), which form an orthonormal basis. This
provides the elements wjk := exp[2πi(j − 1)(k − 1)/N ]/

√
N (1 ≤ j, k ≤ N) of the N ×N unitary matrix

w =
1√
N


1 1 1 · · · 1
1 e2πi/N e2πi2/N . . . e2πi(N−1)/N

...
...

...
. . .

...
1 e2πi(N−1)/N e2πi2(N−1)/N . . . e2πi(N−1)2/N


with

N∑
k=1

wjkw
∗
j′k =

N∑
k=1

e2πi(j−j′)(k−1)/N

N
= δjj′ .

This enables us to expand the unitary evolution matrix as

Ujj′ =

N∑
k=1

w∗
kje

−iEkτwkj′ , (14)

which gives the same Hamiltonian as the expansion in Eq. (8) due to the spectral degeneracy in H′.

2.1 Non-degenerate energy eigenvalues

Based on the expansions (8) and (14) with a non-degenerate set of eigenvalues {Ej} we create new
Hamiltonians, only keeping E1 = 0 to preserve the detailed balance, either with the localized eigenvector
basis {vk} or with the delocalized eigenvector basis {wk}:

U ′
jj′ =

N∑
k=1

vk,je
−iEkτvk,j′ , U ′′

jj′ =

N∑
k=1

w∗
kje

−iEkτwkj′ , (15)
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where U ′′ is translational invariant on the graph in the sense of U ′′
jj′ ≡ H ′′

j−j′ . (It should be noted that
this does not mean translational invariance with respect the embedding space.) Formally, we can also
consider E1 ̸= 0. In that case the Hamiltonian also depends on the delocalized eigenvector v1.

The expansions in Eq. (15) mean that we can create two different Hamiltonians with the same
spectrum but different properties of the eigenvectors; in one case with a delocalized basis {wl}, in the
other case with a localized basis {vl}. This concept can be generalized by mixing the two type of
basis states in different subspaces of H′ to create a random ensemble, where the average can either be
dominated by the localized or by the delocalized eigenvectors. Formally, we write H′ = H2⊕· · ·⊕Hn and
choose randomly either a localized or delocalized basis to span Hj . Finally, we employ the Gram-Schmidt
procedure to orthormalize the basis in H′.

2.2 Transition probabilities for the monitored evolution

From the unitary evolution matrix of Eq. (3) and the monitored evolution matrix in Eq. (5) we obtain
the corresponding transition probabilities as

PMM ′(t) = |UMM ′(t)|2 =

∣∣∣∣∣
N∑

k=1

qM,ke
−iEktq∗M ′,k

∣∣∣∣∣
2

(16)

and, according to Ref. [25], we get from Eq. (4)

ΠMM ′(m, τ) =
∣∣∣Tr(Û(τ/2)T̂m−1

M Û(τ/2)Q∗
M ′EQM )

∣∣∣2 =

∣∣∣∣∣∣
N∑

k,l=1

e−i(Ek+El)τ/2[T̂m−1
M ]klq

∗
M ′,lqM,k

∣∣∣∣∣∣
2

. (17)

The conservation of the quantum walker requires
∑

M PMM ′(t) = 1, which is automatically implied by
the unitary evolution. This condition reflects that the quantum walker is not absorbed at any time and
that it can be found somewhere on the graph with total probability 1. This corresponds with the detailed
balance of a classical random walk, while the detailed balance of the quantum walk

∑
j′ Ujj′(t) = 1 is an

additional condition.
The time of the monitored evolution is t = mτ , which is interrupted by m − 1 measurements. The

two transition probabilities are related as ΠMM ′(1, τ) = PMM ′(τ), which reflects that m = 1 means
no measurement. For the monitored transition |rM ′⟩ → |rM ⟩ the matrix T̂m−1

M is crucial. Its matrix
elements q∗M ′,kqM,l read in the plane-wave basis {wl}

q∗M ′,kqM,l = wkM ′w∗
lM =

e2πi[(M
′−1)(k−1)−(M−1)(l−1)]/N

N
, (18)

which implies that the transition probability reads

ΠMM ′(m, τ) =
1

N2

∣∣∣∣∣∣
N∑

k,l=1

e−i(Ek+El)τ/2+2πi[(M ′−1)(k−1)−(M−1)(l−1)]/N [T̂m−1
M ]kl

∣∣∣∣∣∣
2

. (19)

For the corresponding expression in the localized basis {vl} we use Eq. (11). The decay of the monitored
transfer probability with respect to |M −M ′| is determined by the matrix T̂m−1

M in Eq. (17). When

m≪ N we can neglect terms of O(1/
√
N). Then the transfer matrix T̂M is reduced to the matrix (vk,l)

for (2 ≤ k, l ≤ N) as
Akl := δkl − q∗M,kqM,l = δkl − vk,Mvl,M

= δkl[1− (1− 1/M)δkM ] +

√
1− 1/M√
k(k − 1)

ΘkMδlM +

√
1− 1/M√
l(l − 1)

ΘlMδkM − 1√
k(k − 1)l(l − 1)

ΘkMΘlM .

