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THE WILLMORE FLOW OF TORI OF REVOLUTION

ANNA DALL’ACQUA, MARIUS MULLER, REINER SCHATZLE AND ADRIAN SPENER

We study long-time existence and asymptotic behavior for the L?-gradient flow of the Willmore energy,
under the condition that the initial datum is a torus of revolution. We show that if an initial datum has
Willmore energy below 8 then the solution of the Willmore flow converges for t — oo to the Clifford
torus, possibly rescaled and translated. The energy threshold of 87 turns out to be optimal for such a con-
vergence result. We give an application to the conformally constrained Willmore minimization problem.

1. Introduction

Let f : & — R3 be a smooth immersion of a two-dimensional manifold without boundary. Its Willmore
energy is

win =} [ an (-1

where H denotes the mean curvature vector and du the induced Riemannian measure. Its critical points
are called Willmore immersions and satisfy

AH+ Q(A)H =0, (1-2)

where A denotes the Laplace—Beltrami operator, A is the trace-free second fundamental form and Q

1s quadratlc in A (see (2-3)). If f(X) is orientable (or two-sided, which is equivalent in R3) then

= (k1 + /cz)N with k1, k7 the principal curvatures of f(X) and N a smooth normal vector field. The
-gradlent flow of the Willmore functional with given initial datum fj, a smooth immersion, is

0 f=—(AH+ Q(A)H), (1-3)

with f(¢ = 0) = fo. This fourth-order quasilinear geometric evolution equation has been extensively
studied in [Kuwert and Schitzle 2001; 2002], where a blow-up criterion is formulated. With the aid of this
criterion the same authors proved in [Kuwert and Schitzle 2004] long-time existence and convergence for
the flow of spherical immersions under the assumption that the initial immersion f : S — R satisfies
W(fo) < 8m. The energy threshold of 87 is shown to be sharp in [Blatt 2009] for the convergence of
spherical immersions.

In the classical work [Mayer and Simonett 2002] the Willmore flow is studied numerically, not only
for spheres but also for surfaces of different genus, such as tori. See also [Barrett et al. 2019] for other
numerical examples. In [Mayer and Simonett 2002, Section 8.1] it is stated that the flow converges for
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all tori that the authors looked at, which was astounding as this behavior differs fundamentally from the
surface diffusion flow, where the hole of all initial tori seems to close and the curvature blows up; see
[Mayer 2001; Barrett et al. 2019]. Our goal is to understand analytically what happens to tori along the
Willmore flow. In this article we only look at the special case of tori of revolution.

Definition 1.1. In the sequel we identify S' = R/Z and set H? := R x (0, 00). We call an immersion
f:S'xS' — R? a torus of revolution if there exists an immersed curve y € C*(S', H?), y =(y D, y@),

such that
v @)
fu,v)= | y@Pu)cos@rv) | . (1-4)
y(z) (u) sin(2mv)

We call y profile curve and we will frequently denote f as in (1-4) by F,,.

An essential element in our argument is that the property of being a torus of revolution is preserved
along the Willmore flow. Hence the evolution by Willmore flow can also be regarded as a time evolution
of the profile curves. In the arguments to come we will take advantage of an interplay between the
revolution symmetry and the blow-up-criterion developed in [Kuwert and Schitzle 2001; 2002]. With
this technique we have identified a geometric quantity whose boundedness ensures convergence. This
quantity is the hyperbolic length of the profile curves given by

Ly (y) :=/ 'V@de’ y € C®(S', R x (0, 00)).
st Y9 (x)

Strikingly, the hyperbolic geometry of the curve evolution is decisive for the convergence behavior.

We recall that the hyperbolic plane H? = R x (0, 0o) is endowed with the metric g, y) = y~2dx dy.
Now we can state our main convergence criterion:

Theorem 1.2. Let £ : [0, T) x S! x S' — R3 be a maximal evolution by Willmore flow such that f(0) is
a torus of revolution. Then f (t) is a torus of revolution for all t € [0, T'). Suppose that (y (t)):e[0.T) IS a
collection of profile curves of f(t). If

lim inf Ly (y (1)) < 00, (1-5)
t—

then T = oo and the Willmore flow converges (up to reparametrizations) in C* for all k to a Willmore
torus of revolution fuo.

We remark that the concept of C*-convergence that we impose is a geometric one; see Appendix C
(Definition C.7) for details. From now on, the term C¥-convergence is understood up to reparametrizations
as in Definition C.7.

That the hyperbolic geometry of the profile curve plays a role is not surprising — there is an interesting
correspondence between the Willmore energy of tori of revolution and the hyperbolic elastic energy of
curves, observed in [Langer and Singer 1984a]. With this correspondence one can for example show the
Willmore conjecture for tori of revolution; see [Langer and Singer 1984b]. Other applications of this
relationship include [Dall’ Acqua et al. 2008; Mandel 2018]. To the authors’ knowledge, this is the first
time that this correspondence is used in a problem depending on time.
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The main question now is to identify which initial data generate evolutions with bounded hyperbolic
length. It turns out that the same energy threshold of 87 needed for spherical immersions (see [Kuwert
and Schitzle 2004]) is needed in the case of tori of revolution.

Theorem 1.3. Let fy : S' x S! — R3 be a torus of revolution satisfying W(fy) < 8m. Let f :
[0, T) x (S' x S') — R3 evolve by the Willmore flow with initial datum fy. Then T = oo and f converges
in C* for all k € N to the Clifford torus, possibly rescaled and translated in the direction (1,0, 0).

Here the Clifford torus is the surface of revolution given by
(u, v) — (\/iE sin2rru), (1+ \/LE cos(2mu)) cos(2mv), (1+ % cos(2u)) sin(2nv)). (1-6)

Notice that it is not important which parametrization we choose since C*-convergence is a geometric
concept. The Clifford torus arises from stereographic projection of the minimal surface %fz (S'xSH S
From the solution [Marques and Neves 2014] of the famous Willmore conjecture we know that the Clifford
torus is the global minimum of the Willmore energy among tori in R? and the unique minimum modulo
smooth conformal transformations (of R?) and reparametrizations. Our method relies on a gap theorem
for Willmore tori of revolution, which is a consequence of [Miiller and Spener 2020]; see Proposition 2.4.
This relates to the findings in [Mondino and Nguyen 2014].

The convergence result in Theorem 1.3 holds up to surprisingly little invariances. It is often ex-
pected that such convergence results can only be shown up to invariances of the Willmore energy, i.e.,
reparametrizations and conformal transformations. The fact that we do not have to apply conformal
transformations along the flow to achieve convergence is explained by the use of a Lojasiewicz—Simon
gradient inequality. This inequality is a purely analytical tool, so the invariances will not play a role. For
the limit immersion, we can rule out all conformal transformations that break the rotational symmetry
and even more — symmetry-preserving Mobius inversions can also be ruled out due to the fact that they
are not invariances of the Willmore flow equation. What remains is just scaling and translation in the
direction (1, 0, 0). This is not surprising since both transformations preserve the symmetry we consider
and also preserve solutions of the Willmore flow equation, possibly rescaling appropriately in time.

We also prove that the energy threshold of 87 is sharp by constructing explicit nonconvergent evolutions
with initial data fy satisfying W( fp) > 8m. There are multiple reasons why this number could be a
universal threshold for any genus. The most striking is the inequality of Li and Yau that shows that
immersions of Willmore energy below 87 are embeddings; see [Li and Yau 1982, Theorem 6]. Another
property is that the metric of tori of energy < 8w — 4, § > 0, is uniformly controlled up to Mdbius
transformations and reparametrizations; see [Schitzle 2013, Theorem 1.1] for details. As pointed
out in [Simon 1993, p. 282; Kuwert et al. 2010], there exist surfaces of arbitrary genus with energy
below 8.

As already announced, we also show optimality of the energy bound of 8.

Theorem 1.4. For any & > 0 there exists a torus of revolution fo:S' x S' — R> such that W( fo) < 8w +¢
and the maximal Willmore flow (f(t)):c0,1) develops a singularity (in finite or infinite time). More
precisely, one of the following phenomena occurs:
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(1) (Concentration of curvature) The second fundamental form (|| A(t)|| L (s))ief0,1) is unbounded. This
singularity can occur in finite or infinite time.

(2) (Diameter blow-up in infinite time) T = oo and 1im;_, o, diam(f(¢))(S' x S') = co.
In both cases the Willmore flow cannot converge in C>.

The singular behavior as described in Theorem 1.4 will actually occur for each initial immersion F),,
as in Definition 1.1, with y a curve of vanishing total curvature; see (3-20). This gives a class of singular
examples for the Willmore flow. The total curvature also plays a significant role in earlier constructions
of singular examples; see [Blatt 2009] for ¥ = S2.

As a consequence of our main result we are able to show that each rectangular conformal class contains
a torus of revolution of energy below 8. This result has far-reaching consequences for the minimization
of the Willmore energy with fixed conformal class, studied for example in [Kuwert and Schitzle 2013].
In this article the authors show that minimizers in a given conformal class exist under the condition that
the class contains an element of Willmore energy below 8. By our result this condition is satisfied for
every rectangular conformal class.

This paper is organized as follows. In Section 2 we fix the notation and collect some useful facts on
elastic curves in the hyperbolic plane and on tori of revolution. Section 3 exploits the consequences of
the initial datum being a torus of revolution for the symmetry properties of the evolution, for the possible
singularities and the limit. It also contains the proofs of the main results and of the optimality results. In
the last section we give the application on existence of tori of revolution with energy below 87 in each
conformal class. Some useful results on smooth convergence (see Definition 2.1 below) and the Willmore
flow are collected in the Appendix.

2. Geometric preliminaries

2.1. Notation. We first recall some basic definitions from differential geometry. Let X be a two-
dimensional smooth manifold and f : ¥ — R” be a smooth immersion. In this paper all manifolds are
assumed to have no boundary. If we talk about tori of revolution, we need to impose the restriction that
n = 3, but we will also discuss some results on the Willmore flow that remain valid in any codimension,
i.e., for all n > 3. Let g be the induced Riemannian metric and V the Levi-Civita connection on X,
and denote the set of smooth vector fields on X by V(X). For X € V(X) and & € C*° (X2, R") we define
Dxh € C*°(Z,R") as

n n
Dxh = Z X (h;)é;, whenever h = Zhiéi € C®(M; R,
i=1 i=1

and {¢}, ,, €3, ..., €,} is the canonical basis of R" (see also Appendix B). The second fundamental form
of Xis A: V(X)) x V(X) — C®(XZ, R"), given by

A(X,Y) := Dx(Dy f) — Dvyy f. (2-1)
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We remark that for all p € ¥ onehas A,(X,Y) ed fp(TpE)l; we say it takes values in the normal bundle.
Moreover A, (X, Y) only depends on X (p),Y (p). Its trace-free part A is given by

AX,Y) = AX,Y) = Jg(X, )H,
where the mean curvature vector H is the trace of the bilinear form (2-1) and can be computed by
H(p) = Aler, e1) + Alez, €2),

with {e1, e>} being an orthonormal basis of 7, X. Similarly (see Appendix A for details) we have
2
AP =) " (Alei. ¢)). Alei, ).
i,j=1
With these definitions we may introduce the Willmore flow of a smooth immersion fp: ¥ — R". We
say that a smooth family of smooth immersions f : [0, T) x ¥ — R", where T > 0, evolves by the
Willmore flow with initial datum fy if f satisfies

& f=—(AH+Q(A)H) in(0,T)xX, (2-2)

with f(t =0) = fy. Here, A denotes the normal Laplacian, i.e., for an orthonormal basis {eq, e} that is
a basis of T, X with respect to f(z,-)*gr» one has

2
AH =Y (VY H(ei, er),
i=1
where V%Y = (Dyx Y)L (see (B-2), (B-3) for details). With the same notation as above, the quadratic
operator Q is given by
- 2 -
(QUAH)(t, p) =) _(A(ei, ¢)), HimnAlei, ¢)). (2-3)
i,j=1
Since (2-2) is well-posed for smooth initial immersions fy (see [Kuwert and Schitzle 2002, Proposi-
tion 1.1]) we will always assume that the evolution is maximal, i.e., nonextendable in the class of smooth
immersions.
To study the behavior of f () as t — T we use the following notion of smooth convergence on compact
sets from [Kuwert and Schitzle 2001, Theorem 4.2]; see also [Breuning 2015] and Appendix C.

Definition 2.1 (Smooth convergence of immersions). Let ¥ and S be smooth two-dimensional manifolds
and ( fj)]?’il X — R" and f : 3 — R" be smooth immersions. Define

Sm):={peT:|f(p)l<m}), meN. (2-4)

We say that f; converges to f smoothly on compact subsets of R" if for each j € N there exists a
diffeomorphism ¢; : /E\(j) — U; for some open U; C X, and a normal vector field u; € COO(/E\(j), R™)
satisfying

fiogj=f+u; onZ()), (2-5)
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as well as ||(@L)kuj ||Loo(§(j)) — 0 as j — oo for all k € Ny. Here V is the Levi-Civita connection on
(f, g f) and (@L)ku ; is defined as in Appendix B. Additionally, we require that for each R > 0 there
exists j(R) € N such that j > j(R) implies that fj_l(BR(O)) c U;.

We exploit a fundamental correspondence between the Willmore energy of tori and the elastic energy
of curves in the hyperbolic plane already used in several works since its observation in [Langer and Singer
1984a].

2.2. Curves in the hyperbolic plane. We consider the hyperbolic half-plane H* ={(x", x®) eRx (0, 00)}
endowed with the metric
1

g(v,w) = (v, wre, V,WE TZIH]2,

Z

and define |v|; = /g2 (v, v), v € T,H?. For a smooth immersed curve y = (1, y@) in H?, y €
C>°(S', H?), the length is as in the Introduction given by

1 ’ 1
(WOl i
Lip(y) ._/0 —y(z)(x) dx _fo ds, (2-6)

where ds = |0,y |2 dx denotes the arc length parameter, and the derivative with respect to x is abbreviated
with the prime. As usual, d; = 9, /|9,y |2 denotes the arc length derivative. The curvature vector field
of y is given by

02y — 2/y @)y o,y @ ) @7

Klyl=Vsdsy = (afy@ + (/D) (@ y D)2 — 3,y @)?)

as an element of TZ[I-I]2 [Dall’ Acqua and Spener 2017, (12)]. Here V, denotes the covariant derivative
along y with respect to the Levi-Civita connection on H?. We write k = «[y] if the curve is clear from
the context. The elastic energy £ of y is then defined to be

£ i= [ s,
Y

Its critical points are called free hyperbolic elastica and satisfy
(VSL)ZK + %|K|%|_H2K —k =0,

where Vﬁn = Vsn — (Vsn, 05 )2 0ds ¥ 1s the covariant derivative on the normal bundle of y.
We collect some results connecting the length and the elastic energy of smooth closed curves in the
hyperbolic plane.

