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Abstract

Generalized Pélya urns with non-linear feedback are an established probabilistic model to
describe the dynamics of growth processes with reinforcement. Depending on the feedback
function, this process exhibits monopoly, where a single, random agent (or colour) achieves
full market share, or it converges to a deterministic limit point. This work provides a compre-
hensive account of the properties of this process for fairly general feedback. In the monopoly
case, we derive results on the prediction of the monopolist for large initial market size and in
the deterministic case, we give an asymptotic description of the evolution of market shares.
We describe in detail how monopolies emerge in a transition from sub-linear to super-linear
feedback via hierarchical states close to linearity. Moreover, we derive a scaling limit for the
dynamics and characterize the fluctuations in a functional central limit theorem. By choosing
a different approach, we generalize known results on the number of steps won by the losing
agents in the case of strong monopoly, which even provides information on dependencies be-
tween several losers and on the tail distribution of further related quantities like the time of
monopoly. As a seeming paradox, losers with feedback close to the identity are most likely
to win in many steps. Finally, we suggest an extended version of the non-linear Pdélya urn
as a model for the dynamics of wealth distribution within an economy, where we particularly
highlight the empirical observation that wealth is distributed significantly more unequal than
wages. This allows some interesting predictions for future developments.
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For to every one who has will more be given, and he will have abundance; but from him who
has not, even what he has will be taken away.

- Gospel of Matthew, 25:29, RSV
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Chapter 1

Introduction

The evolution of inequality and its determinants is a much discussed issue in research and
public debates, not least due to the enormous public impact of Thomas Piketty’s work [110,
109]. As early as 1897, Vilfredo Pareto observed that wealth follows a power-law distribution,
i.e. the share of population with wealth exceeding w > 0 is approximately given by cw™¢
for a constant ¢ > 0 and an exponent o > 0. Moreover, he predicts that « is fairly stable
in time and for different places. Since then, this stunning observation has been confirmed
by numerous studies (e.g. [125, 19]) and was later promoted by the Nobel prize winning
economist Paul A. Samuelson [116] as ”Pareto’s law”. For Germany and the USA, Figure
shows the distribution of net personal wealth per adult, which is defined as the total value
of non-financial and financial assets (housing, land, deposits, bonds, equities, etc.) held by
individuals, minus their debts. Figure is consistent with Pareto’s law.

Unveiling the mechanism behind the dynamics of wealth by the means of mathematics
can support political and ethical debates on how to achieve a more equitable world. Simple
models assuming independent return rates (like the Black-Scholes model) cannot account for
these heavy-tailed wealth distributions, so more refined research is necessary. Opposing clas-
sical economic theory, the famous economist W. Brian Arthur [5] identifies increasing return
rates as a main driver in the evolution of any free market, i.e. the return rates on capital
depend on the amount of capital a person or household owns. In simple terms, the richer
you are, the faster your wealth grows. This phenomenon is sometimes referred to as Matthew
effect, which traces back to the introductory quotation from the Gospel of Matthew. Diverse
explanations for increasing returns can be conceived, like lower risk aversion of the rich due
to higher risk-bearing potential. Empirical studies in [53] confirm this idea, but on the other
hand increasing returns can even be found within similar asset groups. Hence, risk does not
exclusively drive increasing returns and other factors like higher skills, political influence, in-
formational advantages, decreasing costs of debt, tax-evasion or lower transaction costs are
relevant, too. Moreover, some asset classes are barely available for ordinary people, like pri-
vate equity fonds, art or other value increasing luxury goods. This work will focus on the
impact of increasing returns on wealth inequality rather than on the underlying reasons. For
a mathematical treatment of this phenomenon, Arthur [5] suggests a generalization of Pélya’s
urn model, on which this work provides some new, comprehensive results.
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Figure 1.1: 1 — CDF (Cumulative Distribution Function) of net personal wealth (purchasing
power parity, equal split adults) in Germany and the USA in 2011 and 2021 in Euro resp.
US-Dollar according to [111]. Least square fit (red line) estimates a Pareto exponent of 1.44
for Germany 2021.

In general, Pélya’s urn is a fundamental model for growth processes. Given an urn con-
taining balls of several colours, one ball is drawn uniformly at random and is put back to the
urn together with another ball of the same colour. Then, the procedure is repeated. Due to
its simplicity, this model allows for a rigorous mathematical analysis, but it is still flexible
enough to find applications in numerous fields like economics, psychology, evolutionary game
theory, statistics or image reconstruction (see Pemantle |107] and references therein for an
overview). More recently, |122} 114] use P6lya urns in the context of cryptocurrencies.

The model was proposed in 1923 by Pélya and Eggenberger [52] to describe the spread
of infectious disease, but it has been considered by Markov [94] before. Since then, many
generalizations of their idea were studied. For example in 1980, Hill, Lane and Sudderth [73]
extended the original model to non-linear feedback, which was later promoted by Arthur [5] as
a fundamental model for reinforced competition, e.g. between nations, companies, technolo-
gies or individuals. Another frequently studied extension of Pélya’s urn model is Friedman’s
urn (63| from 1949, where in each step depending on the drawn colour a certain set of balls
is added (or even removed) from the urn. Moreover, reinforced random walks as initiated by
Coppersmith and Diaconis [42] in 1986 are closely related to Pdlya’s urn [45, [123| |44], as the
probability to walk along an edge depends on how often it was crossed before. Aletti and
Crimaldi (3} 2, |4] include a rescaling mechanism to inhibit long-range dynamic dependencies
and |75] 21, 14, 41] deal with innovation in Pélya’s model. In addition to that, Pélya urns
with infinitely many colours were introduced in [10, |93}, |24] and have been addressed in recent
publications [9, 80, 117]. Further generalizations of Pélya’s urn to more complex replacement



schemes (like several interacting urns) have been studied in [96], 43, 18| [86] 115, 121} |119]. A
comprehensive overview on different urn models is provided in [92, 88, 82].

This work focuses on Pélya urns with non-linear feedback as proposed in [5] |73} 30]. Let
us first illustrate the idea of the model by means of an example. In the near future, customers
who intend to buy a new car will have the choice between several different technologies like
modern cars powered by fossil or synthetic fuels, hydrogen or batteries. Although electric
cars seem to be in the pole position in the race for the future car market, it is still open
which technology will win or whether there will be a mixture of different technologies. The
decision which technology a customer chooses basically depends on three factors. First, each
technology has an intrinsic deterministic attractiveness or fitness, which is e.g. the reason why
cars once replaced horses. Second, the decision depends on the choice of earlier customers.
For example, if many have bought an electric car before, there will be a dense charging
infrastructure and thus electric cars get more attractive for future customers. A second
argument for this reinforcement is that high revenues in the past provide financial means for
a faster technological development as well as cheaper prices because of lower production costs
per unit. The resulting overall attractiveness of technology ¢ is now modeled by a hypothetical
feedback function F;(X;) > 0 depending on the number X; € N = {1,2,3...} of customers
who have chosen technology ¢ before. High values of Fj(X;) indicate high attractiveness
of technology i. A typical example is Fj(k) = o;k®, where a; > 0 models the intrinsic
attractiveness and 8 > 0 the reinforcement effects in the market. The third determinant of
customers’ decision is their personal preference, which is difficult to include in a deterministic
model, so probabilistic approaches are more appropriate. We assume that customers enter
the market sequentially and have full information. Given the current state (Xi,...,X4) of
the market, a customer will opt for technology ¢ with probability

Fi(Xi)
Fl(Xl) + ...+ FA(XA)7

where A > 2 is the number of different technologies. The market size X7 + ... + X4 in-
creases by one in each step. If F;(k) = k, then this corresponds to the original Pélya urn [52].
Depending on the feedback function, monopoly may occur, where one technology achieves
full market share, as well as random or deterministic non-zero asymptotic market shares for
several technologies. The monopolist is in general random and depends on the behaviour
of the young market. Analyzing which feedback function leads to which properties provides
an understanding of the determinants of the behaviour of markets. For example, a natural
question of interest is to which extent the fitness «; and the initial market shares affect the
long-time limits.

Mathematically, this setup corresponds to a discrete-time Markov process, which is called
a (generalized) non-linear Pélya urn in the following. Properties of these urns have been
examined before, often focused on polynomial feedback functions 73], |83} 49, [84} |103}, |81} 40\
97] or symmetric models with F; = F [102, |101} |98]. In applications, feedback functions are
usually a hypothetical construction, which can barely be measured in real systems (like in
[60, 124]) similar to utility functions in economic situations. Thus, a general mathematical
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understanding without restrictive conditions on F; is important. This work investigates the
behaviour of non-linear Pdlya urns for a very general class of feedback functions, which un-
veils some new exciting facets of this process, like random weak monopoly (Section or
the ”loser paradox” (Section . An important restriction is, however, that F; depends only
on X;, which excludes stationary limit cycles as studied e.g. in [43].

This thesis is structured as follows: After formally introducing the model in Chapter
we study the long-time behaviour of the process in detail in Chapter [3] In Chapter
we derive a scaling limit for the whole dynamics, including an asymptotic description of
fluctuations. Next, in the case of monopoly, we generalize known results on the number of
steps (or customers) won by the losing agents (or technologies) in Chapter Finally, in
Chapter [6] we give an example of how this urn model can be used for applied purposes,
in particular as a model for the distribution of wealth. Section [2.3] provides a more detailed
overview on the main contributions of this work. Most results of this work have been published
with Stefan GroBkinsky in [67] |69, 68].



Chapter 2

Preliminary Definitions and Results

This chapter formally introduces the non-linear Pélya urn model. We establish important
notation and terminology used throughout this work, including the fundamental concept of
exponential embedding (Section . In Section we present a selection of important
results on this model, which are related to our work. Finally in Section we outline the
structure and main novelties of this work.

2.1 The model and the exponential embedding

We now formally define the model. All random variables are defined on some large enough
probability space [(2, A, P]. Let A > 2 be the number of agents (corresponding to technologies
in the introduction) and F;: N — (0, 00) the feedback function of agent i € [A] = {1,..., A}
We define a homogeneous, discrete-time Markov process (X (n))nen, = ((X1(n), ..., Xa(n))nen,
on the state space N4 with initial condition X (0) = (X1(0),...,X4(0)) € N4 and transition
probabilities

_ () _ Fi(Xi(n)) ,

P (X(n+ 1) = X(n) +e \X(n)) S REO sy €A @
where e() = ((51-,1-)]’-4:1 is the i-th unit vector. We denote by N := X;(0) + ... + X4(0) > A the
initial market size. Whenever needed, we set F;(0) = 0, and whenever useful, we take smooth
extensions F; : (0,00) — (0,00) to the positive real line.

We interpret X;(n) as the number of customers of agent ¢ at time n and define the
corresponding time-inhomogeneous Markov process (x(n))nen, of (market) shares

_ Xi(n)
xi(n) = =
with x(n) = (x1(n),...,xa(n)) € A%Y_,, where

E(O’l)7i:17"'7A7n€NO7

%1 = {(z1,...,xa) € (0, 1) @y + o ag =1}
is the interior of the unit simplex Agq_; == {(x1,...,24) € [0,1]4: z1+...424 = 1}. Moreover,
we establish the notation
¥(00) i= lim x(n)

n—oo
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Figure 2.1: Simulated evolution of the market shares for the first 100 steps of a non-linear
Pélya urn with different feedback functions. Here A = 3 and X (0) = (1,1,1).

for the long-time market share whenever it exists. We will see throughout this work that
X(00) is well defined in all generic situations, but it is possible to construct counterexamples
(see Example [3.28)). For later use, we introduce the notation

k,x) = (pi(k,x)); = 2.2
k) = b = (g e » (22)
for the transition probabilities, where k € N and x = (x1,...,24) € Ag_. Figure shows

four simulations of this process for different feedback functions, where the different regimes
(outlined in detail in Section (3.4)) are visible.

A useful alternative construction of the process is provided by the so-called exponential
embedding. We take independent random variables 7;(k), i € [A], k& € N, where 7;(k) is
exponentially distributed with rate parameter F;(k). For each ¢ we define the corresponding
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continuous-time counting process (Ei (t)) e with

-1
=:(t) = BN (1) = max {z eNo: Y m(X;(0) + k) < t} +X:(0),t >0 (2.3)
k=0
These are independent birth processes with =;(0) = X;(0), where the time between the k-th
and (k 4 1)-th event of Z; is given by 7;(X;(0) + k). If 0 =ty < t; < t2 < ... is the sequence
of jump-times of the process E(t) = (Z1(t),...,2a(t)), i.e.

tpt1 =min{t > ¢, : Z(t) #=(tn)},

then Rubin’s theorem (published in [45]) states that the jump chain (2(t,)),,cy, has the
same distribution as the process (X (n)),,cy,- Thus we can define:

X(n) = E(t,) (2.4)

The proof of Rubin’s Theorem is based on the lack of memory property of exponentials, i.e.
given Z(t,,) = (z1,...,24) we have

P (S(ts1) = Ztn) + ¢V |Z(ta) = (@1, 2a) ) = P (ﬂ'(m) ~ A Tj(xj))

_ Fz(xz)
F1($1) 4+ .. .FA(xA) ’

In fact, the birth processes Z;(t) can explode as the sum » ;2 ) 7:(k) might be finite.
We therefore define the random explosion times

LGO) = > (k) € (0,00], i € 4] (25)
k=X;(0)

In the following we are especially interested in the occurrence of monopoly, which requires
some definitions.

Definition 2.1. For ¢ € [A], we define the events

1. weak monopoly
wMon;(x(0),N) = {w €Q: lim x;(n)(w) = 1} = { lim x;(n) = 1},
n—oo n—oo
i.e. the market share of agent ¢ converges to one;

2. strong monopoly

sMon;(x(0),N) = {JLHJOZXJ(n) < oo},
i

i.e. agent ¢ wins in all but finitely many steps;
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3. total monopoly
tMon;(x(0), N) = {vn > 05 € [A]\ {i} : X;(n) = Xj(O)},
i.e. agent ¢ wins in all steps.

On the event wMon;(x(0),N), we call agent i the monopolist or winner and all other
agents j # i losers.

Obviously, a total monopoly is also a strong monopoly and a strong monopoly always im-
plies a weak monopoly. Via exponential embedding one can express the event sMon;(x(0), N)
by the explosion times through

sMoni(x(0), N) = () {Ti(Xi(0)) < T5(X;(0)) } (2.6)
J#

as equality of finite explosion times has probability zero. With the observation

T,(Xi(0)) < 00 © ET(Xi(0) = > F-tk) <oo & Y F%k) < 00,
k=X;(0) " k=1""

(proven by Feller in [54] and sometimes referred to as Feller-Lundberg-Criterion) one can
easily derive the following generally known criterion for the occurrence of strong monopoly
from [45].

Theorem 2.2. [/5, Appendiz] Strong monopoly occurs with probability one, i.e.
A
P (U sMon;(x(0), N)} =1,
i=1

if and only if

— 1
M
2 i < .
k=1
for at least one i € [A], otherwise the probability is zero.

If holds, the density of the explosion time T;(X;(0)) (see Lemma as a sum
of exponential variables has support on the whole positive real line for all choices of Fj.
So the probability of sMon;(x(0), N) is positive if and only if agent ¢ fulfills and the
monopolist is random among all agents ¢ € [A] that satisfy . For the polynomial case
Fy(k) = ok, oy > 0, B € R, i € [A], Theorem implies that strong monopoly occurs if
and only if 8 > 1.

On the other hand, when no agent fulfills (M), X;(n) — co almost surely for all i € [A]
and we have the following consistency property.



2.2. REVIEW OF PREVIOUS RESULTS

Proposition 2.3. Assume that none of the F; satisfies (@) Define a ’partial’ Pdlya urn
process X (n) for a subset B C [A] of agents with the same feedback functions F; and initial
condition X(0) = (X;(0) : i € B). Then the process (X'(n)) can be identified as a
(random) subsequence of (X;(n) :i € B)

neNy

neNg’

Proof. The independence property of the exponential embedding provides a canonical coupling
of the processes X and X. For that, define recursively so = 0 and

Spt1 = 1Inf{s > s,: Ji € B: Zi(s) # Zi(sn)}.

Note that s, < oo is well defined for all n > 0, since none of the F; fulfill . Then set
Xi(n) == Ei(sp) for i € B, which directly implies the claim since (s,) is a subsequence of
(tn)- O

In particular, if one of the limits

“(00) = lim ﬂ B(x0) := lim &
xoo)i= I, (ZjeBXj(n)>ieB’X( ) (EiEBXj(n)>ieB

exists, then so does the other and both have the same distribution. This implies further
neutrality of the limit x(co) in the sense of 78], so that it has a (possibly degenerate)
Dirichlet distribution on A4_1, whenever it exists. In the degenerate case, the Dirichlet
distribution is either deterministic or concentrated on the boundary of A4 1, e.g. when

P Ule wMon;(x(0), N )) = 1. This will be discussed in several examples in Sections [3.2{and

Note that in the case of weak monopoly this corresponds to hierarchical states, where the
asymptotic distribution among losing agents again exhibits a weak monopolist (see Section

for details).

2.2 Review of previous results

As already hinted in the introduction, the literature on generalized Pdlya urns is vast. In
this section, we shortly present a selection of results related to this work. The probably most
widely known result concerns the limiting distribution of the classical Pdlya urn, which traces
back to [62, 23].

Theorem 2.4. 2/, Theorem 1] If Fi(k) = ... = Fa(k) =k, then lim,,_,o x(n) exists almost
surely and has a Dirichlet distribution with parameter X (0).

[66] shows that the rate of convergence (in distribution) is O(n~!) in Wasserstein distance.
A powerful tool to study the linear Pélya urn is the theory of exchangeable processes, including
de Finetti’s famous theorem. Unfortunately, this is not applicable for our non-linear extension
(see [74]). To our knowledge, the following Theorem is the most comprehensive result
concerning the long-time limit of our non-linear process (x(n)),, which extends an earlier
result in [73].
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Theorem 2.5. [30, Theorem 3.1] Suppose that p(x) = limg o p(k,x) (cf. (2.2))) exists for
all v € Ay_1 and that even

i SUpen ,_, IP(K,2) — p(o)]|

k: < 00 (2.7)

k=1

holds. Moreover, assume that there is a twice differentiable Lyapunov function for the vector
field (G(2))gen,_, = (p(x) — T)gen,_,- Then x(n) converges almost surely for n — oo and
the limit is in {x € Ay_1: G(x) = 0}.

Note that a Lyapunov function does always exist in the case A = 2 and when p is differen-
tiable with equal feedback functions for all agents. Moreover, [30] shows under mild technical
assumptions that each stable fixed point of the vector field G is attained in the limit n — oo
with positive probability, whereas unstable fixed points are never attained.

Theorem [2.5] allows to compute the long-time market shares in generic situations, like
Fy(k) = a;k®. Nevertheless, condition is not fulfilled e.g. for F;(k) = log(k), Fi(k) =
klog(k) or Fy(k) = e*.

In the monopoly case described in Theorem the monopolist is in general random.
Consequently, one is interested in the probability that a specific agent is the monopolist, at
least in the limit N — oo. [98] derives such a result in a situation with only two symmetric
agents.

Theorem 2.6. [98, Theorem 2] Let A =2 and Fy = F» = F. Assume that F fulfills (M) and
that

o d 1 . d
hxniloréf:c%log F(z) > 3 and xlgg) %log F(z)=0.
Moreover, suppose that there is a constant C > 0 such that for all € € (0, %) and all x > 0
large enough

4 log F(t)

—d =
x4 log F'(x)

< (Ce

sup
r<t<glte

holds. Let X(0) = (N + Ag(N), N — Ag(N)) for N,A > 0 and g(a) = /WF(G)—T Then
da

the probability of agent 1 being the monopolist converges to ®(N) for N — oo, where ® denotes
the cumulative distribution function of the normal distribution.

For F(x) = 27, B > 1 these assumptions are fulfilled and ¢(N) = \/Z% is of order v/N.

This means that even a small initial advantage (compared to N) of one agent leads to this
agent being the monopolist with high probability. Note that the assumptions of Theorem
are not satisfied for exponentially increasing feedback. Moreover, [102] shows under similar
assumptions that P(sMon;(x(0), N)) is even exponentially decreasing in N when x;(0) < 3

for an agent i.

Theorem 2.7. [102, Theorem 3] Let A =2 and F} = F5 = F. Assume that F fulfills @
and that

limimf$di log F(z) > 1 and zh_>n010 x%% log F(z) = 0.

T—00 €T

10



2.2. REVIEW OF PREVIOUS RESULTS

Moreover, suppose that there is a constant C > 0 and x¢ > 0 such that for all € € (0,1) and
all x > xg
t% log F'(t)

7 —1| < Ce
r7-log F'(x)

sup
r<t<glte

holds. If 0 < x1(0) < 21 < %, then there exists v > 0 such that
P(3n>0: x1(n) > z1) <e V.

[50] provides results for the asymmetric case Fj(z) = a;2”,i € {1,2},8 > 1,a; > 0.
Under the assumptions of Theorem [102] shows that the number of steps, in which the
loser wins, has a heavy-tailed distribution. Here, for sequences (x,), and (y,), we write
Ty ~ Yp if Ty /yn — 1 for n — co.

Theorem 2.8. [102, Theorem 4] Under the assumptions of Theorem the following holds:

P(min{ X1 (c0), Xo(co} > ) ~ const. g F(lk) for x — oo

[44,|132] show similar results on the number of steps won by the loser. Moreover, they com-
puted the tail of the time when the monopoly occurs. We will generalize their achievements
in Chapter

Theorem 2.9. [{4, Theorem 10] Let A =2 and Fy(k) = Fy(k) = k® with 8 > 1. Define the
time of monopoly as

Nion = min{n > 0: min{X;(n), X2(n)} = min{X;(c0), X2(c0)}}

and ' = 3 — % Then there are constants ¢,C > 0 such that

[44] also computes the tail of Ny, for other explicit feedback functions, but does not
provide a handsome general expression. More recently in [97], a result for polynomial feedback
with different exponents was shown.

Theorem 2.10. [97, Theorem 2.2] Let A =2 and Fi(k) = kP with 1 < 31 < Ba. Define the
critical values
_Bi—1 BT

_[3 7 and Ve = Q&8
y —

Moreover, set X(0) = (x, vz® + o(x®)) for o € (0,1),v > 0.

Qep

1. If either a < aer O @ = Qep and v < Vep, then limy_oo P(sMoni (X (0)) = 1.

2. If either o > qep or a0 = ep and v > Ve, then limy_ oo P(sMong(X(0)) = 1.

11



CHAPTER 2. PRELIMINARY DEFINITIONS AND RESULTS

Hence, even the agent with inferior feedback can be the monopolist with high proba-
bility when there is a strong enough imbalance in the initial composition of the urn, i.e.
X2(0) ~ X1(0)* for @ < ag. In addition, [97] provides a result for the critical case
O = Qep, V= Vgp.

For Fy(k) = kP, i € [A] with 8 < 1, we know from Theorem that lim, o xi(n) =
L almost surely for all i € [A] irrespective of the initial configuration x(0). The rate of
convergence is specified in [84].

Theorem 2.11. /8, Propsition 3] Let F;(k) = kP for alli € [A] and 3 € (0,1).
1. [f%<5<1, then

]- n (o]
nt=# (X(n) — A) 2%, ¢ almost surely
for a random, nonzero vector C.
2. If0< B < % and i € [A], then
1\ nooo A-1 o
vn <X1(n) — A) —— N <0, Al+2,8(1_25)> in distribution,

where N denotes a Gaussian distribution.
8. If B= 3 andi € [A], then
ﬁ <X1(n) - A> 1IN <0, A> in distribution.

The convergence in part 2 and 3 can be extended to the vector x(n). Part 1 implies that
the leading agent does only change finitely often. According to [101, Theorem 1], this happens
in general if and only if

1

E <
2 b

= Fk)

where F' = F} = ... = F4 fulfills liminfy_,o, F(k) > 0. Also see [103] for details on that
phenomenon. In the case A = 2 and Fj(k) = a;k®, B > 0, [81] derives the tail distributions
of the number and last times of ties X;(n) = Xa(n).

Recently, researchers were also interested in fluctuations of Pélya urns.

Theorem 2.12. [39, Theorem 1.4] Let A = 2 and Fi(k) = Fa(k) = ak with o > 0. Write
XM (n) == x(n) to emphasize the dependence on the initial market size N and keep x™)(0) =
x(0) fized for all N. Then the sequence of processes

0,00) = 0,1, £+ VN (™ (INE]) = xa(0))

converges for N — oo weakly (in the Skorokhod-space) to a time-changed Brownian motion.

[28] extends this result to general A. In Chapter [4] we derive a corresponding central
limit theorem for non-linear Pélya urns. Finally, [6] adds a law of iterated logarithm and [61]
derives an interesting sample-path large deviation principle.

12



2.3. OVERVIEW AND MAIN CONTRIBUTIONS OF THIS WORK

2.3 Overview and main contributions of this work

One purpose of this work is to provide a comprehensive account of the theoretical properties
of the non-linear Pdlya urn model, which applies for a large class of feedback functions. As
shown in Section many results on this model have been derived before, most of which
are restricted to the symmetric two-agent case or to polynomial feedback. While dropping
these assumptions, we reveal some new facets of the process. The second purpose is to give a
detailed example of how this model can be used to explain real world phenomena.

Chapter [3]deals with the long-time limiting behaviour of the process. In the case of strong
monopoly (see Theorem , we prove that it is possible to predict the monopolist in most
situations in the limit for large initial market size V. This dissects the space of initial shares
A A_1 into attraction domains of the agents and our approach allows an explicit computation in
generic examples. We also discuss the behaviour on the boundary between attraction domains
as well as some differences between polynomially and exponentially increasing feedback. For
sub-linear feedback, we provide a new formula for the asymptotics of the share process (x(n))n,
which even holds when the limit lim,_,~ x(n) does not exist. We particularly focus on the
transition from sub-linear to super-linear feedback, where the system exhibits interesting
behaviour including hierarchical states and random weak monopoly, which is not covered by
previous results to our knowledge. In all cases, we discuss the sensitivity of the process to
heterogeneity and to small changes of the feedback function, which is particularly strong for
feedback close to the identity.

In Chapter 4] we derive a scaling limit for the full time evolution of market shares and
characterize the fluctuations in a functional central limit theorem, where the limiting process
is a Gaussian exchange process. This part uses techniques from stochastic approximation (see
e.g. |107, 27, /100]) and extends previous results like Theorem to non-linear feedback.

The goal of Chapter [5|is to extend Theorem [2.8 and related findings from [44} |132] on the
wealth of losers to general, asymmetric feedback and to systems with more than two agents.
For that, we first derive a result on the tail distribution of an explosive birth process at a
random or fixed observation time. As a seeming paradox, losers with feedback close to the
identity are most likely to win in many steps. Moreover, our approach allows insights in the
dependencies of several losers, so that tails of other quantities can be derived, too. These are
in particular the total wealth of all losers and the time of monopoly. In addition, we gain some
new insights in the large deviation behaviour of non-linear Pdlya urns. We also discuss the
wealth of agents with sub-linear feedback as well as special features of large systems. Again,
we particularly shed light on the behaviour close to the transition given by , i.e. between
super- and sub-linear feedback.

Finally, in Chapter [6] we turn to rather applied questions. As a widely observed phe-
nomenon, wealth is distributed significantly more unequal than wages. We propose a new
extension of the non-linear Pélya urn model in order to explain the mechanism leading to this
observation. In that model, agents accumulate wealth via savings on wages and via capital
returns. After a mathematical analysis of this new model and fitting the parameters, we exe-
cute simulations, which accurately reproduce German empirical data from present and past.
Assuming that this model is appropriate for describing the dynamics of wealth, we make some

13



CHAPTER 2. PRELIMINARY DEFINITIONS AND RESULTS

surprising predictions for the future, which turn out to be quite sensitive on presumed future
interest rates. Our simulations implement the idea of increasing return rates, but we also
explain within our model why different investment skills pose a less accurate explanation for
the gap between wage and wealth distribution.

14



Chapter 3

Long-time Limit Theorems

It is well known (Theorem or Theorem that Pélya urns with non-linear feedback
exhibit either strong monopoly or deterministic limit points. In the monopoly case, we present
in Section [3.1 an asymptotic result for large market sizes on the distribution of the winner. For
that, we have to distinguish exponential and polynomial feedback, which behave intrinsically
differently, e.g. with regard to the sensitivity to unequal fitness of agents. In the non-monopoly
case, we present in Section [3.2]a novel approach to compute the deterministic long-time market
shares, which do not depend on the initial condition or early dynamics. In Section [3.3] we
study in detail the transition between strong monopoly and deterministic limiting behaviour
for almost linear feedback functions, which are particularly relevant in various applications
including wealth dynamics (see Chapter @ Predictable behaviour can only be expected
for large initial market size, the behaviour of very young markets is intrinsically random.
While bounds on the probabilities of certain events can be obtained, we focus here mostly on
asymptotic results. To our knowledge, this provides the most complete account of the possible
long-time behaviour for the generalized non-linear Pélya urn. In Section [3.4] we provide again
a detailed summary of the various possible regimes of the process.
The results of this chapter have been published in [67].

3.1 Asymptotics for the strong monopoly case

Throughout this section, we assume that at least one agent ¢ fulfills Condition (M]), so that
strong monopoly occurs with probability one. To characterize the asymptotics, we have to
distinguish two different types of feedback functions with slightly different behaviour.

Definition 3.1. Let agent ¢ (or £;) fulfill (M)). We call i (or F;) of type P (for polynomial)

if
> 1
lim F; = P
Jm Fi(k) 2 FWM) - )
and of type E (for exponential) if
= 1
lim sup F;(k) < 00. (E)

15



CHAPTER 3. LONG-TIME LIMIT THEOREMS

For the rest of this section we assume that all agents with feedback functions that fulfill
are either of type P or type E. Of course it is possible to construct counter-examples
(see Example [3.3)), but these two types still cover a very large range, including most previous
results.

Proposition 3.2. If

d T— 00
——log(F(x)) %00 (3.1)
then F' is of type P, and if
e d
hfcn_l)})réf . log(F(z)) >0 (3.2)

then F is of type E.
Proof. First we assume (3.1) and observe that

k+1
Fw = exp {/k % log(F(a:))da:} LEsNl (3.3)

Consequently, for any given € > 0 there exists kg such that Vk > ko : F(k+1)/F(k) <1+e.
Then we get for k > ko:

0 1 00 ! _1 fe’e) 1 -k 1 0
0 e I 2 () = =

=k

The result for type E follows similarly. O

This means that functions that grow exponentially or faster are of type E, whereas func-
tions that grow slower than exponential (like polynomials) are of type P. Note that Oliveira’s
"valid feedback functions” in [102] or [101] are of type P, which includes furthermore all
regular varying functions.

Example 3.3. 1. The conditions from Proposition are not necessary for being type P
resp. E. For instance take any function F of type E and define F'(2k) = F'(2k+1) = F(k).
Then F is also of type E, but does obviously not fulfill (3.2).

2. A possible construction of a feedback function that is neither of type P nor type E, but
satisfies , is the following. Take a function F' such that

— 1
lim F(k —
0 < fim P07 <

holds, e.g. F(k) = e¥. Then define a new feedback function F by replacing each F (k)
by k elements that all equal kF'(k), i.e

(F(1),F(2),...) = (F(l),2F(2),2F(2),3F(3),3F(3),3F(3), : ) :

One can easily check that Fj satisfies neither nor .
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3.1. ASYMPTOTICS FOR THE STRONG MONOPOLY CASE

3.1.1 Asymptotic attraction domains

If at least one agents fulfills the monopoly condition , we know by Theorem that there
is a strong monopoly, where all agents satisfying have a positive probability of being the
monopolist. Thus, the monopolist is in general random. Nevertheless, in most situations it is
possible to predict the winner with high probability for large initial market size.

Definition 3.4. The asymptotic attraction domain of an agent i € [A] is defined as
D; = {X(O) e A%_1: A}im P(sMon;(x(0),N)) = 1} C AY_-
—00

Obviously, the asymptotic attraction domains are disjoint. The main result of this section
states that the asymptotic attraction domains cover the whole simplex up to boundaries under
mild regularity conditions.

Theorem 3.5. Let at least one agent satisfy (@) and all agents satisfying (@/ are either of
type P or type E. Moreover, assume that one of the following conditions holds:

1. At least one agent is of type E and for all x(0) € AY_4, 4,7 € [A]

Fi(x;(0O)N ) F;(x;(0O)N .
lim inf w =0 and limsup M =00 do not hold simultaneously .
Novoo Fj(xj(0)N) Nooo Fi(xj(0)N)

2. No agent is of type E and all agents of type P (there is at least one) fulfill

< 0. (3.4)

1
lim sup — F;(k) Z

koo K . Fi(1)

00
=k

In addition, suppose that limy_, % € [0,00] ezists for all x(0) € AY_4,4,j €
[4].

Then the asymptotic attraction domains are polytopes that dissect the simplex up to bound-
aries, 1.e.

A
U E = AA—la
=1

where (-) is the topological closure. If agent i does not satisfy , then D; = ).

As a direct consequence of the exponential embedding, P(sMon;(x(0), N)) = 0 for all
agents that do not fulfill . Hence, their attraction domains are empty. Moreover, the
attraction domains of agents of type P are empty if there is an agent of type E (Proposition
3.10)). Theorem basically follows from the results presented in the following subsections,
where e.g. explicit conditions for

A}i_r}noo P(sMon;(x(0),N)) =1
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1.0 1.0- 1.0
0.8- 0.8- 0.8-
>:Oir D2 QOG* D2 Qo,sf DZ
0.4- 0.4- 0.4-
0.2- Ds D, 0.2- Ds D, 0.2- D,
0.0- 0.0- 0.0-
0‘0 D.‘Z 0.‘4 0‘6 018 1‘0 D.‘O 0.‘2 0‘4 0j6 018 1‘0 0‘0 0‘2 0‘4 0?6 0‘8 1fo
(a) Fi(k) = Fa(k) = Fs(k) = k*  (b) Fi(k) = Fa(k) = 2, (c) Fik) = Fa(k) = K°, Fi(k) =
F3(k) = k? k>

Figure 3.1: Asymptotic attraction domains in the case A = 3 with various feedback functions.

as well as bounds of P(sMon;(x(0),N)) are derived. The final proof of Theorem [3.5| will be
presented in Subsection It will turn out that the explosion times 7T; from Section [2.1
concentrate on their expectations, i.e.

lim T;(Nx:(0))

—————— =1 almost 1
N T (N (0)) almost surely,

only for agents of type P, but not for type E, so we need to study these two types of feedback
functions separately. The technical conditions in each case are mild and will be discussed
in the following subsections. For example, Condition (3.4) excludes feedback close to the
identity like Fj(k) = k(logk)®, B > 1, but this condition is in general not necessary (see
Example . Another characteristic of type E is, that a strong monopoly is typically even
a total monopoly, at least when N is large.

Theorem 3.6. Let all agents be of type E and suppose that Assumption 1 in Theorem [3.5 is
satisfied. If x(0) € D¢ is in the interior of D; for some i € [A], then

]\}gnOOIP(tMoni(X(O), N))=1. (3.5)

Theorem [3.6]is a direct consequence of Theorem [3.7]given below. As explained in Corollary
total monopoly does in general not occur, if x(0) is on the boundary of the attraction
domain. In addition, it turns out that in generic situations the probability of total monopoly
is bounded away from one if all agents are of type P (Example . As explained in Example
the boundary between attraction domains can also belong to one of them.

3.1.2 Agents of type E and total monopoly

This subsection examines the occurrence of strong monopoly for diverging initial market size.
It turns out that total monopoly of an agent i € [A] occurs with high probability (for N — co)
if either i is of type E and (3.6) holds, or if (3.8 holds. If at least one agent is of type E, then

18



3.1. ASYMPTOTICS FOR THE STRONG MONOPOLY CASE

the attraction domains of all agents of type P are empty. On the edge between attraction
domains, total monopoly occurs with probability one only for super-exponentially growing
feedback.

The following results basically imply the first part of Theorem as well as Theorem
as described in Subsection The main result of this subsection provides a useful lower
and upper bound for the probability of total monopoly.

Theorem 3.7. Let agent i € [A] fulfill @ Then for all x(0) € A%_; and N > A

H.exp = DY Fl PleMon:(x(0), 7))
J#i k xi(O)N
il 1
<[Iexp{ —enEi((0N) ) Fi(k)
por k=xi(O)N "’

where
Fi(xi(0)N + k)

kieano Fi(Xi(O)N + k) + Zj;éi Fj(Xj (O)N)

Proof. Direct calculation yields

CN = >0.

o0

Fi(xi(0)N + k)
o FiOG(OIN + k) + 35 Fi(x; (0)N)

S Fi(x - 1
ZGXP{—Z Fj? ()N—i—k: } Hexp —Fj(x;(0)N) Z F(F)

k=0 k=xi(0)N

P(tMon;(x(0), N)) =

using the inequality e™® < 1— for # > —1. For the upper bound, we estimate

- Fi(xi(0)N + k)
h—0 E(xi(O)N + k) + Zj;éi Fj(x;(0)N)

=exp > [log(F(xa(0)N + k) —log [ Fi(xi(0)N + k) + Y F;(x;(0)N)
k=0 J#i
** io: Z];éz F( (O)N)

k=
oo 1
=L exr { Filx FOaO)N + k) + 35 F G (O)N) }

jF#£i k=0

> 1
< ]Jex {—CNFJ(XJ‘ OM 2 FroN }
)

JFi

Y

using log(z +y) — log(z) > 4 in . O
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An immediate consequence of Theorem is that for any agent fulfilling the proba-
bility of a total monopoly is positive, but less than one. In addition, Theorem [3.7] reveals a
significant behavioural difference between agents of type E and type P: whereas total monopoly
is very likely for type E agents when the initial market size N is large, it is rather untypical
for type P, which is explained in the following corollary and example.

