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Chapter 1

Introduction

Over the last century, complexification has become a popular and versatile tool
in various fields of mathematics. In group theory, for instance, complexification
is quite helpful in the classification of simple Lie algebras. Simple Lie alge-
bras are completely described by their root systems which themselves are fully
encoded in so-called Dynkin diagrams. Unfortunately, Dynkin diagrams only
classify simple Lie algebras over algebraically closed fields meaning they are not
suited for real Lie algebras. To rectify this, one complexifies the real Lie algebra
g to the complex Lie algebra gc := g ® ¢g. The real form g of gc can then be
extracted from the Dynkin diagram for gc by the means of Satake diagrams,
a special variant of Dynkin diagrams. Naturally, complexification is similarly
useful for other mathematical problems, e.g. the classification of linear repre-
sentations of Lie groups (cf. the notion of weights).

The overarching idea of this thesis is essentially to complexify mathematical ob-
jects, usually from symplectic geometry, in order to achieve one of the following
goals:

(i) Determine which properties transfer from the real to the complex system
and work out possible differences.

(if) Link two a priori different notions via a complexified structure.

(iii) Gain a better understanding of already established results and reveal hid-
den connections using complexification.

The main part of this thesis is comprised of two chapters, each devoted to a
structure whose complexification we wish to study in detail. Chapter 2! focuses
on Hamiltonian systems, while Chapter 3 deals with coadjoint orbits, specifically
their Kahler structure.

Holomorphic Hamiltonian Systems

A real Hamiltonian system (RHS) consists of a manifold M together with a
symplectic form w and a function H : M — R called Hamiltonian. The objects
w and H allow us to define the Hamiltonian vector field Xy via the formula
tx,w = —dH. Since their inception, RHSs have attracted a vast amount of

LChapter 2 can be found in similar form as a preprint on arXiv (cf. [Wag23]).
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4 CHAPTER 1. INTRODUCTION

attention from the scientific community, mostly due to their physical relevance:
The integral curves of Xy describe the trajectories of massive point-like parti-
cles in the phase space (M,w) subject to the dynamics dictated by the energy
function H.

The complex analogue of a RHS, a holomorphic Hamiltonian system (HHS),
is described by similar data: a complex manifold X, a holomorphic symplectic
form 2, and a holomorphic function H : X — C. HHSs have been studied for
the last 20 years. The research in this field is mainly focused on the interplay
of HHSs with their real forms. In [GK+02], for instance, the authors used the
integrability of the Toda chain to show that the complex Toda chain as its com-
plexification is also integrable. From this, they were able to infer that all RHSs
which emerge as real forms of the complex Toda chain are integrable as well.
In this thesis, we take a different approach: We examine HHSs independently
of their real forms and work out which properties transfer from the real to the
complex case. Consider, for instance, the trajectories of Hamiltonian systems.
It is common knowledge that the maximal trajectories v : I C R — M as in-
tegral curves of Xy exist and are unique given an initial value. Locally, the
same statement still holds true for HHSs: As in the real setup, Q2 and H sin-
gle out a unique holomorphic vector field X4, the holomorphic Hamiltonian
vector field, defined by ¢x,, €2 = —dH. The holomorphicity of the vector field
X4, implies that real and imaginary parts of X4 commute. Thus, the flows of
ReXy and Im Xy commute as well. Combining the flows gives us a holomor-
phic map v : U C C — X satisfying the holomorphic integral curve equation
v'(z) = X4 (y(2)). For small enough domains U, « is well-defined and unique
given an initial value. However, the maximal trajectories v : U C C — X are
not unique in that sense. This behavior is in sharp contrast to the real case. The
non-uniqueness of maximal holomorphic trajectories is caused by monodromy
effects or, simply put, by the fact that the flows of ReX and ImX4 do not
commute globally. In Section 2.1, we use a Kepler-like central problem (cf. Ex-
ample 2.1.11) with Hamiltonian H(Q, P) := P?/2 — 1/8Q? to demonstrate our
findings. The holomorphic trajectories of this system include square roots, e.g.
the solution of the Hamilton equations

1

! /!
with initial value Q(0) = 1 and P(0) = 1/2is given by Q(z) = v/z + 1. Depend-
ing on how the domain of the square root is chosen, i.e., depending on where
the branch cut of /- lies, Q(z) = v/z + 1 defines different maximal trajectories
with initial value (Q(0), P(0)) = (1,1/2).
It has been observed before that HHSs are affected by monodromy (cf. [SY20]).
Still, to the author’s knowledge, it has not been shown before that the holomor-
phic trajectories themselves exemplify monodromy. Similarly, it is a new result
that we can restore the uniqueness of maximal trajectories by promoting them
to leaves of a certain foliation. Here, we again draw inspiration from RHSs: If
E € R is a regular energy value of the RHS (M,w, H), then Xy gives rise to a
one-dimensional distribution on the energy hypersurface H~1(E). Every one-
dimensional distribution is involutive, hence, H~!(E) admits a foliation whose
leaves are tangent to Xy meaning they are the maximal trajectories. In the com-
plex case, ReX3, and ImX4 span a two-dimensional distribution on H~!(E),
where £/ € C is now a regular value of H. The distribution is involutive, as



ReXy and Im X3 commute. Again, this yields a foliation of the hypersurface
H~1(E), however, the leaves are two-dimensional this time. By the holomorphic
Frobenius theorem, the foliation is even holomorphic, so the leaves are, in fact,
immersed Riemann surfaces. By construction, the leaf through a given point
p € H™1(E), which we can interpret as an initial value, is unique. Even though
each maximal trajectory is contained in one leaf, the leaves do not agree with
the maximal trajectories in general. Take, for example, the Kepler-like prob-
lem from before. The leaves in this case are the connected components of the
hypersurfaces H~!(E) which Q(z) = v/z + 1 is clearly not.

Holomorphic Symplectic Lefschetz Fibrations

Restoring the uniqueness of maximal trajectories is not the only advantage the
holomorphic foliation has. It can also be seen as a link between Lefschetz and
almost toric fibrations. Lefschetz fibrations were initially introduced by their
namesake to study the topology of complex surfaces, but piqued the interest
of symplectic geometers like Donaldson and Gompf in the 80s because of their
relation to symplectic four-folds. Broadly speaking, they can be understood as
generalized fiber bundles over a surface. Usually, the fibers of a fiber bundle are
all isomorphic. Lefschetz fibrations allow for singular fibers with special local
structure. If 7 : X — C is a Lefschetz fibration (dimg X = 2m, dimg C = 2),
then 7 takes the following form near singular fibers, i.e., near critical points:

Yoomoh (21, 2m) :Zz?,

where ¥ x and ¥¢ are smooth, C-valued charts of X and C, respectively.
Similarly, almost toric fibrations also expand the definition of a fiber bundle
by singular fibers. First established by M. Symington in 2002 (cf. [SymO02]),
they generalize the notion of toric fibrations, i.e., moment maps of effective
Hamiltonian torus actions. Accordingly, almost toric fibrations only make sense
for symplectic manifolds (X,w). By definition, the projection 7 : (X,w) — C
of an almost toric fibration (dimg X = 2m, dimg C = m) assumes the following
local structure in suitable charts of X and C' (0 < k < m):

(i) w= 77", dxj Ady;,
(11) ;=T fOTlS]Sk’,

(ili) m; = 2% +y; (toric) or
(75, mj41) = (Y5 + Tjp1Y+1, TjYi+1 — Tj+1y;) (nodal) for k < j < m.

For k = m, all points in the chart domain are regular and, for & < m, the
chart domain intersects singular fibers. The key difference between toric and
almost toric fibrations are the nodal points. Indeed, if all singularities are of
toric type, then 7 describes a toric fibration (hence the name). Toric and nodal
points not only differ in their local structure, but also in their position: While
toric singularities lie on the boundary of im 7, nodal points live in the interior
of im .

To establish a connection between HHSs, Lefschetz fibrations, and almost toric
fibrations, we introduce an object which encapsulates the essence of these three
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notions: a holomorphic symplectic Lefschetz fibration. Roughly speak-
ing, a holomorphic Lefschetz fibration is a Lefschetz fibration 7 : X — C, where
X and C are complex manifolds and 7 is a holomorphic map. We say a holo-
morphic Lefschetz fibration 7 : X — C' is symplectic if X carries a holomorphic
symplectic form ) which is compatible with 7 in the sense that there are holo-
morphic Morse-Darboux charts ¢x = (21, ..., 22,) and ¥¢ near critical points
in which Q and 7 take the following form:

n 2n
Q= Zdzj+n/\dzj, Yoom = sz

j=1 j=1

The existence of Morse-Darboux charts ensures that holomorphic symplectic
Lefschetz fibrations are almost toric. Precisely speaking, every proper holo-
morphic symplectic Lefschetz fibration 7 : (X,Q) — C with dimg X = 4
gives rise to two almost toric fibrations, namely = : (X,Qr) — C and
m: (X,Qr) = C, where Q = Qg +iQ; (cf. Proposition 2.1.30). The fibration
7 (X,Q) — C can also be seen as a HHS. Indeed, after choosing a holomorphic
chart for C, (X, Q, 7) becomes a HHS. As explained before, the regular energy
hypersurfaces of (X, 7) admit a holomorphic foliation. In dimension 4, the
leaves of this foliation are exactly the regular fibers of the Lefschetz/almost
toric fibration 7. This connection between HHSs, Lefschetz fibrations, and al-
most toric fibrations has not been observed before.

During the investigation of Lefschetz and almost toric fibrations, we also tackle
the question? whether there are obstructions for a holomorphic Lefschetz fibra-
tion 7 : X — C equipped with a holomorphic symplectic form Q to possess
Morse-Darboux charts. As it turns out, it suffices to answer this question on a
real form: The given problem is local in nature, thus, we only need to consider
the case X = C?" and C = C. If Q and 7 assume the standard form

n 2n

2

Q= E dzjyn Ndz;, m™= E z5,
=1 =1

they reduce to the real-analytic tensors

n 2n
w:dej+nAdxj, f= E x?
J=1 Jj=1

on the real form R?” C C?". By unique continuation, the pair (w, f) completely
determines (€, 7). Therefore, real-analytic Morse-Darboux charts on the real
form R?" automatically give us holomorphic Morse-Darboux charts on C?"* by
complexification. We will show in Section 2.1 that the problem of finding real-
analytic Morse-Darboux charts can be expressed in an elegant way (cf. Theorem
2.1.33):

2To the author’s knowledge, this question has not been examined yet by the scientific
community.



Theorem (Existence of real-analytic Morse-Darboux charts). Let (M?",w) be
a real-analytic symplectic manifold, let f : M — R be a real-analytic function,
and let p € M. Then, the following statements are equivalent:

(a) There is a real-analytic Morse-Darboux chart near p, i.e., a real-analytic
chart v = (z1,...,29,) : U =V C R?" of M near p with ¢(p) = 0 such

that:
n 2n
w= dejia ey, f= )+
j=1 =t

(b) There exists a flat Kéhler structure near p with symplectic form w and

mixed® Kihler potential L —g(p ). ie., there is an open neighborhood

U C M of p and an almost complex structure J on U such that:

(i) J is integrable,
(ii) g :=w(-,J-) is a flat Riemannian metric,
(iii) f_Tf(p) is the mixed Kéhler potential near p.

With our previous knowledge, proving existence of holomorphic Morse-Darboux
charts now reduces to the problem of finding a real form which locally exhibits
the Kahler structure specified in the previous theorem (cf. Corollary 2.1.35).
Regarding the existence of Morse-Darboux charts, we are mostly interested in
the case dim¢ X = 2, since only in this dimension holomorphic Lefschetz fibra-
tions can be almost toric. Judging by the real analogue, there seems to be no
obstruction in the two-dimensional case: Given a real-analytic RHS (M, w, f)
of dimension 2 and a critical point p € M of f with Morse index # 1, we can
always find a real-analytic diffeomorphism 1 : R — R and a real-analytic chart
Yy = (x,y) of M near p such that w = dy A de and H = 2% + y?, where
H :=1o f (cf. Lemma 2.1.38 and 2.1.39).

Action Functionals for HHSs

The trajectories of a Hamiltonian system cannot only be interpreted as integral
curves of the Hamiltonian vector field, but also as critical points of an action
functional. Recall that, for an exact RHS (M,w = dA,H) and an interval
Iy = [t1,t2], the curve v € C*°(Iy, M) is a critical point of the action functional
Ay C®(Ig, M) — R,

ta
Aybl = [a= [Hortoan,
ty

Io

if and only if  satisfies ¥ = Xy ov. Here, we take the term “critical point” with a
grain of salt: We only consider those variations ~. of v which keep v fixed at the
boundary, i.e., v:(t1) = v(t1) and ~-(t2) = v(t2) for all € (cf. Remark 2.1.43).
If one wishes to turn the physical trajectories into actual critical points, one
can either restrict A, to periodic curves (y(t1) = (t2)) or consider only those
curves for which A vanishes at the start and end point (Ay¢,) = Ay(,) = 0).

3Confer Definition C.5.
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At the end of Section 2.1, we complexify this observation?: We assign to

each exact HHS an action functional whose critical points are the holomor-
phic trajectories. To construct such a functional, we first observe that an exact
HHS (X,Q = dA,H) gives rise to four exact RHSs. The Hamiltonian vec-
tor fields of these RHSs are — up to minus signs and factors of 2 — the real
and imaginary parts of the holomorphic Hamiltonian vector field X3. Now
let Rec = [t1,t2] + i[s1,82] C C be a rectangle in the complex plane and let
v € C*(Rec, X) be a smooth map defined on that rectangle. The curve 7 is
a holomorphic trajectory of the HHS (X, 2, H) if and only if 7, is an integral
curve® of X% for every s € [s1, s2] and ; is an integral curve of J(X1) for every
t € [t1,ta] (7s(t) = ~v(t +1is) = ¥:(s)). Thus, assuming that ~ is a holomorphic
trajectory, s and y; (s € [s1, s2] and t € [t1, ta] fixed) are critical points of the
action functionals A,A{ and AAH associated with the RHSs (X, g, HR) and
(X,Qr,—Hr), respectlvely In order for find functionals whose critical points
fulfill this property not just for a fixed s or ¢, but for all numbers in the respec-
tive intervals, we have to integrate A%’; and Aﬁ’;ﬁ over the remaining variable
giving us the averaged action functionals:

S2 12
v /A%;[’ys]ds and v+~ /Af’}{l[%]dt.

Taking a suitable complex combination of the averaged functionals yields the
desired action functional AR : C°°(Rec, X) — C:

S2

.AReC[ ]: /.AAR FYS /A 7 F)/f

// |:AR7’Y(t+’Lé) < ?) (t+ zs)) —Hon(t+ zs)] ds dt with

t1 s1

% = (2—22) Vv € C*(Rec, X).

The critical points of ARec are the holomorphic trajectories of the HHS (X, Q, H)
with domain Rec. As in the real case, the term “critical point” is used rather
loosely here: We only look at those variations which keep ~ fixed at 0 Rec. One
can circumvent this by either restricting .A%e" to those maps which are periodic
in both s- and ¢-direction or by assuming that all curves in the domain of .A%CC
send 0 Rec to points where A vanishes.

A%ec is not the only action functional whose critical points are holomorphic
trajectories. In fact, there is a plethora of functionals exhibiting this property,
some of which are even real. They differ by the shape of 7’s domain, by how the
action functionals of the RHSs are averaged, and by which complex combination
is taken. A large selection of action functionals is explored in Appendix E.
There is one noteworthy aspect about action functionals which describe curves
defined on parallelograms P, := [0,t] + €**[0, r]. If such a curve is holomorphic

4 Apparently, this has not been done before.
5We utilize the decompositions Q = Qr + iQ;, A = Ag + iA;, H = Hgr + iH, and
Xy =1/2(XE —iJ(XE)), where J is the complex structure of X.



and periodic in ¢- and r-direction, then it factors through a complex torus C/T,
where the lattice I' is spanned by ¢ and re'®. In general, two complex tori are
not biholomorphic. Hence, an action functional for doubly-periodic curves also
measures the complex structure of the curve’s domain. This feature is quite
remarkable, especially since it has no real analogue: Given a RHS, the domains
of its periodic orbits are all isomorphic to S*.

Pseudo-Holomorphic Hamiltonian Systems

Even though doubly-periodic trajectories occur in some situations (cf. Example
2.1.49), they are exceedingly rare. For instance, any HHS on X = C?" can
only admit trivial doubly-periodic trajectories. This phenomenon is caused by
the maximum principle: Any holomorphic map from a compact complex man-
ifold to C?" must be constant. However, the maximum principle only poses
a problem if C?" is equipped with the standard complex structure. Indeed,
Moser showed in his beautifully written paper [Mos95] that C? =2 R* possesses
an almost complex structure J such that the standard complex tours can be
pseudo-holomorphically® embedded into (R*,.J). Observe that the almost com-
plex structure J constructed by Moser is not integrable.

Inspired by Moser’s construction, we introduce a new type of Hamiltonian sys-
tem in this thesis, called pseudo-holomorphic Hamiltonian system (PHHS),
which generalizes the notion of HHSs to almost complex manifolds (X,.J). A
priori, it is not clear what this generalization should look like, since the complex
structure J only enters the definition of a HHS implicitly. Simply dropping the
integrability of J while keeping the other stipulations in place does not work.
We will demonstrate in Section 2.2 that it is the closedness of Q; which poses a
problem in this case. To explain how to obtain a reasonable notion of PHHSSs,
we first recall that a HHS is described by a triple (X,Q,7). We can divide
the triple (X,€,H) into six objects: the manifold X, the complex structure
J of X, and the real and imaginary parts of 2 and H, i.e., Q@ = Qr + iQ;
and H = Hpr + tH;. These objects are not independent, but rather satisfy the
following relations:

QT J)=-Q, Q) =iQ, dHolJ=idH.

We now see that ; and H; are redundant, as they can be recovered from J,
Qpr, and Hp using the relations above. This observation leads us to the idea to
only use the minimal set of data to define a PHHS. In that spirit, a PHHS is a
quadruple (X, J;Qr, Hgr) where X is a smooth manifold with almost complex
structure J on it, Qg is a symplectic form on X satisfying Qgr(J-, J-) = —Qg,
and Hp : X — R is a smooth function such that dH g o J is exact (cf. Definition

2.2.6).
In many regards, a PHHS exhibits the same properties as a HHS: By setting
Qr = —Qg(J,-) and by taking H; to be a primitive of —dHp o J, one can

define the complex tensors ) := Qg + iQ; and H = Hgr + iH;. The form
is of type (2,0) and non-degenerate on T10) X | while # : X — C is a pseudo-
holomorphic function. They allow us to define the vector field X4 of type
(1,0) via tx,,Q = —dH. One can show that the real and imaginary parts of

5We say f: (X1,J1) — (X2, J2) is holomorphic if df o J; = J3 o df. If, additionally, J; or
Jo is not integrable, we emphasize this point by calling f pseudo-holomorphic.
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X3 commute allowing us to define pseudo-holomorphic trajectories v via the
following equation:

ATEIREY CATR

5% (2) = AT (2) — 5 (z)) = Xyu(y(z)) for z=t+is.

As for HHSs, the pseudo-holomorphic trajectories locally exist and are unique
given an initial value. Again, the uniqueness does not extend to maximal tra-
jectories, but can be restored by promoting the maximal trajectories to leaves
of the foliation generated by the real and imaginary part of X4. Furthermore,
the pseudo-holomorphic trajectories obey an action principle. Indeed, it is pos-
sible to define, for instance, the action .A%ec for PHHSS, since it only requires a
primitive for Qr, which, in contrast to 27, can be exact.

Still, there are crucial differences between HHSs and PHHSs: Since J is not in-
tegrable, there is no notion of holomorphic charts or vector fields, so neither Xy
nor its induced foliation have a chance to be holomorphic. The foliation is at
least pseudo-holomorphic in the sense that its leaves are pseudo-holomorphically
embedded Riemann surfaces. On top of that, pseudo-holomorphic trajectories
only depend smoothly on their initial value, while holomorphic trajectories do so
holomorphically. This phenomenon can be traced back to the fact that neither
real nor imaginary part of X3 need to be J-invariant” (cf. Proposition 2.3.8).
The biggest difference, however, concerns Q;: In stark contrast to HHSs, the
form Q; associated with a PHHS is generally not closed. One might wonder
whether there are at least proper® PHHSs with closed form Q;. Surprisingly,
the answer to that question is negative. At first glance, this result appears to
be very strange, as one would expect the integrability of J, not the closedness
of Q; to separate HHSs and PHHSs. It turns out that, when it comes to the
relation between HHSs and PHHSs, both are equivalent (cf. Theorem 2.2.16
and Corollary 2.2.18):

Theorem (Relation between HHSs and PHHSs). Let (X, J;Qr,Hg) be a
PHHS with 2-forms Q; = —Qg(J-,-) and = Qr + iQ; as well as a func-
tion H = Hpr + 9H;, where #H; is a primitive of the 1-form QR(J(X?S_)[’;),.).
Then, the following statements are equivalent:

(i) (X,Q,H) is a HHS with complex structure J.
(ii) Qr is closed, dQ2r = 0.

(iii) J is integrable.

Construction of PHHSs

More interesting than the properties of a PHHS might be the study of ex-
amples. Yet, it is astonishingly difficult to find examples of proper PHHSs.
Contrary to HHSs, there are no standard examples like cotangent bundles and
we cannot simply complexify a RHS. To solve this problem, we will introduce
a method in the first subsection of Section 2.3 which generates PHHSs out of
HHSs (cf. Proposition 2.3.3). The idea is to turn a HHS into a PHHS by twist-
ing its complex structure J with an appropriate (1,1)-tensor A. Specifically, if

7A vector field V is J-invariant if Ly, J = 0 where Ly J is the Lie derivative of J w.r.t. V.
8 A PHHS is proper if it is not simultaneously a HHS.



11

(X,Q,H) is a HHS with complex structure J and the (1, 1)-tensor A satisfies
Qr(A-, A) = Qg, then the twisted tensor Ja = AJA™! is a generally non-
integrable almost complex structure and fulfills Qg(J4-, Ja-) = —Qg. Thus,
(X,Ja;Qr,HR) is a PHHS if dHp o J4 is exact.

With Proposition 2.3.3, the problem of finding PHHSs reduces to the problem
of finding suitable tensors A. To carry out this task, it is often convenient to
assume that A itself is an almost complex structure and choose A by fixing the
semi-Riemannian metric g := Qg(-, A-). In Section 2.3, we will demonstrate how
this procedure works by applying Proposition 2.3.3 to the simplest non-trivial
example: the HHS with X = C?, J =i, Q = d2s Adz;, and H = iz (cf. Exam-
ple 2.3.5). Here, we take A = I, to be an almost complex structure determined
by the metric g:

9(89617811) = g(am?aﬂﬁz)_l =/, g(aywayl) = g(8y2,8y2)_1 = h,
g(a”ﬂ1var2) = g(aylaayQ) = g(a$7‘,78yj) =0,

where f,h : C> — R are smooth, nowhere-vanishing functions. The twisted
almost complex structure J; == —J4 = I;JI, then only depends on the quotient

r:=f/h
Jg(awl) =710y, Jg(aa:z) = r_layzv Jq(ayl) = —7"_18951, Jg(ayz) = —T0y,.

For the given choices, dHRr o J, is exact if and only if r depends solely on z;.
We note that the complex structure J is unchanged (J, = J) if we set r = 1. In
particular, the alteration of J is purely local if we assume that r only deviates
from 1 within a small neighborhood.

As it turns out, the twisting method from Proposition 2.3.3 is related to Hyper-
kihler structures. Indeed, both have a very similar setup: From the symplectic
viewpoint, a Hyperk&hler manifold is a symplectic manifold equipped with two
anticommuting complex structures where one is compatible with the symplectic
form, while the other one is anticompatible (cf. Appendix C). The twisting
method, on the other hand, also involves a symplectic form - the form Qg - and
two (1,1)-tensors J and A which are usually almost complex structures. The
complex structure J is anticompatible with Qr meaning Qg(J-,J-) = —Qg,
whereas A = I, satisfies Qg (I, I;-) = Qg. The setup from Proposition 2.3.3
and the Hyperkihler setup solely differ by the signature of the metric g, the
integrability of I, and the commutation relation between the almost complex
structures. The commutation relation is the most central difference, since if I
and J commuted or anticommuted, J and J; would at best differ by a sign. Still,
we can interpret the twisting method as some sort of deformation of a Hyper-
kihler structure. Example 2.3.5 demonstrates this beautifully: If the quotient
r is just 1, then Qg, I , and J give rise to the standard Hyperkéhler structure
on C? =2 H. As r moves away from 1, the Hyperkihler structure breaks down,
but the twist J — J, = I,J1, is no longer a trivial operation.

Genericity of PHHSs

To conclude the discussion of Hamiltonian systems, we investigate how “large”
the set of proper PHHSs is within the set of all PHHSs. We will prove in the
second subsection of Section 2.3 that the set of proper PHHSs is open and dense
implying that being a proper PHHS is a generic property (cf. Theorem 2.3.16):
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Theorem (Proper PHHSs are generic). Let X be a smooth manifold, then the
following statements apply depending on the real dimension of X:

(i) If dimg(X) = 2: Every almost complex structure on X is integrable and
automatically a complex structure.

(ii) If dimg(X) > 2: Every complex manifold (X, J) and HSM? (X, Q) admits
a proper deformation. In particular, the non-integrable almost complex
structures and the proper PHSMs on X are generic within the set of all
almost complex structures and PHSMs on X, respectively.

(iii) If dimg(X) > 4: Every HHS (X,Q,H) admits a proper deformation. In
particular, the proper PHHSs on X are generic within the set of all PHHSs
on X.

The idea behind the proof is to show that any HHS can be turned into a proper
PHHS by an arbitrarily small perturbation. To find the perturbations, we use
the twisting method again. For this, we first prove that any regular HHS can
locally be brought into standard form meaning 2 = Zj dzjynNdz; and H = 2oy,
(cf. Lemma 2.3.11). Afterwards, we alter the (x1,y1, T2, x2)-components of .J
within this small neighborhood similar to Example 2.3.5. If the dimension of X
is sufficiently large (dimp X = 2n > 4), H : X — C, which only depends on the
coordinates (zay, Y2r), is still a pseudo-holomorphic function giving us a proper
PHHS.

Holomorphic Kédhler Structure of Coadjoint Orbits

As already mentioned in the beginning, Chapter 3 is dedicated to the Kéhler
structure of coadjoint orbits!®. It was first noted in the 50s that coadjoint orbits
of compact Lie groups are compact homogeneous Kéhler manifolds. The interest
in these Kéhler structures was mainly fueled by two curious observations (cf.
Chapter 8 of [Bes07]):

(1) Coadjoint orbits of compact Lie groups are Ké&hler-Einstein manifolds

with positive scalar curvature, in fact, they were the first examples to
be found!!.

(2) All simply-connected compact homogeneous Kéhler manifolds are coad-
joint orbits.

9%HSM” and “PHSM” stand for “holomorphic symplectic manifold” and “pseudo-
holomorphic symplectic manifold”. A PHSM is a symplectic manifold (X, Qg) equipped with
an almost complex structure J such that Qg (J-,J-) = —Qg holds. For the definition of a
proper deformation, confer Definition 2.3.9.

10T be more precise, we will discuss adjoint and coadjoint orbits. Since both are isomorphic
via a suitable chosen metric in the cases we are interested in, we will only talk about coadjoint
orbits. We will adopt a similar convention for tangent and cotangent bundles.

1 Not too long ago, one of the biggest unsolved problems in the field of Kihler geometry con-
cerned the existence of Kihler-Einstein metrics on compact Kihler manifolds with prescribed
first Chern class. In the case that the first Chern class/curvature is negative or vanishes,
this problem was known as the Calabi conjecture and solved by Yau in the 70s. The Fano
case (positive Chern class/curvature) remained open until about ten years ago, when Chen,
Donaldson, and Sun found a solution (cf. [CDS12a][CDS12b][CDS13]).
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At the end of the 80s, Kronheimer rekindled interest in this topic when he posed
the question whether coadjoint orbits of complex reductive groups, the complex-
ifications of compact Lie groups, also exhibit some sort of K&hler structure. He
and Kovalev were able to show that the coadjoint orbits of semisimple complex
reductive groups are Hyperkéihler manifolds (cf. [Kro90] and [Kov96]). Their
idea was to identify these orbits with moduli spaces of instantons, i.e., spaces
of anti-self-dual connection 1-forms modulo gauge transformations, which were
known to possess Hyperkédhler structures.