Theorem 2.2 [Miiller and Spener 2020, Theorem 5.3]. For each € > O there exists c(¢) > 0 such that

W)
Lyp(y) = c®)

for all immersed and closed curves y € C®(S', H?) such that £(y) < 16 — .




THE WILLMORE FLOW OF TORI OF REVOLUTION 3085

Note that the energy threshold of 16 is sharp for this result; see [Miiller and Spener 2020].
We also fix the notion of the Euclidean length of the curve y : S! — H?> c R?, which is given by
Lg2(y). We also consider the Euclidean curvature of y : S' — R?, which we will denote by
1 dy
ly'l dt |y’

and the Euclidean scalar curvature koo [y]:= (1/]y'1>)(y”, n)ge. To finish this section we discuss some

Eeuc[y] =

relations between Euclidean and hyperbolic length.

Lemma 2.3. Let y € C*°(S!,H?) and a, b € [0, 1]. Then

)/(2) (b)e—EHQ(V) < )/(2) (a) < )/(2) (b)eﬁwz(y) (2-8)
and
L2 (y)
Lip(y) = ﬁ (2-9)
S

Proof. For y, a, b as in the statement, we find by (2-6)

b1, @)y
Loz [ L 4z flogy @) - ogy ¥ @l
a 14

and therefore log y @ (b) — Lip(y) < logy®(a) < logy @ (b) + Ly (y). Taking exponentials (2-8)
follows. For (2-9) we simply estimate

ly'(u)] 1 / / L2 (y)
L = du>— dy = 227 O
m®) /Sl i u > supe 70 Jo |y (w)| du —e

2.3. Tori of revolution in R3. Here we collect some basic facts about tori of revolution. More precisely

we express some geometric quantities associated to tori of revolution using only their profile curves. If
F,: S' x S! — R? is chosen as in Definition 1.1 we can compute the first fundamental form with respect
to the local coordinates (#, v) of S! x S'. This yields the associated surface measure on the Riemannian
manifold (S! x S', g = F)gg3) given by

dig =21y P W)|y (u)|ge du dv. (2-10)

As we have already announced, the Willmore energy of F, can also be expressed only in terms of y
using the fundamental relationship
W(Fy) =5EW); (2-11)

see [Langer and Singer 1984a; Dall’Acqua and Spener 2018, Theorem 4.1]. Moreover, let k¥ be the
hyperbolic curvature vector field of y in H?. Then

—((V;D%k + ATk — ke, n)ye = 2(y )Y (AH +2H (3 H? — K)), (2-12)

where n = (—9,y?, 8,yV) is the normal vector field along y (see [Dall’Acqua and Spener 2018,
Theorem 4.1]). In particular, F,, is a Willmore torus of revolution if and only if y is a hyperbolic elastica.
In Appendix A we discuss the relationship between (2-12) and (1-2).
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An immediate consequence of [Miiller and Spener 2020, Proposition 6.5] (that builds on findings in
[Langer and Singer 1984b]) is the following.

Proposition 2.4 (A gap theorem for Willmore tori of revolution). Let f : S! x S' — R? be a Willmore
torus of revolution that satisfies W(f) < 8m. Then f is, up to reparametrization, the Clifford torus
possibly rescaled and translated in the direction (1, 0, 0) T

Proof. Let f = F, be as in the statement with profile curve y € C ®(S!, H?). From (2-12) we know
that y is a hyperbolic elastica. From (2-11) we can conclude that £(y) < 16. By [Miiller and Spener
2020, Proposition 6.5] we obtain that y has to coincide (up to reparametrization) with the profile curve of
the Clifford torus up to isometries of H?. This however implies that f is, up to reparametrization, the
Clifford torus possibly rescaled and translated in the direction (1, 0, 0). O

Another important quantity for our discussion is the second fundamental form A[F), ], which we will
also express in terms of y. A property which we will later make extensive use of is the fact that for a
torus of revolution f = F,,, |A[F},]|2 € C*®(S! x S!) is a function that depends only on u (a parameter
that describes the profile curve) and not on v (a parameter that describes the revolution). This is the
reason why curvature concentration is “passed along” the revolution. We will describe this more precisely
in Section 3.4. For this section it is enough to observe by a direct computation (see [Dall’ Acqua and
Spener 2018, p. 118]) that with respect to the normal Ng, = 0y F)y x 0y F)) /|0y F) x 9y F) | the principal
curvatures are given by

DY ()
Iy’ )y @ w)’

With this at hand, one can derive a useful bound for the length of the profile curve in terms of surface

k1[Fy](u, v) = —keucly](w) and wo[F)](u, v) =

quantities.

Lemma 2.5. Suppose that f = F), : S' x S' — R3 is a torus of revolution with profile curve y. Then
Lre(y) < g, (S x SHPW(H'2.

Proof. We may without loss of generality assume that y is parametrized with constant velocity, i.e.,
ly'| = Lg2(y) =: L. Recall from Appendix A that H (u, v) = (k1 (u, v) + k2(u, v)) N s (u, v), where

(r®) ()
Ve — (MY (u) cos2mv) with u, v € S'.
20\ Z( 0y W) sin@rv)

Nf(u, v) =
We show next that
—2L = / H-e3dug, . (2-13)
S!'x[0,1/2]

Plugging in the quantities characterized in this section and using

GO+ @)?=L* and DYDY+ @) P) =0
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we obtain
_ 1/2
/ H-e3dpg, =27 f f (1 (u, v) 2 (1, V) (N (u, v)-€3) |y @)y () dv du
S1x[0,1/2] '

1/2 M
=27 /f (_Keuc[y](u)+(y (2))(( )))[_(y(l))/(u) sin(27rv)]y(2)(u) dv du

(DN (1, )N (1, @IN7 (4, (1) 1)y
— cos(2nv)]1/2/ ((V )"y )L3(y ) )>(y(1)),y(2)du
0

Ly®
——2— / (DY DYDY =) ¢ D)y® du— f (r™") du
] R A R S VR T DR
N (y(Z))//L2y(2) du——/ (V(l))lz dl/t
L3./(; L Jo

2 ! 2 !
— 2 /2d _“ (1) /2d

L/O(y) ML/O(V) u,

where we have used integration by parts in the last step. Adding up the integrands and once again using

(yDY? 4+ (yP)? = L?, we obtain (2-13). From (2-13) and the Cauchy—Schwarz inequality we also
conclude

2L < / |H|dpg, < 2W(F)2pg, (ST x SH2. 0
S!xS!
A quantity which we will also study is the diameter.
Lemma 2.6. Let f =F), : S' x S' — R? be a torus of revolution with profile curve y. Then,
diam(Fy (S' x S1) < 3La (1) + 20y @ [ 1~

Proof. Let (u,v), (u',v') €S' xS! and f = F, be as in the statement. Without loss of generality we
can assume that y @ (1) < y@ (u’). We start proving

|f(u,v) — £, V)] < Ny @) — y @) 42y P @)y/1 — cos (v — v')).

First observe that | f (u, v) — f (', V)| < | f W', v") — f(u, V)| +|f (u, v') — f(u, v)|. Using the definition
of the Euclidean distance we find | f (u/, v') — f(u, v')| = |y (u) — y (u’)|. Similarly,

.0 = f ., v)| =y P )y (cos@mv) — cosrv))? + (sin(Q2rv) — sinmv'))?
=yP )2 —2cosr (v —v)).

Both computations imply the desired estimate, and the asserted diameter bound follows immediately. [
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3. The Willmore flow of tori of revolution

In this section we understand the interplay between the rotational symmetry and the curvature con-
centration criterion, which is able to detect singularities of the Willmore flow. This gives us a better
understanding of the singularities that can arise in our symmetric setting. We will then prove the main
theorems by excluding those singularities in certain circumstances.

3.1. Singularities of the Willmore flow. In this section we summarize what singularities of the Willmore
flow look like. The following result summarizes a list of results that have been obtained previously in other
articles on the Willmore flow. It exposes the diameter of appropriate parabolic rescalings as a quantity
whose control is sufficient for convergence. The appropriate rescaling is given by a concentration property
of the Willmore flow; see Appendix D. In the following discussion we will use the two parameters &g
and c¢¢ which have been introduced in Theorem D.1.

Theorem 3.1 (Convergence criterion of the Willmore flow; proof in Appendix D). Let X be a compact
two-dimensional manifold without boundary and let f : [0, T) x ¥ — R" be a maximal evolution by the
Willmore flow with initial datum fo. Consider an arbitrary sequence (tj)jen C (0, T) with t; — T. Then,
the concentration radii

rji= sup{r > 0: forall x € R" one has/ |A(tj)|2d,ugf(,j) < 80}, 3-1)

F) B ()

J €N, satisfy t; + c()r;t < T for all j € N. Further, the maps

< ~ [t +corh)
fico 12— [RR3, Jico = r—j
J

are called concentration rescalings and one of the following alternatives occurs

Case 1: convergent evolution. There exists § > 0 such that § <r; < 1/8. Then T = oo. If additionally
(diam( f/,r:o)) jeN is uniformly bounded then the Willmore flow converges to a Willmore immersion. More
precisely there exists a Willmore immersion fso : £ — R such that f(t) — fx in C* for all k € N as
t — oQ.

Case 2: blow-up or blow-down. A subsequence of (rj);jen goes either to zero or to infinity. In this case

one has diam(fj,CO) — oo as j — oo.

In particular, if (diam( fj,co)) jeN is uniformly bounded, then T = oo and the Willmore flow converges to a
Willmore immersion fs : ¥ — R" in C* for all k € N.

In the coming sections we will study the relation between the diameter of the concentration rescalings
and the hyperbolic length of the profile curves. Having understood this we will finally be able to obtain
Theorems 1.2 and 1.3.

3.2. Dimension reduction. We have already announced that the rotational symmetry is preserved along
the flow. This section is devoted to the proof of this fact, see Lemma 3.3. In the proof of Lemma 3.3 we will
make use of an alternative characterization of tori of revolution, see Definition 1.1, which we state next.
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Proposition 3.2. Let f:S' x S! — R3 be a smooth immersion. Then, f is a torus of revolution if and
only if

1 0 0

forall ¢ € s! fu,v+¢) =Ry f(u,v), where R,=|0 cosz —sinz |, (3-2)
0 sinz cosz

forallueS' fPw,00=0 and P (uy,0)>0 foronevalueugeS'. (3-3)

Proof. If f is a torus of revolution then (3-2) and (3-3) can be checked by direct computation. If (3-2)
and (3-3) hold for some immersion f : S! x S' — R? then one can define a smooth curve y : S! — R?
by y(u) = (f D, 0), f @ (u, 0)). Equation (1-4) is then easy to check, but it also needs to be shown
that y (1) € H? for all u € S'. So far we have

f,v) = (P, y?w) cos@rv), y? (u) sinrv)) forall (u,v) € S' x S'.
If now there exists a point ug € S! x S! such that y(z) (up) = 0 then one can compute
3y f (ug, v) = (0,0,0)7  forallveS!,

which is a contradiction to the fact that f is an immersion. Hence y® may not change sign or attain the
value zero. As a consequence, y® > 0 and the claim follows. O

In particular, given a torus of revolution its profile curve is given by y (1) := (fV(u, 0), f® (u, 0)).
Note that— by inspection of the previous proof — each immersion f : S! x S! — R? that fulfills (3-2),
as well as £ (u, 0) =0 for all u € S!, must satisfy £ (-, 0) # 0. In particular it cannot change sign.
Thus, either f@(-,0) > 0or f@(-,0) <O0. In the latter case f(-,- + 1) defines a torus of revolution.
This shows also consistency of our definition with [Blatt 2009, Definition 2.2], whose results we will
need later.

When it comes to evolutions (f(¢));>0, we however want to work without reparametrizations of f (¢)
along the flow and hence we specify y® = f®(.,0) > 0 (and we check that this remains satisfied along
the flow).

Lemma 3.3. Let fo:S! xS' — R3 be a torus of revolution and let (f(t))ic(0,1) S! x S - R3 evolve
by the Willmore flow with initial datum fo. Then (f(t)):c[o,1) is a torus of revolution for all t € [0, T).

Proof. We prove that (f (t))c[o,7) satisfies (3-2) and (3-3) for all # € [0, T') so that the claim follows from
Proposition 3.2.

Let ¢ € S'. We observe that Rz 4 is an isometry in R3 and (u, v) — (u,v+¢)isa diffeomorphism.
Hence (R;;¢f(,)( o+ ®)ietor) ¢ S' x S — R3 is an evolution by Willmore flow with initial value
R2_ﬂl¢f0(- ,+ +¢@). Recall now that fj satisfies (3-2), i.e., R2_ﬂl¢f0( -, +¢) = fo. By the uniqueness
result for the Willmore flow, see [Kuwert and Schitzle 2002, Proposition 1.1], we obtain that

Ryly f((u, v+¢) = f(1)(u,v) forall (u,v) €S' xS,
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that is, (3-2). In particular, there exist smooth functions x, y, z : [0, T') x S! such that

x(t,u)
S (@) (u, v) = Rogy (f (1), 0)) = Romy | y(t,u) | . (3-4)
z(t, u)

As an intermediate step for (3-3) we show that F(@)Pw,00=0forallr >0andu S ie.,z=0on
[0, T) x S!. Set

S :=sup{s € [0, T): f(¢) is a torus of revolution for all r € [0, s]}.