Corollary 3.8. 1. If agent i € [A] is of type E , then for all x(0) € A9 _, the following
are equivalent:

Fi(xi(0)N)

NT&W =00 forallj#i (3.6)
lim P(tMon;(x(0),N)) = 1. (3.7)

N—oo

2. If agent i € [A] fulfills (@), then for all x(0) € A9 _,

F;(x:(0)N) Z F}k) A forall j #1 (3.8)
k=x;(ON ~°

is sufficient for . If in addition F;(k) is monotone for large k, (@ s equivalent
to 51

Proof. 1. If i is of type E, then (3.6) implies

> const. N—o0
> Fi(x;j(0)N)—— > 0
k=x2(0)N Fz Fz(XZ(O)N)

using , and (3.7) follows from the lower bound of Theorem The necessity of (3.6
follows from

P(tMoni(x(0), N)) < — 06 (ON) S {(ON) )*1 .
Zg 1 F5(x; (0)N) j#i Fz i(ON)

2. (3.8]) implies that the lower bound of Theorem converges to one so that . holds.
Now we assume that || does not hold. If % does not converge to infinity for some
j # i, then with 1., (3.7) cannot hold. Thus, we can assume . for all j # 4, which
implies ¢y N0 9 for the upper bound in Theorem [3.7| due to asymptotic monotonicity of

Fi(xi(0)N 4+ k) as N — oo. The upper bound then implies that P(tMon;(x(0), N)) does not
converge to one. O

Example 3.9. 1. In the polynomial case Fj(k) = o;k% with a; > 0,4 € [A] and 1 <
p1 < ... < Ba Condition (3.8) is equivalent to 84 > Ba—1 + 1 for all x(0) € AY_;. If
fa = Ba-1+1, then

s ) Ba—1
Jm PO,V = T e {‘ai (;Ai((’)))) } € (0,1)
Fyr ey
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3.1. ASYMPTOTICS FOR THE STRONG MONOPOLY CASE

since ¢y ——>% 1 in Theorem and limy_,oo P(tMon;(x(0),N)) = 0 for j # A. If
Ba < Ba—1+ 1, in particular if 87 = ... = B4, then limy_, o P(tMon;(x(0),N)) =0
for all agents. This is also reflected in the large deviation behaviour of the process

(Corollary [E.4)).

2. When F;(k) = a;e* for a; > 0,3; > 0,i € [A], then Condition (3.6)) is equivalent to
Bixi(0) > Bjx;(0).

Remarkably for type E agents, if F;(k) = o, F (k) for all i and a function F' fulfilling (E]),
then for large N the almost surely deterministic monopolist does not depend on the fitness-
parameters «a;, but is only determined by the initial condition due to the strong feedback
effect of type E functions.

Moreover, Theorem |3.7] - provides information about the rate of Convergence in If
agent 1 is of type E, then Theorem states together with 1 + z < ¢® and Hl 1(1 — xl) >

Zl:yru Ty T = 0

i (0)N) J(0)N)
P(tMon;(x >31;Iz(1_cj( X >>1—CZ N

where

(e.)
= sup F;(k Z

k>1 I—k z

because of . Thus, the convergence can be considered as quite fast, e.g. exponentially fast
for F;(k) = e*.

Indeed, Condition is fulfilled for an ¢ in most generic cases, when at least one agent
is of type E. To be more precise: If the expression in neither tends to infinity nor to
zero, then an arbitrarily small change in the initial market shares provides .

Proposition 3.10. Let agent i be of type E.
1. If j #i is of type P, then impy_oo P(sMon;(x(0),N)) =0 and D; = 0.

2. If j # 1 is of type E and

. Fi(xi(0)N)
1}\172151; F0G0)N) > 0, (3.9)

then for any € > 0:
. F((XZ(O) +e)N)
Mo O

Proof. 1. By we have for agent i of type E that

o] 1
1T 1
EHLEG <l-c (3.10)

Yk mD Fi(k) X2k my

21
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for some ¢ € (0,1) and k large enough, thus the sequence (Zloixl-(O)N %U))N converges to

zero faster than (1 — C)N/Xi(o). For an agent j # ¢ of type P we have by @) for any d > 0 and
k large enough

Z?ik—i-l Fjl(l) 1 1
Yk ED Fy(k) 320721 70

Thus, the sequence (Z[’ixj ()N FLU))N converges to zero slower than (1 —d)V/Xi(0), Together
J
this yields

>1—-d.

00 1
Zl:xj (0N F;(0) N—oo,

- (3.11)
Y LN B

exponentially fast as d is arbitrarily small. Next, we express the event of strong monopoly
via the explosion times (2.6). Take € € (0,1).
P(sMon;(x(0), N)) < P(T;(x;(0)N) < Ti(xi(0)N))
< P(Tj0G(0)N) < EET;(G(0)N)) + BT (G(O)N) > T3 (;(O0N)

The first summand converges to zero for N — oo according to Lemma [3.15] For the second
summand, we apply Markov’s inequality and (3.11)):

P(T;(xi(0)N) > ETj(x;(0)N)) < ET:(xi(0)N)) Nooo

= ET,(; (0)N) 0

Hence, limpy_,oc P(sMon;(x(0), N)) = 0.
2. Now let agent j # i be of type E and assume (3.9). Then with :

S ON BT (v
lim inf M > lim inf const.w >0
N=oo D2 N TF@ N7 i(x;(0)N)

Iterated application of estimate (3.10]) yields

1

E?i(xz-(0)+e)N F; ()

< (1—¢)lM 2220 for some ¢ € 0,1),

Z?iXi(O)N Fil(l)

and as a consequence

Z?ixj(owﬁ SEGONFED e O)N T

Then the claim follows via and

[e¢) 1
Fi((a(0) +oN) 2= ON BT 1 Novoo,
EjO0GOIN) 2 o) +on ﬁ(l) Fi(xG(00N) 322 o Fjl(l)
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3.1. ASYMPTOTICS FOR THE STRONG MONOPOLY CASE

Corollary implies that for any agent i € [A] of type E
{x(0) € AY_;: (3.6) holds} C Dj.

Due to Proposition these sets are even equal up to boundaries under Assumption 1 of
Theorem Moreover, the first part of Proposition states that the attraction domains
of all agents of type P are empty, if there is at least one agent of type E. Recall that for
finite N the probability of monopoly is positive for all agents satisfying . Nevertheless,
sMon; can in general not be replaced by tMon; in 1. of Proposition as underlined by
the following example.

Example 3.11. Let A = 2 and F;(k) = ¢ and

k2 for k even
k) =
2(k) {ek for k odd.

It is easy to check that Fj is of type E and F» is of type P, but (3.6) does not hold for
x2(0) > x1(0). As a consequence, limy_,o, P(sMoni(x(0),N)) = 1, but the monopoly is not
necessarily total even for large N.

Finally, one can ask what happens for large N and critical market shares, i.e. for x(0)
lying exactly on the edge between the asymptotic attraction domains. It stands to reason
that in this situation the monopolist remains random even for large N. Nevertheless, the
exact limiting behaviour depends on whether the feedback functions grow exponentially or
even super-exponentially.

Corollary 3.12. Consider x(0) € A% _,, such that there is a subset S C [A] of agents with
Fi(x;(O)N)

Vies, jelAl: limsup XY 3.12
J € 1ALz limsup 2 0N (3.12)
and . 0N

Vj ¢ ST [A]: limsup 2XON) _ (3.13)

Then the following holds:

1. For all agents i € S of type E we have liminfy_,o P(tMon,;(x(0), N)) > 0.

2. If for all agents i € S we have super-exponentially growing feedback, i.e.

lim Fi(k+1)
oo Fi(k) O

then th%oo P (UieS tMoni(X(O)v N)) =L

8. If for all agents © € S we have at most exponentially growing feedback, i.e.

lim su M < 00
lHoop F;(k) ’

and #S > 2, then limsupy_ .o P (Ule tMoni(X(O),N)) < 1.
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Proof. 1. This follows directly from Theorem and :

00 1 Fi(x:(0)N
P(tMon;(x(0)) > HeXP{ X (0)N) Z Fi(k) } = Hexp {—const.m}

J#i k=xi(0)N J#i

2. First, we write

A
P | | tMon;(x(0),N)
j=1

I
'M:’*‘

A
i (U tMon;(x(0), N) |X (1) — X(0) = e@')) P (X(l) — X(0) = e@'))

1 j=1

]

I
WE

P (tMoni (Ni - (MON + D) N+ 1)) P (X(1) - X(0) = )
i

1 - ,
~ R (#) _ —
E'GSIP’<tMon, <N+1 (X(O)N+e ),N+1>>IP’<X(1) X(0)=e ) for N — oo,
where the last line is a consequence of (3.13|). This also implies that in the limit N — oo only

agents in S can be the total monopolist. Note that super-exponential feedback implies being
of type E (see Proposition . Then apply Theorem and fori e S:

P <75M0”z‘ <Nir1 (X(O)N+ e(i)) N + 1)) > [[exp§ —Fi(x;(0)N) % Fik)
(X
i(

J#i
Fi(x;(ON) | _ Fi(x;(O)N)  Fi(xi(0)N)
> Hexp {—const 3 J ) } = jl;‘[iexp {—const. J 2 F(a(O)N + 1) }

(xi(0)N +1 F(xi(0)N) -

JFi

N—oo

1

3. Similarly to the second part, this follows from

P <tMoni <N1+1 (XON +¢?) N + 1)) < Fi(Xi(O)NT%(?g;%(Xj(O)N)

-1

F(G0)  E(a(0)N)
Y BN FrONT T

F0GO) 0 for j € S. 0

The claim follows since #S > 2 and liminfy o 7 FZO)

Example 3.13. Let Fi(k) = ¢®*” for oy > 0,8 > 0 and all i € [A] Then Condition

(3.12) is satisfied with S = [A] if a;x:(0)® = a;x;(0)? for all i,j € According to
Corollary |3.12] we have in this case limy_ o P (Uf: L tMon;(x ) =1for 8 > 1 and

lim suppy_ oo P (Ule tMoni(X(O),N)) <lfor g<1.
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3.1. ASYMPTOTICS FOR THE STRONG MONOPOLY CASE

3.1.3 Agents of type P

Let us now turn to the more widely studied case when all agents are of type P. We already
saw in Example that in this case a total monopoly is rather untypical. Since the definition
of type P includes the monopoly condition , strong monopoly still occurs with probability
one. This subsection prepares the proof of the second part of Theorem which is presented
in Subsection In addition, we also discuss the possible behaviour on the boundary be-
tween attraction domains as well as feedback that is excluded from Theorem [3.5] via Condition

B3).

We start with a result on the prediction of the monopolist in the limit N — oco.

Theorem 3.14. Let all agents be of type P or not fulfill (@) If there is an agent i € [A] of
type P such that

e 0]
lim sup FEGON Fik) <1 forallj#i, (3.14)

N—o0 Zk =x; (0)N Fj(k)

then
A}im P(sMon;(x(0),N)) =1 . (3.15)
—00

Note that Condition (3.14]) can be replaced by the easier, but stricter condition

lim sup -2
Nooo Fi(xi(O)N) — xi(0)

since
> he ! > 1 du Xi(0) st
lim sup F=xi(ON FZYC) = lim sup —fﬁj(o)N FZE ) = lim sup Z(le(O)N)
Nooo Doty oN HE N Loon mmd Vo Xi(0) mrom

due to de 'Hospital’s Theorem. This implies that for regular varying F;(k) = a;k°L(k), where
B > 1 and L is a slowly varying function, the attraction domains are equal to the polynomial
case, where F;(k) = a;k®. Moreover, the attraction domains do not change if F; is replaced

by another function F, satisfying limg_, o Ek; =1.

Proof. This is an immediate consequence of the following Lemma and the exponential
embedding representation ([2.6]) of the strong monopoly via

( TOa(ON)  ET;06(0)N)  ET(a(0)N) _ 1)
ET;(xi(ON) - Ti(x;(0)N)  ET;(x;(0)N)
N—o00 17

since ET;(x;(0)N) = Zl?;xl'(o)N % :

Lemma 3.15. If agent i is of type P, then:

v (ET((XE(S)N]\;)> 0

P(Ti(xi(0)N) < Ti(x;(0)N)) =
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Proof. We can find an appropriate regular extension of F;, such that

i ! - d and Z /OO du for n — oo

n ’L

Example 3.16. If F;(k) = a;k? for all i € [A] and 8 > 1, then Condition (3.14) is equiv-
alent to a;x;(0)#~1 > ajxj(O)ﬁ_l. Thus, in contrast to the type E case (Example , the
attractiveness-parameters «; affect the attraction domains.

Lemma [3.15| uncovers another behavioural difference between type P and type E agents:
For type P agents the explosion time concentrates on its expectation, whereas the variance
of T;(xi(0)N)/ET;(x;(0)N) remains bounded from below for type E agents by an analogous
argument, using . For many type P agents, including F;(k) = a;k”, it is possible to
prove that the convergence of T;(x;(0)N)/ET;(x:(0)N) is even almost sure (see the proof of
Proposition together with the Lemma of Borel-Cantelli).

It is now natural to look for an analogy to Proposition for type P agents in order to
make sure that (3.14) is fulfilled for almost all initial market shares x(0). Unfortunately, this
attempt is meant to fail as the example Fj(k) = Fj(k) = k(log k) for o > 1 shows. In this
case

> w5 ~/X°° L e = log((ON)

k=Da(O)N] ()N (logz)

Therefore, (3.14) is not fulfilled for all choices of x;(0), x;(0), since

TN TG _ (Jos() e o
= = log(N) + log(x;(0)) -

Nevertheless, with a further condition we can find a similar result as Proposition [3.10

Proposition 3.17. Suppose that for some i # j

00 1
lim k= Xz( ) ink)

0)N
N=voo Zk x; ()N F;(k)

=1. (3.16)
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3.1. ASYMPTOTICS FOR THE STRONG MONOPOLY CASE

1. If there exists C < oo such that for all k € N

o0
FOY. i <

=k

i.e. holds, then for all e > 0

PR (i (0) LN TR

lim sup T <1.
N—o0 Zk:xj(o)N Fj (k)
2. If
li F = .e. 1 1S 1 ] P 1
Jim Z Fz =00 (i.e. i isin particular of type P) (3.17)

and holds for one choice of xi(0),x;(0), then holds for all choices
xi(0), x;(0) > 0 with x;(0) + x;(0) < 1.

Proof. 1. We have by (3.4))

YR ON+ B _ -
T RGON Yo OxGON

and iterated application of this yields

2 k= (xi(0)+ON k;) < (1_ )LeNJ
YRGON F C(xi(0) +¢)N

ZZO:Xi(O)N Fy

N=ooo, ~ermonTa <« 1 .

Finally, this implies

00 1 0o 1
Li=(u(O+ON Fill) | h=aON BE _

D e (i (O)+N Fol)
EOuOHON B _ g

lim sup T
N—oo zk:Xi(O)N F;

N—o0 Zk:xj(o)N Fi(k

00 1
k) Zk:xj(O)N W

2. The second part follows by similar arguments, using Condition (3.17) for an ”>"-estimate
n (3.18), where C = C(N) is arbitrarily large. O

Example 3.18. For all i € [A], let F;(k) = «;F(k) with a feedback function F' fulfilling
(3.17), e.g. F(k) = klog(k)? for B > 1. Note that this situation is not covered by Theorem
According to 2. of Proposition we then have
Q; Zzo x: (0 % Oéj
1

lim Z:O:XZ( IV F, ) = lim = — forall x(0) € As_;
N—o00 Zk=Xj(o>N VR LioN mEy Y

and, hence, D; = A9 _, if a; > «; for all j # i. Hence for large market size, the agent with
the highest fitness «; will be the monopolist independently of the initial share.
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If all agents are of type P, Theorem implies that for any agent i € [4]

{x(0) € A%_;: (3.14) holds} C D;.

Assuming 2. in Theorem we get from Proposition that the sets are equal up to
boundaries.
In the situation of the second part of Proposition the explosion times concentrate

N—oo

asymptotically on the same value, i.e. T;(x;(0)N)/T;(x;(0)N) —— 1 in distribution. Thus,
it is not possible to predict the monopolist for large N by means of the general results of this
section, but we can still cover this boundary case based on an example.

Example 3.19. Let A = 2 and F(k) = Fi(k) = Fy(k) = k(logk)® for B > 1. Assume
X1 (0) > XQ(O). Then
x1(0)N—1 1 1
ETy(Nx2(0) ~ETy(Nx1(0) = 3 s ~ = (log(x2(0)N)! = ~ log(xa (0)N)' )
2 Fm B
=x2(0)N
~ const.(log N)™? for N — oo,

but for the variance we have

> 1 const.
Var(T;(Nxi(0))) = Z Fo)? ~ N(log N)?? for N — oo
k=x:(0)N

due to Karamata’s theorem. Using Chebyshev’s inequality as in Example [3:20] we get that

N—oo

P(sMoni(x(0),N)) = P(T2(Nx2(0)) > T1(Nx1(0))) —— 1.

Hence, x(0) € D; is in the attraction domain of agent 1. An analogous argumentation is
possible for more general F'(k) = kL(k) with slowly varying L.

Let us now turn to the behaviour on the edge between attraction domains. If
Fy = ... = F4 and x;(0) = 5 for all 4, then P(sMon;(x(0),N)) = 4 holds for all N for
symmetry reasons, i.e. x(0) does not belong to any attraction domain as the monopolist
remains random even in the limit N — oo. The following example underlines that in some
cases the boundary between attraction domains belongs to one of them.

Example 3.20. Consider the process for A = 2 and Fy(k) = k%, Fy(k) = lf% for f >1
and 6 € (0, 3). Then we have

> 1 > 1 1 =1 > 1
> mBw S 2 (/&*W)Nkz W2 B

k=x2(0)N k=x2(0)N =x2(0)N k=x2(0)N
and similarly
> 1 = 1
Z )2 ~ Z Fi(h)? for N — oo.
k=x2(0)N k=x2(0)N
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Moreover, set x1(0) = x2(0) = %, such that || holds, and define ey = ¢N' A9 for a
constant ¢ > 0 as specified below. Chebyshev’s inequality yields

oo 1
P (T1(x1(0)N) > ET1(x1(0)N) + en) < VC”“(Tl(;(l(O)N)) _ Zk:N/; P Noso

€N €N

since D257 v/ ﬁ ~ 5= 73— (N/2)1728 and 6 < 3. Similarly,

Var(Ty(x2(0)N))  CRoN/2 Hi? Nosoo
% N €2

0.

P(T2(x1(0)N) < ET2(x1(0)N) —en) <

In addition, we have for sufficiently large N and small ¢ > 0 that
ETi(x1(0)N) + en < ETo(x2(0)N) — en,
because
1

ETy(x2(0)N) — ET1(x1(0 Z k:ﬁ+5 g SN/
k=N/2

Thus for large N
P(sMony(x1(0), N)) = P(T1(x1(0)N) < Ta(x2(0)N))
> ]P’(Tl (x1(0)N) < ETy(x1(0)N) + ey A To(x2(0)N) > ET5(x2(0)N) — 6N>

= P<T1 (1 (0)N) <ET1(x1(0)N) + €N>P<T2(X2(0)N) > ET>(x2(0)N) — €N)

N—o0

1

using the independence of T (x1(0)N) and T5(x1(0)N). Hence, x(0) € D;.

We finish this subsection with a result on the rate of convergence in (3.15]). [50] presents
a bound for P(sMon;(x(0), N)) in the case Fj(k) = Fj(k) = k“, but a generalization of this
procedure is possible.

Proposition 3.21. Let all agents be of type P with monotone feedback functions. If
and hold for agent i € [A], i.e. x(0) € D;, we have

o0

1
P(sMon;(x(0),N)) > 1— Zexp —(dj —€) | Fj(x;(0)N) 0
k=x;(0)N
for any € > 0 and large enough N, where
> ke 1-
dj = g | limsup F=x:ON F, ) >0 with g(x):= -7 forj #i
N=00 2 ke, ()N T (F) 1+x

and d; = min;; d;.
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This means that the rate of convergence in gives a lower bound for the rate of conver-
gence of P(sMon;(x:(0)).

Proof. Once again, the proof uses the exponential embedding from Section[2.1} Let ¢ > 0 and
1

5 = (Zfik ﬁ)_g. Then the Markov-inequality and monotone convergence yield for all
J
j€[A]l and t > 0:

P& me T & R

I=k
o Y 1 s | i
< exp SZ —5 —t] <exp 22 5 —t| =ci(k)e™,
—r (£5(1) = s) <1 _ Fé@)) —k Fy(1)
i
where ¢;(k) = exp (1>2 . Setting
1_F-S(k>
J
Sk
b= (ds — ) et
I Fi()?

(which is positive for € small enough since d; > 0 for all j € [A]) yields

kTS S,
P(W—l > (dz—€)> SCj(]{j)exp —(di_e)%
Dok I710) o< .

F5(1)

WE
N———

< ¢j(k) exp %@Jﬂ%>

=k

The second estimate uses Fj(l) > Fj;(k) by monotonicity. Analogously, one can show

Tl
P <§E’;;1((l)) —1<—(dj - 6)) <eexp | —(d;j - G)J Fi(k) Fjl(l)) '

hE

~
I
=
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3.1. ASYMPTOTICS FOR THE STRONG MONOPOLY CASE

Both estimates then imply for large enough N together with ({2.6):

P(sMon;(x(0),N)) >1— Z (1 — Xi(0O)N) < T; (X](O)N)))
J#i
22—A+ZP< Z;Z(Xl(o)N)l <1+(dj—e)>-P< T( (> )1 >1—(dj—€)>
i Zk:xi(O)N Fi (k) Zk x; (0N F Fj(k
>2- A+ (1 ~G0u(0)N) - exp ((di -9 J Fla(ON) Y Fim))
k=x;(O)N " "

> (1 — e exp ((dj - G)J Fi(x;(ON) Y F%))
i k=x;(ON 7

>1—(A=1)¢;(xi(0)N) - exp ((die)JFi(Xi(O)N) ) F; )

=x; (0)N

ZeeXp( (d G)JFj(Xj(O)N)k > Fjl(k))

In the last inequality we use (1 —z)(1 —y) > 1 —x —y for =,y > 0. Next, we observe that

1 1 k—o00

= exp 5 e,
1_ 1
Fz‘(k’)\/Zfik ﬁ

because F? is also of type P due to (3.1). Using , this finally leads to

A o
P(sMon;i(x(0),N)) >1— > exp ((dj - QE)J Fi(x;(0ON) ) Ftk))
j=1 k=x;(ON "’

for large enough N. O

ci(k) = exp

Using the notation z, < y, if limsup,,_, z—z < 00, we can rephrase Proposition as

A (o)
—log (1 —P(sMon;(x(0),N))) = Z J F;(x;(0)N) Z Fl(k) for N — o0
j=1 k=x;(0)N "7

if x(0) € D; is in the attraction domain of agent 1.
For Fj(k) = ak®, 8 > 1, we have Fj(k) Zﬁk%@ ~ %, thus the convergence of
P(sMon;(x(0)N)) — 1 can be considered as fast. Hence, P(sMon;(x(0), N)) is close to
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one even for moderate N, when x(0) € D; is in the asymptotic attraction domain.

Further asymptotic results on strong monopoly, mainly in the type P case, can be found
e.g. in [84, (98, 103} |50, |49} 97, |81].

3.1.4 Proof of Theorem [3.5 and Theorem [3.6

Finally, we shortly explain how Theorem and Theorem follow from the results of the
previous subsections.

First, assume that Assumption 1 of Theorem is satisfied, i.e. at least one agent is of
type E. Then Corollary implies that for any agent i € [A] of type E

D; = {x(0) € A%Y_;: (3.6) holds} C D;.

Obviously:

- . F(a(0)N)

D; = {X(o) € AY_y: lim oAU
! Q ! N—o0 Fj(Xj(O)N)

Due to 2. of Proposition there is a ratio r;; € [0, 0o} such that

lim ——4—F =

Fi(xi(0)N) oo if ))2(0) > ri
N=oo Fj(x;(0)N)

for each pair 7 # j of agents. Note that

. FEOu(O)N) X;(0)
lim ——4F——~ = lim ——————~
N—oo FJ(XJ((])N) N—oo FJ(N)
Hence,
- ;(0
D, = m {X(O) S A%_li XzEO)) > TZ'J'}
i#i Xg
is an intersection of half-spaces and the simplex, i.e. a polytope. Moreover, Dl, ... ,D A cover

the whole simplex up to boundaries, since the ”winning”-relation limy_ o % =00 is
J J

transitive. Thus, D, ..., D4 cover the simplex up to boundaries as well and D; equals D; up
to boundaries. According to Corollary [3.8] we even have P(tMon;(x(0), N)) — 1 for N — oo,
if x(0) € D, and all agents are of type E. Hence, Theorem is proven, too.

If Assumption 2 of Theorem is satisfied, the proof is analogous using Theorem
and Proposition Note that

Fi(x;(0)N Yo 1 ;
im (Xj (O) ) —cc [O, OO] —_— hm :‘O Xz(O)N Fzgk‘) _ CX (0)
N—o0 Fj (XZ (O)N) N—oo Zk:x; ()N W XJ(O)

due to the Theorem of de 'Hospital.

In summary, for finite N the monopolist is random and even disadvantageous agents can
win. If the initial market size N is large, it is possible to predict the winner with high
probability depending on the initial market shares.

32



3.2. THE NON-MONOPOLY CASE

3.2 The non-monopoly case

Now we consider the case when no agent fulfills , such that no strong monopoly occurs.
It is known that in the case of a standard Pélya urn, i.e. F;(k) = k for all agents, the
limit x(c0) = lim, 00 x(n) exists almost surely and y(oo) has a Dirichlet-distribution with
parameter X (0) (Theorem [2.4). Thus, in the long run all agents have a stable, non-zero,
random market share.

It is basically known (Theorem that if the feedback functions grow significantly slower
than linear, then y(co) is deterministic. We present an alternative approach to the sub-linear
case, which allows some additional insights and a simple calculation of the limiting point in
generic examples. For example, particularly weak like F;(k) = log(k) is not included in the
results of [30] (Theorem[2.5)). In addition, our approach allows to construct feedback functions
such that y(n) does not even converge for n — co. In order to get deterministic limits, we
will need a condition, which ensures that the feedback functions grow slow enough. We will
mainly use:

1
lim sup —F; (k)

< 00 (C1)

Note that this already implies that i does not fulfill . Feedback excluded by condition
will be discussed in Section and Proposition We add some examples to gain an
understanding of this restriction.

Example 3.22. 1. |D is not satisfied if limy_, o % = oo0.

2. For F;(k) = k(log(k + 1))? with < 1 {) is not fulfilled as Zle Fil(l) ~ (10%5)1#’ for
8 < 1.

k1=P

3. If Fy(k) = ak® for a > 0,3 < 1, then q) is fulfilled as S5, FL(Z) ~ AE-

. k
4. For Fy(k) = log(k + 1) (C1) is fulfilled as 31, 7ty ~ s
5. (C1)) is fulfilled if lim infj_, o Fi(k) > 0 and limsup;,_,, Fi(k) < oco.
In fact, Condition (C1|) contains a monotonicity in the following sense.

Proposition 3.23. If F; fulfills and for some j # i

“rd d
li — log(F; — — log(F; ,
msup [ (S 108(F (o) — - os(Fi) ) d < o
then F} fulfills , too.
Proof. The assumption implies via (3.3))
Fi(k+1) Fj(k+1)
———— > const.————= for all k,] € N.
Fi(k) Fy(k)
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Hence:

!

(k) = const%Fj(kz) Z

F}
F5(1) — F;(l)

x| =

1 P 2(k) 1<
EFZ(k)ZF(Z) = Z 0 zconst.k;

=1 ~°*
O

Proposition [3.23] implies in particular that if F; satisfies (CIl)) and
%bg(Fj(x)) < 4 log(Fi(x)), then Fj satisfies (C1), too. This includes the case Fj(k) =
const.F(k).

In general, our approach even allows feedback functions that converge to zero as long as
this convergence is not to fast, which is ensured by the following regularity condition:

o1 1 1
hkrgloréf ﬁFl(k) ; 20 >0 for some p > 3 (C2)

Note that (C2) is fulfilled for Fj(k) = ak®, 8 € R, but not for F;(k) = ae™*, g > 0. In
analogy to Proposition we get a monotonicity here in the sense that if F; fulfills (C2)) and

imsup [ (£ loe(F(0) ~ 4 loa(F(a) ) di < .

U—00 dx

then F} fulfills (C2|), too. We are now prepared for the main result of this section regarding
the counting processes ([2.3]) of the exponential embedding from Section

Theorem 3.24. Let F; fulfill and . Then

=it
ilt) 12001 almost surely

where a; ' denotes the inverse function of a;(t) = flt cm-l(g;)'

Note that ai_1 exists as a; is strictly monotone. We suppose that the extension F;: (0,00) —

(0, 00) satisfies a;(k) ~ Zle FLU) for k — oco. The asymptotics of birth processes have been

studied in the literature before (see Section or Theorem [3.31]). The following lemma pro-
vides the first step of the proof of Theorem [3.24] using standard ideas from renewal theory.

Lemma 3.25. If F; fulfills forp> %, then

ai(Zi(t) 129001 almost surely .

Proof. (C2)) implies

b 7i(1) b 1 " const
1. K3 — 1. 7< 1. 7‘
Jim S var (3603) = i S e < i X <
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using a;(k) ~ Zle %(l) for k — oo. According to the Kolmogorov criterion (see e.g. |72,

Section 6.2]) this is sufficient for

(k) ksoo
Si(k) £2%00 1 almost surely,
a;(k)

where S;(k) = Zle 7:(1). We use this and Z;(¢) — oo a.s. for the final estimate:

: a;i(Zq(t)) _ai(Ei(D) a;i(Zi(t))
1=1 < lim ——~= <1
= SE(D) = SiG0) —1) o = 5% SE0 - D) = Si(X(0) - 1
t=o0 Si(Zi(t) — 1)
In the second line, we used that a;(k — 1) ~ a;(k) obviously holds for k — oo. O

Now Theorem [3.24] is easy to prove.
Proof. Lemma [3.25 states
ai(Zi(t) =t+o(t) < Ei(t)=a;(t+o(t)) almost surely
(using the Landau o-notation). It remains to show that

. a;l(t+0(t)) B
Jim =TT 1. (3.19)

Condition 1’ implies together with a;(k) ~ Zle FL(I) for £ — oo that

lim o(as (1)) 2

t—o00 t

=0

and hence, replacing ¢ by a; ' (t) (note: a; ' (t) — oo), we get:

(o1
lim o(t) l((ill ®) _ 0
t—o0 ai (t)
Finally,
-1 t+o(t) t+o(t) d ,—1
a7t + oft)) [ 1 [ b (x)
1 L = 71 — XL
og( 1(75) ) t T og (al (x)) dx t a;l(x) dx
t+o(t) F ‘—1
:/ Z(?zl (x>)dx t—o0 0’
t a; ()
which is equivalent to (3.19)). O
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CHAPTER 3. LONG-TIME LIMIT THEOREMS

Theorem [3.24] implies that the market shares in the exponential embedding are asymptot-
ically given by

= -1

=4 o (t
— (t) — ~— e (*) — for t — oo.
Ei(t) + ..+ Ealt) a7 () +...+ay ()

Via (2.4) we can now conclude for the discrete-time urn model.
Corollary 3.26. Let all agents fulfill and . If the limait

ar (1)

)

Xi(00) = lim

t—o0 al_l(t) + .+ Ggl(t) € [07 ” (3.20)

exists for an i € [A], then

xi(n) =25 xi(c0)  almost surely .

If the limit in (3.20) does not exist, then x;(n) does not converge for n — oc.
If the limit in (3.201) exists for all i € [A], then x(n) === x(00) € Aa_1 almost surely.

Note that the a; ! do not depend on N and x(0), thus the long time behaviour of market
shares (x(n))nen in the generalized Pélya urn does not depend on initial conditions if
and are satisfied. If the limit in exists, a market modeled by a Pélya urn under
the assumptions of Corollary reveals stable and deterministic market shares in the long
run and these market shares do not depend on the current market situation and can also take
values in (0, 1). If the limit x(oco) exists, it is in A4_1, since A4_; is compact and therefore
the laws of x(n) form a tight sequence. Corollary provides a way to explicitly calculate
these long-time market shares.

Example 3.27. 1. If F;(k) = a;k® with a; > 0,3 < 1,i € [A], then

a1 (1) = (u(1— )t +1) 77

7

and hence:
1

17

al?

Xi(00) = 1 : —— € (0,1)
all_ﬁ—l-...-i-aj[ﬂ

Consequently, the impact of the fitness parameters «; in the long-time limit increases
with 3, where

1 i
Xi(00) = — for f — —oc0 and x;(oc0) = a

- Y trB=0.
A a1+ ... +ag or =0

The limiting case § — 1 will be discussed later in Proposition [3.30
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3.2. THE NON-MONOPOLY CASE

2. If Fi(k) = a;log(k + 1) with a; > 0,4 € [A], then

a; ' (t) ~ aitlog(ayt) for t — oo

and thus:

(00) =
Xi ap + ...+ ay
Note that this is the same asymptotic market share as if the customers’ decisions were
independent (with constant feedback functions as for 8 = 0 above), so that the strong
law of large numbers applies.

It is also possible to find examples where the limit (3.20)) does not exist. In the following
situation the market share of the agents oscillates with constant amplitude, but increasing
period.

Example 3.28. Take A = 2 and set

ayl(t) = t? (sin(log(t)) +2) and a3 '(t) =12
& _1, which is well defined due to

This corresponds to Fy(t) = vt and Fi(t) = (4(a;")71(t))
4a7t(t) =t (2sin(log(t)) + cos(log(t)) +4) > 0. Then Theorem implies

=1(t) N sin(log(t)) + 2
Z1(t) + Z2(t)  sin(log(t)) +3

for t — oo

and hence x1(n) oscillates between 1/2 and 3/4.
We now add a criterion that ensures the existence of the limit in (3.20]).

Corollary 3.29. Suppose that for an agent i the following tightening of holds,

F"l(f) ; F:(l) P20 e (0,00) (3.21)

and that the limits
Fi(k)

koo I (k)
Then the limit in exists and

=c¢; €[0,00] exist for all j #1i . (3.22)

-1
Xi(o0) = | 1+ Zc}c
J#

In particular, P(wMon;(x(0),N)) = 1 if and only if all ¢; are infinity, otherwise
P(wMon;(x(0),N)) = 0. If all ¢; are one, then Condition can be replaced by
and xj(oc0) = 1/A for all j € [A].
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CHAPTER 3. LONG-TIME LIMIT THEOREMS

Proof. Recall that a;(t) = 1t F‘j@ ) is strictly increasing. For a fixed j # i we show that
Z(t)/Zi(t) converges to c; . First, we assume 0 < ¢; < oo, such that agents i and j fulfill
(C1) and (C2). implies via the Theorem of de 'Hospital a;(t)/a;(t) — ¢; for t — oo and
consequently a; ' (t) = a; ' (§(t)t) for a function § with §(t) Lo, 1/¢j < co. In combination
with Theorem it remains to show that a; *(5()t)/a; ' (t) converges to c;“for t — oo. For

this we consider

log <az_l(6(t)t)> = /té(t)t a loga; (z)dx = /5(t)t Wda:

a; ' (t) dz t a; ()

5(0)t .
~ / —dz = clog(d(t))
PR

as (3.21)) implies via time-shift

C
a 'ty ¢

Thus:

-1 1
a; (t (o)t

j_l( ) — % _(1( ) ~6(t) ~ ;¢ fort— oo
a; () a; (t)
For agents j with ¢; = 0 the asymptotic market share is for sure bigger than in a situation
where Fj is replaced by CF;,C > 0, i.e. Z;(t)/Z;(t) is for ¢ — oo larger than any C. Hence,

it converges to infinity. Similarly for agents with ¢; = oo. O

Note that in the case ¢ = 1 (including e.g. feedback functions such as logk, 1/logk or
functions converging in (0, 00)) the limit x;(c0) is equal to the case F;(k) = const., i.e. draws
from the urn are independent and the usual strong law of large numbers applies. So this weak
reinforcement does not play any role in the long run.

So far, we did not consider cases near the classical Pélya urn with Fj(k) = k, where
random limits y;(oco) are possible. Nevertheless, as Lemma does not require , our
approach provides some insight into such asymmetric cases as well. The symmetric case with
feedback functions close to the classical Pdlya urn is treated in Section [3.3

Proposition 3.30. Assume that all agents satisfy . In addition, let a fizved agent i € [A]
fulfill

k
’ E il 00, (3.23)

. Fj(k)

then P(wMon;(x(0), N)) = 1.

<1 for all agents j #1i , (3.24)
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3.2. THE NON-MONOPOLY CASE

Proof. First, note that via exponential embedding, the event wMon;(x(0), N) is equivalent

t—o00

to 2;(t)/Z;(t) — oo for all j # i. Define

v = /ot Fiiwdx - /1 Fix) do = ale)

and thus a;l(t) =¥ @), Assumption (3.24)) implies that for any j # i there is a constant
¢ < 1 with a;(t) < caj(t) for large enough ¢t and consequently aj_l(t) < a;*(ct). Lemma
(applicable since lb is satisfied) states that Z;(¢) = a; *(t+o(t)) and Z,;(t) = aj_l(t—i—o(t)) <

a; '(ct + o(t)) almost surely. Thus it remains to show that

a; 't +o(t) 1500
a; ' (ct + o(t))

t—o00

which is equivalent to ¥~ (t + o(t)) — ¥~ (ct + o(t)) ——> oo. It is sufficient that

()
t.dwl(t):t.Fz(e >:t AN
dt e (D) —1

t—o00

which follows since a; *(t) 2% 0 and Assumption (3.23) is equivalent to FiT(t)ai(t) s

00. O

Condition includes feedback functions of the form F;(k) = a;k(logk)? for all B < 1,
including the linear case F;(k) = a;k for § = 0. If in addition holds, i.e. a; > o for
an agent ¢ and all j # ¢, then we have an almost sure weak monopoly for agent i. This is
consistent with the strong monopoly for 8 > 1 as described in Example [3.18] Note that the
weak monopoly in Proposition [3.30]is almost sure even for finite NV, in contrast to the results
on strong monopoly derived in Section [3.I] where the strong monopolist is random and can
only be predicted in the limit N — oo.

On the other hand, Condition includes sub-linear feedback functions of the form
Fy(k) = oyk? with 8 < 1, which have positive long-time market shares for all agents as
discussed in Example

Exponentially decreasing feedback functions were not taken into account so far as they do
not fulfill . Since such cases do not seem to be of great importance for the mentioned
interpretations of the model, we are content with an example, which we discuss in Appendix
[A] using the method of stochastic approximation.

39



CHAPTER 3. LONG-TIME LIMIT THEOREMS

3.3 Feedback functions close to the classical Pdélya urn

We know from Theorem that a generalized Pélya urn reveals strong monopoly if and only
if at least one feedback function grows significantly faster than linear, i.e. fulfills . As
described in Section linear feedback functions imply random long-time market shares,
whereas a deterministic limit occurs for feedback functions growing significantly slower than
linear, i.e. those fulfilling . Nevertheless, some feedback functions that are close to linear
(like F;(k) = k(logk)®, B # 0) are not covered by our results so far. To our knowledge,
the literature does not provide results on the long-time behaviour of a generalized Pdlya urn
with almost linear feedback. For instance, if F;(k) = kL(k) for a slowly varying function L,
then Theorem does not determine the long-time limit, since limy_oo p(N,z) = z for all
x € Ay_1. We approach this question exploiting general results on birth processes, which
require that F; does not fulfill but inverted squares are summable, i.e.

o0

=1 1
E Fh) oo and o Fi(h)? < 00 (3.25)
k=1 k=X,(0)

Recall the exponential embedding from Section [2.1]and notations introduced therein. For this
section, it is convenient to adapt previous definitions using

ait) = / PO e s = S n) (3.26)
(3 . Xl(o) F’,L(:L‘) 1 . 3 ) .

and to extend F; on (0, 00) by a right-continuous step function. The key to the desired results
is provided by the following result in [11].

