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CHAIN CONTROLLABILITY OF LINEAR CONTROL SYSTEMS*

FRITZ COLONIUST, ALEXANDRE J. SANTANA#, AND EDUARDO C. VISCOVINI#

Abstract. For linear control systems with bounded control range, chain controllability properties
are analyzed. It is shown that there exists a unique chain control set and that it equals the sum
of the control set around the origin and the center Lyapunov space of the homogeneous part. For
the proof, the linear control system is extended to a bilinear control system on an augmented state
space. This system induces a control system on projective space. For the associated control flow,
attractor-repeller decompositions are used to show that the control system on projective space has
a unique chain control set that is not contained in the equator. It is given by the image of the chain
control set of the original linear control system.
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1. Introduction. We study generalized controllability properties of linear con-
trol systems on R™ with control restrictions of the form

(1.1) #(t) = Ax(t) + Bu(t), u € U,
where A € R"*" B € R"*™_ and the set of control functions is defined by
(1.2) U={ue L®R,R™)|u(t) €U for almost all t € R };

here, the control range U is a compact and convex neighborhood of 0 € R”. We denote
the solution for initial condition z(0) = xg € R™ and control u € U by ¢(t, xo,u),t € R.

The main topic of this paper is chain controllability properties (cf. Definition 2.11).
They constitute a weaker version of approximate controllability in infinite time and
may be difficult to distinguish from it in numerical computations. Here, small jumps
in the trajectories are allowed, and hence, chain controllability is not a physical no-
tion. In the theory of dynamical systems, analogous constructions (going back to
Rufus Bowen and Charles Conley) have been quite successful in order to describe the
limit behavior as time tends to infinity for complicated flows.

Due to the control restriction, the familiar linear algebra tools of linear systems
theory have to be complemented by methods from dynamical systems theory. Control
system (1.1) defines a flow ®: R x U x R” = U x R™, ®;(u,xg) = (u(t + ), p(t, xo,u))
on the state space U x R™. Here, the set U of control functions is endowed with
the weak* topology of L*°(R,R™), which makes it into a compact metrizable space,
and the flow @, called the control flow, becomes continuous (cf. the comments after
(2.6)). An important tool for us is the extension of the linear control system on R"
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to a bilinear control system on R™ x R and an ensuing projection to projective space
P™. This provides us with a compactification of the state space and at the same time
introduces convenient linear structures. In fact, the affine control flow ® on the state
space U x R™ associated with linear control system (1.1) is extended to a linear control
flow ®' on the vector bundle I/ x R™ x R over the base space /. The projection to
P™ allows us to use attractor-repeller decompositions that clarify the relation between
the chain control set (the maximal chain controllable subset) and the control set
(the maximal approximately controllable subset) in R™. Furthermore, the powerful
Selgrade decomposition can be applied to the linear control flow ®!, revealing further
relations between the central Selgrade bundle V! (i.e., the unique Selgrade bundle
where the last component in & x R™ x R is nontrivial) and the chain control sets on
P™. In the theory of nonlinear differential equations, analogous extensions of the state
space and ensuing projections to the sphere bear the name of the Poincaré sphere;
cf. Perko [12]. The Selgrade decomposition of linear flows on vector bundles (cf., e.g.,
Salamon and Zehnder [13], Colonius and Kliemann [4, Theorem 5.2.5]) provides the
finest decomposition into exponentially separated subbundles. It is constructed by
the finest Morse decomposition of the induced flow on the projective bundle U x P,
where the Morse sets are the maximal chain transitive subsets.

Many techniques and results for chain controllability rely on compactness prop-
erties. Hence, a major source of difficulties in our case is the fact that the state space
R™ is not compact. The construction using the Poincaré sphere admits the description
of the system behavior near infinity.

For chain transitivity and chain recurrence in the topological theory of flows on
metric spaces, consult Alongi and Nelson [1]. Background on control sets, chain
control sets, and control flows is given in Colonius and Kliemann [4, 5], Kawan [10],
and also in Desheng Li [11], who proposes an approach to chain controllability via
differential inclusions. A recent paper [8] by da Silva analyzes compact chain control
sets of linear control systems on connected Lie groups. Ayala, da Silva, and Mamani
[3] explicitly compute control sets for linear control systems in two-dimensional cases.
In Colonius and Santana [7], the approach of the present paper is used for affine flows
on vector bundles, and some applications to affine control systems are given.

The main results of this paper are Theorem 4.8 and Theorem 5.3. The former
theorem characterizes the chain control set F as the sum of the center Lyapunov space
for A (i.e., the sum of the generalized eigenspaces for eigenvalues with vanishing real
part) and the closure of the control set around the origin. On the way, we need that the
chain recurrent set of the flow for a linear autonomous differential equation coincides
with the center Lyapunov space; cf. Theorem 3.2. This is presumably known, but we
could not find a reference in the literature; hence, we include a proof. Theorem 5.3
characterizes the central Selgrade bundle V1. A consequence presented in Corollary 5.4
is that the chain control set E! on the projective Poincaré sphere P coincides with
the closure of the image of the chain control set F.

Section 2 contains preliminary results on control systems and recalls notions and
results from the topological theory of flows on metric spaces, including Selgrade’s
theorem for linear flows on vector bundles. It is noteworthy that we can simplify the
notion of chain control sets: It is not necessary to require that, for every x € F, there
exists u € U with p(t,z,u) € E for all ¢t € R since this holds for every maximal chain
controllable set; cf. Remark 2.12. Section 3 proves that the center Lyapunov space of
an autonomous linear differential equation is chain transitive, yielding first results on
chain controllability. Section 4 provides the characterization of the chain control set
FE in R™. Section 5 analyzes the induced system on the Poincaré sphere, and section 6
presents two examples.
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Notation: The control u(t) = 0 in U is denoted by 0y. The trivial subspace
{0} C R™ is denoted by 0,,, and 0; is abbreviated by 0. The letter K denotes R or C.

2. Preliminaries. The first subsection presents elements of the topological the-
ory of flows on metric spaces. Subsection 2.2 describes control sets and chain control
sets for control-affine systems and recalls the notion of control flows. Subsection 2.3
derives some properties of control sets for linear control systems.

2.1. Flows on metric spaces. For the following concepts for flows on
metric spaces, consult Alongi and Nelson [1] and Colonius and Kliemann [4, Appendix
BJ, [5].

A conjugacy of flows ¥ and ¥’ on complete metric spaces X and X', respectively,
is a homeomorphism h : X — X’ with h(U(¢,z)) = U'(¢, h(x)) for all x € X,t € R.
Where convenient, we also write Wy (z) = U(t,x).

Fore, T >0, an (¢,T')-chain ¢ for ¥ from z to y is given by k e N, Tpy, ..., Tj—1 > T,
and g =x,...,xp_1,2, =y € X with d(V(T;,z;),2,41) <e for i =0,...,k — 1. For
x € X, the w-limit set is w(z) = {y € X |Itp — o0: ¥(tx,z) =y} and the a-limit
set is a(z) = {y € X |Fty —» —c0: ¥(tr,x) > y}. The (forward) chain limit set for
U is Q(z) ={y € X | for all ,T > 03(e, T)-chain from x to y }. The backward chain
limit set Q*(x) of z is the chain limit set of x for the time-reversed flow ¥*(¢,z) :=
U(—t,z),t € R,z € X. A point € X is chain recurrent if x € 2(z), and a nonvoid
set YV is called chain transitive if y € Q(z) for all 2,y € Y. Observe that any nonvoid
subset of a chain transitive set is chain transitive and (cf. [1, Proposition 2.7.10]) a set
is chain transitive if and only if its closure is chain transitive. If X is chain transitive
for a flow on X, then the flow is also called chain transitive. On a compact metric
space, the maximal chain transitive sets, called the chain recurrent components, are
the connected components of the chain recurrent set (i.e., the set of chain recurrent
points) and the flow restricted to a chain recurrent component is chain transitive.

PROPOSITION 2.1. For any flow ¥ on X, the forward and backward chain limit
sets are related by y € Q(x) if and only if x € Q*(y).

Proof. Let y € Q(z) and &, T > 0. The difficulty in the proof lies in the fact that,
in the last step of an (g, T)-chain from z to y, there is a jump to y. By continuity of the
flow, there is § € (0,¢) such that d(y,z) < ¢ implies that d(¥(-T,y),¥(-T,z)) < €.
Consider a (4,27 chain from x to y given by Ty, ..., Tx—1 > 2T,z =20, Z1,...,Tk =Y.
We construct an (g, T)-chain from y to x for the time-reversed flow ¥* in the following
way:

Let Tp =T, TF =Tp_y — T > T,T§ =Ty_s,..., T} =Tp, and

xy=y, 27 =V_g (\IITk,l(Ik—l)) sy =Yy, (Th—2),..., v = V1, (20), Ty = 2.
Since d(y, ¥, _, (xx—1)) <4, it follows that
a (Wi (5),21) =d (Vo) Vo (V1 (2-1))) <e,
@ (Wi (@), ) =d (o U (eni1)) < for i€ {1 k= 1},
4 (Wi (@1), i1 ) = (91, (1 (0)), 70) = 0.