In Chapter 3, we will show that, additionally, coadjoint orbits of complex reduc-
tive groups admit a new type of K&hler structure which we call holomorphic
Kaihler structure. To understand the notion of a holomorphic K&hler mani-
fold, we first need to explain semi-Kéahler and holomorphic semi-Ké&hler struc-
tures. Simply put, a semi-Kéhler manifold (M,w,J) is a Kahler manifold
where the metric g := w(-,J-) does not need to be positive definite anymore.
A holomorphic semi-Kihler manifold (X, w, J, I) consists of a semi-Kéhler
manifold (X, w, J) and a complex structure I satisfying:

(i) wI-,I)=—wand IJ = JI.

(ii) Q:=w—iw(l-,-) and J viewed as a section of End(Tl(l’O)X) are holomor-
phic.

Now, a holomorphic Kahler manifold is a holomorphic semi-K&hler manifold
equipped with a special real structure. We call o : X — X a real structure
on (X,w,J,I) if it is a smooth involution which is J-holomorphic,
I-antiholomorphic, and leaves w invariant meaning o*w = w. The quadruple
(X,w, J,I) becomes a holomorphic Kahler manifold if the semi-Kéhler struc-
ture (X,w, J) restricts to a K&hler structure on the real form M := Fixo. The
reason for imposing these conditions should be obvious: They allow us to inter-
pret (X, Q,J) as a complexification of the Ké&hler manifold (M, w|r, J|ar) with
respect to the complex structure I.

The construction of holomorphic Kéhler structures on coadjoint orbits of com-
plex reductive groups follows more or less the construction of Kéhler structures
on coadjoint orbits of compact groups (cf. Chapter 8 of [Bes07]). In both cases,
the idea is to first define a canonical complex structure J on the adjoint orbit
O and a canonical symplectic structure wgks on the coadjoint orbit O*. After-
wards, one identifies O with O* via an Ad-invariant scalar product.

Let us begin with the compact case. Consider a compact Lie group G. The
differential of the adjoint representation Ad : G — GL(g) is ad : g — End(g),
ad, w = [v,w] which implies T,,0 = imad,. Thus, it suffices to define .J,,
on imad,,. Every compact Lie group admits a bi-invariant Riemannian metric
g or, equivalently, a positive definite!? Ad-invariant scalar product (-,-) on g.
One infers from the Ad-invariance of (-,-) that ad,, is skew-symmetric meaning
(ady, u,v) = — (u,ad,, v). The spectral theorem now gives us Specad,, C iR
allowing us to define J,,:

1
Jwv = —adyv YveE,,
I

where we set £, = gN (E;, ® E,w) and E;,, E_;, C gc are the eigenspaces
of ad,, for the eigenvalues iu, —ip (> 0), respectively. The symplectic form

12For us, a scalar product is just a non-degenerate symmetric bilinear form.
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wkks is the famous Kirillov-Kostant-Souriau form. It is induced by the canonical
Poisson structure on the dual Lie algebra g* (cf. Proposition 3.2.21):

{F,G}He) = a([dFy, dGa])

where F,G € C*(g*) and o € g*. Setting X} (a) = —a o ad, to be the
fundamental vector field of the coadjoint action with respect to the vector v € g,
We can express wWkKks as:

wiks,o(Xy (@), Xy () = affo,w])  Vae O"Vu,w e g.

We now use the Ad-invariant scalar product (-, -) from before to identify O with
O0* ie., O = O*, w +— (w,-). It turns out that, under this identification,
wkks(+, J+) is a Riemannian metric giving us a Kéahler structure on O = O*.
To generalize this construction to complex reductive groups, we have to deter-
mine where the compactness of G enters the construction. Going through the
construction step by step, we realize that the compactness of G is only required
to guarantee the existence of a bi-invariant Riemannian metric g which itself is
only needed in two places:

(i) It ensures Specad,, C iR which allows us to define .J,,.
(ii) It lets us identify O with O*.

Hence, any coadjoint orbit admits a Kéhler structure as long as the orbit fulfills
(i) and (ii). If an adjoint orbit O satisfies (i) for one and, thus, for any point
w € O, we call the orbit skew-symmetric. For (ii), it suffices if the Lie algebra
g admits a non-degenerate Ad-invariant scalar product (-,-). In particular, we
do not require (-,-) to be positive definite. However, the trade-off is that the
resulting structure is only semi-Kéhler (cf. Theorem 3.2.24):

Theorem (Semi-Kihler structures on (co)adjoint orbits). Let G be a Lie group
with Lie algebra g, dual Lie algebra g*, and Ad-invariant, non-degenerate scalar
product (-,-) on g. Further, let O C g be a skew-symmetric adjoint orbit of
G. Then, O C g is an immersed submanifold and carries a G-invariant semi-
Kahler structure. Its complex structure J is the canonical complex structure
on skew-symmetric adjoint orbits. If we identify O via (-,-) with the coadjoint
orbit O* C g*, its symplectic form becomes the Kirillov-Kostant-Souriau form
wkks- Moreover, O is Kahler if (-, -) is positive definite.

If, additionally, G is a complex Lie group, then the semi-Kihler structure is
even holomorphic. Indeed, the complex Lie group G is equipped with a complex
structure I which descends to the complex structure I.'® on the adjoint orbit
O. We will check in Section 3.3 that (O, wkks, J, I.) constitutes a holomorphic
semi-Kéhler manifold (cf. Theorem 3.3.4):

Theorem (Holomorphic semi-Kéhler structure on (co)adjoint orbits). Let G be
a Lie group that satisfies the conditions of the previous theorem, i.e.,
G admits a non-degenerate Ad-invariant scalar product and a skew-symmetric
adjoint orbit O C g. If G is a complex Lie group with complex structure I, then
(O, wkks, J, I.) is a G-invariant holomorphic semi-Kahler manifold.

13We denote the neutral element of G by e. Also note that we are a bit vague here. Precisely
speaking, I. : g — g is just a complex structure of the vector space g. However, it restricts to
the map Ie . : imady, — imady at every point w € O inducing a complex structure on O.
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To show that coadjoint orbits of complex reductive groups exhibit holomorphic
Kéhler structures, we need to verify that such groups satisfy the prerequisites
of Theorem 3.3.4 and that their orbits possess Kéhler manifolds as their real
forms. Complex reductive groups fulfill the conditions of Theorem 3.3.4, since
their real forms, compact Lie groups, do so. Indeed, the complexification of a
skew-symmetric orbit is still skew-symmetric (cf. Proposition 3.3.10), while the
scalar product (-,-) is obtained by complexifying the bi-invariant Riemannian
metric g of the compact real form (cf. Proposition 3.3.8). To prove the existence
of K&hler real forms, we will show that the real structure of a complex reductive
group descends to a real structure on its coadjoint orbits. The corresponding
real forms are orbits of compact Lie groups which we know are Kahler manifolds
implying the desired result (cf. Theorem 3.3.11 and Corollary 3.3.14):

Theorem ((Co)Adjoint orbits of complex reductive groups). Let G be a com-
plex reductive group with real form Gg, Lie algebras gg C g, and dual Lie
algebras® g C g*. Further, let O C g be an adjoint orbit of G and O* C g* a
coadjoint orbit of G such that O Ngr # 0 # O* N g. Then, O and O* carry
G-invariant holomorphic Kahler structures.

Kihler Duality

We name the phenomenon that a space admits Hyperkahler and holomorphic
Kéhler structures Kéhler duality. Combining Kronheimer’s and our results,
we see that coadjoint orbits of complex reductive groups are examples of K&hler
duality. Exhibiting K&hler duality is a very curious property, especially from
the symplectic viewpoint: Both Hyperkédhler and holomorphic Kéhler manifolds
can be described by quadruples (X,w,J,I), where I and J are complex struc-
tures and w is a symplectic form satisfying w(J-,J-) = w and w(I-,I-) = —w.
The sole difference between the Hyperkéhler and the holomorphic Kéhler case is
the commutation relation of I and J. For Hyperkihler manifolds, I and J anti-
commute, while they commute for holomorphic Kéhler manifolds. On coadjoint
orbits, the similarities between Hyperkihler and holomorphic Kdhler manifolds
are even more striking. Indeed, Hyperkihler and holomorphic K&hler manifolds
can be seen as holomorphic symplectic manifolds where the complex manifold
(X, 1) is equipped with the holomorphic symplectic form Q := w —iw(I,-). For
coadjoint orbits, the form €2 is in both cases given by the holomorphic Kirillov-
Kostant-Souriau form Qkks.

Given such a strong geometrical structure as K&hler duality, one is naturally
drawn to the question whether the Kdhler duality of coadjoint orbits is just acci-
dental. In this thesis, we claim that the K&hler duality of coadjoint orbits can be
traced back to double cotangent bundles T*(T*M). More precisely, we conjec-
ture that T* (7 M) also exhibits Kéhler duality and that if M = G is a compact
Lie group with complexification G, the Kahler duality of 7" (7" M) is related to
the Kéhler duality of coadjoint orbits of G via Hyperkéhler/holomorphic Kahler
reduction (outlined in Appendix J).

The Kéhler duality of T*(T*M) is based on a famous result!® due to Guillemin-

14g]§ is the space of all linear maps g = gr @ legr — R that vanish on I.gg.

15Confer Theorem 3.4.6. Also note that the different versions of Stenzel’s theorem as well
as the diagram later on have to be taken with a grain of salt: In general, these structures do
not exist on all of T*M or T*(T*M), but only on an open neighborhood of the zero section
M CT*M CT*(T*M).
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Stenzel (cf. [Ste90] and [GS91]) and Lempert-Széke (cf. [LS91] and [Sz691]):
If (M,g) is a real-analytic Riemannian manifold, then (T*M, —wcan, Jy) is a
Kahler manifold where wcay is the canonical symplectic form on T*M and J; is
the unique complex structure on 7% M adapted'® to g. Stenzel’s theorem can be
modified depending on which structure the base manifold M carries. In the case
that the metric g on M is Kéhler, Kaledin (cf. [Kal97]) and Feix (cf. [Fei01])
showed that T*M is actually Hyperkihler. In this spirit, we claim that a Hy-
perkihler structure on T*M is given by the quadruple (T* M, —wean, ¢*Jg, T*I)
where (M, g,T) is the base Kédhler manifold and ¢ : T*M — T*M is a real-
analytic, fiber-preserving diffeomorphism with ¢|p; = idps (cf. Lemma 3.4.11):

Lemma (Stenzel’s theorem for Kahler metrics). Let (M, g, I) be a real-analytic
Kéahler manifold, let J;, be the complex structure adapted to g, and let
¢ : T*M — T*M be a real-analytic, fiber-preserving diffeomorphism with
¢lv = ida. If ¢*J, and T*I anticommute and —wean (-, ¢*Jy-) is a Rieman-
nian metric, then (T M, —wean, ¢*Jg, T*I) is a Hyperkéhler manifold.

Furthermore, we believe that there is also a version of Stenzel’s theorem for pairs
(M, g) where g is the real part of a holomorphic metric (cf. Lemma 3.4.12):

Lemma (Stenzel’s theorem for holomorphic metrics). Let (M, I) be a complex
manifold with holomorphic metric G = g—1ig(I-,-), let J, be the complex struc-
ture adapted to g, and let ¢ : T*M — T*M be a real-analytic, fiber-preserving
diffeomorphism with ¢|ar = idas. If ¢*J,; and T*I commute and —wean (-, ¢*J4-)
is a semi-Riemannian metric, then (T*M, —wean, ¢*Jy, T*I) is a holomorphic
semi-K&hler manifold. If, additionally, o is a real structure on the complex
manifold (M, I) with real form My satisfying o*G = G, the induced metric gg
on My is positive definite, and ¢ can be chosen such that the real structure
0*(a) = aodo on T*M is ¢*Jg-holomorphic, then (T M, —wean, ¢* Jg, T*I) is
even holomorphic K&hler with respect to o*.

With the different versions of Stenzel’s theorem in mind, the Kahler duality of
T*(T*M) now arises as depicted in the following diagram:

Hyperk. (T* M, gr-pr) 2228 (T (T* M), —wean, &% Jgpe 1y T )

T*M?

(T* (T*M)v —Wean; (b; ch’ A J‘?)

Stenzel
Here, the upper path illustrates how to obtain a Hyperkihler structure, while

the lower one does the same for holomorphic Kéhler structures.

Hyperkihler path:'” Starting with the real-analytic Riemannian manifold
(M,g), we can apply Stenzel’s theorem to obtain the Ké&hler metric

16Confer Definition 3.4.1.
"Note that Hyperkihler structures on double cotangent bundles were already described by
Bielawski (cf. [Bie03]).
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97+ M = —Wean(+, Jg*) = Wean(Jg-, ) on T*M. Assuming that a map ¢; exists as
in Lemma 3.4.11, we can now apply Stenzel’'s theorem for Kihler
metrics  to  (T"M,gr-m,Jy) yielding the Hyperkdhler — manifold
(T*(T" M), —wean, $1 g ngs T Jg)-

Holomorphic Kéihler path: Stenzel’s theorem does not only tell us that
(T*M, —wean, Jg) is a Kéhler manifold, but also that the fiberwise map
T*M — T*M, a — —a is a real structure (cf. Theorem 3.4.6). Its real form
is the zero section M C T*M. Since the real form M carries a real-analytic
metric g, we can find a unique holomorphic continuation of g on T*M (cf. Ap-
pendix A). Call the real part of this holomorphic metric gc. We are now in
the setup of Lemma 3.4.12 (Stenzel’s theorem for holomorphic metrics) giving
us the holomorphic Kéhler manifold (T*(T*M), —wcan, ¢35 Jgc, T*J4) where we
assume, of course, that a map ¢5 as specified above exists.

With the Kéhler duality of T*(T*M) taken care of, we need to relate T*(T* M)
to coadjoint orbits. For this, we choose (M, g) to be a compact Lie group Ggr
with bi-invariant Riemannian metric ¢g. In this case, T*Gy is isomorphic to
the universal complexification G of Gg. Thus, the previously described process
yields Hyperkihler /holomorphic Kéhler structures on T*G. After reduction, the
cotangent bundle T*G becomes a coadjoint orbit O* of G. At the same time,
the symplectic form —wea, on T*G reduces to the Kirillov-Kostant-Souriau form
wkks on O*. From that perspective, it seems plausible that the Kihler struc-
tures in question are also compatible with the reduction process.
Unfortunately, the proofs we present in this thesis regarding the Kahler duality
of T*(T* M) and its relation to coadjoint orbits are incomplete. Precisely speak-
ing, we leave two questions unanswered. The first one regards the existence of
the map ¢ and the commutation relations of ¢*J, and T*I in Lemma 3.4.11
and 3.4.12. It is vital for the modified versions of Stenzel’s theorem that ¢*J,
and T*I anticommute in the Hyperkihler case and that they commute in the
holomorphic Kédhler case. However, a complete proof for these commutation
relations is missing (cf. Conjecture 3.4.9). Secondly, we do not carry out the
reduction process in detail (cf. Conjecture 3.4.22). To make up for that, we
check the commutation relations on the zero section and for flat g (cf. Lemma
3.4.8) and sketch how reduction could possibly relate a suitable Kéhler structure
on T*G to O* (cf. Appendix J).

Structural Remarks

Before we jump into the main part, we should add a few remarks regarding the
structure of this thesis. Often, papers and theses contain a chapter on prelim-
inaries outlining the basics of the topic in question. The author of this thesis
is of the opinion that these chapters have a negative impact on the text as a
whole: They tend to drag on, elaborate on details with which the educated
reader is already familiar, and introduce concepts at the beginning which are
only needed at the end. Therefore, we take a different approach in this thesis:
In an effort to tell a compelling, but cohesive story, we start our explanations in
medias res, try to give background knowledge only when needed, and develop
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concepts as we move along!®. If a preliminary section cannot be avoided, we
indicate its purpose (only needed to fix notations etc) and point out that the
sophisticated reader may skip the section, as done, for instance, at the begin-
ning of Section 3.1. As everything in life, this approach comes with a trade-off.
Not every reader has access to the same knowledge which is why some readers
may struggle with certain parts. To offset this, sections which are usually part
of a preliminary chapter are moved to the appendix, for example Appendix A
and Appendix C. These appendices are always referenced when they become
relevant, so the reader may consult them if they feel they lack the needed back-
ground knowledge!®. Writing is not the author’s claim to fame, so it is left to
the reader to decide whether our approach was successfully implemented.

18 Unfortunately, this does not cure the author of his inability to write concise passages.
190f course, the reader is always invited to read the appendix just out of curiosity.



Chapter 2

Pseudo-Holomorphic
Hamiltonian Systems

Hamiltonian systems (HSs) as the mathematical model for classical mechanics
have been central to the advance of modern physics and mathematics alike. In
physics, HSs provide a theoretical foundation for several approaches to quanti-
zation. In mathematics, the interest in HSs has led to the study of symplectic
geometry and topology. The methods developed in this study, e.g. Floer the-
ory, have proven to be of great success for various branches of mathematics and
physics, for instance celestial mechanics and string theory.

Simply put, a HS consists of three data: A manifold M, a symplectic 2-form w
on M, and function H € C*°(M,R). In physical terms, the symplectic manifold
(M,w) can be understood as the phase space of the system, while the function
H, often called Hamilton function or simply Hamiltonian, assigns to every point
in phase space its energy. These data allow us to define the Hamiltonian vec-
tor field Xy on M via the equation tx,w = —dH. The dynamics of the HS
(M,w, H) is governed by the vector field X . Precisely speaking, the physical
trajectories of point-like particles described by the HS (M,w, H) are exactly
the integral curves of X . The connection between the integral curve equation
of Xy and the Hamilton equations known from classical mechanics is given by
Darboux’s theorem which states that w can locally be written as:

i=1

In such Darboux charts, the integral curve equation of Xy reduces to the Hamil-
ton equations:

om0l
- Opi’ Pty = dq;

G (t) VieIVie{l,...,m}

Since the integral curve equation is just a first-order ODE, there exists for every
initial value (to,zo) € R x M an open interval I 5 ¢y and a curve v : I — M
solving the Hamilton equations and satisfying ~(tp) = z¢. Furthermore, two
trajectories v; : [1 — M and 5 : Iy — M are identical iff they have the same
domain ([; = I = I) and attain the same value at some point ¢ty € I. In

19
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particular, maximal integral curves are unique given an initial value and foliate
energy hypersurfaces H~1(E) for regular values E of H.

On top of that, physical trajectories obey the action principle, i.e., they can
be obtained as “critical points” of the action functional Ay : C*°(I,M) — R
assigned to an exact HS (M,w = d\, H):

Al = Ayl = [ ¥ A= | Hon(t)dt.
[7]

Here, “critical point” means that the first variation of Ay has to vanish at
a physical trajectory v € C°°(I, M), where we only allow for variations of
which keep the endpoints of ~ fixed. Sometimes, for instance in Floer theory,
one wishes to view certain trajectories as actual critical points of some action
functional. In this case, we have to ensure that the boundary terms vanish.
There are several ways to achieve this, e.g. by putting the endpoints of a tra-
jectory on an exact Lagrangian (\,,) = 0 and Ay,) = 0 for I = [t1,15]) or by
only considering periodic trajectories (cf. Remark 2.1.43).

Since HSs are given in terms of real manifolds M, forms w, and functions H, it
is only natural to ask whether a similar construction with similar properties ex-
ists for complex manifolds X, forms €2, and functions . This question directly
leads us to the notion of holomorphic Hamiltonian systems (HHSs). Sim-
ilarly to real Hamiltonian systems' (RHSs), HHSs are also described by three
data (cf. Section 2.1): A complex manifold X (implicitly defining an integrable
complex structure J), a holomorphic symplectic 2-form 2 on X, and a holo-
morphic function H : X — C. HHSs have been studied since the early 2000s,
e.g. by Gerdjikov and Kyuldjiev [KG+01], [GK+02], [GK+04] or by Arathoon
and Fontaine [AF20]. In the given references, HHSs are usually viewed as com-
plexifications of RHSs and mostly used as a tool to study RHSs which arise as
real forms? of HHSs. In [AF20], for instance, the authors find a compact and
integrable real form of the complexified spherical pendulum.

In this chapter, we take a different approach. We study HHSs on their own and
try to recreate the results known from RHSs for HHSs. Chapter 2 is divided into
three sections which themselves are split up into multiple subsections. We begin
Section 2.1 by introducing HHSs and examining their most basic properties. In
the next subsection, we discuss the existence and uniqueness of holomorphic
trajectories. Similarly to RHSs, holomorphic trajectories are defined as the
holomorphic integral curves of the holomorphic Hamiltonian vector field X4 .
We show that, locally, holomorphic trajectories always exist and are unique,
given an initial value. In sharp contrast to RHSs, maximal holomorphic tra-
jectories are not unique anymore, even given an initial value, due to the effects
of monodromy?®. Nevertheless, holomorphic trajectories still foliate the energy
hypersurface H~1(E) for any regular value E of H. In fact, holomorphic tra-
jectories give us a holomorphic foliation of the entire manifold X, if all possible

ITo distinguish real and complex Hamiltonian systems, we call HSs (M, w, H) real Hamil-
tonian systems from now on.

2A real structure on a HHS (X, Q,#H) is an antiholomorphic involution o : X — X such
that o*Q = Q and o*H = H. Its real form is (M,w, H) with M = Fixo, w = *Q, and
H = *H, where ¢ : M < X denotes the natural inclusion. We say that (X,Q,H) is a
complexification of (M,w, H) if M is nice, i.e., M intersects every connected component of X
non-trivially. Confer Appendix A for a detailed discussion of real structures.

3Recently, the monodromy of the complexified Kepler problem has been studied by Sun
and You (cf. [SY20]).
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energy values are regular. This foliation shows up again in the following sub-
section, where we use it to establish a relation between Lefschetz fibrations and
almost toric fibrations.

We prove in the last subsection of Section 2.1 that the holomorphic trajectories
satisfy an action principle?, i.e., that they can be understood — in some sense
— as critical points of certain action functionals. These action functionals are
obtained by first decomposing a HHS (X, 2, H) into four RHSs, one for each
combination of real and imaginary part of  and H. To each RHS, we can as-
sign the usual action functional of a RHS. Afterwards, we average each of these
action functionals over the imaginary (or real) time axis and take an appropri-
ate linear combination to obtain the action functional for the HHS (X, Q, H).
In fact, this method gives rise to a plethora of action functionals for the HHS
(X, 9, H) which differ by how one averages and takes the linear combination.
During the investigation of action functionals, we observe that .J, the com-
plex structure of X, poses rather strong restrictions on the existence of certain
holomorphic trajectories. At the end of Section 2.1, we consider holomorphic
trajectories whose domains are complex tori and interpret them as the com-
plexification of periodic orbits. However, by the maximum principle, such holo-
morphic trajectories are always constant if the complex manifold in question is
X = C?" equipped with the standard complex structure J = i. The same argu-
ment does not hold anymore if we allow J to be any almost complex structure.
In his beautiful paper [Mos95] from 1995, Moser shows that it is possible to
pseudo-holomorphically embed complex tori in R*, where R* is equipped with
a suitable, not necessarily integrable almost complex structure J.

To avoid constraints imposed by the integrability of J, we introduce special
Hamiltonian systems in Section 2.2 which are described by the same data as
HHSs, but whose almost complex structure J does not need to be integrable
anymore. These Hamiltonian systems are called pseudo-holomorphic Hamil-
tonian systems (PHHSs) and exhibit, by design, the same properties as HHSs.
In particular, pseudo-holomorphic trajectories of PHHSs induce foliations of reg-
ular energy hypersurfaces H~!(F) and obey an action principle (cf. the first
subsection of Section 2.2). At first glance, PHHSs may appear to be contrived
and artificial, especially since, by definition, the imaginary part of 2 does not
need to be closed anymore. However, the non-closedness of the imaginary part
of € is an unavoidable consequence of the non-integrability of J, as we show in
the second subsection of Section 2.2. In fact, we prove that we recover a HHS
from a PHHS iff J is integrable or, equivalently, Im €2 is closed.

In Section 2.3, we tackle the question whether PHHSs are a natural generaliza-
tion of HHSs. We claim that they are and support this assertion by showing that
the space of proper® PHHSs is open and dense in the space of PHHSs®. This
implies that proper PHHSs are generic. To prove that, we first give a method
to construct proper PHHSs out of HHSs (cf. the first subsection of Section 2.3).
The method itself is very interesting, since it relates PHHSs to Hyperkéhler
structures and allows us to equip the cotangent bundle of a complex manifold
with the structure of a PHHS. Lastly, we use this construction to deform HHSs
by proper PHHSs (cf. the second subsection of Section 2.3).

4To the extent of the author’s knowledge, an action principle for HHSs has not been
formulated before in the literature.

5A proper PHHS is a PHHS which is not simultaneously a HHS.

6 At least on manifolds X with dimg(X) > 4.
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2.1 Holomorphic Hamiltonian Systems

In this section, we recreate the results known from real Hamiltonian systems
(laid out in the introduction of Chapter 2) for holomorphic Hamiltonian systems
(HHSs). We first cover the basic notion of a HHS, including the definition of
a holomorphic symplectic manifold and Darboux’s theorem for holomorphic
symplectic manifolds. Afterwards, we discuss the properties of holomorphic
trajectories which, as we will see, give rise to a holomorphic foliation. Then, we
utilize this holomorphic foliation to investigate the relation between Lefschetz
and almost toric fibrations. Lastly, formulate an action principle for HHSs.

HHS: Basic Definitions and Notions

To begin with, we define a holomorphic symplectic manifold:

Definition 2.1.1 (Holomorphic symplectic manifold). A pair (X, Q) is called
holomorphic symplectic manifold” (HSM) if X is a complex manifold and
Q is a holomorphic 2-form on X which is closed and non-degenerate on the
(1,0)-tangent bundle TMO X of X. In this setup, Q is called the holomorphic
symplectic 2-form of (X, Q).

Let us spend some time understanding the definition of a HSM. Recall that
a complex manifold X is defined via an atlas {(¢q,Uqs)}aecr of charts with
values in C™ such that their transition functions are holomorphic. Pick such a
holomorphic chart ¢ = (21,...,2,) : U =V C C™. A complex-valued 2-form
Q is holomorphic on U if and only if €2 can be written as:

Q‘U = Z Q”dZZ /\de,

4,j=1

where €;; : U — C are holomorphic functions®. Here, we have used the fact that
one can define the exterior derivative d for complex-valued functions and forms
by requiring d to be C-linear. Since the transition functions are holomorphic,
the notion of holomorphicity is independent of the choice of chart. As in the real
case, closedness of 2 simply means d2 = 0. To understand the non-degeneracy
in Definition 2.1.1, recall that every complex manifold X implicitly defines a
complex structure? J on X and, further, that the complexified tangent and
cotangent bundle of X, viewed as a real manifold, each decompose into a direct
sum of two subbundles:

TeX =TWOX or0Vx, TpX =T7"00x g10X

where the (1, 0)- and (0, 1)-bundles are fiberwise eigenspaces of .J (or its dual J*)
with eigenvalue ¢ and —i, respectively. By construction, the local forms dz; are
local sections of 7%(1:9 X and, hence, map elements of 7>V X to zero. This
implies that holomorphic 2-forms can never be non-degenerate on the entire

"Warning: In some branches of algebraic geometry, the term “holomorphic symplectic
manifold” is also used, but defined with additional constraints on X and !

8A function f : X — C defined on a complex manifold X is holomorphic if f o ¢gl is
holomorphic for every chart ¢, in a holomorphic atlas.

9J is equal to the standard complex structure i in a holomorphic chart.
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complexified tangent bundle, as they always vanish on the (0, 1)-bundle. For a
holomorphic 2-form €2, we can at most achieve non-degeneracy on T X i.e.:

Ve e X VW e THOX\{0} IW e TOX : Q (V, W) # 0.

In particular, non-degeneracy of €2 implies that the complex dimension m of X
is even. Also note that, by construction, 2 and J satisfy the following relations:

Q) = Q(, J) =iQ, Q- J) = —Q. (2.1)

Similar to ‘“real” symplectic geometry, there are two standard examples of HSMs.
The first one is X = C?" together with the standard form Q = > =1 APy NdQj,
where (Q1,...,Qn, P1,...,P,) € C*". The other one is the holomorphic cotan-
gent bundle X = T7%10Y of a complex manifold Y with canonical 2-form
Qecan = dAcan, where Acay, is the holomorphic Liouville 1-form:

Acan,a(v) = aodn(v) Vv eT,X Vae X.

Here, 7 : X — Y is the canonical projection.