Theorem 3.31. [11, Theorem 3.3°, Theorem 3.4, Lemma 3.1] Assume that F; fulfills (3.25).
Then t — a;(Z;(t)) and Si(k) — a;(k) converge almost surely for t — oo resp. k — oo to the
same random variable U; € R. Moreover, 012 is the variance of U;.

We can now apply this general result in our situation.
Corollary 3.32. Assume that F; fulfills . Then:
1. If limg_ o % =0, then

=it
i) 12001 almost surely.

2. If limg_, oo % =c€ (0,00), then

almost surely.

40
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8. If limy o % = 00, then

=. t—U;—o(1)
C:_zl(ét)) = exp (/t hz(s)ds>

for a (deterministic) function h; with limg_,o hi(s) = 00.

Proof. Theorem implies t — a;(Z;(t)) = U; + o(1) and hence
Zi(t) = a; ' (t — Ui + o(1))

Using %ai_l(t) = Fi(a; ' (t) + X;(0)) in the logarithmic derivative yields

a7 (1) = exp < /O t % log (a;(¢)) ds) ~ exp < /O FFilar 1(f)1 * X"(O))ds) (3.27)

a; " (s)

=, L 7. t=Ui—o(1) p.(q71 ,

—q . t 7 ]- E 3 X’L

) U)o (] (@) + Xi0) )

; t a; (s)

Now, be aware that lim; . ai_l(t) = oo as F; does not fulfill and that the limit of
F(k + const.)/k for k — oo is equal to the limit of F'(k)/k. Then all parts of the corollary
follow directly from their assumptions. O

Like in Section [3.2] we can now conclude from the exponential embedding to the evolution
of market shares in the Pdlya urn via
xi(n) Ei(t)

lim = lim = = ,
n—oo x1(n) +...xa(n) t—=oo Z1(t) +...24(t)

provided that the limit exists.
We are now particularly interested in cases with equal feedback functions for all agents,
since agents with different attractiveness are already covered by Proposition [3.30

Corollary 3.33. Assume that all agents have the same feedback function F; = F and that F
fulfills . Then for all x(0) € AY_;:

1. If limy oo 25 = 0, then

xi(n) === 1 almost surely, for all i € [A] .

2. If limg 00 % = c € (0,00), then the limit x(co0) = lim, o0 x(n) ezists almost surely
and has a non-degenerate Dirichlet distribution on As_q.
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CHAPTER 3. LONG-TIME LIMIT THEOREMS

3. If limy oo % = 00, then x(00) = lim, oo x(n) exists almost surely and the process
exhibits a random weak monopoly, i.e

A
P (U wMoni(X(O),N)> =1 such that P(wMon;(x(0),N)) >0 for alli € [A].
=1

In other words: If the feedback function grows any slower than the identity, then the
market shares converge to a deterministic limit as time tends to infinity, and the limit does
not depend on the initial condition. If the feedback functions grow any faster than the identity,
the process exhibits weak monopoly, which is not strong as is necessary in Theorem 2.2
The weak monopoly can been seen in the simulation shown in Figure (d). In contrast to
the non-symmetric situation of Proposition [3.30] the monopolist is random with probability
depending on the initial condition x/(0).

Proof. Note that the U; from Theorem [3.31] are independent with distribution depending
on x(0) and N. In addition, their distribution is continuous as U; emerges from a sum of
independent, centered exponentially distributed random variables. By definition we
get a;(t) = a;j(t + const.) + const. with constants depending on the initial conditions and F,
and after inversion we have a; !(t) = a;l(t + const.) + const. for all i,j € [A]. With
this implies

t+const. | afl s _|_X 0
a; l(t) = aj_l(t) exp (/ (a; () i ))ds> + const. , (3.28)
t
and note that aj_l(t) — o0 in all cases.
1. In this case (3.28) implies that a; '(t) ~ a;l(t). Then the claim follows directly from
Corollary via

i =it () 1
n—oo x1(n) +...xa(n) t—ooo Zi(t) +...24(t) tooo ay (t)+...a, (1) A

2. Here, again with (3:28), a; *(t)/ aj_l(t) converges to a finite, non-zero constant for all
i,j € [A], such that Corollary yields

= (t —Uig (¢
lim — i )H = lim 716 a;_(t) =)
t=oo By () + ... Z2a(t) oo e~V (t) +...e~Vaa (1)
1 -
a; (t)
_ 1 c(Us;=Ujy) li J
+ Ze ti{& a;l(t)

J#i

Hence, lim,,_,~ x(n) exists almost surely and has a continuous distribution, which is of Dirich-
let type according to Proposition and [78].
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3. Due to Lemma we can assume X (0) = (1,...,1), so that a; = a; and h; = h;.
Then:

-1

= . E;(t)
— — = lim |1+ =
t—o0 ;1(t) + ... .:A(t) t—o0 ; :i(t)

J#1
-1
t=Uj—o(1) 1 ifU; <U;forall j#i
= lim 1—}—Zexp / hz(S)dS _ 1 j Tor all 3 #Z
t—00 L t—U;—o(1) 0 else
J#i
Recall that lims_o0 hi(s) = 0o. The claim then follows as the U; are unbounded with contin-
uous distribution (see Lemma [3.37)). O
Lemma 3.34. For all choices of Fi,...,Fa, we have

4 11
P <HwM0ni <<A’”'7A> ,A>> =1
A
& P (U wMonAx(O),N)) =1 for all x(0) € AY_;, N € N.
i=1

Proof. The implication <« is trivial. Thus, assume that the process X (n) starts in X (0) =
(1,...,1)and that P (U?:l wMon; ((%, e %) ,A)) = 1. Moreover, takeany z € A9 _,, M €
N. Then the claim follows directly from the Markov property:

A 1 1 A
1_P<i:LJ1wMoni<<A,...,A>,A> \X(M—A)_Mx> —P<i:LJ1wMoni(x,M)> :
since P(X(M — A) = Mz) >0 0

The following example presents a class of feedback functions for which four different
regimes are possible.

Example 3.35. Let Fj(k) = k(logk)” for all i € [A] and B € R. Depending on S, four
different regimes occur for n — oo:

1. For 8 < 0, x;(n) for each agent i converges almost surely to % independently of x(0).

2. For B8 = 0, the market shares y(n) converge almost surely to a random limit y(co0) €
A 4_1, which is not a corner point and has a Dirichlet distribution with parameter
depending on the initial condition x(0).
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3. For 8 € (0,1], the process exhibits a weak monopoly, which is not strong, i.e. all
agents win in infinitely many steps, but the market share of one agent converges to one.
The monopolist is random, and the distribution of x(c0) on the corner points of Ay
depends on x(0).

4. For g > 1, there is a strong monopoly. The monopolist is random and the distribution
of x(o0) on the corner points of Ay_; depends on the initial condition x(0) as well.

The remainder of this section is dedicated to the question how fast y(n) converges for
n — oo if the feedback functions are close to the identity. According to Theorem [3.31], we
have t,, — a;(X;(n)) MmNy g by definition of the exponential embedding with jump times t,,.
If limg_,o F'(k)/k = oo, this convergence can be specified by replacing t,, by a deterministic

function and by computing the distribution of Uj;.

Theorem 3.36. Assume that F; = F does not fulfill (@ and that F(k)/k E200 o6 holds.

Then there exist independent random vartables Uy, ...,Ux such that
X;(0)—1 1 X;(0)—1
n—oo .

k=1 k=1

i€[A]
almost surely. Moreover, the cumulant generating function (CGF) of each U; is given by

AR D U |
A — log (EeAUZ) = Z T k:;o) F k) (3.29)

=2

and the radius of convergence is ming> x, o) F'(k) > 0.

In particular, there is exactly one agent, namely the weak monopolist, such that the limit
of a;(n) —a;(X;(n)) is zero. For the proof, we characterize the distribution of U; by computing
its CGF. For that, we exploit that U; is also the limit of S;(k) — a;(k) for k& — oo according
to Theorem [3.31]

Lemma 3.37. Assume that F; = F fulfills . Then the CGF of U; is given by
and the radius of convergence is ming x, o) F'(k).
S.

Proof. The CGF of the limit U; = limy_oo Si(k) — ai(k) = limp oo Xby,0) (Ti(Z) - ﬁ) is
the pointwise limit of the CGFs:

k
1
log (E@%) = klggo log | Eexp | A Z <T7;(l) — F(l)>

1=X;(0)
o = N F(k)p Ar(k) | _ - AT (k) A
= log H e Ee Z log (Ee ) 2
k=X;(0) k=X;(0) )
= F(k) Al > A A
= ) {log (F(k;) - A) F(k)] 2 {log (1 F(k)> " F(k)]
k=X;(0) k=X (0)
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We now use the series representation of x — log(1 + x) and change the order of summation
due to absolut convergence:

e (B = S S AN A S Y
log (B >_k§@ [;(m)) F k) ‘k:%0)21<F<k>>
N & 1
_lz;z 2. F(k)!
= k=X;(0)

Note that Z?:Xi(o)ﬁ < oo for I > 2. Now, define M = {k > X;(0): F(k) =
ming> x, 0y F'(1)} and let kg € M. The radius of convergence of the power series represen-
tation of the CGF is given by

—1/1 —1/i
RPN (B N | B o F(ko)" B
lim inf | - > 0 = F(ko) liminf | #M + > (0] = F(ko)
k=X;(0) k>X;(0), kg M
since > v, (0), ke M %If))ll 2% 0 and #M < o if F(k)/k LEi NN O

In particular, EU; = 0 since the first term in the series is A2, and the I-th cumulant of U;

is (I —1)! ZZOZXZ'(D) ﬁ for [ > 2. For the proof of Theorem it remains to show that

tn, — a;(n) converges as desired.

Lemma 3.38. In the situation of Theorem [3.36] we have

tn — ai(n) 2= min (U; — ¢;;) ,
JE[A]

X,(0)—1 X;(0)— .
where ¢; j = ki(l) ﬁ—zk:(lo) lﬁfm”%] € [4].

Proof. By definition of ¢, and a;(n) and by Theorem we have
tn — a;(n) < min S;(n) — a;
n — ai(n) _;Iel[lixl] j(n) — ai(n)

= min (S;(n) —a;(n) +a;(n) —a;(n 222 hin U; —cii
min (5(n) = () + a5 (n) = () “= min (U, 1)

as aj(n) — a;(n) 7, ¢;j. Furthermore,

tn — ai(n) = min S;(n/A) —a;
ai(n) i i(n/A) — a;(n)
n—

= min (Sj(n/A) — aj(n/A) + aj(n/A) — aj(n) + aj(n) — ai(n)) =—= }g[i}](Uj —Cij)-

This holds because

a;j(n) — a;j(n/A) = /Xj(o)+n/A F(s)

Xj(0)+n 1

ds = (n—7) F(rlnn) =0

for a mean value m,, € (X;(0) +n/A, X;(0) +n) using F(k)/k koo, -
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According to Theorem m, Xi(n) is asymptotically well described by

Xi(n) = a; ' | ai(n) — U inUj ) ,
(n) ~ q; <a (n) + min J>

where U; = U; — ZkX; (10)_1 ﬁ for all j € [A]. Now, consider two distinct agents 4,j and
assume for simplicity of notation that X;(0) = X;(0), such that a;(k — X;(0)) = aj(k —
X;(0)) =: a(k). Then Theorem [3.36 states that

n—oo

a(X;(n)) —a(X;(n)) —— U; — U; almost surely.

Moreover, the CGF of U; — U; is the sum of the CGFs of U; and U; due to independence.
Hence, Ee*(Ui=Ui) is finite if and only if |\ < ming> x, ) F'(k). Thus, the distribution of
U; — U; has exponential tails, and these findings can be used as follows.

Example 3.39. Let Fj(k) = F(k) = klog(k) and X;(0) = X;(0) = 2 for two agents 1, j € [4],
so that a;(t) = a;(t) = loglog(t +2) —loglog2. Then the continuous mapping theorem yields

log X;
og Xi(n) nooo eUi=Ui  almost surely,
log X;(n)

where eVi~Vi has a power-law distribution due to the explanations above. Remarkably, the
log-ratios 128Xi(n) 5y, log Xy (n)
log X;(n) log X/ (n)

(i,4), (@', 5").

An important application of Theorem [3.36|is its implication for the rate of convergence.
In fact, the convergence of the process of market shares x(n) to a corner of the simplex can
be considered as logarithmically slow.

are asymptotically also independent for distinct pairs of agents

Corollary 3.40. Assume that F; = F and L(k) == F(k)/k is non-decreasing, but (M) does
not hold. Then there is a random constant ¢ > 0 such that

xi(n) > e~ for alln > 1 and i € [A].

Proof. Since the limit in Theorem is finite, there is a constant ¢ > 0 such that

| ! 1 1ot log(xi(n))
02/ ds:/ ds > / “ds = ——=>21
xi(n) F(s) wi(m) $L(ns) " 7 L(n) Sy ) 5 L(n)

which implies the claim. O

In particular, x;(n) converges to =zero slower than any polynomial when
lim,, 00 L(n)/log(n) = 0. The following example discusses that bound in a generic situa-
tion.
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Example 3.41. Let Fj(k) = F (k) = k(logk)? for 8> 0. For 8 = 0, the lower bound e—¢(")
is constant since y;(n) does converge to a non-zero limit. For g € (0, 1), the bound converges
to zero slower than any polynomial, whereas it is of order n~¢ for 3 = 1. Note that c is
random and unbounded. Finally for 5 > 1, the process reveals strong monopoly such that
x(n) converges to a corner of the simplex at rate 1/n. In that specific case for g € (0, 1), we
can also derive an upper bound for y;(0), provided that agent 7 is not the monopolist. Since
the limit in Theorem ﬁ is non-zero and a;(t) ~ ﬁ(log t)1=8, there is a positive constant
such that for large enough n

0 < const. < (log n)lfﬁ — (log(Xi(n)))lfﬁ

holds and consequently

1

log(X;(n)) < ((log n)t=8 — const.)q .

_1
Defining e(n) = 1 (n'=# — const.) 7 yields:
Xz(n) < e(logn)e(logn) PN Xl(n) < e(logn)s(logn)—logn _ e—(logn)(l—e(logn))
n

Note that 1 — e(n) > 0 converges to zero at rate 1/n'=#, so that we finally get the following
estimate:

Xi (n) < const,efconst.(log n)P

A similar argument is possible for 8 = 1. Thus, the bound in Corollary can be considered
as sharp.

If the second part of (3.25) is not fulfilled, i.e. ¢? = oo, then S’&La’l(k) fulfills the

7
=1 7. ()2
Lindeberg condition. Hence, Theorem [3.31] and its implications are wrong Zi(f) we drop the
condition 02-2 < 00. As described in Section the leading agent changes infinitely often in
time if 01»2 =o0 and F; = ... = F4. Theorem provides a central limit theorem for this
situation.
Another remarkable property is the following: The proof of part 3 of Corollary [3.33|reveals

that j((’((:g — 0 or oo for n — oo for all ¢ # j. This corresponds to a hierarchical structure
J

of asymptotic market shares consistent with weak monopoly and the consistency property in
Proposition [2.3] such that within each subset of agents a weak monopolist has full relative
market share. Such hierarchical structures are often observed at phase transition points, in
our case the transition between strong monopoly and deterministic limit shares.

47
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3.4 Overview of the main features of the model

One important purpose of this chapter is to provide a comprehensive approach and a complete
picture for the asymptotics of the generalized P6lya urn model, which applies for a large class
of feedback functions. This allows us to fully characterize the emergence of monopoly in
a transition from sub-linear to super-linear feedback, where the system exhibits interesting
behaviour including hierarchical states and weak monopoly. Let us summarize the main results
for symmetric feedback F} = ... = F4 = F, although most of the results in this chapter do
also hold in asymmetric situations:

1. If F satisfies , then the process exhibits strong monopoly (Theorem above).
The monopolist is random, but can be predicted with high probability for large initial
values, such that the space A 4_1 can be dissected into explicitly computable attraction
domains (Theorem [3.5).

2. If F' does not satisfy , but limy_, o % = oo still holds, then the process exhibits
weak monopoly with a random monopolist (Corollary [3.33) and hierarchical states with
weak monopoly among the losing agents (Proposition .

3. If limg o % € (0,00), then x(oco) exists almost surely and has a non-degenerate
Dirichlet distribution. This includes the classical Pélya urn (Corollary [3.33).

4. If F is sub-linear, then y(co) exists almost surely and is deterministic with limit given
by Corollary (under mild, but necessary technical assumptions).

These regimes react differently to unequal fitness of agents. For Fj(k) = a;F (k) with
a; > 0 distinct, we have shown the following properties:

1. If F satisfies , then the process still exhibits random strong monopoly with well-
defined attraction domains, which continuously depend on «; for polynomially increasing
F'. For exponentially increasing F', these domains do not depend on «; (Theorem
Corollary . For F close to the identity, the dependence of the attraction domains
on «; is discontinuous as the fittest agent is almost surely the monopolist in the limit

N — oo (Example [3.18).

2./3. If F' does not satisfy , but limy . % € (0,00], then the agent with the largest
fitness «; is a deterministic weak monopolist (Proposition [3.30)) and we have hierarchical

states (Proposition [2.3)).

4. If F is sub-linear, then x(co) still exists and is deterministic. The dependence of x(c0)
on «; can be either continuous (Corollary [3.26)) or discontinuous (Proposition [3.30)). For
exponentially decreasing F, there is no dependence on «; (Appendix .

As a conclusion, Pélya’s urn with general feedback turns out to be an extremely versatile,
which is why it finds various applications in applied mathematical modelling, e.g. in Chapter
[6] of this work.
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Chapter 4

Functional Limit Theorems

So far, our investigations focused on the analysis of the long-time behaviour of a generalized
Pélya urn. This chapter examines the whole dynamics of the process of market shares (x(n))s,
in the limit for large initial market size N. Our approach is based on the concept of stochastic
approximation (see e.g. [107, [27, 100]), which traces back to Robbins and Monro [113]. We
derive in Section a Functional Law of Large Numbers (LLN) for the dynamics, which are
asymptotically described by an Ordinary Differential Equation (ODE). Extending this result,
we also establish a Functional Central Limit Theorem (CLT) to describe typical dynamic
fluctuations by a system of Stochastic Differential Equations (SDE) in Section
For this chapter, it is convenient to establish the notation

XM (p) = (XfN)(n), ...,XI(L‘N)(n)) = X(n)

and

M) = (V) x Y m)) = x()

to emphasize the dependence on the initial market size N. We assume that X(N ) (0) is equal
for all N up to roundings, and in particular that x(™)(0) converges for N — oo to x(0).
The results of this chapter have been published in [67].

4.1 A Law of Large Numbers for the dynamics

If the feedback function of at least one agent increases exponentially, then the dynamic of
our process in the limit N — oo is already fully characterized by Theorem since only
one predictable agent will win all steps of the process. But for polynomial feedback, several
agents will win some steps with high probability for large N as discussed in detail in Example
In the linear and sub-linear case, the probability of total monopoly is even zero. That
is why we need to derive a more refined asymptotic result to describe the typical path of the
process of shares towards its limit point, the existence of which is ensured by the imposed
assumptions. Recall the definition of the transition probabilities p(k, x) in .
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CHAPTER 4. FUNCTIONAL LIMIT THEOREMS

Theorem 4.1. Define for x € Ay
Gk,z) =plk,x) —x and G(z)= klim G(k,z), (4.1)
—00

where we assume that G(k,(-)) converges for k — oo uniformly to a Lipschitz-continuous
function G on an open neighborhood D C A 4_1 of the image of the solution Z: (0,00) — A1
of the ODE
4y _ GZ0)
dt 1+1¢
Moreover, we define the following sequence of stochastic processes in Aa_q:

(ZM)y = (Z<N> (t):t> o)N = (X(N)(LNtJ): t> o)N

Then: Z\N) converges to Z weakly on the Skorokhod space D([0,00), Aa_1).

with  Z(0) = x(0). (4.2)

Similar ODE approximations in the context of generalized Pélya urns have been derived
in [16, (15 118, |17, [27], but they rather focus on the limit ¢ — oo instead of N — oo, which
is trivial in our specific model.

Proof. By construction, we have ||Z(N) () = ZN) (5)]| o < % for all t,s > 0, where || ||
denotes the supremum norm. This implies by [77, Proposition VI.3.26] that the sequence
(ZN))y is tight in D(]0,00),As_1), with the additional property that all weak limits of
converging subsequences are concentrated on the subspace of continuous functions. We now
take any converging subsequence and show that the limit solves . As the solution of
is unique due to the assumed Lipschitz-continuity of G (Picard—Lindel6f theorem), this
implies the claim. For simplicity of notation assume that the subsequence is (Z O )) N itself.
Then we can write the increments as

XM (n+1)

XM(n+1) = xM(n) = T AN ()
_ ) 4 X0+ ) = X))
N N+n+1 X (n
- N+1n+1 (XM ) + XM 0+ 1) = xM(m))
1
= g (GO 4 ™) +€0 )

with €MV (n) == XM (n 4+ 1) = XM (n) = G(N + n, xM(n)) = x(M(n). Note that &N (n)
is féﬁ%—measurable, where (fT(LN))nZO is the filtration generated by the process (x™)(n)),0.
Furthermore,

E [S(N)(m) |]-"T(LN)} =0 form>n

since with E [X(N)(n—I— 1) — XM (n) | ]-}(LN)} = G(N +n,xM @) + xM(n) . The

£WN)(n) are also uncorrelated, as for m > n

E e e m)] =E[¢VmE[Mm) | FY]] =0 foranijela). (@3

50



4.1. A LAW OF LARGE NUMBERS FOR THE DYNAMICS

Summing up the increments yields the standard Doob decomposition
XM () =xN(0) + HY () + M (n)

with predictable and martingale part, respectively

G(N + k,xM(k)) - 1
M) () = Z S p——C ,
H N+k+1 and - M (n) k:ON+k:+1€ (k) (44)

With uncorrelated and centered increments (M) (n)),>o is a centered martingale with re-
spect to the filtration (]—",SN))HZO, thus Doob’s inequality yields for any €, > 0:

P (3s <t [MO(WNVs)lle 2 €) < GE [IMO(Ve])2]

A |Nt]—1 ) 4 W

1 t,N—oc0
- - (N) 2 |« 2 ’
=@ L Wikip B[l ®IE] < kzo (N +k+1) 0 1

since [|€(™)(k)||oo < 1 almost surely by definition. Hence, the sequence (M(N)(Nt): t> O)N
of stochastic processes converges to zero weakly on D([0, c0), R4).

Now, we turn to the predictable part H®). By Skorokhod’s representation theorem, we
can find a probability space such that the convergence of (Z o )) n is almost sure. Then for
fixed w € € the sequence of processes (Z v )) N~ converges with respect to the Skorokhod norm
to a process Zon Ag_q. As Z is continuous, the convergence is uniform on bounded time
intervals. Denote ¢y € (0, 00] the stopping time, when Z first leaves D. Then for any t < tg
and large enough N = N(t) we have Z(N)(t) € D and consequently

[Nt]—1 [Nt]-1 k
D S e e
k=0 N+k+1 k=0 N Ity +x~
Novoo / Gzw)
0 1+u
as the sequence (u — G(NJ;]CJFX—W) of functions converges uniformly to u +> W
UTN N
on bounded time intervals. Thus we have for ¢ < to that (Z™))y converges weakly on
D([0,00), As_1) to Z(t) ) + ft G(li(j )dx (which fulfills 1D and by uniqueness of
solutions we have Z = Z and to = 00. O

This means, that (y(V) (n))n>0 is asymptotically deterministic and driven by the vector-
field (G(x))zen,_, modulo a time change. Let Y: [0,00) — A4_; be the solution of the
time-homogeneous ODE

Lyt =y with Y(0) = y(0) (4.6)

so that Z(t) = Y(log(1 +t)). Then for large N the process (xV)(n)),>o is approximately
given by (Y (log (1 + %)))n>0' We can use this result e.g. to estimate the number of steps

until the process reaches a given neighborhood of its long-time limit for large V.
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Figure 4.1: The vector field G for different feedback functions and A = 3. Here e marks the
stable and o the unstable fixed points of the dynamics (4.2)). In addition, Figure (a) shows
the asymptotic attraction domains as derived in Example
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4.1. A LAW OF LARGE NUMBERS FOR THE DYNAMICS

Corollary 4.2. In the situation of Theorem[4.1], let B C Aa_1 be an open neighborhood of
limy_,o Y (t) and define the following last entrance times:

t* ==sup{t > 0:Y(t) ¢ B}
ty =sup{n >0:x™(n) ¢ B}

Then we have
Q! N—oo

N

This follows directly from the Theorem via the continuous mapping theorem.

Another interesting consequence of Theorem is the following. In the monopoly case
described in Section we may start our process in an unstable fixed point x(0) of the vector
field G. Although we know that the process exhibits strong monopoly, we have Z(t) = x(0)
for all times ¢ > 0 in Theorem [£.I] This implies that a linear scaling of time with N is not
sufficient to capture the escape from an unstable equilibrium.

e" —1 in probability .

Corollary 4.3. In the situation of Theorem[{.1], let G(x(0)) = 0. For e > 0 define the escape
time
tn(e) = inf{n > 0: XM (n) —xM(0)] = €}.

with the convention inf ) = co. Then

tN(E) N—oo
N

Proof. This follows from Theorem [4.1] via

oo in probability .

P <tNA(f> > t) —P <||Z(N)(s) — y(0)]| < ¢ for all s < t)

=P < sup [|ZM)(s) — Z(s)|| < €> Aoy
0<s<t

for all t > 0 since Z(s) = x(0). O

Simulations for F(k) = k%, 8 > 1 indicate that the escape from an unstable equilibrium is
faster the larger § is. Recall that for super-exponential feedback functions (see Corollary
the winner of the first step wins in all further steps with high probability if V is large. Hence,
it only takes O(N) time to escape from an unstable equilibrium in this case. Nevertheless,
this does not pose a contradiction to Corollary |4.3| since the convergence of G(k,(-)) to G is
not uniform in an unstable equilibrium for super-exponential feedback. Thus, Theorem is
not applicable and the assumption of uniform convergence cannot be removed.

Theorem applies for example for regular varying feedback, i.e. Fj(k) = ok L(k) for
all i € [A] with ; > 0, 5 € R and a slowly varying function L. Figure shows the dynamics
of the process (x(n)), in various generic situations. The fixed points of the dynamics, i.e.
the zeros of the vector-field GG, are the long-time market-shares of our generalized Pélya urn,
but only the stable fixed points are attained with positive probability. Figure (a), (b) and
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(c) comply with the properties found in the sections before, i.e. monopoly in the super-linear
case and stable, non-zero market-shares in the sub-linear case. Figure (d) underlines that the
set of stable fixed points is not necessarily discrete. Note that when F;(k) = kL(k) for all
agents i € [A] and a slowly varying function L, then the field G is constantly zero, such that
all points are fixed points. In particular, this holds for the original Pélya urn, where L is a
constant function. If L diverges, then the process exhibits weak monopoly resp. deterministic
limits for finite NV (see Section , which is again not captured by Theorem as it takes
more than O(N) steps to reach the long-time limit.

Moreover, the assumptions of Theorem[4.1]are not always fulfilled for exponential feedback,
since G is not continuous. Nevertheless, the dynamics in the limit N — oo are already
described by Corollary which states that all steps are won by the same agents as long
as x(0) is not on the boundary between the attraction domains. Note that this is consistent
with Theorem i.e. still holds.

Since F; only depends on X; and not X, j # i there are no limit cycles and the dynamics
tends to a fixed point of G, as opposed to models discussed in [43].

An alternative interpretation of Theorem is the following: We consider an urn process
with fixed initial composition X (0) € N4, In each time step, we add successively m € N balls
of weight % to the urn following the generalized Pélya urn scheme. According to Theorem
the composition X (n) € (0,00)? of that urn after n steps is asymptotically deterministic
for m — oo and given by X (n) = Z(n)(N + n).

4.2 A Functional Central Limit Theorem for the dynamics

In Section [4.1] we derived a functional LLN for the process of market shares for large initial
values, which states that the time-scaled process Z(M) can be well approximated by a deter-
ministic process Z for large N. In order to gain an understanding of the fluctuations around
this limit, we prove a corresponding functional CLT in this section. Let us first state our main
result. We use the notations introduced in Section [£.1] and establish furthermore the notation

p(z) = (pi(T))ic(a) = kli_{gop(kw) ; (4.7)

for all z € A4_1. Note that the existence of p is equivalent to the existence of G. Denote by

A
TAj_1 = {(ml,...,:zA)GRA: Z:ci:O} (4.8)
i=1

the tangent space of A4_1.

Theorem 4.4. Suppose that
Jim VEk sup ||G(k,z) — G(z)| = 0. (4.9)
—00

TEAA_1

Moreover, let G be continuously differentiable on A% _,. Then we have

VN (Z(N)(t) - Z(t))t>0 N2 (Z(#))eso  weakly on D([0, 00), TAA_1),
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where Z is the solution of the system of SDEs

dZAw::l”ifff“) (e + 3 Y2 il+t 20 4 @), ielal. (4.10)
J#i

Here, DG, denotes the differential operator of G; as explained below and B;; is a standard
Brownian motion, which is independent of By if {i,j} # {k,1} and B;; = —B;; fori # j.

The differential operator DG;(z): TAx—1 — R, 2 — DGy(z) - Z for z € A9_, is the
product with the gradient VG;(z), when G is defined on an open neighbourhood of TA4_;
in R4, [27] (and similarly [6]) presents a functional CLT in a general stochastic approxi-
mation setting, but they consider rather the limit ¢ — oo than N — oco. [28, 139] recently
proved a corresponding result for the classical Pélya urn and [46, 70, 79, 8] for Friedman’s urn.

For the proof, we use again the method of stochastic approximation. In the Doob decom-
position , we prove separately a limit theorem for the martingale part M) in Subsection
and for the predictable part H™) in Subsection which directly imply Theorem
4.4 by summing up both. Note that Theorem [£.7] for the martingale does not use the rather
restrictive condition . Within these subsections, we discuss in detail the properties and
interpretation of the diffusion part and the drift part of .

Figure shows the process Z(N) — Z for large N. We can observe that Z(V)(t) — Z(t)
is close to zero for large t. Indeed, this complies with formula .

Proposition 4.5. In the situation of Theorem assume that Z(00) = limy_o0 Z(t) exists
and that DG(Z(00)) is a negative definite operator. Then

Z(t) 2% 0 in L? and almost surely.

Proof. As explained in Subsection 1| the generator of Z is given by

. 2
<w@:zpwmm Zm 2000 -p(Z0)) 2 1

—~ 1+t 2(1 +t)2 da?
pi(Z(t)p;(Z(t) o

Z t 2 833183?] f($)

Z#J

for z = (z1,...,74) € TAa_1. Thus, for f(z) = 22 + ... + 2% we have

Lofte) = 30 DGZ0) o 2+2m DL p(Z(0)

P 1+ 1 + t
2 b(t)
— 17%(1)(;(2(1&))90,93> + TETE

for a bounded function b(¢). Since t — DG(Z(t)) is continuous and DG(Z(o0)) is negative
definite, DG(Z(t)) is also negative definite for ¢t > tg, when tg > 0 is large enough. Thus,
there is A > 0 such that

(DG(Z(t))z,z) < —\||z|? (4.11)
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for all z € R4 and t > ty. In summary, we get

2 b(t)
Lef(@) < =l + g

for t > tg. Now, applying Dynkin’s formula yields

d_. = ~ 2\ ~ b(t)
—E|Z(t)|? = EL f(Z(t)) < ———FE| Z(t)||? :
GEIZOI = ELS(Z() < - EIZOI + 1y

for t > tg. Finally, the claim follows from Gronwall’s inequality:

1201 < ([ G5+ 812001 e [ ~2as) =50

_1+s

For the almost sure convergence, we consider the limiting processes M and H derived in
Theorem and Theorem We fix a realisation w € €, such that m = lim_,oc M (¢)(w)
exists. Then we get from (4.15) and the Cauchy-Schwarz inequality that

d

SNH(E) +m]?

= = ((DGZO)H) +m), H(0) +m) + (H(0) + m, DEZO)M () —m))
2

<=

—_

— (= MEG +ml* + 1HE) +m)| - [DG(Z (1)) (M(E) = m)])

for ¢t > tg. Hence

Ty smpr >0 = NPCEDMOZDN Sy 4y,

t—o0

which implies ||H (t) + m| —= 0 as | DG(Z(t))(M(t) — m)|| tooo, .

In generic examples one can show that DG(Z(c0)) is indeed negative definite, but it is
also possible to find a counterexample.

Example 4.6. Let F;(k) = o;k? for a; > 0, 8 > 0, such that

B
Gi(z) = Ot

ale

5~ Ti forallz € Ay_q .
+...anA

Since there is an obvious extension of G' to R4, the operator DG (z) is negative definite if and
only if the well-defined differential matrix (%GAx)) o is negative definite.
27‘7: AR

1. Consider the monopoly case 5 > 1. Moreover, let x(0) be in the attraction domain of
agent i, i.e. Z(t) 1700, @), A simple computation shows VGj(e(i)) = (=01)i=1,...,a for

all j € [A], where d; ; denotes the Kronecker delta. Hence, DG/(e?)) is negative definite.
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x(0) = (75, 16 5) x(0) = (55 15 2)

Figure 4.2: The processes v N (Z(N) (t) — Z(t)) for A =3 and N = 10.000.

2. In the monopoly case 8 > 1 assume that x(0) is the unique unstable fixpoint of the
vector field G in A9 _;. Then Z(oco) = x(0) and DG(Z(o00)) is positive definite. Thus,

E||Z(t)|? 12 56 follows by similar argumentation.

3. For 3 =1, we have H(t) = 0 since G(x) = 0. In this case Z(t) does not converge to zero
for t — oo. This is due to the fact that for 8 = 1 and large (but finite) N the time-limit
lim,, 00 XV (n) is close to x(0), but still random. For 3 # 1, the long-time limit can
be predicted precisely for large N (at least with high probability).

4. Now, let f < 1. For simplicity, assume a; = 1 for all i € [A], but a similar argument
is possible in a non-symmetric situation. Then Z(co) = limy_o Z(t) = (%)Z Loa It
can be shown that VG;(Z(00)) = (cd;j + d(1 — 05))j=1,..,a for some ¢ < d <0, ie.
DG(Z(0)) is negative definite.

Note that the time-change factor %th in does not change the long-time limit of the
dynamics, but slows down the rate of convergence. The Gronwall estimate in the proof of
Proposition implies that Z (t) converges to zero at least at rate t =2, where A > 0 satisfies
(4.11)). For the classical Polya urn we have A = 0, such that there is no convergence to zero.

As we can see, the first steps of our process are of particular interest. This is investigated
in detail in Appendixfor the limiting behaviour of (x(| N®t]));>o for N — oo and non-linear
time scale 3 € (0,1).

4.2.1 Convergence of the martingale part

This subsection examines the martingale M) = (MI(N), e ,MI(LXN)) as defined in 1) We
have already seen in Section that M) vanishes for N — co. Under appropriate scaling,
we can yield the following CLT, which accounts for the diffusion part of (4.10). For simplicity
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we will at first only consider one fixed agent (without loss of generality agent 1) while keeping
A > 2 general.

Theorem 4.7. We assume that the convergence is uniform on an open neighborhood of
the image of Z and that p is a Lipschitz continuous function on this neighbourhood. Moreover,
denote by (M1(t))i>0 a time-inhomogeneous Markov process with generator

i

Lsf = 5p1(Z())(1 = p1(Z(s))), 520

2(1+s)

and M1(0) = 0. Then

VN (Mfm(uvt J)>t>0 N2 (M ()0 weakly on D([0, 00), R) .

Alternatively, the inhomogeneous Markov-process M; is characterized as the solution of
the SDE

where B denotes a standard Brownian motion and Z is the solution of the ODE (4.2). Thus,
M is a time-changed Brownian motion. To be more precise, M;(t) = B({M);), where

Fes (M) (1) ::/0 pl(Z(s)zﬁ—sz)o;(Z(s)))dtS/0 4(113)2‘1“111

is the quadratic variation process of M;. Note that (M;)(t) is deterministic and increasing in
t, and thus M (t) converges almost surely for ¢ — oo and the limit has a centered Gaussian
distribution with variance limy_, o (M7)(t).

For the proof of Theorem [7 ~we first show tightness of the sequence
(\/NMI(N)(LNtJ): t> O)N on D(]0,00),R) and then prove that the limit of any converg-

ing subsequence is a Markov-process with generator (Ls)s>o. For later use in Appendix we
keep the tightness result a bit more general than necessary.

Lemma 4.8. The sequence of martingales <N1_§M1(N)(LN5tJ): t> O)N is tight for all B €
(0,1].

Proof. According to a version of the Aldous criterion in [128, Lemma 3.11], the following two
properties are sufficient for the tightness.
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1. Stochastic Boundedness: For C,T > 0 we have by Doob’s inequality and ({4.3)

P ( sup N5 | MV (INBe))| > C) Ny (MI(N)(LNﬁTJ)Z)

0<t<T C?
BT | — BT | —
Nz N 1 E (é(m(k)z) NP ! 1
2 = (N+k+1)2 v -2 & (N+k+1)?
N2-B /UVBT N N2B (1 1 N2-B | NAT|
S —ds = —_— _—— S .
c? Jy 52 c? \N |[NST|+N c? N2

< const.(T)/C? Coe g

uniformly in N.
2. Similarly, we get for 0 <t < T and 0 < u < §:

E [(Nl_ng(N)(LNﬁ(t‘i‘u)J) — Nl—ng(N)(LNﬂtJU? \}_Ex}m]

[NP(t+u)|—1 [NB(t+8)]—1

1 1
24 (N) (102 =(V) 2-8
=N k_%ﬂﬂ N1kt 1)2E{ P < N k_%:w (N+k+1)2
NB(t+8)|+N
<N2_5/L (t+4)] 1ds:N2_ﬁ< 1 B 1 )
g — | NB

< NP LVE(E + f\)[JQ V7 < const.(6) 329 ¢

uniformly in V. O

By the definition of tightness and Theorem we also get tightness of the joint sequence

(ZzWN), leng(N)(LNB(-)J))N. Before we turn to the proof of Theorem we add another
helpful lemma.