Thus, € Q*(y). The other implication follows analogously since ¥ = (¥*)*. O
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PROPOSITION 2.2.
(i) For a flow ¥ on X, the chain limit sets Q(x) and Q*(x),x € X are invariant.
(ii) Any maximal chain transitive set Y of ¥ is invariant and coincides with

Qz)NQ*(z) for allz €Y.

Proof. (i) By Proposition 2.1, it suffices to prove that U:(y) € Q(x) for all t € R
and all y € Q(z). Fix t € R, and let ¢, > 0. By continuity, there is § > 0 such that

d(z,y) < 0 implies that d(P:(z), ¥:(y)) < e.

Pick a (4,5) chain from x to y with S +¢ > T. Then, the final piece of this chain
satisfies d (¥, _, (z5-1),y) <, implying that

d(Virr, , (Teo1), Wely)) =d (Ve (T, _, (z1-1)), Ve (y)) <e.

Hence, we obtain an (g, T')-chain from = to ¥;(y).

(ii) By (i), it suffices to prove that Y =Q(z) N Q*(z) for all x € Y. Let y € Y.
Then, y € Q(z) and x € Q(y); hence, by Proposition 2.1, it follows that y € Q*(z).
For the converse inclusion, note that any point y € Q(z) NQ*(z) satisfies y € Q(z) and
x € Q(y); hence, the chain transitive set Q(z) N Q*(x) is contained in the maximal
chain transitive set containing x. 0

Let X be compact. An attractor is a compact invariant set A such that A C int N
for a set N with

(2.1) A=w(N):={ye X |3ty — o0z, e N: Uy, (z) > y}.

The complementary repeller is A* := {y € X |w(z)NA=2}. It is also compact in-
variant and has the property that A* CintN* for a set N* with

(2.2) A" =w"(N*):={ye X |3ty = —o0 Jz, e N: Uy (x) >y }.

The relation to the chain recurrent set is given by the following theorem (cf. [4,
Theorem B.2.26]).

THEOREM 2.3. For a flow on a compact metric space X, the chain recurrent set
coincides with () (AU A*), where the intersection is taken over all attractors A.

A related concept are Morse decompositions, introduced next. Note first that a
compact subset K C X is called isolated invariant for ¥ if ¥,(z) € K for all x € K
and all t € R and there exists a set N with K C int N such that ¥;(z) € N for all
t € R implies that z € K.

DEFINITION 2.4. A Morse decomposition of a flow ¥ on a compact metric space
X is a finite collection {M;|i=1,...,L} of nonvoid, pairwise disjoint, and compact
isolated invariant sets such that,

(i) for all z € X, the limit sets satisfy w(x), a(x) C Ule M, and,

(ii) supposing that there are M, M;,,...,.M;, and x1,... .z € X \ Ule./\/li

with a(z;) C M;, | and w(z;) C My, fori=1,... .k, then M;, #M,,.

The elements of a Morse decomposition are called Morse sets. A Morse decompo-
sition {Ma,..., My} is called finer than a Morse decomposition {M7,..., M}, }, if,
forall je{1,....k'}, there isi € {1,...,k} with M; C M.

An order is defined by the relation M; < M; if there are indices jo, ..., j; with
M; =M;,, M; =Mj;, and points z;, € X with

alxj,) C M, ,_1 and w(z,,) CM;, fori=1,...,k.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.
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The following theorem relates chain recurrent components and Morse decompo-
sitions; cf. [5, Theorem 8.3.3].

THEOREM 2.5. For a flow on a compact metric space, there exists a finest Morse
decomposition if and only if the chain recurrent set has only finitely many connected
components. Then, the Morse sets coincide with the chain recurrent components.

Remark 2.6. For continuous maps f on locally compact metric spaces X, Hurley
[9] proposes modifying the definition of chain recurrence by considering, instead of a
constant € > 0, continuous functions € : X — (0,00). A strong &(-)-chain consists of
T, T1,..., 2 with d(f(z;),z;41) <e(f(x;)) for all j, and a point x € X is strongly
chain recurrent if, for each such function e(+), there is a strong e(-)-chain from x to
x. This approach does not appear appropriate in our context, mainly due to the fact
that we will use the compactification provided by the Poincaré sphere P™.

We will consider vector bundles V = B x R™, where B is a compact metric base
space. A linear flow ¥ =(0,1) on B x R™ is a flow of the form

U:Rx BxR"— B xR, U,(b,x) = (0:b,)(t,b,2)) for (t,b,z) ER x B x R",

where 6 is a flow on the base space B and ¥(t,b,x) is linear in x; i.e., ¥(t,b, 121 +
aoxa) = a1(t, b, 1) + agtp(t, b, z2) for ag,as € R and 1,22 € R™. A closed subset V
of B x R™ that intersects each fiber {b} x R™ b € B in a linear subspace of constant
dimension is a subbundle. Denote the projection R™ \ {0} — P"~! as well as the
corresponding map B x (R"™\ {0}) — B x P*~! by the letter P. A linear flow ¥
induces a flow P¥ on the projective bundle B x P*~! which is a compact metric
space; a metric on P! can be obtained by defining, for elements p; = Pz, ps = Py,

(2.3) d(Plvm):min{ Izl (gl =l [yl }

and a metric on B x P"~! is defined by taking the maximum of the distances in B
and P,

For a linear flow ¥, two nontrivial invariant subbundles (V*,V~) with B x R" =
VT @V~ (a Whitney sum) are exponentially separated if there are ¢, u > 0 with

(2.4) H\Il(t,b,arJr)H < ceH H\I'(t,b,x_)H t>0 for (b,zt) e VE, Hx+H = Hx_H )

z Y z Y

)

The following is Selgrade’s theorem for linear flows; cf. [5, Theorem 9.2.5], and [4,
Theorem 5.1.4] for the result on exponential separation.

THEOREM 2.7. Let ¥ = (0,7) : R x B x R® — B X R"™ be a linear flow on the
vector bundle B x R™ with chain transitive flow 8 on the base space B. Then, the
projected flow PU on B x P*~1 has the linearly ordered chain recurrent components

Mp = S My, 1 <€ <n. These components form the finest Morse decomposition
for PU. The lifts of the Morse sets M,

Vi=P'M;:={(b,x) € BxR" |z #0= (b,Px)c M;}

are subbundles, called the Selgrade bundles. They form the decomposition B x R™ =
V1i®---@®Vy. This Selgrade decomposition is the finest decomposition into exponentially
separated subbundles: For any pair of exponentially separated subbundles VT, V™),
there is 1 < j < { with

VJr:Vl@"'EBVj and V™ = j+1@"'€9Ve.

Conversely, subbundles V' and V= defined in this way are exponentially separated.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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2.2. Control sets, chain control sets, and control flows. Consider control-
affine systems of the form

(2.5) :'r(t):Xo(:v(t))+Zui(t)Xi(x(t)), uelU,
i=1
where Xo, X1,...,X,, are smooth (C-) vector fields on a smooth manifold M and

U is defined by (1.2). We assume that, for every control u € U and every initial state
x(0) =xo € M, there exists a unique (Carathéodory) solution ¢(t,zg,u),t € R.

The control flow associated with control system (2.5) is the flow on U x M defined
by

(2.6) O RxUXM—=UX M P(u,x) = (0iu, p(t,z,u)),

where 0iu = u(t + ) is the right shift on &. Note that ®;;; = §; 0 D, for t,s € R.
The space U is a compact metrizable space with respect to the weak* topology of
L>(R,R™) (we fix such a metric) and the shift flow 6 is continuous; cf. Kawan [10,
Proposition 1.15]. The flow ® is continuous; cf. [10, Proposition 1.17].

For x € M, the controllable set C(z) and the reachable set R(x) are defined as

Clz)={ye M|[Fueld 3T >0: o(T,y,u) =z},
Rz)={yeM|Fueld IT>0:y=¢(T,z,u) },

respectively. The accessibility rank condition is defined as
(2.7) dim LA{Xo, X1,..., X} () =dim M for all z € M,

here, LA{Xo,X1,..., X} (2) is the subspace of the tangent space T, M correspond-
ing to the vector fields, evaluated in x, in the Lie algebra generated by Xg, X1,..., Xmn.
The controllable sets C(x) are the reachable sets of the time-reversed system

(2.8) (t) = —Xo(x(t) = > wi(t)Xi(2(t), uel.
i=1
The following definition introduces sets of complete approximate controllability.