We show that S = 7. If S < T then observe that z(S, u) =0 forall u € S' by smoothness of (f(¢))<f0.1)
and the fact that £(#)® (u, 0) =0 for all # € [0, S) and u € S!. As additionally y(S, -) is nonnegative
and f(§) is an immersion, f(S) is a torus of revolution by Proposition 3.2.

Restart the flow with fo = f(S) (if S = 0 there is no need to restart). Choose now cg, p for fo to be
as in Theorem D.1 and consider the time interval 7 :=[S, S+ (1/¢g) p4]. The Willmore flow equation in
the local coordinates (i, v) of S! x S! reads

3 f(1) = P(A(t), V*A®), (VE2AM)N 4,
where
N du f(t) X 3y f
Niw =
18 f(2) X 3, f ()]

and P(A, V1A, (V1)%A) is a scalar quantity that can be bounded in terms of | gl ~(sixs1) and
I(VE¥ Al o(sixsty (kK = 0,1,2). All of those remain bounded in / by (D-1) and the explanation
afterwards. The idea now is to consider the evolution equation satisfied by z(z, u)?. Since

y(t, u)o,y(t,u)+9,z(t, u)z(t, u)
_)’(t’ u)aux(tv M) 5
—z(t, u)o,x(t, u)

- 1
Nyw(u,v) = —WRZM

we find
B (2(t, u)?) = 22(t, w)d2(t, u) = 22(t, w) P(AQR), VEA®), (VH2AM)NT) (1, 0)

- —2WP(A@), VEA®), (VH2A@))0,x (2, u)z(t, u)?.

By Theorem D.1 for fixed u € S' we have obtained

{at(z(t, w? <Cz(t,u)?, tel,
2(S,u)? =0,

and hence z(t,u) =0 forall € I and all u € S', as u was chosen arbitrarily. Similar to before, again by
Proposition 3.2 and the discussion afterwards it can be shown that y(¢, -) > 0 for all ¢ € I. This is finally
a contradiction to the choice of S and thus § = 7". The claim follows. O
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The previous lemma implies that for each Willmore evolution ( f (¢)),>0 starting at a torus of revolution
fo: S! x S! — R? there exists a unique smooth evolution of curves (y(¢))efo.7y C C®(S!, H?),
y()(u) = f(t)(u, 0) such that

y D) (u)
FO @, v)=[yP@®) () cosmv) |, (3-5)
Yy @ (1) (u) sin(mv)

whereupon the flow can also be seen as an evolution of (y(#));c0,1)-

3.3. Symmetry of the limit immersion. Theorem 3.1 provides us with a general convergence criterion
for the Willmore flow and yields a smooth limit immersion f,, which is a Willmore immersion. In this
section we need to check that the revolution symmetry is passed along to the limit; i.e., we will prove that
under certain conditions the limit immersion f is a (Willmore) torus of revolution. Let us stress that this
not trivial because the notion of convergence is geometric, i.e., invariant with respect to reparametrization.
Hence classical results about pointwise convergence cannot be applied.

The arguments in this section make frequent use of the fact that to each torus of revolution f = F),, :
S!' x S' — R? one can easily associate a smooth orthonormal frame with respect to g £ given by

1 d 1 d
=] 9’ Ey(u,v):

E](l/t,v): = m%

(3-6)

This orthonormal frame also has some further interesting properties, for example that it diagonalizes
the second fundamental form A[ f], and hence yields the principal curvatures of f. The first principal
curvature

K1[f1=(ALf Jww) (E1, E1), Nf)gs = —Keucly 1)

coincides up to a sign with the Euclidean scalar curvature of the profile curve, while the second principal
curvature

()
=(Alfluv(E2, E2), Nf)ps = ———————
[ f1=(ALflwv) (E2, E2), Nf)g @y @)

depends heavily on the distance of the profile curve to the revolution axis. This will be of great use when
it comes to explicit estimates involving the second fundamental form.

Lemma 3.4 (Revolution symmetry of the limit). Suppose that f : [0, 0c0) X (S! x S'Y = R? is a global
evolution by Willmore flow, convergent to some Willmore immersion fs, : S' x S! = R3 in C¥ for all
k € N. Suppose further that f(0) is a torus of revolution and (y (t)):e[0.00) C C*™ (SY, R?) is as in (3-5).
Then f is (up to reparametrization) a Willmore torus of revolution. A profile curve y of foo can be
obtained by a C"™(S"', R?)-limit of appropriate reparametrizations of a sequence (y (tj))jen, tj — oQ.
Here m € N is arbitrary. In particular vy, € C*(S', H?) is a hyperbolic elastica.

Proof. Let (tj)jen C [0, 00) be an arbitrary sequence such that 7; — oo.

Step 1: bounds for the profile curves. After reparametrization we may assume without loss of generality
that (y(#;))jen is parametrized with constant Euclidean speed.
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Now fix m € N arbitrary. To bound the W™2-norm of (v (tj))jen we first bound ||y (#) || Lo (s! g2y- To
this end we observe by (3-5) that

ly @)l oo(st mey = 1f E) | Loost xSt R3) -

Now || f(#;) ||~ is uniformly bounded because it converges in C K for all k € N to fao, whose image is a
compact subset of R3. Note that we have used here that the L°°-norm is not affected by reparametrization.
Next we bound L2 (y (#)) = |10,y (#j) || L. We use Lemmas 2.5 and D.7 to compute

L2 (y (1) WU g, (ST x SHY? < diam(f (1;)(S" x SHW(F (1))).

Notice that diam(f(tj)(Sl x Sh) < 21 f &) I (stxst,r3y> Which is uniformly bounded in j. By
Lemma C.5 and the fact that S! x S! is compact we infer that W(f (tj)) — W(f~) and hence
W(f(tj)))jen is also uniformly bounded. We conclude the boundedness of (Lg2(y () en-

Further, we bound second derivatives uniformly in j. To this end we introduce the following notation.
For a torus of revolution f : S! x S! — R3 with profile curve y € C*®°(S', H?) we introduce the vector

field on S' x S!
1 0

0 = .
sl = s ) lewe 94y

One easily checks that g (9, d5) = 1 and
(_KC“C([)”](”)) = Awoylf1(d,, 3;) forallueS.

By Remark D4, ||A[ f(z;)]l| L is uniformly bounded in j. This is why

€eucly DIz < NALF AN Lllg £y Bss 3) 1700

is also uniformly bounded in j. We next control all higher-order arclength derivatives of the curvature of
y (¢;) uniformly in j. Easy tensor calculus and 95 = 9,,/|9,y (¢;)(u)| implies with (B-4)

1 <_auzeuc[y(tj)](”)) —_D, (’zeuc[y(tj)](”)

18,y () (u)] 0 0 ) = Dy, AL f (17)1(9s, 95)
2

= Vi A3y, 85) — Y (A0, 8), Ay, D)o DE[f ()], (3-T)
i=1
where {E1, E»} is an arbitrary orthonormal basis of T(,,0)(S' x S') with respect to g ¢(;) and we have
used the (slightly ambiguous) shorthand notation A for A[ f(z;)]. Choosing E| = 9 and

1 d

EZ(M, U) = —y(tj)(Z)(u) %

w,v)

we obtain with (B-3)

1 (_au’zeuc[y(tj)](u)

ERIEI 0 )=v3fA(as,as>—|A<as,as)|zDan(r,-)
ul \lj

= VLA, 5, 85)+A(Va, 85, 0,)+A (D, Va, 05)—|A (D5, 85)* Dy, f (1))
=V Ay, 85, 8)—| A3y, 35)|* Da, £ (7)), (3-8)
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where we have used in the last step that V, d; = 0, which is an immediate consequence of the formula
df,(VxY) = v["}jp o0 (df)(Y)) applied with f = f(z). Note that

1 1
Dy f(u,0)=——Dy, f=—(3f)
ly’ ()] ly' )]
has Euclidean norm equal to 1. We obtain, since g £ (0, 05) < 1, that
|8u’?euc[y(tj)](u)|
10,y (£;) (u)]

If we introduce the differential operator 0% := 9, /|9,y (¢;)| on S!, we have obtained

< IVFALF )L + Al .

1% Keucly M < IVEALF Az + (AN (3-9)

Next we obtain by differentiating (3-8) and using the shorthand notation f = f(¢;), as well as V3 9, =0,
again proceeding as in (3-7) and (3-8)

(_(aarc)zzeuc ly (t])](u)>
0

=D, [V A(dy, 3, 8,)—| Ay, 3)* Dy, £]
=Dy, V= A9y, y, 9)— 5 (| A3y, 8,)1*) Dy, f—|A(dy, 35)|* Dy, Dy, f
=V VA, 3, 85)— (VA(y, 5, 0y), Ay, 35)) Dy, f =05 (|A(3s, 3)[*) Dy, f —| A(dy, 85)|> Dy, Dy, f
=(V)?A(dy, ds, d5, 05) —(VA(9s, 05, ds), A(dy, 05)) Dy, f—05(|A(3y, 05)1%) Dy, f—|A(9s, 85)1* Dy, Dy, f.
Note that since A is normal and Vj d; = 0 we have

351 Ay, 35)|* = 2(Dy, A(dy, 35), A8y, 9y))

= 2(Vi A3y, ;). A3y, 8,)) = 2(VEA(;. 35, 8,), A3y, 8y)).
Moreover we have
DaxDaxf = (DasDasf)T + A(857 85‘)

An easy computationl now reveals that (Dy Dy_f )T =0 and we obtain

(_(aarC)ZI—{‘euc[y (t/)](u)>
0

= (V)2 A8y, 8y, 85, 85) — 3(VA(8y, 8y, 05), A(dy, 85)) Dy, f — | Ay, 35) 1> A(Dy, By).
For short we write

(—(8"‘r°)21?euc[)/ (1)) (u)

o ):(vl)2A+VLA*A*D3Sf+A*A*A,

which implies
1(37)  Kenc | L < CLI(VE)? Al 4+ VAL | Al 4+ [ Al3 ]

IRecall that the normal to the curve y coincides up to a sign with the normal to f(X).
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Inductively one shows that for all m € N

(—(8m)m1?euc[)/(tj)](u)>
0

=(VH"A+ PI(A, VA, .., (VYY" LA x Dy f+ Py(A, VYA, ..., (VD" 2A), (3-10)

where P; is a real-valued polynomial of degree <2 and P, is an R3-valued polynomial of degree < 3.
We conclude from (3-10) that for all m e N

m—1

197"y ()l L < C(m) Lga(y (1) [M(VL)'"AHLOC +y ||<VL)"A||200] (3-11)
i=0

Hence for each fixed m € N we can bound (y (¢))jen uniformly in wmtlhoe (Sl R?) and hence obtain a
convergent subsequence in C"(S', R?) for any m.

Step 2: the limit curve is a profile curve. By a diagonal argument we can also obtain a sequence 7; — 00 (no
relabeling) and ys, € C°(S', R?) such that y (z;) converges to Y in C™ (S!, R?) for all m € N (classical
convergence). Note also that y, is parametrized with constant Euclidean speed and yé? >0onS!. We
next show that y»e € C®(S!, H?), i.e., infs .2 > 0. Indeed, assume the opposite, i.e., there exists i € S!

such that yé? (ug) = 0. Notice that this and yo(g) > 0 also yield (yo(oz) ) (up) = 0. As a consequence, we

infer that there exist C > 0 and 8y > 0 such that 0 < .2 (u) < C|u—u|? for all u € (ug— 8¢, ug+5o). The
fact that Yy is parametrized with constant Euclidean velocity also yields that |(y£))’(uo)| =L (Vo) > 0.

With this information we now estimate the following quantity for arbitrary § € (0, &p):

1 (Dyr 2 uo+8 (Dyr 2 1 up+48
0 ::/ |(Voc223 (u)] du> / [(¥oo") (bt)l2 du> - / DY ) du.
0 Voo (1) u—s  Clu—uol Co% Jup—s

Taking the limit 6 — 0+ yields infinity on the right-hand side, since

up+34

% 1y DY @) ? du — (v L) (o) |* = Ly (voo)* > 0.
uy—=4

We infer that Q = oco. On the other hand, Fatou’s lemma and the explicit formula for the second principal
curvature k; of a surface imply that

1 )0y (2 r t el o £y 2
Qfliminff [y ()")] dut — liminf Rz(y(j))f/ |y (5)")]
j=oo Jo o y(t))@ j—oo 2m 0Jo YD L (y (1))
L t Ll
gliminfM// 12l Fy ) 127y (8))@ Ly (v (1))} du dv
Jj—00 2 0Jo /
. Lre(y ()
<timinf =T | AL dir
J—= SIxS
. Ly (@) . 2LRe(y ()
— lim inf ~B ALF I gt gy = liminf =22y p 1)),
J—=oo T SixsS! j—00 T
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where the last identity is due to the Gauss—Bonnet theorem; see (A-4). Recall from estimates in Step 1
that Lg2(y (¢;)) is uniformly bounded. As a consequence of this one infers that Q < oo, a contradiction.
We obtain therefore that y,, € C®(S!, H?).

Step 3: convergence of the associated surfaces. By the following proposition (Proposition 3.5), the tori
of revolution F, ;) converge to F,, classically in C k for all k. Since Fy ;) 1s a reparametrization of
f () for all j € N, also f(#;) converges to F),_ in C* for all k. By assumption however, f (¢;) also
converges to fo, in C¥ for all k (in general not anymore classically, but in the sense of Definition C.7).
Applying Corollary C.12 we infer that f., coincides up to reparametrization with F, . In particular fo,
is (up to reparametrization) a torus of revolution. Since fu, is also a Willmore immersion it must (up
to reparametrization) be a Willmore torus of revolution. By (2-12) we infer also that v, is a hyperbolic
elastica. 0

The following proposition is needed to complete the proof of the previous lemma.

Proposition 3.5. Letm > 1 and suppose that (y;)jen C C>®(S', H?) converges in C™(S', R?) (classically)
to some immersed curve y € C™(S', H?). Then Fy, converges classically to F, in C™ (S' x Sh.