We know by Darboux’s theorem that symplectic manifolds exhibit no local in-
variants, since they all are locally isomorphic to the standard symplectic mani-
fold (R*",>"" | dp; A dg;). The same statement is true for HSMs:

Theorem 2.1.2 (Darboux’s theorem for HSMs). Let (X, ) be a HSM of com-
plex dimension dim¢(X) = 2n (n € N). Then, for every point € X, there
exists a holomorphic chart ¢ = (Q1,...,Qn, P1,...,P,) : U =V C C?" of X
near x such that:

Qy =Y dP; AdQ;.

j=1

The correctness of Darboux’s theorem for HSMs is widely accepted in the math-
ematical community, however, no proof has yet been formally written down, at
least to the author’s extent of knowledge. For completeness’ sake, a proof of
Darboux’s theorem for HSMs is provided in Appendix B. We will make use of
Theorem 2.1.2 in Section 2.3.

Now, let us turn our attention to holomorphic Hamiltonian systems:

Definition 2.1.3 (Holomorphic Hamiltonian system). We call the triple
(X,Q,H) a holomorphic Hamiltonian system (HHS) if (X,Q) is a HSM
and ‘H : X — C is a holomorphic function on X. In this setup, we call ‘H the
Hamilton function or, simply, the Hamiltonian of the HHS (X, Q, H).

Examples of HHSs include the standard HSM (C*",>7"_, dP; A dQ;) together
with any holomorphic function % : C2* — C on it and holomorphic cotan-
gent bundles (T*’(I’O)Y, Qcan) together with natural Hamiltonians. We call a
Hamiltonian on a holomorphic cotangent bundle natural if it can be written
as a sum of kinetic and potential energy, H = T + V. A holomorphic function
Y : 7500y 5 C denotes potential energy if it factors through the
holomorphic projection 7 : T%WOY & YV, ie., can be written as
YV = Vp ox for some holomorphic function Vy : Y — C. Furthermore, a
holomorphic function 7 : 7519y — C is called kinetic energy if
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2T (z) = g*(x,x) Vo € T*1OY | where g* is the dualization of some holomor-
phic metric g on Y. A holomorphic metric g on Y is a holomorphic symmetric
C-bilinear form which is non-degenerate on T1:0Y | i.e., for any holomorphic
chart ¢ = (z1,...,2,) : U =5V CC" of Y, g can be written as:

glv = Z gijdzi @ dzj,

i,7=1

where g;; : U — C are holomorphic functions satisfying g;; = ¢;; and
det(g;;) # 0. We will study these examples in more detail in the upcoming
subsections.

Holomorphic Trajectories

Our next goal is to investigate the dynamics of a HHS. As for RHSs, they are
determined by a Hamiltonian vector field:

Definition 2.1.4 (Holomorphic Hamiltonian vector field). Let (X,Q, H) be a
HHS. We call the holomorphic vector field X3, on X defined by tx,, Q = —dH
the (holomorphic) Hamiltonian vector field of the HHS (X, Q, H).

Remark 2.1.5 (Xy is well-defined). Note that a complex vector field V' on
a complex manifold X is holomorphic if and only if, in any holomorphic chart

(z1 =21+ Y1, -5 2m = Ty +1ym) : U =V C C™, it can be written as:
Vg = Zvjazy' = Z o (8%' - zayj) J
j=1 j=1

where V; : U — C are holomorphic functions on U. Thus, a holomorphic vector
field on X only attains values in the bundle 7(M9 X, Together with the non-
degeneracy of Q on T X this implies that the Hamiltonian vector field Xy,
is well-defined.

Before we define what a trajectory of a HHS is, it is wise to study X4 or,
better yet, holomorphic vector fields in general. The following proposition is a
standard result from complex geometry:

Proposition 2.1.6 (Holomorphic vector fields < J-preserving vector fields).
Let X be a complex manifold with complex structure J € I'End(7X). Then,
the tangent bundles!® 7X and 7% X are isomorphic as smooth complex vector
bundles via:

1
f:TX 5> TEOX yp s 5(vR —i-J(vgr)),

where the complex vector space structure of the fibers of T X is given by J.

Now consider the space I'j(TX) := {Vg € I'(TX) | Ly,J = 0} of smooth real
J-preserving!! vector fields on X. Here, I'(TX) denotes the space of smooth
real vector fields on X and Ly, J is the Lie derivative of J with respect to Vg.
Then, T';(T'X) together with the standard commutator [, -] of vector fields and

OFor TX, X is viewed as a real manifold.
L1 J-preserving vector fields are called infinitesimal automorphisms in [KN69].



2.1. HOLOMORPHIC HAMILTONIAN SYSTEMS 25

the complex structure J forms a complex Lie algebra. In fact, (I';(TX),[-,]) is
isomorphic as complex Lie algebras to the space (I'(T(1% X),[-,-]) of holomor-
phic vector fields on X via:

F:TTX)—-TD(TH0X), Vg = (vR —i-J(VR)).

Proof. Confer Proposition 2.10 and 2.11 in Chapter IX of [KNG9]. O

One important consequence of Proposition 2.1.6 which we heavily use later on is
the fact that the real and imaginary part of a holomorphic vector field commute:

Corollary 2.1.7 (Vg and J(Vg) commute). Let X be a complex manifold with
complex structure J and Vi € T';(T'X) be a J-preserving vector field. Then,
[Vr,J(Vg)] = 0. In particular, the real and imaginary part of holomorphic
vector fields on X commute.

Proof. By Proposition 2.1.6, we know that (I'y(T'X),[-,]) is a complex Lie
algebra, hence [Vg, J(Vgr)] = J ([Vr, Vgr]) = 0. O

By Proposition 2.1.6, we can associate with the Hamiltonian vector field X4 of
a HHS (X,Q,H) a J-preserving vector field Xﬁ which is uniquely determined
by:

1

5 (G — i J(X3)).

X =
L)

Equipped with this knowledge, there are now two ways to define holomorphic
trajectories of a HHS. The first one is to simply say that holomorphic trajecto-
ries are holomorphic integral curves of the holomorphic Hamiltonian vector field
X#. The second one is to define the holomorphic trajectories as analytic con-
tinuations of the integral curves of X£. Both definitions are indeed equivalent
and we make use of both of them. For our purposes, we use the first one as the
actual definition and the second one to construct and investigate holomorphic
trajectories afterwards:

Definition 2.1.8 (Holomorphic trajectories). Let (X,Q,H) be a HHS and
Xy = 1/2(XE — i - J(XE)) be its Hamiltonian vector field. We call a holo-
morphic map v : U — X a holomorphic trajectory of the HHS (X, Q,H) if
~ satisfies the holomorphic integral curve equation:

V'(2) = Xn(v(2)) VzeU,

where U C C is an open and connected subset and 7/ is the complex derivative!?
of 7. We call a holomorphic trajectory v : U — X maximal if for every
holomorphic trajectory 4 : U — X with U ¢ U and 4l = 7 one has U=U.
We call the integral curves of the real vector field X3; 2 the real trajectories of
the HHS (X, Q, H).

Next, let us consider the existence and uniqueness of holomorphic trajectories:

12The complex derivative of a curve y(t+is) is defined via holomorphic charts, but can also
be computed by 2y = 9ty — i85y (cf. proof of Proposition 2.1.9).
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Proposition 2.1.9 (Existence and uniqueness of holomorphic trajectories).
Let (X,Q,H) be a HHS. Then, for any zy € C and zy € X, there exists an
open and connected subset U C C with zg € U and a holomorphic trajectory
~y#oro U — X of (X, Q,H) with v#0%0(29) = xy. Two holomorphic trajectories
" Uy — X and vzo T Uy — X with 47270 (20) = zo = 75°7°(20) locally
coincide, in particular, they are equal iff their domains U; and Us are equal.
Furthermore, the holomorphic trajectory y*©:*° depends holomorphically on z
and xo-

Proof. Let (X,Q,H) be a HHS with X3 = 1/2(X£ —iJ(X£)) and let 29 € C
and xyp € X be any points. To construct a holomorphic trajectory ~*0-%0  we
first realize that ¢ — %070 (¢ + is) for fixed s € R is a real trajectory. We
can see this by taking the real part of the holomorphic integral curve equation.
Thus, finding holomorphic trajectories amounts to finding analytic continua-
tions of real trajectories. To accomplish this task, we observe that similarly
s — y*0%0(t +is) for fixed t € R is an integral curve of J(X£%). Naively, one
hopes that y*0:¥ (¢ + is) is given by:

Yoot 4 is) = oIS 0 i, (o),

. J(XE) XR
where zg = to + isp and ;" " and ;% are the flows of the vector fields
J(XE) and X with times s — so and t — to, respectively. In general, however,
this expression is problematic: Even though it is an integral curve of J(XF)
for fixed ¢, it might not be an integral curve of X% for fixed s anymore due

to the composition with go‘]( ”) In order to avoid this problem, we need the
composition of the flows to commute, at least for small times ¢ — ¢ty and s — s.
This occurs if the vector fields X% and J(XZ) themselves commute. In our
situation, this is indeed the case (cf. Corollary 2.1.7). Thus, we can define:
. J(X X5 J
o (t 4 is) = o 0 i (20) = @i, 0 91 Cet) (o)
— (pgtfto)XﬁHsfso)J(XH)(xo).

The expressions above are well-defined for |t — o], |s — so| < € with € > 0 small
enough and all identical due to the commutativity of X% and J(X%).

Let us check that the given expressions for «*0-*° indeed define a holomor-
phic trajectory. By construction, the map «*:*° is holomorphic, as it satisfies
the Cauchy-Riemann equations. Hence, we only need to compute the complex
derivative y*0%0 ' If ¢ = (z1,...,22,) : V. — W C C?" is a holomorphic chart
of X near xp, then we can define the complex derivative y*0:% /(z) for suitable
z using (7,070 (2), ..., 750" (2)) = ¢ o y*To(2):

zo o / Zo,iEO ’ .
§ z
i
Z20,T0 /( )

where 7; is the usual complex derivative of a holomorphic map from C to
C. A straightforward calculation reveals that the complex derivative y%0:%0 /(z)
equates to:

¥%0:%0(2)

1 87207900 . 87207%
20,20 / _ = g
v <z>—2( 5 (2) =i s <z>).
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By definition of v*°:%°, we have:

8750 »T0
ot

87207900

() = XE(roo (),

(2) = J (X5 (v (2))) -
Putting everything together gives:

1

z0,xo / _ -
¥ (2) 5

(XA (0 (2) =i J (X (™ (2)))) = Xp(y™™(2)).
Thus, ~v*©% is indeed a holomorphic trajectory. Clearly, ~*0-*° satisfies
y#0:0(29) = xo proving the existence in Proposition 2.1.9.

To show local uniqueness given an initial value, we recall that v*0-*0 is just an
integral curve of Xﬁ along the t-axis satisfying y%0%°(zy) = . Hence, every
other holomorphic trajectory 4%0%° with 4%0%0(zy) = x( agrees with *0-*0 for
s = sg and t near to. This allows us to apply the identity theorem for holomor-
phic functions to the coordinates of v*0°*0 and 4***° in a holomorphic chart
near xg giving us the local uniqueness. In order to show that %00 and 4*-*0
coincide completely iff their domains are equal, we cover the images of #0%0
and 400 with holomorphic charts and repeatedly apply the identity theorem.
Lastly, we need to show that v*'®° depends analytically on zy and x. For zg,
this is trivial, since v*1*0(z) and y*2:%°(z) for z1 # 25 only differ by a translation

in z. For z¢, this is true if and only if the flows @i’%o and @Zﬁfgﬁ) of X1 and
J (Xﬁ) are holomorphic maps from and to X. As explained in Chapter IX of
[KNG69], the J-preserving vector fields on X are exactly those real vector fields
on X whose flow is holomorphic. Remembering that, by Proposition 2.1.6, the

vector fields X and J(X%) are J-preserving concludes the proof. O

Remark 2.1.10. In the last proof, we have used that a holomorphic trajectory
v(t+is) of a HHS (X, Q, H) is an integral curve of X7 for fixed s and an integral
curve of J(XZ%) for fixed t. We can generalize this observation. If we express
t + is in polar coordinates, t + is = re’®, then ~(re'®) is an integral curve of
cos(a) X% + sin(a)J(X%) for fixed a.

The properties we have found so far seem to indicate that holomorphic trajecto-
ries of a HHS exhibit the same behavior as trajectories of a RHS. However, this
is not entirely true. In sharp contrast to the real case, the maximal holomorphic
trajectories, given an initial value, do not need to be unique, as the following
counterexample demonstrates.

Example 2.1.11 (Central problem in one complex dimension). Let
X = T*L0C* = C* x C be the holomorphic cotangent bundle of C* := C\{0}
together with the standard form Q = Q. = dP A dQ, (Q,P) € X, and the

natural Hamiltonian'® H(Q, P) = PTZ — ﬁ. Physically speaking, the HHS
(X, Q,H) is the complexification of the RHS describing a single particle in one-
dimensional position space subject to the almost Kepler-like central potential

Vig) = —#. The Hamiltonian vector field Xy, of the HHS (X, 2, H) is:

1

3The given Hamiltonian is even regular, i.e., dH # 0 for all points of X.
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Hence, the holomorphic trajectories v(z) = (Q(z), P(z)) of (X, Q, H) satisfy

or, combining both equations:

1
4Q3(2)

Q"(2) =

We want to determine the holomorphic trajectories v with y(zo) = o = (Qo, Po)
for z9, Py € C and Qg € C*. After translation in 2z, we can assume zy = 0. A
straightforward computation reveals that, locally, the desired solutions are given
by:

Q(z) = /@3 +2Q0Py -z + 2B - 22, P(2) = Q'(2),

where Eq := H(Qq, Po) and +/- is chosen such that \/Qig = Q. Two square roots
mapping Q% to Qo coincide on a small neighborhood of Q3, however, they do
not need to have the same domain. Let us make this precise by choosing values
for Qo and Py. Pick Qg = 1 and Py = . Then, Ey = 0 and Q(2) = vz + L.
Here, all square roots are admissible that coincide with the standard square root

for real positive numbers. For instance, one can choose

V- i {z | Im(z) #£0 or Re(z) > 0} = C, z = re'® s \/re, a € (—m, )

or

. ia 3
V2 {z|Re(z) #0 or Im(z) >0} - C, z=7€e"* — \re>, a € (—g, ;) .
Using these square roots, the holomorphic trajectories v; : Uy — X and
vo : Uy — X are given by:

Q1:U;={2€C|Im(z+1)#0o0r Re(z+1) >0} = C, Q1(2) ::\/2—1—11,

Q2:Uy={2€C|Re(z+1)#0o0r Im(z+1) >0} - C, Qz2(2) = P

Clearly, v and < are maximal holomorphic trajectories satisfying
71(0) = (1,3) = 72(0). However, their domains U; and U, differ showing that
maximal trajectories are mnot unique, even given an initial value.
In particular, the trajectories ~; and o yield different values for
z € {z € C| Re(z+1) < 0OandIm(z + 1) < 0} C Uy N Uz, namely
n(z) = —92(2).

Even though the square root, which spoils the uniqueness of maximal trajecto-
ries in the previous example, is not well-defined on all of C\{0}, it is well-defined
on the 2 : 1 covering z — 22 of C\{0}. In the same vein, the maximal trajecto-
ries of a HHS become unique after “passing them down to a covering”. Precisely
speaking, we have to promote the maximal trajectories to leaves to make them
unique. To understand this idea, we first recall the definition of a foliation:
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Definition 2.1.12 (Foliation). A d-dimensional foliation {L,,}.,cr (I: index
set) of a manifold M is a decomposition of M into path-connected subsets
Ly, C M called leaves, i.e. M = | such that for every point p € M

xo€l ‘L07
there exists a chart ¢ = (z1,...,2,) : U = V C R™ of M near p fulfilling:
For every leaf L,, with U N Ly, 75 @, the connected components of U N L, are
given by %441 = Cdt1,..., Tn = ¢, for some constants c¢; € R. The foliation

{Lg, }woer is called holomorphic if M is a complex manifold and the charts ¢
can be chosen to be holomorphic.

Given a RHS (M, w, H), we remember that if F is a regular value of H, the
energy hypersurface H!(FE) is foliated by maximal trajectories of (M,w, H).
Similarly, there are holomorphic foliations of regular energy hypersurfaces for
HHSs. However, the leaves of the holomorphic foliation are “more than just”
the maximal trajectories this time:

Proposition 2.1.13 (Holomorphic foliation of a regular hypersurface). Let
(X,Q,H) be a HHS with complex structure J, Hamiltonian vector field
Xy =1/2(XE —iJ(XL)), and regular value E of H. Then, the energy hyper-
surface H~1(E) admits a holomorphic foliation. The leaf L, of this foliation
through a point 2o € H~1(E) is given by:

J(X3) J(X H)

’5{ X’H ’H (’H)
Loy ={y € X |y =, ops, ™ op;,™ ops, copp Mo s, (wg);

tl,...,tn,sl,...,SnGR, TLGN},

R R
where Lpfj_“ and ap’s]j(X”) are the flows of X and J(XJ) for time ¢; and s;,
respectively. Every holomorphic trajectory of (X, Q,H) with energy E is com-
pletely contained in one such leaf.

Proof. Take the assumptions and notations from above. E is a regular value
of H, hence, H™1(E) is a complex submanifold of X. The tangent space of
H~1(E) consists of vectors W in the tangent space of X satisfying dH (W) = 0.
Using the holomorphicity of H, dH o J =i - dH, we obtain

dH(X3]) = dH(Xn) = =X, Xn) =0,
dH(J(XE) =i - dH(XE) =0

showing that X% and J(X£) live in the tangent space of %~ '(E). This allows
us to restrict X% and J(X7?) to real vector fields on H~1(E).

As H is regular on H~!(E), neither X% nor J(X) vanish on H~(E). Fur-
thermore, as real vector fields, they are R-linearly independent at every point of
H~1(E), since there is no real number which squares to —1. By Corollary 2.1.7,
X% and J(X£) also commute. This allows us to apply Frobenius’ theorem to
the distribution spanned by the real vector real fields X1 and J(X%) giving
us a foliation of H~*(E) whose leaves take the form described in Proposition
2.1.13. As X¥ and J(XJ), the vector fields generating the foliation, are real
and imaginary part of a holomorphic vector field, the foliation itself is holomor-
phic due to the holomorphic version of Frobenius’ theorem (cf. Theorem 2.26 in
[Voi02]). Comparing the construction of holomorphic trajectories in the proof
of Proposition 2.1.9 with the form of the leaves in Proposition 2.1.13 reveals
that a holomorphic trajectory is completely contained in one leaf concluding
the proof. O
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Remark 2.1.14 (Flows of X{ and J(X%) do not commute globally). One
might be tempted to set n in the definition of the leaves in Proposition 2.1.13
to 1, since X% and J(X£) as well as their flows commute. However, this is only
locally the case. To illustrate this, consider Example 2.1.11 again. Choose the
initial value zg = (QO,PQ) = (1, 1/2) andset n =2,t; =0, s = =2, tp = —2,
and sy = 1. Using the solution Q(z) = vz + 1, we find:

R R R R ]_ 5m 1 .
et oG 0 X 0 g0 (1,5) = (VE-0¥, o )

If we exchange the order of s; and s9, the result differs by a sign:

R R R R . .

gog(” o gp‘lj(X“) o Lp)f%{ o QD{(QXH) (l, ;) =— (\% . 61%, % . e’s)s> .
In light of Proposition 2.1.13, one might say that the leaves of a HHS (X, Q, H)
should be considered to be the holomorphic counterpart to the maximal tra-
jectories of a RHS (M,w, H). Let us investigate this statement further. To do
that, we first need to generalize the notion of holomorphic trajectories in such
a way that we can view any Riemann surface as the domain of a trajectory, not
only subsets of C:

Definition 2.1.15 (Geometric trajectory). Let (X, Q, H) be a HHS with regular
value E of H and foliation L = {Ly,}soer (I: some index set) of H~!(E) as
in Proposition 2.1.13. Further, let ¥ be a Riemann surface, i.e., a connected,
complex one-dimensional manifold. We call a holomorphic map v : ¥ — X a
geometric trajectory of energy F if v is an immersion and the image of ~ is
completely contained in one leaf L, of the foliation L.

The definition of a geometric trajectory is reasonable, as every geometric tra-
jectory is locally a holomorphic trajectory:

Proposition 2.1.16 (Locally, geometric trajectories are holomorphic trajec-
tories). Let (X,Q,#H) be a HHS with regular value F of H, ¥ be a Riemann
surface, and v : ¥ — X be a geometric trajectory of energy E. Then, for every
So € X, there exists an open neighborhood V' C ¥ of sg and a holomorphic chart
¢:V = U cC of ¥ such that yo ™! : U — X is a holomorphic trajectory of
the HHS (X, Q, H).

Proof. Invoke the assumptions and notations from above. As + is a holomorphic
immersion whose image is completely contained in one leaf and the leaves of L
are generated by the Hamiltonian vector field Xy, there exists for every s €
an uniquely determined vector Yy(s) € 7495 such that:

dvs(Ya(s)) = Xa(v(s)).

These vectors form a holomorphic vector field Yz on . Now pick sg € ¥ and
zo € C. By Proposition 2.1.9 and Remark 2.1.18, there exists an open and
connected subset U C C such that ¢! : U — ¥ is a holomorphic integral curve
of Yy satisfying ¢ ~1(29) = so. After shrinking U if necessary, ¢ ~! becomes a
biholomorphism onto its image ¢~ (U) = V. Thus, ¢ : V — U is a holomorphic
chart of ¥ near sg. Furthermore, the curve yo =1 : U — X fulfills:

(Your™) (2) = dyp-1(s) (97" (2) = drp-100) (Y97 1(2))) = Xy 0071 (2)).

1

Hence, 70 ¢ ™" is a holomorphic trajectory concluding the proof. O
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Let us now assume that (X,Q,#) is a HHS with regular value E of H and
foliation L = {Ly,}uzoer of H™H(E). Pick a leaf L,,. If L,, is a complex sub-
manifold of X, the inclusion L,, < X is clearly a geometric trajectory. If L,
is not a complex submanifold of X, we can always equip L., with the struc-
ture of a complex manifold by choosing a suitable atlas such that the inclusion
L, — X becomes a geometric trajectory. The atlas in question consists of
maps 7~ ! where v : U — X is an injective holomorphic trajectory whose image
is contained in L,,. In contrast to maximal trajectories, the geometric trajec-
tories L, < X are unique given the initial value o € H~!(E) C X. In fact,
the uniqueness can be expressed as a universal property: Pick zq € H~!(FE).
Then, every geometric trajectory « : 3 — X with initial value z € v(X) factors
uniquely through the geometric trajectory L., — X and the geometric trajec-
tory Ly, — X is unique up to biholomorphisms with that property.

Often, the geometric trajectories L,, — X can be understood as coverings of
or to be covered by maximal trajectories. Example 2.1.11 exemplifies this be-
havior. To see this, we first need to determine the leaves in Example 2.1.11. We
achieve this by applying the following proposition:

Proposition 2.1.17 (Energy hypersurfaces of low-dimensional systems). Let
(X,Q,H) be a HHS with dim¢(X) = 2 and regular value E of H. Then, the
leaves of H~!(E) are its connected components and, in particular, complex
submanifolds of X.

Proof. Take the notations and assumptions from above. X is a complex two-
dimensional manifold, hence, H~*(F) is a complex one-dimensional one. Like-
wise, the leaves of H~1(E) are one-dimensional complex manifolds, immersed
in H~1(E). Thus, the leaves are open in H~!(E). By definition of a foliation,
H~1(E) decomposes into a disjoint union of leaves. Therefore, the leaves are
also closed in H~1(E) concluding the proof. O

Return to Example 2.1.11. By Proposition 2.1.17, the leaves in this example are
just the connected components of the energy hypersurfaces H~'(E). For E # 0,
the energy hypersurface is connected and only consists of one leaf, namely itself.
For E = 0, we have:

p? 1 1 1 1 !
H@P =T -3 (Pgg) (Frm) o

We see that there are two connected components and, consequentially, two leaves
this time: One with @ - P = 1 and another one with @ - P = —1. We have
already determined the maximal trajectories of the leaf with Q - P = % They
are given by Q(z) = vz + 1 and P = Q’(z) with appropriate square roots. Pre-
composing the maximal trajectories with the 2 : 1 covering z — 22 — 1 gives us
a well-defined map from C\{0} to the leaf with Q - P = % In fact, this map
is a biholomorphism. In that regard, the leaf can be understood as the double
cover of the maximal trajectories. For an example where a leaf is covered by a
maximal trajectory, confer Example 2.1.49.

Before we conclude the subsection on holomorphic trajectories, we quickly add
two comments. The first one concerns the notion of holomorphic and geometric
trajectories. Throughout the remainder of Chapter 2, we will not distinguish

between holomorphic and geometric trajectories anymore and use both names
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interchangeably. The second remark concerns holomorphic vector fields on gen-
eral complex manifolds:

Remark 2.1.18. The results of this subsection are not only true for holomor-
phic Hamiltonian vector fields and holomorphic trajectories, but for all holo-
morphic vector fields and holomorphic integral curves.

Application of HHSs: Lefschetz and Almost Toric Fibra-
tions

One interesting aspect of HHSs is their interplay with two important structures
in symplectic geometry: Lefschetz fibrations and almost toric fibrations. In
this subsection, we briefly explore the connection between these structures. We
begin the investigation by giving a short introduction to Lefschetz and almost
toric fibrations.

Lefschetz Fibrations

Let us first recall the definition of a Lefschetz fibration:

Definition 2.1.19 (Lefschetz fibration). Let X be a smooth 2m-manifold and
C be a smooth 2-manifold (both possibly with boundary). We call a smooth sur-
jective map m : X — C a Lefschetz fibration if the following three conditions
are satisfied:

(i) 0X =771(00)
(ii) All points on the boundary 0X are regular points of 7.

(iii) For every critical point p € Crit(m) C Int(X), there exists a smooth chart
Yx 1 Ux — Vx C R?™ = C™ near p with ¢x(p) = 0 and a smooth chart
Yo : Uo — Vo C R? 22 C near 7(p) such that:

doomop (21, 2m) = D20

Roughly speaking, a Lefschetz fibration generalizes the notion of a fiber bundle
over a surface where we now also allow singular fibers. This aspect is captured
by the following proposition:

Proposition 2.1.20 (Lefschetz fibrations as fiber bundles). Let 7 : X — C be
a Lefschetz fibration and C* be the set of regular values of 7. Further, assume
that X is connected. If 7 : 7=1(C*) — C* is proper, then 7=1(C*) = C* is a
fiber bundle. In particular, if X (and then also C) is compact, 7~ (C*) = C*
is a fiber bundle.

Proof. This follows directly from the fact'* that every smooth, surjective, and
proper submersion between connected manifolds is a fiber bundle. O

MDue to Ehresmann, cf. [Ehr52].
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Most, authors include additional conditions in the definition of a Lefschetz fi-
bration. Often, X is assumed to be a compact, connected, and oriented four-
fold. On one hand, this has historic reasons: While Lefschetz introduced these
fibrations to study the topology of complex surfaces, Donaldson and Gompf
brought Lefschetz fibrations to the attention of the symplectic community by
showing that, under mild conditions, every compact symplectic four-fold admits
the structure of a Lefschetz fibration (after blowing up if necessary) and vice
versa. For a comprehensive overview of the history of four-folds and Lefschetz
fibrations, confer the introduction in [Ful03].

On the other hand, the case m = 2 has a rich structure and is well understood: If
X is a closed four-fold, then the regular fibers of 7 : X — C are closed surfaces.
Under suitable conditions!®, the regular fibers of 7 : X — C are even oriented
and connected meaning that they are surfaces of genus g. In this case, the sin-
gular fibers are pinched surfaces of genus ¢ (cf. [Nay16]). In our investigation,
the case m = 2 also plays an important role.

Almost Toric Fibrations

Almost toric fibrations generalize the notion of toric fibrations which themselves
can be understood as the moment map of an effective Hamiltonian torus action
(cf. Appendix J for the definition of a moment map). To capture this idea,
let us recall the famous convexity theorem of Atiyah, Guillemin, and Sternberg
(confer, for instance, [Aud04] and [Sym02]):

Theorem 2.1.21 (Convexity theorem). Let (X?™, w) be a connected and closed
symplectic manifold with an effective Hamiltonian 7"*-action on it. Then, the
image of the associated moment map 7 : X — R™ is a convex polytope.