DEFINITION 2.8. A nonvoid set D C M is called a control set of system (2.5) if
it has the following properties: (i) for all x € D, there is a control uw € U such that
o(t,z,u) € D for all t > 0; (ii) for all x € D, one has D C R(x); and (iii) D is
mazximal with these properties; that is, if D' D D satisfies conditions (i) and (ii), then
D' =D.

We recall some properties of control sets; cf. Colonius and Kliemann [4,
Chapter 3.

Remark 2.9. If the intersection of two control sets is nonvoid, the maximality
property (iii) implies that they coincide. If (2.7) holds, then, by [4, Lemma 3.2.13(i)],
D =int(D) and D =C(z) NR(z) for all z € int(D) and int(D) C R(x) for all x € D.

Next, we introduce a notion of controllability allowing for (small) jumps between
pieces of trajectories. Here, we fix a metric d on M.

DEFINITION 2.10. Letx,y € M. Fore, T >0, a controlled (¢,T)-chain ¢ from x to
y is giwen by k€N, xo=x,21,...,cp, =y € M, ug,...,ux—1 €U, and to,...,tx_1>T
with

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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d(o(tj,zj,u;),xj41) <€ forall j=0,...,k—1.

If, for every e,T > 0, there is a controlled (e,T)-chain from x to y, the point x is
chain controllable to y. The chain reachable set from x and the chain controllable set
to x are

R(z) ={y € M |z is chain controllable to y},
C¢(z) ={y € M |y is chain controllable to =},

respectively. If a nonvoid set FF C M has the property that x is chain controllable to
y for all x,y € F, the set F' is said to be chain controllable.

Note that a set F' is chain controllable if and only if F' C R¢(z) for all z € F.
Observe also that chain controllable sets are a generalized version of limit sets for
time tending to infinity. In analogy to control sets, we define chain control sets as
maximal chain controllable sets.

DEFINITION 2.11. A nonvoid set E C M is called a chain control set of system
(2.5) if, for all z,y € E and &,T > 0, there is a controlled (¢,T)-chain from x to y
and E is mazximal with this property.

Since the concatenation of two controlled (g, T)-chains again yields a controlled
(e,T)-chain, two chain control sets coincide if their intersection is nonvoid.

Remark 2.12. The definition of chain control sets given, e.g., in Colonius and
Kliemann [4] requires in addition to the chain controllability property that, for every
x € E, there is a control function u € U such that p(t,z,u) € E for all t € R. Theo-
rem 2.14 will show that this property holds for every maximal chain controllable set.
Thus, it is not necessary to impose this condition. The paper by Li [11, Proposition
6.8] treats control systems as particular cases of differential inclusions. Hence, the
shift flow on the space of control functions plays no role. The definition of chain con-
trol sets (cf. [11, Definition 6.7]) also does not require invariance. The results on chain
transitivity properties and Morse decompositions apply to compact invariant sets of
control systems of the form & = f(x,u), where f(z,U) is convex and the control range
U is compact.

We note the following properties of chain controllability.

PROPOSITION 2.13.
(i) For control system (2.5), the chain controllable set C¢(x) to x coincides with
the chain reachable set from x for the time-reversed system (2.8).
(ii) Fvery chain controllable set F' is contained in a chain control set.
(iii) The chain controllable sets C¢(x) and the chain reachable sets R¢(x) are
closed.

Proof.
(i) This follows using the same arguments as for Proposition 2.1.
(ii) Define F as the union of all chain controllable sets F’ containing F'. Then, F
is a maximal chain controllable set and hence a chain control set containing
F.
(iii) Let y € Re(z), and fix £,7 > 0. There is y; € R(x) with d(y,y1) <e&/2. The
last piece of a controlled (£/2,T)-chain from z to y; satisfies

d(o(Th—1,Tk—1,uk-1),Y) < d(P(Th—1,Tp—1,uk—1),y1) +d(y1,y) <e/2+¢/2=¢.

Copyright (C) by SIAM. Unauthorized reproduction of this article is prohibited.
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Thus, we obtain a controlled (g,7T)-chain from z to y, and hence, R¢(x) is
closed. The assertion for C¢(z) follows using (i). |

The following theorem clarifies the relations between chain control sets and chain
reachable and controllable sets.

THEOREM 2.14.
(i) For ally e C(x) and all u €U, it follows that o(t,y,u) € C(zx) for all t <O0.
Furthermore, there exists u €U such that p(t,y,u) € C¢(x) for all t > 0.
(ii) For ally € Ré(x) and all v €U, it follows that p(t,y,v) € R(z) for all t > 0.
Furthermore, there exists v €U such that ¢(t,y,v) € R¢(z) for all t <O0.
(iii) Let E be a chain control set. Then, it follows for all x € E that E=R°(x)N
C¢(x) and that there exists u €U such that p(t,x,u) € E for all t € R.

Proof. (i) Recall that the set U is a compact metric space in the weak* topology
and that the map ¢ : R x M x U — M is continuous. Let y € C°(z). First, note
that ¢(t,y,u) € C(x) for all t <0 and u € U. In fact, for any £, > 0, one gets a
controlled (e, T)-chain from y to x by concatenating the trajectory from p(¢,y,u) to
y with a controlled (e, T')-chain from y to z.

In the case of positive time, consider, for sequences e* — 0 and T* — oo, controlled
(Ei,Ti)—chains ¢* from y to x. Let the first pieces of the chains (¢ be given by
o(s,y,ul),s € [0,T}] with T{ > T*. Without loss of generality, u} converges to some
control u € Y. We claim that p(t,y,u) € C¢(x) for all ¢ > 0.

For the proof, fix ¢ > 0. We construct for all £,7 > 0 a controlled (¢, T)-chain
from o(t,y,u) to z. By compactness of & and continuity, there is 6 > 0 such that

d(p(t,y,u),z) < ¢ implies that d(¢(T,p(t,y,u),v), (T, z,v)) <e for all v e U.

For i large enough, we obtain g; <&, T* > 3T, and d(p(t,y,u), p(t,y,u)) <.
Using the flow property of ®, we replace the initial piece of the chain ¢’ by two
pieces given by

To = go(t,y,u),xl = W(T‘Ft,yﬂli) = @(va(t7y7u§>7ui(t+ ))

with times Ty =T, Ty = T{ — T —t > T and controls u’(t+-) and u® (T +t+-). We
find that

d(p(T,wo,ui (t + ), 21) = d(p(T, o, y, u), uy (E+)), (T p(t y,uy), uy (E+0))) <e
p(Trz,ui(T+i+) = (T =T = t,p(T+ t,y,u1),ui (T + 1+ ) = (11, y, uq)-

Thus, we get a controlled (¢, T)-chain from ¢(t,y,u) to .

The proof of (ii) follows by time reversal using Proposition 2.13(i). It remains to
prove (iii). By definition, E' is a maximal chain controllable set. Let z,y € E. Then,
y € R¢(z) and = € R¢(y) or, equivalently, y € C¢(z), showing that E C R°(z) NC*(z).
For the converse inclusion, note that the same argument shows that R¢(x) N C¢(z) is
a chain controllable set and hence contained in E.

Let y € E=R°(x) N C°(z). By assertions (i) and (ii), there are controls u,v € U
such that (¢, y,u) € C%(x) for all t <0 and ¢(t,y,v) € R°(z) for all ¢ > 0. Then, the
control

_ Jwo() for t<0,
w(t)'_{u(t) for t>0

yields p(t,y,w) € R%(x) N C%(x) for all t €R. |
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The relation between chain control sets and the control flow ® defined in (2.6) is
explained in the following theorem.

THEOREM 2.15. Let £ CU x M be a mazimal chain transitive set for the control
flow ®. Then, {x e M|Fuel: (u,z) €E} is a chain control set. Conversely, if E C
M is a chain control set, then

(2.9) E={(u,x) el x M |p(t,x,u) € E for allt e R}
is a maximal chain transitive set

Proof. This follows from Colonius and Kliemann [4, Theorem 4.3.11] or Kawan
[10, Proposition 1.24(iv)]. Note that the proofs given there do not use compactness
properties. These results assume that £ is a maximal invariant chain transitive set,
and the employed definition of chain control sets requires that, for every = € E, there
is a control u € Y with ¢(t,z,u) € E for all t € R. Proposition 2.13 shows that every
maximal chain controllable set has this property, and Proposition 2.2(ii) shows that
every maximal chain transitive set of a flow is invariant. Thus, it is not necessary to
impose these invariance assumptions. 0

2.3. Control sets for linear control systems. Consider linear control systems
of the form (1.1), where we now allow A € K"*" B eK"*™ and U C K™.