Lemma 4.9. With p as defined in and 8 € (0, 1], we have for all smooth test-functions
f: R —= R with compact support

[ (MM e+ 1) - £ (N2 V) |7V

2-8
= Q(N]I rrrpd (VM) bV xR (1= pi (N kX (1)) + 0 (87)

as N — oo.
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Proof. Taylor-expansion of f with Lagrange’s remainder yields:

Bl (NEu e+ ) - 7 (N2 w) 7]
— NI-5p (Nl’*M(N) )E[MN k1) — MY (k )\]—“,@}

+N22 [ (™)) (A1) - M{N)(k))2|f,§N)]

- wv]fkin? [E (MR ) eV 02 AN | + 0(1)}

2-3
= v e (M E00) (1 mv kXD E) p Y kXY )

+ 1 (N + kM (k)2 (1 —pi(N +k, X(N)(k))) ) +o (N*ﬁ)

= o P (VR () py(V + e x ) (8) (1= pr (N + e x(8))) + 0 (N)

Here, mN)(k) denotes a (random) intermediate value between N 1_gl\fl(]v)(k:) and

Nl_ng(N)(k 4 1). Note that m®) (k) — Nl_ng(N)(k) N7 ) at rate N~ 5. O

Now we are well prepared for the proof of Theorem [£.7]

Proof. We show that for any limit (Z,M;) of a convergent subsequence of
(Z(N),\/NMI(N)(LN(-)J))N, M; is a Markov process with generator (Ls)s>o. For simplic-
ity of notation, assume that the sequence is convergent itself.

Take a smooth test-function f: R — R with compact support. Then for each N

[Nt -1
F(VNM™(N)) = r0) = > B[ (VEMNM R+ 1) - f (VMY ) (7Y
k=0
(4.12)
is a martingale in continuous time ¢t > 0 as (Z(N), Ml(N)) is a discrete-time Markov process.

The continuous mapping theorem implies that f (\/N MI(N)(LN ()J)) converges to f(M;) in
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D((0,000),R). Due to Lemma the sum converges as follows:

U:i:E [ (VEMM k1) — £ (VMY () [FY]

= Ui: {Mf (VM 0)) o1 (N -+ x ™ 0)) (1= pr(V + kXN (R) )
o o<1/N>]
3 v kg (0 (55 (v (5)

- <1—p1 (N+/<,Z<N>(]];))> +o(1)

N—00 t f”(M (S)) B 3
/0 2(1 +ls)2 P1(Z(s) (1 = p1(Z(s)) ds —/0 Ly f(Mi(s))ds

Convergence for N — oo holds almost surely on an appropriate probability space by Sko-
rokhod’s representation theorem, which implies weak convergence. Summing up, we have

that converges to
FOMLE) = £0) = [ Lopn(s)ds (413)

for N — oco. As f and f” are bounded, the sequence in is obviously uniformly integrable
in N. Thus, [128, Theorem 5.3] implies that is a martingale as well. Moreover, the
solution of the martingale problem is unique as a time-changed Brownian motion is
always the unique solution if its corresponding martingale problem. Hence, M; is a time-
inhomogeneous Markov-process with generator (Ls)s>0. O

Example 4.10. 1. Let F;(k) = %%, 8; > 0, i € [A] and suppose that x;(0)c; > x;(0)c;
for an i € [A] and all j # ¢, i.e. x(0) is in the attraction domain D; of agent . Then
M, (t) = 0 almost surely for all ¢ > 0, since p(z) = e for z € D;, in particular on the
path of Z. This complies with the idea of a total monopoly described in Section

2. If Fiy(k) = k, i € [A], then Z(s x(0) for all s > 0 and p(z) = x for all z € Ay_;.

Hence, (M;)(t) = x1(0) x1(0)) (1 ) for all ¢ > 0. Note that in this case the
martingale part M) = x™)(0) encompasses the whole dynamic as HN)(t) = 0
for all t > 0.

3. Let Fy(k) = kP, x;(0) = & for all i € [A] and B > 0. Since we start in a stable or

unstable equilibrium point, we have Z(t) = x(0) and hence (M;)(t) = AA_21 (1 - %th

for all t > 0. In particular, M7 does not depend on . For 8 > 1, M; describes the
fluctuations around the unstable fixed point, but does not capture the escape from it.
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For non-linear, polynomial feedback functions and general initial market shares, the ex-
pressions for Z are lengthy or even not explicit. Figure [1.3] shows some realisations of the
process M. It can be seen that the convergence of M;(t) for ¢ — oo is faster the faster the
feedback functions grow. In the monopoly case, the variation of M is small if x(0) is already
close to zero or one.

So far in this section, we only considered one fixed agent. Nevertheless, one can obtain
an extension of Theorem [1.7] for all agents by a completely analogous, but lengthy argument,
which we leave to the reader.

Theorem 4.11. Suppose that the assumptions of Theorem[{.7 are fulfilled. Moreover, denote
by (M(t))i>0 an A-dimensional time-inhomogeneous Markov process with generator

pi(Z(s) 1—1%(2(8)) pi(Z (Z(s)) o
Z 2(1+ s)? Z + )2 8xi6$jf($)

1,5=1
J#i

with x € R and M(0) = 0. Then

VN (M™)(| vt J)>t>0 N2 (M) )iso weakly on D([0, 00), RA).

The specific form of the generator is due to the conditioned covariance matrix of the
increments §(N), which is for j # i:

E[e™ (0| FN] = =itV + 5 x ™ ®)) (1= iV + 5 X (E))) 5N + XN ()
—pj(N+k>X( (k) pi(N 4k, XN (1 pi(N + &, xN )(k)))
- (1 — pi(N +k, XM (k) — ps (N + k,X(N)(k))> pi(N + &, X" (k) pi (N + &, x "V (k)
= —pi(N 4k, XN (k) 9y (N + b, x ™ ()

Alternatively, the A-dimensional generator Ly can be rewritten as

pi(Z(s)pi(Z(s)) (0 9 \?
Z 21+5 (8131833]) f(I)a ‘TGAAfl,

1,j=1
1<j

2
where <8ixi — %) = (8?;)2 + (8?:?)2 -2 8x?;a:j is the second derivative along the diagonal

x; = x;. From this form of the generator it is easy to see (e.g. by a coordinate transformation)
that M solves the system of stochastic differential equations

Z \/Pz ))pi(Z ))dBiJ'(t) , i=1,...,A (4.14)
J# 1+t

where B;; is a standard Brownian motion, which is independent of By if {i,7} # {k,l}
and Bj; = —B;; for i # j. It follows immediately that (Ele dMZ-(t)> =0 for all ¢ > 0.
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— Ma(t)

0.2 4
0.24
0.1+

0.0 1 0.04

|
~0.1 H‘ ('\
1[WRY
\ W o4 M

—0.2 A

|
~0.2 ,Uff‘ MUYV,
_OAA i "’[ L ] Y

~0.3

(a) Fi(k) = Fa(k) = Fs(k) = V&, x(0) = (35, 75 75) » (b) Fi(k) = Fa(k) = Fs(k) = k*, x(0) = (3, 35, 1)
Here limy— o0 (M1 ); & 0.2474. Here limy o0 (M1 ); A 0.1908.

Figure 4.3: Realisations of the process M for different feedback functions and A = 3 generated
by the Euler-Maruyama method for (4.14]) with bandwidth ﬁ.

Hence, the sum Z?: 1 M;(t) = 0 is a conserved quantity. Consequently, the state space of
M is the tagent space TA4_1. This allows the following interpretation of the limit process
M: Each pair of agents exchanges mass according to a time-changed Brownian motion and
the exchange of several distinct pairs of agents is independent. Figure finally shows two
simulations of the process M with polynomial feedback.

4.2.2 Convergence of the predictable part

In order to complete the proof of Theorem let us now turn to the predictable part H®)
in the Doob decomposition , which accounts for the drift part of . It is important
to recall that HN)(| Nt|) is deterministic when M) (| Ns]) is given for s < t. Because of
that, it is possible to express the limit process of VN (x(0) + H™(|Nt|) — Z(t)) for N — oo
in terms of the limit M of v NM®). In Section we derived that x(0) + HN) converges
to the deterministic process Z for N — oo and the following result describes the deviation
under appropriate scaling.

Theorem 4.12. Suppose that the assumptions of Theorem[{.4] are fulfilled. Then

VN (X(O) + HM(|Nt]) - Z(t))t>0 Moo, (H(t))i>0 weakly on D([0,00), TA4_1) ,

where H is the solution of the system of random ordinary differential equations (RODE)

d . _ DGZW)

i) == (HO+M®) , H(0)=0. (4.15)

Here, DG(z): TAy—1 — RA denotes the differential operator of G at the point z €
A% | CRA ie. DG(2)-x is the derivative of G at z in direction z € TA4_1. Note that H(t)
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as well as M (t) (as described in the previous section) are in the tangent space TA4_; C R4
([4.8), and therefore also H (t)+ M (t) € TAa_1. If G is well defined on an open neighbourhood
of Ay_; in RA (like in Example , then DG can be interpreted as the common differential
matrix and - as the matrix-vector product.

The solution of a RODE is defined pathwise, in the sense that for any fixed realisation
we Q M(t) = M(t,w) is a deterministic function, such that H(¢) = H(t,w) is the solution of
the ODE (4.15)). Further details on the theory of RODEs can be found e.g. in [71].

Consequently for fixed w € €2, is a linear, time-inhomogeneous ODE, the solution
of which can be expressed as the matrix exponential

DG(Z(s)) t s pezw) , DG(Z
Ht)=e o Trs 05 / e s =i d“1(+ (5)) - M(s)ds.
0 S

An important part of the proof of Theorem will be the tightness of the sequence
of processes VN (x(0) + HM(|Nt]) — Z(t )),5o- For that, we bound its increments by the

supremum of the martingale M XY,

Lemma 4.13. In the situation of Theorem we have with probability one for all 0 < s <
t<T

IEM (Nt =2 (t) = HN(INs]) + Z(s)l|

t—s 1
< cons (( s) OEBIS)TH (LNul)|l JN N

where const. is a constant only depending on G and T.

Proof. Let L > 0 be a Lipschitz constant for G (at least on a sufficiently large compact subset
of AY_;). We use (4.4) and calculate:

!WWWNW—Z@—HWMNﬂ—Z@H

- “Vzt:]‘ LGN 4 kY / Gz
L N+/<:+1 1+u
§ [Nt]-1 G(x™ (k) B /t Mdu
B e W A
|3 W ™) ST G ®)
Gy Nkl Wy Nkl
§ /t GOW(INu)) = Gz ) , || const. const. N1
= 1+u N VN g N+E+1
/ IG(x LNlui)L Gzl du + COZ;t' + const.t\/_f\:
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d t.——
Ty U + cons \/]V + N
s  const.

< L/s HX(N)(LNUJ) Z(u)||du+const.t\/_]V + ~
t

| /\

/|X ([Nu)) — Z(u)| t—s const.

¢ —s  const.
<L |X(o)+H<N>(LNUJ)—Z(U)\|du+L/S HM(N)(LNUJ)||du+const.t\/N + Nt
t t—s const.
<L i HH(N)(LNUJ)—Z(u)—H(N)(LNSJ)—|—Z(S)Hdu—i—const.ﬁ—|— ~
+L | [x(0) + H™(INs]) = Z(s)||du+ L(t — s) S M ([Nu)

s

-8 const.
JN TN
+ L(t = 5)|[x(0) + HM (| Ns]) - (S)H+L(t—8)ogggT|lM(N(LN ul)|

= L/t IHM (| Nu|) — Z(u) — HNM(|Ns|) + Z(s)||du + const..

In line 2, the second summand is of order 1/v/N due to assumption (4.9). Now Gronwall’s
inequality yields:

t—s const.

IHM(INt]) = Z(t) — HM([Ns]) + Z(s)|| < ekt (const. =N
+ Lt = 9)|(0) + HOULNs) = Z(5)] + Lt =) swp_ [M([Nu))])

Repeating the same calculation with 0 in the place of s and s instead of t yields:

s s const.
x(0) + HM(|Ns]) — Z(s)|| < " -(Lsoilip | MW (LNuJ)||+const.\/—N+ N >

Combining these two inequalities proves the claim. O
We are now ready for the proof of Theorem

Proof. Via [777 Proposition VI1.3.26], we get tightness of
(\/N( (0) + HM(|Nt]) — Z(t))t>0>N from Lemma [4.13| and the stochastic boundedness

of the sequence (v NMW) (| Nt]))i>o (see proof of Lemma 4.8). Now we show that the limit
of any convergent subsequence is as desired. For simplicity of notation, assume that the se-

quence is convergent itself. Since Theorem [£.7] applies, we can take an appropriate probability
space €, such that the convergence vN M) (| Nt|,w) RmaNy Vi (t,w) holds locally uniformly
almost surely. Note that this already implies Z(V )(w) Nooo, locally uniformly. Now, fix
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w € Q. Using (4.4) and the mean value theorem, we get

[Ntj-1 .
m<x(0)+ﬂ(m(wm_z(t>> m( kzo G(NN+f}CxiN1)(k)) _/0 Gl(i(?)ds)
_ VN (L%Cm - [EE LNZJ;GWM o >+<kk>>+1c<x<N><k>>)
(et o (1) ()
[ Lle D) =G 4,

R [ DO N = 26D o
-/ tDG(m(N)(S))'\/N(( MO D) = 2 MEUND 4 o
N—00 / DG(Z 1+£)+M(S))ds,

where mN)(s) is an intermediate value between Z(s) and x(")(|Ns|). In line 3, we used
assumption (4.9)) once again. The claim follows since (4.15]) has a unique solution due to the
Theorem of Picard-Lindeldf, and H(t) € TA4_1 since H N)(k) eTAy_;foral N>1. O

Figure shows a simulation of the process v'N (x(0) + HWMN(|Nt]) — Z(t)) for large
N and small t. Note that the limit process has continuously differentiable paths,
their regularity is equivalent to that of an integrated Brownian motion. As a consequence of
Proposition H(t) is convergent for ¢t — oo with random limit — lim;_,, M (¢) in generic ex-
amples. Combining Theorem and Theorem yields the desired CLT for the difference
ZWN) — Z = x(0)+ HWN — Z + MW).
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—_— ﬁ(lNi(t) — n(lN’(t)
0.010 A — —
— H 0.054 — A®
—_— n(BN)(t) — H(EN’(t)
0.005
0.00
0.000 -
—0.051
—0.005 A
—0.101
—0.010 -
-0.151
0.0 02 0.4 056 08 10 0.0 02 0.4 0’6 08 10
t t
(a) Fi(k) = Fa(k) = Fs(k) = Vk, (b) Fi(k) = Fa(k) = F3(k) = k7,
3 3 2
x(0) = (35, 3. ) X0 = (5515 5)
Figure 4.4: The processes HW)(t) = (HfN) (1), PI;N) (1), H?()N) (1))

VN (x(0) + HN)(|Nt]) — Z(t)) for A =3 and N = 100.000.
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Chapter 5

The Wealth of Losers

In this chapter, we assume that at least one agent satisfies , such the process exhibits
strong monopoly (Theorem . In Chapter |3| we presented results on the prediction of the
monopolist. Now, we turn to the losers and study the tail distribution of the number of steps
won by a losing agent. To do that, we first derive a general result on the tail behaviour of
birth processes at a fixed observation time conditioned on non-explosion (Section [5.1). In
Section we apply this finding to extend results in [132} 102} |44] (in particular Theorem
on the wealth of losers to situations with more than two agents with possibly different
feedback functions. Moreover, we characterize the tail dependence of several losing agents
and discuss applications, which encompass e.g. the total wealth of all losers or the time to
monopoly. This also allows for an analysis of the large deviation behaviour of the process.
What may seem paradoxical at first is that losers with feedback close to the transition are
most likely to win in many steps. In order to provide a detailed description of this transition,
we finally also consider the wealth of losers which do not satisfy (Section . We also
discuss some special features of large systems with diverging size A — oo, but we refer to
Appendix D] for details.

For later convenience, we establish the following notation for real sequences (xy) and (y):

.
T~ Yy S hm—kzl,
k—o00 Yk
. Lk
rp <yr < limsup— < o0,
k—oo Yk
T Xy & T <y and yp < Tk . (5.1)

The results of this chapter have been published in [68].

5.1 Tails of explosive birth processes

Birth processes are fundamental models for growth processes, having applications in numerous
fields such as biology [47], chemistry [58], computer science [12] or reliability theory [1]. The
simple birth process was first introduced by Yule [131] in 1924 in connection with evolutionary
theory and independently in 1937 by Furry [64] in a physical context, which is why it is also
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known as Yule-Furry process. Birth and death processes, which were introduced by Feller [55]
in 1939, pose an important and well-studied extension of this model.

Given a rate function F': N := {1,2,...} — (0,00), a (pure) birth process is a homo-
geneous, continuous-time Markov process (2(t)):>0 on the state space N, which jumps from
k to k+ 1 at rate F'(k). More formally, take independent random variables 7(k), which are
exponentially distributed with parameter F'(k). Then a birth process with initial condition
=(0) € N is the corresponding counting process with sojourn times 7(k), i.e.

k
E(t)=minqkeN: Y r(l)>tp forallte[0,00), (5.2)
1=E2(0)
where min{) := oco. A widely studied case is the simple (or linear) birth process, where

F (k) = Mk for some A > 0. F'(k) = X\ corresponds to a homogeneous Poisson process.

Since F' is strictly positive we have Z(t) — oo as t — oo almost surely. Z is called
explosive if =(t) = oo for some finite ¢ < oo, which is obviously equivalent to 37 7(k) <
oo and we define the explosion time

T = Z 7(k) < 0o with density g (5.3)
k=2(0)

in the explosive case. The existence and properties of g will be discussed in Lemma 5.2 below.
The well-established Theorem of Feller-Lundberg [56] 91] states that

— 1
= is explosive (i.e. T' < 00) if and only if Z 0] < 00,
k=1

ie. holds. [56] further contains an explicit formula for the distribution of Z(¢) for fixed t,

a Hfz_sl(o) () o Flb)t
Hfﬁi?f’) (F() — F(k))

P(E(t) =x) = for x € N. (5.4)

k=2(0)

Remarkably, this holds for both explosive and non-explosive birth processes, and for the non-
explosive case. [104] provides a formula for the expectation of Z(¢). For linear birth processes
with F(k) = k, Z(t) has a negative binomial distribution and grows exponentially in ¢ (see
e.g. [13189]). Another result worth mentioning in the context of explosive birth processes is
[105, Theorem 3.1], which determines the asymptotics of Z(T'—t) for ¢ — 0. The asymptotics
for t — oo of non-explosive birth processes are described in e.g. [127, {126, 11].

This section is dedicated to the explosive case, where we characterize the tail of Z(¢) for
fixed t > 0 conditioned on not having exploded yet, i.e. T" > t. This question was addressed
in a recent paper [59] based on and focusing on numerical studies. We choose a different
approach to get a rigorous and fairly general result (Theorem [5.1)).

70



5.1. TAILS OF EXPLOSIVE BIRTH PROCESSES
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(a) F(k) = k? (b) F(k) = et

Figure 5.1: The empirical distribution of =(¢) conditioned on 7" > ¢ for different F' and t.
The black lines show the predicted tail according to Theorem 10,000 realizations of the
process were simulated each. In (a) 10 (resp. 3112, resp. 9088) have already exploded at
time ¢ = 0.3 (resp. ¢t = 1, resp. t = 3) and in (b) 30 (resp. 3424, resp. 8974). As the criterion
for explosion, the simulation was stopped after 10° summands in (a) and 100 summands in

(b).

5.1.1 Main result

Using the notation established above, we directly formulate our main result on the tail of
birth processes conditioned on non-explosion.

Theorem 5.1. Assume that (@) 1s fulfilled. Then

P(E(t) = x) ~ IZEI;)) for x — o0,

holds for all t > 0, where g is the density of the explosion time T . For any tg > 0,
the convergence is uniform in t > tyg. Consequently, we get the following conditional tail
distribution:

o0

P(E() >z |T >1t) ~ —%log(P(T >t)) Z F(lk) for z — oo
k=z+1

Figure numerically illustrates Theorem for quadratic and exponential rate func-
tions. Indeed, when t is moderate or large, then the approximation seems good even for small
x. The approximation is rather inaccurate for small ¢, when Z(t) is likely to be close to Z(0).
Theorem separates the tail of Z(¢) into a prefactor that depends only on ¢ and a sequence

that depends only on x. The prefactors —% logP(T > t) = P(gT(i)t) are plotted in Figure

for several feedback functions and will be discussed in the following.
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1.0 1
0.8
A — 2
2 o6- F(k) =k
I F(k)=ek-1
=3 F(k) = klog(k — 1 + e)?
o 047 F(k) = 0.8k?
()]
0.2 4
0.0

Figure 5.2: The factors —%log P(T > t) = % (full lines) and g(¢) (dotted lines) from

Theorem for different feedback functions. The full lines converge to F'(1) for ¢t — oo, as
discussed later in (5.13]). For the numerical computation, g was approximated by g, from
Lemma [5.3] with n = 100.

In the proof of Theorem [5.1] we will be particularly interested in first passage times, which
we formally define as

k
T(k) = Z 7(l) with density g
1=2(0)
and the remaining time until explosion

(e 9]

T(k) = Z 7(l) with density gg
I=k+1

for k > Z£(0). We start the proof with an auxiliary lemma on analytic properties of the density
g.

Lemma 5.2. If (@) 1s satisfied, then the density g of the explosion time T exists and
has the following properties.

1. g is bounded with g(0) =0 and g(t) > 0 for allt > 0.

2. g has a unique mazimum at m > 0, such that g(t) is increasing for t < m and decreasing
fort >m.

3. For any tg > 0, the logarithmic derivative |% log g(t)| s bounded uniformly in t > tg.

4. g is not analytic in 0. In particular, %g(()) =0 holds for all k > 1
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—_

Proof. For simplicity of notation, assume =(0) = 1. Existence of g follows e.g. from the
inversion formula for characteristic functions. Since g2(0) = 0 and P(T'(2) < z) > P(T' < z),
we have g(0) = 0. From the convolution formula for 7'(1) + 7'(1), i.e.

o(t) = /0 g1t — $)g1(s) ds = F(1) /0 e FOE=)g, () ds, (5.5)

we can conclude that g is bounded by max;> g1(t) = F(1). From Markov’s inequality, we get
that for any € > 0 and k large enough

P(T(k) < ¢/2) > 0,

such that P(7" < €) > 0 holds, too. Hence, g(t) > 0 for small ¢ > 0 and analogously g;(¢) > 0
for small ¢ > 0. Then g(¢) > 0 for any ¢ > 0 follows from the convolution formula (5.5).

For 2., we show that for all k& € N there is mj, > 0 such that g (t) > 0 for all ¢ < my, and
g5, (t) < 0 for all ¢ > my. This implies 2. since gz(t) — g(t) for & — oo uniformly in ¢ > 0
(see [26] for a rigorous argument). We show this by induction over k. Assume that g has the
desired properties. Then we get from the convolution formula for T'(k+ 1) = T'(k) + 7(k + 1)

t
Ghia (1) = /0 Fk+1)e FE+Ds gl (1 — §)ds + F(k 4+ 1)e”F*+D1g (0) . (5.6)
For small enough ¢ > 0, it follows g;.,(t) > 0 since g;.(t) > 0. Define

Mmy+1 = min{t > 0: g, (t) = 0} (5.7)

and rephrase

i) _ / T s g 4 s+ / s s)ds 4 PRI (0)
F(k + ]') 0 t—mp4q

t—mpy1
= / e P8 gt (4 — 5)ds
0
Mp+1
+ efF(k+1)(t7mk+1) (/0 efF(k+1)Sg;€(mk+1 _ S)dS + €F(k+1)mk+1g;€(0)>

t—mp41
_ / efF(kJrl)sg;C(t _ s)ds
0

for t > myy1, using and . Since necessarily g; (t) < 0 for t > my41 > my, we get
Grop1(t) <0 for t > mypyq.

For 3., it only remains to show liminf;_ ., % log g(t) > —oo together with 1. and 2.. This
follows from

g(t) _ —F(1)? Jye " D0g)(s)ds + F(1)g (1)

d
—logg(t) = o) [P ()e P00, (5)ds > —F(1).

dt
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For 4., we first show that %gkw(()) = 0 via induction over k > 1. Assume that
k—1

;tk—,lgkﬂ(O) = 0, which is easy to check for k = 1. Then:

dk d t B . d(k—l)
dtk9k+2( ) =F(k+ 1)dt/ S dt(k71)9k+1(t — s)ds

d (" _pgey—s) A5V
F(k+ 1)dt / e mgkﬂ(s)d!s

5 [* —F(k+1)(t—s) a1 dk—) t—0
— —F(k’ + 1) /0 e dt(k_l) 9k+1(8)ds + F(kﬁ + 1)W9k+1(t) — 0

Now, assume that there is k£ > 1 such that dtkg(()) > 0. Then gx12(t) < g(t) for small enough
t > 0 since ngH(O) = 0. On the other hand, gxt2(t) > g(¢) for small enough ¢ > 0 due to
P(T(k +2) <t) > P(T < t). Hence, % g(0) = 0. O

For injective F': N — (0,00), [132] provides an explicit formula for g(¢), which is useful
for numerical approximation (see Figure .

Lemma 5.3. (132, Lemma 3.2.1., Lemma 3.2.2.] Let F'(1),...,F(n) be positive and pairwise
distinct with 7(k) exponentially distributed and independent with parameters F(k). Then
T(n) =>p_,7(k) has the density function

:(IHF )Zn#k (k:)) forx>0.

The formula also applies for n = oo and g(z) if (M| . ) holds, i.e. Y oy F y < 0.

We continue our proof of Theorem [5.1] with another technical lemma.

Lemma 5.4. Assume that @ 1s fulfilled and that F is strictly monotone. Then we have for
any to > 0 that
k(1)
g(t)
Proof. Let € > 0. For all tyg > 0, there is § > 0 such that |g(t +s)/g(t) — 1] < efor 0 < s <9
and all t > tg, because the logarithmic derivative of g is bounded (see Lemma . Let k

be large enough such that P(T(k) > §) < e. Then we have by the convolution formula for
ﬂm:T—ﬂm

— 1  for k — oo uniformly int >ty .

o0

— gk(s—t)ds—l‘
)

‘
g(
‘

<2+e¢€

IA

(s~ s = 1|+ | | ateiats — as

maX32t+5 9(3)
g(t)

for all ¢ > 0. Properties 1. and 2. of Lemma complete the proof. O
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Note that obviously gi converges to g globally uniformly for ¢ > 0, but Lemma [5.4] is a
stronger assertion. We are now ready to finish the proof of Theorem [5.1

Proof of Theorem[5.1] By the independence of T'(k) and 7(k + 1), we get:
PEt)=z)=P(T(x-1)<t,T(x) >t) =Pt —7(x) <T(x—1) < t)

— Fa) / Pt —u < T(x —1) < ) e=F@ gy
0

:F(x)/xP(tugT(:v1)<t)e_F(x)“du
0

+ F(az)/ P(t —u<T(x—1) <t)e F@uqy,

1
F(z)’
x — oo (see Lemma , this implies for some intermediate value t(u) € (t — u,t)

where a, = Using the mean value theorem and the uniform asymptotic g, ~ ¢ for

Pt —u<T(z)<t)=gz(t(u)u~gt)u foru—0,z— 0. (5.8)
Hence, the first integral is asymptotically
F(x)/ Pt —u<T(x—1) <t)e F@udy ~ g(t)/ | wF(x)e F@u gy,
0 0

— a 1 efF(m)az g(t) -~ g(t)
9(t) ( ot F<x>> T @ "~ F@)

The second integral is bounded by

for x — 0.

F(a:)/ Pt —u<T(x—1)<t)e F@udy < / F(z) e F@u gy = e~ F@as

1

mforx%oo. O

which converges to zero faster than

5.1.2 Discussion and extensions

According to Theorem the tail of Z(¢) conditioned on non-explosion 7" > t is heavier
the slower the feedback function F' increases. This may seem paradoxical at first and can be
explained as follows: For fast increasing F', if conditioned on T to be large, it is likely that the
first summands of T" are large and the chain spends a long time in states with the smallest exit
rates so that Z(t) is rather small. This corresponds to the general principle in large deviation
theory that the rare event T' > t (for t — 00) is realized in the most likely (or least unlikely)
way. We get back to this in more detail in Section On the other hand, the prefactor
—4 log(P(T > t)) for small ¢ in Theorem [5.1|is significantly smaller when F' increases slowly,
as is visible in Figure [5.2
Theorem also directly implies

r

EE@)"|T >t <o <« i < 00 (5.9)
k=1

— F(k)

for any r > 0. Let us now discuss some interesting examples.
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Example 5.5. 1. Let F(k) = k? for 3 > 1. Then

4 log(P(T > t)) z*™#  for x — oo (5.10)

_ -1

is a power-law distribution with exponent 1 — 3, and
EEW)"|T >tj<oo < r<p-—1.
2. Let F(k) = % for 8> 0. Then
d
P(E(E) >x|T >1t) ~ Be-Da log(P(T > t)) e P@+D) for 2 — oo

has an exponential tail and E[Z(t)" |T > t] < oo for all » > 0. Here and in the first
example the tail is lighter the larger [ is.

3. Let F(k) = k(logk)® for > 1. Then

P(E(t) >z |T >t) ~ ﬁ_—ll % log(P(T > t)) (logz)*™# for x — oo (5.11)

decays logarithmically slowly and E[Z(¢)" | T > t] = oo for all r > 0.

Obviously we have
ImP(E(t) =Z(0)|T>t) =1
t—0

for all feedback functions, but remarkably the tail asymptotics for Z(¢) hold for any positive
t > 0, in particular for polynomially growing feedback it has a heavy-tailed distribution. This
is consistent with vanishing prefactors in Theorem [5.1}, i.e.

. d
%g%@logIP’(T>t)—0 and ¢(0)=0,

which is established in Lemma and illustrated in Figure Since, E(t) = oo is likely
for large t, the prefactor ¢g(t) of the mass function vanishes for large ¢, while that of the tail

conditioned on non-explosion 7' > ¢ converges to the minimum of F' (see (5.13)) in Section
5.1.3).

By replacing the mean value theorem in ([5.8)) by second order Taylor expansion,

Pt —u<T(x)<t)=g.(t)u+ %g;(f(u))u2,

we can also determine the rate of convergence in Theorem

P(E() =) - ;EZ)) ~ g’2(t) /000 u? F(x) e F@ugy = Fg;(af))Q for x — o

Furthermore, we can also derive an asymptotic upper bound, which is even globally uniform.
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Corollary 5.6. Assume that @ is fulfilled. Then

—( ga(1)
P(E(t) =) < Fo)

for x — oo

and

IP’(E(t)>m]T>t)-<IP)(g;(i)t)k§_lF(lk) for x — oo

holds globally uniformly in t > 0.

Proof. Using Theorem we only have to derive the uniform asymptotic bound for small
t < tg. According to Lemmal5.2] there is ¢y > 0 such that g, and g is increasing on the interval
(0,%0). Then the proof of Theorem applies analogously for ¢ < ¢y if we just replace
by the (non-asymptotic) inequality

Plt—u<T(x)<t)=g:(t(u))u < g.(t)u
O

As a consequence of 4. in Lemm lim;_,q g;(gt)) = o0 holds for all £ > 1 and, conse-
quently, the convergence in Lemma is not uniform in ¢ > 0. For this reason, there is no
uniform lower bound corresponding to Corollary In particular, the assumption tg > 0 is
necessary in Theorem This is already hinted at by the blue line in Figure (a).

Applying Corollary it is possible to randomize the observation time ¢ in Theorem
which turns out to be useful for the application in Section

Corollary 5.7. Assume that (@ is fulfilled. Let S denote a positive random variable, which
1s independent of the process Z. Then as x — 00

P(E(S) = z) ~ E;’((j)) and P(Z(S) > z|T > 8) ~ T > s Z
kza:—i—l

Proof. Denote by Pg the law of S. Take € > 0. Then:

PE(S)=2) = | B(E(s) = 2)dPs(s) = | P(E(s) =) dPs(s) + | P(E(s) = z) dPs(s)
0 0

Let us now look at the second integral and apply Theorem

/ T P(E(s) = 2) dPs(s) ~ / h ;ﬁi“;)) dPg(s) <0 IE;?((;)

The first integral is asymptotically negligible due to Corollary

=) “ ga(s) =0
/OIP’(H(S)—x)dIF’S(s)-</O Fi) s(9) =30

The second asymptotic follows via

|

_ P(E(S) >z, T >S) _ Yiz.nPEW®) =k  Eg(5) <
P = T — =

(E(S) > [T > 5) P(T > 5) P(T > 5) T>S 2;1 k:)
for © — co. Note that Z(5) = k implies T > S. O
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5.1.3 Behaviour for t — oo

Figure also indicates that — <% log(P(T > t)) is increasing in ¢ and converges for ¢ — oc.
The latter observation can be rigorously confirmed for strictly monotone F', since we get from
Lemma [5.3] that

g(t) ~ F(Z(0)) H i Fi) e FEON for ¢ — 0o
I=E(0)+1

and by integration

- F(l) _F(E(O))t
P(T >t) ~ — e for t — o0. (5.12)
M ro—reEon
Thus,
tlgglo —% log(P(T > t)) = tlgrolo Péf% = F(2(0)). (5.13)

As a consequence, it stands to reason that lim;_,., P(Z(¢) € - |T > t) defines a non-degenerated
distribution. The following Proposition confirms this conjecture.

Proposition 5.8. Assume that @ is fulfilled and that F is strictly monotone. Then

PE@®) >z |T>t) —1-— ﬁ <1—F§5(§3))>6(0,1) as t — 0o
k=z+1

for all x > Z(0). Moreover, we have for any s > 0
P(T — 7(2(0)) > s | T > t) < e” FPEO+FN=FEOD)s 44 - o0
uniformly in s.
Before we turn to the proof, we add some remarks.
1. The so-called quasi-limiting distribution vZj, := tliglo PE(t) € . | T > t) on
{E(0),Z(0)+1,...} has been studied in the context of Yaglom limits and quasi-stationary

distributions for general Markov processes and in particular also for birth-death pro-
cesses [36, 95]. In this limiting distribution, we can easily recover the tail x — oo from

Theorem [5.1]
Jim P(E(t) > 2T > 1) =1- 11 (1_W> :1_exp{ S log (1_ Ff(g))
k=z+1 k=z+1

~1—exp{—F(E(O)) Z (1k)}~F(E(O)) Z (1k) as r — 00 .
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Note that

- T (-555) -

k=x+1

Hence, v2(,) is a normalized probability distribution on {E(0),E(0)+1, ...}, in particular
there is no probability mass in x = co. We give explicit examples for this distribution

with power-law tails below.

2. If a birth-death process is irreducible except for one absorbing state (usually the state 0)
with light-tailed hitting time, then quasi-limiting distributions are also quasi-stationary,
i.e. do not change under the time evolution conditioned on non-absorption. Since we
consider a pure birth process where all states are transient those results do not apply
here. In particular, the quasi-limiting distributions 1/;?0) depend on the initial condition
and are not quasi-stationary. In fact, there are no quasi-stationary distributions for our
process. Due to transience of all states, the only possible candidates would be dz(q), but
with Proposition [5.8 v, (2(0)) < 1 for all feedback functions.

3. But how does the event of non-explosion at some late time typically occur? According to
Proposition|[5.8] the time 7(Z(0)) is of the same order as the explosion time T'. Moreover,
since the tail of T" decays exponentially, T' — ¢ has an exponential tail as well on the
event {T" > t}. Hence, conditioned on {T" > t} for large ¢, the first jump of the process
happens close to ¢ up to a light-tailed distribution (asymptotically independent of t),
ie.

P(|7(E(0)) —t| > s|T >t)<e ™ ast— oo

uniformly in s, where m = min{F(Z(0)), F(E(0) + 1) — F(Z(0))} > 0. In particular
this implies P(E(at) = Z(0)|T > t) — 1 as t — oo for all & < 1. Nevertheless, there
might be further jumps between the first one at 7(2(0)) and the observation time ¢ with
non-vanishing probability. Note that for F(Z(0) + 1) ~ F(Z(0)) there can be several
long sojourn times when 7" > ¢.

Proof of Proposition[5.8 Due to the strict monotonicity of F' and Lemma [5.3] it is easy to
see that
k
- F(l) _F(E(0))t
gi(t) ~ F(Z(0)) — e \= for t — oo
A wo—reEw)

for k > Z(0) including k = oo with goo = g. Then the first claim follows via de ’'Hospital’s
Theorem:

L 0lt) e FEO) (Mzon rmtiemy) I (1-FE0)
9(t) F(2(0)) (HOO 0 - ) F(k)
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As in (5.12)), we can characterize the tail distribution of 7' and T(Z(0)). This allows the
following asymptotic calculation:

BT — 1(2(0)) > | T > &) = P(T(E(Ié?g%ii,)T > 1) _ P(T(E(0)) >£}I(1;Xitt; 7(2(0)), 5})

(T1> ) / TP(T(E(0)) > max{t — u, s)FE())eFEOuy

(( = )t)) (/ P(T(2(0)) > t = w)e ™= du + /:Z P(T(Z(0)) > s)e_F(E(O))“du>

<( E(0 )t)) (const / t=s o~ FEO)H1)(t-u) ,~F(E(0))u g, +const'e—F(E(O)-ﬂ,—l)se_F(E(O))(t_s)>
~ % (e* (E(0)+1)t (1 — e(F(E(O)Jrl)*F(E(O)))(t*S)) + e*F(E(O)Jrl)sefF(E(O))(t,s))

~ const. (ef(F(E(O)H)*F(E(O)))S + ef(F(E(U)H)*F(E(O)))S) for t — 0o
Note that const. is independent of s and t. ]

Example 5.9. For F(k) = k” with 8 € {2,3,...}, we have the general formula
oo — s—1
F(= 1
1 (- "5) ~re= T =
k=z+1 (k) =0 I'(z+1—Z2(0)e 7 )
where I" denotes the Gamma function. Using I'(k) = (k — 1)!, we get for § = 2:
=(0)

A BER) > 2| T >1) = mrﬁila)(o» -1l
k=1

1
T+ k

In particular, for x = Z(0) we get for the probability that the chain has moved at all

. - - =Z(0)!
Am PE®) > =0T > 1) = 5=0p;
which vanishes for large initial condition Z(0) — co. On the other hand, for =(0) = 1 we have
- 1 1 -
tliglOIP’(H()>:r]T>t)—$+1—§ for x = =(0) .
For 8 #2, > 1 and £(0) = 1 considering the increments yields that the approximation
1

hm]P’(E()>x|T>t)::z

(8 =Dz +1)F1

is accurate even for small z, but not precise. The good precision of this approximation for
large t is visible in Figure

The discussion in this section does not crucially rely on strict monotonicity of F' and we
assumed it for simplicity of the presentation and since it is quite natural in many applications.
The results could be extended directly to feedback functions with a unique minimum, where
the non-exploding chain will spend most of its time.
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5.2 Application to generalized Pélya urns

We now apply the findings from Section to our generalized Pdlya urn (X (n)),, with non-
linear feedback functions Fi,..., F4 and A > 2 agents. We use the definitions and notation
introduced in Section[2.1] The connection between Pélya urns and birth processes is provided
by the exponential embedding as explained in Section[2.I] where we considered A independent
birth processes (Z;(t)):>0 with rate functions F; and sojourn times 7;(k), i € [A4]. Denoting
by (t,)n their combined sequence of jump times, we can identify

X(n) = (Ei1(tn),...,24(ty)) forallneNy.
For simplicity of notation, we write
T; = T;(X;(0)) = sup{t > 0: E;(¢) < oo} € (0, 0]
for the (random) explosion time of Z; and if F; satisfies (M]), denote by

gilt) = BT < 1

the density of T;.