Proof. We will use without further notice the characterization of C"”-convergence in Proposition C.9. We
show the claim only for m = 1, the other cases follow by induction. We define w; : S! x S! — R? via

v ) —y D)
wj(u, v) = Fy,(u,v) — Fy(u,v) = (yj(z) ) —yP(u)) cos2mv) (3-12)
2 ) — y @ @)) sin27v)

and we show that [[w; || p~(s1«s! |Dwj || oo(stxst 3 — 0 as j — oo. Here g = F)gps is the metric

,(é)a |
induced by F, . The fact that ||w; ||z~ — O follows directly from (3-12) by the estimate

lwjllze < [ly; =yl — 0.

Let E{, E, be the orthonormal frame as in (3-6). Then

IDw;ll~= sup sup |[Dw;(X)|= sup sup |Dw;(0E +6Ey), (3-13)
S'xS! g(X,X)=<1 S'xS! 2+62<1
and
DuyEn = —— 24 o L <y
w; = . . — _— . — s
PEOV= ol o | = 1y T Y 1 = ngg 1 T Y e
|Dw; (Ey)| N L ly; — vl
Wi = P — 0o,
= oy @y | o |~ infg y@ 1T VI

Note that infsi |y’| > 0 as y is immersed and infsi y® > 0 since y € C*®°(S!, H?) and S! is compact.
The claim follows from (3-13) since y; — y in C L O

3.4. Rotational symmetry and concentration. In this section we will prove a lemma that controls the
distance of the concentration points to the axis of revolution. Here the revolution symmetry will play an
important role. The following lemma is the main observation that rules out Case 2 in Theorem 3.1.
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Lemma 3.6 (Distance control for concentration points). Let f : [0, T) x (S! x S') — R? be a maximal
evolution by Willmore flow such that f(0) is a torus of revolution. Suppose that tj — T. Let (rj);en be as
in Theorem 3.1 and let x; € R3 be such that

/ ALF DI drtgy,, = eo. (3-14)
S@) = (Br; (x}))

Leth; R, p;>0andoj e S! such that x;j/rj is expressed in cylindrical coordinates by 2 xj/rj=(hj, pjo;).
Then (pj);jen is bounded.

Proof. We first use scaling properties to obtain that

2
(I(ZJ)/}’/) 1(B1(xj/rj)) rj

Now write x;/r; = (hj, pjo;) as in the statement. Since f(¢;)/r; has a revolution symmetry (see

du £0. (3-15)

8fp)rj z

Lemma 3.3), we conclude from (3-15) that the curvature concentration does not only happen at points but

2
A |: 1) i|
T
Next, we define for each p > 0 the maximal number of disjoint closed balls of radius 1 needed to cover
the circle (0, pS!) c R?

actually on circles. More precisely,

ditg i, = 60 forallo € s'. (3-16)

/<f(tj)/rj)—1(131(/1j,/)jrr)>

N(p) = max{l € N : there exist wq, ..., w; € s!
such that B ((0, pwy)), ..., B1((0, pwy)) are pairwise disjoint}.

This number depends only on the radius of the circle and not on its position in R>. By compactness of S,
N (p) is well-defined and finite. Moreover, using (3-16) on N (p;) disjoint balls that cover (h;, p; sh
and that preimages of disjoint sets are always disjoint, we infer

)
S!xS! Tj

Note that this implies by scaling properties and the Gauss—Bonnet theorem that

(fo)

dll'l’gf(lj)/yj Z N(P])80

1
N =2 [ AL gy, = W) =

20
To infer that p; is bounded it suffices now to show that N (p) — oo as p — 00. To this end we prove that

Y

Np)z 4 arccos(1 — 8/p?)

for p > 4. (3-17)

2 That is, hj = x;l)/rj eR, pj=V (x; ))2 + (x; ))2/rj >0ando; = (x;z), x;?’))/(pjrj) € SL. We consider a cylinder with
axis in the direction (1, 0, 0).
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Let us first fix p > 4. Note first that the squared Euclidean distance in R3 between (0, p cos(a), p sin(a))
and (0, p cos(B), p sin(B)) is given by

dy 5 :=2p*(1 — cos(a — B)).

Also observe that the balls B ((0, p cos(«), p sin(e)), B1((0, p cos(B), p sin(B)) are disjoint if and only
if déﬁ > 4. Hence it suffices to find distinct values «y, ..., af € [0, 2) such that forall i, j € {1, ..., ﬁ}
one has

d> >16 foralli,je{l,...,N}.

a;,Q;

We claim that the choice of «; := j arccos(1 — 8/,02), j=1,..., ﬁ, with

N= "
4 arccos(1 — 8/p?)
has the desired properties. Indeed, note that ay, ..., a5 € [0, %] which implies that |o; — o] € [O, %]

for all i, j. Using evenness of cos and monotonicity of cos in [O, %] we obtain for all i, j € {1,..., N}

di,aj = 2,02(1 —cos(o; —aj)) = 2,02<1 — cos(li —Jl arccos(l — %)))

> 2,02 (1 — cos(l -arccos<1 — %))) =16.

We have thus shown (3-17) and thus the claim follows. O

Remark 3.7. The lemma reveals an interesting property of the Willmore flow of tori of revolution. Suppose
that 7 < oo. Then by Theorem 3.1 and in particular the property #; + cor;’ < T, necessarily r; — 0.
Now let (x;)jen be a collection of points of concentration, i.e., points where (3-14) holds true. From the
previous lemma we know that the distance of x; /r; to the x-axis is bounded. Hence the distance (x;);en
to the x-axis tends to zero. In other words, finite-time-concentration may only happen close to the x-axis.

3.5. Proof of Theorems 1.2 and 1.3.

Proof of Theorem 1.2. Let f :[0,T) x S x S' — R3 be as in the statement. That f(¢) is a torus of
revolution for all ¢ € [0, T') follows from Lemma 3.3. Thus we can actually choose (y (¢)):c[o,7) as in the
statement; see also the discussion after Lemma 3.3. Let t; — T be such that Ly (y (7)) < M for some
M > 0 and let r; > 0 and fjm be as in Theorem 3.1. By Theorem 3.1 it is sufficient for the convergence
of the Willmore flow that (diam( f~j,c0)) jen is bounded. Notice that we assume a bound on Ly at #; and
we want a bound on the diameter at #; + cor]f‘. To this end we define ]Fj,() := f(t;)/r;j and choose for
all j € N, x; as in (3-14). Such a choice of x; exists due to the definition of r; in Theorem 3.1. We
write x;/rj = (hj, pjoj), p; > 0and o; € S! as in Lemma 3.6 and infer from Lemma 3.6 that (p;);en is
bounded, say p; < C for all j € N. Note that by the choice of x;, in particular (3-15), for all j € N one
has dist(x; /r;, ﬂ,O(SI x S1)) < 1. Now we look at ¥; =y (t;)/rj, which is clearly a profile curve of fj,o
and satisfies also Ly2(y;) < M by scaling invariance of the hyperbolic length. By the distance estimate
we can find u;, v; € S! such that

1 .
r—j[(x;z), 27 = 2 () (cos2mvy), sin@mv;))]| < 1.
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Hence we infer that

! @? x| <1+p < 1+C.

S0, 1
yj (uj)§1+ r; Ji

From the bounded hyperbolic length and (2-8) we infer that

sup 7% < 73 (et < (14 C)eM.
sl

This implies also by (2-9) that

Lea (7)) < sup 77 Ly (7)) < M(1+ C)e™,
SI

and from Lemma 2.6 we now infer

diam(fj,0) < 3L (7)) +2sup 7P < D (3-18)
Sl

for some constant D > 0. We now define fj(s) = f@+ sr]‘.‘)/rj, s € [0, col, taking into account the
parabolic scaling. It is easy to see that then f; is a solution of the Willmore flow equation and f] 0) = fj,o
and f,(co) = fi,m- Hence we can estimate by Lemma D.6

diam( f; .,) < COV(f;.0))(diam(f; o) + ¢/ ).
Using that by scaling invariance W(f},o) =W(f(t;)) <W(fo) and (3-18) we obtain
diam(f;.c,) < COV(fo))(D + ¢y ). (3-19)

By Theorem 3.1 this implies that 7 = oo and ( f(?));c[0,00) 1S @ convergent evolution. It only remains to
show that the limit is a torus of revolution. This is however a direct consequence of Lemma 3.4. O

Proof of Theorem 1.3. Let (f(t)):efo,7y and (y (¢)):f0,1) be as in the statement. We distinguish two cases.

Case 1: W(fo) < 8m. To show long-time existence and convergence of the evolution we apply
Theorem 1.2. To this end we need to show that

lim iTnfﬁHz(y(t)) < 00.
t—
First we observe that (y (7));co, 1) satisfies
2 2 2
E(y (1) = ~W(Fy) = ZW(f (1) = ZW(fo) < 16.

We apply Theorem 2.2 with ¢ : =16 — %W( fo) to find that for each t € [0, T') one has
1 2 2
e re@ = e
and hence the hyperbolic length is uniformly bounded for ¢ € [0, 7). By Theorem 1.2 the evolution

converges in C* for all k and the limit, say f, : S' x S' — R, is a Willmore torus of revolution. By the
gradient flow properties of the Willmore flow and Lemma C.3 we obtain that W( f~) < W(fy) < 87.

Ly (y (1)) = Ey() = W(fo),
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We obtain from Proposition 2.4 that f is, up to reparametrization, a Clifford torus, possibly rescaled
and translated in the direction (1, 0, 0)7. The claim follows.

Case 2: W( fo) = 8. We first claim that fj is not a Willmore surface. Indeed, if it were then it would
by Proposition 2.4 be a rescaled and translated reparametrization of a Clifford torus. But the Willmore
energy of the Clifford torus is 2772, contradicting W( fy) = 87. Hence

d
TV ==IVeWE i, <0,

which implies that there exists #y > 0 such that W( f (tp)) < 8mw. We restart the Willmore flow with f(#)
which satisfies the assumptions of Case 1 and hence converges to a reparametrization of the Clifford
torus, possibly rescaled and translated in the direction (1, 0, 0) T The claim follows. O

3.6. Optimality. We show that the upper bound of 87 on the Willmore energy of the initial datum in
Theorem 1.3 is sharp by proving Theorem 1.4. In the statement of this theorem, the geometric quantities
that may possibly degenerate along the flow are the second fundamental form or the diameter. On contrary,
the statement of Theorem 1.2 suggests another quantity which must degenerate — the hyperbolic length.
In the following we will construct the nonconvergent evolutions and study the relation between the
degenerating quantities.

Lemma 3.8 (The singular evolutions). For any & > 0 there exists a torus of revolution fy:S' x S' — R3
such that W( fo) < 8w + ¢, and the maximal Willmore flow (f (t)):cj0,T) Starting at fy satisfies

lim Ly (y (1)) = oo.
t—T

The main idea is to start the flow with an immersed curve that has total curvature
1

Tlyl:= o / Keuc[y1ds (3-20)
¥

equal to zero. This quantity 7'[ - ] turns out to be a flow invariant and can hence be helpful to classify
possible limits of convergent evolution. This in turn can also be used to show that some evolutions cannot
be convergent.

Lemma 3.9. The total curvature T, defined on curves in W22(S!, R®)imm = {y € wW2(S! R?) :
y immersed) is integer-valued and weakly continuous in the relative topology of W>2(S', R?)imm. More-
over it is a flow invariant for the Willmore flow of tori of revolution; i.e., if (f(t)):c[0,1) is an evolution by
the Willmore flow with profile curve (y (t))ieo.1) then Ty ()] =Ty (0)] forallt € [0, T).

Proof. The fact that T'[ - ] is integer-valued and an invariant with respect to regular homotopies is very
classical and follows from the Whitney—Graustein theorem. Since y () = f(¢)(u, 0) (see (3-5)) and
t — f(t) is a regular homotopy, so is f — y (). Hence we can also conclude that it is a Willmore flow
invariant. The weak W?22-continuity follows immediately from the formula

1
nﬂzﬁﬁhWMWw%uwww%wx

and the compact embedding W22 < C'. O
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Proof of Lemma 3.8. Fix ¢ > 0. By [Miiller and Spener 2020, Corollary 6.4] there exists a curve y,
such that 16 < £(y.) < 16 4+ ¢ and T[y.] =0, where T[ -] is given as in (3-20). Now start the flow with
fo=F,: S! x S' — R defined as in (1-4) with profile curve y, and let ( £ (¢)) tefo,T) be the corresponding
evolution by the Willmore flow. Assume that for (y (f));c[0,00) as in (3-5) one has

lim iTnfEHz(y(t)) < 0.
t—

By Theorem 1.2 we obtain that then T = 0o and (f(#)):¢[0,00) 1S convergent to a Willmore torus of
revolution fo. Let now #; — o0 be a sequence such that Lyp(y (7)) < M < oo for all j € N. By
Lemma 3.4 we obtain that an appropriate reparametrization of y (¢;) converges in C*(S!, R?) to some
Yoo € C®(S!, H?), which is a profile curve of fso, i.e., up to a reparametrization one has fa, = F,.. By
(2-12) we infer that y is a hyperbolic elastica.

Now we choose ¢; € C 4(S', s such that Y (t;) o ¢; converges to Y classically in C 4(S', R?). Then,
by the previous lemma

Tyeol = Jlglgo Tly()]=T[y(0)]=0.

Hence y» is a hyperbolic elastica with vanishing Euclidean total curvature. By [Miiller and Spener 2020,
Corollary 5.8] there exist no hyperbolic elastica of vanishing total curvature. We obtain a contradiction
and the claim follows. 0

As an important ingredient for case (2) in Theorem 1.4, we need to show that global evolutions under
the Willmore flow of tori of revolution with unbounded hyperbolic length and no curvature concentration
must have unbounded diameter.

Lemma 3.10 (Diameter blow-up). Let fy : S! x S — R3 be a torus of revolution and let (f (t)):c[0,00)
evolve by the Willmore flow with initial datum fy. Let y(t) = f(t)(-, 0) be the profile curve of f(t) for
all t > 0. Assume that (A(t))i[0,00) IS bounded in L°°(X) and lim;_, o L2 (y (t)) = 0o. Then

Jlim diam(f (1)(S! x S!)) = c0.