The decomposition of K™ into the sum of the unstable, center, and stable sub-
spaces of A is given by

(2.10) K'=LteL’a L,

where L, L%, and L~ are the Lyapunov spaces for positive, vanishing, and negative
Lyapunov exponents, respectively. Hence, LT, L°, and L~ are the sums of the gen-
eralized eigenspaces for eigenvalues with positive, vanishing, and negative real part,
respectively. The center-unstable and the center-stable subspaces are LT =Lt @ L?
and L0 = L™ @ L, respectively. We denote by 7% : K® — L* the associated
projections along L¥0 and by 7" : K” — LT @ L~ the projection along L°.

THEOREM 2.16. Assume that (A, B) is controllable; i.e., the reachable subspace
C:=Im[B AB--- A" 1B] coincides with K".
(i) The controllable set to 0 € K™ and the reachable set from 0 € K™ are

CO)=(CO)NLY) S L and R(0)=L " @ (R(0O)NL™),

respectively, where C(0)NL™ is bounded, convex, and open relative to L and
R(0)N L~ is bounded, convez, and open relative to L~ .
(ii) There is a unique control set D with nonvoid interior intD. It is convex and

contains the origin 0 € K™ in the interior and intD = D.
(iii) The control set satisfies

D=C(0)NR(0)= (C(0)NnLY) @ L& (R(0)NL").
(iv) For allz € D and y € intD, there are t >0 and u €U with p(t,z,u) =y.
(v) For every x € D and t >0, there is uw € U with ¢(t,z,u) € D.

Proof. (i) The result on R(0) is proved in Sontag [14, Corollary 3.6.7], and the
result for C(0) follows by time reversal. Assertion (ii) follows by Colonius and Klie-
mann [4, Example 3.2.16] and Remark 2.9, which also implies (iv). For assertion (iii),
use decomposition (2.10) and (i) and (ii) to see that

D=C(0)NR(0)=(C(O)NLT) @ L’ ® (R(0)NL™).
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For assertion (v), note that, by (ii), there are z3 € intD with x — z, and by (iv),
one finds tx > 0,ur € U with o(tg, zk, ur) € D. Since the ¢ may be chosen bounded,
the compactness of U and continuity of ¢ imply that there are ¢ > 0 and u € U with
o(t,z,u) € D. d

Next, we use these results for general linear systems by applying them to the
restriction to the reachable subspace C.

COROLLARY 2.17. Consider a linear control system of the form (1.1).
(i) There is a control set Dy with 0 € Dy, and it satisfies

Dy=(C(0)NnLY) @ (L°NC) @ (R(0)N L"),

where R(0) N L™ C C is compact and C(0) N Lt C C is bounded and open in
the relative topology of LT NC.

(ii) The origin 0 € K™ is in the interior int¢ Dy of Dg relative to C, which is dense
in Dy, and, for all x € Dy and y € inte Dy, there are t > 0 and u € U with
y=op(t,z,u).

Proof. 1t is clear that there is a unique control set Dj containing 0 € K™. The

subspace C is closed, and (¢, z,u) € C for all t e R,z € C, and u € Y. By invariance
of the subspace C, the control set, the controllable set, and the reachable set satisfy

Dy C C(0) UR(0) C C. Thus, the assertions follow from Theorem 2.16. |

We also note the following lemma.
LEMMA 2.18.
(i) The control set Dy containing 0 of the system induced on L,

(2.11) y(t) = Ay(t) + 7~ Bu(t), u €U,

coincides with the projection 7~ R(0).
(ii) The control set Dar containing 0 of the system induced on LT,

(2.12) y(t) = Ay(t) + nt Bu(t), uel,

coincides with the projection 7+ C(0).
(iii) Consider the system induced on the subspace L™ & L~

(2.13) y(t) = Aly(t) + 7" Bu(t), u €U,

where AP = Ajp+gr- - Then, AP is hyperbolic; i.e., spec(A") NiR = @.
The reachable set R™(0), the controllable set C"(0), and the control set D}
containing 0 of (2.13) satisfy R"(0) = n"R(0), C"(0) = 7" C(0), and D} =
7ThD0.
Proof. (i) Since L~ and L™° are A-invariant, it follows, for z @y withz € L™,y €
LH0 that Ax € L=, Ay € LT, and hence, 7~ A(zx © y) = Az = Ar~(x © y). This
shows that 7~ A= Ar~. For x € 7~ R(0), there are T'> 0 and u € Y with

T T
r=mrx=m_ / e~ Bu(s)ds = / e =97~ Bu(s)ds € R™(0).
0 0

Conversely, if x € R7(0), there are T'> 0 and v € U with

T T
x= / e =)~ Bu(s)ds =7~ / eT=%) Bu(s)ds € 7~ R(0).
0 0
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Since A~ is asymptotically stable, it follows from Corollary 2.17(i) that

Dy =R (0) =7 R(0) =7~ R(0).

(if) The proof follows analogously.

(iii) Suppose first that (A, B) is controllable. Then, it follows that 0 € intDy,
and hence, Dy = R(0) N C(0), showing that 0 € intR(0) and 0 € intC(0). Since the
projection 7" : K™ — Lt @ L~ along L° is open, it follows that

0 €int (ﬂ'hR(O)) and 0 €int (’R’hC(O)) .

The same arguments as in (i) and (ii) imply that R"(0) = #"R(0) and C"(0) =
7" C(0). This shows that 0 € intR"(0) and 0 € intC"(0), implying that

Df =RH(0) N C"(0) = 7"R(0) N 7" C(0) = 7 (R(0) N C(0) ) = 7" Dy,

In the general case, the sets R(0),C(0), and the control set Dy containing 0 are
contained in the controllable subspace C, and Dy has nonvoid interior relative to
C. Observe also that kern” = L% hence, Dy C D} + LY, and similarly for R(0)
and C(0). O

3. Chain transitivity for autonomous linear differential equations. We
prove that the chain transitive set of the flow for autonomous linear differential equa-
tions coincides with the center Lyapunov space. This also yields first results on chain
controllability properties of the linear control system (1.1).

The following lemma contains the crux of the argument. Let ¢ : R x K" —
K", 4(t,x) = e, t € R,z € K" be the flow of the differential equation & = Az for
A e KTLXH.

LEMMA 3.1. If all eigenvalues of the matrix A have null real parts, then, for all
xz,y €K™ and all ,T >0, there is an (¢,T)-chain of the flow ¥ from x to y.

Proof. We first prove this lemma for the complex case K = C using induction
over the dimension n. The lemma holds trivially for n = 0 since C° consists of a
single point. Assume that the assertion holds for all A € C(»~Dx(n=1)  Since C is
algebraically closed, A has some eigenvector v associated to an eigenvalue p € C, and,
by hypothesis, Reu =0. There is r > 0 such that ru = 2jm for some j € Z. It follows
that, for all A € C,

e = Ae? ™y = N

Thus, the restriction of ¢ to the linear span (v) of v is periodic. We claim that, for
all \v, Aqv € (v), A1, 2 € C, and all ,T > 0, there is an (g, T')-chain from Ajv to Agv;
in fact, consider periodic solutions through Ajv + %.(/\2 —M)v,i€{0,1,...,5}, where
j € N is large enough such that

Staying on each periodic solution long enough such that the time is greater than T’
and jumping from one periodic solution to the next yields an (¢,T)-chain from Ajv
to Agv.

. 1
AU+ %()\2 - )\1)7} — [ A\v+ %()\2 — )\1)U:|

1
= ; |)\2 —)\1| ||U|| <eE.
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Now, let W C C™ be a subspace such that C* = W @ (v). There are linear
transformations Ay : W — W and Ay : W — (v) such that Aw = Ajw + Asw. We
obtain, for w e W,

d
dt
The variation-of-parameters formula for A; shows that

P(t,w) = A (t,w) = A1(t,w) + Axpp(t, w) with Asy(t,w) € (v).

¢
W(t,w) = eMw = e w4+ (¢, w) with ¢(t, w) ::/ e=)41 Apy)(s,w)ds.
0

On the other hand, 9 (¢, \v) = e \v = e’ \v, and hence, by linearity,
(3.1) P(t,w+ Av) :etA1w+1z;(t,w) + et v,

Let z € C™. We will show that 0 € Q(x) and = € (0). This implies the assertion
since any two points x,y can be connected by concatenating a chain from z to 0 with
a chain from 0 to y.

Let €,7 > 0, and write z = w @& Av € C"”. By the induction hypothesis for all

e, T > 0, there is an (¢,T)-chain from w to 0 given by wy = w,ws,...,w; = 0 and
T07T17-~-7Tk—1 ZTWlth
HeTiAlwi fwi+1|| <efori=0,...,k—1.

Next, we construct an (¢, T)-chain from z =w @ Av € C” to 0. Define recursively
Vo = AU, Vit =1$(Ti,wi) +eTity; e (v) fori=1,...,k—1.
Hence, by (3.1),
(3.2)
el (wi +v;) = (wig1 +vig1)
=Tty + {/;(,Tiawi) + el —wiyg — {/;(Tiawi) —eTity; = Tt —wiy .
For z; :=w; +v;,1=0,...,k, it follows that

TiAle_

74— ] = 740, i <=

Thus, xg = z,21,...,2, = v; and Ty, T1,...,Tk—1 > T is an (&,T)-chain from z to
v € (v). Concatenating this with an (e,T')-chain from v to 0 in (v), we obtain the
desired chain.