5.2.1 Asymptotic size of losing agents

Conditioned on agent ¢ losing, i.e. not to be the monopolist,
X;(00) == lim X;(n)
n—oo

is a finite random variable, whose tail distribution can be computed using Corollary This
leads to our next main result, which generalizes previous work in |44} |102} |132] (see Theorem

23).

Theorem 5.10. Assume that at least two agents fulfill (@) and let agent i € [A] be one of

them. Then )
N Eg; (mlnj# Tj)

P(Xi(o0) = x) Filo) as r — 00
(2
and consequently
Eg; (minjz 7)) 1
P(Xi(oc0) > x| sMong) ~ 7S —
(Xi(00) > x| sMons) P(Ti>minj¢iTj)k _HFi(k?) as r — 00
=z

Proof. This is an immediate consequence of Corollary since S := min;; T} is independent
of (Ei(t))tzo and

{Xi(o00) =2} ={Ei(S) =2} aswellas sMonj={T; > S} .

Note that Eg; (min;-; T;) € (0,00) as g; is bounded (Lemma and at least one T} is
finite. O
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10° 10°

— P(X1(») >x | sMon;)
=== P(Nmon > X | sSMony)
—— P(X3()>x | sMon)
=== P(Nmon > x | SMon;)

—— P(X1() >x | sMon,)
-y === P(Nmon > x | sMon;)
. — P(Xz(®)>x | sMon,)

-1 4
10 === P(Nmon > X | SMon;)
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<
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X X

(a) Fi(k) = k?, Fa(k) = k3 (b) Fi(k) = k2, Fa(k) = €*

Figure 5.3: Empirical distribution of X;(c0) and Npopn (defined in ) for A = 2 and
X1(0) = X2(0) = 1. The black lines show the tail decay predicted by Theorem and
Corollary Note that these predicted tails do only claim exactness up to constants, i.e.
up to a parallel shift in the plot. 10,000 simulations were executed each.

Figure [5.3| illustrates Theorem for polynomial feedback. Remarkably, the tail of
Xi(00) conditioned on sMon§ does not depend on the feedback functions of other agents up
to a constant prefactor. In particular, X;(co) has a power-law tail even if there is another agent
with exponential feedback. For the existence of moments of X;(oco) conditioned on sMons,
criterion holds analogously. As explained in Example P(X;(c0) > x| sMon§) has a
power-law tail for polynomially increasing F;, whereas it has exponential tail for exponentially
increasing F;. For Fj(k) = k(log k)? with 8 > 1, the tail decay is even logarithmically slow.

An astonishing consequence of Theorem is the ”loser paradox” explained in the
following.

1. Theorem[5.10]implies that the tail of X;(co) conditioned on sMon¢ is heavier the weaker
the feedback is. This means that among agents with feedback satisfying , losers with
slowly increasing F; are more likely to win in many steps than other losers with stronger
feedback. In analogy to the same phenomenon for the single birth process, if an agent
with strong feedback wins in many steps, then they are likely to be the monopolist. On
the other hand, if this agent is not the monopolist, then they are likely to have won
only a few steps.

2. Let us now consider a system, where at least one agent fulfills , but not agent i. Then
the process exhibits strong monopoly, but P(sMon;) = 0 and hence P(X;(c0) < o0) =1
and agent ¢ loses. Since such agents are not affected by conditioning on sMon{, via
canonical coupling it is obvious that X;(o0) is stochastically larger the faster F; increases.
So among agents with feedback that does not satisfy those with stronger feedback
are likely to win more steps.
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3. Summarizing both cases, the tail of X;(c0) for a losing agent (possibly conditioning on
sMonf) is heavier for feedback functions closer to the transition given by . For a
better understanding of this tail-maximising phenomenon, a detailed discussion of the
tail behaviour close to the transition is provided at the end of Section

In general, the prefactor Eg; (min;.; T;) in Theorem is decreasing in A, i.e. the
probability that a loser wins many steps is smaller in larger systems. Moreover, this prefactor
vanishes for A — oo, if infinitely many agents satisfy . This complies with the idea that in
large systems a typical agent does not even win a single step (see Appendix. Surprisingly,
large systems behave totally different if only one agent satisfies , such that this agent is
almost surely the monopolist. In this case, the distribution of X;(o0) is independent of the
number of other agents as a direct consequence of the exponential embedding. Hence, in a
world with super-linear (polynomial) feedback and many agents, there will be a few agents
with high wealth, but the vast majority will not win anything, whereas in a world with one
dominant agent (the super-linear one) all sub-linear losers have good chances to win some
steps.

5.2.2 Correlations among losing agents

Next, we have a closer look at the dependencies of several losing agents. Note that the
correlation of X;(oo) and X;(co) on the conditioned space sMon$ N sM onj does in general

not exist due to infinite second moments, e.g. for F;(k) = k® with 3 € (1, 3].

Theorem 5.11. Let a € [A—1]. Assume that at least a+1 agents satisfy (@) and that agents
1,...,a are among them. Set S :=min{T;: i =a+1,...,A} and S; = min{T}: j € [A]\{i}}.
Then:

E
P(X1(o0) =x1,...,Xa(00) = x4) ~ IT: ]égl HIP’ =ux;) forxi,...,xey = 00
[, Es(s) L

Proof. Denote by Pg the law of S. Using the independence property of the exponential
embedding, we get:

P(Xi(o0) =21,...,Xa(00) =24) =P (21(5) = 21, .. .,

— /OOOP(&(S) =21, Bals) = 2a) dPs(s) = /ooo

~ [TTL 2 arsts) =& |TLats)
(U A i=1

In the last line, we apply Theorem [5.1] and Corollary [5.6] in the same manner as in the proof
of Corollary The claim follows then via Theorem O

[1]

a(S) = z4)

P(Zi(s) = x;) dPg(s)

—

Il
=

(2

a

H 1 for x T, — OO
1,...’

it Fila) ’

In particular, for polynomial feedback, (X(00), X2(c0)) has a two-dimensional heavy-
tailed distribution on sMon{ N sMon§ in the sense of [87]. Denote by
P((-)NsMon{N...sMon$)

P(sMon§N...sMong)

Paol() =
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the conditioned probability measure on sMon{N...NsMong. Then we can rephrase Theorem

611 as

Paa (X1(00) > 21,..., Xo(00) > 24) ~ (A, a) - H]P’A,a (Xi(o0) > ;) for m,..., 24 = 00,

i=1
(5.14)
where
c(4,a) = E iz 9:(5)] ‘P(sMonSN...NsMonS)* . (5.15)
[[i-. E [(Hje[a]\{i} Gj(5)> gz’(s)}
and G;(s) :=P(T; > s), since for x; — o
‘ o PE(S) =4, V) € a]: Tj > 9)
Paa (Xiloo) = m) = P(sMon§N...sMong) (5.16)
1 > = — . y . .
~ P(sMon§N...sMong) /0 P(Ei(s) = i, Vj € la]: Tj > s) dPs s)
1 o
~ P(sMon§N...sMong) /0 P(= ]E[g{{ }G 8) dPs(s)
), 7
~ Gj(s)dPs( for x — o0
P(sMon§N...sMon&) Jo l( ]6[(1;{{ 1 s(s)
_ E [(Hje[a]\{i} Gj(5)> gi(S):| . 1 N [ [(Hje[a]\{i} Gj(S)) gi(S)} P(X(00) = 32)

P(sMon§N...sMon¢) Fi(x;) P(sMon§N...sMonS)Eg;(S;)

E | (e @(9)) 91(9)] . c
- P(sMon§ N ...sMonS)Eg;(S;) P(sMong) - P(X;(o0) = z; | sMonj)

i.e. the tail of X;(oo) conditioned on sMonf is equal to its tail conditioned on sMon{N...N
sMonf up to a constant. This constant is necessarily one in a fully symmetric situation, since
the distribution of X;(c0) on sMonf is then independent of who the monopolist is. In a non-
symmetric situation, the information who won contains information on the explosion time .S,
which affects the distribution of X;(cc). For example, if an agent with strong feedback is the
monopolist, then S is likely to be small, such that X;(c0) is rather small, too. Hence, when
Fy=...=F4 and X;(0) =... = X4(0), then we can simply write

Elg(8)*]  Tliiy P(sMon) Elg(5)"] (A-1)
(Eg(S))* P(sMon§N...sMon¢) (Eg(S))a Av=1(A —a)’

c(A,a) =

where g = ¢g; and G = G;. The first factor is larger than one due to Jensen’s inequality and
the second factor is larger than one due to

M>l & <1—;> >1—% (5.17)
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and Bernoulli’s inequality. Hence, we have ¢(A,a) > 1 in the symmetric case.

In general, the dependence between several losers can be considered as weak since the tail
weight of a loser does not change when the result of other losers is known. The remaining tail
dependence is captured by the constant ¢(A, a), which we shortly discuss now. Heuristically,
the event that a loser wins in many steps can occur in two ways. First, it is possible that
the underlying birth process of this agent increases fast. This effect is independent between
several losers. Second, it is possible that the explosion time of the winner is relatively late,
such that all losers are more likely to win in many steps. This second effect accounts for
a slightly positive correlation of losers, corresponding to ¢(A,a) > 1. The following
proposition formally substantiates this idea also for non-diverging z;.

Proposition 5.12. Assume A >3, X1(0) =... = X4(0) and F} = ... = F4 = F, where F
satisfies (@ Then we have ¢(A,a) > 1 and

Paa(X1(0) > x,..., Xo(00) > ) > [[Paa (Xi(o0) > z)
=1

for any x > X1(0) and a € [A —1].
Proof. ¢(A,a) > 1 has been derived above. Due to the assumed symmetry, we can define

h(s) = P(Z;(s) > x). Denote by Pg the law of S (defined in Theorem [5.11)). Using Jensen’s
inequality, we get:

P(Ei(S) > x,...,24(S) > x)
P(sMon§N...NsMon¢)

Paq(Xi(o0) >, ..., Xo(oo) >a) =

1

- P (= B dP
P(sMonfﬁ...ﬂsMong)/o (Eils) > z,...,Ba(s) > z) dPs(s)

_ Af - /OOO h(s)® dPs(s) > A‘f . (/OOO hs) dIP’s(s)>a

A — a A c\a
= T_GP(Hl(S) > x) > T—CIP(XI(OO) > x, sMonf)
A

. o A—1)\°
_A_G(P(Xl(oo)>m, sMonl,...,sMona)'A_a>

= m H [Paq (Xi(00) > x) P(sMon,...,sMon)]
i=1

_ (Aﬁ ;)1)“ | (A; a) [[Paa(Xi(o0) > 2) > [ [ Paa (Xi(o0) > 2)
=1

i=1

The last step follows again via Bernoulli’s inequality. Throughout the calculation, we exploited
the supposed symmetry of all agents. O

Appendix examines the dependence of ¢(A,a) on the system size A. In Appendix
(in particular Theorem [D.1)) we will first see that for large A, a randomly chosen agent
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does not win a single step with high probability. Recall that ¢(A, a) only measures the tail
dependence of agents, i.e. we basically only consider agents who won many steps. Surprisingly,
¢(A,a) turns out to be increasing with A, i.e. the dependence between losers in the sense
captured by ¢(A, a) is stronger in large systems. This seems to be opposed to the linear case,
where we observe asymptotic independence for A — oo (Theorem , but we also have a
trivial asymptotic independence in the super-linear case (Corollary since typical losers
do not win anything. Moreover, ¢(A, a) is increasing in a since the information that several
losers won many steps is a stronger hint for a late explosion time of the winner, such that the
considered agent is more likely to win many steps, too.

5.2.3 Further consequences of Theorem [5.10| and Theorem [5.11

Theorem [5.10] and Theorem [5.11] are useful to determine the tail behaviour of further random
variables arsing in the context of our generalized Pdélya urn model. This subsection presents
some examples.

Corollary 5.13. In the situation of Theorem/|5.11], the following asymptotics hold for x — oo.

1.

P 4.a(min(X1(c0), .. ., Xa(00)) > z) ~ E [[Ti—; 9:(5)] <z 1/@))
k=z+1" "

P(sMon§N...NsMong) 'z'=1

&>

S|

E|(I1xGi(9)0:(8)] = 4
P(sMon§N...NsMon¢) Z F;(k)

P p(max(X1(00), ..., Xa(00)) > z) ~ Y
=1

3. If F1,..., F, are reqular varying, then:

Q

E (11,4 Gi(9)) 9:(S)]

— 1
Pgo(X ot X ~
Aa(X1(00) + . 4 Xo(00) > 1) P(sMon§N...NsMong) Z Fi(k)

=1

Proof. 1. We rephrase Theorem [5.11| again as

EML oG] (5 !

P (X > Ty, X, > ~
Aa(X1(00) > 11 a(00) > Za) P(sMon§N...NsMong)

Then the claim follows from

P4 o(min(Xi(00),...,Xq(00)) > ) =Paq (X1(00) > z,..., Xoq(c0) > ) .
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2. This follows from (5.16)) and the inclusion-exclusion formula via
P4 o(max(Xi(00),. .., Xa(00)) > ) =Pa, (U{Xi(oo) > 37}) ~ > Paa(Xi(o0) > x).
i=1 i=1

3. Karamata’s Theorem implies that « — Y p° 11 ﬁ are also regularly varying for

i=1,..., a. Then the claim follows from (/5.16)) and Lemma applied on the conditioned
probability space sMon{ N...N sMon;. ]

Lemma 5.14. Let Xi,..., Xy be random wvariables, such that x — P(X; > x) is regular
varying for all i = 1,..., k. Moreover, assume that the X; are at most weakly dependent in
the sense that

S e
1 N
Vi, j € [k] e P(X; >z, X; >x) -

Then:
PXi+...+Xp>2)~P(Xg>2)+...+P(X >2) forz— o0

Proof. We only prove the case k = 2 since general k follows directly by induction. Then we
have the following lower bound:

PXi+Xo>2) >P(X)>2)+P(Xe >2) —P(X; >z, Xo>zx) ~P(X; >2)+P(X2 > 2)
For an upper bound, take 0 < § < % Then

P(Xl + Xo > x) < P(Xl > (1 — (5)1’) + ]P(XQ > (1 - 5)%) +P(X1 > oz, Xo > 6x)
~ (1= 8)MP(Xy > 2) + (1 — 6)P(Xs > z)

where «; is the index of regular variation of z — P(X; > x). 6 — 0 implies the claim. O]

Note that in Corollary the maximum and sum have the same tail. This is a charac-
terizing property of sub-exponential random variables and, hence, the assumption of regular
varying feedback cannot be omitted in 3. of Corollary

Again, the tail decay of the sum, minimum and maximum of a losers only depends on
Fi,...,F,, but not on Fyy1,...,Fa (up to the constant prefactor). Corollary also con-
tains detailed information about the sum, minimum and maximum of all losers. To see that,
denote by W € [A] the random winner of the process and write

A
P ZXj(oo) > :ZIP’(SMom)IP’ ZXj(oo)>x’ ﬂsMon?
JFW i=1 J#i J#i

and analogously for the maximum and minimum. Let us finally discuss this in the polynomial
case.
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Example 5.15. Let F;(k) = a;kPi for oy > 0and 1 < 81 <...< 4. Then

P Z Xi(co) >z | ~P (max Xi(oc0) > x> ~ const.z* P for z — oo
iAW il

and
P <min Xi(o0) > m) ~ const.zAT TR for 1 00
iAW
In both cases, the tail decay is independent of 4 up to a constant. Moreover, if 81 < B2 and
the losers win many steps, then it is most likely that in fact the loser with the heaviest tail
and the weakest feedback wins most of these steps, i.e.

T—00

a
P <X1(oo) > ZXl(oo) > x, sMonj ﬂ...ﬂsMonZ) /=1
=1

for any a < A, consistent with the idea of Sanov’s Theorem.

Moreover, Theorem can be used to generalize previous results from 132, |44] concern-
ing the time of monopoly, which is defined as

Nppon :=min{n > 1: Ji € [A]Vm > n: X(m) — X(m —1) = W}, (5.18)

i.e. the index of the last step won by a loser (plus one). Using Theorem we can calculate
the tail distribution of Ny, for polynomial feedback Fj(k) = a;k® with 8; > 1 and oy > 0,
i € [A]. Assume [y < §3; for all j > 2, i.e. among the losers agent 2 has the weakest feedback.
Then the following can be shown (under mild further assumptions), conditional on the first
agent being the winner:

1. If B > By — 1, then we have

P(Npon > 1| sMony) < n~B=DB=1/82 for n -5 00 (5.19)

2. If 1 < By < By — 1, then we have

P(Npon > n|sMony) < n~ B~ for p o . (5.20)

A proof is presented in Appendix [E.I] as well as a discussion of exponential feedback. As
opposed to the wealth of losers, the tail of the time of monopoly depends also on the feedback
of the winner. Note that the tail behaviour of N,,., is independent of the losers with stronger
feedback Fj, j > 3. Figure illustrates this situation for A = 2. This result grants some
new interesting insights in the large deviation behaviour of asymmetric generalized Pélya
urns. For example, when the monopoly sets in late, this happens in different ways depending
on the feedback. For simplicity, we assume A = 2 and condition on agent 1 to be the winner.
The following is established rigorously in Corollary [E.4}
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—— a for X,(»)
—— b for Nmon

pr-1{ ——e

power law exponents a and b

B2

Figure 5.4: The power law exponents a,b > 0 of X;(0c0) and Ny, for fixed feedback of the
winner Fy (k) = k%1, 81 > 2, and varying feedback of the loser Fp(k) = k%2, B3 > 0, i.e. A =2,
P(X2(c0) > x|sMony) < 272 for  — oo and P(Npen > n|sMony) < 27 for n — oo.
a = oo corresponds to tails lighter than a power law. Theorem and Corollary cover
the case B3 > 1, and Theorem and Corollary cover the case B2 < 1. The transition
at By = 1 is also discussed in Section Note that a > b since on the event sMon; we have
Nmon > XQ(OO)

1. If the feedback of the winner is significantly stronger than the feedback of the loser (i.e.
1 < By < 1 — 1), then the tail of Ny, is independent of 1 and equals the one of
the wealth of the loser X»(c0) up to a constant prefactor (a = b in Figure [5.4)). So the
loser wins most steps at the beginning (even more than the winner), when suddenly the
strong monopoly sets in and the loser does not win any further steps.

2. If the feedback of the winner is at most slightly stronger than the feedback of the loser
(i.e. B2 > B1 — 1), then the tail of N,y is heavier than the one of X5(00). Hence, the
loser can still win some late steps when the advantage of the winner is already large

(a > b in Figure [5.4).

3. At the point of transition 8o = 1 — 1, we observe an intermediate regime, where the
process is balanced at the beginning, when suddenly the strong monopoly sets in and
the monopolist wins all further steps.

Note that this reflects our findings on total monopoly for polynomial feedback (Example

39).

5.3 Sub-linear agents

So far, we mostly considered agents satisfying the monopoly condition . Nevertheless, any
system with at least one agent fulfilling exhibits strong monopoly, even if some agents
do not satisfy . The latter agents are almost surely not the monopolist and hence, X;(00)
is a finite random variable for them. The following theorem characterizes the corresponding
tail distribution.
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CHAPTER 5. THE WEALTH OF LOSERS

Theorem 5.16. Assume that the set M = {i € [A] : F; satisfies (M)} of possible monopolists
is non-empty but 1 ¢ M. Moreover, assume limy_ o F1(k) = oo and that all F;, i € M are
strictly monotone. Then

x
1
—log(P(X1(c0) > x)) ~d Z Fi(h) for x — oo, where d:= Z F;(X;(0)) .
k=X1(0) ieM
Proof. Let T = min;cps 1; be the smallest explosion time of the possible monopolists in

the exponential embedding. Moreover, write S(z) = Y y_ x(0) T1(k) and denote by g, =
P[S(x) € -] the law of S(z). Using the independence of S(x) and T, we get:

P(X1(c0) > ) = P(E((T) > z) = P(S(z) < T) = /0 T (s < T) dpis(a) (5)

= / H P(T; > s) dug(z)(s)
0 iem
Next, (5.12)) implies
e MO = P(73(X(0)) > 5) < P(T; > 5) < ce” 0D (5.21)

for a constant ¢ > 0. Hence:
E [e_ds(x)} < P(X1(c0) > z) < ¢*ME [e_ds(x)}

Then the following Lemma [5.17| and

finally imply the claim. O

Note that estimate (5.21]) does in general not hold if there was some k£ > X;(0) such that
Fi(k) = F;(X;(0)). Moreover, Theorem does not hold for non-diverging feedback, since
e.g. for constant F;(k) = 1 we have

T

E [e_ds(x)} =exp | —log(1+d) Z = (1 +d)%O—==1,

k=X;(0) Fi(z)
Lemma 5.17. Assume that X1,..., X are independent random variables, which are expo-
nentially distributed with parameters Ai,..., A\ > 0. The moment generating function of

S=X1+ ...+ X is bounded by

k
1 1 1
exp{—s g )\k} <E[6_SS] <exp{—s g )\—+52 g )\’%}
=1

=1 =1 "k

for all s > 0.
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Proof. Given E[e™*%1] = )\)‘Jrs, we calculate:

k
753 HE sX; _ H )\l = exp {Z log(\;) — log(\; + S))}
=1

1

Moreover, since <% log(s) = 1, we can estimate
) ds s

log (A +5) — log(\) < 1
and analogously
log(A; + s) — log(A) > L R !
8L 5 l_)\l—i-s A AN+ s

which completes the proof.

1

E

_)\l

Al

5.3. SUB-LINEAR AGENTS

A closer look at the proof reveals the following refinement of Theorem [5.16

0 < log(P(X1(c0) > z)) +d Z
o -

) ZFl

Let us discuss some interesting examples.

Example 5.18. In the situation of Theorem|[5.16] we consider various choices of the sub-linear

feedback function Fj.
1. Let Fi(k) = klogk. Then

P(X1(00) > z) < (logz)™® for 2 — 0.

Hence, the tail decay is logarithmic and depends on d.

2. Let Fi(k) = k(logk)® for B < 1. Then

P(X1(00) > z) =< ¢~ Tplo8 )7

Hence, X;(c0) has a heavy-tailed distribution, which is heavier for larger 5. In particu-
lar, for the linear case 8 = 0 we find a power law distribution with exponent depending

on 8 and the initial values included in d, i.e.

-+ const.

P(Xi(00) > x) <2 ¢ forz — co.

3. Let Fy(k) = kP for 3 < 3 < 1. Then

D LA
P(Xi(0) >z) <xe -7 for z — 0.

Hence, the tail of X;(00) is lighter than a power law, but heavier than an exponential.

Moreover, the tail is lighter the smaller f is.
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Figure 5.5: Empirical distribution of Xj(oco) (full line) and Ny,en (dotted line) for A =
2, Fy(k) = k? and different F; and X(0). The black lines show the tail decay predicted
by Theorem and Corollary Note that these predicted tails are only exact up to
constants, i.e. up to a parallel shift in the plot. 10,000 simulations were executed each.

4. Let Fy(k) = k2. Then

e 2det? P(Xi(c0) > z) < e 2w 2y gor 2 0.
The same observation as in 3. holds here.
5. Let Fy(k) = k” for 0 < 8 < 3. Then

__d .1-B __d 1-p, _d> _1-283
e 7" T X P(X1(00) >x) < e BT " TT-z” for z — oo

consistent with 3. and 4..

6. Let F1(k) = A > 0 be constant. Then Theorem is not applicable, but Z; is a
homogeneous Poisson process. Hence, X;(c0) has a Poisson distribution.

Remarkably, the tail decay of X;(o0) depends significantly on initial values of super-linear
agents for feedback F} close to the transition , in contrast to super-linear F} in Theorem
Note that in Theorem there is no dependence on the precise feedback function of
other agents. Moreover, the distribution of X;(c0) does not depend on the feedback of other
sub-linear agents due to the exponential embedding. These findings are illustrated by the sim-
ulation shown in Figure As mentioned in (5.19) and ([5.20) and explained in Appendix
[E-2] the time when the monopoly occurs in the situation of this section has a power-law dis-
tribution (for polynomial feedback) and the exponent depends on the feedback of the winner.

By combining Theorem [5.10] and Theorem [5.16] we gain a precise understanding of the
"loser paradox” mentioned in Section This seeming paradox is that the tail of X;(c0)
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(if necessary conditioned on sMonf) is heaviest, when the feedback of agent i is close to the
transition . This observation is quantified by Example and Example At the
point of transition for almost linear feedback, these two examples are consistent. To
see that, consider again Fj(k) = k(logk)”? and condition on agent i to be a loser. Recall
that throughout this chapter we assumed that at least one other agent satisfies the monopoly
condition (M]).

1. For B € (—o0,0), the tail of X;(c0) is heavier than exponential, but lighter than a power
law, see (5.23). This does also hold for Fj(k) = k# with 8’ € (0,1) (3. to 5. in Example
5.18)).

2. In the linear case 3 = 0, we have a power law tail = with exponent depending on
initial values of the super-linear agents, see (5.24)).

3. For g € (0,1), the tail of X;(c0) is even heavier than a power law, but the decay is
faster than logarithmic, see (5.23). The tail weight is increasing in § < 1 and depends
on the initial values.

4. For B > 1, the tail of X;(c0) decays logarithmically, i.e. P(X1(00) > z) =< (logz)~? for
B = 1, where d depends on initial values, and P(X;(00) > z) < (logz)' =" for 8 > 1, see
and . The tail weight is now decreasing in 8 > 1, which is consistent with
the power law distribution of X;(c0) for F;(k) = k' B > 1, see (5.10).
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Chapter 6

Wages and Capital Returns in a
Pdélya Urn Model

It is a widely observed phenomenon that wealth is distributed significantly more unequal
than wages. In this chapter, we study this phenomenon using a new extension of Pdélya’s
urn, modelling wealth growth through wages and capital returns. In Section we formally
introduce the model and provide a mathematical analysis. In Section we discuss the cases
of A =2 and A = 3 agents in order to gain a visual understanding of the different regimes
of the process. In Section we fit the parameters from real-world data in Germany, so
that simulation results reproduce the empirical wealth distribution and recent dynamics in
Germany quite accurately. This allows interesting predictions for future developments and
insights on the importance of wages and capital returns for wealth aggregation. In Section
we examine within our model if unequal investment skills pose an alternative explanation
for the gap between wealth and wage distribution. Finally, in Section we bring together
our numerical and theoretical findings and discuss the effect of the recent increase of interest
rates on the future of inequality within our model.
The results of this chapter have been published in [69].

6.1 Posing the problem

Most studies consent (e.g. [60, 112,65, 19| |38} |37} |48]) that in industrial countries the distri-
bution of wealth reveals a two-tailed structure: Whereas for the majority of the population
(95-99%) the empirical distribution can be well-described by a light-tailed or log-normal dis-
tribution, a power-law distribution turns out to be more suitable for the richest within an
economy. In fact, the Pareto-distribution was initially suggested by Vilfredo Pareto [106]
in 1897 to describe the distribution of income and wealth. Moreover, wealth is distributed
significantly more unequal than income (see [34] or [112] and references therein). Figure
shows the distribution of net personal wealth for Germany and the USA, which confirms the
two-tailed structure since the richest seem to follow a power-law distribution. Least square
fit estimates a Pareto exponent of approximately 1.44 for Germany 2021 with similar values
for 2011 and the USA. This exponent is similar for other countries as presented in [125] and
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widely stable in time [19], as already predicted by V. Pareto himself. For comparison, [3§]
also finds a Pareto-tail in income distribution with exponent varying between 2.42 and 3.96 in
Germany since 1990, underlining the mentioned gap between income and wealth distribution.

Numerous models have been proposed to find the determinants of the power-law tail, some
of which can be found in [60, 65, |19} [38} 29, 129, 85, |20, [35, 90, 130, 25, |99] and references
therein. The early model proposed in [120], which was recently taken up in [76], already
contains the idea of combining independent and reinforced elements. An essential reason for
the power-law tail has been found in so-called increasing returns, i.e. the return rates on
capital depend on the amount of capital a person or household owns. Detailed theoretical
and empirical information on this phenomenon can be found e.g. in |5} 53, |60, |7, [51].

An established model for growth processes subjected to increasing returns is the non-
linear Pélya urn model from the previous chapters, as promoted by Arthur [5]. [124] fits the
classical generalized Pdlya urn to American data. Indeed, this model creates Pareto-tailed
wealth distributions (see Chapter , but a major drawback of this model is the occurrence
of strong monopoly, i.e. from some point on only one (random) agent wins in all following
steps. The aim of this chapter is to extend the generalized Pdlya urn model, such that the
empirical wealth distribution from Figure[l.I emerges as a stable long-term distribution under
the dynamics of our new model.

First, we pick up the main idea of Pdlyas urn model and distribute the wealth created
in an economy step by step among a fixed number A € {2,3,...} of agents. But in this
chapter, we distinguish two different mechanisms of assigning an abstract unit of additional
wealth to an agent. Assume that a company generates a unit of additional wealth, which
corresponds to the gross yield. A certain share r € [0, 1] (the so-called ”labor share”) of the
gross yield is payed to the employees via wages. The remaining 1 —r units (the ”profit share”)
are assigned to the shareholders, either by paying dividends or by increasing the fundamental
value of the company. For simplicity, we assume wages to be fixed in time and independent of
wealth in our model, i.e. this share of the abstract wealth unit is distributed among all agents
proportionate to some fixed vector. The other part of the added wealth unit is distributed
among the agents via capital returns and does hence depend on the current wealth of the
agents. Capital returns will be modeled as a non-linear Pélya urn as in Section which
includes the phenomenon of increasing returns. Hence, the remaining (1 — r)-share of the
wealth unit is fully assigned to one randomly chosen agent. The share 7 is a measure for the
importance of capital for the accumulation of wealth, but it differs from the official labour
share arising in national accounting. We will discuss its precise meaning in Subsection [6.4.2}
In more casual words: r regulates in how far it is possible to become rich through hard work.
As explained in Subsection [6.4.2] it is justifiable to assume that the labor share is constant
in time. Since the distribution of wages is an exogenous parameter in our model, we will
particularly focus on providing an explanation for the discrepancy between wage distribution
and wealth distribution as a consequence of increasing returns.
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6.2 The model and some rigorous results

For the purposes of this chapter, we extend the model from Section [2.1] as follows. Again, let
A € {2,3,...} be the number of agents in our economy and r € [0, 1] denotes the fraction of the
added wealth, which is distributed proportionate to a deterministic vector v = (y1,...,74) €
A a_1, representing the effect of wages on the accumulation of wealth. We fix a feedback
function F;: (0,00) — (0,00) for each agent i € [A]. Then we adapt the definitions from
Section by defining a homogeneous Markov process X (n) = (X1(n),...,Xa(n)), n € Ny
in the state space [1,00)? with initial condition X (0) € [1,00)? and transition probabilities
given by

: X(n) Fi(Xi(n))
P(X(n+1)—X(n)=09|X —i<N+, >;
( (n+1) = X(n) = "] <”>> b "Nin) T REMO) ...+ FA(XA((n)))
6.1
for i € [A], where v == (1 —7)e® + 7. Asin Section N = X;(0)+...+ X4(0) denotes
the total wealth at time n = 0 and the corresponding process of wealth shares is defined as

o 1
" N+n

x(n) = (xa(n),...,xa(n)) X(n) € A1, n€Ny,.

For r = 0, this process coincides with the generalized Pélya urn from Section [2.1] whereas for
r = 1 the process x(n) is deterministic. For general r € (0, 1), this process can be considered as
an extension of a generalized Friedman urn (see e.g. |107] an references therein) to non-linear
feedback, which has not been studied before to our knowledge. In a generalized Friedman urn,
a ball is drawn uniformly from an urn and, depending on its colour, the ball is replaced by a
set of other balls, which may contain several different colours. Our process (X (n)),, picks up
this idea and includes additionally a non-proportionate drawing rule.

Corresponding to , define the vector field

G(N+n,2) =E[X(n+1)—X(n) | X(n) = [(N+n)z]] —z=1—7)p(N +n,2) +ry—2x

(6.2)
of centered expected increments for x € Ay_1,n € N and p(n,z) = (p1(n,x),...,pa(n,x)).
In particular, the field G represents the expected increment of shares up to scaling, i.e.

G(N +n,z)
Ex(n+1)—x(n)|x(n) =z] = Nintl (6.3)

Note that the time-scale of our model is non-linear, i.e. one step of the process does not
correspond to a fixed period of time in reality. When p = pu(¢) is the annual growth rate of our
economy (given as an exogenous parameter), then we could instead consider the time-changed
process t — X ([((1+ p)' — 1) N|), where ¢ is time measured in years. This will be discussed
in detail in Section [6.4] in the following the explicit time scale is not important.

A rigorous approach to the long time behaviour of this process is provided by the method
of stochastic approximation, which we already used in Chapter [l For that, we consider
Doob’s decomposition

x(n) = x(0) + H(n) + M(n), (6.4)
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where

n—1 n—1
G(N + k, x(k)) 1
d M(n ek
L N+k+1 an — Nireit®:

with £(n) = X(n+ 1) — X(n) — G(N + n,x(n)) — x(n). The process H(n) is predictable
with respect to the filtration (F,), generated by the process x(n). Moreover, the {(n) are
centered, bounded and uncorrelated since

E[&(n)¢;(m)] = E [&(n)E [§(m) | Fa]] =0 for m >n, d,j € [A].

Hence, M (n) is a martingale, which is bounded in L? and consequently almost surely conver-
gent for n — oo.

For simplicity, we will mainly consider homogeneous feedback functions in the following,
i.e. Fy(k) = a;k® for some a = (a1,...,aa) € (0,00)" and 8 € R. This kind of feedback is
particularly simple since the transition probabilities p(n,z) do not depend on n, such that we
can again establish the notation

p(z) =p(n,z) and G(z) = G(n,x) (6.5)
for the homogeneous case with

oG,

Gi(z) =(1-r) R TR

ale+...+aAmA

Exploiting the convergence of the martingale M (n), one can show that the long time limits of
this process are given by the zeros x of the vector field G, i.e. G(z) = 0, which we will refer
to as fixed points of the dynamics.

Theorem 6.1. For all i € [A] let Fy(k) = o;kP® for a; > 0,8 € R, r € [0,1]. Then
x(n) = x(00) converges almost surely to a stable fized point of G for n — co.

Proof. The proof follows similar stochastic approximation arguments like in [107} |18}, |30, |100].
Define the set S C Ay_; of fixed points of G. Similar to [18], a Lyapunov function for G is
given by

A A A
L(z) = —(1—r)log (Zam?) —eryilogxi+in for x = (z1,...,24) € A%Y_; (6.6)
i=1 i=1 i=1

2
as /L L(z) = — 2 Gi(z) and consequently (VL(z), G(z)) = — 1, a; (%L(x)) < 0 with
equality if and only if x € S. Now, we observe that L(x(n)) eventually becomes a super-
martingale:

E [L(x(n+ 1) = L(x(n)) | x(n)] = E [VL(x(n)) ((x(n + 1) = x(n)) + O(1/n?) | x(n)]
= VL(x(n))E [x(n + 1) — x(n) | x(n)] + O(1/n?)

= (VL) Gx(m))) + 01 /n?)
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Since L is bounded from below, we get almost sure convergence of L(x(n)) from the martingale
convergence theorem. Take an open e-neighborhood U, C A4_1 of S. Then there is §(¢) > 0
such that
5(€)
E [L(x(n+1)) = L(x(n)) | x(n) = 2] < 7 forallz € Ag_1\ Ue,
if n is large enough. Due to the divergence of the harmonic series, the limit point needs to be
in any U, and consequently in S.

The non-convergence to unstable fixed points is technically more demanding and follows
basically from arguments like in [30, Lemma 5.2.], [L08, Theorem 1] or [100, Chapter 5]. Note
that the stable fixed points of G are just the strict local minima of L. Maxima and saddle
points of L, i.e. unstable fixed points of G, are not attained as limit points of L(x(n)) due to
noise of order % O

Like in Theorem [2.5] it is possible to extend Theorem to inhomogeneous feedback
functions, provided that the field G(k,z) converges for kK — oo sufficiently fast. For our
applied purposes, these inhomogeneous feedback functions do not grant any enriching insights,
such that we will neglect them.

Also note that the equation G(z) = 0 does in general consist of A — 1 equations for A — 1
variables, since the A-th equation is redundant due to

A

A
ZGl(w) =0 and Zml =1 sincex € Ay .
i=1 i=1

Hence, heuristically, the zero-set of G can be considered to be discrete.

An interesting observation in the situation of Theorem is that the limiting share of all
agents ¢ € [A] with positive wage ~; > 0 is bigger than r;, i.e. x(00) > rv; almost surely for
all i € [A] since p(n,x) > 0 for all x € A9Y_;. The inequality is strict since all agents do not
only receive their wage, but also capital returns on their savings.

As mentioned before, our process is deterministic for = 1. The following proposition
states that the process reveals a deterministic long-time behaviour even for large enough r < 1.
In that case, agents with zero wage will have vanishing shares on the long run.

Proposition 6.2. For alli € [A] let F;(k) = a;k® for a; >0, 8> 1. Then there is a critical
labor share r. < 1, such that for all r > r. the limit x(00) = lim,_,~ x(n) is deterministic.
If r > r., then any agent i € [A] with v; = 0 necessarily fulfills x;(c0) = 0.

Proof. First, Theorem implies the existence of a fixed point of G. For r € (0,1) take
xr, yr € AY_, satisfying G(z,) = G(y,) = 0. Define Go(x) = p(z) — « for x € As_;. Note
that the field Gy does not depend on r. Then:

Golar) = Golyr) = 1 1 r (1 =r)p(zr) +ry = 2r — (L= 7)p(yr) = ry + yr + 120 = 1Y;)
= (Glar) — ) + 7 — ) =

r
1 _r(xr_yr)
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As > 1, Gy is Lipschitz-continuous with a Lipschitz-constant L = L(«, ) < co. Hence, we
have z, = y,, when ;= > L, and as a consequence G has only one unique fixed point for
r>r. ::HLL € (0,1).