Proof. We first introduce the constant D :=sup, (o, o) [A@)][ L < 00. Next we assume for a contradiction
that there exists some #; — T = oo such that diam(f(tj)(S1 x S')) < M < oo for all j € N. Let
(rj)jen C (0, 00) be as in Theorem 3.1. Note that there exists x; € R3

g0 < / |ALF DI digyy < DPiagy, (F (1) (B (x))).-
f(lj)"(Brj (x)) ’

By (D-2) we have that
g iy (F )™ (Br () < CW(f i))r < CW(fo)r.
In particular we find by the previous two equations

=N
2

>

I"j

> m; (3-21)
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i.e., there exists § > 0 such that r; > § for all j € N.. Since we have assumed that diarn(f(tj)(S1 xS <M
we obtain that
. J@) «1 el [ 1, el 1
diam| —=(S' xS < —dlam(f(tj)(S xSY)) < —M.
T Fj
Now recall that fj(s) = f@t + sr4) /rj, s € [0, col, defines a solution of the Willmore flow, with
fi0) = f(tj)/r; and f;(co) = fj.cos deﬁned as in Theorem 3.1. With Lemma D.6 we obtain thus that

diam(fj.c0) < € (W<fr&)) (diam(y) +apf “) < C(W(fo))( + c(l)/4),
J J

which is uniformly bounded in j. This implies by Theorem 3.1 that there exists a Willmore immersion
foo : S' x S! — R3 such that f(r) = fs in C* for all k € N. By Lemma 3.4, fs is a Willmore torus of
revolution. In particular, up to reparametrization one has fo, = F,_ for some y,, € C (S, H?). We
next claim that there exists § > 0 such that infg; y ()@ > § for all ¢ € [0, 0o). To this end observe

lim infy (1)@ = lim 1nf \/( FODN 2+ (F()P)?

t—o00 gl

= _inf \/(f(z))2+(f(3) =infy2 >0,
S

since yé? (u) > 0 for all u € S! and S! is compact. Note that we have used here that the infimum
expression is independent of the parametrization of f(¢). This and the fact that ( f (#))s¢[0,00) 1S @ smoothly
evolving family of tori of revolution implies infs: y (£)® > § for all ¢ € [0, c0). Next we look at the
surface area of f(¢), i.e.,

1
I, (S' x S =27 / ly @) )]y (t)(u) du,
0
and infer
/J'gf(tj)(gl X Sl) = 27782£|].|]2()/([j)) —> OQ.

With Lemma D.7 it follows

Mgy (S' xS - \/“gf(rj)(gl x S
W) W(fo)
A contradiction. We infer that lim,_, o diam( £ (#)(S! x S')) = c0. O

M > diam(f (1;)(S' x S")) = \/

In the proof we have used without further notice that the concept of tori of revolution in [Blatt 2009,
Definition 2.2] coincides with our definition in Definition 1.1, at least up to reparametrization. For details
recall Proposition 3.2 and the discussion afterwards.

Proof of Theorem 1.4. Let ¢ > 0 be as in the statement and f; be as in Lemma 3.8. Then the evolution
(f(®))refo,1) satisfies lim,_,7 Lyp(y (1)) = oo. Next let #; 1 T be a sequence. Let &g > 0, ¢p > 0 and
(rj)jen be as in Theorem 3.1. We distinguish now two cases.

Case 1: there exists a subsequence of r; that converges to zero. We claim that then condition (1) in the state-
ment occurs. To this end assume that (|| A(#)[[L>)se[0,7) is bounded, say D :=sup,co 1 [|A(?) | L < 00.
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Then one has by (3-1) that for all j € N there exists x; € R3 such that

e < / AP A, = D2y (£~ By G,
F&) (B ()

Using (D-2) we find that g9 < cWW( fO)Derz. This is a contradiction to the condition that up to a
subsequence r; — 0. Hence we have shown that (|| A(?)[|z=(x))ief0,7) is unbounded.

Case 2: there exists § > 0 such that r; > § for all j € N. First observe that in this case T = oo since
i + cor]‘.l < T by Theorem 3.1. If condition (1) in the statement holds true, i.e., (||A(?)| Lo (x))r>0 1S
unbounded, there is nothing to prove. Hence we may assume that (|| A(?)|| L>~(x)):>0 1s bounded. Since
lim;— 00 L2 (¥ (1)) = 00, by Lemma 3.10 we find that lim,_, o diam(f(¢))(S' x S!) = oo and hence
condition (2) occurs. This proves the claim. O

4. An application: energy minimization among conformal constraints

A very vivid field of research is the minimization of the Willmore energy among all tori that are conformally
equivalent to a reference torus. Being conformally equivalent means that the surface can be parametrized
with a conformal immersion of the reference torus. Taking a reference torus of the form C/(Z 4+ wZ) one
can also associate to every torus its conformal class, defined as follows.

Definition 4.1 (Conformal class; see [Ndiaye and Schiitzle 2015, p. 293]). Let S C R? be a smooth torus.
Then there exists a unique w € C satisfying |w| > 1, Im(w) > 0 and Re(w) € [0, %] such that there exists
a conformal smooth immersion

: — S,

7+ wZ

ie.,

C
gfj =5, ; for some u € Coo(Z—i—a)Z)' 4-1)

The value w = w(S) € C is then called the conformal class of S. If w is purely imaginary, we call the

torus rectangular.
As it turns out, all tori of revolution are rectangular (see also [Langer and Singer 1984a, Proposition 7]).

Proposition 4.2. Suppose that y € C*®(S', H?). Then F, (S' x S, the torus with profile curve y, has

conformal class
iLy(y)/Q2m), Lyp(y) = 2w,

1 1y —
Cl)(Fy(S xS )) = {lZﬂ/ﬁﬂ-ﬂz(y)v EHZ()/) < 2m.

In particular, each torus of revolution is rectangular and o (F, (S' x SY) is a continuous function of
Ly (y).
Proof. Let y : R — R be the %EHz(y)—periodic reparametrization of y with constant hyperbolic
velocity 2. If Lyy2(y) > 2 we choose the smooth immersion
C
F: -
L+ (iLy(y)/(2m)Z

— F,(S' xS
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yl()
F(s+it)= | y2(t) cosns) | . 4-2)
72(1) sin(27rs)

An easy computation shows gf )= gg ; =0 and
gl =GN+ N g, =4 D
Therefore by our choice of parametrization

i _ GO+ _

gy,  4m2(yim)?

Hence (4-1) is satisfied and F is a conformal immersion. Moreover one readily checks that w =
i Ly (y)/(2m) meets the requirements of Definition 4.1.
If L2 (y) < 27 we choose

~ C
F:
Z+iQnu/Lyp(y))Z

— F,(S' xS")

to be given by

~ L L
F(s+in = F( ), Hz(y)s)
2 2
where F' is as in (4-2) and the claim follows also in this case arguing as before. g

Remark 4.3. The conformal class of the Clifford torus is w = i. Indeed, its defining curve is

|
V() = (?) + (Zif((;)) . tel-m ).

From this we conclude with the residue theorem (more precisely [Freitag and Busam 2005, Proposi-
tion II1.7.10]) that

b/ b/ 1
E = —_— d =
e ) —x A2 +sin() —x v/2+2cos(t/2) sin(t/2)
” 1 ” 1+ tan?(z/2)
= tan(z/2) dr = 5
— ﬁ+2m —x V2(1 +tan2(¢/2)) + 2 tan(¢/2)

00 1 o |
—00 \/5(1+12)+21 oo \/5(2_%)(1_%)
1

1
=2(2mi) Res( — — ,a>:4m' —————— =2
0\ e ) T

An interesting problem is the minimization of the Willmore functional in each conformal class.
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Definition 4.4 (Conformally constrained Willmore minimization). For w as in Definition 4.1 we set

M; 1 (w) :=inf{W(f) o

— R? conformal immersion }.
Z+owZ

In [Ndiaye and Schitzle 2015, Proposition D.1] the authors show that there exists some by > 1 such
that b > by implies M3 1(ib) < 8m. Our first contribution in this context is the new insight that by = 1.
We prove the existence of tori of revolution with Willmore energy smaller than 87 in each conformal
class w = ib, b > 1, via the Willmore flow studied in Theorem 1.3. Note that C/(Z +ibZ) and S! x S!
are diffeomorphic with diffeomorphism ¢ : S! x S! — C/(Z + ibZ) being given by ¢ (u, v) = u +ibv.
Hence the results about the Willmore flow in Theorem 1.3 apply also for surfaces defined on C/(Z+ibZ).

Theorem 4.5. For each b > 1 there exists a torus of revolution Ty, such that w(Tp) = ib and W(T}) < 8.

Proof. From the construction in the proof of [Ndiaye and Schitzle 2015, Proposition D.1] follows that
there exists bg > 1 such that for all b > by there exists a torus 7} as in the statement. Note that actually
the authors construct only a C!!-torus of revolution 7}, but by mollification of the profile curve one can
easily obtain a smooth torus of revolution that satisfies the same requirements and differs not too much in
the conformal class as the hyperbolic length depends continuously on y.

It remains to prove the claim for b € [1, bg). For this choose fy: C/(Z+iboZ) — R3 to be a smooth
conformal parametrization of 7}, and let (f (¢));c(0.00) be the evolution of f by the Willmore flow, which
is global and smoothly convergent to the Clifford torus (possibly rescaled and translated in the direction
(1, 0,0)) by Theorem 1.3. Moreover, f(¢) is a torus of revolution for all # > 0. Let y(¢) = f()(-,0)
be the profile curve of f(r) forall t > 0, i.e., f(t) = F, ). By (3-5), t = y(¢) is a smooth family of
curves for ¢ > 0 and in particular Ly (y (¢)) depends smoothly on 7. By Proposition 4.2 one obtains that
t— (1/i)w(F, ) is real-valued and depends continuously on . We show next that along a subsequence
t— (1/))w(F), ) tends to 1 as t — 00. By Lemma 3.4 we obtain that there exists some #; — o0 such
that an appropriate reparametrization of y (¢;) converges in C 2(S!,R?) to yoo € C®(S!, H?), a profile
curve of the Clifford torus (possibly rescaled and translated in the direction (1, 0, 0)). Thus we have

21 = L (Voo) = lim Lyp (1)), (4-3)
j—o0

Le., (1/D)w(Fyu)) — Las j — oo. Since (1/i)w(Fy)) = bo, each value between 1 and by is attained
by the intermediate value theorem. From this the existence of a torus of revolution 7}, for each b € [1, by)
follows. O

Remark 4.6. Theorem 4.5 can also be proven using the results in [Miiller and Spener 2020] concerning
the elastic flow in H? (which also dissipates the Willmore energy).

In [Kuwert and Schitzle 2013] the authors prove that the infimum in a conformal class w is attained
once one can find a competitor with energy below 8m. For w = ib our small energy tori serve as such
competitors and show that the infimum is attained.

Corollary 4.7. For each b > 1 the infimum M3 1 (iD) is attained and the map b — M3 1 (ib) is continuous
on[1, oc0).
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Proof. Theorem 7.3 and Proposition 5.1 in [Kuwert and Schétzle 2013] show that each b > 1 where
M3 1(ib) < 8 is a point of continuity of b — M3 1(ib) and a point where the infimum in the definition
of M3 1 is attained. The claim then follows directly from this result and Theorem 4.5. O

The symmetries of the Willmore energy might suggest that the infimum of the Willmore energy in
each class of rectangular tori (i.e., w = ib) is attained at a torus of revolution. This is in general still
open. Far reaching results are obtained using a formulation of the Willmore energy in S* by means of
the stereographic projection. Since the stereographic projection is conformal it does also not change
the conformal class. Looking at the Willmore energy in S® one can find tori with a lot of symmetries:
For a € (0, 1) one can look at «S' + +/1 —a2S!. The stereographic projections of all of these are
tori of revolution. In particular, these are good candidates for minimizers in their conformal classes
w=iv1—0a?/a. Fora = \/LE we obtain the Clifford torus which is the global minimizer and hence
surely the minimizer in its conformal class. In [Ndiaye and Schitzle 2014; 2015] the authors show that
for conformal classes close to the Clifford torus one still gets minimizers of the form aS' x +/1 —a2S!.
More precisely, the result [Ndiaye and Schitzle 2015, Theorem 3.1] shows that there exists b; > 1 such
that for all b < b; one has that M3 ;(b) is attained by

Eb::P< L gyt 8‘)

VIt V146 )

where P : S* — R? denotes the stereographic projection. The authors also obtain that b; < co. The
critical value b can be understood as a point where a symmetry of the minimizers breaks down. They
also note that this property has to break down for large conformal classes; see [Ndiaye and Schitzle 2015,
p- 293-294]. In the following we will be able to find an explicit upper bound on the symmetry-breaking
value by. This result is now obtained by energy comparison. There are other (sharper) results using a
stability discussion of ¥, in S3; see [Kuwert and Lorenz 2013].

Corollary 4.8. Let by > 1 be such that for b < b the minimizer for M3 1(b) is attained by

1 b
=P ———=S' x S‘),
’ (~/1+b2 NI

where P : S3 — R? denotes the stereographic projection. Then

4 16
by < —+,/ = — 1 =2.06136. (4-4)
v T

Proof. Let b > 1 be such that X is a minimizer and let 7, be the torus constructed in Theorem 4.5.
Then, necessarily, W(Zp) < W(T}) < 8m. This inequality implies the claim once we have shown that
W(Zp) =72(b+ 1/b).

For this according to [Topping 2000, equation (9)] for all f: ¥ — R?

1 ~
W = [ (G R, +1) dur
z
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where H denotes the mean curvature of P~(f)in S? and wy denotes the surface measure in S By
[Ndiaye and Schitzle 2014, equation (2.3)] we have | Hps|* = |ﬁ |> + 4 and hence we obtain

W = [ 1P 0P diy.