The polytope has a natural stratification. The highest dimensional stratum, i.e.,
its interior is the set of regular values of w. The regular level sets are Lagrangian

tori and one can express w and 7 in a neighborhood of any regular point as:'6

m
w:ZdiL’j/\dyj, ’/Tj:.TCj.
j=1

For k < m, the points on the k-dimensional stratum are critical values. Similarly
to the regular case, one can show that in a neighborhood of such a critical point
we can write (cf. [Sym02] and [LS03]):

w:dej/\dyj, m;=x; for 1 <j <k, 7rj:a:§+yj2- for k <j<m. (2.2)
j=1

We see that a toric fibration is a symplectic manifold viewed as a fiber bundle
whose regular fibers are Lagrangian tori and whose singular fibers take the local
form described by Equation (2.2).

Almost toric fibrations, introduced by M. Symington in [Sym02], exemplify a
similar structure, but the local description of their singular fibers is broadened.
The following definitions are taken from [Sym02] and [LS03]:

5 Both X and C are oriented and connected and, additionally, C is simply connected (cf.
[Nay16]).

16This is the equally famous Arnold-Liouville theorem. We use w = > dzj A dy; instead
of w=73%,dy; Adz; here to match the conventions used in [Sym02] and [LS03].
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Definition 2.1.22 (Lagrangian and almost toric fibrations). Let C™ be a
smooth and (X?™,w) be a symplectic manifold (both possibly with boundary
and corners). Further, let 7 : X — C be a smooth and surjective map. We call
7 a Lagrangian fibration of (X, w) if there exists an open and dense subset
C* C C such that 771(C*) & C* is a fiber bundle with Lagrangian fibers.
We call 7 an almost toric fibration if 7 is a Lagrangian fibration and every
critical point p € X of m has a neighborhood in which w and 7, after choosing
charts for X and C, take the following form (0 < k < m, z(p) = y(p) = 0):

(i) w= 377", dzj Adyj,
(11) Tj =Ty forlgjgk‘,

(ili) m; = a3 +y7 (toric) or
(75, mj1) = (295 + Tj41Y+1, TY+1 — Tj+1y;) (nodal) for k < j < m.

Remark 2.1.23 (Fibers of almost toric fibrations). If the regular fibers of an
almost toric fibration are compact and connected, then they are diffeomorphic
to a torus by the Arnold-Liouville theorem, explaining the name “almost toric
fibration”.

Remark 2.1.24 (Difference between toric and nodal points). Let 7 : X — C
be an almost toric fibration and let p € X be a critical point of 7w contained in
the interior of X. If the local description of p has at least one toric component,
then 7(p) lives in the boundary of C. If all components are nodal, it is easy to
verify that 7(p) is an interior point of C.

Let us now investigate the relation between Lefschetz and almost toric fibrations
using HHSs. The idea is that we define a compatible holomorphic symplectic
structure on a Lefschetz fibration. Such a fibration can be interpreted as a
HHS. At the same time, a holomorphic symplectic Lefschetz fibration in real
dimension four is, under mild conditions, an almost toric fibration, as we will
show later on.

First, we formulate the notion of a Lefschetz fibration in a holomorphic setup:

Definition 2.1.25 (Holomorphic Lefschetz fibration). Let X be a complex
m-dimensional and C be a complex one-dimensional manifold (both possibly
with boundary'”). We say that a surjective holomorphic map = : X — C
is a holomorphic Lefschetz fibration if the following three conditions are
satisfied:

(i) 0X =7"1(00)
(ii) All points on the boundary 90X are regular points of 7.
(iii) Every critical point p € Crit(7) C Int(X) is non-degenerate.

Here, a critical point p € Crit(w) is called non-degenerate if its (complex) Hes-
sian'® at p is non-degenerate in some holomorphic charts of X and C. As the
name implies, a holomorphic Lefschetz fibration is also a (smooth) Lefschetz
fibration:

17A complex manifold with boundary is locally biholomorphic to {z € C™ | f(z) < 0},
where f € C°(C™,R) is a submersion. We have to allow for curved boundary models, as
hypersurfaces in C™ are usually not biholomorphic to {z € C™ | Im z; = 0}.

18Since p is a critical point, the non-degeneracy of the Hessian is well-defined, i.e., indepen-
dent of the choice of charts.
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Proposition 2.1.26 (Holomorphic Lefschetz fibrations are Lefschetz fibra-
tions). Let m: X — C be a holomorphic Lefschetz fibration. Then, 7 : X — C
is a (smooth) Lefschetz fibration in the usual sense. In particular, the charts
¥x and Yo can be chosen to be holomorphic.

Proof. This is a direct consequence of the holomorphic Morse lemma. O

Lemma 2.1.27 (Holomorphic Morse lemma). Let X be a complex manifold,
f : X — C be a holomorphic function, and p € X be a non-degenerate critical
point of f. Then, there exists a holomorphic chart ¥vx : Ux — Vx C C™ of X
near p with ¢ x (p) = 0 such that:

Fovx' (21 zm) = F()+ Y25 V(21,0 2m) € Vi,

Remark 2.1.28 (Signature of Hessian). In contrast to the real Morse lemma,
we do not need to care about the Morse index, i.e., the signature of the (complex)
Hessian in the holomorphic Morse lemma, since all non-degenerate symmetric
C-bilinear forms on C™ are isomorphic.

Proof. The holomorphic Morse lemma can be shown in the same way as the
usual Morse lemma (confer, for instance, the proof in [AD14] on page 12 ff.),
where, of course, we use the appropriate theorems from complex analysis instead
of their smooth counterparts'®. O

We now put a compatible symplectic structure on a holomorphic Lefschetz
fibration:

Definition 2.1.29 (Holomorphic symplectic Lefschetz fibration). We call a
holomorphic Lefschetz fibration 7 : X — C symplectic if X admits the
structure of a HSM (X, Q) such that every critical point p € Crit(w) has
holomorphic Morse-Darboux charts near it, i.e., there are holomorphic charts
x = (21,...,220) : Ux — Vx C C?" of X near p with ¢x(p) = 0 and
o 1 Uo — Vo € Cof C near w(p) with n(Ux) C Ue satisfying:

(i) Qluy =325 dzjin A dzj,

.. 2
(ii) Yo omlu, =350, 7.

If 7: X — C is a holomorphic symplectic Lefschetz fibration with underlying
HSM (X, ), we can locally interpret (X, 2, 7) as a HHS after choosing a holo-
morphic chart ¢¢ of C. Of course, the Hamiltonian vector field of this HHS
is not well-defined, since the Hamilton function depends on the choice of ¥¢.
However, two Hamiltonian vector fields only differ by a holomorphic function:

Xjoor(p) = (o 0 05") (e 0 m(p)) - Xycon(p) for p € X.

Hence, the two Hamiltonian vector fields have the same trajectories, just param-
eterized differently. This implies that the holomorphic foliation of the regular
level sets of the HHS is still well-defined, even though the Hamiltonian vector

9For instance, the holomorphic implicit function theorem instead of the implicit function
theorem.
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field is not. In particular, if X is complex two-dimensional or, equivalently, real
four-dimensional and the level sets of m : X — C are connected, then the leaves
of this foliation are just the regular level sets themselves allowing us to interpret
a holomorphic symplectic Lefschetz fibration as the holomorphic foliation of a
HHS.

The next step is to link holomorphic symplectic Lefschetz fibrations to almost
toric fibrations. We show that every holomorphic symplectic Lefschetz fibration
in real dimension four is also an almost toric fibration if 7 is proper.

Proposition 2.1.30 (Holomorphic symplectic Lefschetz fibrations in real di-
mension four). Let 7 : X — C be a holomorphic symplectic Lefschetz fibration
with underlying HSM (X,Q = Qg + iQ;). Assume that X is connected and
has real dimension four. If 7 : X — C'is proper, then 7 : X — C is an almost
toric fibration of (X, Qg). In particular, if X is compact, then 7 : X — C'is an
almost toric fibration of (X, Qg).

Proof. The set C* of regular values of 7 is open and dense in C. By the same
argument as in the proof of Proposition 2.1.20, 7=(C*) & C* is a fiber bundle.
We now consider the fibers of 7=1(C*) = C*. The HHS (X, Q,7) is complex
two-dimensional, hence, the regular level sets of 7 are complex Lagrangian sub-
manifolds of (X, ). Thus, they are also Lagrangian submanifolds of (X, Qg),
as Q = Qg + i€ is a holomorphic 2-form. This implies that 7 : X — C is a
Lagrangian fibration of (X, Qg).

To conclude the proof, we need to consider a critical point p of 7. By definition,
there are holomorphic charts v x = (z1, 22) : Ux — Vx C C? of X near p with
Yx(p) =0 and Yo : Uc — Vo C C of C near 7(p) satistying:

Q|Ux =dzy Ndzq,

voomus =21+ 2.

In the new coordinates z; = (% — i%1)/V2, z» = (31 — i%)/V2, and
Yo = —e/2i, we find:
Qlp, = & Adép =(diy A des — din A diia) + i(ddy A dis + dijy A dia),
Yooy, =t =(2122 — §192) + (2192 + 1d2),
where we have used the decomposition 2; = &; + ¢g;. In particular, we have
QR|UX = dZ ANdZo —dij; Adijs in these coordinates. Setting x1 = 21, w2 = —71,
Y1 = 22, Y2 = Jo, 1 = Re(Yco7|y ), and 7o = Im(Yc o 7|y ) reproduces the

local structure near a nodal critical point as in the definition of an almost toric
fibration. O

Remark 2.1.31 (Proposition 2.1.30 for (X, Qr)). With the same assumptions
as in Proposition 2.1.30, we find that 7 : X — C'is also an almost toric fibration
of (X,Qp) if 7 : X — C is proper. In that regard, a holomorphic symplectic
Lefschetz fibration gives rise to two different almost toric fibrations.

Remark 2.1.32 (Critical points are nodal). Observe that the critical points of
a holomorphic symplectic Lefschetz fibration are nodal (cf. Definition 2.1.22).
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One might wonder how many manifolds X Proposition 2.1.30 is applicable to.
In the case that X is closed, the answer is already known: Leung and Symington
classified in [LS03] all closed almost toric four-folds up to diffeomorphisms. They
have shown that the only examples which are locally Lefschetz, i.e., whose criti-
cal points are non-toric are the K3 surface with base C' = S? and its Zo-quotient,
i.e., the Enriques surface with base C = RP?. Since RP? is not orientable, it
cannot admit a complex structure and, thus, the Enriques surface cannot be a
holomorphic symplectic Lefschetz fibration. Hence, the only possible example
of a closed holomorphic symplectic Lefschetz fibration in four dimensions is the
K3 surface®’.

To conclude this section, we generalize the last question and ask ourselves
whether there is an obstruction for a holomorphic Lefschetz fibration to be sym-
plectic. Of course, the space X of a holomorphic Lefschetz fibration 7 : X — C
needs to admit the structure of a HSM in order for 7 : X — C to be symplec-
tic. This itself is a non-trivial condition. But even if X is a HSM, it is not
clear whether the Lefschetz fibration admits Morse-Darboux charts near critical
points. This problem is especially interesting, since we already know that every
HSM admits Darboux charts near any point and every holomorphic Lefschetz
fibration admits Morse charts near critical points.

To tackle this question, consider the model case X = C?" with:

n 2n
Q:Zdzj+n/\dzj, W:Zz?.
Jj=1 Jj=1

On R2" ¢ C?*, Q and 7 become:

n 2n
w:dej+n/\dxj, f—Zx?
Jj=1 Jj=1

The holomorphic objects 2 and 7 are completely determined by their values
on the real form R?" C C2", i.e., by w and f, and every real-analytic pair
(w, f) on a real form gives rise, at least locally, to a unique pair (€, 7) (cf.
Appendix A). Thus, the problem of finding holomorphic Morse-Darboux charts
reduces to the problem of finding real-analytic Morse-Darboux charts on a real
form. The existence of real-analytic Morse-Darboux charts is intimately linked
to the local existence of flat Kihler metrics. K&hler manifolds and their various
modifications are explored in Appendix C. For now, it suffices to know that
a Kahler manifold is a symplectic manifold (M,w) together with a complex
structure J such that g := w(-,J-) is a Riemannian metric. Locally, every
Kihler form w possesses a Kihler potential?! f, i.e., w = i00f. However, f is

20By Remark 2.1.23, the regular fibers of the K3 surface are tori.

21This is just a consequence of the 9d-lemma. To define & and 9, recall that forms on
complex manifolds admit a bigrading which allows us to split up the exterior derivative d,
ie., d =90+ 8. The derivatives d and 9 satisfy 82 = 52 = 0 and 89 = —d9. In holomorphic

coordinates (21,...,2n), 0 and 0 are given by (f is a C-valued function):
A(fdzry A ... Adzr, AdZs) A... AdZs)) = Z%d%‘ Ndzry A .. NdZs),
j=1 9%

A(fdzry A ... Ndzpy, A dZs, /\.../\disl):Z£d2j Ndzry Ao NdZs,.
j=1°"%J
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not unique. Indeed, if g : M — C is a holomorphic function, then w = iaéf,
where f = f 4+ g+ g. Still, we can single out a unique Ké&hler potential by
imposing additional constraints. For this, let (M, .J) be a complex manifold,
p € M a point, and f : M — R a real-analytic function with f(p) = 0. If we
pick holomorphic coordinates ¢ = (z1,. .., z,) near p with 1(p) = 0, then we can
expand f in a power series of z; and Z;. This allows us to write f = hy+ha+hs,
where h; is a power series in z;, hy is a power series in Z;, and hg collects all
terms mixing z; and Z;. The decomposition f = h; + ha + hs3 is independent of
the choice of chart v, as long as ¢(p) = 0 holds. h; is holomorphic and, since f
is real, we have hy = h;. Thus, hs completely determines w = i00f = i00hs.
Conversely, w fixes h3, as w determines the functions 0,,0;, hs and every term
in hs is proportional to z;z,. We call a real-analytic function f for which Ay
and hy vanish mixed near p. In that regard, every Kéhler manifold (M, w, J)
admits a unique local K&hler potential that is mixed near p. We are now ready
to formulate Theorem 2.1.33 which shows that the existence of real-analytic
Morse-Darboux charts is equivalent to the local existence of flat Kdhler metrics
with prescribed symplectic form w and mixed K&hler potential %‘(”):

Theorem 2.1.33 (Existence of real-analytic Morse-Darboux charts). Let
(M?",w) be a real-analytic symplectic manifold, let f : M — R be a real-
analytic function, and let p € M. Then, the following statements are equivalent:

(a) There is a real-analytic Morse-Darboux chart near p, i.e., a real-analytic
chart ¢ = (21,...,29,) : U = V C R?" of M near p with ¢(p) = 0 such
that (we drop the restrictions “|¢/”):

n 2n
w:Zdl‘j+n/\dl‘j7 f:f(p)-i—Za??
i=1 =t

(b) There exists a flat Kéhler structure near p with symplectic form w and

mixed Kahler potential ffo(p), i.e., there is an open neighborhood U C M

of p and an almost complex structure J on U such that:

(i) J is integrable,
(ii) g :==w(-,J-) is a flat Riemannian metric,

(iii) f_Tf(p) is the mixed Kahler potential near p.

Remark 2.1.34. If (a) or (b) in Theorem 2.1.33 is fulfilled, then p € M is a
non-degenerate critical point of f with Morse index®® ps(p) = 0. If we want
to describe non-degenerate critical points p with Morse index pf(p) # 0, we
have to modify Theorem 2.1.33 slightly: ¢ is now a semi-Riemannian met-
ric and minus signs need to be included in the local description of f, i.e.,

2n
f=fp - ?igp) 55? + Zk:,uf(p)Jrl e

Proof. “(a) = (b)”: Define J on U by J0,, = —0,,,, and JO,,,, = 0,,. We

verify that J satisfies (i), (ii), and (iii). To see that .J is integrable, consider the

221f this notion is unfamiliar, confer Definition 2.1.36 and Remark 2.1.37.
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complex coordinates z; = x4, + ix;. J turns into 7 in these coordinates, as
they fulfill dz; o J = idz;. Next, we compute g. It is easy to check that:

2n
g=w(,J)= Zdw?
j=1

Clearly, g is a flat Riemannian metric. Lastly, we calculate 299f. In the
holomorphic coordinates (z1, ..., z,), we find:

n Z _ Z n n
F=rm+> %z = 586]”:§Zdzj/\d2j:z:dxj+n/\dxj:w.
j=1 j=1

j=1

It immediately follows from the last computation that f%m is the mixed Kah-
ler potential near p.

“(b) = (a)” Let J and g be as in Statement (b). It is a standard result from
Kahler theory (cf. Lemma C.3 or Theorem 4.17 in [Bal06]) that every Kéhler
manifold admits holomorphic normal coordinates?®. This means that there are
holomorphic coordinates ¥ = (21 = @41 +ix1, ..., 2, = T, +1i2,) near p with
U(p) = 0 such that g takes the following form at p:

n 2n
1 _ _
9Ip = 9 dezj ®dpZzj +dpZ; @ dpzj = dex?

j=1 j=1

After shrinking U if necessary, we can assume that WU is defined on all of U.
Since g is flat, the last equation not only holds for p, but everywhere on U.
Thus, we find for w:

w=g(J) = %Zdzj Ndz; = dej+n A dx;.
j=1

j=1

We can now read off the mixed Kéahler potential f near p:

1 n 1 2n
f=5>_#%%=5> 4
j=1 j=1
By assumption, f coincides with f_Tf(”) implying;:
2n
f=f)+>
j=1

This shows that v = (z1,...,22,) is the desired Morse-Darboux chart near p
concluding the proof. O

Let us return to the problem of finding holomorphic Morse-Darboux charts. As
discussed, it suffices to find a real form admitting real-analytic Morse-Darboux

23There are subtle differences between Riemannian and Kihlerian normal coordinates. How-
ever, they coincide in the flat case (cf. [Boc47] and [JW17] for details).
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charts. Thus, complexifying the notion of Kidhler manifolds allows us to formu-
late Theorem 2.1.33 in the holomorphic setting. The holomorphic version of a
Ka&hler manifold is fittingly called holomorphic Kéhler manifold. Holomor-
phic Kéahler manifolds are discussed in Appendix C as well as in Section 3.3 and
Section 3.4. Equipped with this knowledge, we obtain the following corollary:

Corollary 2.1.35 (Existence of holomorphic Morse-Darboux charts). Let (X, Q)
be a HSM, 7 : X — C a holomorphic function, and p € X a point. Then, there
is a holomorphic Morse-Darboux chart near p if and only if there exists a flat
holomorphic Kahler structure near p with holomorphic symplectic form 2 and

mixed Kihler potential %(m (in the sense of Theorem 2.1.33, i.e., %(p)
restricts to the mixed Kéhler potential near p on the real form).
Proof. The direction “=" is rather obvious: In the model case X = C2",

Q=3 dzjpn Ndzj, T = Z?ll 27, we take R** C C*" to be the real form
and define J by JO,, == —0.,,, and JO., , = 0.,. This turns (X,€,J) into a
holomorphic Kéhler manifold with the desired properties. To prove the converse
direction, we consider a flat holomorphic Kahler structure near p with holomor-
phic symplectic form  and mixed Kahler potential W_T”(p). On its real form,
it becomes a flat Kéhler manifold satisfying the assertions of Theorem 2.1.33.
Hence, Theorem 2.1.33 gives us a real-analytic Morse-Darboux chart near p on
the real form. This chart now yields a holomorphic Morse-Darboux chart near

p by complexification (cf. Definition A.1, “(ii)=-(iii)”) concluding the proof. O

Corollary 2.1.35 does not completely answer the question in which case a HSM
(X, Q) and a holomorphic Lefschetz fibration 7 : X — C are compatible. Indeed,
the projection 7 is not a function with values in C. To turn 7 into a holomorphic
function, we have to choose a holomorphic chart of C. This chart introduces
an additional degree of freedom which makes it easier to find a Morse-Darboux
chart. As we will see shortly, the only remaining obstacle to find Morse-Darboux
charts, at least in the real two-dimensional case, is the unoriented Morse index:

Definition 2.1.36 (Unoriented Morse index ps(p)). Let M™ and L' be C?-
manifolds, f € C?(M, L), and p € M be a critical point of f. We say that p
is non-degenerate if the Hessian of ¢ o f o 1/1;41 at 1y (p) is non-degenerate for
some charts ¥y of M near p and ¢, of L near f(p). The unoriented Morse
index py(p) is the number min{k, m — k}, where k is the usual Morse index of
Yrofo 1/);41 at ¥ (p), i-e, the number of negative eigenvalues of its Hessian.

Remark 2.1.37. Even though the non-degeneracy of the Hessian is indepen-
dent of the choice of charts, the number of negative eigenvalues of the Hessian
is not. An orientation reversing transformation of the chart ¢, for instance
11, — —r, changes the number from k to m — k, explaining the definition of
the unoriented Morse index. Often, we will drop the adjective “unoriented” and
simply say “Morse index”. It will be clear from the context whether we mean
the usual or the unoriented Morse index.

Let us now consider Lemma 2.1.38 and Lemma 2.1.39:
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Lemma 2.1.38 (Morse-Darboux lemma I). Let (M?,w) be a real-analytic sym-
plectic surface, L' a real-analytic 1-manifold, f : M — L a real-analytic func-
tion, and p € M a non-degenerate critical point of f with Morse index 1 ¢(p) = 0.
Further, let 7' > 0 be a positive real number. Then, there exists a real-analytic
chart ¢y, : U, — Vi, C R of L near f(p) such that all non-constant trajectories
near p of the RHS (Uys,w|v,,, H) with Uy == f~1(Ur) and H = v o f|y,, are
T-periodic.

Proof. Confer Appendix D. O

Lemma 2.1.39 (Morse-Darboux lemma IT). Let (M?,w) be a real-analytic
symplectic surface and let H : M — R be a real-analytic function on M with
non-degenerate critical point p € M of Morse index pug(p) # 1. Further, let
T > 0 be a positive real number. Then, the following statements are equivalent:

(i) There exists a real-analytic Morse-Darboux chart near p, i.e., a real-
analytic chart ¥y = (2,9) : Uy — Var C R? of M near p such that
(¥m(p) = 0):

(a) H|UM = H(p) + %(IQ +y2)7
(b) wly,, = dy Adz.

(if) There exists an open neighborhood Uy C M of p such that all non-
constant trajectories of the RHS (Uas,wl|u,, , H|u,,) are T-periodic.

(iii) There exists a number Ey > 0 such that fU(E) w =T FE for every number

E € [0, Ep], where U(E) is the connected component containing p of the
set {g € M [[H(q) - H(p)| < E}.

Proof. Confer Appendix D. O

With Lemma 2.1.38 and 2.1.39 in mind, it is clear how to show the existence of
Morse-Darboux charts: First, we use Lemma, 2.1.38 to find a chart ¢, in which
all trajectories near p have period 7' = 7w and the usual Morse index of ¥, o f
is 0. Afterwards, we apply Lemma 2.1.39 to find a chart j; in which w and
H =1, o f assume their respective standard form.

Given a HSM (X, ) and a holomorphic Lefschetz fibration 7 : X — C with
dime X = 2, it seems very likely, judging by the real case, that (X, ) is com-
patible with 7 in the sense that holomorphic Morse-Darboux charts exist near
critical points. To prove this rigorously, one has to construct a real form M C X
through a critical point p such that both Q and 7 turn into real objects on M.
Since the author is unaware how to show this statement, we stop our discussion
here and move on to action functionals instead.

Action Functionals and Principles for HHSs

As in the real case, we wish to link the holomorphic trajectories of a HHS
(X,Q,H) to critical points of some action functional. To achieve this, let us
first study the holomorphic symplectic 2-form €2 on X. By definition, Q is
non-degenerate on 710 X but vanishes on TV X. Every complex form 0

satisfies Q(V, W) = Q(V, W) (V and W are complex tangent vectors), hence, the
complex conjugate €2 of the holomorphic symplectic form €2 is non-degenerate
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on TOD X, but vanishes on 7% X24, In total, this implies that the real and
imaginary part of Q,

1
)

are non-degenerate on the entire bundle 7T X = T X @ 7O X | Clearly, Qr
and Qj are real 2-forms on X and, hence, must be already non-degenerate on the
real tangent bundle T X. As € is holomorphic and closed, Qg and Q; are smooth
and closed. Putting everything together, we find that the real and imaginary
part Qg and Q; of €2, respectively, are symplectic 2-forms on X viewed as a real
manifold.

Let us return to the HHS (X, Q,H). Obviously, the real and imaginary part of
the Hamiltonian H = Hgr+iH | are smooth real functions on X. Thus, any HHS
(X, 9, H) gives rise to four RHSs: (X, Qg, Hg), (X,Qr,Hr), (X,Qr,H1), and
(X, Qr,H7)?®. Our next task is to determine the Hamiltonian vector fields of the
four RHSs. We start with (X, Qg, Hg). We write the holomorphic Hamiltonian
vector field Xy as Xy = 1/2(X{] — iJ(X3})) and compute txrQp:

Qr=-(2+9Q) and QI:;(Q—Q),

1 1 1 o
ixp R =3 (LXﬁQ v LX§Q> = (LXQQ n L@Q) = (LXQQ + LX;I_Q‘Q)
1

1 S — 1 _
=5 (tx2 Q2+ 1x, Q) = -5 (dH +dH) = _id(H +H) = —dHg,

where we used that Xﬁ is a real vector field on X, i.e., X7ﬁ = Xﬁ, and that
1x,, 0 = LX;iQ due to Equation (2.1). We deduce from the expression above

that X7} is the real Hamiltonian vector field of the RHS (X, Qg, Hg). Similarly,
one can show the following proposition:

Proposition 2.1.40. Let (X,Q = Qr + iQ;,H = Hr + iH;) be a HHS with
Hamiltonian vector field X3 = 1/2(X% —iJ(X£5)). Then:

(i) (X,Qg,Hg) is a RHS with Hamiltonian vector field X%.

(ii) (X,Qg,Hs) is a RHS with Hamiltonian vector field —J(X).
(iii) (X, €y, Hpg) is a RHS with Hamiltonian vector field J(X%).
(iv) (X,Qr, M) is a RHS with Hamiltonian vector field X1

Remark 2.1.41 (Cauchy-Riemann-like relations). At first glance, one might
be confused why the Hamiltonian vector fields of (X, Qg, Hr) and (X, Q, H))
coincide, while the Hamiltonian vector fields of (X,Qg,H;) and (X,Q;, Hg)
differ by a sign. However, this observation is just a consequence of the analyt-
icity of the HHS (X,Q,H) and one might think of it as Cauchy-Riemann-like
relations:

Qr _ Qr Qr _ Qr _ Qr
Xym = Xg, J(X5R) = Xgpn, = - X5,

where X%b’ is the Hamiltonian vector field of the RHS (X, Q,, Hy).

24Here, we have also used that the complex conjugation maps T X to T(ODX and
TODX to THO X,

25As we will see later on, it might be more appropriate to say that (X,Q,H) gives rise to
only two RHSs, since (X, Qg,Hg) and (X, Qr,Hy) as well as (X,Q;,Hg) and (X, Qr, —HJ)
are subject to the same dynamics.
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The upshot of Proposition 2.1.40 is that the real trajectories of the HHS (X, 2, H)
are just the trajectories of the RHSs (X, Qr, Hr) and (X, Q;, H). In particular,
the real trajectories of (X,Q,H) are critical points of an action functional, at
least if (X, Q = dA,H) is exact®S. Of course, the same is true for the trajectories
of (X,Qr,Hs) and (X,Qr, HRg):

Proposition 2.1.42 (Action principle for real trajectories). Let (X,Q = dA, H)
be an exact HHS with Hamiltonian vector field X3 = 1/2(X% — iJ(X%)) and
decompositions 2 = Qr +iQ;, A= Ar +iA;, and H = Hr +iH;. Let Iy CR
be an interval. We set 77[0 = C*(ly, X) and define the action functionals
Aé\f Pr, — R, AAR : Pr, — R AAIR : Pr, — R, AQ[I : Pr, — R,
ALy : Py — C, and Am P, — C by:

s = [ - / Hnon(t)dt, A, 1) = / Ant / Hyo (D)t

Io

A;\-LIR[’Y] ::/W*AI_/HRO’Y t)dt, A{*\{I[[ ]_/ *AI_/HIO'Y

Io

A ] = AL 9] + A o] /*A /”Hov
A [y = A_HI[]+1'A§§IR[]—/ *A_Z/Hw

where v € Pr,. Now let v € Pj, be a smooth path in X. Then, v is a
real trajectory of (X,Q,H) if and only if v is a “critical point” of the action
functionals A;A{’; , A%II , and .Aé\_[. Similarly, 7 is a (real) integral curve of J(XJ)
if and only if 7 is a “critical point” of the action functionals A[}’;{I, A%IR, and

A
A

Proof. Proposition 2.1.42 is a consequence of Proposition 2.1.40 and the action
principle for RHSs (cf. introduction of Chapter 2). O

Remark 2.1.43 (Meaning of “critical point”). “Critical point” does not de-
note an actual critical point. “Critical point” in Proposition 2.1.42 means that
the first derivative of the action functionals vanishes at v only for those vari-
ations of 4 which keep the endpoints of v fixed! To understand this no-
tion, consider an exact RHS (M,w = d\, H) with associated action functional
.AH : 73[0 — R:

An] = Ay ] /’Y>\ /HOW

Let Iy = [t1,t2] and let . be a variation of v which fixes the endpoints of 7, i.e.,
a l-parameter family of curves with vy = v and ~.(¢;) = v(¢;) for j € {1, 2}

26 A HHS (X, Q,H) is exact iff Q has a holomorphic primitive A.

2"Note the different signs in the definition of A”Z, due to the Cauchy-Riemann-like rela-
g Hr
tions.
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Define the vector field 4 along ~ by:

3(0) = =

Ve(t)-
e=0
To calculate the derivative of v} A, we interpret . as the flow of 4. This allows us
to express the derivative of v} as the Lie derivative v*Ls\ which we compute
with the help of Cartan’s magic formula:

ta
d d d
@ J=2 1 Qs H o~y (t)dt
| Al mm/% @M/“W
[t1,t2] 1
to
= [ rzaa- [ G
[t1,t2] t1

- / Vs A / V*Lﬁd/\—]Z%(w(ﬁ(t),XH(v(t)))dt

[tl,tz] [t17t2]
ta
= [ avrn+ [ vee- [enGo. X0
[tl,tg] [tl,tg] tl
ta

= My (3(22)) —/\wl)(@(tl))+/ww<t>(ﬁ(t)ﬂ(t) — X (y(t)))dt

ty
to

:/%m@@ﬂ@—xmmet

=0 for all variations ~. & 4= Xpgon.