Now, let > r. and assume (w.l.o.g.) 71 = 0. If yo € Ag_o is a zero of the restricted
field G(y) = G(0,y), y € Aa_s, which corresponds to a system with A — 1 agents, then (0, )
is a zero of G. Uniqueness of the fixed point for r > r. and the existence of such yg imply

x1(o0) = 0. ]

This proof also implies that there is no further (unstable) fixed point of G for r > HLL,

but there might be unstable fixed points for general r > r. as visible in Figure Note that
Proposition may hold with r. < LL_H, our argument provides only an upper bound for r..

For » = 0, our process equals the generalized Pdlya urn from Section If in addition
B > 1, then the process reveals strong monopoly with probability one, i.e. at some point one
agent wins all following steps. Of course, this cannot happen for r > 0 since all agents get at
least their wage and receive capital returns on their wage on top. Nevertheless, we suggest
to call agents winner, if their wealth share exceeds their income share, i.e. x;(oc0) > ;.
Otherwise we call them loser. In that sense, we can still identify a unique random winner for
small enough r > 0.

Proposition 6.3. Let Fi(k) = kP for all i € [A] with 8 > 1. Then there is r. > 0 such that
for allr <1l
P(3li e [A]: xi(o0) > 7)) =1
and for all i € [A]
P (xi(o0) > i) > 0.

Proof. Let i € [A]. Denote by DG(z) = ( gfg?j) the differential matrix of Gin x € Ay_;.
‘ i,J
For r = 0, a simple computation shows VGj(e(i)) = (=01)i=1,..,4 for all j € [A]. Hence,
DG(e) is negative definite and invertable. Then we get from the implicit function theorem
that there is € > 0, 7, > 0 such that for all » < r. there is exactly one zero of G in the
e-neighborhood of e(?). Denote this fixed point by z(*)(r). Obviously, for all agents j # i
(4)

with 7; = 0 we must have x; (r) = 0 due to the uniqueness of the fixed point. Hence,

assume without loss of generality that «; > 0 for all j # ¢ and suppose € < min{~;: j # i}.

Consequently, :cy) (r) <~j forall j # i and r < 7.

It remains to show that for r < r. there are no other stable fixed points of G. For
that, consider the "r=0"-field Go(x) = p(z) — z. We know from Section that all zeros
of G have the form () = (#]ls(z)) el for a non-empty subset S C [A]. Since G is a

2

continuous perturbation of Gy, we know that for small enough r all zeros of G are located
in an e-neighborhood of these points (%), Moreover, 2% is unstable for #5 > 1 such that
DGo(z%) has at least one positive eigenvalue. Since eigenvalues of DG(z) do continuously
depend on = and 7, there is still at least one positive eigenvalue of DG(z) for any zero x of
G that is located in an e-neighborhood of #(%) with 7 small enough. Hence, all stable fixed
points are close to an z(5) with #5 = 1 if r is small. The stability of these fixed points can

be shown similarly using negative definiteness of DGo(e(i)). O

100



6.2. THE MODEL AND SOME RIGOROUS RESULTS

An interesting implication of the construction of our stable fixed points is the following:
For r < r., there is exactly one fixed point close to each corner of A4_1. Hence, x(o0) is fully
determined by picking the winner, i.e. there is no random hierarchy between the losers. In
the next section, we will see that the fixed points disappear one by one, when r is increased,
until finally only one fixed point remains for r > r..

Since it will be of particular interest in Section let us now discuss the linear case
Fi(k) = a;k with skill parameter «; > 0, which corresponds to wealth independent return
rates. Obviously, v is the unique stable fixed point of G (6.5) when oy = ... = a4 and r > 0
and hence, x(n) converges to v almost surely. In case of the standard Pélya urn (i.e. o; =1
and 7 = 0), x(n) converges almost surely towards a random point. For unequal «; and r = 0,
the process reveals a deterministic weak monopoly, i.e. x(n) converges to e, where i is the
agent with the largest o (see Proposition . For r > 0, there is a deterministic limit for
all choices of a; > 0, in particular for equal a;, as shown in the following proposition (see also
Figure (c)). This does also hold in the sub-linear case, where y(oco) is deterministic even
for r = 0.

Proposition 6.4. Let r > 0 and F;(k) = a;k® for a; > 0 and B < 1. Then x(n) converges
almost surely to a deterministic point x(oo) for n — oo, i.e. r. = 0.

Proof. Using the argument from the proof of Theorem we have to show that the Lyapunov
function L defined in has a unique minimum. For that, we prove that L is strictly convex.
Direct calculation yields that the Hessian of L is of the form

<8L(x) ) = c@) v "+ A@), x= (a1, 2a) €AY,
]

81‘18.1? 5

-2
where c(z) == (1 —r)3? (Z?Zl aix’6> >0 and v = (aixﬁfl € (0,00)4 and A(z) =

i i )ie[A]

(Am(w))ije[A] is a diagonal matrix with
-1

A
Aiilw) = ryge; + (1 =) = Bafa] ™ [ Y ajal | =0
j=1

Assume r < 1 as r = 1 is trivial. Since v - v’ is non-negative definite, the Hessian of L is

positive definite if either ; > 0 for all ¢ € [A] or § < 1. But if 5 = 1, we can w.l.o.g. assume
~; > 0 due to Lemma [6.5} Hence, L is strictly convex. O

Lemma 6.5. Let r > 0 and Fi(k) = a;k for a; > 0. Then x;(c0) = 0 for any agent i € [A]
with v; = 0.

Proof. Due to the linearity, if suffices to consider a system with A = 2 and ; = 1, since this

process is equivalent to the group-process [ Y icia) xi(n), D iela) Xl(n)> . But then a simple
v;>0 v;=0

calculation shows that !

a1x

Gz)=0 < (1—r 121

a1z, + ao(l — 1)

+r=x
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Figure 6.1: Qualitative illustration of the number of stable fixed points of G for homogeneous
feedback and different r and 5. o marks the classical Pélya urn, which exhibits either deter-
ministic (weak) monopoly or a Dirichlet distributed limit. The process has a deterministic
limit point if and only if G has only one stable fixed point.

has only the solution z; = 1. O

Let us finally sum up the homogeneous case Fj(k) = a;k®: The limit lim,, o, x(n) does
exist and has a discrete distribution (if not § =1 and o; = «;), but both deterministic and
random limits are possible depending on r and 5. Remarkably, the set of possible limit points
does not depend on the initial configuration X (0), but the probability that a specific limit
point is attained might depend on X (0). This means for r < r. that agents with high wage
and low initial wealth may never fully catch up their initial disadvantage, whereas they will
do so for r > r.. For § > 1 and r < r., the first steps of the process decide which limit point is
attained, because the process behaves almost deterministic for large market sizes according to
the LLN presented in Appendix For small enough r, we can still identify unique winners
and any agent can be the winner. For constant or decreasing return rates § < 1, lim,, o x(n)
is deterministic for all 7 > 0 and hence r. = 0, whereas r. > 0 in the increasing return case
B > 1. Figure [6.1] finally illustrates these findings.

6.3 The two and three agent case

In order to gain a visual understanding of the long-time behaviour of this process, we will
discuss the homogeneous case with A = 2 in detail. So, let Fy(k) = k®, Fy(k) = ak® for
f € R and a > 1. For simplicity, we establish the notation G(z) = G1(x,1 — z), v = 71 and
p(x) = p1(x,1 — z) for z € [0,1], i.e. x represents the share of agent 1 and agent 2 has share
1 —x. Then

Gx)=0-r)px)—z)+r(y-—2)=0 & p)-—z= (z—7)
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— Go(1,2;x) — Gol(1,0.5;x)
— 9(0.3,0.4;x) — 9(0.3,0.3;x)

0.0 0.5 1.0 0.0 0.5 1.0
X X

Figure 6.2: The line g(r,; x) and the field Go(«, §; ) against wealth = of agent 1.
e marks stable and o unstable fixed points. The arrows indicate the direction of the field G.

and the stable fixed points of G are the downcrossings of the ”r = 0”-field

8
X
with the line ,
v g(rye) = 1—(z=7). (6.8)

These downcrossings constitute the possible long-time limits of the process x(n) according to
Theorem 6.1 The upcrossings are unstable fixed points and are not attained as long-time
limits.

The situation is qualitatively illustrated in Figure and An increase of the labor
share r implies a larger slope of the line g, where the slope diverges for » — 1. Changes of the
relative wage y result in a parallel shift of g. The impact of the fitness parameter o and the
feedback strength $ is included in the field Gg. Let us now have a closer look on the possible
cases.

1. Figure (a) shows the symmetric case o = 1,y = 0.5 with 5 > 1 for different labor
shares r. It is apparent that x = % is the only stable fixed point of G if and only if

d r 6—1
—(plx)—2)=08-1< S r>re=——.
For r < r¢, there are two stable fixed points which are symmetric w.r.t. % For » — 0,

the two fixed points converge to 0 resp. 1, consistent with the strong monopoly for r = 0.
The critical share r. is increasing in 8 due to the stronger feedback and converges to 1
for 8 — oo.

More explicit for g = 2, we have r, = % and for r < % the two stable fixed points are

given by % + +/1 — 2r. For other choices of «, 8 explicit expressions are lengthy or not
known.
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— Go(1,2;x)

— Go(1,2;x)
——- Go(1,4;x) — g(0.3,0.2;x)
----- Go(2,2;x) e ----- 9(0.3,0.5;x)
— 9(0.3,0.5; x) < 9(0.3,0.65; x)
***** 9(0.5,0.5; x) ——- 9(0.3,1;x)

o]
0.0 05 10 0.0 05 10
X X
(a) (b)
— Go(L,1ix) — Go(1,05;x)
----- Go(0.5,13X) _ovsererree — 9(0.3,0.3;x)
----- Go(2,1;x) e 9(0.3,0.7;%)
— 9(0.3,0.5;x)

0.0 0.5

1.0 0.0 0'5 1?0

Figure 6.3: The line g(r,v;x) and the field Gy(«, 5; x) against wealth = of agent 1

for various parameters.
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In the asymmetric case o > 1, where agent 2 is fitter than agent 1, we observe in
general a shift of the stable fixed points towards agent 2. Moreover, the critical share
r. 1s smaller than for oo = 1.

2. Figure (b) illustrates the situation with equal fitness o = 1 of agents, varying wage
distribution v and fixed r > 0. First, we note that the critical rate r. is smaller when
wages are distributed unequally +v # 0.5, i.e. for fixed r we can obtain either random or
deterministic limits depending on ~.

Second, we observe that for 8 > 1 the long-time wealth is distributed more unequal
than wages. To be more precise, if v < %, then x1(0c0) < v and vice versa. The gap
between 7 and x;(00) is bigger the smaller r and the larger f is.

Third, for fixed r < 7., there there two choices of 7, such that saddle points occur
(see e.g. line v & 0.65). These saddle points are stable from one side (from the left
in Figure , but unstable from the other side. Hence, the process may stick to these
points for a long time, but will finally escape towards the only fully stable point due to
noise.

Finally, for v = 1, weak monopoly of agent 1, i.e. x1(0c0) = 1, is possible with positive
probability. But for r < r., both weak monopoly of agent 1 and positive shares for both
agents are possible, depending on who wins the first steps of the process.

3. Figure (c) shows the linear case 8 = 1, where we have unique fixed points whenever
r > 0, such that r. = 0. For a = 1, the fixed point is simply ~. Recall that for r = 0
the limiting share x1(co) has a beta distribution. Changes of « for r > 0 result to a
distortion of the unique fixed point towards the fitter agent.

4. Figure (d) shows the situation for 8 < 1, = 1, where we still have r. = 0. This
situation corresponds to decreasing return rates on capital. Here, wealth is distributed
more equally than wages, i.e. we have x;(0c0) > v whenever v < % and r > 0.

Moreover, it becomes apparent from Figure that we always have 7/, = r. when A = 2.
In 2. we already mentioned the occurrence of saddle points, which the process may approach
and remain there for long time, but will eventually leave. Although this behaviour seems to
be rare in the two agent case as they do only occur for specific pairs of v, r, these points are
far more important in larger systems. Hence, we also have a close look on the A = 3 case
in order to deepen our understanding of the long time behaviour of our process. Figure [6.4
shows the field G for asymmetrical wage vector and varying r. We return to the original
notation of G introduced in Section [6.2

For small r (Figure (a)), we have 7 fixed points, where the three stable ones are close
to the corners of the simplex, i.e. one random agent wins the bulk of the wealth. Casually
speaking, we will call these monopoly fixed points in the following. Note that this concept
does not necessarily coincide with the definition of ”winners” above. Moreover, there are
three saddle points, where basically two agents fairly share the total wealth. For appropriate
starting points, the process may first approach these points, but finally converge to one of the
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Figure 6.4: The field G (see (6.5)) with A =3, 8 =2,01 = a3 = a3 =1 and v = (0.4,0.4,0.2)
for various labor shares r. Stable fixed points are marked with e and unstable fixed points
with o. Their exact position has been computed explicitly with Mathematica.
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stable points. In addition, there is one more fully repelling point in the middle. Note that
this situation is similar to the r = 0 case discussed in the previous chapters.

When we now slowly increase  to some moderate level (Figure (b)), we observe that
at first the saddle points, where agent 3 (the one with the lowest wage) is involved, disappear,
but the monopoly fixed point of agent 3 still exists. When 7 is increased even more (Figure
(c)), then the monopoly fixed point of agent 3 also disappears and only the monopoly
fixed points of the agents with higher wage remain together with their saddle point. Finally,
when 7 becomes larger than r. (= 0.55 in the situation of Figure , then the two remaining
stable fixed points merge and the process converges to a deterministic point.

Heuristically, we can generalize this visual grasp to larger systems A > 3 as follows.
When r is small, then we have A stable fixed points, which are close to the corners of the
simplex. Moreover, for any subset S C {1,..., A}, #S > 1, there is a saddle point, where
the bulk of the total wealth is shared between the agents in S. The saddle points are not
attained as long-time limits of the process, but they may dominate the transient behaviour
of the system which is relevant in practice. In total, there are 24 — 1 fixed points for small
r. When r is increased, fixed points shift towards the middle of the simplex and disappear
one by one, where the monopoly fixed points of agents with low wage as well as the saddle
points referred to them disappear first. 7. is the minimal share such that only one of the fixed
points survives and 7/, is the labor share where the first monopoly fixed point disappears.
Consequently for "moderate” r, the process converges to a random monopoly fixed point, but
only agents with large enough wage can be the monopolist. With this heuristic, we conjure
that there are at most 24 — 1 fixed points in total and that at most A of them are stable.
Appendix adds some more heuristics on the number and position of the zeros of G.

6.4 Simulations for homogeneous feedback

The goal of this section is to find a parameterization of the model introduced in Section
such that the real distribution of wealth in Germany 2021 is reproduced as well as possible
by simulation. We denote by

CDFyer : R — [0,1] the empirical distribution function of wealth, Germany 2021  (6.9)

according to the data from [111] (shown in Figure and compare it to the simulated
wealth distribution function C'DF;,, defined in . Currently, about 70 million adults
are living in Germany, but the data on wealth distribution from [111] have a much lower
resolution. Simulating a system with millions of agents would therefore be computationally
very demanding with essentially no verifyable benefit. Therefore, we aggregate and take
A = 10,000, such that each agent represents 0.01% of the adults in reality. In particular, the
k-th richest agent represents the (k — 1)/10,000 to k£/10,000 quantile in reality, which are
about 7,000 adults.

According to [111], the average net personal wealth per adult in Germany 2021 amounts
to 227,567€. One unit of wealth in our model corresponds to 10€ in reality, which is a
rather fine resolution. Note that our model is also scale-invariant in the sense that transition
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probabilities are invariant under a rescaling of X (n), therefore the choice of wealth
units is not critical. We will simulate n = 280, 000,000 steps of our process, such that the
average wealth after n steps equals approximately the average wealth in reality. We will see
in Figure [6.0] that the wealth distribution is fairly stable after n steps, so that distributing
wealth in smaller units would would not yield any further insight. The wealth distribution
after simulating the model for n steps is then given by

A
1
CDFyi: R = [0,1], w — 1 Z; 1101 (n) <) - (6.10)

We aim to reproduce the C'DFy., from generic small initial data and take an initial
configuration X (0), such that each agent has only one unit on average. Recall that the set of
possible limiting wealth distributions is independent of X (0) as explained in Section but
the probabilities that a certain limit point is attained does depend on X (0).

In this section, we first consider symmetric and homogeneous feedback, i.e. Fj(k) = k”
for some B > 1, and set a; = 1 for all agents, i.e. we neglect the effect of personal skills on
capital returns. Of course, this is a simplifying assumption as there is probably a positive
correlation between investment skills and wages which we will investigate in Section [6.5] To
first approximation, it appears justified to assume that similarly affluent agents invest their
money similarly and therefore achieve similar expected return rates. This is in particular
plausible since each agent in our simulation represents 7,000 people in a corresponding wage-
class in reality, so we can not account for completely untypical behaviour of some individuals
anyway. In addition, we can think of people to improve their investment skills the more
capital they have for investment, which are thus correlated with wealth (as captured by our
parameter 8 > 1) rather than with wages. In Subsections [6.4.1] 6.4.2| and |6.4.3] we fit the
parameters 3, and r and finally show simulation results in Subsection [6.4.4

6.4.1 The wage-vector vy

In our model, the distribution of wages is an exogenous parameter, which is invariant in time
and is represented by the normalized vector v. Wages have a significant impact on the wealth
of poor agents, whereas the wealth of the rich is mainly determined by capital returns. As
this chapter focuses on modelling the wealth distribution of the rich, i.e. the power law tail
mentioned in Section 6.1 we are content with a rather rough wage-model. We will use data
on German wages in 2018 as given in [31] (see Figure (a)). Note that only the shape of the
wage-distribution is relevant since =y is normalized. The wage distribution is derived from data
on income tax and contains income from employed and self-employed labor. Capital returns
are basically not included as it is not subject to income tax in Germany (there is a flat-rate
tax instead). The only exception worth mentioning is rental income, which only poses 2% of
total income and can hence be neglected, too. Let 71,...44 be drawn independently from
the distribution shown in Figure (a), where we assume uniform distributions within the
intervals. For the agents with wage > 1,000,000 Euro, we suppose an exponential tail and
thus all 4; are distinct.

In order to generate realistic wealth distributions in our model, it is important to distin-
guish that wages can either be used for consumption or for investment. Hence, we are less
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interested in the pure wage distribution modelled by 4 than in the distribution of savings,
which add to the wealth of an agent and generate capital returns. It stands to reason that the
agents with lowest wage need essentially all of it for consumption, whereas the highest-payed
agents can invest almost their entire wages since even luxury consumption like jewelry and
real estate increases value. For simplicity, we assume a linear relationship between the saving
rate and the index of ordered wages J1.4 < ... < Ja.4, such that the agent with rank i:A

saves a fraction  of their wage. Hence, we define the normalized sample ~y as

’%:A Z/A o 7;:71‘:14
A - . - A -~
D=1 VA d/ A 21 A

More detailed information on saving rates depending on income in Germany can be found
in e.g. [22], confirming our linear interpolation as an appropriate approximation. Of course,
there is much more refined research on the distribution of income like [38], most of which
include capital returns in their data and are therefore not suitable for our purpose.

for all i € [A] .

Vi =

6.4.2 The labor share r

In official macroeconomic accounting, the labor share is defined as the part of the national
income allocated to wages, which fluctuates in Germany between 64% and 72% since reuni-
fication 1991 [33]. In our model, however, the parameter r rather represents the part of the
wealth increase that is due to savings from wages. Hence, it is not useful to simply set r =~ 0.7
for several reasons. First, national income does not encompass an increasing value of existing
assets like real estate or corporate stocks, which reinforces the significance of capital on the
growth of personal wealth. Second, the national income contains consumption, which does
not add to wealth. The share used for consumption is presumably higher for wages than
for capital returns, which again increases the significance of capital returns for wealth aggre-
gation. Third, the effect of different taxation is not taken into account in the official labor
share.
As a consequence, we estimate the parameter as

average net wage * average savings rate (6.11)
r= .
increase of average wealth

for a fixed period of time. For the increase of average personal wealth, we take data from
[111] again. [32] provides information about average net wages and saving rates.

Figure (b) shows empirical values of r according to formula for several years. We
observe extreme peaks in 2009 and 2020, which are due to the financial resp. the Covid crisis,
where the increase of wealth was small, whereas wages are less sensitive to such events. Before
2020, the saving rate fluctuated slightly around 10%. Between 2013 and 2019, the empirical
r values are stable between 20% and 27% percent. This low level is due to strong increases in
value of real estate and stocks, caused by zero interest politics. Before the financial crisis, our
adjusted labor share widely coincided with the official share. In the following, we will mostly
use r = 0.3, but also consider higher values and show in detail how they affect our results in

Section [6.6]
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Figure 6.5: The left figure shows a contour plot of ||G(xger)| with a normalized sample zge,
from CDFye, for different values of r and 3, where v and w4, are fully correlated.
The right one shows the minimizing r — 3-line for different years where v and x4, are fully
correlated or uncorrelated.

6.4.3 The reinforcement parameter [

After fixing the parameters v and r, we finally have to find an appropriate choice for f.
The parameter § regulates the reinforcement mechanism of increasing returns, i.e. g =1
corresponds to constant expected return rates and § > 1 corresponds to increasing returns.
Hence, reinforcement for 8 > 1 determines the deviation of the wealth distribution from
the wage distribution. We will estimate  directly from the shape of the desired wealth
distribution shown in Figure by adjusting 8 such that CDFy, is fairly stable under the
dynamics , since the empirical wealth distribution can be considered as stable in time
up to scaling. From , it is easy to see that for any fixed § and =z, there is a unique r
minimizing ||G(z)].

Proposition 6.6. For any fizred § € R,x,v € Ajs_1, the Fuclidean norm ||G(z)|| is minimal
when

_7”* — _ (p(x) _77:13_’7>
e e

If r*(B) < 0 (resp. > 1), it has to be replaced by 0 (resp. 1).

Proof. Define w = p(x) — z and v = v — x, such that G(z) = (1 — r)w + rv is a convex
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combination of v and w. Then:

d d & A
NG @) = 2 S0 = rywi +r)* = 2 (1= ) + 7o) (05 — wy)
=1 i=1
A
=23 (r(vi — wy) + wy) (v — wi) = 2rlfv — w|? + 2(w, v — w)
=1

= 2r[ly = p(@)|* + 2(p(x) — 2,7 — p(x))
Since ||G(x)|? is a non-negative quadratic polynomial in r, the unique minimum is

@) —wp@) =) = p() =)
[p() — I [p(z) — ]2

O

r*(3) can be interpreted as the orthogonal projection of z —~ on p(z) — . When x — v
and p(z) — 7 are negatively correlated, i.e. (x —~,p(x) —7) < 0, then r = 1 is optimal. If
llp(z) —v|| < |Jx — | and the angle between x —~y and p(z) —y is small, then = 0 is optimal.
Moreover, if (x,7:)i[4) is @ normalized sample of a positive random vector (X,I"), then

Cov (3%~ o 85 ~ &)
2
E (%~ )
for large A. Hence, r*(f) is asymptotically (for A — o) independent of A.

Figure (a) shows a contour plot of ||G(zger)|| for different choices of 7, 3, where x4¢, €
A_1 is a normalized sample from the empirical wealth distribution CDFye, . This
indicates that the relation between the parameters is indeed one-by-one, i.e. for any given
r there is exactly one optimal 5. Figure (b) underlines, that the resulting r-S-line is
fairly stable in time and not very sensitive on the correlation between wage ; and wealth
x;. The lines are very similar when wage and wealth is assigned independently or when they
are fully correlated. Moreover, the point 8 = 1, » = 0 lies on the curve of optimal points as
G vanishes in that case. Since we already fixed r = 0.3 in Subsection the minimum
|G(2ger)|| = 0.0006 is attained for 8 = 1.068. For the following, we consider the rounded

value B = 1.1 as an appropriate choice, which is also consistent with previous independent
estimates of this reinforcement parameter [124} 60].

r(B) = 1

6.4.4 Simulation results

Figure (a) shows the results of simulations with parameters A, n,r, 3,~ as specified above
and several initial configurations. We simulate with four different initial configurations:

Symmetric: ~ X(0) = (1,...,1)

Exponential:  X;(0) ~ Exp(1) independent

Pareto: Xi(0) ~ Pareto(1.5) independent with EX;(0) =1
v X(0) = Ay
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Figure 6.6: (a) shows 1 — CDFgp, for different initial distributions compared to 1 —
CDF e, (black line) and 1 — CDF' of scaled wages 228,000 (blue line) after n =
228,000, 000 steps. For symmetric initial condition X (0) = (1,...,1), (b) shows additionally
1-CDF of an intermediate step, scaled to the same mean (light blue). Moreover, the green
line shows a stable distribution with ||G(x)|| = 0 obtained using Euler’s method for the ODE
starting in X (n) (see Subsection In all simulations, we took A = 10,000, 5 =
1.1, r = 0.3 and v as explained in Subsection

For enhanced comparability, we chose all X (0) such that in each case agents start with one
unit of wealth on average. The simulated wealth distribution C'D Fj;,,, (6.10)) after n steps is
both compared to the real wealth distribution CDFj, in Germany 2021 (black line) and to the
CDF of scaled wages 228,000 (blue line), which describes the long-time wealth distribution
in a hypothetical world with constant return rates (8 =1 ).

Basically, all simulations presented in Figure (a) reveal an astonishing accuracy in
reproducing CDF . The Gini coefficient in our simulations varys between 0.723 (exponential
case) and 0.758 (Pareto case) compared the empirical value of 0.75 in Germany 2021 (see
[111]). Apart from the net worth of the richest agent, all simulations yield similar wealth
distributions, which is consistent with the independence of initial configuration explained in
Section In fact, the bottom 99% of population is already quite well described by simply
re-scaling the wage distribution, since their wealth is mainly determined by savings from
wages. Apparently, the impact of increasing returns is negligible for these agents. In contrast
to that, the richest percentile reveals a much greater wealth inequality in reality than in the
scaled wages distribution, which is well-established for empirical data [34} [112]. The proposed
reinforcement mechanism of the Pélya urn model provides an accurate explanation for this
significant gap.

Noticeably, the wealth of the richest agent seems to be severely overestimated in the
simulation with Pareto distributed initial configuration, whereas it is underestimated in the
other simulations. This observation can be underlined by considering the share of total wealth
owned by certain parts of the population. The following table shows wealth shares in our
simulation in comparison to German data from [111].
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Share of richest | 50% 10% 1% 0.1% 0.01%
Germany 2021 96.6% 58.9% 28.6% 14.3% 8.1™%
Pareto 95.3% 63.1% 34.2% 19.4% 12.4%
Exponential 94.5% 57.9% 24.6% 8.5% 1.4%
Symmetric 94.7% 582% 24.9% 8.7% 1.5%
vy 95.6% 61.2% 282% 10,8% 2.1%

In fact, this ostensible discrepancy can easily be explained by the enormous variance of
wealth within the group of the richest 0.01%. For instance, this group of approximately 7,000
agents starts at a net worth of 40 million Euro and contains 138 billionaires, which own up to
40 billion Euro according to the Forbes List 2021. This billionaire effect has been investigated
in detail in [60] for UK data and is already hinted at in the tail behaviour of Figure This
extremely heterogeneous group is only represented by one agent in our simulation, such that
the wealth share of all other agents is significantly impacted by the choice of the representative
of the richest group. E.g. in the Pareto case, a rather rich representative of the richest group
has been chosen, leading to an overestimation of the wealth share of the richest 0.1%, since this
group also contains the representative of the 0.01%, and vice versa for the other simulations.
Hence, we should rather consider adjusted wealth shares, where the effect of the richest agent
is erased. To be more precise, if s(€) is the wealth share of the richest Ae, e € {0.1,0.01,0.001},
agents, then the adjusted share is defined by

s(e) — s(0.0001)
1— 5(0.0001)

Sqd(€) =

i.e. 844 is the wealth share, when the richest agent is removed from the system. The following
table shows the adjusted wealth shares in our simulations and in reality.

Adjusted share of richest ‘ Germany Pareto Exponential Symmetric ¥
1% 22.2% 24.8 % 23.5% 23.7% 26.6%
0.1% 6.6% 7.9% 7.2% 7.3% 8.8%

With these adjusted shares, we retrieve the good accuracy of all simulations, which we already
observed in Figure

Correlation between wages and wealth. Figure (a) shows the evolution of rank
correlation between X (n) and . In fact, the rank correlation approaches one in all simula-
tions, even when X (0) is drawn independently of v. Hence, our process is strongly ordering
and the agents with high wage tend to become the richest agents. This feature of our model
is opposed to empirical findings, e.g. [34] (or [112]) provide comprehensive statistical infor-
mation about the common distribution of wealth and income in Germany (or the US) and
estimate a much weaker rank correlation of 0.49 (resp. 0.23) between income and net worth.
[34] mentions the importance of splitting up wealth through inheritance as a main reason
for this moderate correlation, which is not captured by our model. The more-generation
model presented in [20] particularly focuses on the impact of inheritance. Moreover, there
is an intrinsic difference between [34] and our correlation, because our vy rather represents
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Figure 6.7: The left figure shows the evolution of rank correlation between X (n) and ~ for
different initial conditions. For the Pareto case, each point in the right figure represents one
agent and shows its rank in 7 vs. the rank in X (n),n = 280,000, 000.

savings than income, which obviously increases the correlation with wealth. Furthermore,
this overestimation of correlation might emerge as a consequence of the fact that an agent in
our model represents a group of 7,000 individuals in reality. Hence, our simulation does not
account for untypical individuals that contribute to the moderate empirical rank correlation.
Nevertheless, agents, who start with large initial wealth, may keep their advantage in our
model for quite a long time as shown in Figure (b). Even after 280,000,000 million steps,
there are some agents with only little wage among the richest. This barely occurs for more
equal initial configurations. On the other hand, agents cannot have high wages and only little
wealth since our process is a pure growth process and wages are assumed to be deterministic.

Increasing returns. As pointed out before, the generalized Pdlya urn model with 5 > 1
implements the idea of increasing returns, where capital return rates are higher for richer
agents. But how does this dependency look like in detail? In order to compute capital return
rates in our model, we identify step 216,000,000 with the year 2020, corresponding to an
average wealth of 216,327 Euro in 2020. Then we define the rate of return of agent i € [A] in
2020 as the relative gain in wealth which is not due to wages received,

X;(228,000,000) — X;(216,000,000) — 12,000, 000 - r;

RoR; =
ot X;(216, 000, 000)

Figure (a) shows these RoR for all agents in the Pareto case, but corresponding plots for
the other simulations look essentially the same. For the bottom 10%, we oberserve an enor-
mous variance of the RoR. Whereas many agents had no capital returns at all, some others
won one or two steps of the process by luck, leading to large RoRs due to their low level
of wealth. This also explains the observable stratified shape of the wealth-RoR-plot for the
bottom 20%. For the broad middle class in our simulation, we observe a moderate variance of
RoR and only a slight dependence on wealth. Hence, increasing returns mainly concern the
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Figure 6.8: Rate of Return on capital between step n = 216, 000, 000 and n = 228,000, 000 in
the Pareto case plotted against wealth quantiles. This corresponds to the year 2020.

rich. Figure[6.8|(b) shows the RoR of the top 10% in detail. A significant increase of RoR can
only be detected for the top 1% of the agents. This is consistent with the observation from
Figure that the wealth distribution of the bottom 99% is almost equivalent to the ”scaled
wages”-distribution. Using data from Norway, empirically investigates the dependence
of return rates and wealth, which reveals a similar shape of the wealth-return-curve. More-
over, they emphasize that this shape is persistent in time apart from extreme events like the
financial crisis, where even decreasing returns could be observed. Almost constant returns
for the majority of the population and strongly increasing return rates for the top induce the
two-tailed wealth distribution mentioned in Section

6.4.5 Time evolution and predictions for the future

Our model seems to be appropriate for describing the present, but does it also reproduce
the empirical wealth dynamics of the last decades? And if yes, what does it predict for the
future? Since all our simulations are equally valid, we focus in this subsection on the one with
symmetric initial condition, which is shown in Figure (b). We observe that the wealth
distribution after 1/4 of the steps is quite similar to the final distribution, so the attained
wealth distribution is fairly stable at least on a moderate time horizon. To identify the steps
of our process with years in reality, we consider in this chapter the time changed process

tes ZM ) = x ((L+ )t - 1) N]), (6.12)

where ¢ > 0 is the real time measured in years and p = p(t) is the annual growth rate of
our economy. For example step n = 96,000, 000 represents the year 1995 supposing empirical
growth rates from . This coincides with an average wealth per agent of approximately
96,000 Euro in 1995. Despite some historical shocks, assuming constant growth g = 0.03 is
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Figure 6.9: The evolution of the wealth shares of the richest 1% and the following 9% in our

simulations compared to German data from [111]. Years have been assigned via (6.12]) using
empirical p from [111].

a good approximation over the last 100 years (see Figure , such that we will use this
assumption for our future predictions.

Figure (a) presents the evolution of the wealth share of the top 1% in our simulations
and in reality, all of which reveal a moderate increase. The small differences in the total level
of that share have already been discussed above. It should also be noted that the development
is much smoother in our simulations than in reality. This is again due to the fact that our
model does not encompass the impact of economic shocks. The financial crisis in 2008, for ex-
ample, led temporarily to a decreasing share of the richest due to falling stock and real estate
markets. Figure (b) shows the wealth share of the 10-1% quantile, which is almost stag-
nant with a slightly decreasing trend. Hence, only the richest managed to slowly improve their
position over the last decades at the expense of the middle class and even the "moderate” up-
per class, in reality as well as in our simulations. Consequently, our model did also accurately
reproduce the past dynamics of wealth, which justifies to use our model for future predictions.

In Appendix we present a functional LLN for our process, stating that the process is
asymptotically deterministic for large initial values and the dynamics are driven by the field
G (6.2), representing the expected increments of wealth shares up to a time scaling (6.3)). To

be more precise, for large enough N the process Z(N) is well approximated by the solution of
the ODE p
%Z(t) =GZ(t)In(1+ p) =~ uG(Z(t)) with Z(0) = Z(N)(O). (6.13)

This is an efficient tool to make predictions for the future by solving with our simula-
tion’s result as initial condition, using e.g. Fuler’s method. Since the number of steps per year
in the urn model increases exponentially with , simulating the model is computationally
much more demanding than simply solving numerically. Figure (a) compares these
predictions to our simulations with very good agreement for large initial data. For small or
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Figure 6.10: (a) shows the evolution of number of winners (6.15) and agents with positive
Gi(x(n)) (6.14) as well as ||G(x(n))| in the simulation with X (0) =

= (1,...,1). Years are
assigned via assuming a constant growth rate of u = 0.03 per year. The dashed lines
in (a) show numerical solutions of started from simulation data in 1920, which agree
well with the time evolution of simulation data. In (b) solutions of are shown starting
from simulation data in 2021.

moderate initial data fluctuations play a significant role in the stochastic evolution of the urn
model. Of course, these predictions suppose that the dynamics of wealth remain unchanged

in the future, which might not be the case due to the recent increase of interest rates. We
will return to this issue in Section [6.6

Now, we consider the past and future time evolution of three indicators, presented in Fig-
ure 0. 10|

The number of agents with positive field G;:

#{i € [A]: Gi(x(n)) > 0} (6.14)
According to (6.13)), G;(x(n)) is a good indicator for the short-term development of the share
of agent i € [A], where positive (negative) values indicate an increasing (decreasing) share.
Gi(x(n)) > 0 can occur in two different ways: either by large expected capital returns due to
large x;(n) or by large wages compared to y;(n). After n = 280 million steps (corresponding

to the year ¢t = 2021), only 11.8% of all agents have positive G;(x(n)) > 0. 48% of the richest
decentile and even 97% of the richest percentile belong to this group, whereas only 4% of the

poorer half of the population do so. Figure presents a detailed scatter plot of G;(x(n))
and y;(n) for two different n. As a consequence, most rich agents will increase their wealth

share further, whereas the majority of the population loses. As visible in Figure (a), the
number of agents with positive short-term trend has been decreasing in time in our simulation.
Figure (b) presents a long-time prediction for this indicator. The number of agents with

positive trend will further decrease until only one agent is left, but this would take another
785 years.
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The number of winners:

#{i € [A]: xi(n) > v} (6.15)

In Section [6.2] we referred to an agent i € [A] as winner if their wealth share exceeds the
wage share, i.e. x;(n) > 7;. In that sense, we can identify 18,87% of agents as winners in
our simulation in 2021. This group consists exclusively of agents belonging to the bottom
15% or top 5%. The high amount of poor agents in this group is due to the symmetric initial
condition, where agents with low wage start with relatively large wealth share. As visible
in Figure the number of winners has been strongly decreasing in time and will further
decrease until only one winner is left, but on an even longer time horizon than the previous
indicator.

The Euclidean norm |G(x(n))||. According to (6.13)), ||G(x(n))|| can be considered as
a measure for the local pace of expected change. In Figure we observe decreasing
|G(x(n))|| in our simulation and we know from Theorem that the norm vanishes asymp-
totically as we approach a fixed point of G. Following our prediction, it will reach a local
minimum in 20 years, followed by a strong increase, which will last over 1,000 years in theory.
Finally, it converges exponentially towards zero. Recall that our reinforcement parameter
B = 1.1 was chosen such that [|G(zge )| is small (c.f. Subsection [6.4.3). In order to gain
an intuition for this behaviour, we refer the reader back to the 3-agents case discussed in
Figure (a). Following a typical trajectory starting near the center of the simplex, it will
first approach one of the unstable fixed points, before it finally turns towards a stable fixed
point. On this trajectory, the number of winners and agents with G; > 0 is decreasing.
Consequently, the observed current local minimum of ||G(x(n))|| indicates that our simulated
economy is currently close to an unstable fixed point. It may remain near this fixed point for
some time, but the dynamics of our model will eventually accelerate and lead the economy
into a monopoly-like state.

In this final point, the richest agent dominates the market with a share of 45.8%. Figure
(b) shows the corresponding stable wealth distribution, which is defined analogously
to for any stable fixed point x € A4_1 (with 228,000x; in the place of 10X;(n)). So
even within our model, which does not take into account any future changes of parameters
or the fundamental mechanism of the dynamics, it would take many centuries until such a
monopoly-like state is attained.

6.5 Unequal investment skills as an alternative explanation

Throughout our considerations in Section[6.4] we assumed that return rates on capital do only
depend on wealth, but not on individual skills. Nevertheless, it is conceivable that unequal
investment skills pose an alternative (or additional) explanation for the gap between wage and
wealth distribution (empirically found in e.g. [112,34]). This question can also be discussed
within our extended Pélya urn model. For that, we set F;(k) = aik’ﬁ, where «; > 0 regulates
the investment skills of agent i. We keep the parameters A = 10,000, » = 0.3 and v as in
Section since they were derived without using the assumption of equal «;.
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Figure 6.11: On the left, we see the minimizing r — -line as derived in Proposition using
data from Germany 2021 and sorted ~, but varying c. On the right, we see the stable wealth
distributions obtained by Euler’s method for with 8 =1, » = 0.3 and different c. Note
that the blue line coincides with the scaled wage distribution.