Having now arrived in R* and using that

1 b 1

1
PI(%y) = S' x s',
V1+0b? V1+D?
we can define r := 1/4/1 + b2 and use the parametrization

rcos(2Qm¢)

in(2 ¢)

F-gl 1 r sin( R*
S xS3(9,0)~ V1 =7r2cos(276) <
/1 —r2sin(2m0)

A computation reveals that

2
_ 2 (T 0
g =4 <0 l—r2>'

We obtain that

1 0 1 0
2wr 8¢’ 27w+/1 —r2 00
is an orthonormal basis of (4 ¢)(S!, S!) and hence

1 9%F 1 9%F

Hgs(F) = :
w ()= e Vi =) 90

which implies that
1

1—r2

> ) 1
| Hpa (F)|” = at
Also note that v/det(g) = 4m2r+/1 — r2. The Willmore energy then reads

1/1 1 V1 —7r2 r
WE) == 4n?ry1 —r2 =n?
= (3 7 T = (] +m)

and the claim follows using that by definition of » one has r = 1/+4/1 + b2, O

Appendix A: Consistency between extrinsic and intrinsic view

In literature there are multiple ways to define geometric quantities like curvature. This also leads to
different notions of the Willmore energy and its gradient flow. Here we want to convince the reader that
all those notions are consistent with the one we chose. For this we first have to do some computations
in local coordinates. Let M be a smooth two-dimensional manifold, f: M — R> be an immersion
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and ¥ : M — R? be a chart for M with coordinates (u', u?). Given vector field X = x?(3/du’) and
Y = y/(3/du’) then

2
O af), (A-1)

— iy _1Tk 2
AX V) =xy (E)uiauj b Quk

where l"l(f jare the Christoffel symbols defined using the metric g;; = ((9/ du') f, (3/du’) f). In particular,
we see that the second fundamental form is symmetric.
If f: M — R is an isometric immersion then for each local chart (!, %) of M one can define a unit

0 f x0,.f
18,1 f < 02 f

normal field
N =
for (u!, u?) and rewrite

2 2 2
A(X. Y)zxiyj<l_gkl< 0°f 8f> af):xiyj< 0°f ﬁ> N (A2)
R3

ouldu’ duioul” dul [ g duk duidul’

If f: M — f(M)C R?is now an isometric embedding and f (M) is orientable, N is independent of the
chosen chart and (A-2) coincides with the usual definition of the second fundamental form.
Let us now choose normal coordinates (u', u?) and fix e; = 3f/du' and e = 3f/du’. Then by (A-2)
we find
A(ei, ej) =hIN,

where hlj denote the usual coefficients of the Weingarten map. Then, the mean curvature (vector) and
Gauss curvature are given by
H=A(e1,e1) + Ale, e2) = (h} +h})N = HN, (A-3)
K :=(A(e1, e1), Alez, e2))zs — (Aler, e2), Alea, e))gs = hih3 — (hy)%,
where H denotes the scalar mean curvature. For Q(A)H , the “cubic”-term in the Willmore equation,
one easily derives
Q(A)H = LH(H? - 4K).

With similar computations, )

AP =|HI>—2K =) (A(ei, ¢)), Alei, )
i,j=1

and hence for each toroidal immersion f : S' x S' — R? one has by the Gauss—Bonnet theorem
[ 14P g = 4w, (A
by
Similarly, again in the case of tori, an easy computation shows that A2 = %H 2 _2K and

fzviﬁduf = 20(f).

Also, note that |zﬁi|2 < |A|%
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Appendix B: Tensor calculus

Throughout the article, we use a nonstandard notation for some differential geometric concepts involving
connections, derivatives and tensors. We discuss here that our notation is consistent with that used in
[Kuwert and Schitzle 2001; 2002; 2004], since many results cited there are used. Here we shall briefly
introduce these concepts and clarify their meaning. Let M be a smooth two-dimensional manifold and
f € C®(M; R") be an immersion. Moreover, let V be the Levi-Civita connection on M. For a vector
field X € V(M) we define the full derivative Dy : C*°(M; R") — C*°(M; R") via
n n
DxG:=) X(G)é. whenever G=>) G;é eC®(M;R"), (B-1)
i=1 i=1

and {€}, é», ..., €,} is the canonical basis of R". We say that G € C®°(M; R") is a normal vector field
if G(p) Ldf,(T,M) for all p € M. We define for short N,M := a’fp(TpM)L and NM = |_|p€M N,M
the normal bundle. For such a normal vector field G € C*° (M, N M) we define the normal connection
of G to be

VxGl, =my,u(DxG|y) = DxG™, (B-2)

where yy denotes the orthogonal projection on U. A normal vector field that will be used very frequently
is Y =A(Z, W) for some Z, W € V(M). This is however not just a normal vector field but each of its
components is also a (2, 0)-tensor — we may think of p — A ,(Z, W) as a (2, 0)-tensor on M with values
in the normal bundle N M, i.e., a for each p € M it is a multilinear map from T, M Zto N »M. If we do
s0, the standard concept of tensorial connections (see [Lee 2018, Lemma 4.6]) is not applicable, since
it is needed that the tensor takes values in R. One can however overcome this by using two different
connections, namely V and VL. More precisely, for a (k, 0)-tensor F': p+— (F), : T,M k>N »M) on M
with values in the normal bundle NM we can define a (k + 1, 0)-tensor V- F via

k+1
VEF(X1 oo, X)) o= Vi, F(X2, oo Xiy) = ) F(Xay oo Vi Xjoo X)) (B-3)
j=2
for X1,..., Xx+1 € V(M). It can easily be checked that VL F is indeed a (k+1)-tensor, i.e., VLFP

depends only on X{(p), ..., X¢+1(p). Moreover, if F is a (0, 0)-tensor on M with values in N M, i.e.,
F € C*®(M; N M), then the notation of V- F coincides with the previous definition in (B-2). We remark
that in [Kuwert and Schitzle 2001; 2002; 2004], V* and V are both denoted by V. The L>(M)-norm of
a (k, 0)-tensor F on M with values in N M is defined to be

2

1F Il Loy = sup sup > IF(Eq. ... E,

PEM {E1, E3} orthonormal basis of T, M ioig=1

where | - | denotes the norm in R*”. We will also use very frequently [Kuwert and Schitzle 2002,
equation (2.7)], which we state here for the reader’s convenience. Let f € C*°(M; R") be an immersion
with second fundamental form A and normal bundle N M. Then foreach G € C*°(M; NM) and X € V(M)
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one has
2

DxG=VxG—> (G, A(X, E))w D, f. (B-4)
i=1
where {E, E»} is an arbitrary orthonormal basis of 7, M with respect to g ¢ := f*grs. We also remark
that we can define a tensorial version of D, treated as a tensor on M with values in R”. The transformation
law we prescribe here is analogous to (B-3), namely if F is a (k, 0)-tensor on M with values in R", we
define for Xy, ..., Xy+1 € V(M)

k+1

DF(Xy, ..., Xer1) = Dx,F(Xa. ..., Xex) = D F(Xa, ..., Vx, Xj. ..., Xeq1).
j=2

As an important special case we obtain for f € C*°(M, R")
D*f(X,Y) = DxDyf — Dy f.

If f is additionally an immersion, this formula yields exactly the second fundamental form (see (2-1)).
Hence one could also write A[ f] = D? f.

Appendix C: On the smooth convergence of surfaces

Here we present some useful results concerning smooth convergence on compact subsets of R, which
we will simply call smooth convergence.

We remark that smooth convergence, see Definition 2.1, actually takes place in the equivalence class
of surfaces that coincide up to reparametrization, more precisely

Remark C.1. Consider a sequence of immersions (fj);en, fj : ¥ — R”, that converges to f smoothly
on compact subsets of R" and a sequence of diffeomorphisms (V¥;);en, W @ Z; — X, with ; a smooth
manifold without boundary. Then it follows from the definition of smooth convergence that f; o W;
converges to f smoothly on compact subsets of R". Moreover if W : £ Sis yet another diffeomorphism
then f; also converges to f o W smoothly on compact subsets of R".

Remark C.2. In general, smooth convergence is not topology-preserving, i.e., the topologies of S and ¥
need not coincide; see [Breuning 2015, Figure 6]. The situation is better if ¥ is connected and S has a
compact component C. Lemma 4.3 in [Kuwert and Schitzle 2001] gives that %, S are diffeomorphic.
By the previous remark they can then also chosen to be equal.

Next we examine how relevant geometric quantities behave with respect to smooth convergence, for
instance the diameter.

Lemma C.3. Suppose that ( f; j?’il : X — R" is a sequence that converges smoothly on compact subsets
of R" to f .S — R"™. Then
diam (%) < liminfdiam f; ().
J—> 00
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Proof. Suppose that ( f (P25 ( f (@), C f (f) are sequences such that
£ (p) = f (@] — diam f(3).

Then, by Definition 2.1 for each k € N there exists j(k) € N such that py, g; € f( j) forall j > j(k).
Now (2-5) implies that for all j > j (k)

1 £ (o) = £ (@] < 1f5 00 (pi) — f 08| + | (pr) — uj (i)
Letting first j — oo and then k — oo we obtain the claim. O

Now we study the lower semicontinuity with respect to smooth convergence of the Willmore energy.
As a first step we prove the following result.

Lemma C.4. Let (fj)jen, fj : ¥ — R" be a sequence of immersions that converges smoothly on compact
subsets of R" to an immersion f .S — R™. Let (U, V) be a chart for S such that U C /E\(J)for some
JeNand g0 e Cl(y(U)) /F\f’f oy~ e CO(W(U)) foralli, t,a, and det(g), g1 are bounded from
below by some positive § > 0, where g;, and f‘"‘ denote the metric and Christoﬁ”el s symbols induced by f
on 3. Moreover we require that ||D2f||Loo(U g7)> ||A[f | L@, g/ ||DA[f]||Loo(Ug ) < o0o. Let ((1)])] 1»
¢ S>3, bea sequence of diffeomorphisms as in Definition 2. ] Let g(m) be the ﬁrst Sfundamental form
induced by fy, o ¢ on U with respect to the chart (U, y) and H(m) := Hy, .4, be the mean curvature of
fin © .

Then, g(m) o Y~ converges to g o =" uniformly in y(U) and H(m) o ¥~ converges to Hf oy !
uniformly in ¥ (U).

Proof. For m > J let u,, be as in Definition 2.1 such that on f(m) one has
footmtun=f and NV Ul = 0. m— 0. (C-1)

Let (yl, y2) be the local coordinates induced by (U, v); in particular for all 7 € C*°(X; Rd), deN,
in particular observe that 3h/dy" = (d(h o Yy~ )/de;) o for all h € C®(X; RY), d € N. Our first
intermediate claim is that du,,/dy’ and 3%u,,/(dy’ dy*) converge to zero uniformly in U for all i, 7.

In the following we let E;, E, € V(U) be the smooth orthonormal frame on (U, gf) which we obtain
by applying the Gram-Schmidt procedure on {3/dy', 3/3y?}, i.e.,

E, = L9 and Ez—;(&l 9 -8 9 )
81,1 dy! V 81,1v/det(g) dy? ay!
Note that by (B-4)
o 2 A/ 9 A
ay D(3/dy HUm _V(S/By) _Z<uma A[f]<a_yls E]))R3DE/f
j=1
and hence on U we have
oy, A A 12
Byl < IVt L) + 20 AL N o) 8 Nt |l L - (C-2)
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Estimating

&L &L A ~ —1
IVZumllLe@)y SNV tmll po s mpy=0s  NumllLew) S Numll Lo Somy=>0 181il SN&iio¥ ™ Lo wy),
we infer that du,,/dy’ converges to zero uniformly on U. Next we compute for all i, T, writing for short
A= ALf],

82Mm 2 d
ayray - Desey Dojyitim = Dojayr <Va/ay'”m ;(um (a—y,.,E/»R,,DE,-f)

d
= Dd/i)yfva/d iUy — Z Dy /yye I:(um A(B_ E/>>RnDEjf]

j=1

2
_9Ll gL 1 9
= Vijay Vi ayitm = Z<Va/ay Hm, A(ayf’ ))wDE’f
=1

ou 2
—Z<a 2 Ay 1)) Do -
0 ~
<um7 (B_y” Ej)>RnD8/3yTDEjf

_ (o2, (9 i) 5 ( 3)
=(V)u ’"(ayf’ayi + VU (Vajaye By

() A ) D - (2 A )

I=1 iz

ad ad
Z<””“DA<3 T oyl )+A(Va/ay Byl

=1,
S A B [ ) 07 ],

All terms that appear here as arguments of tensors can be bounded in L°-norm with quantities that we
assumed to be bounded. Notice that a bound on V; /oyt 0/ dy' needs the fact that the Christoffel symbols lie
in CO(y (U)). Bounding 2 /ay7 Ej in terms of the given quantities needs the explicit representation of E;
that we discussed above. Here we also need that det(g), 11 are bounded from below uniformly in U. We
obtain with a straightforward computation that 3%u,,/(3y*dy’) converges to zero uniformly in U.

We now show that g(m) converges to ¢ uniformly on U, which implies the convergence claimed in
the statement. First note that by (C-1) and (C-2)

9(fm o m) _ af
ay* C 9yt

~.
i MN
LN

0
<Mm, Da/ayfA(a—yi, Ej)>Rn Dg; f

r'ﬂ

a A
6) a3 S, o0

+o(1),

where 0 f /0y" are bounded by assumption. Hence, d( f;,; o ¢,)/0y" and g(m) are uniformly bounded.
Now we can compute using (C-1)

R af of ) d(fn 0 Pm) ity I(fn 0 Pm) Oty it ity
gir=\—,—) =g8i:(m)+ . , + , — + , —
3)11 3yr R 8yl ayr R ayr 3)/’ R ayr ayz R
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By the arguments above, the last three terms are uniformly convergent to zero and so convergence of the

! since we assumed

first fundamental form is shown. Note in particular that also §~!(m) converges to g~
that det(g) is strictly bounded from below.

Observe now that by (A-1) and (A-3)

- (2 f o~ af
H;,=g'" .f —Ff‘r—f ,
f aylayt 3yoz

82 m © Om m © @Pm
(f_ cf)_ra()(f ) )
dy'dy ay*

H(m) = g"f(m)(

where F“ (m) denotes the Christoffel symbols of the immersion f;, o ¢, with respect to the chart (U, ¥).
We have already discussed the uniform convergence of all terms that H (m) consists of except for the
Christoffel symbols. The convergence of those however follows analogously to the convergence of g(im)
from the classical formula

2
i—v\;xr(m) — gaﬁ(m) d (fm °¢m)’ d(fm o Pm) ‘ 0
dyidy” ayh Rn
Lemma C.5. Suppose that ( f] 1 X — R" is a sequence of immersions that converges smoothly on

compact subsets of R" to an immersion f S — R". Then

W(f) < liminf W(f;).
j—o0

Additionally, if T is compact then W( f ) =lim;_ oo W(f)).