The inclusion z € Q(0) follows from considering the time-reversed system and
Proposition 2.1.

Now, assume K =R. The previous result yields that, for all z,y € R™ C C" and
for all e,T > 0, there are (g,T)-chains in C™ from z to y. Consider such a chain given
by zo=x,21,...,2zk =y in C" and Ty,...,Tx—1 > T with

||6TiAzi —zi+1|| <egfori=0,...,k—1.
Since the entries of A are real, it follows that, for all 4,
||eT"ARez1- — Rezi+1|| = HRe (eTiAzi — zi+1) H < ||eTiAzi — Zi+1|| <e.
This shows that one obtains an (g,T)-chain on R™ from zp =z to zx =y. a

A consequence of this lemma is the following theorem characterizing the chain
recurrent set of linear autonomous differential equations.
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THEOREM 3.2. For a differential equation &(t) = Az(t) with A€ K"*™, the chain
recurrent set of its flow 1(t,x) coincides with the center Lyapunov space L°.

Proof. By Lemma 3.1, the set L° is chain transitive. It remains to show that any
chain recurrent point is in L°. Since all norms Ji_m K™ are equivalent, we can assume
without loss in generality that LT & L™ = (LO) , which implies that

(3.3) o] < |lv+w| for all ve LT @ L™, we L°.

Let € K™ be a chain recurrent point. Thus, for all ,7 > 0, there is an (g, T)-chain
9 =2x,1,..., 2 = with Ty, T4,...,Tr—1 >T. Write

r=v®w and z; =v; B w; with v,v; € LT & L™ and w,w, € L.
Then, it follows from (3.3) that, for all i,
HeT"'Avi — viHH < HeT"'AvZ— + eTiAwZ- — V41 — wi+1|| = HeT’"Axi . $i+1H <e.

This shows that vg = v,v1,...,vx = v is an (¢,T)-chain from v to v for the flow
restricted to LT @ L~. Since €,7 > 0 are arbitrary and this flow is hyperbolic, it
follows that v =0. In fact, Antunez, Mantovani, and Varao [2, Corollary 2.11] shows
this for discrete linear flows, and similar arguments can be used for continuous linear
flows. ]

Recall from subsection 2.1 the definition of chain limit sets Q(x) for flows.

PRrROPOSITION 3.3. For the flow v on K", the center-unstable subspace and the
center-stable subspace satisfy L9 C Q(0) and L=° C Q*(0), respectively.

Proof. Let x =2, ® 2o € LT0 be arbitrary, where ;. € Lt and x¢ € L°, and fix
e,T>0. For S > T sufficiently large, |54z || <. Since L? is A-invariant, it follows
that e=254xy € L. Hence, by chain transitivity of L°, there is an (g,7") chain 0 =
Y0, Y1, - - Yp = €~ 25424 with times Ty, 71, ...,Tk—1 > T. Define an (g, T)-chain from
Otox by z0=yo=0,21 =91,...,06 =yp =€ Aag, 201 = 34 (x, +20),Tp10 =
Ty + 29 = with times T, ..., Tx—1,Tx = Txy1 =.S. This holds since

|0(Tiy i) — zigall = 19(Tis yi) — yigal| <e for i=0,... .k -1,

19 (T 2k) — Tt || = H€SA€_25ACC0 — (e7% My + e ) | = ||€_SA33+H <g,
9(Ths1, 2r41) — whpall = [|€54 (675424 + e mg) — (w4 +20)|| = 0.
The assertion for L™Y follows by considering the time-reversed system. ]

The following simple example illustrates that, for T'— oo, the considered chains
may become unbounded. Hence, in the noncompact state space R™, it is not sufficient
to consider chain transitivity restricted to compact subsets of R™.

Ezample 3.4. For the differential equation

(s’c(t) >_<0 1)(3:(15))

y) )\ 0 0 y(t) )’

the z-axis consists of equilibria. In the open upper half-plane, all trajectories move to
the right in parallel to the z-axis, and in the open lower half-plane, they move to the

left. The state space R? is chain transitive, and for T'— oo, the required (e, T')-chains
become unbounded.

We return to control system (1.1). The following proposition relates the control
set Dy containing 0 and the chain reachable and chain controllable sets to the spectral
subspaces of the homogeneous part & = Ax.
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PROPOSITION 3.5. Consider a linear control system of the form (1.1).
(i) The inclusions Do+ L™° C C¢(0) and Do+ L™° C R°(0) hold.
(i) The set Do+ LY is chain controllable.

Proof. (i) First, we prove the following claim:
R(z)NL™ " # @ for z€inte Dy + L™° and C(2) N LT # & for z € inte Dy + L0,
Write z = x + y with x € intec Dy and y € LT 9. By linearity, it follows that
o(t, z,u) = @(t,z,u) + o(t,y,0) for all t e R and w € Y.

Since 0,z € inte¢ Dy, Corollary 2.17(ii) implies that there are 77,75 > 0 and u1,us €U
with o(T1,2,u;) = 0 and p(—Ts,z,uz) = 0. Using that L*C is invariant for the
control u =0, one finds that

(p(Tl, z, ul) = (p(Tl,y,O) eL Vifze inte Do + 117’07
o(—Ty, z,u2) = p(=Th,y,0) € LT if 2 € inte Dy + LT°.

This implies the claim. Observe that we can take the times 77,75 arbitrarily large
when we extend u; and us by the control u=0.

Next, we show that Do+ L~° C C¢(0). Since C is a closed subspace and the
set Dy is contained in the closure of int¢ Dy, it follows that Do = int¢Dg. Recalling
that R°(0) is closed by Proposition 2.13(iii), one sees that it suffices to prove that
inteDyg + L= € C¢(z). Let z € inteDg + L™, and fix ,7 > 0. By the claim,
there is a point y € L™°°, which can be reached from z at a time greater than 7. By
Proposition 3.3, there is a controlled (g,T’)-chain (with control u = 0) from y € L~°
to 0. Concatenating this with the trajectory segment from z to y, one obtains a
controlled (e,T")-chain from z to 0.

For the inclusion Dy + LT? C R¢(0), it similarly suffices to show that inte Dy +
LT is contained in the closed set R¢(0). Let z € inte Do + L™ and fix €,T > 0.
By the claim, there is a point y € LT? such that z can be reached from y at a time
greater than T. By Proposition 3.3, there is a controlled (e,T")-chain from 0 to y.
Concatenation of these controlled chains yields a controlled (e,T)-chain from 0 to z.

(ii) This follows from assertion (i) since

Do+ L° = (D + L0 N (Dg + L~°) € RE(0) N C°(0). O

4. The chain control set in R™. In this section we first recall results from
Colonius and Santana [7] on the projection to the Poincaré sphere. Together with
attractor-repeller decompositions, this will enable us to prove that the chain control-
lable set Dy + Lo in Proposition 3.5 actually coincides with the chain control set.

Linear control systems of the form (1.1) on R™ can be lifted to bilinear control
systems with states (z(t),y(¢)) in R® x R=R"*! by

(4.1) #(t) = Ax(t) + y(t) Bu(t), §(t) =0, uel.

The solutions for initial condition (z(0),y(0)) = (zo,r) € R™ x R may be written as

¢
o (t, 20, u) = <€Atl'0 + 7’/ eA(ts)Bu(s)ds,r) ,t>0.
0
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Observe that, for r = 0, one has p!(¢,2,0,u) = (¢(t,x),0), and for r = 1, one has
ot z,1,u) = (o(t,x,u),1) for all t € R,z € R",u € U. Hence, on the hyperplane
R™ x {1} C R™*!, one obtains a copy of control system (1.1).

Define subsets of R™*1, of projective space P", and of the unit sphere S by

RO =R" x {0}, R"*PT =R" x (R\ {0}),
(4.2) P9 = {P(z,0) |z € R" }, P! = {P(x,7) |z € R™,r #0},
§"+ = {(2,7) €57 |p R, 7> 0}, "0 = {(2,0) €5 jr € R},

respectively. Observe that P! = {P(x,1)|z € R"} can be identified with the “north-
ern” hemisphere S of S” and P™? is the projection of the equator S™°.

DEFINITION 4.1. The projective Poincaré sphere is P™, and the projective Poincaré
bundle is U x P™.

Control system (4.1) induces a control flow ®* on ¢ x R"*! defined by
(4.3) O (u,x, 1) = (u(t + ), (t, 2,7, u)),t ER, (z,r) ER" ™ uwecld.