For specifying «;, we suppose that there is a positive correlation with wages. For simplicity
we use the ansatz

a; =i for some ¢ >0,

where ¢ regulates the intensity of correlation between wages and investment skills. In partic-
ular, ¢ = 0 corresponds to the the equal skill case from Section [6.4] whereas large ¢ implies
huge differences in investment skills. Note that the vector (aq,...,a4) does not need to be
normalized since only ratios of «; enter the dynamics .

In order to find an appropriate B for this situation, we have another look at the r —
B-line derived in Proposition which gives the pairs 7, 8 minimizing ||G(xger)| with a
normalized sample e, from CDFgy,, . Hence, we choose again our parameters such
that the empirical wealth distribution CDFy., in Germany for 2021 is as close to a stable
distribution in our model as possible. Figure (a) shows this 7 — S-line for several choices
of c. First, it is immediately noticeable that positive r > 0 is optimal for § = 1 and any
¢ > 0. To get an intuition on this, recall that for 8 =1, r = 0 and ¢ > 0 our process reveals
weak monopoly (see Section . Since the real wealth distribution is of course more equal
than weak monopoly, we need to choose a positive labor share. Second, the optimal labor
share is increasing in c¢. This is due to the fact that larger ¢ increases inequality in our model,
which can be compensated by larger r. Third, for fixed r there is an inverse relation between
c and 3, because they both increase inequality. Note that for large ¢ even § < 1 is optimal,
which corresponds to decreasing return rates. We first focus on a model with ¢ > 0 and 5 =1
considering only investment skills and no reinforcement, in order to highlight the conceptual
differences to the situation examined in Section This case has been rigorously treated in
Proposition where we proved that the shares x(n) converge to a deterministic point and
that there are no saddle points for 3 =1 and ¢ > 0.
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Figure (b) shows the unique stable distribution for different ¢. The model provides a
quite good approximation of CDFy., for ¢ = 0.1, too. Larger ¢ implies an overestimation of
the tail weight, which is consistent with the r— 3-line. Nevertheless, there is a major difference
compared to the results presented in Subsection [6.4.4] where the wealth of the richest agent is
much larger and more realistic. As visible in Figure (right), the model even predicts that
the wealth of the richest will further increase in the future for 8 > 1, which is not the case
for B =1, since the distribution in Figure (b) is already stable. This can be underlined
by a quick look at the wealth shares, as shown in the following table.

Share of richest | 50% 10% 1% 0.1% 0.01%
Germany 2021 96.6% 58.9% 28.6% 14.3% 8.17%
c=0.1 95.4% 59.3% 25.7% 9.4% 1.7%
c=0.17 96.4% 68.0% 40.5% 24.3% 9.0%
c=0.2 96.7% 71.1% 46.5% 31.9% 15.3%
c=0.3 97.3% T77.2% 58.6% 48.0% 22.4%

Indeed, ¢ = 0.1 significantly underestimates the wealth of the richest. If we slightly increase
¢, such that the share of the richest 0.01% coincides with our data, then our model significantly
overestimates the 1% and 10% share. Thus, the model with 5 = 1 cannot properly reproduce
the empirical wealth distribution.

This observation is linked to a conceptual difference between the two models. Whereas
the process reveals a random limit in the situation of Subsection with 8 > 1, there is
a deterministic limit point for § = 1, i.e. the long-time limit is fully determined by skills.
Hence, under increasing returns with 8 > 1 the long time limit is affected by the initial wealth
of agents, whereas it is not for constant returns with different investment skills. Moreover, the
rank correlation of wage and wealth will reach one after finitely many steps with probability
one for g =1, r > 0, but not necessarily for g > 1.

It stands to reason that reality is a mixture of both, increasing returns and unequal skills.
Figure illustrates the goodness of fit for several choices of ¢ and 3, again measured by
|G (2ger)|| like in Subsection It underlines the reverse relation between ¢ and /3, which
means that in the optimum larger 8 corresponds to smaller ¢ and vice versa. It turns out,
that any positive ¢ provides no improvement with respect to this criterion for r = 0.3. The
reverse relation does also hold for larger r (see Figure (b)) since the optimal S-c-line just
shifts away from the origin. This is due to the fact that larger ¢ and [ increase inequality, but
larger r decreases inequality. Nevertheless, for larger r one can achieve slight improvements
by taking positive ¢, since too large 8 leads to a overestimation of the wealth of the richest
agent, in the sense that the losers basically only get their wage. But the total goodness is
clearly worse for large r than for our choice r = 0.3, supporting that this is a reasonable value.

To summarize the findings in this section, we consider the parameterization of Subsection
as appropriate to model the evolution of the empirical wealth distribution. In particular,
the assumption ¢ = 0 is well justified and we can ignore differences of investment skills within
our model.
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Figure 6.12: Contour-plot of ||G(z4er)|| for varying values of 8 and ¢, where r = 0.3 resp.
r = 0.7 and g, are fixed. The white bullet marks the global minimum (8*, ¢*). Note the
different scales in both plots.

6.6 Summary and discussion

In Section [6.2] we discussed that our model basically exhibits three different regimes. First,
for small » < 7/ there is one random winner, who dominates the population on the long
run. All agents have a positive probability of being that winner, which depends on the initial
configuration and the wage distribution. Second, for large r > r., the process converges to
a deterministic stable distribution, which is basically a distortion of the wage distribution
towards more inequality (for 8 > 1). Third, for moderate r € (1, 7.) there is still a random
leading agent, but not all agents can be the leader depending on their wage. To check
which regime holds for our choice of parameters we can again compute stable fixed points
of the field G by numerically solving with different initial conditions. Stability of the
generated fixed points was checked with the heuristics from Appendix Assume w.l.o.g.
71 < 2 < ..., where y; = 0 and v4 = 0.0052 in our case. Then the solution of with
initial condition e(™) converges towards a fixed point (z1,...,24) € Ay_1 with z; = 0.451
and x4 = 0.0042. Hence, our process with r = 0.3 seems to be in the first regime, where
even agents with low wage can win the process when they start from a high wealth share.
For r = 0.4 the numerical solution finds monopoly fixed points for the richest agents but not
for the poor, i.e. it converges to a point x € A4y with 1y = 0 and x4 = 0.016 when it
starts in e(!). But with starting point e(4~1), it converges to a point with z4_; = 0.183 and
x4 = 0.0074, corresponding to the monopoly fixed point of agent A — 1. Hence, the middle
regime applies for » = 0.4. Finally, for » = 0.5, solutions of converge to the same fixed
point when starting in e(*) and e(4), such that the process is in the deterministic regime. In
this unique stable fixed point x € A4_1 we have 1 = 0 and x4 = 0.0086, which is consistent
with Proposition In summary, we get the rough estimate

03<7r,<04<r.<05
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Figure 6.13: Number of winners (green, see ), agents with positive G;(Z(t)) (blue,
see (6.14)) and ||G(Z(t))|| (red) in the solution of with initial condition xg, (after
normalization) for different labour shares r. For the full (dashed) lines, wage and wealth was
assigned fully correlated (uncorrelated). Note the different scales on the time axes. Figure
(a) shows analogously the case r = 0.5.

for our situation. As a consequence, even moderately larger » > 0.3 can lead to a different
regime and long-time behaviour of our process. Recall that our choice r = 0.3 is closely linked
to a zero-interest economy (see Subsection . Higher interest rates might lead to a larger
labor share r and can therefore significantly change our predictions for the future evolution
of wealth distribution.

Analogously to Figure (b), Figure presents the predictions of our model for
different labor share r, again by solving . The initial condition is the empirical wealth
distribution x4, of 2021, assigned fully correlated with wages or uncorrelated. For the case
r = 0.3 <, (Figure (a)), we observe basically the same as in Figure (b), where we
took the final state of our simulation as starting point. The time when the monopoly-like state
is attained strongly depends on the wealth of the richest agent, which was underestimated in
our simulation (c.f. Subsection . The assignment of wealth and wage is not decisive for
the future development as labor plays a minor role. As opposed to that, the predictions do
significantly depend on the assignment of wealth and wage for r = 0.4 € (v, r.) (Figure
(b)). For fully correlated assignment, we still observe the monopoly-like behaviour with only
one winning agent on the long run, but the dynamics are even slower than for r = 0.3. But
for initially uncorrelated wealth and wage, we still have several winners with y;(n) > 7; on
the long run. Moreover, the number of winners and agents with positive G; is not monotone
in time. This phenomenon does also occur in the A = 3 case (see Figure (c)), when we
follow a trajectory starting near the corner of an agent with low wage. The huge number of
agents with positive GG; in the uncorrelated case is due to the effect that the poorest agent
starts with a positive share, but converges to zero (Proposition . Consistent with our the-
oretical considerations, the limit point is independent of the assignment of wealth and wage

122



6.6. SUMMARY AND DISCUSSION

0.34

0.55 A

0.50 A 0.32 A

0.45 A

0.30 4
0.40 - . .
—— Share of richest 1% —— Share of richest 1%

0.35 1 —— Share of richest 10-1% 0.28 4 — Share of richest 10-1%

0.30 1 o

0.26
0254 :
0244 "

0204 0 S~ e

2020 2030 2040 2050 2060 2070 2020 2040 2060 2080 2100 2120 2140 2160
year year

(a) r=0.3 (b) r=04

Figure 6.14: Evolution of the wealth share of the richest 1% (red) and the following 9% (blue)
in the solution of for different labour shares 7. We used zg4e, (after normalization and
fully correlated with -, full line) and the result from the simulation with X (0) = (1,...,1)
(dotted line) as initial condition. Note the different scales on both axes. Figure (b) shows
analogously the case r = 0.5

for r = 0.5 > r., but the way towards this point varies (see Figure (a)). In the correlated
case, the wealth of the richest agent is distributed among all others, which explains the large
number of agents with positive ;. For uncorrelated assignment of wage and wealth, the
redistribution is more complex with decreasing number of short-term profiteers. As expected,
for r = 0.4 and r = 0.5 the system converges to a state with more than one winner (green
lines). Convergence is slowest in the intermediate regime, where the structure of stable and
unstable fixed points is most complex. In all three regimes, the final part of the dynamics is
dominated by the fraction of the richest agent, which is the slowest variable in the system.

Using again , Figure presents predictions for the evolution of wealth
shares in the future. For unchanged labour share r = 0.3, we expect that the trend observed
in Figure will continue for another 30 years, i.e. the richest 1% increase their wealth
share to up to 55% and even the moderate upper class loses. Afterwards, the shares remain
stable, but there will be a significant redistribution of wealth within the top 1% as indicated
in Figure In opposition to that, the share of the richest 1-10% stays roughly constant
for r = 0.4. For r = 0.4, we predict only slight changes of the share of the top 1% and the
direction of change depends on the chosen starting point. When we even assume r = 0.5 for
the future, then the richest 1% lose approximately five percentage points of their share to the
rest of population within 20 years (see Figure .

However, as discussed before, the actual stable points of the dynamics may not be reached
in reality for various reasons. While the structure of stable limit distributions changes over
time due to external influences that are not included in our model, the system evolves only
slowly in a complex landscape with many fixed points with unstable directions. We have
seen in Figures and Figure that it would take hundreds of years to reach the stable
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distribution with model parameters fitted from today’s data.

In summary, the proposed model provides an accurate replication of the observed wealth
distribution in Germany given the distribution of wages, widely independently of the presumed
initial wealth distribution. In particular, the two tailed structure from Figure [L.1] is well
reproduced. There is only some discrepancy concerning the wealth of the richest agent in our
model, who represents the richest 0.01% of real population. Since there is a huge variance
within the wealth of this group, we would have to simulate single households to properly
represent this group. This would be computationally much more costly for a rather limited
gain, and we consider this only a minor disadvantage. Moreover, the observed wealth dynamics
of recent decades is reflected in our simulation, where the wealth share of the richest percent
of population grows slightly at the expense of the rest, even the "moderate” upper class.
According to our model, this trend will continue in the future and less and less people will
profit from increasing returns. The return rates on capital are also accurately modeled by
the Pélya urn mechanism, implying that increasing returns do basically only affect the richest
percentile (which eventually leads to the two-tailed structure of wealth distribution).

In order to understand the generic nature of wealth dynamics and avoid overfitting, the
model is kept intentionally very simple, which naturally leaves space for further refinements
and research questions: A major intrinsic disadvantage of the proposed model is that it is
strongly ordering, i.e. the rank correlation between wage and capital is close to one on the long
run. This does not comply with empirical data. Including inhomogeneous investment skills
(represented by the parameter o) might pose a solution to this problem, if investment skills
and wages are not chosen fully correlated. Due to a lack of useful data on the correlation
structure of wealth and wage, we leave this issue open for future research. We concluded
that unequal investment skills with constant return rates provide a less accurate explanation
of empirical observations, but more refined research could be done here, including a more
sophisticated model for the fitness of agents.
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Chapter 7

Conclusions and Open Problems

When my supervisor first suggested this topic in February 2022, it was originally intended
as a ”short” starting project. The goal was to find a fairly general criterion to predict the
strong monopolist in the limit for large initial market size, which allows a discussion of the
dependence of long-time limits on the fitness of agents. Soon, the task proved to be slightly
more involved than expected. As a consequence, we had to distinguish different classes of
feedback functions, which we later called type P and E. Diving into the vast literature on
generalized Pdélya urns, we realized that many interesting results (like Theorem on the
wealth of losers) are subject to restrictive assumptions, which did not seem to be necessary.
Moreover, we did not find a suitable scaling limit for the dynamics of our specific model or a
simple formula to compute the deterministic limit point in the sub-linear case. Furthermore,
a detailed description of the transition between the deterministic and the monopoly regime
seemed not to have been studied before. Hence, we were left with many open problems to
resolve in the following two years, and the answers we found resulted in this work. What I
found particularly astonishing (and new in this context) is the emergence of random weak
monopoly (Section for almost linear feedback and the ”loser paradox” in Chapter
After studying the theory of non-linear Pélya urns, we were excited to finally examine in how
far this model helps to understand phenomena from the real world, like the emergence of
inequality, which led to further fascinating insights (Chapter @

In spite of having added more than a hundred pages to the literature of Pdlya urns, we
can still find space for some (maybe minor) refinements. These are for example:

1. In our main result on strong monopoly (Theorem , we excluded feedback close to
the identity via assumption . Nevertheless, Example indicates that it is still
possible to identify attraction domains when is not satisfied. Hence, an extension of
Theorem seems possible. Moreover, in the sub-linear case, Corollary excludes
exponentially decaying feedback, but Appendix |A| hints that Condition can be

weakened (but not omitted).

2. In the case of feedback close to the identity, Corollary derives a lower bound for
the rate of convergence x(n) — x(c0), which turns out to be sharp in the situation of
Example One could try to find a general asymptotic here. For general feedback

125



CHAPTER 7. CONCLUSIONS AND OPEN PROBLEMS

in Section [4.1] we found that time of order NV is not sufficient for the process to escape
from an unstable equilibrium. Quantifying this time, however, is pending.

3. In Subsection and Appendix[D.3] we mentioned that the constant ¢(A, a), which is a
measure for the tail dependence of losing agents, seems to be increasing with the number
of agents. Nevertheless, this surprising observation remains to be proven (Conjecture

4. In Chapter [6] we heuristically discussed the structure of the zero-set of an extended
model, which could be completed by a formal argument, in particular for moderate
labour share r. Moreover, refining the investigations from Section [6.5] on unequal in-
vestment skills as an alternative explanation for the gap between wage and wealth
distribution could be enriching.

5. Appendix [E] derives a result on the time of monopoly as an application of Theorem [5.10
and Theorem A small gap in the proof (see (E.1))), though, still has to be filled.
In addition, an extension to general feedback would be desirable.

Many more unsolved questions arise in the recent field of Pélya urns with infinitely many
colours, which are mostly implemented as measure-valued urn models |10} 93] 9, [80]. So far,
most literature has focused on the extension of linear replacement mechanisms to the infinite
colour case, but it might be interesting to consider the non-linear case, too.

In summary, even 100 years after Pélya and Eggenberger [52] initially proposed this model,
it still is an almost inexhaustible source of new questions, extensions and applications.
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Every one to whom much is given, of him will much be required; and of him to whom men
commit much they will demand the more.

- Gospel of Luke, 12:48, RSV
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Appendix A

Exponentially Decreasing Feedback

Based on an example, this supplemental chapter discusses the long-time limits of a Pdlya urn
with exponentially decreasing feedback, since this case is not covered by the results of Section
3.2

Example A.1. Let A =2 and F;(k) = aze 5%, oy, B; > 0,7 = 1,2. As explained in detail in
Section we can write

x1(n) = x1(0) + Hi(n) + Mi(n) forn >0,

where (M;(n))nen, is an almost surely convergent martingale and

n—1

=0
is predictable with Gy(k,x) = p1(k,(x,1 —z)) — x, x € (0,1) given by centered transition

probabilities (2.2)). In the case of exponentially decreasing feedback, we have the following
convergence:

. 11—z, if xf1 < (1 —x)ps
Gi(k,x) === Gi(w) = =4 —a, ifaf = (1 —2)Bs (A1)
—, otherwise

The convergence is locally uniform in (0, 1) apart from the point x = zy = % Take € > 0.
For large enough k, G1(k,(-)) is sufficiently close to G outside an e-neighborhood of zg. If
for a large n, |x1(n) — x| > ¢, then the process (x1(n)), enters the e-neighborhood of z¢ in
finite time because of the convergence of the martingale. As the same holds for /2 instead
of €, we get that the process leaves this e-neighborhood only finitely often. This yields

x1(n) =% zo  almost surely.

Thus, the limit is not only independent of the initial market shares, but also of the fitness-
parameters «; (in contrast to polynomially decreasing feedback). Note that these findings are
consistent with Corollary i.e. (3.20) still holds. Because of the independence property
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APPENDIX A. EXPONENTIALLY DECREASING FEEDBACK

in the exponential embedding in Section this can easily be extended to general A. For
different (at least) exponentially decreasing feedback, we basically only need a convergence as
in (A.1)) for an analogous result.

Remarkably, Example reveals the following behavioural difference between exponen-
tially decreasing and polynomial feedback. Suppose that there are agents 4, j such that

F;
lim (k)

=0.

Then agent ¢ is marginalized, i.e. lim,_, xi(n) = 0, if F; satisfies (3.21)), in particular if
Fy(k) = a;k% for B; < 1. On the other hand, for exponentially decreasing feedback like in
Example we might still have lim,_,~ x;(n) > 0.
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Appendix B

Functional Limit Theorems with
Non-Linear Time Scale

From a stochastical point of view, the first steps of a generalized Pdlya urn are of special
interest because the randomness plays a significant role. In the later stages of the process, the
market shares and thus the probability of winning in a certain step remain almost invariant,
such that the sequence of winners (X (n + 1) — X (n)), is almost independent and identically
distributed for large n. Even in the Central Limit Theorem[4.7]the limiting process M becomes
virtually constant for large t. In order to particularly focus on the early stages of the process,
we analyse the process N'=5 (X(N)(LNﬁﬂ))DO for large initial market size N and 3 € (0,1).
Recall the Doob decomposition and the notation from Section

Theorem B.1. Suppose that the assumptions of Theorem [{.7 are fulfilled and denote by
(Bt)t>0 a standard Brownian motion. Then, we have weak convergence to a Brownian motion

for any B € (0,1):

N7 (V) S Vo)A i ((0) (Biizo - weakly on D((0,00). )

Proof. We will only sketch the proof as it is quite analogous to the proof of Theorem We

use the tightness given by Lemma and assume that the sequence N3 <M1(N) (LNP(4)] )) N

converges to a process M. Then we take a smooth test-function f: R — R with compact
support and consider the martingales

NPt -1
PNV = 3 B (NI ) - g (MR ) 7).

Then we know that f (Nl_ng(N)(LNﬁtJ)) converges to f (Ml (t)) and via Lemma we
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APPENDIX B. FUNCTIONAL LIMIT THEOREMS WITH NON-LINEAR TIME SCALE

get:
[NBt]—1
S E [f (lengN)(k + 1)) ~f (Nl’ng(N)(k)) \EEN)}
k=0
[NBt|—1 N27ﬁ s N
= Y sy (N2 8)) o1 (N + ™)) (1= pu(V + kXY (R) )
k=0

|NBt|—1 i Nl—gM(N) NB_k_
S gt (v (1)) (on e (1))

k
= 2NB(1+N+%)2 N N
Novoo /t F"(My(s))
0

5 P1(Z(0)) (1 —p1(Z(0))ds
where we have used 8 < 1 and k/N — 0 in the last step. This implies that M is a Markov

process with generator p;(Z(0)) (1 — p1(Z(0)) %” Hence, Mj is the desired Brownian motion.
O

Note that Theorem is consistent with Theorem [£.7]for small ¢. This limiting Brownian
motion can be understood as a consequence of Donsker’s invariance principle, since the shares
do barely change at the beginning of the process for large initial values. Again, a straight
forward extension to higher dimensions is possible.

Theorem B.2. Suppose that the assumptions of Theorem are fulfilled and let 8 € (0,1).

Then the sequence of processes N-% (MMN(|NPt]))
homogeneous Markov process with generator

(>0 converges for N = oo to a time-

N

A 2
Lf@) = 5 3 n(ZOW(20) (50~ 5 ) £ v

i,j=1
i<j

weakly on D([0,00), TA4_1).
As in Subsection the limit process can be interpreted as independent exchanges of
mass between pairs of agents according to a Brownian motion.

We already know from Theoremthat XM (NPt]) converges to x(0) for N — oo, when
B < 1. Moreover, Theorem states that the process (M (NM(|N At])),~, converges to zero

at rate N>~1, In addition, it follows from

t>0

NPt|—1

N'=PHWN)(|NP)) = Nl—ﬁL Z G(N + k,x™M(k))
k=0

N+E+1

1 GIN+kxM(NP-E)) N [
-y L ne)) N /0 G(x(0))du = G(x(O))t,

k 1
=0 1+W+W




that N'=% (HM(|NPt))) .,
lowing law of large numbers.

Corollary B.3. Under the assumptions of Theorem [B.1] we have

converges to (G(x(0))t),>q, which immediately implies the fol-

N (XN = x(©) S (G000 weakly on D(0,00). B)

Combining these results for an analysis of the deviations of x™) (| N%t|) requires further
distinction of 3 as specified in the following functional CLT.

Corollary B.4. Let € (0,1) and v > 0 as specified below. Suppose that

lim &7 sup ||G(k,z)— G(x)| =0.

k—oo CEEAA_l

Moreover, let G be continuously differentiable. Then

NT (N2 (XN = x(0)) = GOxl0)) _ F7 (Z(1)e0 weahly on D([0,00). B)

where the limiting process Z is defined as follows:

1. Forﬁ>%set’y:1—6. Then:

2. Forﬁz% set’y:%. Then

2(t) = 5DG(x(0) - GO + N (1),

where M is the limiting process from Theorem .
3. For p < % set’y:% Then Z = M.

Proof. We only sketch the proof as it is widely analogous to the proof of Theorem [£.12] Again,
we use Doob’s decomposition (4.4)) and rephrase as follows:

N (NP (XN = x(0)) = Gx(0))t)
= N7 (NTIPHM(IN)) = G(O)t) + N M (P

=N / t (GO W) = G(x(0))) du+ of1) + NI M) (| NP1
0

= N / ' DG((0))- (XM (NPu) = x(0)) du+ o(1) + NT=F+1 M (| NP))
0

= NY*=1DG(x(0)) - / N (XUV)(N%) -~ X(O)) du+ o(1) + N* P MM (| NPt))
0
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0.0005 A

— xa(INt]) = x1(0)

0.0004 7 —— xa(INED) = x2(0) 0.021
—— xs(INt]) - x3(0

0.0003 1 x3(INt]) — x3(0)

— G(x(0))-t-1073 0.01 4
0.0002

0.00 -

0.0001 4

0.0000 - —0.014

. WA
— VN(xa(INt)) = x1(0)) = G1(x(0))t
— VN (x2(LNt]) - x2(0)) — G2(x(0O)t
— VN (xa(LNtD) = x3(0)) = Ga(x(0)t

—0.0001 A

~0.0002 - —0.021

—0.0003 1 —0.031

OjO 0i5 1i0 1i5 ZiO 2.’5 310 010 015 110 1‘.5 2‘.0 2?5 3?0
t t
(a) (b)
Figure B.1: Simulation of the processes V) (|NPt)) x(0)  (left) and

| —
N1-F (X(N)(LNBtJ)—X(O)) — G(x(0))t (right) for B = 3 and N = 105 We took
A =3, Fi(k) = Fy(k) = F3(k) = k% and x(0) = (0.5,0.3,0.2).

Finally, the claims follow via Theorem [B.2] and Corollary [B.3] O

The assumptions of Theorem are satisfied e.g. for Fj(k) = a;k”. To sum up, in the
limit N — oo the process x(")(|NPt]) stays at x(0) for all time t. After scaling, Corollary
reveals a linear drift into direction G(x(0)). The fluctuations around this linear drift can
itself be described by a random SDE for § < % and by a deterministic ODE for g > %, since

second order terms dominate the randomness for 5 > % These findings are illustrated by

Figure
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Appendix C

Supplemental Material for Chapter
6!

C.1 A law of large numbers for the dynamics

In complete analogy to the r = 0 case in Section [4.1] it is possible to describe the extended
process X (n) defined in Section in the limit for large initial values via a functional LLN,
where the limiting process is deterministic and given by the solution of an ODE.

The key for the proof will be once again the Doob decomposition , where we can
find separate limits for the predictable part H and the martingale part M. In order to
emphasize the dependence of the initial market size, we will write Y™ = y, X(V) .= X
and HWN) .= H, M) := M in the following, where N := XfN)(O) + ...+ X4(N)(0). We
keep the initial wealth distribution x")(0) = x(0) € A9 _, fixed. For simplicity, we assume
homogeneous feedback Fj(k) = a;k?, a; > 0, 8 € R for this section, such that G(n,z) = G(z)
and p(n,z) = p(z) do not depend on the market size n. Assuming sufficiently fast uniform
convergence of G(n, (-)) towards a field G, the results can be extended to non-homogeneous
feedback like in Section 4.l We now formulate our LLN.

Theorem C.1. In the situation of Chapter@ with F;(k) = oikP®, a5 > 0,8 € R, denote by

Z:10,00) = Aa_1 the solution of the ODE

d G(Z(1)

220 == —/~ with Z(0) = x(0) € AY_, (C.1)

and define the sequence of processes in A1
7 (N) — 7 (N) . > = (N) . > .
(z )N (z (t): t > o)N (X (INt]): t > o)N
Then: ZN) converges to Z weakly on the Skorochod space D([0,00), As_1).

Note that G is locally Lipschitz, such that Z is unique and well-defined. An important
implication of our LLN is the following: It is possible that Z does converge towards a saddle
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point of G, although our process xV) cannot converge to saddle points due to noise. Hence,
the process yV) can be stuck in saddle points for quite a long time, i.e. it takes more than
O(N) time to escape from a saddle point.

The proof for the r = 0 case in Section can be transferred one-to-one to r > 0, since
all crucial properties do also hold in the general case. These are in particular:

1. ||~%(J;f)(t) — ZM)(5)]| 0 < w holds for ¢,s > 0 implying tightness of the sequence
A

2. The the increments EZ(N)(n) are centered and uniformly bounded. Moreover, fi(N) (n) and

fj(.N)(m) are uncorrelated for n # m. Hence, Doob’s inequality yields that (M) (| Nt]): ¢ > 0)
converges to zero for N — oo (weakly on D([0,00),A4_1)).

3. Riemann approximation of the integral yields

|Nt]—1
HMN(|[Nt]) =
k

1 GXMIN-§) voe [fGEW®), o0 5
T E /0 D = 20 - 200,

which completes the proof.

Thus, the process behaves almost deterministic for large initial values.

C.2 Supplementary figures

>1000000 |0.06
500000 - 1000000 fi0.2
375000 - 500000 HO.2 351 —— Adjusted labor share
§§§838 ) 3;3383 0“:{ —— Official labor share
125000 - 175000
100000 - 125000
70000 - 100000
50000 - 70000
40000 - 50000
30000 - 40000
25000 - 30000
20000 - 25000
15000 - 20000
12500 - 15000
10000 - 12500
7500 - 10000
5000 - 7500
2500 - 5000
0-2500

Annual wage in Euro

2006 2008 2010 2012 2014 2016 2018 2020
year

(a) (b)

Share in percent

Figure C.1: (a) shows the distribution of annual net wages in Germany 2018 per taxpayer
based on [31]. (b) presents empirical values of the labor share r for several years in Germany
computed according to formula using data from and compared to the official
labor share from .
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Figure C.2: Timeline of average personal wealth in Germany according to [111] compared to
constant growth at rate 3%. This justifies the parameter choice p = 0.03 in the time scaling

(6.12) in Section

1024 - 1950
2021

Gilx(n)

10710 4

T T T LE '—7 LG '—5 '—4 '73 '72
0.0 0.2 0.4 0.6 0.8 1.0 10 10 10 1;)( " 10 10 10
i

Wealth quantile

(a) all points (b) only positive values of G;(x(n))

Figure C.3: Scatter plot of G;(x(n)) against wealth quantiles (a) and against x;(n) (b), for the
years 1950 and 2021 in our simulation with symmetric initial condition. Years were assigned
via assuming a constant growth rate of u = 0.03 per year. The entries of the field
G slowly tend to zero asymptotically and this happens faster for poorer agents (cf. Section
6.4.5)).
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(a) Figure m (b) Figure m
Figure C.4: Analogoue figures to Figure and Figure supposing r = 0.5.

C.3 Heuristics on the stability of fixed points

In Subsection we faced the challenge to decide whether a given fixed point of the field
G is stable. Formally, we would have to check negative definiteness of the Hessian of the
Lyapunov function using e.g. Lanczos’ algorithm. Since this is numerically difficult for
large A, we are content with some heuristics. These arguments will also grant some further
insight into the possible positions of stable fixed points. We recall the definition of the field
G in and (6.5). We assume homogeneous feedback F;(k) = k%, 8 € R in the following.

A fixed point x € A1 of G is stable if any infinitesimal exchange of mass between two
agents has an inverse effect on G, i.e.

8:132- a{L‘j

<0 forall j#i. (C.2)

812' 895]
j would even be reinforced by the field G, such that x is unstable. The partial derivatives can

easily be computed:

> 0 holds for one pair i # j, then any increase of x; at the expense of agent

P 22— BaPaf!
:(1_7_)5 i Zk k /8 i Vi . :(1—1‘)ﬁ (pi(x)_pi(x)2)_1

(Zk $£>2 .
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Figure C.5: The set P for A = 3 and different r, 3.
And for j # i:

0Gi(z) . xf Slg_ —rﬁ-m T A=l
oz, =—(1 )(ka£)2 ]ﬂ 15— (1 )xipz< )2( ])

(T i\@ Ly o
T - -l <pz-<x> i) (() - 1)) -1

=(1- T)Bpif) (1 + pi(x) ((Z)B_l - 1)) —1

First, note that this condition does not depend on -, but the position of fixed points does
so of course. Moreover, it suffices to only take the richest agent for j in (C.2]) since 8%;(@ is

Thus:

monotone in x;. Hence, we only have to check A — 1 inequalities, such that the criterion is
numerically fast.

If 3 > 1, then obviously (C.2) holds for z = e® for all k¥ € [A]. Since does
continuously depend on x, all fixed points, which are close to a corner of the simplex, are

stable. On the other hand, the point z = (%112-65)A A’ where the total wealth is shared
1€
among agents S C [A] with #S > 1, fulfills (C.2)) only if

-1
r>—.
B
Hence, the set P := {z € Ay_1: (C.2) holds} provides the region in A4_; where stable

fixed points can exist. It is increasing in 7, does always contain the corners of the simplex

and contains the middle point of the simplex for r > % Figure illustrates this set
P. Therefore it is plausible that for symmetric wage v = (%, ey %) the critical labor share

isr. = % which is consistent with our considerations of the A = 2 case in Section
Remarkably, this expression does not depend on A.
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Figure C.6: The mapping G(r,x3,z4;21) = (1 — r)$?+(1_zl_x3_$4)6+x§+x4 +0.25r — x1 for

various parameterizations.

For 8 =1, the non-linear part Gy (6.7]) vanishes and the total field is G;(x) = r(y; — ;).

Therefore we have %;f) — ag;(f) = —r <0, the region P = A4_1 and the unique fixed point

x =~y is stable. For 8 < 1, the symmetric point x = (%, cees %)z’e[A} fulfills (C.2)) for all » > 0,

but P does not contain any boundary point of the simplex A4_; (Figure|C.5((d)). Thus, any
stable point must be located in the interior of the simplex.

Finally, we add another heuristic to explain, why stable fixed points are either close to the
vertices of the simplex or there is only one stable fixed point. For that, we take two agents

i # j and fix the shares of the others. Define ¢ := > reia) xp and d == > kepa xf Then
ki, k] ki, ki
we consider the field G while distributing the remaining 1 — ¢ share:

z?

= (1—r ! + 1y — T
ad )xf—i—(l—c—xi)ﬂ—l-d v

Via plotting (Figure , one can easily see that for 8 < 1 or ¢, r large enough, this function
has only one fixed point. Otherwise, there are three fixed points, but the middle one is
unstable. Hence, stable fixed points are either unique and in the middle of the simplex
(r > r.), or random and close to the corners of the simplex (r < 7). In the latter case, there
are unstable fixed points and saddle points away from the corners.
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Appendix D

Systems with Many Agents

In some applications of the generalized Polya urn model, the number of agents is typically
large, e.g. when then wealth distribution within a nation is modelled. Although most of our
results hold for general finite A, we now take a closer look at the limiting case A — oo.

D.1 General behaviour for A — >

We fix a sequence Fy, Fy, ... of feedback functions and a sequence X;(0), X2(0),... € N of
initial values. Denote by (X4 (n)),>0 a generalized Pélya urn with A agents and feedback
functions Fi,..., F, and initial values X4 (0) = (X1(0),...,X(0)) as defined in Section
In addition, define

Xi(A)(oo) = lim Xi(A)(n) € NU {o0}.
n—oo

The approach is based on the exponential embedding described in Section So, let

=1,Z9,... be a sequence of independent birth processes with initial values X;(0), X2(0), ...

and rate functions Fy, Fy,.... We denote by 7;(k) the sojourn times of Z; and by T; =

> hex;(0) Ti(k) € (0,00] the explosion time of Z;. In the following, P’ denotes the law of the

sequence of birth processes and for each A > 1 the process (X (4) (n))n>0 is then defined as in

Section 211

First, we consider the case when infinitely many F; satisfy the monopoly condition .
Theorem describes the tail distribution of a loser among those agents. Although the tail
decay rate does not depend on A, the constant prefactor vanishes for A — oo. Indeed, a
typical agent does not even win a single step in large systems.
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Theorem D.1. Assume that there is an infinite subset B C N, such that
max ——— < 00. (D.1)

Then:

1. The convergence
lim P (Xl(A)(oo) - X1(0)> ~1

A—o00

holds, i.e. XfA)(oo) Ao, X1(0) in distribution.

2. If in addition limsup,_, . F;(X;(0)) < oo, then

1 o0 o
Z#{i € [A]: XZ.(A)(oo) = X;(0)} A2y in distribution.

8. If liminf; o F;(X;(0)) > 0 and lim;_o0 2F;(X;(0) + 1) = 0, then
#{i e [A]: Xi(A)(oo) # X;(0)} A2 o in distribution.

In other words: In the limit A — oo, almost all agents do not win a single step. Neverthe-
less, the absolute number of agents winning at least one step is unbounded. Note that (D.1)
implies that infinitely many agents fulfill . Obviously, (D.1)) is satisfied when infinitely

many F; are equal and satisfy (M), a typical counterexample would be F;(k) = k'*%. The as-
Yy q Yy y & lyp p

sumption (D.1)) can be replaced by any other condition, that ensures that min;—y 4 T; A_>—OO>

0 in distribution.

Lemma D.2. Assume that holds. Then:

min T, 22°% 0 in distribution. (D.2)

i=1,...,

Proof. We fix € > 0 and show that P (min;— _a7; > €) A2 0. For that, we take a
sequence (7(k))x of independent random variables, where 7;(k) is exponentially distributed
with expectation max;cp % Then T := )2, 7(k) is almost surely finite due to assumption
lj Moreover, T is stochastically bigger than all T; with i € B. Using the independence of

the T;, we can now estimate

A
i - A—oo
<¢—17.1,IA17AZ>6) H (1>6)—|| (z>€)_|| (T>¢) ——0

=1 i€B i€B
i<A i<A
since B is infinite and P(T > €) < 1 as a sum of exponential random variables. O
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Now, the independence property of the exponential embedding allows a canonical coupling
of the processes X, which helps to prove Theorem

Proof of Theorem[D.1. All independent random variables 7;(k),7 > 1,k > 1 are defined on
the same probability space with distribution P. The sequence (min;—y 4 7;)4 is decreasing
in A and hence almost surely convergent with limit zero (due to Lemma . Now, fix a
realisation. Then 71(X7(0)) > min;—p 4 7; holds for A large enough, i.e. XIA (c0) = X1(0).

Thus, XfA)(oo) converges to X7 (0) almost surely for A — oo, which implies part 1 of Theorem
D.1l

For part 2, we observe that

A—o0

T5. 4 = min {TZ i€[A] and T; # nlqinATj} —— 0 almost surely
J=15

. _ A—o0
holds, too. Due to dominated convergence, we even have Ee~124 =2 1 for any constant

¢ > 0. In addition, define Tiqp s = minjepap (i3 Ij, which obviously satisfies Tiap ) <
T5.4 — 0. Now we are prepared for the final calculation:

#{i € [A]: XY (00) = X;(0 1 &
]E( {i € [A] A( ) ()}> :E<AZ]1X¢(A)(°O)X1'(O)

A A
- IZZP (X (0) = Xi(0)) = ! < Y B[P (X (o) = Xi(0) | Tiap s )|
1 11—41 1—1 y
= 5 2_E [P (R(Xi(0) > T iy | Thapgiy)] Z exp (= F(Xi(0)) T giy)

s
Il
A

A—o00

Eexp (—Fi(X;(0))T2.4) > Eexp (—const.Tr.4) —— 1

v
|

s
Il
—

This is sufficient for 2. since %#{i € [A]: X-(A)(oo) =X;(0)} <1

7

For part 3, we take any k£ € N and show, that the probability, that the first k steps are
won by k different agents, converges to one for A — oo:

P (#i € [4]: XM (o0) £ Xi(0)} = k)
>P(X(n)—X(n—1)# X(m)—X(m—1) foralln,m=1,...,k, n# m)

k nmax;=1, F;(X;(0) +1) \ asoo
=11 <1 T A= n)min_a E-(Xi(o») !