Proof. We start choosing a cover {(Up, ¥p)} e5 of ¥ such that U, is an open neighborhood of p. Since
each p is contained in some X (m ) for some m , € N and X (m ) is open, we may assume that U, C X (m )
by possibly shrinking U,,. Let V), be a neighborhood of p compactly contained in U,. Then in each chart
(Vp, ¥p), 8ir and I'{; are bounded and det(g) is uniformly bounded from below by some § = §(p) > 0.
By second countability there exist countably many points {p,}2 , such that {(V), , ¥, )}72, is a cover of
S and there exists a locally finite partition of unity (»,)52 , of smooth and compactly supported functions
that satisfy supp(n,) C V,,. Now we infer by Lemma C.4 (taking diffeomorphisms ¢, as in (C-1)) and
Fatou’s lemma

| 12 = Z / noH ;= Z / oW (H o U et oy
I’u
_Z lim (77,,01//;1)(Hfmo¢,mow;I)Z\/detg(m)ow;]dx
m— 00 A v v v

<lim 1nfz / (v o ¥,V (H o, 0 ¥, )?V/det gm) oy, ! dx
pl)(va

T T o)
= lim: logfz /V p Mo H} o, i f, 09, = lim inf /i H3 g Q1 f0,
V= v
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All in all we obtain W( f ) <liminf,, o W( [ 0 ¢p,) = liminf,, o W(f,;) as the Willmore energy does
not depend on the reparametrization. If T is compact then the partition of unity can be chosen to be finite
and the last claim follows then with the same techniques. 0

Lemma C.6 [Breuning 2015, Corollary 1.4]. Suppose that f; : ¥ — R" and f : S — R are such that

fj converges to f smoothly on compact subsets of R". Then the surface measures fj*ugj converge in
Co®")' 10 1.

A second concept of convergence that is related to smooth convergence is the C!-convergence which
we also use throughout the article.

Definition C.7. We say that a sequence of immersions ( f});en, fj: X — R", defined on a two-dimensional
manifold ¥ without boundary converges to f : ¥ — R" in C!(X), I € N, if there exist diffeomorphisms
¢;: X — Xforall jeNandu;: ¥ — NX such that fjo¢; +u; = fon¥ and ||(@L)kuj||Loc@) -0
as j > oo forall k €{0,...,1}.

Remark C.8. The two concepts of convergence we discussed are obviously related. Indeed, if f; : TR
is a sequence that converges smoothly on compact subsets to some f .S > R and £ is compact, then
fj converges to f in C! for all I € N. We further say that a family (f(#));e[0,00) COnverges to f in C! for
all [ if for each sequence t; — oo one has f(t;) — f as j — oo.

We will now present an alternative characterization of C! convergence in which we do not need to
require that u; are orthogonal. However we have to pay a price —in this case one needs to control the
full derivative. Even though we expect this result to be true even in higher codimension, we formulate it
only in the case of n = 3 for the sake of simplicity. This will be sufficient for our purposes.

Proposition C.9. Let ¥ be a compact orientable two-dimensional manifold without boundary and
fi:Z— R3 be a sequence of immersions and k > 2. Then fj converges to a limit immersion f YR
in C* if and only if there exist w;j €C k2, R?) and C*-smooth diffeomorphisms Y 1 ¥ — X such that
for j large enough

fj-owj=f+wj ony

and for all k € N one has ||Dkwj ”Loo(z’gf) — 0as j — oo

Proof. First assume that f; : ¥ — R? converges to f : ¥ — R3in C*¥(X). Then, for j large enough one
can find u; € C k(2,NX)and C k—diffeomorphisms ¢; : ¥ — X such that

fjoqu:f—i-uj on X

and for all k£ € N one has ||(@L)kujl|Loo — 0 as j — 0o. Now we choose ¥/ := ¢; and w; := u;. It only
remains to show that ||Dkwj [z — 0 as k — oo. For k = 1 we observe that for each X € V(M) one has
by (B-4)

2 2

Dyw; =Vyw; — Y _(wj, ALFIX, E))ps D, f = Viuj — > _(uj, ALfI(X, ED)gs DE, f. (C-3)
i=1 i=1
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We obtain that
I Dwjlle < IVEujllzee + Cllujll oo I ALF U oo 1D £ 1l oo

Since ¥ is compact, ||A[f]||Loc and ||Df||Loo are finite and thus || Dwj ||z~ — 0 as j — oo. The estimates
for k > 2 follow easily by using iterated versions of (C-3).

For the converse, suppose we have diffeomorphisms ; and w; as in the statement. We denote by
C*(Z; R) the set of all C*-smooth real-valued maps from X of R equipped with the norm || f ek (z:my =
Zf Ll % f Lo, where V here denotes the tensorial connection with respect to the Levi-Civita connection
on (X, g7 »); see [Lee 2018, Lemma 4.6]. We also endow CK(X; R?) with the norm I fllckem:msy =
Zz 1 ||le | . Moreover we define Diffeo’ (X, ) to be the set of all C¥ smooth diffeomorphisms
of . Note that Diffeo* (X, ) is a smooth Banach manifold with the compact-open topology and for
all ¢ € Diffeok(Z) the tangent space Ty Diffeok(E, Y)) can be identified with V(). This fact follows
from [Wittmann 2019; Hirsch 1976, Chapter 2, Theorem 1.7]. Let now N be a smooth unit normal field
along f (Here orientability of ¥ is needed). We now define for all k € N the map

F : Diffeo®(, =) x CK(Z: R) - CKH(=; RY, F@1, B) = (fA+,BNA) 0. (C-4)

It is easy to show that for all X € V(¥) and « € C*(Z; R) one has dag,0)F (X, a) = DXf +ozNA Having
this formula, one checks that diq.0) F : T(ia,0) (Diffeo* (2, £) x CX(Z; R)) — T; (CH(Z; RY)) ~ ck(z R%)
is an isomorphism. As a consequence one can find a small neighborhood V of (id, 0) such that F'|y is a
diffeomorphism. We conclude that for all £ € N there exists ¢ > 0 such that ||g — f lck(z:m3y < € implies
that there exists 7 € Diffeo® and g € C* such that g = (f—i—,BNJ;.) on. Next we look at g = f—i— w;. For j
large enough one has that there exists n; € Diffeo* and Bj € C* such that

fwj=(f+BiNp) on;
and thus we infer that

fiodj=(f+BiNp)on;.
We compose with nj_l to obtain

fiodjon; ' = f+BiN;.

Defining yj :==¢; o n; Uand uj = ﬂ] » we obtain that fjoy; = f—l—uj and u; € CK(Z, NX). It remains
to show that ||(Vl)lu, || = O for all I = 1, ..., k. To do so we compute for any X € V(%)

Viu; = %(ﬂ,-Nf) = X (B))N; + BV N;
Note that X (8;) = Vxf; and thus
IV ujlliee < 18jllcr . (1 + IV Nl ).
Observe that IWLN]xII Lo is finite by the compactness of ¥. Similarly one can show that

IV ujll < Ch, 2, HIBjlciem forall j=1,... k. (C-5)
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Note that f +w; — f in CK(Z; R3) and the fact that F, defined in (C-4), is a local diffeomorphism
implies that (»;, B;) converges to (id, 0) in Diffeo (T, £) x CK(X). Thus B; converges to 0 in Ck(/f)).
This and (C-5) verify Definition C.7 for [ = k. The claim is shown. 0

Also C'-convergence is not affected by reparametrizations and Remark C.1 can be formulated also
for the C!-convergence. This implies in particular that limits with respect to C!-convergence are not
unique. In the rest of this section we will however show that, in our setting, C’-limits are unique up to
reparametrizations. Let us first fix what we mean by classical C! convergence.

Definition C.10. We say that a sequence of immersions (% j);’i 1» hj : ¥ — R", converges classically in C!
to some immersion & : ¥ — R" if u; :=h —h; : ¥ — R" satisfies ||Dkuj||Loc();) — Qforallk=0,...,1.

Proposition C.11. Let (f; ]?’il : S x S' = R? be a sequence of smooth immersions and | > 2. Let
f,h:S!x S' = R3? be such that fj converges to f in C Land fj converges to h classically in C [ Then f
and h coincide up to reparametrization, i.e., there exists a C'-diffeomorphism ¢ : S' x S' — S! x S!
such that h = f o ¢.

Proof. Since fj converges to f in C! there exist diffeomorphisms ¢; of S'xS! and maps u | :SIxS!' - R3
such that
fiopj+uj=f onS'xS! (C-6)

and ||uj|[re, |[Du;l|| 1~ converge to zero. Moreover there exist v; such that
fi+vi=h onS'xS' (C-7)

and ||vj||z, || Dvj|lL~ converge to zero.

Step 1: (qu)J?'il converges uniformly to some ¢ € C%(S' x S!) that satisfies & = f o ¢. First note that
functions on S!' x S! can be periodically extended on R?. Doing so and tacitly identifying all the functions
we defined above with their unique periodic extensions we infer that (C-6) and (C-7) hold on the whole
of R%. From both equations we infer that

hog; —vjopj+u;=f onR> (C-8)

Since we deal now with functions in C'(R?; R*), we can compute derivatives simply using the Jacobi
matrix. By the chain rule

(Dh(¢;) — Dvj($;)) D¢, + Du; = Df in R (C-9)

We claim that || D@ || .« g2~2y 18 bounded. For this assume that a subsequence (which we do not relabel)
satisfies || D¢;|| . — oo and let p; € S! x S! be such that |D¢;(pj)| = |D¢;ll L, where | -| is a suitable
matrix norm. Evaluating (C-9) at p; and dividing by || D¢;|| .~ we obtain

Do;(p;) 1
Duj(pj) = y5o=— DI (pj)- C-10
ID@jll |1 DPjllL uj(pj) 1D, I~ f(pj) ( )

By the boundedness of ¢; : R? — S! x S! and the choice of p ; one can choose a subsequence such that
(o) (pj))]?’il converges to some ¢ € S! x S' and D¢;(p;)/||Dgjll1~ converges to some B € R2*2 that

(Dh(¢;(p;)) — Dv;(¢;(p))))
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satisfies | B| = 1. Note that by the requirements on u;, v; and the fact that the first fundamental forms of f, &
with respect to the local coordinates (u, v) are bounded one has || Duj || oo g2 g2x3), | D)l Lo @2 m2x3y = 0
as j — oo. Passing to the limit in (C-10) we obtain

Dh(q)B =0.

This is a contradiction to / being an immersion and |B| = 1. Hence || D¢; ||~ r2 g22) is bounded. Note
also that ¢; : R? — S! x S! is uniformly bounded as it takes values only in S' x S'. By the Arzela—Ascoli
theorem there exists a subsequence (which we do not relabel) and ¢ € C 0(S! x S such that ¢; — ¢ on
S' x S!. We can now go back to (C-8) and pass to the limit there to obtain

hop=f onS'xS (C-11)

Step 2: ¢ is a local C ! diffeomorphism; i.e., ¢ is C ! smooth and for all p € S! x S' there exists an
open neighborhood U containing p such that ¢, is a diffeomorphism onto its image. To this end fix
p € S! x S! and recall that, being /& an immersion, there exists an open neighborhood W of ¢ (p) such
that /|, is a diffeomorphism onto its image V := h(W). We denote by & : V — W the inverse of &/,,. By
(C-11) we obtain

¢p=hof on f (V). (C-12)

Notice that since ¢ (p) € W it follows that f(p) = h(¢(p)) € V and hence p € f~1(V) so that f*I(V)
is an open neighborhood of p. Now there exists another open neighborhood G of p such that fj; is a
C'-diffeomorphism onto its image. Defining U = G N f~!(V) we obtain that ¢, isaC I_diffeomorphism
as a composition of two diffeomorphisms. Note in particular that D¢ (p) is invertible at each point
p €S' xS This implies in particular, as S! x S! is connected and ¢ € C! that sgn(det(D¢)) is constant.

Step 3: deg(¢) = 1. Recall that the mapping degree of ¢ is given by

deg(¢) := Z sgn(det(D¢ (x))) (C-13)
xep~H({yh
for any choice of y € S! x S. See [Outerelo and Ruiz 2009, Chapter 3] or [Guillemin and Pollack 1974,
Chapter 3, Section 3] for the well-definedness of deg, e.g., the independence of the definition of the
chosen y and finiteness of the sum in the definition. We make use of the degree-integration formula (see
[Guillemin and Pollack 1974, p. 188]) to compute deg(¢). Since ¢ : S! x S! — S! x S! is sufficiently
smooth, one has for all differential forms w on S! x S! that

/ ¢*w = deg(e) w,
Sl xS!

SlxS!
where ¢*w is defined as in [Guillemin and Pollack 1974, p. 166]. Let n € Cg° (R?) be arbitrary. Take
wy (u, v) := n(h(u, v))v/det DhT Dh du A dv. Then

1 p2n
f w,,:// n(h(u, v))v/det(DhT Dh) dudv:/ndh*uh, (C-14)
S!xS! 0J0
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since DhT Dh is the first fundamental form of (S! x S!, g;). Note that by Lemma C.6 f*/1s coincides
with h*ju;, as both measures are Cy(R")’-limits of fj* w ;. Hence by (C-14)

/ndf*uf=/ndh*uh=/ wy. (C-15)
SIxS!

Using now that f = h o ¢ we can also compute [ ndf*us in another way. Since s := sgndet D¢ is
constant, by definition of ¢*w, we obtain

1 p1
L/Udf%ﬂf=i£t£ n(F (u, v))v/det(DST DY) du dv

1 1

= / / nth(ep(u, v)))v det(DhTDh)Idet(D¢)| du dv

0 J0
1 p1

=g / / n(h(¢(u, v)))v/det(DhT Dh) det(D¢) du dv

0 J0

=s / ¢ w, = s -deg() wy.
StxS!

Slxs!
This and (C-15) yields that deg(¢) = 1/s = £1.