Here, the boundary terms vanish, since the vector field 4 is zero on the boundary.
Often, one wishes to view trajectories as actual critical points of some action
functional, not just with fixed endpoints. There are two main ways to achieve
this:

(i) One can only consider paths which start and end at points where the
primitive of the symplectic form vanishes, usually exact Lagrangian sub-
manifolds of the symplectic manifold.

(ii) One can only consider periodic paths such that the boundary terms in the
first derivative of the action cancel each other.

Remark 2.1.44 (Action functional for “tilted” trajectories). The observation
that the integral curves of X% and J(X£) are linked to the “critical points” of
the action functionals Aé‘{ and AZAH, respectively, can be generalized to “tilted”
trajectories. For any o € R, « is an integral curve of cos(a)- X% +sin(a)- J(XF5)
if and only if 7 is a “critical point” of the action functional Aé\mH P, = C
defined by:

AL = /7*/\— em/’}-loy(t)dt.

Io Iy
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Of course, the same action principle holds true if we only consider the real or
imaginary part of Aem% This fact will be of great importance later on and in
Appendix E.

As the holomorphic trajectories of the HHS (X, 2, H) are analytic continuations
of its real trajectories, one might be content with finding action functionals
for the real trajectories. However, it is also possible to construct an action
functional for the holomorphic trajectories of (X, 2, H) by averaging the action
functionals of the four underlying RHSs:

Lemma 2.1.45 (Action principle for holomorphic trajectories). Let
(X,Q = dA,#H) be an exact HHS with A = Apr + iA;. Furthermore, let
Rec = [t1,t2] + i[s1,s2] C C be a rectangle in the complex plane with real
numbers t; < t and s; < s2. Denote the space of smooth maps from Rec to X
by Prec and define the action functional AR : Pre. — C by:

Rec / / |:AR ~(t+is) (2g(t + zs)) —Hory(t+ 28)} ds dt with

t1 s1

oy oy .0y

— = — — i A4 cc-

Bz (at 9s) TVETR

Now let v € Prec be a smooth map from Rec to X. Then, 7 is a holomorphic

trajectory of (X,Q,H) if and only if 7 is a “critical point”?® of AR,

Proof. Take the notations from above and decompose H = Hpr + iH;. Fur-
thermore, let 7 € Pgrec be a smooth map and let s : [t1,t2] — X and
v ¢ [s1,82] = X be defined by 7,(t) = v(t + is) = v(s) for any s € [s1, $2]
and t € [t1,t2]. Recall the action functionals from Proposition 2.1.42. A short
calculation reveals that AR°[] can be expressed as:

S2

to
A = / AR [slds — i / AL, Lt
t1

s1

v is a “critical point” of AReC iff v is a “critical point” of its real and imaginary
part. Now consider the real part of AReC For any s € [s1,s2], 7s is a “critical
point” of AAR iff 7, is an integral curve of XE where Xy = 1/2(XE —iJ(XE))
is the Hamlltoman vector field of (X Q,H). Explicitly writing down the first
derivative of the functional v — [ AHR [vs]ds shows that this property is pre-
served under averaging: ~ is a “critical point” of v — [ Aé\{i [vs]ds iff 7, is an
integral curve of X1 for every s € [sy, s2).

Similarly, we find for the imaginary part of AR that v is a “critical point” of
v o fA_HI [v¢]dt iff 4 is an integral curve of J(XE) for every t € [t1,ts].
Combining our results, we find that v is a “critical point” of AReC iff 75 is an
integral curve of X1 for every s € [s1, s2] and v, is an integral curve of J(XF%)
for every t € [t1,t2]. We conclude the proof by recalling from the first subsec-
tion of Section 2.1 that holomorphic trajectories of (X, 2, H) are exactly those
smooth maps vy which are integral curves of X in t-direction and of J(X£) in
s-direction. O

28«Critical point” means that only those variations are allowed which keep v fixed on the
boundary 0Rec.



46

CHAPTER 2. PSEUDO-HOLOMORPHIC HAMILTONIAN SYSTEMS

To get a better understanding of Lemma 2.1.45, several remarks are in order:

Remark 2.1.46.

(i)

(iii)

Note that the action functional AR in Lemma 2.1.45 only uses the real
part Agp and not A;. Of course, a similar action functional including
A exists, but we will not use it for reasons that become apparent in
Section 2.2.

As for RHSs, one might wish to express holomorphic trajectories as actual
critical points of some functional. Again, there are two main ways to
achieve this: One may only consider smooth maps v from the rectangle
Rec to X which. ..

(a) ...map the boundary dRec to points in X where the 1-form Agr
vanishes, usually exact Lagrangian submanifolds of X.

(b) ...are doubly-periodic, i.e., periodic in both ¢- and s-direction.

Theoretically, one can even imagine a mix of both methods, where one
only considers maps - which are periodic in one direction and map the
boundary orthogonal to the remaining direction to exact Lagrangian sub-
manifolds of X.

In more geometrical terms, the action A%ec can be expressed as:

0
ARe[y] = // |:AR,7(t+is) (23’;@ + zs)) —Hov(t+ zs)} dt A ds,
Rec

where dt Ads is the standard area form on C = R2. If v is a “critical point”
of ARe or simply a holomorphic curve, we find:
0
8—7(15 +is) =~ (t +is) € THOX.
2
Using Ar(V) = iAf(V) for V€ T X | we obtain that the action at such
v is given by:

AFy) = [ [A(Y (¢ +1is)) — H ov(t +is)] dt Ads,
/

where the expression in rectangular brackets is holomorphic in z = ¢t + is.

Upon closer inspection of Lemma 2.1.45, one might wonder whether Lemma
2.1.45 is still true if one restricts the domain Pre. of A%ec to the holomor-
phic curves from Rec to X instead of varying over all smooth curves from
Rec to X. Clearly, this is not the case, as the values v attains at dRec
completely determine one holomorphic curve, so variation over this space
is not viable. A different perspective is offered by the action functional
ARec itself. By writing dt A ds = i/2 - dz A dz and recalling Point (iii),
AR[7] can be written as the integral of a form admitting a primitive
for holomorphic . By Stokes’ theorem, .AR°°[y] then only depends on the
values of v on the boundary dRec. Since these values are kept fixed during
variation, the action functional never changes in the variational process
and gives us no information. An additional explanation for this behavior
is presented in Appendix E.
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We can define action functionals like A%ec not only for rectangles, but for all

kinds of domains in C. A large selection of them is explored in Appendix E.
Here, let us quickly introduce one generalization of .A%ec, namely the action
functional AZ“ for parallelograms P, . For the sake of simplicity, we assume that
the first vector spanning the parallelogram P, is parallel to the real axis such
that we can write P, = [t1,t2] + €' [r1, ro] for some angle o € R\{n-7 | n € Z}
and some real numbers t; < tg and r; < r9. Using the standard area form
dt A ds, the generalization of AR to AZ" is straightforward:

0
Ai‘* [v] = // {ARW(HZ»S) <282(t + zs)) —Hoxy(t+ zs)} dt Nds vy € Pp,,
P,

where we used the coordinates z = t+1is and defined 9v/9z as in Lemma 2.1.45.
To show that ~ is a “critical point” of Afﬁ iff v is a holomorphic trajectory, we
express Ai" in the “tilted” coordinates z =t +r - e’ (« fixed):

t2 T2

0 . )
A1l = [ [ [Aratereey (25204 7)) = Hone+ rei) sinfa) drat

t1 r

to T2
- —ix d’yT . d’y
_ / / {ARW(HT@M) (ze = (t)—z-drt(r))

t1 r1

— (ie7"*Hpg — iRe(e"“H)) o y(t + re'™)] drdt

to

= Z‘eiia /A,/}'\t}; [’Y'f']dr o Z/Re(AéXlaH[rYt])dt

t1

where, for any ¢ € [t1,t2] and r € [ry,ra], the curves 7, : [t1,t2] — X and
Y+ [r1,72] — X are defined by ,.(t) = y(t+re®) = v,(r), Re(-) denotes the real
part, and Aé\_ﬁ% and Aé‘mH are the action functionals from Proposition 2.1.42 and
Remark 2.1.44, respectively. For a # n - m, n € Z, the complex numbers ie~*
and —i form a R-linear basis of C. Thus, 7 is a “critical point” of Ai" iff yisa
“critical point” of the functionals v — [ Aé\j; [yr]dr and v — [ Re(AL.,, [])dt.
The rest now follows as in proof of Lemma 2.1.45 by exploiting Proposition
2.1.42, Remark 2.1.44, and the fact that holomorphic trajectories are exactly
those smooth curves which are integral curves of Xﬁ in t-direction and in-
tegral curves of cos(a) X% + sin(a)J(X%) in r-direction (z = t + re’®) for
a € R\{n -7 |n €Z}. Summing up our results, we have just shown:

Proposition 2.1.47 (Action principle for parallelograms). Let (X,Q = dA, H)
be an exact HHS with A = Ag + iA;. For @« € R\{n -7 | n € Z}, let
P, = [t1,t2] + €!®[r1,m2] C C be a parallelogram in the complex plane with
real numbers t; < t; and r; < ro. Denote the space of smooth maps from P,
to X by Pp, and define the action functional AZ"‘ : Pp, = C by:

0
Po

Oy _1(0y .0y
az"2<at_’as) VY € Pr,.
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Now let v € Pp, be a smooth map from P, to X. Then, v is a holomorphic
trajectory of (X, H) iff v is a “critical point”?® of A=,

Remark 2.1.48. Proposition 2.1.47 is a direct generalization of Lemma 2.1.45,
since one obtains Lemma 2.1.45 from Proposition 2.1.47 by setting o = 7/2.

Before we conclude this subsection, let us inspect Point (ii)b of Remark 2.1.46
more closely. If a holomorphic curve v : P, — X whose domain is a par-
allelogram P, C C is doubly-periodic, i.e., periodic in ¢- and r-direction for
z =t + re'®, then we can also view 7 as a holomorphic map from a complex
torus to X. In this sense, we can interpret holomorphic trajectories whose
domains are complex tori as the holomorphic analogue of periodic orbits. In
contrast to periodic orbits of RHSs, however, the domains of two holomorphic
periodic orbits do not need to be isomorphic. Indeed, the complex structure of
such a torus is determined by the shape of the parallelogram P,. Therefore, the
action functional Afﬁ is only sensitive to certain holomorphic periodic orbits,
namely those whose domains share the complex structure induced by P,.
Non-constant holomorphic periodic orbits are rather rare and do not exist in
most HHSs (X, 2, H). For instance, take X to be the standard example C?".
Due to the compactness of a complex torus C/T", the maximum principle ap-
plies and any holomorphic map v : C/T' — X has to be constant. The same
result applies if X is Brody hyperbolic®®. Furthermore, if X is compact, then
all holomorphic trajectories are constant, since all Hamiltonians are constant
by the maximum principle. Still, there are examples of HHSs (X, Q,H), where
a plethora of holomorphic periodic orbits exists.

Example 2.1.49 (Natural Hamiltonians on complex tori C"/T"). Let n € N be
a natural number and I' C C” be a lattice, i.e.

2n
I':= ij-ejkjez s
j=1

where the vectors ej,...,es, € C" form an R-linear basis of C™. Then,
C"/T" is a complex torus of complex dimension n. Now consider the
holomorphic cotangent bundle X = T*09(C"/T) = C"/T x C" with
coordinates ([Q1,...,Q;],P1,...,P;) € C"/T' x C" and canonical 2-form
Q =377, dP;AdQ;. We want to determine all natural Hamiltonians H = T+V
on the HSM (X, Q). The potential energy V factors through a holomorphic func-
tion on C™/T". As C"/I" is compact, all holomorphic functions on it are constant
due to the maximum principle. Since changing the Hamiltonian by a constant
does not change the dynamics of the system, we can set the potential energy to
zero without loss of generality. To compute the kinetic energy 7, we need to
classify all holomorphic metrics g on C"/T". The projection C* — C"/T" gives
rise to n linearly independent holomorphic 1-forms d@;, j = 1,...,n, on the
torus C"/I" which we have already used to express the canonical form Q. Using

29 Again, “critical point” means that only those variations are allowed which keep v fixed on
the boundary 0P,.

30 A complex manifold X is Brody hyperbolic iff every holomorphic map v : C — X defined
on all of C is constant.



2.1. HOLOMORPHIC HAMILTONIAN SYSTEMS 49

these 1-forms, we can write g as

2n
g= Z 9i;dQ; ® dQj,

ij=1
where g;; are holomorphic functions on the torus. As before, these functions
have to be constant implying that the space of holomorphic metrics g on C" /T’
is isomorphic to the space of symmetric and non-degenerate C-bilinear forms
on the complex vector space C". By a standard result from linear algebra,
every symmetric and non-degenerate C-bilinear form on C™ can be brought
into the standard form g;; = 6;;*! by a C-linear transformation. Hence, after
transforming the lattice I if necessary, we can assume that the metric g is given
by g = ijl dQ?. In total, it suffices to investigate the dynamics of the HHS

(C/T x C*, 377, dP; AdQj,H) with Hamiltonian
H(Q17"'7QH7P17"~aPn> :ZITJ
j=

for all lattices I' C C™ in order to study all natural Hamiltonians on a complex
torus. Clearly, the Hamilton equations related to this problem are given by:

Qj(2) = Pi(2), Pj(z)=0.

Given the initial value v(0) = ([QY,...,Q%], P?,..., P?), the Hamiltonian equa-
tions are solved by the holomorphic trajectory v: C — X:

Y(z)=(QV+z-P,...,Q°% +2-P°,PY,..., PY).
Let us now define P? := (Py,..., P%) € C" and consider different values for P°:
(i) If P° =0, then 7 is just a constant curve.

(ii) If P° # 0 and 2z - P° ¢ T for every z € C\{0}, then ~ is a regular
holomorphic trajectory with no periodicity.

(iii) If P° # 0 and z; - P° € T for at least one z; # 0, then v is a regular
holomorphic trajectory which is periodic in at least one direction. In this
case, we can view « as a holomorphic map from a complex cylinder to X.

(iv) If P° # 0 and z; - P°, z - P° € T for two R-linearly independent complex
numbers z1,z9 € C, then v is a regular, doubly-periodic holomorphic
trajectory. In this case, 7y is holomorphic periodic orbit.

We observe that the topology and the complex structure of the domain of
changes depending on the momentum PP,

Remark 2.1.50 (General Hamiltonians on a complex torus).

As it turns out, Example 2.1.49 covers all possible Hamiltonians on the HSM
(T*’(LO)((C”/F),Z?Z1 dP; A dQ;). Let H be any holomorphic function on
T719(C™/T). Since T*(1:0(C"/T) is isomorphic to C"/T' x C*, H cannot
depend on the @;-coordinates due to maximum principle. This allows us to
repeat the discussion from Example 2.1.49 by replacing P} with dH/9P;(P°)
in the solution to the Hamilton equations.

31Here, d;; is the Kronecker delta!
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2.2 Pseudo-Holomorphic Hamiltonian Systems

In Section 2.1, we have seen that non-constant holomorphic periodic orbits can-
not occur for a large class of HHSs (X, 2, H). One possible obstruction to the
existence of such orbits is the integrability of the almost complex structure J of
X. In this section, we drop the integrability of J leading us to the notion of a
pseudo-holomorphic Hamiltonian system (PHHS). We demonstrate in the first
subsection that PHHSs exhibit, by design, almost the same properties as found
for HHSs in Section 2.1, in particular with respect to the existence and unique-
ness of pseudo-holomorphic trajectories and with respect to action functionals
and principles. In the second subsection, we explore the relation between HHSs
and PHHSs and show that we recover a HHS from a PHHS if we restore the
integrability of its almost complex structure J.

PHHS: Basic Definitions, Notions, and Properties

In Section 2.1, we have found that most HHSs (X,Q,H) do not possess non-
constant holomorphic periodic orbits. Often, their existence was forbidden by
the maximum principle. Consider, for instance, X = R* = C? with the stan-
dard complex structure J = ¢. We recall that a holomorphic periodic orbit is a
holomorphic map 7 : C/T' — X satisfying Hamilton’s equations, where C/T is
a complex torus and, thus, compact. Therefore, the maximum principle applies
and every holomorphic periodic orbit in C? is constant.

In his beautiful paper [Mos95] from 1995, Moser showed that the same argu-
ment does not apply if we equip R* with a different almost complex structure
J. Let v be any smooth embedding of the 2-torus into R*, e.g. the inclusion
S1x St € RZxR? = R%. Then, the image of 7 is a 2-dimensional submanifold of
R* and its tangent bundle can be continued to a smooth 2-dimensional distribu-
tion D on R*. This can be seen as follows: The tangent bundle of S x S* ¢ R*
is spanned by the two vector fields V; and V5 on S! x S*:

Vi St x St = R, (21, 22,23, 74) — (—29,71,0,0),
Vy:St x St — R, (21,29, 23,24) — (0,0, —24, z3).

We show that there are two linearly independent vector fields }71 and V5 on R4
continuing V5 and Vs, i.e., Vi|s1x51 = V;. To construct V7 and Vs, we first define
the functions r = /2% + 22, ro := /22 + 22, and R := (1 — %)% + (1 — r3)%

Next, define the vector fields V;, Wi, and W, on R* as follows:

5 i 4
Vi R* = RY, (21,22, 23, 24) = (—22,21, R, 0),
4 4 2 2
Wi R* = R*, (x1,x9,x3,24) = (—x2x4 R, T124R, —1rix4, riTs),

WQ 2R4 — R4, ($1,$271'3,{E4) — (.Tl,{EQ,O,R).

One easily checks that Vi is a continuation of V1, vanishes nowhere, and is
orthogonal to W, and W, with respect to the standard metric on R*. Further-
more, we notice that W; is a continuation of V5. However, Wy vanishes for
1 = x9 = 0 or z3 = x4 = 0. To rectify this, we take an appropriate linear
combination of W7 and W,. For that, we first observe that W, does not vanish
on S' x S'. Hence, we can pick an open neighborhood U C R* of S x S* such
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that W7 does not vanish on U. Next, we choose a partition of unity {f1, f2} on
R?* subordinate to the open covering {U, R*\(S! x S1)} of R%, i.e, two smooth
functions f1, f» € C°(R*,R>) satisfying:

() fi(z)+ folx) =1 Vo eRY,
(i) supp(f1) C U and supp(fz2) C R*\ (St x S1).

Now define the vector field Vs by Vy = f1- Wi+ fo- Wy, By construction, the
vector field VQ is a continuation of V5. Moreover, one can show that VQ vanishes
nowhere by considering Vs separately on S* x S1, U\(S! x S'), and R*\U. As
Vl is orthogonal to W7 and Ws, \71 is also orthogonal to the vector field Vg Two
orthogonal vector fields which vanish nowhere are linearly independent, hence,
the vector fields ‘71 and Vg are the desired continuations of Vi and V5. The
distribution D is now just the span of Vi and Vs.

Let us return to Moser’s construction. Choose a Riemannian metric g on R*
and consider the orthogonal complement D' of D with respect to g. D™ is
also a smooth 2-dimensional distribution on R%. Moreover, D and D+ span the
tangent bundle of R%, i.e., TR* = D @ D+. We can now construct the almost
complex structure .J on R* as follows: Choose orientations for D and D+ and
define J to be the 90°-rotation in D and D+ with respect to g and the given
orientations. After choosing a suitable complex structure j on the 2-torus,
becomes a pseudo-holomorphic?? embedding, i.e., dyo j = J o dvy. The almost
complex structure J constructed this way is, in general, not integrable.
Moser’s example indicates that Hamiltonian systems with non-integrable almost
complex structures J might be richer than HHSs when it comes to pseudo-
holomorphic periodic orbits. However, the generalization of HHSs is not straight-
forward, as the complex structure J only enters most definitions regarding HHSs
implicitly. To that end, let us recapitulate which objects and relations are es-
sential to the definitions and discussions in Section 2.1. A HHS consists of
six objects: A smooth manifold X together with an integrable almost complex
structure J on it, two real 2-forms Qg and 2; on X which assemble to a holo-
morphic symplectic form 2 = Qg + i€, and two smooth real functions Hpg
and H; on X forming a holomorphic function H = Hgr + iH; on X. Closely
tracing every step of Section 2.1, we see that these six objects need to satisfy
the following relations:

(i) Qr must be closed?3.
(ii) J, Qg, and Q5 need to satisfy the relations induced by Equation (2.1).

(iii) J and the Hamiltonian vector fields of the underlying RHSs have to fulfill
Cauchy-Riemann-like relations formulated in Remark 2.1.41.

(iv) All Hamiltonian vector fields must commute reproducing Corollary 2.1.7.

32In most books and papers, a map f : (X1, J1) — (X2, J2) between manifolds X; and Xo
with almost complex structures J; and Jz is called holomorphic if df o J; = Ja o df. In this
thesis, we often want to emphasize the non-integrability of J1 or J2. To that extent, we say
f+(X1,J1) = (Xa,J2) is pseudo-holomorphic if df o J; = Ja o df and usually save the
expression “holomorphic” for the case where J; and J are integrable.

33For the action functionals of holomorphic trajectories in Section 2.1, we need a primitive
of Qp, but not of Q!
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One way to define a pseudo-holomorphic Hamiltonian system is to simply impose
these relations:

Definition 2.2.1 (Pseudo-holomorphic Hamiltonian system). We call a col-
lection (X, J; Qr, Qr; Hr, Hr) a pseudo-holomorphic Hamiltonian system
(PHHS) if X is a smooth manifold, J is a (not necessarily integrable) almost
complex structure on X, Qp € Q%(X) and Q; € Q%(X) are non-degenerate, and
Hr € C*(X,R) and H; € C*(X,R) are smooth functions satisfying:

(i) Qg is closed, i.e., dQg = 0.

(11) QR(J'v ) = QR('; J) = -y, QI(J'v ) = QI('? J) = Qg,
Qr(J ) = —Qn, Q1 (J ) = =

(i) X5 = X5t and J (X30) = Xjii, = — X357, where Xjis is defined by
LX;ZL“ Qa = —de.
b

(iv) [X52, X52] =0 for all a,b,c,d € {R, I}.

Remark 2.2.2 (Property (iii) in Definition 2.2.1). Note that we can replace
Property (iii) in Definition 2.2.1 with the condition that H = Hgr + i - Hy is
pseudo-holomorphic. Indeed, Property (ii) and (iii) imply:

dMoJ = —Qp(X58, J-) —i- Qr(X5=, J) = QX3 ) +i- Qr(—X3L )
= —dH;+i-dHr =i-dH.

Conversely, Property (i) and dH o J = i - dH imply the Cauchy-Riemann-like
equations in Property (iii).

Remark 2.2.3 (The form 2, Part I). As for complex manifolds, we can de-
compose the complexified tangent®® bundle Tc X of a manifold X with almost
complex structure J into a direct sum of subbundles 7(9 X and 7% X which
are fiberwise given by the eigenspaces of J with eigenvalue ¢ and —i, respec-
tively. The difference is that 719 X is not involutive anymore, but merely a
smooth complex vector bundle over X. Still, if we define the complex 2-form
Q to be Qi + Q2 for PHHSs, we find that € is of type (2,0), i.e., vanishes on
TODX,

One might be confused why we only require 2z to be closed. The reason is
that if we were to include the closedness of €2 into the definition of a PHHS,
the almost complex structure J would automatically be integrable rendering
our construction pointless. The proof of this statement is given in the second
subsection, when we explore the relation between HHSs and PHHSs.

Definition 2.2.1 is convoluted, redundant, and rather unwieldy. For a better
approach to PHHSs, let us first define pseudo-holomorphic symplectic manifolds:

Definition 2.2.4 (Pseudo-holomorphic symplectic manifolds). We call a triple
(X, J;Qr) pseudo-holomorphic symplectic manifold (PHSM) if (X, Qg)
is a symplectic manifold and J is an almost complex structure on X which is
also Qg-anticompatible, i.e. Qgr(J-,J:) = —Qg. A PHSM (X, J;Qp) is called
proper if J is not integrable.

340f course, similar remarks apply to the complexified cotangent bundle TEX of X.
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Remark 2.2.5 (The form Q, Part IT). Every PHSM (X, J; Qr) possesses forms
Qr and 2 defined by:

Qr = -Qr(J-,"), Q=Qr+1iQr.

It is easy to see that 2; is a smooth, non-degenerate, alternating 2-form on X
which is also anticompatible with .J. Furthermore, €2 is also anticompatible with
J, satisfies Q(J-,-) = Q(-, J-) = iQ, i.e.,, Qis of type (2,0), and is non-degenerate
on T(19 X . However, neither ; nor § are necessarily closed.

We can now give an alternative definition of a PHHS:

Definition 2.2.6 (Pseudo-holomorphic Hamiltonian system). We call a collec-
tion (X, J;Qr,Hr) a pseudo-holomorphic Hamiltonian system (PHHS)
if (X,J;Qr) is a PHSM, Hr : X — R is a smooth function on X, and the
1-form Qp(J(X3,7),") is exact, where Qp(X3,",) := —dHp. We call a PHHS
(X, J;Qr, HR) proper if J is not integrable.

For both definitions to agree, it is obvious that the exactness condition is nec-
essary, since, by Definition 2.2.1, we have QR(J(X;ERR), -) = dHj. The following
proposition ensures that the exactness condition is also sufficient:

Proposition 2.2.7 (PHHSs well-defined). Definition 2.2.1 and Definition 2.2.6
coincide.

Proof. Clearly, every PHHS as in Definition 2.2.1 also fulfills Definition 2.2.6.
Now let (X, J;Qr,Hr) be a PHHS as in Definition 2.2.6. Then, we define
Q= —Qg(J:,") and take H; to be a primitive of the 1-form Qp(J(X;"),).
We need to check that these data satisfy (i), (ii), (iii), and (iv) from Definition
2.2.1. Property (i) is trivially true by definition. Verifying Property (ii) is a
short and easy computation. To check Property (iii), we recall Remark 2.2.2. It
suffices to verify that the map H = Hr + i¢H; : X — C is pseudo-holomorphic
which follows immediately:

dHpoJ =—Qr(X58, J) = —Qp(J(X3"), ) = —dH,,
dHioJ = Qr(J(XPh), J-) = —Qr(Xy", ") = dHr,
= dHoJ=1i-dH.

Lastly, we need to check Property (iv). Recall that any symplectic manifold
(X,Qr) admits a Poisson bracket {-,-} : C*(X,R) x C*(X,R) —» C*(X,R)
given by:

{F, G} = QR(XF,Xg),

where X and X are the Hamiltonian vector fields of the functions F' and G.
Furthermore, remember that the map X. : C*°(X,R) — I'(T'X) is a Lie algebra
homomorphism:

X(rc) = [Xp,Xc] VF,G € C®(X,R).