The maps between the fibers {u} x R"™! are linear, and hence, ®! is a linear flow:
For every u €Y and «, B € R, (z1,7r1), (x2,72) ER™ X R,

oapl(t,:vl,rhu) —|—B<pl(t,x2,r2,u) = gpl(t,axl + Bxa,ary + Bra,u).

The projection of system (4.1) to projective space yields a projective control flow P!
on the projective Poincaré bundle &/ x P*. The subsets I/ x P™Y and U x P™! are
invariant under the flow P®!. The following proposition shows some relations between
the control flows on & x R™ and on the projective Poincaré bundle.

PROPOSITION 4.2.
(i) Every (u,z) €U x R™ satisfies the equality ®} (u,z,0) = (u(t+-), ' (t,2,0,u)) =
(u(t+-),v(t,x),0),t € R, and the projective map

(4.4) YU x P U x PO RO (u, Px) = (u, P(x,0))

is a conjugacy of the flow on U x Pt given by (u,p) — (u(t +-),P(t,p))
and the flow P®' restricted to U x P™0,
(ii) The map

(4.5) YU xR = U x P (u, ) = (u, P(z, 1))

is a conjugacy of the flows ® on U x R™ and PO restricted to U x P!,

(iii) Fore,T >0, any (¢,T)-chain in U x R™ is mapped by h* onto a (2¢,T)-chain
in U x P!, hence, any chain transitive set C C U x R™ is mapped onto a
chain transitive set h'(C) CU x P!,

(iv) For a subset C C U x R™, the set {x € R"|(u,x) € C for someuecll} is
bounded if and only if h1(C)N (U x P™Y) = g.

Proof. Assertion (i) holds since !(t,2,0,u) = ((t,7),0),t € R,z € R",u € U,
implying (4.4) for the corresponding projective flows. Assertions (ii), (iii), and (iv)
are a special case of Colonius and Santana [7, Proposition 9]. |

Applying Selgrade’s theorem, Theorem 2.7, to the linear control flow ®!, one
obtains the following results (cf. [7, Corollary 32, Remark 34]). They will be sharpened
below.
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THEOREM 4.3. Consider a linear control system of the form (1.1) on R™ and its
lift (4.1) to R™+L,
(i) The linear flow (Qyu,v(t,z)) on U x R™ defined by the linear part & = Ax of
(1.1) has the Selgrade decomposition

4
UXR" =PV, with V; =U x L(\i),

i=1

where L(\;) are the Lyapunov spaces of A for the Lyapunov exponents \;.
(ii) For the lifted flow ®' in (4.3), the Selgrade decomposition has the form

(4.6) UXR"™ =V @ @ VT OV, ®VX 0D BV

for some numbers £+ ,° >0 with {* +(° < ¢ and
VX =V, x 0=Ux L(\) x 0CU x RO e {1,... Fyu{et +00+1,...,¢0}.
(iii) The central Selgrade bundle V! satisfies

i=T 449
VINUXR"x0)= @ V°:=V and dimV} =1+ dim V°.
=0t +1

The indices i € {€T +1,..., 07 +(°} are the indices such that h' (U x L(\;)) =
UXxP(L(N\;) x{1}) CU x P™ is a chain transitive set.

(iv) If A is hyperbolic (i.e., specA N 1R = &), the central Selgrade bundle is the
line bundle

V! ={(u,—re(u,0),7r) €U x R" x RlucU,r €R},

(&

where e(u,t),t € R, is the unique bounded solution of (1.1) for w €U and the
projection ML =PV} satisfies ML C P!,

Theorem 4.3 implies the following consequences for chain control sets (cf. [7,
Theorem 35]).

COROLLARY 4.4. Consider a linear control system of the form (1.1) on R™.
(i) For the induced control system on the projective Poincaré sphere P", there
exists a unique chain control set E} with EX NP #£ . It is given by

E!={PzeP"|Fuecll: (u,Pz)e M}}.

Furthermore, E} contains P (L(0) x 0) and the image P (0,,1) of the north
pole (0,,1).
(ii) For the unique chain control set E in R™ of the linear control system (1.1),
the image P(E x {1}) in the projective Poincaré sphere P™ is contained in
(iii) If A is hyperbolic, then the chain control set E} equals P(E x {1}), it is a
compact subset of P, and, for every u €U, there is a unique element x € E
with p(t,z,u) € E for allt € R.

The next proposition identifies a subbundle occurring in assertion (iii) of Theo-
rem 4.3 (in Theorem 5.3, we will show that it is the only one). It is the bundle for
the center Lyapunov space of A, and it is convenient to denote it by Vo :=U x L(0).
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PROPOSITION 4.5. The inclusion V§° :==UxL(0) x 0 C V! holds.

Proof. Theorem 3.2 shows that the subspace L° = L(0) is chain transitive for the
flow 9. This implies by Proposition 4.2(iii) that P (L% x {1}) is chain transitive for
the projectivized flow P¢ on the compact space P". The set U is also compact and
chain transitive for the shift flow §. By Alongi and Nelson [1, Theorem 2.7.18], for
both flows, it suffices to consider chains with all jump times equal to 1. This implies
that h*(U x L(0)) =U x P(L(0) x {1}) is chain transitive since the restriction of the
flow P®! is a product flow, noting that the flow on P (L(0) x {1}) does not depend on
the element in Y. It follows that U x P (L(0) x 0) is also chain transitive, and hence,
PV§e C PVL. 0

In order to determine the chain control set E, we prepare the following results.

PROPOSITION 4.6. Assume that R™ = L™ ; hence, the homogeneous part & = Ax
1s asymptotically stable. Then, the following assertions hold. L
(i) The control set Dy containing 0 € R™ is compact and given by Dy =R(0).
(ii) The image P(Dg x {1}) on the projective Poincaré sphere is a compact control
set contained in P! for the induced system on P".
(iii) The set P(Dg x {1}) is chain controllable for the induced system on P™.
(iv) The set ACU x P™! defined by

(4.7)
A:={(u,P(z,1)) €U x P"|P(p(t,z,u),1) e P(Dg x {1}) for all te R}

is chain transitive for the control flow P®!.
(v) A is an attractor, and its complementary repeller is the set A* =U x P™°.
(vi) The set P(Dgy x {1}) CP™! is the unique chain control set in P™.

Proof.

(i) This follows by the characterization of the control set Dy in Corollary 2.17.

(i) This holds since, by Proposition 4.2(ii), the map h' is a conjugacy and Dy is
compact.

(iii) The set Dy is a control set with nonvoid interior relative to the controllability
subspace C. Since h! is a conjugacy, it follows that P(Dy x {1}) is a control set with
nonvoid interior for the system on P" restricted to P(C x {1}). Then, Kawan [10,
Proposition 1.24(ii)] implies that P(Dy x {1}) is contained in a chain control set of
the system restricted to P(C x {1}) and hence is contained in a chain control set of
the system on P™. It follows that P(Dg x {1}) is contained in a chain control set and
hence chain controllable.

(iv) By [10, Proposition 1.24(iv)], the lift of a chain control set is a chain tran-
sitive set for the control flow; hence, by (iii), the set A in (4.7) is chain tran-
sitive. Furthermore, A is an invariant compact subset of I/ x P™! for the flow
]P(ptl (u7 y) - (otuﬂ ]P)SDI (ta Y, u))

(v) Note that A* is also compact and invariant since P™? is invariant.

Claim: Every (u,y) € (U x P")\ (AU A*) satisfies w(u,y) C A and a(u,y) C A*.

According to Colonius and Kliemann [4, Lemma B.2.14], the disjoint compact
invariant sets A and A* form an attractor-repeller pair if and only if (a) (u,y) & A*
implies that {P®}(u,y)[t>0} NN # & for every neighborhood N of A and (b)
(u,y) & A implies that {P®](u,y)[t <0} NN # & for every neighborhood N of A*.
Since the limit sets are nonvoid in the compact space U x P", these conditions hold if
the claim is proved. Thus, assertion (v) will follow.

In order to prove the claim, let (u,y) € AU A*. Then, y can be written as
y=P(z,1), and, by linearity,
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oL (t, 2, 1,u) = (o(t,0,u) + ez, 1) = o (,0,1,u) 4+ @' (t, z,0,04).
Since etz — 0 for t — oo, it follows that
tlggo d(P®; (u,y),Po; (u,P(0,1))) = tlgglo d((Ou,Pe' (t,2,1,u)), (Bu, Pe*(£,0,1,u))
(4.8) =0.

By (i), it follows that ¢(¢,0,u) € R(0) C Dy for all ¢ > 0. Define u™ € U by
ut(t) == 0 for t < 0 and u™(¢) := u(t) for ¢ > 0. Then, (u*,P(0,1)) € A and
d(P®} (ut,P(0,1)),P®; (u,P(0,1))) — 0 for t — oco. Together with (4.8), this yields
d(P®} (u,y),A) — 0 for t — oo; hence, w(u,y) C A.