Thus, the (N − 1)× (N − 1) matrix A can be written as a matrix with a block structure as

A =

(
1 0
0 B

)
and T̂M = U(τ/2)AU(τ/2) =

(
u1 0
0 u2Bu2

)
(20)

6



with an M ×M block matrix B and diagonal matrices u1,2 with u1 = diag(e−iE1τ , . . . , e−iEM−1τ , 0, . . .)

and u2 = diag(0, . . . , 0, e−iEMτ/2, . . . , e−iENτ/2). This means that a vector x =
∑M−1

k=2 xkvk is com-

pletely localized on the graph under a monitored evolution: T̂Mx = u1x, and that the energy states
{|Ek⟩}k=2,...,M−1 are removed from the quantum walk. On the other hand, the complementary vector

y =
∑N

k=M ykvk can not leave the subspace spanned by {vk}k=M,...,N under the monitored evolution:

vk · T̂m−1
M y = 0 for k = 2, . . . ,M − 1 and any m > 1. For the plane-wave basis {wl} the corresponding

matrix reads

Akl = δkl − q∗M,kqM,l = δkl − w∗
kMwlM = δkl −

1

N
e−2πi(k−l)(M−1)/N ,

such that

T̂M ;kl = e−iĒkτδkl −
1

N
e−2πi(k−l)(M−1)/N−i(Ēk−Ēl)τ/2. (21)

In this case we get vk · T̂m−1
M y ̸= 0, which indicates that there is no restriction of the monitored evolution.

2.3 Random scattering in the unitary evolution

The unitary evolution is subject to strong quantum fluctuations due to the phase factors exp(−iEkt).
This can cause a problem when we are interested in the characterization of generic properties. A typical
example is the entanglement entropy, which can be a wildly fluctuating quantity. In particular, these
fluctuations are very strong near phase transitions. They are substantially reduced when we average
with respect to a time interval ∆t, which enabled us to identify a sharp phase transition to Hilbert-
space localization [31, 32]. Alternatively to a random time interval we will consider in this section
random scattering in the unitary evolution by random eigenvalues {Ek}. In general, both matrices
Ê = diag(E1, . . . , EN ) and u in H = u†Êu can be random, where only Ê appears in the time dependence
of the evolution matrix of Eq. (3), though. Thus, we get from Eq. (16) the average with respect to the
eigenvalue distribution for a general unitary matrix u

⟨PMM ′(t)⟩ = ⟨[e−iHt]MM ′ [eiHt]M ′M ⟩ =
∑
k,l

pkl(t)qM,kq
∗
M ′,kq

∗
M,lqM ′,l (22)

with pkl(t) = ⟨e−i(Ek−El)t⟩ = ⟨e−i(xk−xl)t⟩e−i(Ēk−Ēl)t and with random fluctuations xk = Ek−Ēk around
the mean eigenvalue Ēk. This is reminiscent of a time average, since the energy levels appear only in the
combination Ekt in Eq. (16). Therefore, we expect a similar suppression of the quantum fluctuations as
under time average. However, since ⟨e−i(Ek−El)t⟩t is different from pkl(t), quantum fluctuations survive
at least for short times. This can be seen when we split the double summation as

⟨PMM ′(t)⟩ =
∑
k

|qM,k|2|qM ′,k|2 +
∑
k,l

(1− δkl)pkl(t)qM,kq
∗
M ′,kq

∗
M,lqM ′,l, (23)

where we have used pkk(t) = 1. Thus, only the remaining double sum depends on time through pkl(t).
These results can be summarized by the expression

⟨PMM ′(t)⟩ = [1− w(t)]

N∑
k=1

|qM ′,k|2|qM,k|2 + w(t)P̄MM ′(t), (24)

where P̄MM ′(t) is the transition probability of Eq. (16), in which the Hamiltonian H is replaced by
its average H̄ = ⟨H⟩. The weight function w(t) = ⟨e−i(xk−xl)t⟩ is determined by the distribution of
the eigenvalues. We can assume that limt→∞ w(t) = 0, as will be demonstrated in several examples in

Sect. 3.1. The splitting of the average transition probability into a static part
∑N

k=1 |ukM ′ |2|ukM |2 and
the evolution part P̄MM ′(t) with time dependent weights 1 − w(t) and w(t), respectively, indicates a
separation of the unitary evolution into a classical and a quantum part.