Hence, it suffices to prove that {Hg,?;} vanishes in order to show that X%;
and X%f commute. Let us calculate {H g, H;} using Property (ii) and (iii):

{Hr Hi} = Qr(X5", X5") = —Qr(X58, J(X50)) = (X530, X500 ) = 0.
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Commutativity of the remaining Hamiltonian vector fields follows from commu-
tativity of X%; and X%’; as well as Property (iii) concluding the proof. O

Now that we have found a compact definition of PHHSs, we should briefly
mention some examples of PHHSs. Of course, every HHS is, by design, a PHHS
with integrable J. Even though the set of proper PHHSs is much larger than
the set of HHSs, finding them is a bit more involved and, thus, relegated to
Section 2.3. Partially, this is due to the fact that there are no “standard”
examples of proper PHHSs like cotangent bundles?® as for RHSs and HHSs. On
a deeper level, this is caused by the absence of a Darboux-like theorem. Clearly,
there cannot be a counterpart to Darboux’s theorem for PHSMs, since J is
usually not integrable and, hence, there are no coordinates in which J assumes
its standard form, let alone coordinates in which both J and Q = Qg + i€);
assume some standard form. Still, one can bring J and €2 into a standard form
using local frames:

Lemma 2.2.8 (PHSMs in local frames). Let (X,J;Qg) be a PHSM with
Q = Qr —iQgr(J-,-) and let xg € X be any point. Then, there exists an
open neighborhood U C X of ¢ and a local frame 09, ... 09 67 ... 0F of the

smooth complex vector bundle 7% (19 X on U such that:
_ P Q
Oy =07 A6T.
i=1

In particular, the real dimension of X is a multiple of 4. The local frame can be
chosen to be integrable (meaning the frame is induced by a chart) if and only if
J is integrable on U.

Remark 2.2.9 (J in standard form). J is also in standard form in the dual
frame of 0%, ... 09,0F, ... 6P Indeed, the real and imaginary part of the local

rYmn rvn t

frame 09, ...,09,0F,...,0F (§ = 0 4 i0Y) give rise to a local frame of the real

»Yn

cotangent bundle 7*X. Its dual frame é7°, ..., é5¥ is a local frame of the
tangent bundle TX. By setting é := 1/2(é* — ié?), one obtains a local frame
of TO X, On TUO X, J simply acts by i, thus, é* and &Y satisfy J(é*) = é¥

and J(éY) = —é®. This is the standard form of J.

Proof. Lemma, 2.2.8 follows from the application of the symplectic Gram-Schmidt
process, which can be found in any textbook on symplectic geometry, to a local
frame of 719 X. Confer Proposition 2.8 in [BDV20] for the complex analogue
of the symplectic Gram-Schmidt process. For completeness’ sake, we repeat the
explicit construction here. Let (X, J;Qg) be a PHSM with Q := Qr —iQr(J-, ")
and take the real dimension of X to be dimg(X) = 2m, m € N. The dimension
of X is even, as X admits an almost complex structure J. Then, the complex
rank of the complexified bundle T¢ X is also given by 2m. Now recall the de-
composition TeX = THOX @ TOD X, Since the vector bundles 7(M9 X and
T(O:1) X are isomorphic via the complex conjugation v+iw — v—iw, their fibers
have the same complex dimension, namely m. Now let o € X be any point and
pick a local frame v1, . .., v, of T X on an open neighborhood U C X of .
Q is non-degenerate on 7% X by Remark 2.2.5, hence, there exists a vector

35 At least no canonical ones! In Section 2.3, we will equip the holomorphic cotangent bundle
of a complex manifold with a non-canonical PHHS structure.
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¢ e ngi’o)X such that €, (vl(xo),égzo) # 0. v1,...,0y is a local frame of

1 %)
T X near zg, thus, we can write:

61 20 E Cj ’Uj 330

where ¢; € C. Now define the local section el = >;¢jv;of TUOX, After
shrinking U if necessary, one obtains Q(vi(x), el( )) # 0 for every x € U.
Setting el = v1 and changing the normalization of e? if necessary allows us to
write Q|y (el €5 9 =1.

If m = 2, we simply define 9?, ¥ to be the dual frame of é?, el If m > 2, then

we can pick one local section of the frame vy,...,v,,, say v, such that é? (z),
éf’(x), and vo(z) are C-linearly independent for every x € U (after shrinking U
if necessary). We set:

by == vy — Qu(v2,9) - &7 + Q|y (va, 7)) - 69,

Then, élQ, é’, and 9 are still C-linearly independent on U and @ is Q-orthogonal
to é? and &7 i.e., Q|U(@2,éiQ) Q|u(92,é7) = 0. Again by the non-degeneracy
of Q, we can find a vector €% Téé O X such that Qo (02(x0), 62@0) #0. As

2,:60
before, we can write:

ezmo E d; - vj Zo),

where d; € C, and define the local section 62 = Z dj - vj of THOX . Af-

ter shrinking U and changing the normalization of 62 if necessary, we obtain
Q|U(f)2,e§) = 1. Now we set:

ey =10y, & =e —Qlu(es,ed) el + Qu(ed el) - ef.

Proceeding inductively gives us a local frame é¥,...¢Q, eP ... &l of T(LO) X
on some neighborhood U of xy (n := m/2) satisfying:

Qu(e?, éf) = Qu(efef) =0, Qu(el,ef) =3y

Thus, the frame 9?,... 02, 0P ... 6P dual to the frame é2,...eQ, el ... eF

yYn o

is the desired local frame of T*7(1 0 X near zo in which Q takes the form:

— P Q
Qu =07 67
j=1

In particular, the real dimension of X is 4n. Lastly, we show the equivalence.
If the frame 69 ...,0F is integrable, then there exists a chart
¢=(Q1,-.-,@Qn.Pr,...,P,) : U=V C C> near x such that 07 = dQ; and
0 = dP;. Because 9;’2 and 07 are forms of type (1,0), we obtain dQ;o.J = idQ;
and dP; o J = i¢dP;. Thus, ¢ is a holomorphic chart and J is integrable on U.

The converse direction follows from Theorem 2.2.16 (cf. the second subsection)
and Darboux’s theorem for HSMs (cf. Theorem 2.1.2 and Appendix B). O
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Next, let us investigate the dynamics of a PHHS (X, J;Qg,Hr). To do so,
we need to introduce pseudo-holomorphic Hamiltonian vector fields and tra-
jectories. We try to imitate the definitions from Section 2.1. For the sake of
simplicity, we always associate from now on with a PHHS (X, J;Qg,Hg) the
forms 0y == —Qr(J-,-) and Q = Qg + Qs as well as the functions H; and
‘H == Hpr + iH;, where H; is a primitive of QR(J(X%;), ).

Definition 2.2.10 (Pseudo-holomorphic Hamiltonian vector fields). Let
(X, J;Qr,Hr) be a PHHS. We call the smooth section X3 of T X de-
fined by ¢x,, 2 = —dH the (pseudo-holomorphic) Hamiltonian vector field
of the PHHS (X, J;Qg,Hg). Furthermore, we call a smooth map v : U — X,
U C C open and connected, a pseudo-holomorphic trajectory of the PHHS
(X, J;Qr, HR) if ~ satisfies the integral curve equation:

=3 (50 - i516) = XuGe) Va=t4iseU,

We call a pseudo-holomorphic trajectory v : U — X maximal if for every
pseudo-holomorphic trajectory 4 : U — X with U ¢ U and 4|y = ~ one has
U="U.

Alternatively, one can define pseudo-holomorphic Hamiltonian vector fields and
trajectories in terms of the vector field X%’;:

Proposition 2.2.11 (Alternative Definition of Xy and v). Let (X, J; Qr, HR)
be a PHHS with vector field X;)" defined by Qp(X3,",-) = —dHp. Then:

Xy = % (X5 =i a(X52)) -

Now let v : U — X be a smooth map, where U C C is an open and con-
nected subset. Then, v is a pseudo-holomorphic trajectory iff s defined by
vs(t) = ~(t + is) is an integral curve of X%’; for every suitable s € R and
~v: U — X is pseudo-holomorphic.

Proof. A straightforward calculation verifies that X3 as in Definition 2.2.10
satisfies the equation above. If v is a pseudo-holomorphic trajectory, then the
real part of the pseudo-holomorphic integral curve equation implies that v is
an integral curve of Xﬁi . Moreover, vy satisfies:

oy
5, = ~AmXy, = J(Xm)=J

This equation is equivalent to v being pseudo-holomorphic. The converse direc-
tion works similarly. O

]
ot

We designed PHHSs in such a way that all properties we found for HHSs in
Section 2.2 transfer almost completely to PHHSs. For instance, we find the
following PHHS-counterpart to Proposition 2.1.9:

Proposition 2.2.12 (Existence and uniqueness of pseudo-holomorphic trajec-
tories). Let (X,J;Qgr,Hgr) be a PHHS. Then, for any 2y € C and zy € X,
there exists an open and connected subset U C C and a pseudo-holomorphic
trajectory y*0% : U — X of (X,J;Qr, Hg) with y*0%0(z5) = zy. Two
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pseudo-holomorphic trajectories 47" : U; — X and v, : Uy — X with
V70" (20) = w0 = 757" (20) locally coincide, in particular, they are equal
iff their domains U; and Uy are equal. Furthermore, the pseudo-holomorphic
trajectory y*0*° depends pseudo-holomorphically on zy, but, in general, only

smoothly on xg.

Proof. The proof of Proposition 2.2.12 works very similarly to the proof of
Proposition 2.1.9. By Definition 2.2.1 and Proposition 2.2.11, the real and imag-
inary part of X4 commute, hence, we can proceed as in the proof of Proposition
2.1.9 to show that pseudo-holomorphic trajectories v*©*° given an initial value
Y2070 (20) = xg exist.

To prove uniqueness, we observe that the formula

QR QR QR QR
JOGE) X X508 T(XG5)

’YZOJO (Z) = Ps_sp © SDt—}i‘E? (‘TO) =Pity ©Ps—so (.’Eo)
t—to) X R 4 (s—s0) J(X R
— QDE 0) o (s—s0)J( HR)(LL‘Q),
where z = t + is, uniquely determines y***° on a small rectangle in C near
zo = to+1isg. The rest now follows by covering a path between zy and any point
z1 in Uy = Uy with a finite number of such rectangles.
Lastly, let us consider the dependence of v#:%0 on z5 € C and zy € X. Again,
v#1%0 () and y*2°%0(z) only differ by a translation in z. As pseudo-holomorphic
trajectories are pseudo-holomorphic maps, the zo-dependence is also pseudo-
holomorphic. For the xo-dependence, we need to consider the flow of Xﬁ’; and
J(X%R). Both X%R and J(X%R) are smooth vector fields, thus, their flows are
R R T R
smooth as well concluding the proof. O

Remark 2.2.13 (zy-dependence). Note that holomorphic trajectories of HHSs
depend holomorphically on xg, while pseudo-holomorphic trajectories of PHHSs
do not generally depend pseudo-holomorphically on zy. This distinction can be
traced back to the Hamiltonian vector field X4,. For HHSs, X3, is a holomorphic
vector field, in particular its real and imaginary part are .J-preserving vector
fields (cf. Proposition 2.1.6) implying that the differential of their flows commute
with J. For PHHSs, this does not need to be the case anymore: Neither X%ﬁ

nor J (X;z’; ) are required to be J-preserving! In fact, we study an example of a
proper PHHS in Section 2.3, where Xﬁ’; is J-preserving, but J(X%g) is not.

As for HHSs, the maximal trajectories of a PHHS, given an initial value, do not
need to be unique, however, we can still pseudo-holomorphically foliate energy
hypersurfaces H~1(E) of a PHHS:

Proposition 2.2.14 (Pseudo-holomorphic foliation of a regular hypersurface).
Let (X,J;Qr,Hr) be a PHHS with Hamiltonian vector field
Xy = 1/2(X;" — iJ(X;")) and regular®® value E of H. Then, the energy
hypersurface H~1(FE) admits a pseudo-holomorphic foliation. The leaf L, of
this foliation through a point zq € H~1(E) is given by:
Q Q Q Q
Loy ={ye X ly=gn " opi " 0. 0pm ool 7 (zy);
t1,.. o ytn,S1,...,8, €ER; n € N},

36 As before, a PHHS (X, J; Qr,HR) is regular at the energy E € C if dH or, equivalently,
dH R does not vanish on H~1(E).
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X5 J(X5R) Q Q
where ¢, "R and @, T are the flows of X5 and J(X3,%) for time ¢; and
55, respectlvely Every pseudo-holomorphic trajectory of (X J; QR,”HR) with
energy F is completely contained in one such leaf.

Proof. First, we need to clarify the notion of a pseudo-holomorphic foliation.
For this, recall the definition of a holomorphic foliation (cf. Definition 2.1.12).
Clearly, we cannot directly transfer Definition 2.1.12 to the non-integrable case,
since generic almost complex manifolds do not admit holomorphic charts. There-
fore, we call {L,,}z,er a pseudo-holomorphic foliation of an almost complex
manifold (X, J) if {Ly, }s,er is a foliation of X and the tangent spaces of the
leaves L,, are closed under the action of J. We can now prove the last proposi-
tion in the same way as Proposition 2.1.13 by applying the Frobenius theorem
to the vector fields X%ﬁ and J(X%ﬁ) O

Similarly to HHSs, we can also define the notion of geometric trajectories for
PHHSs. We simply copy Definition 2.1.15 and replace the term “holomorphic”
with “pseudo-holomorphic”. All results we found in Section 2.1 for geometric
trajectories of HHSs still hold in the pseudo-holomorphic case. In particular,
Proposition 2.1.16 is still true for PHHSs. The proof is essentially the same as
in the holomorphic case. However, the vector field Yz on the Riemann surface
¥ is a priori only a smooth section of T(X:9)%. ¥4, becomes a holomorphic vector
field on ¥ by noting that the real and imaginary part of the Hamiltonian vector
field X3 commute by construction. Thus, the real and imaginary part of Yy
also commute, as the push-forward of v is a Lie algebra homomorphism, i.e.,
Y[V, W] = [vV, 7 W] for vector fields?” V and W on ¥. Now note that, for
a Riemann surface X, the real and imaginary part of a smooth section V of
TMO% commute if and only if V is a holomorphic vector field on ¥. This is
easily verified in holomorphic charts of ¥. This shows the holomorphicity of
Y. The proofs for the remaining results regarding geometric trajectories work
as in the holomorphic case after adjusting the language where need be.

Before we conclude this subsection, we want to formulate action functionals
and principles for pseudo-holomorphic trajectories. By construction of PHHSS,
this can be done in the same way as in Section 2.1. First, we note that a
PHHS (X, J;Qr,Hr) decomposes into multiple RHSs. In contrast to HHSs,
we only obtain two RHSs this time, namely (X, Qg, Hr) and (X, Qg, Hy), since
Qg is, in general, not closed. However, this suffices to find action functionals
for pseudo-holomorphic trajectories, as only two of the four underlying RHSs
of a HHS are subject to different dynamics. If the PHHS (X, J;Qg, Hg) is
exact, i.e., Qp = dAg, the two RHSs (X,Qg,Hr) and (X,Qgr,H;) are also
exact and possess themselves action functionals. As in the case of HHSs, we can
now average these action functionals over the remaining time variable and take
suitable linear combinations afterwards to find the following action functional
for pseudo-holomorphic trajectories:

3TPrecisely speaking, this is not correct, since v : ¥ — X is only an immersion and not a
diffeomorphism, hence, the push-forward of v is not well-defined. Nevertheless, the argument
still holds if we consider v+V and ~+W to be sections of the pull-back bundle v*T'X and
adjust the definition of the Lie bracket accordingly.
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Lemma 2.2.15 (Action principle for pseudo-holomorphic trajectories). Let
(X, J;Qr = dAr,HR) be an exact PHHS. For o € R\{n -7 | n € Z}, let
P, = [t1,t2] +¢€'“[r1, 2] C C be a parallelogram in the complex plane with real
numbers t; < ty and r; < r3. Denote the space of smooth maps from P, to X
by Pp, and define the action functional .Af[‘ : Pp, — C by:

VEROIE / / [AR,WHS) (22@ + z’s)) — Hory(t+ is)] dt A ds with
P

Oy 1[0y .0y

62—2<atlas V’yG’Ppa

Now let v € Pp, be a smooth map from P, to X. Then, v is a pseudo-
holomorphic trajectory of (X, J; Qr, Hg) iff v is a “critical point”® of AZe.

Proof. For the proof of Lemma 2.2.15, repeat the steps from Section 2.1 for
PHHSs, in particular the proof of Proposition 2.1.47. O

As before, if we wish to view pseudo-holomorphic trajectories as actual critical
points of some functional, we can achieve this by either mapping the boundary
0P, to an exact Lagrangian submanifold of (X, Qg) or by imposing periodicity
on the curves .

Relation between HHSs and PHHSs

At this point, it is not clear how PHHSs relate to HHSs and why PHHSs are
a “reasonable” generalization of HHSs with regard to the integrability of J. In
particular, we do not know yet why the notion of PHHSs introduced in the
first subsection should coincide with the notion of HHSs when we restore the
integrability of J. A priori, there is no reason why the 2-form 2 associated with
a PHHS (X, J;Qg,Hr) should be holomorphic or even closed for integrable J.
The following theorem guarantees that this is indeed the case:

Theorem 2.2.16 (Relation between HSMs and PHSMs). Let (X, J;Qg) be a
PHSM with 2-forms Q; = —Qg(J-,-) and Q := Qg + iQ;. Further, let zp € X
be any point. Then, J is integrable near z( if and only if d); vanishes near x.
Moreover, the following statements are equivalent:

(i) (X,9Q) is a HSM with complex structure .J.
(ii) Qy is closed, i.e., df2; = 0.
(iii) J is integrable.

Proof. We only show the equivalence of Statement (i), (ii), and (iii). The first
part of Theorem 2.2.16 is then just a local version of the equivalence. Direction
“(i)=(ii)” is trivially true by definition of a HSM. Implication “(ii)=-(iii)” is due
to Verbitsky (confer Theorem 3.5 in [Verl5] and Proposition 2.12 in [BDV20]).
For completeness’ sake, we include the proof here. Let (X,J; Q) be a PHSM
with 2-forms Q; = —Qg(J-,-) and Q = Qr+iQ;. Further, assume dQ; = 0. We

38«Critical point” means that only those variations are allowed which keep v fixed on the
boundary OPg.
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want to show that J is integrable. By the Newlander-Nirenberg theorem, J is
integrable if and only if J has no torsion, i.e., its Nijenhuis tensor vanishes. Now
we apply Theorem 2.8 in Chapter IX of [KN69]. Thus, J is integrable if and only
if the space of smooth sections of 7Y X is closed under the commutator |-, -].
From the first subsection, we know that € is non-degenerate on 719 X, but
vanishes on 71 X . Hence, a complex vector field V on X is a smooth section
of TV if and only if 1yyQ = 0. Therefore, .J is integrable if and only if for every
pair of two complex vector fields V' and W on X satisfying ¢y = 1y = 0 one
has ¢y = 0. Now let V and W be two complex vector fields on X with
ty 2 = 12 = 0. Recall that the interior product ¢ applied to forms fulfills the
relation (cf. Proposition 3.10 in Chapter I of [KN63]):

ty,w) = [Lv, tw],

where Ly is the Lie derivative of V. We can calculate Ly ) by using Cartan’s
magic formula, (2 = 0, and dQ2 = 0:

ng = d[,vQ + Lde =0.
In total, we obtain using ¢y2 = 0:
L[V,W]Q = [Lv, Lw]Q = Lv(wa) — LW(LVQ) =0

proving the integrability of J.

The remaining direction “(iii)=-(i)” can be proven as follows: Let (X, J;Qg) be
a PHSM with 2-forms Q; = —Qg(J-,-) and Q = Qg + iQ;. Further assume
that J is integrable. Then, X is a complex manifold with complex structure J.
We need to show that 2 is a closed, holomorphic 2-form which is non-degenerate
on T X, By Remark 2.2.5, Q is non-degenerate on 79 X and of type (2,0).
Hence, in a holomorphic chart ¢ = (21,...,20m) : U — V C C*™ of X, Q can
be written as:

2m

Q‘U = Z Q,-jdzi /\de,

i,j=1

where the coefficients Q;; = —Q;; : U — C = R? are smooth functions on U.
From dQQr = 0, we deduce:

0=2dQg|y = (0+0)(Q+Q)|v

2m
= Z <5 szk/\dzi/\dzj+&dzk/\dzi/\dzj

Pyal 0zy 0z
0. 0.
+ W:dzk ANdzi AN dzj + ﬁdzk Adz; A dzj> .
This equation implies:
8Qij ..
=0 Vijke{l,...,2m}.
82k Z? .7 { m}

Thus, the coefficients §2;; are holomorphic functions on U. As the last argument
can be repeated for any holomorphic chart of X, the form €2 itself is holomorphic.
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Therefore, its exterior derivative df2 is also a holomorphic form. In particular,
dS) satisfies:

AT+, ) =i - dS.

As the exterior derivative is C-linear, the decomposition of df2 into real and
imaginary part amounts to d€2 = dQr + id€);. Combining this decomposition
with the previous equation gives us:

dQy = —dQp(J-, -, ) =0,

where we have used the closedness of QQp again. This shows that Q has the
desired properties concluding the proof. O

Remark 2.2.17 (Closedness of Q). Note that the closedness of Qp is crucial
for Theorem 2.2.16: If (X,Q = Qr +iQ;) isa HSM and f : X — Ry is a
positive smooth function on X, then f - (g is still a non-degenerate 2-form on
X which is anticompatible with the integrable complex structure J, however,
neither f - Qg nor f-Qj are necessarily closed. In fact, f - € is, in general, not
even holomorphic.

Of course, we can also formulate Theorem 2.2.16 for Hamiltonian systems:

Corollary 2.2.18 (Relation between HHSs and PHHSs). Let (X, J; Qg, Hg) be
a PHHS with 2-forms Q; := —Qg(J+,-) and Q = Qg + i€ as well as a function
‘H = Hpr+iH;, where H; is any primitive of the 1-form QR(J(X?%RR), -). Then,
the following statements are equivalent:

(i) (X,Q,#H) is a HHS with complex structure J.
(ii) €y is closed, dQ2y = 0.
(iii) J is integrable.

Proof. Corollary 2.2.18 is a direct consequence of Theorem 2.2.16 and Remark
2.2.2. O

We can interpret Theorem 2.2.16 and Corollary 2.2.18 as follows: The inte-
grability of the almost complex structure J of a PHSM (X, J;Qg) or a PHHS
(X, J; Qr, Hg) is completely measured by the closedness of the imaginary part
Qr = —Qgr(J-,) and vice versa. Moreover, these quantities are the only local
invariants of a PHSM or a PHHS: We know by Darboux’s theorem for HSMs
(cf. Theorem 2.1.2) that any HSM can locally be brought into standard form.
Similarly, we will see in Section 2.3 that also (regular) HHSs can locally be
brought into standard form. The existence of coordinates in which some geo-
metrical object assumes a standard form implies that said geometrical object
exhibits no local invariant. In this sense, Theorem 2.2.16 and Corollary 2.2.18
state that the Nijenhuis tensor N; of J or, equivalently, the exterior derivative
dQ; are the only local invariants of PHSMs and (regular) PHHSs. For general
PHHSSs, the Nijenhuis tensor and the behavior of the Hamiltonian near singular
points are the only local invariants.
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2.3 Construction of Proper PHHSs and Defor-
mation of HHSs

Section 2.3 is divided into two subsections. The aim of the first subsection is
to provide examples of proper PHHSs. In fact, we present a general method
for constructing PHHSs out of HHSs (cf. Proposition 2.3.3), which allows us,
for instance, to equip the holomorphic cotangent bundle of a complex manifold
with a (non-canonical) PHHS structure. In the second subsection, we study the
“size” of the set of proper PHHSs within the set of all PHHSs. The main result
of this investigation is that proper PHHSs are generic. To prove this result, we
deform HHSs by proper PHHSs (cf. Theorem 2.3.16).

Constructing proper PHHSs out of HHSs

The goal of this subsection is to find examples of proper PHHSs. The basic
idea is to start with a HHS (X,,H) and turn it into a PHHS by twisting its
complex structure J with a Qg-compatible (1, 1)-tensor A, usually an almost
complex structure. To elaborate on this idea, we first explain the notion of
compatibility:

Definition 2.3.1 (w-compatible (1,1)-tensor). Let (M,w) be a symplectic
manifold. We call a (1,1)-tensor A € I'End(TM) compatible with w if

wp(Apv, Apw) = wp(v,w) holds for all vectors v,w € T,M and every point
pe M.

Remark 2.3.2. We add two facts regarding w-compatible (1, 1)-tensors:

(i) Since w is non-degenerate, every w-compatible (1, 1)-tensor A is invertible,
i.e., A=t € TEnd(TM) exists with AA™! = A='A = 1. Tt is easy to see
that A1 is also compatible with w.

(ii) In the literature on symplectic geometry, the term “compatibility” is re-
served for almost complex structures and used in a slightly different man-
ner: Given an almost complex structure I on M, one usually says that
I is w-compatible if g := w(-,I-) is a Riemannian metric which implies
w(I-,I-) = w. The connection between this and our notion is that a w-
compatible (1,1)-tensor A satisfies A2 = —1 if and only if w(-, 4-) is a
semi-Riemannian metric. Still, the commonly used notion of “compatibil-
ity” is stronger than our notion, since w(-, A-) does not have to be positive
definite in our case.

Now pick a HHS (X,Q = Qr + iQ;,H = Hpr + iH;) with complex structure
J and choose a Qpg-compatible (1,1)-tensor A. We consider the (1, 1)-tensor
Ja = AJA™L. Clearly, J4 is an almost complex structure:

J2=(AJA™ )2 = AJATTAJA = AJPA = — A4~ = 1.
Moreover, J4 is still 2 g-anticompatible:

Qr(Jar, Jar) = Qr(AJA™ L ATA™L) = Qp(JA™ JA™H) = —Qp(A™1 A1)
= —Qp.
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Thus, (X, Ja;Qg) is a PHSM. If A was chosen such that QR(JA(Xﬁﬁ),) is
exact, then (X, Ja;Qpr,Hg) is even a PHHS. The PHHS constructed this way
is generally proper. To check that, it suffices by Corollary 2.2.18 to compute
the exterior derivative of Q;‘ = —Qgr(Ja-,-). The following proposition collects
our findings:

Proposition 2.3.3 (Constructing PHHSs). Let (X, Q, H) be a HHS with com-
plex structure J and decompositions Q = Qg +iQ; and H = Hr + iH;. Fur-
ther, let A be a Qg-compatible (1,1)-tensor. Then, (X, Ja;Qr) is a PHSM,
where J4 := AJA™!. If, additionally, the 1-form QR(JA(X,?LRR), -) is exact, then
(X, Ja;Qr,HR) is even a PHHS. (X, J4;Qgr) and (X, Ja;Qgr, HR) are proper
if and only if dQ% # 0, where Q% :== —Qp(Ja-, ).

Remark 2.3.4. If the Qg-compatible tensor A is an almost complex structure
or, equivalently, g .= Qg(+, A-) is a semi-Riemannian metric, we emphasize this
circumstance by writing I, := A, J, = —Ja = I;J1,, and Qf = —Qr(Jg,-).
As before, (X, Jg; Qr) is a PHSM, (X, Jg4; Qr, Hr) is a PHHS if QR(Jg(Xﬁ’;), 3
is exact, and both are proper iff dQY # 0.

In practice, one can find 2z-compatible tensors A by requiring A = I, to be
an almost complex structure and picking a suitable semi-Riemannian metric
g. Given any HHS (X,Q,H), however, an arbitrary {2r-compatible almost
complex structure I, is usually not compatible with Hg in the sense explained
above. Most often, it is simpler to first pick an almost complex structure I, and
afterwards pick a suitable real function Hg. Since X is contractible in most
examples we wish to study, e.g. local considerations and X = C?™, one can often
find suitable H g by solving the differential equation d[Q2g(J, (X%f;), )] =0. To
illustrate the construction, let us consider the simplest non-trivial example:

Example 2.3.5 (PHHS on X = C?). Let (X,Q,H) be the HHS with X = C?,
Q = dzaAdz1, where (21, 29) € C2, and H (21, 22) = i-21. With the decomposition
zj = xj +1-y;, we obtain:

Qr =dxy Ndry — dy2 Ndy1, Hr = —y1.
The complex structure J of the HHS (X, 2, H) is given by i:

J(0,;) = 0y;, J(0y,;) = —Oq,.