In order to prove that a(u,y) C A*, we may assume that P(z,1) & P(Dgy x 1).
It suffices to show that |¢(—t,z,u)| — oo for ¢ — co. Assume, by contradiction,
that p(—t;,x,u) remains bounded for a sequence t; — co. Write z; = ¢(—t;,z,u) and
u; =u(- —t;) for all i € N. Then,

x =t xiu;) = @(ti, 74,0) + o(t;,0,u;) = e a; + (ti, 0,u;).

Note that e’*4x; — 0 since A is asymptotically stable and {z;,i € N} is bounded.
Therefore, ¢(t;,0,u;) — x and x € R(0) = Dy, which is a contradiction.

(vi) A consequence of (iv), (v), and Theorem 2.3 is that the chain transitive sets
of P®! are either contained in I/ x P™? or coincide with the compact set A C U x P™1.
Thus, A is a maximal chain transitive set, and, by Theorem 2.15, P(Dgy x {1}) is a
chain control set. O

The following proposition for completely unstable systems is analogous.

PROPOSITION 4.7. Assume that R™ = L*; hence, the homogeneous part is com-
pletely unstable. Then, the following assertions hold.
(i) The control set Dy containing 0 € R™ is open and has compact closure satis-
fying Dy = C(0).
(ii) The image P(Dgo x {1}) is an open control set with compact closure

P(Dg x {1}) =P(Dg x {1}) c P™*

for the induced system on P™.
(iii) The set P (Do x {1}) is chain controllable for the induced system on P™.
(iv) The set A* CU x P™! defined by

A" ={(u,P(z,1)) €U x P" |P(¢(t,z,u),1) €P(Dgy x {1}) for allt e R}

is chain transitive for the control flow P®!.
(v) A* is a repeller, and its complementary attractor is A=U x P™0.
(vi) The set P(Dgy x {1}) CP™! is the unique chain control set in P™1.

Proof. This follows by time reversal from Proposition 4.6. Observe that, by time
reversal, closed control sets become open control sets and attractor-repeller pairs
exchange their roles. ]

Next, we combine the previous propositions to obtain the following main result
of this section.

THEOREM 4.8. The unique chain control set E in R™ of the linear control system
(1.1) is given by E = Do+ L°, where Dy is the control set containing 0 and L° is the
center Lyapunov space of A.
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Proof. Along with control system (1.1) on R™, consider the induced control sys-
tems on L~ and on LT, which are described in Lemma 2.18. By Corollary 2.17 and
Lemma 2.18(i) and (ii), the control set Dy can be written as Dg = D~ @ (L°NC)® D™,
where D~ C L~ is the control set containing 0 of system (2.11) and Dt C LT is the
control set containing 0 of system (2.12).

By Proposition 4.6(vi), the unique chain control set in P ! is the compact set
P(D~ x {1}). This implies that D~ is the chain control set in L~. Since distances
are decreased under the map 7, the chain control set F in R" satisfies 7~ E C D—;
hence, EC D~ @ L° @ L*. By Lemma 2.18, 7~ R(0) = D~. It follows that

1

Ecr RO)OL LT,

Analogously, one shows that the chain control set £ in R is contained in L @ L° @
7+C(0). Using Theorem 2.16(iii), it follows that E is contained in

(rR(O) DL L+) N (L’ ® L° 697T+C(0)) =7 R(0) ® L° @ 7+ C(0) = Dy + L°.

Since, by Proposition 3.5, Dy + L is chain controllable equality holds. 0

Remark 4.9. The arguments above provide an alternative proof of the claim that
F is the unique chain control set in R”.

The following corollary to Theorem 4.8 presents another description of the chain
control set.

COROLLARY 4.10. For the linear control system (1.1), the chain control set E is
E=(CONLNHYa L e RO)NL)=(CO)NLT )DL’ o (R(0)NL™).

Proof. Corollary 2.17 implies that

E=Do+L°= (C(O) mL+) @ L°® (R(0)N L).

By Proposition 3.5, the chain reachable set R¢(0) contains L+ & L° and the chain
controllable set C¢(0) contains L @ L~. Then, decomposition (2.10) shows that

R(0)=LT®L"® (R°(0)NL™) and C*(0)=(C°(0)NLY ) L°® L.
Combining this with Theorem 2.14, one finds that

E=C%0)NR0)=(C(0)NL7 )L’ @ (R*(0)NL™). 0

Comparing this to the characterization of the control set Dy in Corollary 2.17,
one sees that the difference between the control set Dy and the chain control set F is
that Dy contains the summand L° NC, while, for E, the whole center subspace L° is
a summand and the closure of C(0) N L* is taken.

5. The system on the Poincaré sphere. In this section, we deduce a formula
for the central Selgrade bundle and show that the chain control set on the Poincaré
sphere coincides with the closure of the image of the chain control set on R™.

By Theorem 4.3, we know that the central Selgrade bundle V! for (1.1) is the
unique Selgrade bundle not contained in U x R"*1:0; cf. (4.2). The projection
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ML =PVl c U x P" is the unique chain recurrent component of P®! with ML N
(Z/{ X ]Pm’l) # @&. Furthermore,

El={peP"|Bucl: (u,p) e M}

is the unique chain control set not contained in the equator P™° of the Poincaré sphere
P", i.e., having nonvoid intersection with P™1.

We will exploit the decomposition of R™ into the hyperbolic part L™ @ L™ and
L°. Fixing a basis, we identify the subspace L™ @ L~ with R"" where n” = dim(L* &
L7). The corresponding Poincaré sphere is P*". The next proposition provides basic
information on the behavior of the induced control system (2.13) on LT & L.

PROPOSITION 5.1.

(i) The chain control set E" for the induced control system (2.13) on LT & L~
is compact, and E" = Dl, where Db =rhDy is the control set containing 0.

(i) There exists a unique chain control set E" having nonvoid intersection with
pril for the induced control system on P It is a compact subset of prL
and coincides with P(E" x {1}) =P (D} x {1}).

(iii) Consider the flows P® onU xP™ and PO™' on U x P"" . The chain recurrent
components ML =PV} and MM =PV with MLNP™! £ @ and MBI N
pr’1 # @ are the lifts £} and EM of the chain control sets E} and EM1,
respectively.

(iv) The central Selgrade bundle for the flow ®** on U x (L* @ L™) x R is the
line bundle

yhl :{(u,—re(u,()),r)eu x R™" xR|u€Z/I,r€R},

where e(u,t),t € R, is the unique bounded solution of (2.13) for u € U, and

the projection satisfies Mt =PV C pr'L,
Proof. Assertion (i) follows from the characterization of the chain control set in
Theorem 4.8 using that A" is hyperbolic and by Lemma 2.18(iii). Assertion (iii) fol-
lows by (i) and Corollary 4.4(iii). Furthermore, (iii) holds since the lifts of chain

control sets are chain recurrent components by Theorem 2.15, and (iv) holds by
Theorem 4.3(iv). d

Define a map of the projective Poincaré spheres by
(5.1) PP P P(P(z,r)) :=P(r"2,r) for (0,0) # (z,r) ER™ x R.

PROPOSITION 5.2.
(i) The chain control sets E} and E™' of the induced control systems on the
h
Poincaré spheres P and P™ | respectively, satisfy

P(E})C El' =P (E" x {1}) =P (D} x {1}).

(ii) The central Selgrade bundles V} and V' of the flow ®' on U x R™ x R and
the flow ®"! on U x (LT @ L™) x R, respectively, satisfy

VEc{(u,z,r) €U x R" x R|(u,7rh:c,7") eVl
Proof.

(i) The map R* xR — (Lt @ L) xR: (z,7) := Gz, 7) is a projection decreas-
ing the norm; hence, the map P decreases the distance. Thus, controlled
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(e,T)-chains in P™ are mapped to controlled (e,T)-chains in P"h’, showing
that the image P(E}) is contained in a chain control set. Since ELNP™! # &,
it follows that this chain control set has nonvoid intersection with P"-1 and
hence coincides with E™!. The equalities hold by Proposition 5.1(ii).

(ii) This follows from (i) and Proposition 5.1(iii). ad

The following theorem characterizes the central Selgrade bundle V! and, equiv-
alently, the chain control set E! on the projective Poincaré sphere P". Recall that
V1 is the central Selgrade bundle of the hyperbolic part and V§° =U x L° x 0 with
the center Lyapunov space L° = L(0).