For the sum in Eq. (24) we get from Eq. (11) with M ≥M ′ in the localized basis {vk}

lim
t→∞

⟨PMM ′(t)⟩ =
N∑

k=1

v2k,Mv
2
k,M ′ = δMM ′

(M − 1)2 − 1

M2
+

1

N2
+

1

M2
+

N∑
k=M+1

1

k2(k − 1)2
. (25)
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The sum on the right-hand side gives a closed expression in terms of the digamma function [33]. This
result is not translational invariant because it favors transitions to small values of M,M ′. Of course, this
is a consequence of the chosen basis of localized eigenvectors, which itself is not translational invariant.
But it can be made translational invariant by summing up a permuted basis on the graph, rather than
fixing a specific one. This would remove the M–dependent terms and replace it by an average over all
positions on the graph.

In contrast to the localized basis, for the plane-wave basis we get in the infinite-time limit a uniform
transition probability:

lim
t→∞

⟨PMM ′(t)⟩ =
N∑

k=1

|wkM |2|wkM ′ |2 =
1

N
, (26)

indicating a uniform distribution for the quantum walk at large times. This reflects the result for T̂M in
Eq. (21).

3 Discussion

According to Eq. (15), the unitary evolution matrix U(t) can be expanded in terms of its eigenbasis. The
properties of this basis determine the range of the evolution, i.e., which sites of the graph are connected
by U(t) during the evolution. This can be realized by designing an appropriate quantum circuit, enabling
us to study the localized as well as delocalized regimes on a quantum computer.

Averaging of the transition probability over a random distribution of eigenvalues of U(t), as described
in Sect. 2.3, reveals two separate regimes in the evolution. One is static and classical, while the other
represents a quantum walk with the average Hamiltonian (cf. Eq. (24)). They appear with time-
dependent weights, in which the contribution of the classic static part becomes more important with
increasing time. It means that the quantum effect is suppressed in the long-time asymptotic under the
average. This classical limit reflects the distribution of the transition probabilities according to their
eigenbasis, as given in Eq. (25) for a localized basis and in Eq. (26) for the plane-wave basis.

Instead of random scattering in the unitary evolution of a quantum walk, we also considered the
effect of repeated projective measurements on the quantum walk in Sect. 2.2. The result of such a
monitored evolution also depends strongly on the properties of the underlying eigenbasis. The corre-
sponding evolution operator TM , where |rM ⟩ is the projected state in the measurement, is even more
sensitive to the localization properties, as reflected by the results in Eqs. (20), (21). In particular, the

relation T̂m−1
M x = um−1

1 x for x =
∑M−1

k=2 xkvk implies a projection onto a subspace that is defined by
the measured state. This could be used to control and guide quantum walks inside a larger Hilbert space
by constructing proper Hamiltonians H with the mapping {Ek,vk} → H in a localized basis.

3.1 Examples for the distribution of random eigenvalues

We consider the Gaussian distribution of the eigenvalues {Ek}

1

N
∏
k,k′

e−γkk′ (Ek−Ēk)(Ek′−Ēk′ )
∏
k̄

dEk̄ (−∞ < Ek <∞) (27)

with the positive symmetric correlation matrix γ and the normalization N ∝ det γ−1/2. This gives us

pkk′(t) = ⟨e−i(Ek−Ek′ )t⟩ = e−(γ−1
kk

−γ−1

k′k
)t2/2e−i(Ēk−Ēk′ )t. (28)

A constant part of the k dependent average eigenvalues cancels in Ēk − Ēk′ and only the dispersive part
contributes.

The uncorrelated limit is obtained from Eq. (28) when we assume a diagonal matrix γ. Assuming
that γ−1

kk is constant in k with γ−1
kk = κ, this provides

pkk′(t) =

{
1 for k′ = k
e−κt2/2−i(Ēk−Ēk′ )t for k′ ̸= k

. (29)
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a) b)

Figure 2: The transition probability for |rj⟩ → |r5⟩ (j = 3, 5) and N = 10 energy levels in the localized
basis for a) the unitary evolution and b) for the monitored evolution.

This means that the function w(t) in the average return probability in Eq. (24) reads in this case

w(t) = e−κt2/2.
A special example for a correlated distribution of the fluctuations xk = Ek − Ēk is an attraction of

eigenvalues with ∑
k,k′

xkγkk′xk′ =
1

κ

a∑
k

x2k +
1

2N

∑
k,k′

(xk − xk′)2

 (a > 0), (30)

which implies

γkk′ =
1

κ
[(1 + a)δkk′ − 1/N ].

Then the elements of the inverse correlation matrix read

γ−1
kk′ =

κ

1 + a

(
δkk′ +

1

aN

)
and γ−1

kk − γ−1
kk′ =

κ

1 + a
(k′ ̸= k).