J

Now pick the following semi-Riemannian metric g on C?:

g(axl’azl) = g(afwarz)il = fa g(aywayl) = g(ayzaaw)il = ha
9(83:'17812) = g(alhvayz) = g(axmayj) = 07

where f,h : C2 — R are smooth, nowhere-vanishing functions. The correspond-
ing almost complex structure I, is given by:

Ig(am) = *fazgv Ig(afcz) = f713m17 Ig(ayl) = h8y2, Ig(ayz) = 7h718y1'

We now employ the notation r := f/h. Computing J, = I,JI, in the standard
basis yields:

Jg(0zy) =10y, J4(0z,) = Tﬁlayz» Jg(0y,) = _Tilaxu Jg(0y,) = —10s,.
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We find for the induced 2-form Qf = —Qg(J,-,):
Q-‘I] = T_ldxg A dyl =+ Tdyg Adx.
Hence, the exterior derivative of QY amounts to:
QY =dr A (dyg Adxy —r2dzo A dyl) .

In general, the exterior derivative d€J does not vanish. For instance, we can set
f(z1,22) = 1 and h(z1,22) = €® resulting in r(z1,22) = e ®*. This choice
yields:

dQY) = e"rdxy A dxg A dy;.

This form does not vanish at any point of X. Thus, (X, Jg;Qg) is a proper
PHSM for the presented choice of f and h.
Next, we check whether the 1-form QR(JQ(X;_)L’;), -) is exact. Since X = C? is

contractible, it suffices to check whether Qg (J, (X2§)7 -) is closed. For the sake
of generality, we first perform the computation for any smooth real function
H : C? — R and afterwards insert H = Hr = —y;. We start by determining
the Hamiltonian vector field Xy = XER. It can be written as:

Xu = (8I2H) : 8931 - (8$1H> . 812 - (ayzH) : 6?J1 + (ay1H) 'ay2~
Applying J, to Xy yields:
J!](XH) = (T_layzH) . aﬂh - (TamH) . aﬂm + (’I“anH) 'ayl - (r‘lale) : 8.1/2'
Contracting J,(Xg) with Qg gives:
Qr(Jy(Xn),-) = =(r8y, H) - dwy — (r~189y, H) - das
+ (r_l(r“)mlH) ~dyy + (r0y, H) - dys
= W, A1 + Way dT2 + Wy, dy1 + Wy, dyo.

For Qr(J,(Xg),-) to be closed, the coefficients w need to satisfy the following
conditions:

OpWe; = Op,Way, Oy, wy, = Oy, wy,, Oy, wy, = Oy Wy,

Let us now set H = Hr = —y1. Then, all coefficients except for w,, = r vanish.
In particular, Qr(Jy(X#), ) is exact if and only if 7 only depends on z;. In this
case, the primitive HY of Qr(J4(Xp),-) is given by R, where R only depends
on z; and satisfies 9,, R = r. For instance, we can again set f(z1,22) = 1 and
h(z1,22) = e** leading to r(z1,22) = e~ *'. Then, (X, J4;Qg, Hp) is a proper
PHHS for this choice, where HY = —e™** + ¢, ¢ € R, is the imaginary part of
the Hamiltonian.

Of course, Proposition 2.3.3 is not the only way to obtain a PHSM out of a HSM.
For instance, the simple structure of the example (X = C?,Q = dzy Adz1) allows
us to transform the standard complex structure J into a new {2 z-anticompatible
almost complex structure J,, by rotation of the axes:

Jp(0z,) = cos(p)0y, — sin(v)dy,, Jp(0r,) = sin(p)dy, + cos(v)dy,,
Jp(0y,) = —cos()0z, — sin(p)0z,, Jp(0y,) = sin(¢)0s, — cos(¢)0u,,
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where ¢ : C?> — R is any smooth function. In general, the resulting PHSM
(X, J,; Qr) is proper.

The reason why we focus our attention on the construction given in Proposition
2.3.3 is that it possesses an interesting connection to holomorphic Kahler and
Hyperkihler manifolds. The various flavors of Kéhler manifolds are discussed
in Appendix C. The quick rundown is that a K&hler manifold (X, g,I) is a
Riemannian manifold (X, g) with complex structure I such that w = g(I-,) is
a symplectic form, that a holomorphic K&hler manifold is a complexification of
a Kahler manifold, and that a Hyperkdhler manifold (X, g, 1, J, K) is a quater-
nionic (i.e. I? = J? = K? = IJK = —1) manifold such that (X, g,1), (X,g,J),
and (X, g, K) are Kéhler. In Appendix C, we discover that holomorphic Kéh-
ler and Hyperkdhler manifolds are quite similar from a symplectic viewpoint
(cf. Lemma C.25): Both are described by the data (X,w,I,J), where w is a
symplectic form on the manifold X and I, J are complex structures on X sat-
isfying w(I-,I") = w and w(J-,J-) = —w. In particular, Q' = w —iw(J-,") is
a holomorphic®® symplectic form in both situations. The only difference be-
tween holomorphic Kéhler and Hyperkihler manifolds is that I and J commute
(IJ = JI) in the holomorphic Kahler case, while they anticommute (I.J = —JI)
for Hyperkéhler manifolds.

We now realize that the symplectic picture of holomorphic Kahler /Hyperkéhler
manifolds is quite similar to the setup of Proposition 2.3.3, at least in the case
A = I, (cf. Remark 2.3.4): We also have a symplectic form Qpg, a complex
structure J anticompatible with Qr, and an almost complex structure I, com-
patible with Q2. Solely the non-integrability of I, and the missing commutation
relation between I, and J differ from the holomorphic Kéhler/Hyperkéhler case.
Clearly, it does not make sense to impose a commutation relation for the pur-
poses of Proposition 2.3.3. Indeed, if we imposed a commutation relation, the
resulting structure J, = I;JI, = FJ would only differ from .J by sign. In par-
ticular, we would not obtain a proper PHHS this way.

Still, we might think of Proposition 2.3.3 as a generalization or deformation
of holomorphic Kéhler/Hyperkihler structures in some sense. To explore this
statement further, consider Example 2.3.5 again. If we choose g to be the stan-
dard Euclidean metric 6 on C? = R%, i.e., f = h = 1, then I; anticommutes with
the standard complex structure J, thus, J; = J. In fact, (C2,6, 5, J, K = I5J)
constitutes a Hyperkihler manifold and dzs A dz; comes from this Hyperkdhler
structure:

dzo Ndz1 = (5([5'7 ) — Z(S(K, )

Now recall that the metrics g in Example 2.3.5 are parameterized by two smooth
nowhere-vanishing functions f and h on C2 The space of pairs (f,h) has
four connected components which are isomorphic via (f,h) — (—f,h) and
(f,h) — (f,—h). Furthermore, each connected component is contractible.
Thus, we can reach any pair (f,h) in this space by a path starting at the point
(1,1), whose corresponding metric is §, and a discrete transformation. Next,
consider such a path in this space, i.e., a smooth 1-parameter family of nowhere-
vanishing functions f¢ and h® on C? such that f° = h® = 1. This family induces
a l-parameter family J¢ of almost complex structures on C? satisfying J° = J.
By construction, J¢ itself is defined via a 1-parameter family of almost complex

39The superscript J of Q7 indicates that Q7 is holomorphic with respect to J.
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structures I¢ satisfying I° = I5. With our previous knowledge, we can interpret
I¢ as a deformation of the Hyperkéhler manifold (X = C2,6, I, J, K). Hence,
we can say that every almost complex structure J; in Example 2.3.5 giving rise
to a PHSM comes from such a deformation up to a discrete transformation. In
general, this seems to be the best application of our construction: Pick a HSM
(X, Q) coming from a Hyperkihler manifold (X,g,I,J, K) and then deform I
as described to find PHSMs.

Next, we show that Proposition 2.3.3 is applicable to a rather large class of com-
plex manifolds X, namely the class of holomorphic cotangent bundles
X = 709y of complex manifolds Y. Recall that the complex structure
of Y induces a canonical complex structure J on X and that X as a holo-
morphic cotangent bundle possesses a canonical HSM structure with 2-form
Qean = Qg + 125 (cf. Section 2.1). We now observe that the real part Qg
of Qean can be identified with the canonical symplectic 2-form wes, of the real
cotangent bundle T*Y:

Proposition 2.3.6 (F*we, = Qr). Let Y be a complex manifold. Then, the
map F : T*10Y — T*Y, F(a) = Re(a), where Re(a) denotes the real part of
@, is a bundle isomorphism between smooth real vector bundles. In particular, F’
is a diffeomorphism between the smooth manifolds 7% 9Y and T*Y satisfying
F*wcan = QR.

Proof. Let ¢ = (Q1 = Qg1 +iQy1,...,Qn = Qzn +1Qy.) be a holomorphic
chart of Y. Then, T%(1:04 is a holomorphic chart of 7%y and T*1 is a
smooth chart of T*Y . Identifying C?" with R*" allows us to view 7% (1.0 as
a real chart of T*(1.0Y giving us the expressions:*

I

-1 _
(T*,(l,%) (Qats s Pyn) =Y PidQ; 4 1(6,...0.)

1

J

|

I
—

Py jdQq,; — Py ;dQy.;
J

+iY P jdQy;+ Py jdQa
j=1

*, 0\ "L (5~ —
(T*) ™ (Gt 2 Pyin) = D P jQu =1 (i) + PuiQy o (o)

Jj=1

Denote the components of 7%(1:0 by T%1.0)y = (Qe,1,--., Pyrn) and the
components of T*¢ by T*¢) = (¢u,1,...,Pyn)- In these coordinates, Qcan and

40We suppress the base point ¢*1(C~21, R Qn) in the second and third line.
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Wean become:

Qean = Y _dP; NdQj =Y dPy;j NdQq; — dP,; A dQ,
j=1 j=1

+i Y APy AdQy ; + dPy; AdQs

=1

n
Wean = dez,j A dqaz,j + dpy,j A dquj'
=1

Expressing F' in these coordinates gives:

-1

T*poFo (T*’(1’0)¢> (Qujs Qu.js Prjs Pyj) = (Qu g Quujs Poj, — Py j)-

In total, we obtain:

F*wean = Y _ APy j AdQqj — dPy ; AdQy; = Re(Qean) = Qg

J=1
O

Let us now choose a semi-Riemannian metric g on Y. In Appendix F, we show
that any metric g induces an almost complex structure J&, on T*Y which
is wean-compatible. To summarize the construction of Jg,, one first splits
TY = H®V into horizontal and vertical bundle with the help of the Levi-Civita
connection V9, afterwards defines a complex structure on TY by HoV — H@V,
(w1, ws) — (we, —wi) and lastly identifies TY with T*Y via g. Using F, we can
transfer this almost complex structure from T*Y to X. We denote the result by
I, = dF~!' o J&, odF. By Proposition 2.3.6, I, is also Qg-compatible. Thus,
Jg = 1,J1, is Qg-anticompatible and (X, Jg;Qg) is a PHSM.

In general, this PHSM is proper, since we have not imposed any relation be-
tween g and the complex structure on Y. However, there are two special cases
in which J; is integrable, namely if g = hg is the real part of a holomorphic
metric h = hg + thy or if g is a Kédhler metric. Indeed, I; and J commute
for ¢ = hr and anticommute for Kahler metrics g. A very similar statement
is proven in Chapter 3 in a slightly different context (cf. Lemma 3.4.8). Here,
we are content with outlining the proof for the case g = hp (cf. Lemma 2.3.7).
The Kahler case then works analogously to Lemma 2.3.7 and Lemma 3.4.8:

Lemma 2.3.7 (g = hg = J and I, commute). Let Y be a complex manifold
with holomorphic metric h = hg+ih;. Then, I, obtained from the construction
above for ¢ = hr commutes with the complex structure J on X = 710y,
In particular, J, == I,JI, = —J.

Proof. The idea of the proof is to choose coordinates in which J and I, take
a simple form. Let p € Y be any point. We start by choosing holomorphic
coordinates ¥ = (Q1 = Qo1 +iQy1,- -, Qn = Qun +iQyn) of Y near p which,
at the same time, are normal coordinates of (Y,hg) near p. In Appendix G,
we show that such coordinates exist by considering normal coordinates of the
holomorphic Levi-Civita connection V”. The holomorphic normal coordinates v
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then give rise to holomorphic coordinates T*(1.0)y, = (@Q1,..., Py =Py pn+iPy )
of X. As J is the complex structure of X, J takes the following form in 7% (-0
(a € T30y

J (aQw,j,a) =0Q,,.00 J (8Qw-,a) =—0q, ;.
J (81%.1»04) = aPy.j»a’ J (8Py,jva) = _6Pz,jva'

In Appendix F, we show that I, takes the following form*! in 7%(1:9)q):

I, (anmOé) =—0p, ;a0 Iy (aQy,jﬂ) =—0p, ;,ar
I (an,jxa) =0Q. ;.00 1y (apy,j,a) =9q,,.a-

With these formulas, one easily verifies by direct computation that J and I,
commute at the point «. Since the same argument can be repeated for every

o € T;’(LO)Y and p € Y, the result is true for all points of X concluding the
proof. O

Before we conclude this subsection and turn our attention to the deformation of
HHSs, we should briefly illustrate one feature of proper PHHSs which is absent
in the integrable case: The fact that the Hamiltonian vector fields X%RR and

J(X%ﬁ) of a PHHS (X, J;Qr, Hr) do not need to be J-preserving (cf. Remark
2.2.13). Example 2.3.5 beautifully demonstrates that feature. To see this, let us
first develop a criterion that tells us in which cases the vector fields X%I; and

J(X%;) are J-preserving:

Proposition 2.3.8. Let (X, J;Qg,Hgr) be a PHHS with Hamiltonian vector
field X7 = 1/2(X3," —iJ(X3")) and 2-form Q = —Qg(J-,-). Then, X;)" is
J-preserving if and only if df2 I(Xﬁﬁ ,+,+) = 0. Similarly, J (X%RR) is J-preserving
if and only if dQ;(J(X3}"),-,-) = 0.

Proof. Take the notations from above and let V' € {Xﬁ’;, J(X%’;)} We want
to determine in which cases V is J-preserving. Thereto, we use Proposition
2.10 in Chapter IX of [KN69]: A vector field V' on a smooth manifold X with
almost complex structure J is J-preserving if and only if the following equation
is fulfilled for every vector field W:

[V, J(W)] = J([V,W]).
Since g is non-degenerate, we find that V is J-preserving if and only if
(v, g (w2 — taqvw)§ie =0

holds for every vector field W on X. Let us now compute the left-hand side of
this equation. First, we obtain by definition of ;:

Liqvw)Qr = —tv,w -

41To be precise, we have determined the form of J;hR in coordinates 7% in Appendix F.
We obtain the form of I :== dF~!o ‘]éhR o dF by applying F'. Mind the change of signs for
Py j due to F.
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Now remember the relation (cf. Proposition 3.10 in Chapter I of [KN63]):

ty,w) = [Lv, tw].

Furthermore, recall that by Definition 2.2.1 the 1l-forms Qg(V,:) and
Qr(V,) = —Qgr(J(V),") are exact. Together with dQ0r = 0 and Cartan’s magic
formula, this implies:

LVQR = 0, Lvﬂ[ = Lde],
where Ly denotes the Lie derivative of V. These relations allow us to compute:

tv,aw)Qr = [Lv, Ly = Ly (Lyw)Qr) — tyow) (LvQR)
= —Ly (twQr) = —[Lv,ww]Qr —tw (LyQr)

= —y,w)lr — twivdQr = Ly v,w) e — twevdQd.

In total, we find that V is J-preserving if and only if

v, aw) e — Liv,w)r = —twivdQr =0
holds for every vector field W on X concluding the proof. O
Now let us consider Example 2.3.5 again with f = 1, h = €', and
H = Hgr = —y;1. Then, the Hamiltonian vector fields and the exterior derivative

of QY are given by:

Q
Xip =0

oy Jg(X30) =€ "0, dQY = e duy Adzay A dyy.

Using Proposition 2.3.8, we immediately see that X%RR is Jg-preserving, while
Jg(X% ) is not. By choosing H = Hr = ay; + be~ ™ (a,b € R), Example 2.3.5

R

R
even shows that neither X%‘; nor J(X%ﬁ) of a PHHS (X, J;Qpr, Hr) need to
be J-preserving.

Deforming HHSs by proper PHHSs

In this subsection, we examine the question: “How ‘large’ is the set of proper
PHHSs within the set of all PHHSs?” The answer and the main result of this
subsection is that proper PHHSs are generic if dimg(X) > 4. To prove this, we
first reduce the genericity of proper PHHSs to the claim that every HHS can be
deformed by proper PHHSs. Afterwards, we show this claim in two steps. The
first step is to locally bring every HHS into standard form. Secondly, we deform
the HHS standard form by proper PHHSs within a small neighborhood.

We start by recalling the definition of a generic property. For a topological space
B and a subset A C B, we call the property that an element is contained in A
generic if B\ A is a meager subset of B in the sense of Baire. In particular, the
property a € A is generic if A is an open and dense subset of B. Now let X be
a smooth manifold. We introduce the following notations for the set of almost
complex structures, of PHSMs, and of PHHSs on X:

Jae(X) ={J €TEnd(TX) | J* = —1},
PHSM(X) = {(J,Qr) € Ja.c.(X) x Q*(X) | (X, J;Qr) is a PHSM},
PHHS(X) = {(J, Qr, HR) € Jac.(X) x Q*(X) x C*°(X,R) |
(X, J;Qr,Hpr) is a PHHS}.
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Similarly, we denote the set of complex structures, of HSMs, and of HHSs on X
by:

Jo(X) ={J € Ja.c.(X) | J is integrable},
HSM(X) == {(J,Qr) € PHSM(X) | J is integrable},
HHS(X) = {(J,QRr,Hr) € PHHS(X) | J is integrable}.

Lastly, we write for the set of proper, i.e., non-integrable almost complex struc-
tures, of proper PHSMs, and of proper PHHSs on X:

jp(X) = ja.c.(X)\jC(X)a
PHSMp (X) = PHSI\/I()()\HSN[()()7
PHHSP(X) = PHHS(X)\HHS(X)

We equip every set with the topology induced by the compact-open topol-
ogy. We wish to show that J,(X) C Ja.c.(X), PHSM,(X) C PHSM(X), and
PHHS,(X) c PHHS(X) are open and dense subsets if dimg(X) > 4. Clearly,
the sets in question are open subsets, since all former mentioned subsets contain
exactly those elements from their respective supersets for which the Nijenhuis
tensor Ny of J does not vanish. The argument is completed by noting that
Ny # 0 is an open condition.

It is left to show that the subsets are dense in their respective supersets. This can
be done by showing that the “integrable” sets J.(X), HSM(X), and HHS(X) are
contained in the boundary of the “proper” sets J,, PHSM,,(X), and PHHS,(X),
respectively. The last statement is true if the “integrable” elements can be de-
formed by “proper” elements:

Definition 2.3.9 (Proper deformation). Let X be a smooth manifold with
almost complex structure J on it. (X, J¢) is called a deformation of (X, J)
if J¢ describes a smooth?? path in J, . (X) with start point J° = J. Now let
Qg be a 2-form on X such that (X, J;Qg) is a PHSM. Then, (X, J¢;Q5%) is
a deformation of (X, J;Qg) if (J, Q%) describes a smooth path in PHSM(X)
with start point (J°,Q%) = (J,Qg). If, additionally, Hp is a function on X
such that (X, J;Qr,Hg) is a PHHS, we say (X, J%;Q°,H%) is a deformation
of (X,J;Qr,Hr) if (J°,Q%,H%) describes a smooth path in PHHS(X) with
start point (J°, Q% H%) = (J,Qr,Hr). We call a deformation proper if the
corresponding J¢ is not integrable for ¢ # 0.

Before we continue with the proof of genericity, we shall quickly address one
aspect concerning our definitions: In the definition of a deformation, we have
neglected the imaginary parts Q; and Hj, even though they are crucial for the
definition of HSMs and HHSs. One might wonder whether this is justified, i.e.,
whether every deformation of a PHSM or a PHHS automatically gives us a
suitable 1-parameter family Q7 and H7 of imaginary parts. Regarding the form
Qy, this is certainly true by simply setting Q5 = —Q%(J¢-,-). However, H;
defined as a primitive of QR(J(Xﬁf;), -) might be more problematic. It is not
obvious why a smooth 1-parameter family of exact 1-forms af should be the
differential of a smooth 1-parameter family of functions f¢. Nevertheless, this
is still true in the case of X being contractible:

42Here, smooth path means that the map J : X x R — End(TX), (z,¢) — JS is smooth.
Similar remarks apply to Q% and H%.



2.3. CONSTRUCTION AND DEFORMATION 71

Proposition 2.3.10 (Primitive of a®). Let X be a smooth contractible mani-
fold, o a smooth 1-parameter family of exact 1-forms on X, and
f € C*(X,R) such that a® = df. Then, there exists a smooth 1-parameter
family of functions f¢ on X such that of = df® and f° = f.

Proof. Let X, of, and f be as above. X is contractible, so there is a smooth
map F': [0,1] x X — X such that F'(0,z) = ¢ and F(1,z) = z for every x € X
and some zg € X. For fixed ¢, F*af is a closed 1-form on [0,1] x X and can be
expressed as (using Fy : X — X, Fy(z) = F(t,z) for every ¢ € [0, 1]):

F*af = Fraf + idt,

where f is a function on X smoothly depending on ¢ and ¢. For fixed ¢ and
g, Fjfa® can be understood as a closed 1-form on X. Applying the exterior
derivative to F*a® = Fj'a® 4+ ;dt and using the closedness of F*a® and Fj'a®
yields:

d * € €
%Fta :d/Bt

In total, we obtain:

1

1
d
a® =idya® —consty of = Fia® — Fjao© = / a(Ft*aE) dt = d/ﬁfdt =: df°.
0 0

Shifting f¢ by a constant to match f at € = 0 concludes the proof. O

To show that properness is generic, we will only use local deformations. In
particular, we can always shrink the neighborhood in which we deform an in-
tegrable structure such that it becomes contractible. Thus, we can rightfully
neglect deformations of the imaginary parts €2; and #; here.

Let us return to the proof of genericity. As explained, it suffices to find a proper
deformation of every “integrable” element to show genericity. We construct the
desired proper deformations in two steps:

(i) We bring the “integrable” elements locally into standard form.
(ii) We deform the standard form “properly” within a small neighborhood.

Regarding the first step, it is clear what the standard forms of complex manifolds
and HSMs are and how to achieve them. For complex manifolds, the standard
form is just X = C™ with complex structure J = i and every complex manifold
can be brought into standard form by holomorphic charts. For HSMs, the
standard form is X = C?" together with Q = Zj dP; AdQ; and every HSM can
be brought into standard form by holomorphic Darboux charts (cf. Theorem
2.1.2 and Appendix B).

For a HHS (X,Q,H), we observe that H is either locally constant or regular at
some point, i.e., there exists zo € X such that dH,, # 0. If the given HHS is
locally constant near a point, then holomorphic Darboux coordinates describe
the standard form of the HHS in question near that point. If the given HHS is
regular near a point, then the following lemma brings it into standard form:
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Lemma 2.3.11 (Regular HHSs in standard form). Let (X,Q,#) be a HHS
and z¢p € X be a point such that dH,, # 0. Then, there exists a holomor-
phic chart ¢ = (21,...,20,) : U — V C C?" of X near zyp € U such that
Qu = Z;;l dzjin Ndz; and H|y = zap.

Proof. Let (X,Q,H) be a HHS and xy € X be a point such that dH,, # 0.
Without loss of generality, we can assume H(xg) = 0. The proof consists of
three steps:

(i) Construct a holomorphic function G defined locally near z( satisfying
{H, G} = Q(XH, Xg) = 1.

(i) Find a holomorphic chart ¢35 = (27,...,27 ) : Us — V3 of X near 2, such
that G|U3 = Z#, H|U3 = Z;ﬁu XH‘Ug = (9271#, and XG|U3 = —823;:.

(iii) We have Q|y, = dzf, Adz# + %, where ¥ is a closed 2-form only depend-
ing on zf, e R B s zifl. Bring ¥ into standard form using
Darboux’s theorem for HSMs (cf. Theorem 2.1.2 and Appendix B).

Step 1: We pick a small open neighborhood U; of x( such that U; is the domain
of a holomorphic chart ¢1 = (21,...,2%2,) : Uy — Vi C C?" with ¢1(x¢) = 0
and d#H does not vanish on U;. 0;,,...,0s,, form a holomorphic frame of the
tangent bundle 79U, . Since the holomorphic Hamiltonian vector field X3 of
the HHS (X, Q,H) does not vanish on Uy, we can replace one coordinate vector
field, say 0z, , in the collection 03, , ..., 0s,, with X4 and still obtain a frame of
T, after shrinking U, if necessary.

Now let pX* : U; — X be the complex flow of the holomorphic Hamiltonian
vector field Xy, for suitable z € C. ¢X* is constructed as follows: For z € X,
we denote by 7, the holomorphic curve from C to X solving the following initial
value problem:

Ye(2) = X (72(2)),  72(0) = 2.

By Proposition 2.1.9, the curves 7, exist on a small neighborhood of 0 € C and
are locally unique. With this, we can set the flow of Xy, to be p2X* (x) = v, (2).
Let us now consider the map ¢2_1 from C?" to X defined by:

1/~ ~ b'e 1/~ ~ ~ ~
¢2 1(21;~~722n) = (Pg”’H O¢1 1(21,...,Zn,1,072n+1,...,22n).

The differential of ¢, at 0 € C>* maps the standard complex basis of C2"
to the vector fields 0z,,...,0:,_,, X3,0z,,,,...,0s,, at vg € X. These vector
fields form a complex basis at x, hence, ¢5 1'is a local biholomorphism near
0 by the holomorphic version of the inverse function theorem. This gives us
the holomorphic chart ¢g = (Z1,..., 22,) : Uz — Vo, where Us is a small open
neighborhood of .

Next, we set G : Uz — C to be the coordinate Z,,. We find:

dG.(Xy(2)) = dilz B (GopXH(z)) =1 VzeU,.

This implies for the Poisson bracket of H and G:

{H,G} = Q(Xy, Xg) = dG(Xy) =1,



2.3. CONSTRUCTION AND DEFORMATION 73

where X is the holomorphic Hamiltonian vector field of the HHS (Us, Q|y,, G).

Step 2: Taking the Hamiltonian vector field of a holomorphic function is a
Lie algebra homomorphism, hence, we get:

(X3, Xa| = X3,y = 0.

As in the real case, the commutativity of the vector fields implies the commuta-

tivity of their flows. This allows us to find a holomorphlc chart
¢s = (zF,...,20) : Us — V3 of X near g such that G|y, = 2#, H|y, = 25,
Xylvy, = 0,#, and Xalu, = =0, # - The construction of ¢3 makes use of the

regular Value theorem for complex manifolds. Consider the holomorphic map
f = (H|y,,G) : Uy — C2. The map f is a submersion due to (X3, Xg) = 1.
By the regular value theorem, the level sets of f are complex submanifolds of
U,. The tangent space of a level set is given by the kernel of df. Now pick the
level set W = f~1(H(xo), G(x0)) = f~1(0,0) containing zo and a holomorphic
chart ¢ of W near ¢ with ¢)(x9) = 0. Next, we define the map ¢3 ' via:

3 (< v-~~»Z§L) = @f# 90 #n o~ (<f w-'»fopzfﬂv“wzifﬂ
The differential of ¢5 Lat 0 € C?* maps the standard complex basis of C"
to the vector fields X4, —X¢, and the coordinate vector fields v; of ¢ at xo.
v; satisfy dH(v;) = dG(v;) = 0 and, hence, are orthogonal to Xy and X¢
with respect to the symplectic form €. Because Span{ Xy, X¢} C Tw(é’O)X is a
symplectic subspace, we have:

T X = Span{ Xy, X} ® Span{ Xy, X¢}-* = Span{ Xy, X¢} @ Span{v;}.