153



APPENDIX D. SYSTEMS WITH MANY AGENTS

The same coupling argument also implies, that all agents gain less the more agents there
are in the system, i.e.

P (XZ?A)(oo) > k) >P (Xi(/‘+ Y(o0) > k:) .

Another important implication of of Theorem is a trivial asymptotic independence of
agents in large systems.

Corollary D.3. Assume that holds. Then we have for any Ay € N and any Borel-sets
Bl,...,BAO that

Ao
. A A . A
Jim P(X(V(o0) € By, X (00) € Bay) = /ggr;o[[lmf '(c0) € By).

In order to illustrate Theorem we executed 100 simulations of a process with A = 100
agents and Fy(k) = ... = Fioo(k) = k?. We interrupted the process after 100,000 steps.
On average, 30.14 agents won at least one step of the process, with a minimum of 16 and a
maximum of 45 agents. In a simulation with A = 10,000 agents, interrupted after 10, 000, 000
steps, 2010 agents won at least one step. Hence, the convergence in part 2 of Theorem [D.]]
can be considered as slow.

The following examples show that the assumptions of Theorem cannot be omitted.

Example D.4. 1. Assume that 3"2°, F;(X;(0)) < oo, for example set Fj(k) = 27°k", g >
1 and X;(0) =1 for all i € N, such that (D.1)) does not hold. Then the probability that
agent 1 wins the first step of the process is

A(X10) o A(X(0)

S RX0) © S B (0)

Thus, P <X£A)(oo) = Xl(O)) > const. does not converge to zero for A — oo

2. Set X;(0) = 1 for all i € N. In order to construct an appropriate sequence of feed-
back functions, take a sequence (¢;); € (0,1), such that [[2, ¢ > 0, eg. ¢ =
e~ (™). Moreover, define another sequence (a;); € (0,00) by the recursion formula
a; > 4 (Ziil aj + z) ,a1 = 1. Then consider the following sequence of feedback

= l-¢ j=1
functions:
a; ifk=1
Fi(k)y=<1 ifk=2
kK ifk>3

Note that this sequence fulfills (D.1)), but limsup,_, ., Fi(X;(0)) = co. For any A, the
probability that agent ¢ wins the (A — i+ 1)-th step of the process for all 7 > % is given
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A A 00

A
1S et | B et | IR | CE
J:

i=[A/2] [A/2] YT 2—i [A/2] i=1

Hence, P <%#{Z’ € [4]: XZ-(A)(oo) = X;(0)} < %) is bounded away from zero (uniformly
in A).

Nevertheless, condition (D.1) is fulfilled in most generic situations as the following example
underlines. Note that (D.1)) does not depend on the initial values X;(0).

Example D.5. 1. Let Fj(k) = ak% for g > 0. Then (D.1) is fulfilled if
lim sup,_, ., min{a;, 5; — 1} > 0.

2. Let Fy(k) = o;F(k) for a function F satisfying (M). In addition, assume that the
«; > 0 are a realisation of an independent and identically distributed sequence of random
variables. Then (D.1)) is fulfilled, too.

D.2 Large systems with linear or sub-linear feedback

In this subsection, we take a look at large systems where no agent satisfies the monopoly
condition , such that all agents win infinitely many steps. We keep the notation from

EA) (n) = XZ.(A)(n)/ > jelAl X](A)(n) the process of
shares corresponding to XZ(A) (n). For the classical Pélya urn with linear feedback, it is well
known that the long-time market shares

the previous Subsection [D.1fand denote by

(4) (

% (4)

% (n) € [07 1]

o0) == lim x
n—oo

exist and that (XgA)(oo), e X&?(oo)) has a Dirichlet distribution (Theorem . The fol-

lowing Theorem states that XZ-(A)(n) is approximately exponentially distributed with mean
%+ 1, when A and n is large and when all agents start with the same wealth at time zero.
Moreover, any fixed number of agents is asymptotically independent for A — oo. Thus,
the empirical common wealth distribution of all agents is asymptotically exponential and the
share of the richest agent is approximately given by (log A)/A.

155



APPENDIX D. SYSTEMS WITH MANY AGENTS

Theorem D.6. Let Fi(k) = Fa(k) = ... =k and X;(0) = X2(0) = ... = 1. Moreover, fix
Ao e N and x1,...,24, > 0. Then the following holds:
A A Asoo, T
—00 .

P <A . Xg )(oo) <xy,...,A- Xf%)(oo) < :EAO) — H (1—e™) (D.3)

i=1

A (4) A—so0 o
log(A) Jmax x; (00) ——= 1 in distribution (D.4)

1 x| A—oo . L .

ig% 1 z_; ]I{AXZ(-A)(OO)>:E} e | ——= 0 in distribution (D.5)

Proof. For || suppose that A is large enough, such that Zf‘:ol % < 1. It is well known,

that (XgA)(oo), e ,X%A)(oo)> is uniformly distributed on the simplex A 4_; for all A. Then:

xT xr
P(A-x"(00) S a1, A x(P(00) Sway) =P (i (00) < T i (00) < ) =

)
xl/A zay/A  floyi—..—ya, l—y1—..—ya—_1
/ / / (A—1)ldya...dy

xl/A Ay /A ployi—..—ya, 1-y1—...—ya_»2
=A-1) / / / (1—=y1— ... —ya—1)dya—1...dy
0
_ 1) [m/A Tag/A rl-yi—.—ya, I-y1—..—ya-3 )
:/ / / / (1—y1—...—ya2)"dyao...dy
0
a:l/A Ay /A
A Ao / / (1—y1— ... —ya) M dya,...dy
wl/A Ta,-1/A
1 o o B A—Ap+1
A A0+ / / Y1 — YAg—1)
—(1=y1— ... —Yag-1 — %)A Ao+l dya,—1-..dy
_ kR (1 T T\t _
R S
{Zl,...,zk}C[Ao}
N k Ao
SRR I o v B SIS  Eal | (R
{il,...,ik}C[Ao} {il,...,ik}C[Ao] =1 =1

Next, (D.4)) follows from the fact that x(4)(co) € As_; has a Dirichlet distribution with
parameter X (0), which allows for the following representation from [57, Theorem 1.1]: Let
Z1, Z 4 be independent, exponentially distributed random variables with expectation 1.

156



D.2. LARGE SYSTEMS WITH LINEAR OR SUB-LINEAR FEEDBACK

Then

(77"57)

Z1+ ...+ 24 ic[A]

has also a Dirichlet distribution with parameter (1,...,1), such that is easy to check.
Finally, follows from [57, Theorem 2.17], which states that in the exponential em-

bedding e~ =;(¢) converges for t — oo almost surely to an exponentially distributed random

value for all ¢ € [A]. Hence, the left hand side of is the empirical distribution function

of an independent sample of A exponential distributions. Then the claim is a consequence of
the Glivenko—Cantelli theorem. O

For X(0) = (1,...,1) and large A, the shares x(*)(n) do barely change in each step, such
that no agent wins a significant share on the long run. This can be fixed by replacing the
state space of the process X (n) by (0,00)?, while keeping all definitions of Section
mutatis mutandis. If X(0) = (5,..., %), then X (00) still has a Dirichlet distribution with
parameter X (0). According to [57, Theorem 2.1], x(Y)(c0) converges for A — oo towards a
Poisson-Dirichlet distribution (up to sorting).

Finally, we take a quick look at the sub-linear case. As derived in Section [3.2] we know
that the long-time market shares XZ(A)(OO) are deterministic and independent of the initial
values. In order to bring some randomness to our model, we assume that all agents have the
same feedback function up to some random fitness parameter a;. When A and n is large,
then the distribution of Xi(A) (n) is approximately determined by the distribution of the «;
up to scaling and a distortion depending on F. Moreover, the agents are asymptotically

independent. The following proposition formalizes this idea.

Proposition D.7. Let Fi(k) = o, F (k) for all i,k € N, where F' fulfills

é)Zan) b »c € (0,00).
=1

In addition, suppose that (a;)ien s a sequence of independent, positive and identically dis-
tributed random variables with Eaf € (0,00]. Fiz Ag € N. Then:

C ac
<A . XgA)(oo), LA XE:;)(OO)) Azroo, <£2§ ey E3%> in distribution.

~1
Proof. From Corollary |3.29, we know that XEA)(OO) = (1 +oa; i a?) almost surely.

Hence,
1

1 1 c
A- XZ(A)(OO) = 1 + a;cz ZO@ i_—)E% Ea—;({ almost surely
J#i

due to the law of large numbers. O
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In particular, if the «; have a heavy-tailed distribution, such that Eof = oo, then
A- XgA)(oo) A7 0. A possible interpretation of that is that the wealth of a typical agent
grows slower than the whole economy. Vice versa, most of the wealth is hold by the most

attractive agents.
Now assume that a; has finite moments and that F'(k) = kP, B < 1, such that ¢ = ﬁ Let

A and n be large. If 8 = 0, then the distribution of XZ-(A) (n) coincides with the distribution
of a; up to scaling. This means that any distribution of wealth can be obtained only by
differences in the attractiveness of the agents and without increasing returns. When [ gets
closer to one, then the distribution of Xi(A) (n) gets more unequal. This is consistent with

the idea of weak monopoly for the linear case with different attractiveness parameters (see
Proposition |3.30)).

D.3 Dependence of ¢(A,a) on A and a

In Subsection we introduced the constant ¢(A,a) as a measure for the tail dependence
of the wealth of a super-linear losers in a system of A > a agents in total. We have already
discussed that ¢(A,a) > 1 in a symmetric situation, corresponding to a positive correlation of
losers. This section examines the dependence of ¢(A,a) on A and a, starting with A. We use
the notation introduced in Chapter [5] in particular Section [5.2

¢(A, a) can by computed numerically via formula , since Lemma provides explicit
expressions for g; and G; and, consequently, also for the density of S. Hence, the expectations
in can be well approximated by Riemann sums. In the symmetric case, the density of S
is simply given by (A4 —a)G(s)A~*1g(s), s > 0. The following table shows approximations of
¢(A, 2) for different feedback functions and system sizes in the symmetric case F} = ... = Fy =
F and X(0) = (1,...,1). The formula from Lemma was truncated after 100 summands.
For the Riemann approximation of the expectation integral, we took a bandwidth of 0.0001
and computed the integral on the interval [0, 50] (c.f. Figure

c(A, 2) |A=3 A=10 A=100 A=10®> A=10°
F(k) = k? 1121 1.227  1.427 1.565 1.754
F(k) = et ! 1.130  1.218  1.374 1.480 1.634

F(k) = k(logle — 1+ k))2 | 1.141  1.254  1.460 1597  1.779

The table confirms our finding ¢(A,a) > 1 from Proposition Moreover, we observe
that c(A,2) does not strongly depend on the feedback function, but tends to be larger for
slowly increasing F'. Remarkably, c¢(A,2) seems to be slightly increasing in A. Thus, the
tail dependence of agents seems to be stronger in larger systems, as opposed to the classical
Pélya urn with linear feedback, where one can show an asymptotic independence of agents
for A — oo (see Appendix . Heuristically, this phenomenon may be explained as follows:
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First, we observe the implication

xo—1
Xo(o0) 2wy = S>Th(wg)= Y mlk) (D.6)
k=X5(0)

and that the first passage time T5(x2) is independent of A and S. Since S = S(A) is decreasing
in A, the event S > Th(xs) is less likely for larger A. Hence, conditioning the distribution
of S on the increasingly unlikely event X3(00) > x9 has a stronger effect for larger A. So S
is more likely to be untypically large and hence X;(o0) is slightly more likely to be large as
well. The following Proposition and Conjecture underline this idea.

Proposition D.8. Assume X1(0) = X2(0) = ... and that Fy = F» = ... satisfy (M). Define
S = S(A) =min;—3 4 T;. Then we have for all s >0 and x2 > X2(0)

]P)AQ(S(A) > S | XQ(OO) > 113‘2)
IPAQ(S(A) > S)

— 00 for A— oo,

but still
Pa2(S(A) > s| Xo(c0) > 22) =0 for A— 0.

Proof. First, we observe for any 0 < s <t that

P(S > s) (]P’(Tl > s)

A\ P(Ty > t)

A-2
P(S > t) ) — oo and P(s<S<t)~P(S>s) for A—oco.

Hence, we get for any positive random variable 7', which is independent of S, that
oo
Ps<S<T)= / P(s < S <t)dPp(t) ~P(S>s)P(T">s) for A— oo, (D.7)
S

where Pr denotes the law of T. As a consequence, we get for all s > 0

P(S>s, S<Ti, S<Ts) P(s < T1, s < Tv)
]P)(S < Tl, S <T2) P(S <T1, S < Tg)

Ppo(S >s)= P(S >s) for A— oco.

(D.8)

Let P, 1y(2,)) be the joint law of (Ty, Th(w2)) with Th(w2) as in . Now, we are

prepared for the final calculation, using the dominated convergence theorem we get for all
s >0 and x2 > X5(0)
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Paa(S > s| Xa(00) > x2) P(S > s, S > To(xa), S <T1, S <T3)
Pas(S > s) T Pas(S> ) P(S > Th(ra), S< T, S < Th)
t ]P) S>s5 8> t(l‘g) S<Ty, S< t)dP(TQ’TQ(m))(t,t(xg))
/ / Pa2(S > s)P(S > Ta(xz), S <Ti, S <Tb)

P(S>s,S<Ti,S<t)
/ / Pa2(S > s)P(S > To(x), S <T1, S <Tb) Lten) <o) P Tafe) (1 (2))

S < T, S < TQ) (min{Tl, t} > S)
dP, t,t
/ / S <Ti,s< Tg) (S > TQ(:,UQ), S < Ty, S < TQ) (T2’T2(x2))( ’ (xQ))
S <T, S< TQ)

for A
(S>T2($2),S<T1,S<T2)_>OO or oo,

using the aymptotics , and
/ / mln{Tl, t} > S)dp Ty TQ(xQ))(t t(l‘g)) ]P’(s <Ti,s< Tg)

with P(T3(z2) < s) € (0,1). The second part of the claim follows as follows:

IP’(S > T2($2), S<Ti, S< Tg)
P(S > Ta(z2), S <11, S <T3,S > s)
t P S > t(SCQ) S<T, S< t)]l{t(xg)<s} dP(T27T2(m2))(t,t($2))
/ / P(S > s)

PAQ(S > S’XQ(OO) > .CCQ)fl =

S > t(x . oo
/ / P(t(l’z) < mln{TI, t}) dP(TQ’TQ(gCQ))(t,t(l‘Q)) A;> o0 .
]

Hence, S becomes stochastically larger by conditioning on X5(00) > 9 and this change is
stronger for larger A. Since S covers the dependence between both agents, Xi(c0) = Z1(S5)
also becomes stochastically larger by conditioning on Xo(00) > x9 and the effect is increasing
with A, causing an increasing dependence in the sense measured by c¢(A,a). Be aware that
Proposition holds for fixed (i.e. non-diverging) x2. Nevertheless, the dependence of losers
is rather weak for all A as the tail decay of X;(c0) is only affected by other agents up to
a constant prefactor, which is however not negligible even in the limit A — oco. In general,
the X;(0c0) are asymptotically independent for A — oo in a trivial way (see Appendix .
This is consistent with the second part of Proposition [D.8 which implies for large A that
X1(o0) = X1(0) is likely even conditioned on X5(00) > xo. This is not a contradiction as the
constant ¢(A, a) only measures the tail dependence of agents who won many steps.

The slightly positive correlation of losers can also be numerically underlined as follows. For

F(k) = k2, we executed 100,000 simulations each with A = 3 and A = 30. The simulations
were stopped when one agent exceeded a share of 0.99. The Pearson correlation coefficient of
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log(X1(00)) and log(X2(c0)) conditioned on sMon§ N sMon§ amounts to +0.020 for A = 3
and +0.025 for A = 30.

Next, we analyse the dependence of ¢(A,a) on a. For that, let us rephrase Theorem
in the fully symmetric case as

c(4,a)

Pao(Xi(o0) > x| Xo(00) > x9,...,X4(00) > x4) ~ c(Aa—1)

PAq(X1(00) > 1)

for x1,...,24 — 00. Note that ¢(A,1) = 1 by definition. Obviously, the information that
several losers won in many steps is a stronger hint for a late explosion of the winner than
having this information for only a few agents. Hence, we conjure that c¢(A,a)/(A,a — 1) is

increasing in a and, equivalently, ¢(A,a) increases super-exponentially in a. The following
table shows the ratio c¢(A,a)/(A,a — 1) for F(k) = k? and different A, a.

Ao A=10° A=100 A=10°
a=3 | 204 2.45 2.61
a=10 | 437 6.65 7.63
a=20 | 645 1178  14.14
a=30 | 825 1642  20.27

These computations combined with the heuristic below motivate the following conjecture
for large systems.

Conjecture D.9. For F} =...=Fy4, X(0) =(1,...,1) and any a > 2, we have
A
lim ¢(4,a) =a! sothat lim _dAa) a.
A—so0 A=oo c(Aya—1)

The precise value a! is justified by the following heuristic argument. First, we observe

that c¢(A,a) ~ ggg;aj for A — oo since S A2 ( almost surely. Now, we approximate for
simplicity

P(T; < s) ~ cs®  for s — 0 (D.9)
for some ¢ > 0 and k large (see Lemma. By standard extreme value theory, we know that

V/AS converges for A — oo towards a Weibull distributed random variable W with density
w(s) = cks*~le=s" Then we get for A — co:

Elg(S)7] _ ElgW/YA)] E[@W*/A)] _EWY] _coT(1+a) _
Elg(9)]*  Elg(W/VA)e  E[eWF/Al*  E[WHe  ceT'(2)
Since the limit does neither depend on k nor on ¢, it stands to reason that the approximation

does not change the result. If conjecture holds, then ¢(A,a)/c(A,a—1) = a > 1,
underlining that the positive tail dependence of losers does not vanish in the limit A — oo.
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Appendix E

The Time of Monopoly

As already explained in Section [5.2.3] Theorem [5.10/and Theorem [5.16]are useful to determine
the tail distribution of the time of monopoly as defined in (5.18)). In the symmetric, super-
linear two-agent case, this quantity has already been studied in [132} 44], but with a slightly
different definition (which differs from ours at most up to a multiplicative constant). They
found that the tail of N,y is heavier than the tail of min{X;(c0), X3(c0)}, which implies
that it is not untypical for losers to win a few late steps, when the advantage of the winner is
already big. In this chapter, we extend their results to the (mostly homogeneous) asymmetric
case, where we also allow for sub-linear feedback.

E.1 Time of monopoly for super-linear agents

We directly formulate our main result for a system with two super-linear agents, who can
both be the monopolist with positive probability. We will return to A > 2 below.

Corollary E.1. Let A =2 and Fi(k) = a;k% with 3; > 1 and a; > 0. Define § = % and
assume that (see below) holds.

1. If By < By + 1, then we have

P(Nyon = n|sMony) < nf=P forn — oco.

2. If 1 > P2 + 1, then we have

P(Npmon = n|sMony) < n P forn— oco.

In the proof, k will denote the number of steps won by agent 2, when the monopoly of
agent 1 set in at time n. We will have to distinguish small, moderate and large k for given n.
For that, we define

nb for 1 < B2 +1
ki(n) =<2 for f1 = B2+ 1
n —nP2/(B1=1)  for 81> B+ 1
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and
const.nPr=D/(B2=1)  for B < By

ka(n) = const. 5 for Bo < B1 < Pa+1
n — const.nf2/P1 for 1 > B+ 1

with const. > 0, such that (E.2) holds. Note that k2(n) > ki(n) for all n. In order to apply
the dominated convergence theorem in the proof of Corollary we need to require the
following uniformity of the convergence Xs(n) — Xs(00):

- P(X3(n) = X2(0) + k, sMony)
e P(X5(c0) = X2(0) + k)

ky(n)<k<kg(n)

(E.1)

This assumptions seems plausible since the convergence Xa(n)  Xo(00) is monotone. Nev-
ertheless, a formal proof is still pending. This specific choice of ki(n) and k2(n) ensures
that

_ B81 B2
(n = ka(n)) >0, limsup Fa(n)

. ko(n)P2
—_— | f
Imin s (n)52 m Su (n e (n))ﬂrl < 00, 1m 1n

n—00 (n — ]{;Q(n))ﬁlfl

= 00
holds, which we are going to use in the proof of Corollary extensively. We start the proof
with a short lemma.

Lemma E.2. Let A =2 and F;(k) = o;k® with 8; > 1 and a; > 0. Then:

lim inf inf P(X3(n) = X5(0) + k, sMon;)

>0
n—00 ky(n)<k<ka(n) P(X3(n) = X2(0) + k)

Proof. We have to show that
P(sMony | Xa(n) = X2(0) + k) > P(sMon; | Xa(n) = X2(0) + ka(n))

is bounded away from zero. Using the concentration property of explosion times around their
expectation from Lemma [3.15] it suffices to show that

00 1
lminf 2RO BT _ e =) kM) (E.2)
nooo 3 ke T " 2B = 1) (n = ka(n))t oA T

which is ensured by the definition of k2(n) in each case. O
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Proof of Corollary[E71]. First, we express the desired probability as

P(Npon =n+1,sMony) (E.3)

n

|
—

P(X2(n—1) =k + X2(0)) - P(Npmon =n+ 1,sMon; | Xa(n — 1) = k + X5(0))

k=1
5 F5(X2(0) + k)
= 2 P(X2(n—1) =k + X2(0)) - B0 01— &)+ B0%0) 15 - R(k,n),
where N
R(k,n) = Fi(X1(0) +n—k—-1+1) _ -

is the probability, that agent 1 wins all steps after step n, when agent 2 won k + 1 of the first
n steps. Due to > e~ for all z > —1, we have the following lower bound for R(k,n):

1
14z
[eS)

R(k,n) > exp | —F2(X2(0) + k+1) Z
1=X(0)+n—k—1

1
> —const.kP2(n — k)1~
RO |2 exp ( cons (n—k) )

1. Now assume that $; — f2 < 1, such that 5 < 1 and R(k,n) is uniformly bounded away
from zero as long as k < ky(n) = n”. Using Theorem we get the following asymptotic
for the first k1 (n) summands in (E.3):

F(m) Fo(Xa(0) + k)

2 Pl =D =8O m o m - 1 b+ RGO H
vi P(Xa(n—1) =k +Xa(0) 1 vn_glip(Xﬂn—l):k-i-Xz(O))
B P(Xs(o0) = k+ X(0))  Fi(n—k) P(X3(00) = k + X»(0))

k=1

B / " P(Xy(n — 1) = [u] + X2(0)) du — nP—B /1 P(Xa(n —1) = [nPu] + X2(0)) p
o P(Xz(00) = [u] + X5(0)) o P(Xa(c0) = [nPu] + X2(0))

~nP7P1 for n — oo (E.5)

In the last line, we applied the dominated convergence theorem, which holds since

P(Xp(n—1) = [nPu] + X,5(0)) _  P(Xy(n—1) = [n"u] + X5(0))
P(X3(00) = [nfu] + X5(0))  ~ P(X2(00) = Xa(n — 1) = [nfu] + X»(0))
1 1
T P(Xa(c0) = Xa(n — 1) [ Xa(n — 1) = [nPu] + X2(0))  R([nPu] —1,n—1)

1
R(P]—1,n—1)

(E.6)

To complete the proof of 1., it remains to show that the remaining summands in (E.3) are
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at most of the same order. For that, we first observe that for k£ < ko(n)

o

1
R(k,n) <exp | —const.F»(X2(0) + k+1) Z 0] (E.7)
I=X(0)+n—k—1" !

< exp (—const.kﬁ2 (n— k)l_ﬁl)

holds due to H% < e % for ¢ < w and x > 0. Now, we have to split the sum in (i
once again. Now, we need Lemma and (E.1)).

k2 (n)
F5(X2(0) +F)
P(Xa(n—1) = k + X2(0)) - - R(k,
(oln =) =k X500 Fr @ v n -1 k) + B(Xa(0) £ &) )
k:k1(n)+1
(E.8)
k2(n) k‘2(n)

=< Z exp (—const.k:ﬁ2 (n— k)1_51> <n 7 Z exp (—const.kﬂ2n1_ﬂ1)

k= nB—‘rl k=nB+1

ka(n) ka(n)n="~
<n A / exp (—const.u@nl’ﬂl) du=n"" nﬁ/ exp (—const.u@) du
n#f 1

=nPnf forn — oo

For the remaining summands in (E.3|), a rough estimate is sufficient:

— Fy(X5(0) + k)
k=k2(n)+1 PlXaln—1) =k + X:(0))- Fi(X1(0)+n—1—k)+ Fy(X2(0) + k) Rk,n)
n—1 n—1
< Z R(k,n) < Z R(ka(n),n) < (n — ko(n))exp (—COTZSt.k‘g(TL)BQTLl_Bl) (E.9)
k=ko n)+1 k=k22(’n)+1

Obviously, the last term decays faster than any polynomial for g1 — 8y < 1.

2. Let 81 — B2 > 1. Since Nyon > X2(00) — X2(0) on the event sMonj, an appropriate
asymptotlc lower bound follows directly from Theorem [5.10) For an upper bound, define
g = 51 - Widely analogous to part 1, we have to split the sum in three parts again.
Suppose for a moment 31 — 32 > 1, such that 3’ < 1. Then:

k1(n)

ZIF’XQ (n—1) =k + X5(0)) - F>(X2(0) + k)
k=1

Fl(Xl(O) +n—1-— k) + FQ(XQ(O) + k?)

- R(k,n)

!
TL*TLB

<];F1 _Z

In the first step, we used (E.6[), Theorem and R(k,n) < 1. Similarly to (E.8), the second

1-8
< ) 1:n752 for n — oo
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partial sum is:

ka(n)
F5(X2(0) +F)
P(Xo(n — 1) = k + Xo(0)) - Bk,
Y. P(Xa(n—1) 20 F O T 1 -k BB F k) R
k=k1 (n)+1
n—nb2/P1 1
b _ B2(y — 1=
~ Z Fn—F) exp ( const.k™(n — k) )
k=n—nB"+1
n—nb2/81
T o oA
n—np’
nB/ B/

n
= / u P exp (—const.(n - u)'82u1_61) du < / u exp (—const.n@ul_ﬂl) du
nB2/81 0

1 00
= / B =P8 =P exp (—const.ul_ﬁl) du = n=" / w2 exp (—const.uﬂl_l) du
0 1

In the second line, we used assumption ([E.1)). The remaining summands decay exponentially
fast like in (E.9). For the case 81 — 2 = 1, the proof is completely analogous with the given
choice of k1 and ks. O

Without assumption ([E.1f), Corollary still holds if =< is replaced by = due to first
partial sum (E.5). By using Lemma and the rough estimate

P(X2(n—1) =k + X2(0)) < P(Xa2(n —1) > k+ X2(0)) (E.10)
=<P(Xa(n—1) > k+ X2(0),sMon;) < P(X2(c0) > k + X2(0), sMon;)

in the middle sum (E.8), we obtain the upper bounds
P(Npon = n| sMony) < n?=P for By < By +1,

and
B(Nyuon = | sMony) < n' =% for B > B+ 1

without assumption (E.1)). This upper bound is particularly good for large (5.

Moreover, it is possible to extend Corollary to A > 2 via the exponential embedding.

Corollary E.3. Let Fi(k) = a;k% with 8; > 1 and a; > 0, i € [A]. Assume By < B; for all
J > 2 and that holds for any two agent system with feedback Iy, F;. Define 3 = Bizl

B2
1. If By < Bo + 1, then we have

IP)(‘Z\'rmon >n‘SMOTl1) Xn’gifBlJrl forn—> 00 .

2. If 1 > B2 + 1, then we have

P(Npon > n|sMony) < 2t forn o 0.
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Proof. First, a lower bound follows from Corollary via canonical coupling. In the expo-
nential embedding, denote by s; > 0, ¢ > 2 the time of the last jump of =; before the explosion
time 77 of agent 1. Then, N, can be expressed as

Non = E1 <'_HlaX Si) + XQ(OO) +.. XA(OO) +1

1=2,...,

on the event sMon;. Hence:

A
1 -
P(Nmon > n|sMony) < P(sMonl)]P (E (Xi(00) + Ei(si)) = n, 5M0n1>

These probabilities are covered for n — oo by Corollary as they correspond to the prob-
ability of Nyon > ALH in a two agent system. Note that the summand ¢ = 2 dominates the
others due to the assumption 3> < ;. O

Hence, in large systems only the loser with the weakest feedback determines the tail of
Ninon-

Note that the tail weight of the time on monopoly does also depend on the feedback
of the winner, as opposed to the wealth of the losers discussed in Theorem [5.10 As a
consequence of Corollary the tail of Nyyon (without conditioning on a winner) is given by
P(Npon = n) < nP=P1 where w.l.o.g. 81 < B2 and A = 2. For the symmetric case 81 = fa,
this is consistent with [132, |44]. According to Corollary the (unconditioned) tail of Nyyon,
is heavier than the one of min{X;(c0), X2(c0)} in any case. In the conditioned situation, if
the feedback of the winner is much stronger than the one of the loser, then N,,,, is of the
same order as the wealth of the loser, i.e. the loser basically only wins steps at the beginning
of the process. If the feedback of the loser is at most slightly stronger, then N,y is of higher
order than the wealth of the loser and, hence, the loser might win some late steps when the
advantage of the winner is already large (see Figure for an illustration). Let us formalize
this idea.

Corollary E.4. Let A = 2 and F;(k) = a;k% with B; > 1 and a; > 0. Assume that
holds. Then:

1. If By < B2 + 1, then

Ve > 0: lim P(x2(Nmon) < €| Nmon =n,sMony) = 1.
n—oo
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2. If B1 = B2 + 1, then

V6 >0 Je > 0: limsup P(x2(Nmon) < €| Npmon = n, sMony) < §

n—oo

and
Ve > 0: lirgian(XQ(Nmon) >1—¢€|Npon =n,sMoni) > 0.
n oo

3. If By > B2+ 1, then

Ve > 0: lim P(x2(Nmon) > 1 — €| Nypon = n,sMony) = 1.
n—o0

Proof. Recall the proof of Corollary In particular, we showed that the sum is
dominated by the summands k = 1,...,ka(n), where k represents the number of steps won
by agent 1, when N,,o, = n and sMon,. If 51 < B3 + 1, then the summands £k = 1,...,en
dominate the whole sum for any € > 0, which implies 1.. In contrast, if 51 = B2 + 1, then

the summands k£ = en,...,n are of the same order as the whole sum and for any sequence
(In)n with I,,/n — 0 the summands k = [, ...,n dominate the whole sum. Hence, 2. holds.
Finally for 8y > f + 1, the summands k = 1,..., (1 — €)n are of order n'=# < n=%2_ such
that 3. follows. O]

In other words, if the monopoly sets in late, then this typically happens in two different
ways depending on the feedback functions: First, if the feedback of the loser is weak compared
to the winner, then the loser wins a significant share of steps until the monopoly suddenly set
in. For 81 > (B2 + 1, the loser’s share at time N,,,, is even close to one if the monopoly sets
in late. Second, if the feedback of the loser is strong enough and the monopoly sets in late,
then the loser can win steps at late time, when the winner was already dominant.

In the situation of 1. in Corollary the tail of N,,0n is heavier the weaker the feedback
of both agents. This appears intuitive for the winner, but also weak feedback of the loser
increases the probability of a late occurrence of monopoly. This surprising fact corresponds
to the loser-paradox explained in Section The difference between the tail weight of the
loser’s wealth and of Ny, is largest for strong feedback of the loser, since the tail of X5 (00) is
lighter. These findings are underlined by Figure (a). Note that Corollary is consistent
at the transition point 87 = 89 + 1. This transition does also occur in the context of total
monopoly as discussed in Example |3.9

For symmetric, exponentially increasing feedback, the tail of N,,,, decays exponentially
as shown in [44]. Let us finally take a quick look at mixed feedback, say Fy(k) = k%' and
Fy(k) = %% with 8; > 1 and (2 > 0. Of course, we still have the trivial lower bounds

P(Npon = n|sMong) = n~ ' and P(Npon =n|sMony) = e P2

due to Theorem [5.10] Extending 2. of Corollary to the limit B9 — oo, it stands to reason
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that
P(Npon = n| sMong) < nh.

The case sMon; behaves rather surprisingly.

Proposition E.5. Let Fi(k) = k' and Fy(k) = €% with 51 > 1 and Bo > 0. Then:
P(Npmon = n|sMony) < n~H log(n)

Proof. Analogously to the proof of Corollary we consider the sum (E.3|) and define k1 (n) =
log(n®171) /B and ka(n) = log(n”')/Ba. For the first partial sum, we use that R(k,n) (defined
mutatis mutandis to (E.4)) is bounded from below.

k1 (n)
P(Xa2(n—1) =k + X5(0))

k=1
log(n1=1)/52

| F3(X:(0) + k)
Fl(XQ(O) +n — 1-— ]f) + FQ(Xl(O) + ]C)

- R(k,n)

1
(R

)

~n Prlog(n® 1) /By for n — oo
k=1

The dominated convergence theorem is applicable by an analogous argument as (E.6[). Re-
peating the idea of (E.10)), we get for the second partial sum:

ka(n)
B | Fo(X1(0) + k) R
k_%:(n) PXo(n =1 =k+X0) g s n—1- b 1 BEGO) 1 k) )

log(n1) /B2 log(nf
=< Z k e—const.ek(n—kﬂ*Bl - n—ﬁ1 /Og(n R ue—const.e“nl’ﬁl du
log(nf1=1) /B, (n— k)% log(nf171)/52

o0 ], B1—1
= n~ P / Me_wmt'“du =n A log(nﬁl_l) for n -
1 U

The remaining summands decay exponentially like in (E.9). O

Basically, this is consistent with the limit 8y — oo in part 1. of Corollary but
the additional term log(n) was not predicted. In particular in the case sMon;, the time of
monopoly is heavy-tailed, although the wealth of the loser is light-tailed. Surprisingly, the
tail of Ny,on is heavier on sMon; than on sMong. Overall, the (unconditioned) tail of Np,on
is of order log(n) heavier than the tail of min{X;(c0), X2(c0)}. Figure (b) illustrates this
situation. On sMong, the tails of X;(c0) and Ny, even seem to be equal, i.e. the loser wins
most steps before time Ny,,, and 3. of Corollary [E.4] holds analogously.

E.2 Time of monopoly for sub-linear agents

The time of monopoly Ny, (see (5.18) is also well-defined when only one agents satisfies
the monopoly condition , such that this agent is almost surely the strong monopolist (see
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Section . The following corollary establishes the tail behaviour of N;,,, in this situation.

Corollary E.6. Let A = 2 and Fij(k) = k% with 1 < 1 < By and oy > 0. If B = 1,
assume additionally X2(0) > B2. Then:

oo

]P)(Nmon > TL) ~ EFl(Xl(OO)) . Z
k=n

1
Fy(k)

forn — oo (E.11)

Note that EF;(X;(00)) < oo is always satisfied for 51 < 1 and is equivalent to X2(0) > 1
for =1 due to Theorem [5.16

Proof. The probability of Np,on = n + 1 can be expressed as

P(Npon = n + 1) = nzlp(xlm— 1) — X(0) = k)
P (X(n) — X(n k—_(l)) =W Ym >n: X(m) - X(m—1) =@ | X1(n— 1) - X(0) = k)
Since for all k > 0
Tlim P (X1(n — 1) = X(0) = k) = P(Xi(o0) — X(0) = k)

and

P (X(n) —X(n—1)=e®, ¥m>n: X(m)— X(m—1) =e® | X,(n—1) — X(0) = k:>

_ F1(X1(0) + k) I Fo(X1(0) =2 -k +m)
- F(X1(0) + k) + Fo(X2(0) +n —k —1) Fi(X1(0) + k+1) + F5(X2(0) =k — 2 +m)
N Fl(Xl(O)—i-k‘)

FQ(TL)

m>n

for n — oo (E.12)

holds, we get the following asymptotic lower bound for n — oo via Fatou’s Lemma:

]P)<Nmon =n-+ 1) >~ (ZP (Xl (OO) — X(O) = k;) Fl(X1(0> + k?)) F21(n) _ EFl}iln()oo))
k=0

Due to non-uniformity of the summands, these considerations are not sufficient for an upper
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bound, but instead we can split the sum as follows. Take € € (0, 1), then:

Len)
P(Nimon = n + 1) <P(X1(00) = X1(0) > [en]) + Y P (X1(n — 1) — X(0) = k)
k=0

len]
<o(n ™)+ P(Xi(n—1) - X(0) = k)
k=0

m>n

| FL(X1(0) + 1)
Fl(Xl(O) + 1) + FQ(XQ(O) +n— \‘ETLJ — 1)

4 EFl(XQ(n — 1))
Fl(Xl(O) + 1) + FQ(XQ(O) +n— LenJ — 1)

1 ] EFl(Xl(OO))

(1—¢) Fy(n)

< O(n—ﬂz)

for n — o0

~

In the second inequality, we used Theorem and the assumption X2(0) > (2 in the case
of 1 = 1. € — 0 finally yields the desired upper bound. O

By an analogous but more lengthy proof, one could generalize Corollary to A > 2.
Assume that there are several agents ¢ fulfilling the same assumptions as agent 1 in Corollary
but only one like agent 2. Then still holds when EF}(X;(00)) is replaced by
> EF;(X;(00)). An analogous extension to exponential F5 fails at step . Moreover for
almost linear feedback, e.g. Fi(k) = klog(k)?t, B € (0,1), the expectation EF}(X;(00)) = oo
is infinite (see Example , such that an analogous argument is not possible.

As a consequence of Corollary the time of monopoly N,., has a power law tail,
although the tail of X(oc0) is lighter than a power-law for 5; < 1. Also for 81 = 1, one
can easily calculate that the tail of Ny, is heavier than the one of Xj(oc0). In contrast to
X1(00), the tail of Ny, does never depend on initial values (up to the constant prefactor).
Remarkably in Corollary the tail decay of Ny, does only depend on the feedback of the
winner up to a constant prefactor, as opposed to the super-linear case of Appendix As
intuitively expected, the tail decays faster for strong feedback of the winner. All findings of
this section are illustrated by Figure Let us finally discuss an example to understand the
transition between Corollary and Corollary

Example E.7. Let F;(k) = k% with 8, > 1 and varying 8o € R. Then P(Nyon >
x| sMony) < = for some exponent a = a(f2) > 0. This exponent is constant for S < 1
and jumps downwards (even to zero if 81 > 2) at 2 = 1 in a left-continuous manner. For
B2 > 1, a(f2) is strictly increasing and with limg, ;o a(82) = a(0) = 1 — ;1. The tail of Nyon
coincides with the tail of Xa(c0) only for 1 < 2 < 51 — 1 (up to constant prefactors). The
situation is illustrated by Figure
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