THEOREM 5.3.
(i) The central Selgrade bundle V! of the control flow ®* on UxR™ xR associated
with control system (1.1) is given by

(5.2)
V! sz’l@V(‘)’O:{(u,—re(uﬁ)—i—x,r) eUxR" ><}R|u€Z/I,ac€L07r6R}7

where e(u,t),t € R is the unique bounded solution for u of the induced system
(2.13) on Lt @ L~. The dimension is dim V! =1+ dim LY.
(ii) The chain control set E} on the Poincaré sphere P™ is given by

E' ={P(—e(u,0) +v,1) [ucld,ve LV}

Proof. Assertion (ii) is a consequence of (i). The second equality in (i) holds
since, by Proposition 5.1(iv), the central Selgrade bundle V! of the hyperbolic part
is

phl — {(u,—re(u,O),r) cU xR xR\uEU,rER}.

It remains to prove the first equality in (i).
Step 1. We claim that

% :sz’l@Vgoz{(u,—Te(u,O)—Fx,r) ceU x R” xR|u€Z/{,J;€LO,r€]R}

defines a subbundle. This holds if it is closed and the fibers are linear with constant
dimension; cf. Colonius and Kliemann [4, Lemma B.1.13]. In fact, consider for u € U
the fiber

Vo={(-re(u,0)+z,7r) ER" xR |z L’ reR},

and let (—r;e(u,0) 4+ x;,r;) € V. for i=1,2. Then, for all o, €R,

a(—rie(u,0) + x1,71) + B(—r2e(u,0) + 22, 79)
= (—(ary + Bra)e(u,0) + (axy + Br2),ary + Bra) € V.

The dimension is dim V! = 1 + dim L. Furthermore, if (ug, —7e(ug,0) + zg, %) —
(v,y,r) for k — oo, it follows that ux — u and rp — . Then (cf. Colonius and Santana
[6, Theorem 2.5 and proof of Theorem 3.1]), it follows that the unique bounded
solutions at time ¢ =0 given by e(ug,0) converge to e(u,0); hence, —rie(ug,0)+zx —
re(u,0)+z for an element = € LY. This shows that (v,y,r) = (u, —re(u,0)+z,7) € V/,
and hence, V' is a subbundle.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



2408 F. COLONIUS, A. J. SANTANA, AND E. C. VISCOVINI

Step 2. The subbundles satisfy V! C V.
Write # = 7z + 7% for z € R®. By Proposition 5.2(ii), every (u,z,r) € V}
satisfies

(u, "z, r) e Yt = {(u,—re(u,0),r) €U x (LY ®L™) xRluelU,reR},
implying that (u,z,r) = (u, 7"z + 792, 7r) = (u, —re(u,0) + 70z,7) € V.
Step 3. Also, the converse inclusion V' C V! holds; hence, V' = V!
For the proof, let (u,y,r) € V' = V"1@V§°. Observe first that, by Proposition 4.5,
the inclusion V§° C V! holds. If

Vil = {(u, —re(u,0),r) eU x R" x R|r € R}
(5.3) C {(u,whx,r) eU x R™ x R|(u,x,r) evl} =7yl

the assertion follows since, by linearity, this implies that

(u,y,7) = (u, 7"y + 7%y, r) e V1 @ Ve c n"V @ Vg c VL.
Inclusion (5.3) is equivalent to
(5.4) MEYC{(u, P (x2, 1)) €U x P |(u,P (z,7)) €M, } .

By Proposition 5.1(iii), the chain transitive components M"! and M} are the lifts

EML and &} of the chain control sets E™! and E!, respectively. Thus, (5.4) is, with
h

P:P*" —P" defined by (5.1), equivalent to

(5.5) EM C P(E})={P(x"2,1) [P(z,1) €E} }.

For the proof of inclusion (5.5), recall that, by Corollary 4.4(iii), B! =P(E" x {1}),
and by Proposition 5.1(i), the chain control set E” and the control sets D(}} and Dy
are related by

E" =D, and 7" (Dy) = DJ; hence, E" = 7h(Dy).

It follows that

(5.6) BN =B x (1)) = P(x" (Do) x {1}).

The points in (intDg) x {1} C R™ x R are controllable to each other. Hence, the same
is true for the points in P ((intDg) x {1}) C P, and it follows that P (Do x {1}) C E};
thus, = € Dy implies that P(z,1) € E}. This shows that

P(r" (D) x {1}) = {P(x"2,1) |z € Dy } C {P(z"x,1)|P(z,1) € E, }.
Taking closures and using (5.6), inclusion (5.5) follows. This concludes the proof of

Theorem 5.3. O

Finally, we compare the image P(E X {1}) of the chain control set in R™ and the
chain control set E! on the Poincaré sphere on P".

COROLLARY 5.4. The chain control set E} on the Poincaré sphere coincides with
the closure of the image of the chain control set E in R", E! =P(E x {1}).
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Proof. By Corollary 4.4(ii), we already know that P(E x {1}) C E}. Since chain
control sets are closed, it only remains to prove the converse inclusion. First, we show
that the unique bounded solution of (2.13) for control u € U satisfies e(u,-) C E”,
where E" is the chain control set of (2.13). Consider the set

{y eR" |3tk —00: goh(tk,e(u,OLu) =e(u,ty) —>y}7

where " (t,2,u),t € R denotes the solution of (2.13). This set is nonvoid since e(u,-)
is bounded and, as an w-limit set, it is contained in a chain control set and hence in
E". Analogously,

@ #{yeR™ |3t — —oco: ©" (tr, e(u,0),u) —y}C E",

It follows that e(u,t),t € R, is contained in E". By Corollary 2.17, we know, for the
control sets Dy C R™ and D! C Lt @ L~ containing the origin, that

Do =R(0) N C(0) and D! =R(0) N C"(0).

By Lemma 2.18(ii), R(0) ¢ R"(0) + L° and hence, R(0) + L° = R"(0) + L°.
Analogously, it follows that C(0) + L% = C"(0) + L°, and hence,

Do+ L°= (R(O) N C(O)) +I0= (Rh(O) + LO) N (C"(0) + L°) = Dh + L.
By Theorem 4.8, the chain control sets are £ = Do+ L° and E" = Fg, and we obtain
E=Dy+L°=D} +L°=E" + L".

By Theorem 5.3(ii), it follows that

E} =P{(—e(u,0) +z, 1) [ucU,z € LO}y CP{(Eh + L) x {1}} =P (E x {1}).
This concludes the proof of the corollary. 0

6. Examples. In this section, we present two examples illustrating the results
above. In the first example, the matrix A is nonhyperbolic and the controllability
subspace is a proper subspace.

Example 6.1. Consider the two-dimensional system

(§>:<8 01)(;>+((1))U(t),u(t)e[—1,1].

The controllability subspace is C =Im[B, AB] =0 x R. The control set Dy containing
0 € R? is given by Dy =0 x [~1,1] € C =0 x R with nonvoid interior in C. The center
subspace of A is LY = L(0) =R x 0, and, by Theorem 4.8, the chain control set is

E=Dy+L°=(0x[-1,1])+ (R x0) =R x [~1,1].
Consider the subbundles Vo =U x L(0) =U x (R x 0) and (cf. Proposition 5.1(iv))
Vil = {(u, —re(u,0),r) EU x Rx Rlu €U,r €R},

where e(u,t),t € R, is the unique bounded solution for u € U of the hyperbolic part.
By Theorem 5.3(i), the central Selgrade bundle is

V=V o Ve = {(u, —re(u,0) + 2,0,7) jucU,z €R,r €R}.
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A little computation shows that the unique bounded solution of §(t) = —y(t) + u(¢) is

(6.1) e(u,t) = /t e t=y(s)ds, t € R.

— 00

Thus, it follows that

0
V= { <u,x, —r/ esu(s)ds,r>

Corollary 5.4 shows that the chain control set E! on the projective Poincaré sphere is

ueu,meR,reR}cuxR2.

El!=P(Ex {1})=P([R x [-1,1] x {1}) C P2,

The next example is controllable, and the matrix A is hyperbolic.

Ezxample 6.2. Consider, with hyperbolic matrix A, the system given by

6.2) (gy”):((l) 01)(5)—&—(1)u(t),u(t)e[—1,1].

The controllability subspace is C = R?, and inspection of the phase portrait shows
that the control set is Dy = (—1,1) x [—1,1].
By Theorem 4.8, the chain control set is
E=Dg+L°=Dg=[-1,1] x [-1,1].
By Theorem 5.3, the central Selgrade bundle is
yl=yhl = {(u, —re(u,0),r) |as el re R} CcU x R?,
where e(u,t),t € R is the bounded solution of (6.2) for u € 4. The bounded solution

of y(t) = —y(t) + u(t) is given by (6.1). The bounded solution of @(t) = z(t) + u(¢) is
xp(t) :=— f:oto e su(—s)ds,t € R. Thus,

Ve = { (W /_ OOO e’u(—=s)ds,—r /_ OOO esu(s)ds,r>

Corollary 5.4 shows that the chain control set E! on the projective Poincaré sphere is
0 0
El = {]P’ </ esu(—s)ds,—/ esu(s)ds,l)
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