Another example is a repulsion of eigenvalues with

∑
k,k′

xkγkk′xk′ =
1

κ

b∑
k

x2k − 1

2N

∑
k,k′

(xk − xk′)2

 (b > 1), (31)

which yields

γkk′ =
1

κ
[(b− 1)δkk′ + 1/N ]

and the elements of the inverse correlation matrix

γ−1
kk′ =

κ

(b− 1)

(
δkk′ − 1

Nb

)
and γ−1

kk − γ−1
kk′ =

κ

b− 1
(k′ ̸= k).

Then we get from Eq. (28) for attractive eigenvalues

pkk′(t) =

{
1 for k′ = k
e−κt2/2(1+a)−i(Ēk−Ēk′ )t for k′ ̸= k

(32)
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a) b)

Figure 3: The transition probability of the unitary evolution after averaging with respect to N = 10
random energy levels. a) In the localized basis the transition probability is plotted for |rj⟩ → |r5⟩
(j = 3, 5) with two different asymptotic values (cf. Eq. (25)). b) In the plane-wave basis for the
transitions |rj⟩ → |r5⟩ (j = 4, . . . , 10) there is only one asymptotic value 0.1 for all transitions, according
to Eq. (26).

and for repulsive eigenvalues

pkk′(t) =

{
1 for k′ = k
e−κt2/2(b−1)−i(Ēk−Ēk′ )t for k′ ̸= k

, (33)

which is similar to the uncorrelated result in Eq. (29). In particular, for all examples the off-diagonal
part of pkk′(t) decays with time, such that in the end the walker is distributed over the graph G according
to Eq. (25) for a localized eigenbasis or according to Eq. (26) for a plane-wave eigenbasis. For finite
values of t there is scaling with the variable κt2, where a smaller κ means smaller fluctuations of the
eigenvalues. With these results for pkk′(t) we return to the average transition probability of Eq. (24)
and insert the new weight functions w(κt2). Thus, Gaussian random scattering results in a fast decay of
the weight of the quantum term in ⟨PMM ′(t)⟩ that is supported by increasing fluctuations. Therefore,
in order to describe a realistic situation, either a finite t or a time average by integrating over all times
should be considered. Finally, in the degenerate case Ēk = Ē = const. we get strict localization of the
quantum term in P̄MM ′(t) = δMM ′ . This indicates that a degenerate average Hamiltonian reproduces an
unphysical result similar to that observed for the Hamiltonian in Eq. (6).

In order to illustrate the results found in Sects.2.2 and 2.3, we consider specific cases for PMM ′(t)
in Eq. (16) and for ΠMM ′(m, τ) in Eq. (17) with energy levels Ek = k − 1 (1 ≤ k ≤ 10) in units of
h̄. In Fig.2a the unitary evolution of the transition probabilities for |r3⟩ → |r5⟩ and for |r5⟩ → |r5⟩ is
plotted at discrete times t = 1, 2, . . . , 100. The probabilities of the same transitions during the monitored
evolution are plotted in Fig.2b. The decay of the probabilities in the latter case, in contrast to the
oscillating behavior during the unitary evolution, indicates that the project measurements effectively
suppress quantum fluctuations.

In Fig.3 the average transition probability ⟨PMM ′(t)⟩ of Eq. (24) is plotted during the unitary
evolution. The distribution of the random energy levels uses the examples of Sect.3.1 with Ēk = k − 1
(1 ≤ k ≤ 10) in units of h̄ and with w(t) = e−t2/1000. The transition probabilities are calculated at
discrete times t = 1, 2, . . . , 100, using localized eigenvectors in Fig.3a and plane-wave eigenvectors in
Fig.3b. The two distinct asymptotic values for different initial states reflects the localization effect in the
behavior at large times. For the plane-wave basis, in contrast, the asymptotic value is universal, as given
in Eq. (26).
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4 Conclusions

We suggest an approach, based on the mapping from a given set of eigenvalues and eigenvectors to the
evolution operator {xk, Ek} → U(τ), to construct a quantum walk model. This is an alternative to the
usual mapping from a given Hamiltonian to the eigenvalues and eigenvectors H → {xk, Ek}. It provides
a more direct insight into the properties of the quantum walk and avoids the costly calculation of the
eigenvectors and eigenvalues of H. As demonstrated in Sects. 2.2 and 2.3, this approach reveals how
the localization properties of the unitary and the monitored evolution can be controlled by designing the
Hamiltonian. In particular, it is found that the localization effects due to repeated measurements are
stronger than those under random scattering in the unitary evolution. This approach offers a concept
for the design, for instance, of quantum circuits. It can be extended by introducing a random basis,
consisting of a mixture of localized and delocalized eigenvectors or random-time measurements [34, 35].
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