Conclusion: The fact that deg(¢) = %1, sgn(det(D¢)) is constant together with (C-13) imply that
#~'({y}) must be a singleton for any choice of y € S! x S.. This proves the injectivity of ¢. Surjectivity
follows directly from [Outerelo and Ruiz 2009, Chapter 3, Remark 1.5(2)]. We finally end up with a
surjective and injective local diffeomorphism. By this inverse function theorem, this is also a global
diffeomorphism. 0

Corollary C.12. If ()72, :S' x S' — R’ converges in C' 10 some f : S' x S' — R? and also 10 some
h:S! x S! — R3. Then there exists a C' diffeomorphism ¢ : S' x S' — S! x S! such that f =h o ¢.

Proof. If f; converges to hin C ! then by Proposition C.9 there exists a sequence of diffeomorphisms
(¥; )]?";1 of S! x S! such that fjov; converges to h classically in C ! Since (nonclassical) C! convergence
is not affected by reparametrizations, we infer that also f; o v; converges to f in C'. By Proposition C.11
applied to f; ov; we infer that f = h o ¢ for a C!-diffeomorphism ¢ of S! x S'. O

Appendix D: On the Willmore flow

Here we mention some previous results on the Willmore flow, which we will use. Since we need the
precise formulations and constants we state them here for the readers convenience. We start with a short
time existence and uniqueness result. We remark that this result is not the only short time existence result
in the literature (see, e.g., [Simonett 2001]), but it is the most useful for the formulation we use.

Theorem D.1 [Kuwert and Schétzle 2002, Theorem 1.2]. Suppose that fo: X — R" is a smooth immersion.
Then there exist constants g9 > 0, co < 00 that depend only on n such that for all p > 0 that satisfy

sw/‘ |ALfoll* du g, < 0
xeRr J £ (B, (x))
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there exists a unique maximal smooth Willmore flow (f(t)):c[o,1) Starting at fy that satisfies T > cop*
Moreover, for all m > 0 there exists C = C(n, m, fo) such that

IV ALf O]llL=zy < C  forallt €0, cop*]. (D-1)

Note that (D-1) is not in the statement of [Kuwert and Schitzle 2002, Theorem 1.2] but in its proof;
see [Kuwert and Schitzle 2002, equation (4.27)]. In fact the bound of the derivatives of the curvature are
crucial in the proof of the short time existence theorem. In addition to bounds on the curvature one also
needs a bound on the metric. Let us emphasize that this bound is (in finite time) implied by the curvature
bounds as part of a more general result; see [Hamilton 1982, Lemma 14.2]. Once short time existence is
shown one can look at long time existence. The most important blow up criterion obtained so far is the
one discussed in Theorem D.5 below. It says that if T < co then the curvature has to concentrate. One can
ask what happens to other quantities once the curvature degenerates. By Simon’s monotonicity formula,
the “density” will not degenerate. Indeed, in [Simon 1993, equation (1.3)], a local bound for the surface
measure is shown. A useful implication stated in [Kuwert and Schitzle 2001, Lemma 4.1] is that there
exists ¢ > 0 such that for all proper immersions f : ¥ — R” (¥ compact and without boundary) one has

wr(f7H (B, (x0))
02
where we further assume that X is a torus so that its Euler characteristic vanishes.

<cW(f) forall p>0, (D-2)

Up to this point, no examples of evolutions where the curvature degenerates are known, even though
there exists one candidate for this phenomenon; see [Mayer and Simonett 2002].

Close to local minimizers curvature concentration cannot occur and one deduces convergence with the
aid of a Lojasiewicz—Simon gradient inequality.
Theorem D.2 [Chill et al. 2009, Lemma 4.1]. Let fw : ¥ — R" be a Willmore immersion of a compact
manifold ¥ without boundary, and let k € N, § > 0. Then there exists ¢ = ¢(fw) > 0 such that the
Sfollowing is true: suppose that (f (t)):cj0,1) is a Willmore flow of X satisfying

I fo— fwllw22ner <&

and
W(f (@) = W(fw) whenever || f(t)o@(t) — fwllck <6, (D-3)

for some appropriate diffeomorphisms ®(t) : ¥ — X.
Then this Willmore flow exists globally, that is, T = 0o, and converges, after reparametrization by
appropriate diffeomorphisms 5([) 1 X — X, smoothly to a Willmore immersion fo. That is,

f()o®(t) = fr ast— oo.

Moreover, W( fx) = W(fw) and || fo — fwllcr <.

Remark D.3. Notice that ¢ in the statement does not change if instead of fy one considers the translated
Willmore surface fw + x for x € R". Indeed, if fj satisfies

I fo— (fw +X) lw22ner <& =e(fw),
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then clearly fy — x satisfies the assumptions on the initial datum stated in Theorem D.2 so that the
corresponding Willmore flow f(r) converges. Due to the uniqueness of the solution for the Willmore
flow, f (t) = f(t) — x with f(¢) the solution of the Willmore flow which starts in fy. Hence, also f(¢)
converges.

Remark D.4. We also remark that in case that the Willmore flow converges in C* for all k one obtains
uniform bounds on all derivatives of the second fundamental form, i.e., for all m € Ny there exists
C = C(m, fp) such that

I(VH™ALF(O]llz~ < C forall ¢ € [0, 00).

Not every evolution of the Willmore flow is convergent. What one can however always obtain is a
Willmore concentration limit of appropriate parabolic rescalings. Below we will introduce the Willmore
concentration limit rigorously since we need to examine it for the proof of Theorem 3.1.

Theorem D.5 (Willmore concentration limit [Kuwert and Schitzle 2001, Section 4]). Let X be a compact
two-dimensional manifold without boundary and let f : [0, T) x ¥ — R" be immersions evolving by the
Willmore flow with initial datum fy. Let &g > 0 and co be defined as in Theorem D.1.
Then for each sequence (t; J?’il ' T there exist (xj)f.; Cc R, (rj)f.; C (0, 00) (defined as in (3-1))
and co > 0 such that
tit+corf <T forall jeN (D-4)

and

fi= rlj(f(z, teort, ) —x) T R (D-5)

converges smoothly on compact subsets of R" to a proper Willmore immersion f S > R, where * O
is a smooth two-dimensional manifold without boundary. Moreover

liminf / | At + cor)) > du ety eort) > O0: (D-6)
B;

Jj—00
where Bj = (f (1j + cor{) ™' (B, (x))).
Now we are finally ready to prove Theorem 3.1.

Proof of Theorem 3.1. The first part of the statement follows from (D-4). From Theorem D.5 it follows
that there exists a sequence (x;);enC R" and a proper Willmore immersion f : S — R" such that
~ X A~
fiw—2L— 1. (D-7)
T
smoothly as j — 0o. Now we examine the asymptotics of (r;);en.
If there exists a subsequence of the radii r; that tends to zero or infinity. By [Chill et al. 2009,

Theorem 1.1],  is not compact. In particular diam( f (f)) = 00 since otherwise f (f]) lies in a compact
set of R" which is a contradiction to the properness of f . By lower semicontinuity of the diameter, see
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Lemma C.3, we infer

0o = diam(f(2)) < lim infdiam(fj,c0 — ﬁ) = lim inf diam( f; ).
Jj—00 T Jj—00

Hence we have shown that (2) occurs.

Suppose on contrary that (r;);en has no subsequence that tends to zero or infinity. Then there exists
8 > O such that § < r; < 1/8 for all j € N and Case 1 occurs. Necessarily from (D-4) we see that T = oo.

It remains to show that a bound on the diameter ensures full convergence to a Willmore immersion.
Suppose therefore that diam( fj,co) < M for all j € N. Note that then - once again by lower semicontinuity,
see Lemma C.3,

diam(f(i)) < liminfdiam (fj,CO — x_,) = liminf diam( fj ) < M.
J—>00 }"j J—>00
Since f is proper this ensures that T is compact. By [Kuwert and Schitzle 2001, Lemma 4.3] we infer
that £ =S! x S! and the convergence in (D-7) is actually convergence in C¥ for all k € N. Now we
define
f(t i+ Sr;.l)

fi 110, c0l x S x ST = R, fi(s) :=
Fj

Note that by scaling properties of the Willmore gradient f] solves the Willmore flow equation. By (D-7)
we can now fix jo € N and a smooth diffeomorphism ® : S! x S! — S! x S! such that

<e=e(f), (D-8)
CZ

~ X; A
fjo,Co o®— ﬁ -
Tjo

where s(f) is chosen as in Theorem D.2. By Remark D.3 we also have e(f) = s(f + xj,/1j,). We
infer by Theorem D.2 that the Willmore flow starting at ];jo,co o ® exists globally and converges (up to
reparametrization) to a Willmore immersion f, : S! x S! — R™. By geometric uniqueness of Willmore
evolutions we infer that fjo o @, first defined on [0, cg], extends to a global evolution, i.e., defined on
[0, 00), and converges (up to reparametrization) to fo. Again by geometric uniqueness we infer that fjo
extends to a global evolution converging (up to reparametrization) to fs, o 1. Using scaling properties
of the Willmore flow we infer that f extends to a global evolution by Willmore flow that converges to
Ty Joo,» Which is again a Willmore immersion.

To show the last sentence of the claim we first observe that a uniform bound on the diameter implies
that Case 2 may not occur, in particular r; € (8, 1/§) for some § > 0. Then the fact that #; + corf < T for
all j and #; — T implies that T = oo. Convergence follows then according to case (1) with the diameter
bound. U

With this theorem we have proved that boundedness of diam( fj,CO) implies convergence. The fact that
the ﬁco need information about f (¢; + corf) and not just about f(#;) adds a technical difficulty — the
time shift might cause geometric quantities to degenerate. Luckily, the diameter is not so much affected
by (bounded) time shifts, as we shall see in the following:
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Lemma D.6 (Evolution of diameter and area). Suppose that f : [0, T) x ¥ — R" is a maximal evolu-
tion by Willmore flow. Then there exist constants C; = C1(W(f(0))), C; = Co(W(f(0))) depending
monotonically on W(f(0)) such that

Mg iy (B) < fhg ) (Z) + CLOV(f ()t '/ (D-9)
and

diam(f (1)(Z)) < Co(W(f (0)))(diam(f (0)(Z)) +'/%).
Proof. First we remark that, since the Willmore flow is a gradient flow, for all s > 0

| L1 £ 0P ang, =wis )= wison=wison. (D-10)

By [Kuwert and Schitzle 2002, equation (2.16)] we have

a0, (D) = fz CHLF O, 9 f () ditgy,

. 1/2 172

5( fz |H[f<z>]|2dugf<,)) ( /2 |a,f<r>|2dug,»(,>>
1/2

<2 W(f(r))( /2 |a,f<r>|2dugf<,>> -

Integrating with respect to ¢ and since t — W(f(¢)) is decreasing we obtain

K 1/2
ey () — tg 0 (E)] < 20W(F(O) /O ( fz |atf<r>|2dugﬂ,)) i
s 12
52\/W(f(0))s‘/2</ f |a,f<r>|2dugf<,>dt) <OW(F (052,
0 >

using (D-10) in the last step. The estimate in (D-9) follows if we choose C{(W) = 2W(f(0)). Next
we use a generalization of [Simon 1993, Lemma 1.1] (see the following lemma) for immersed surfaces
to obtain that there exists Cg > 0 such that diam(f(E))2 < CsW(f)g,(¥). Using this, (D-9) and
Lemma D.7 we obtain

diam(f (1)(2))* < CsW(f (D))itg;) (B) < CsW(F(0)) (g (Z) +2W(f(0)1'/?)
< CsW(£(0)(W(f(0)) diam(f (0))* +2W (f(0))t'"/?).
< CsW(f(0))*(diam(f(0))> +2¢'/%)
< 2CsW(£(0))*(diam(f(0)) +1'/%).
The choice of Co(W) :=2CsW? does the job. O

i

In this proof we have used the following lemma, which generalizes [Simon 1993, Lemma 1.1].

Lemma D.7 (cf. [Simon 1993, Lemma 1.1]). There exists Cs = Cs(n) > 0 such that for all immersions
f X — R" of a compact connected two-dimensional manifold without boundary ¥ one has

—L— <diam(f(%))* < Cs(n)g, (SIW(S).
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Proof. Let X be as in the statement. By [Simon 1993, Lemma 1.1] we infer that for all n € N there exists
c(n) > 0 such that for all embeddings f : ¥ — R" one has

Mg (%) - d; 2

— 7 = diam(f(X))" < c(m)pg, (ZIW(f). (D-11)

W(f) *
We need to generalize this result to immersions. Let N € N be such that each smooth two-dimensional
manifold can be smoothly embedded into R". Such a constant N exists due to Nash’s embedding theorem
(or alternatively one can derive N = 4 explicitly using a handle decomposition). We will show that
the desired estimate is satisfied with the constant Cs(n) := c(n + N). To thisend let f : ¥ — R”
be an immersion and ¢ : ¥ — R" be an embedding. For fixed ¢ > 0 define f, : ¥ — R"*V via
fo(p) :== (f(p), et(p))T. It is easy to check that f, is an embedding. We infer by (D-11) that

Mgy, (2)
W(fe)

Next we pass to the limit as ¢ — 0. First we examine the diameter. Note that for all x, y € £ one has

<diam(f;(%))* < c(n+ N)pg, (SIW(fo). (D-12)

| fe(0) = fe D =1£(0) = FOIP+&71ex) — ().
From this one easily infers
diam(f(£))* < diam(f;(£))* < diam(f () + &> diam(:(%)).
Since ¥ is compact we find that diam(¢(X)) < co. Hence

lirr(l) diam( f, (X)) = diam(f(X)).

One readily checks that f; — (f,0)in C k for all k. From Lemma C.5 one infers then that lim,_,o W( fe)=
W((f, 0)) = W(f). That W((f, 0)) = W(f) can easily be checked since

A[(f, ODI(X, Y) = D*(f, 0)(X, Y) = (D* f(X, ), 0),

where the last identity is due to the fact that D is defined componentwise; see (B-1). Using methods
similar to Lemma C.5 one can also check lim,_,¢ g £ (X) = g £0) (X) =g y (X). This being shown, the
claim follows from (D-12) letting ¢ — 0. O
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