Thus, X3, —X¢, and v; form a complex basis of ng(l]’O)X. We can again apply
the inverse function theorem to show that ¢z L is locally biholomorphic near
0. From ¢g , we obtain the holomorphic chart ¢3 = (zf&, .. z2n) Us — V3

of X near xy. Using the commutativity of ¢ ;‘ and chG# , we easily compute

0, # = = X#|v, and 9, # = —X¢|us- By construction, H only depends on z2n and

G only depends on z#. Integrating dG(Xy) = dH(—Xg) = QU Xy, Xg) =1

gives us G = z# and H = 23,

Step 3: Let us inspect  in the chart ¢3 more closely. The coordinates of
¢3 satisfy 1o , Qlu, = fdzi and 15 , Qly, = dz7#. Therefore, |y, takes the
Z’VL 2271.

following form:

O, =deg, ndzlf + Y Qiyda] Nl = def, A2l + 5
i,j#n,2n

Q|y, and dzf, A dz# are closed 2-forms on Us, thus, ¥ is also a closed 2-form
on Us. d¥X = 0 implies that the partial derivatives of €;; with respect to 2
and zfn have to vanish for every 4,5 # n,2n. Thus, the restriction of ¥ to
a hyperplane z# = ¢; and zfn = co does not depend on the values ¢; and
co. Furthermore, the restriction of ¥ to such a hyperplane is a holomorphic

symplectic 2-form. This is a direct consequence of Q|y, being a holomorphic
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symplectic 2-form on Uz and the hyperplane being a complex submanifold of
Us. Therefore, we can apply Theorem 2.1.2 to X giving us a holomorphic chart
¥ of the hyperplane 27 = 0 and z;t = 0 in which ¥ assumes the standard
form. Replacing the coordinates z{*,..., 2% |, zfﬂ, ...,28 | of ¢3 with the
coordinates of W yields the holomorphic chart ¢ = (21,...,29,) : U = V of X

near xg (choose ¥(zg) =0):

¢ (21, 20m) = @ii” o 90)_(?2” oW TN (21, .y Zne 1y 2t 1s e Z2n1)-
In this chart, Q and H take the form Q| = 377, dzjin A dz; and H|y = 22
concluding the proof. O

Corollary 2.3.12 (Every regular HHS is locally integrable as a Hamiltonian
system). Let (X,,#H) be a HHS and 2y € X be a point such that dH,, # 0.
Then, there exists an open neighborhood U of zy and holomorphic functions
F;,G; :U—=Cforie{l,...,n}, 2n = dimc(X), such that:

Fnz/)]'”(]7 {Fi,Gj}:(Sij, {Fi,Fj}Z{G,‘,Gj}ZO Vi,jE{l,...,n}.
In particular, every regular HHS is locally integrable as a Hamiltonian system.

Proof. Take the chart ¢ from Lemma 2.3.11 and set F; = z;i, as well as
Gj = Zj. O

Remark 2.3.13 (Every regular RHS is locally integrable). Lemma 2.3.11 and
Corollary 2.3.12 are also true for regular RHSs with almost exactly the same
proofs. In particular, every regular RHS is locally integrable.

With the “integrable” elements in standard form, let us now turn our attention to
the second step. We need to construct local proper deformations of the standard
form. Here, we only show how to deform HHSs explicitly. The deformations of
HSMs and complex manifolds can be obtained in a similar way.

Proposition 2.3.14 (Deformation of standard HHSs). Let (X, 2, H) be a HHS
with complex structure JJ and decompositions Q = Qr+iQr and H = Hr+iH7,
where X = C*" (n > 1), J =i, Q = 37| 2j1n/A2;, and H = c for some constant

c € C or H = z9,. Furthermore, let U C C?" be any non-empty open subset.
Then, there exists a proper deformation (X, J¢;Q5%, H5) of the HHS (X, Q, H)
such that J®|x\v = J|x\v, Q% = Qr, and Hy = Hg for every € € R.

Proof. The idea for the deformation is based on Example 2.3.5. Let (X, Q, H) be
a HHS as above with non-empty open subset U C X. Now pick a non-constant
smooth function f: X = R*" — R satisfying:

flx)>0Vz e X, f(x)=0VeeX\U.
We define the 1-parameter family of smooth functions r¢ on X as follows:
r(z) = 1+e*f(x) VYoe X VecR.

Using r°, we define the 1-parameter family of almost complex structures J¢:

1
Js(am) = rsayw Jg(azn-u) = ;8%1,4.1’
= 1 3 13
J (ayl) = _;8117 J (8yn+1) =T arn-uv

J(0;) =0y, J7(0y;) == —0Ou,

J J

Vie{2,...,n,n+2,...,2n},
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where 0., and 0,, are the vector fields coming from the coordinates
(21 = 21 +iy1,. .., 220 = Top + iy2,) € C?". Clearly, J¢ coincides with J = i
for ¢ = 0. Moreover, one easily checks that .J¢ satisfies J*|x\y = J|x\v and is
Q r-anticompatible for every € € R.

Next, we set 25, = Qg and Q3 = —Q3Z(J¢-,-) for every ¢ € R. As in Example
2.3.5, the exterior derivative of Q5 can be expressed as:

2
1
dQ? = 52df A (dyn+1 ANdxy — <’I“E> dxp41 A dy1> .

We see that for every € # 0 there exists a point xg € U satisfying d€7 , # 0, as
f is non-constant. Thus, (X, J%; Q%) becomes a proper PHSM for every € # 0
due to Theorem 2.2.16.

The only thing left to check is that H%; = Hgr is compatible with the PHSM
(X,J50Q%), ie, d[Q%(JE(X;_)Lé;), )] = 0 for every €. In the case of H = ¢, this

is trivially true, because then the Hamiltonian vector field X Q;F; vanishes. For
H = 2y, we first realize that the equation above is equivalent to the condition
that H% is the real part of some pseudo-holomorphic function H® (cf. Remark
2.2.2). We already know that H® = H is pseudo-holomorphic with respect
to J = i. Since H® only depends on the last component z,, and both J¢
and J = i act in the same way on the last components of X for every e (as
n > 1), H® = H is also pseudo-holomorphic with respect to J¢ for every €. This
turns (X, J¢; Q%, H%) into the desired deformation of (X, 2, H) concluding the
proof. O

Remark 2.3.15 (The case n = 1). Upon closer inspection, we note that the
proof also works for n = 1 if H is constant or if we disregard H entirely, i.e., if
we are only interested in proper deformations of HSMs or complex manifolds.
Indeed, we only need the condition n > 1 to ensure that Hf% is the real part
of some pseudo-holomorphic function H¢. However, the constant function is
pseudo-holomorphic with respect to any almost complex structure.

Combining Lemma 2.3.11 with Proposition 2.3.14 proves the following theorem:

Theorem 2.3.16 (Proper PHHSs are generic). Let X be a smooth manifold,
then the following statements apply depending on the real dimension of X:

(i) If dimg(X) = 2: Every almost complex structure on X is integrable and
automatically a complex structure.

(ii) If dimg(X) > 2: Every complex manifold (X, J) and HSM (X, Q) admits
a proper deformation. In particular, the non-integrable almost complex
structures and the proper PHSMs on X are generic within the set of all
almost complex structures and PHSMs on X, respectively.

(iii) If dimg(X) > 4: Every HHS (X, Q,H) admits a proper deformation. In
particular, the proper PHHSs on X are generic within the set of all PHHSSs
on X.

Proof. For (i), it suffices to check that the Nijenhuis tensor always vanishes in
two dimensions which is a simple calculation. In the case of (ii), we first find
a holomorphic chart for (X, J) or a holomorphic Darboux chart for (X, ) to
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locally bring these manifolds into standard form. Afterwards, we apply Propo-
sition 2.3.14 (disregarding #) to locally deform the manifolds in the chosen
charts. For (iii), we use Lemma 2.3.11 to locally bring (X, 2, H) into standard
form and then employ Proposition 2.3.14 to find a local deformation finishing
the proof. O

Before we conclude this section, let us quickly comment on PHHSs (X, J; Qgr, HR)
in dimension dimg (X) = 4. These systems are the only geometrical object stud-
ied in this subsection to which Theorem 2.3.16 does not apply. The reason is
that Proposition 2.3.14 fails for dimg(X) = 4, since Hr = x5 cannot be the real
part of a complex function which is pseudo-holomorphic with respect to defor-
mations J¢ as chosen in the proof of Proposition 2.3.14. Nevertheless, Statement
3 of Theorem 2.3.16 might still be true for dimg(X) = 4. One possible way to
prove this could be to modify Proposition 2.3.14. Instead of choosing Hf% to
be independent of €, we could allow for general deformations H%, of Hgz. Find-
ing such deformations H% involves solving a second order PDE with boundary
conditions. However, the existence of non-trivial solutions to the given problem
might be forbidden by the Nijenhuis tensor. We elaborate on this thought: Let
X be a smooth manifold with almost complex structure J, N; be the Nijenhuis
tensor of J, and f : X — C be a pseudo-holomorphic map, i.e., dfoJ =i-df. A
straightforward calculation reveals that df (N;(V,W)) = 0 for all vector fields
V and W on X. Thus, the image of N;, is contained within the kernel of
df; for any pseudo-holomorphic function f and any point z € X. This implies
that there are at most 1/2(dimg(X) — 7,) pseudo-holomorphic functions on X
whose differentials at a given point x € X are C-linearly independent, where r,
is the rank*® of N J,2- In four dimensions, the rank of N; alone does not exclude
the existence of non-trivial pseudo-holomorphic functions: Let Vi, Vo, J(V7),
and J(V3) be a local frame of X. One easily sees that, because of the symme-
tries of Ny, i.e., Ny(V,W) = —=N;(W,V) and N;(J(V),W) = —JN;(V,W),
N;(V1,Vs) and N;(Vy,J (Vo)) = —JN;(Vi, V3) are the only two components of
Ny in the local frame Vi, Vo, J(V1), and J(V2) which are not redundant. Thus,
the rank of the Nijenhuis tensor is at most 2 in four dimensions. For instance,
the deformation J¢ from Proposition 2.3.14 for n = 1,

1 1

Js(axl) = Tsayu ‘]E(aﬂﬁz) = ayzv Js(ayl) = 83?17 Jg(ayz)) = _Tsaﬂﬁzv

e -

yields for r¢ € C>°(R* R, ):

2
1
Nye (651?17612> = ;JE (NJE(aINayz)) = Z Z (6ai ln(rg)) 'aaj'

a€{z,y} i,j=1, i#j

Hence, the (real) rank of Ny- , is 2 for dr # 0 and 0 for drg = 0.

Nevertheless, the rank of N is a rather weak bound for the number of indepen-
dent pseudo-holomorphic functions. The exact number is given by
1/2(dimg(X) — k), where k is the rank of the 1J-bundle’ over X containing the
image of N;. Even though there are non-integrable almost complex structures

43The Nijenhuis tensor satisfies the relation N;(J(V),W) = —JN;(V, W), hence, its rank
is even.

44Confer [Muz86] for the definition of the IJ-bundle and a detailed investigation of the
relation between the Nijenhuis tensor and pseudo-holomorphic functions.
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J in four dimensions whose IJ-bundle does not have full rank, e.g. J¢ with
r® = e~ "1 as in Example 2.3.5, it is not clear whether and why this should also
apply to the almost complex structures J¢ as above for general functions r¢.
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Chapter 3

Kahler Duality of Complex
Coadjoint Orbits

Kihler structures on coadjoint!' orbits of compact Lie groups have been studied
since the 50s. The interest in this topic stems from the fact that these orbits are
compact homogeneous Kihler manifolds which were the first manifolds known
to admit a Kéhler-Einstein metric with positive scalar curvature? (cf. [Bes07]).
In fact, the coadjoint orbits of compact Lie groups classify all simply-connected
compact homogeneous Kihler manifolds (cf. [Bes07]). At the end of the 80s
and the beginning of the 90s, the question arose whether these Kahler structures
persist in the complex category. This problem was solved by Kronheimer (cf.
[Kro90]) and Kovalev (cf. [Kov96]): They proved that the coadjoint orbits of
semisimple complex reductive groups, i.e, complex Lie groups with semisimple
compact real forms, admit the structure of a Hyperkihler manifold.

In this chapter, we show that these orbits are not only Hyperkihler, but also pos-
sess a holomorphic Kéhler structure. From a symplectic viewpoint, Hyperkihler
and holomorphic Kihler manifolds are quite similar®. Both consist of a sym-
plectic form w and two complex structures I and J where [ is w-anticompatible
and J is w-compatible in the sense that w(I-,I-) = —w and w(J-, J-) = w. The
only difference is the commutation relation of I and J: I and J anticommute
for Hyperkéihler manifolds (IJ = —JI), while they commute for holomorphic
Kahler manifolds (IJ = JI). Oun coadjoint orbits, the similarities between Hy-
perkihler and holomorphic Kéhler structures go even further. To explain this,
we first note that w and I always induce a holomorphic symplectic structure
given by the closed holomorphic two-form Q := w—iw(I-,-). In general, there is
no reason why the form Q of a Hyperk&hler structure and the form 2 of a holo-
morphic K&hler structure should be related in any way. On a coadjoint orbit,

IMost statements in this chapter apply to both adjoint and coadjoint orbits, as they are
isomorphic via a suitably chosen metric g in the cases we consider. For the sake of brevity,
we often only talk about coadjoint orbits. We adopt a similar convention for tangent and
cotangent bundles.

20ne major question in the field of Kahler-Einstein manifolds regards the existence of
Kihler-Einstein metrics on compact spaces. For negative or vanishing scalar curvature/first
Chern class, this question was answered by Yau in the 70s (cf. the Calabi conjecture). The
Fano case (positive scalar curvature) remained an open problem for the longest time and was
only solved about ten years ago by Chen-Donaldson-Sun (cf. [CDS12a][CDS12b][CDS13]).

3Confer Appendix C for details, in particular Lemma C.25.
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however, the Hyperkihler and holomorphic Kéhler structure in question possess
the same form 2, namely the holomorphic Kirillov-Kostant-Souriau form Qgxks.
Therefore, these two structures only differ by J.

We say a space X exhibits Kéhler duality if X admits Hyperkdhler and holo-
morphic Kahler structures in a somewhat natural manner. As discussed, coad-
joint orbits exhibit Kéhler duality. Of course, we instinctively ask whether the
Kahler duality of coadjoint orbits is just mere coincidence or caused by some
deeper reason. We believe that the Kidhler duality of coadjoint orbits origi-
nates from a similar structure on double cotangent bundles. Precisely speaking,
we claim in this chapter that double cotangent bundles naturally exhibit K&h-
ler duality and that this Kahler duality is connected to coadjoint orbits via a
suitable reduction process (Hyperkihler /holomorphic Kahler reduction, cf. Ap-
pendix J).

In order to sketch how K&hler duality on double cotangent bundles occurs, let
us recall a famous result* due to Guillemin-Stenzel (cf. [Ste90] and [GS91]) and
Lempert-Szoke (cf. [LS91] and [Sz691]): If (M, g) is a real-analytic Riemannian
manifold, then (T M, —wean, Jy) is a Kéhler manifold where weay is the canon-
ical symplectic form on T*M and J, is the unique complex structure on 7™M
adapted to g. The Kahler duality on T*(T*M) now arises as depicted in the
following diagram?®:

Hyperk. (T* M, gr-pr) 2228 (T (T* M), —wean, &% Jgpe s, T )
(M, g)
C'O
%)
1
Holo. K. T M, gc) —gra—r (T*(T* M), —wean, @5 Jge, T*Jy)

Here, the upper path illustrates how to obtain a Hyperkihler structure, while
the lower one does the same for holomorphic Kéahler structures.

Hyperkédhler path: Starting with (M,g), we can apply Stenzel’s theorem
to obtain the Kahler metric gr«yr = —wean(:, Jyg:) = wean(Jy+,-) on T*M.
This gives us another real-analytic Riemannian manifold (T*M, gr+as) allow-
ing us to apply Stenzel’s theorem again which results in the Ké#hler mani-
fold (T*(T*M), —wean, Jgpu,, ). To construct the second® complex structure
on T*(T*M), we first observe that the cotangent bundle of a complex manifold
naturally inherits a complex structure from its base manifold. It is a standard
result from complex geometry that the cotangent bundle together with its inher-
ited complex structure and the (negative) canonical symplectic structure forms
a holomorphic symplectic manifold. If we choose (T*M, J,;) to be our complex
base manifold, we denote the induced complex structure on T*(T*M) by T*.J,.

We know at this point that —wecay, is compatible with J,,..,, and anticompatible

4Confer Theorem 3.4.6.

5This diagram has to be taken with a grain of salt: In general, these structures do not
exist on all of T*M or T*(T*M), but only on an open neighborhood of the zero section
MCT*M C T*(T*M).

6This complex structure plays the role of I.



81

with T*J,. Thus, (T*(T*M), —wWean, Jgpu o, » T Jy) is a Hyperkiihler” manifold if
T*J, and Jg.,.,, anticommute. However, it may occur, depending on the choice
of g, that T*J, and J,..,, do not anticommute. In this case, we need to modify
Jgper, by a diffeomorphism ¢ : T*(T*M) — T*(T*M) to obtain ¢7J,,.,, (cf.
Conjecture 3.4.9 and Lemma 3.4.11).

Holomorphic Kéihler path: Stenzel’s theorem does not only tell us that
(T*M, —wean, Jg) is a Kéhler manifold, but also that the fiberwise map
T*M — T*M, a — —a is a real structure (cf. Theorem 3.4.6). Its real form
is the zero section M C T*M. Since the real form M carries a real-analytic
metric g, we can find a unique holomorphic continuation of g on T*M (cf. Ap-
pendix A). Call the real part of this holomorphic metric gc. gc is a real-analytic
semi-Riemannian metric on T*M, thus, we can again apply Stenzel’s theorem,
but this time to (T*M, gc)®. As before, the resulting complex structure Jge on
T*(T*M) might not satisfy the appropriate commutation relation with 7*.J,, so
we have to modify J,. by a diffeomorphism ¢, to obtain ¢5J,. (cf. Conjecture
3.4.9 and Lemma 3.4.12). Hence, (T*(T* M), —wcan, ¢5Jgc, T*J4) is a holomor-
phic Kéhler manifold if T*J, and ¢3.J,. commute.

To relate T*(T*M) to coadjoint orbits, we choose (M, g) to be a compact Lie
group Gr with bi-invariant Riemannian metric g. In this case, T*Gy is iso-
morphic to the universal complexification® G of Gg. Thus, the previously de-
scribed process yields Hyperkédhler /holomorphic Kéahler structures on T*G. As
explained in Appendix J, the cotangent bundle T*G becomes a coadjoint orbit
O* after reduction. At the same time, the symplectic form —wc,, on T*G re-
duces to the Kirillov-Kostant-Souriau form wkgkg on O*. From that perspective,
it seems plausible that the K&hler structures in question are also compatible with
the reduction process.

The proofs we present in this thesis regarding the Kéhler duality of T*(T*M)
and its relation to coadjoint orbits are incomplete: A complete proof for the
commutation relations of T*J,, ¢7Jgp.,,, and ¢3Jy. is missing. Moreover, we
do not carry out the reduction process in detail. To make up for that, we check
the commutation relations for flat g and sketch how reduction could possibly
relate a suitable Kahler structure on 7*G to O* (cf. Appendix J).

Chapter 3 is divided into four parts: Section 3.1 offers a short introduction to Lie
groups and discusses the most important constructions we use throughout this
chapter. In Section 3.2, we recall the construction of K&hler structures on coad-
joint orbits of compact Lie groups following Chapter 8 in [Bes07]. As we want
to apply this construction to complex Lie groups afterwards, we also generalize
it to skew-symmetric orbits of groups carrying a bi-invariant semi-Riemannian
metric. In Section 3.3, we adapt the results of Section 3.2 to the complex cate-
gory. In particular, we prove that coadjoint orbits of complex reductive groups
admit holomorphic Kahler structures. The last section (Section 3.4) is con-
cerned with the Kédhler duality of coadjoint orbits and its origin. Barring the
commutation relation, we show that double cotangent bundles exhibit K&hler
duality. Furthermore, we investigate the case M = Gr and relate the resulting
Kahler structures on T*G to Bremigan’s construction (cf. [Bre00]).

"The existence of a Hyperkiihler structure on the cotangent bundle of a K#hler manifold was
already observed by Kaledin (cf. [Kal97]) and Feix (cf. [Fei01]). Also note that Hyperkédhler
structures on double cotangent bundles were already described by Bielawski (cf. [Bie03]).

8Stenzel’s theorem also works for semi-Riemannian manifolds (cf. [Sz604]).

9Confer Definition 3.3.3 and the explanation afterwards.
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3.1 Preliminaries on Lie Groups

In this section, we briefly recapitulate the basics of Lie groups. Its purpose is
two-fold: On one hand, we fix the notations and recall the theorems we use
throughout Chapter 3. On the other hand, this section shall serve as a short
introduction to Lie groups for those unfamiliar with the topic. The reader
acquainted with Lie groups may choose to skip Section 3.1.

There are several great introductory books on Lie groups which offer an in-depth
analysis of the topic, for instance [BumO04], [Var84], or the first few chapters in
[Ham17]. Here, we are only interested in a small selection of constructions and
statements starting with the definition of a Lie group:

Definition 3.1.1 (Lie group). We call G Lie group if G is a group and a
smooth manifold such that the multiplication G x G — G, (g, h) — gh and the
inversion G — G, g — g~ ! are smooth maps. We denote the left multiplication
with a group element g € G by L, : G — G and the right multiplication by
R,:G— G, ie:

Ly(h) = gh, Rg4(h)=hg Vg,heG.
Closely related to the notion of a Lie group is the concept of a Lie algebra:

Definition 3.1.2 (Lie algebra). Let G be a Lie group. The Lie algebra of G
is the tangent space g := TG of G at the neutral element e. It naturally comes
with a Lie bracket. To construct this Lie bracket, we consider left-invariant!'®
vector fields X, i.e., smooth vector fields X € I'(T'G) satisfying:

(L)X =X VYged.

Denote the set of left-invariant vector fields by I'¢(T'G). Observe that the
commutator of two left-invariant vector fields is again left-invariant:

(L)X, Y] = (L) X, (L,).Y] = [X,Y] ¥g € GYX,Y € Ta(TG).
Identifying g with T'¢(T'G) via the map -Z : g — I'¢(TG) given by
X5(g)=dL,.X VX e€g
now allows us to define the Lie bracket [-,-] : g X g — g¢:
(X, Y]F =XV YE] VXY €g.

Lie groups (and algebras) form categories. Their morphisms are called Lie group
(or algebra) homomorphisms:

Definition 3.1.3 (Homomorphism). Let G and H be Lie groups with Lie al-
gebras g and b, respectively. A Lie group homomorphism from G to H is
a smooth map R : G — H satisfying R(g192) = R(g1)R(g2) for all g1,92 € G.
Similarly, a Lie algebra homomorphism from g to § is a linearmap p: g — b
satisfying p([X,Y]) = [p(X), p(Y)] for all XY € g.

100ne can also define the Lie bracket by identifying g with the space of right-invariant vector
fields. Note that the two conventions do not lead to the same Lie bracket: The Lie brackets
differ by a sign.
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It is easy to show that, if R : G — H is a Lie group homomorphism, the
differential dR. : g — b is a Lie algebra homomorphism (cf. [Ham17] for the
proof). This intimate relation is reflected by the following important example:

Example 3.1.4 (Conjugation and adjoint action). Let G be a Lie group. For
every g € G, the conjugation ¢, : G — G, ¢4(h) == ghg™' is a Lie group
homomorphism. Its differential Ad(g) : g = g, Ad(g) := dcg,c is a Lie algebra
homomorphism called the adjoint action or the adjoint representation. The
differential of the map Ad : G — GL(g) is often denoted by ad : g — End(g).
It is straightforward to verify that ad is just the Lie bracket (cf. [Ham17]):

ady Y =ad(X)(Y)=[X,Y] VXY €g.
Since Ad(g) is a Lie algebra homomorphism, it satisfies:
Ad(g)[X,Y] =[Ad(9)X,Ad(9)Y] Vge GVX,Y €g. (3.1)
Taking the derivative with respect to g now yields for the map ady:
adz[X,Y] =[adz X, Y]+ [X,adz Y] VX,|Y,Z €g. (3.2)

In light of adx Y = [X, Y], we can interpret Equation (3.2) as the Jacobi iden-
tity. We will make heavy use of Equation (3.1) and (3.2) in Section 3.2 and
Section 3.3.

The next concept we introduce is the exponential map for Lie groups:

Definition 3.1.5 (Exponential Map). Let G be a Lie group. The exponential
map exp : g — G is defined by

exp(X) = yx(1),

where 7yx is the unique integral curve of the left-invariant vector field X sat-
isfying vx (0) = e.

As the definition indicates, the exponential map satisfies the usual flow proper-
ties:

(i) exp(0) = e,
t)X) = exp(sX) exp(tX),

+

(i) exp((s
(iii) exp(tX)~! = exp(—tX).

One easily verifies that exp is smooth and well-defined on all of g. Its derivative

at the neutral element e is dexp, = idy. Hence, by the inverse function theorem,

exp is a local diffeomorphism near e and gives rise to charts of G after choosing

a basis of g. The usefulness of the exponential map lies in the fact that it allows

us to easily describe tangent vectors as curves. To understand this statement,
we note that any tangent space T,G can be identified with g via:

dLg.:9— T,G, X — X"(g).

Hence, gexp(tX) is a curve through g with tangent vector X% (g).
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Let us now turn our attention to metrics on Lie groups:

Definition 3.1.6 (Bi-invariant metric). Let G be a Lie group and h a semi-
Riemannian metric on G. We call h left-invariant if it satisfies Lyh = h for all
g € G. Similarly, we say h is right-invariant if it satisfies Rjh = h for all g € G.
h is called bi-invariant if h is both left- and right-invariant.

Left-invariant metrics as well as right-invariant metrics are in one-to-one corre-
spondence with non-degenerate scalar products on g: If (-, -) is a non-degenerate
scalar product on g, then (-, -)L is left-invariant and (-,-)R is right-invariant,
where (-, )% and (-,-)" are defined by:

<.,.>gL = (dLy1 gydLy1 ., <-,->§c = (dR,1 ,,dR,1 ,) Vg€G.

Conversely, any left- or right-invariant metric h can be written as (-, '>L or (- ~>R
where (-, -) is given by h,.

As it turns out, the left- or right-invariant metric induced by (-, -) is bi-invariant
if and only if (-,-) is Ad-invariant, i.e.:

(Ad(g)-,Ad(g)) = (-,) VgeG. (3.3)

The proof of this equivalence is fairly simple: First, recall that the conjugation
with g € G can be written as:

cg=LgoRy1=Ryg-10L,.
Thus, the adjoint action as its differential satisfies:
Ad(g) =dcge=dLg g1 0dRy-1 . =dRy—1 g0dLge.

This shows that a left- or right-invariant metric A is bi-invariant if and only if
he is Ad-invariant.

One important example of an Ad-invariant two-form is given by the Killing
form K : g x g — R, K(u,v) = —tr(ad,oad,). One easily verifies that K
is bilinear, symmetric, and Ad-invariant. However, K is usually not positive
definite, in fact, it is often not even non-degenerate. It is a famous fact, known
as Cartan’s criterion, that K is non-degenerate if and only if g is semi-simple.
Moreover, K is positive semi-definite if g is the Lie algebra of a compact Lie
group.

At this point, it should be noted that ady is skew-symmetric with respect to
any Ad-invariant scalar product (-, -):

(adz X,Y) = — (X,adz Y) VX,Y,Z€g. (3.4)

Equation (3.4) directly follows from Equation (3.3) by taking the derivative with
respect to g. In fact, Equation (3.3) and (3.4) are equivalent if G is connected
(cf. Section 3.3).

Equation (3.4) poses a rather heavy condition on the existence of bi-invariant
metrics: Milnor has shown that a connected Lie group G admits a positive
definite, bi-invariant metric if and only if G is isomorphic to the Cartesian
product of a compact Lie group and an Abelian Lie group (cf. [Mil76]). If
we drop the assumption that the metric needs to be positive definite, we find a
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larger class of Lie groups that admit bi-invariant metrics. For instance, complex
reductive Lie groups always admit bi-invariant metrics of signature (n,n) (cf.
Section 3.3 and Appendix H).

Before we conclude Section 3.1, we want to present two famous theorems from
the theory of Lie groups — Cartan’s subgroup theorem and a special case of
Godement’s theorem — and afterwards apply them to the adjoint action. Let us
begin with Cartan’s subgroup theorem. To formulate it, we first need to review
the two different notions of subgroups of Lie groups:

Definition 3.1.7 (Lie subgroup). Let G and H be two Lie groups. We say that
H is an immersed subgroup of G if there exists a Lie group homomorphism
R : H — G which is also an injective immersion. H is a Lie subgroup or an
embedded subgroup of G if there exists a Lie group homomorphism R: H — G
which is also an embedding. If H C G, we call H an immersed (or embedded)
subgroup of G if the inclusion H — G is a Lie group homomorphism and an
immersion (or embedding).

Obviously, every embedded subgroup is also an immersed one. The converse,
however, is false. The most prominent counterexample is the one-parameter
subgroup

Tpq = {(eip"‘7 eiqo‘) | « € R}

of the torus T2 = S x S', where the ratio of p € R and ¢ € R is irrational.
The problem in this case is that T}, , is not closed in the topology of T2. By
Cartan’s subgroup theorem, this is the only obstacle:

Theorem 3.1.8 (Cartan’s subgroup theorem). Let G be a Lie group and H C G
be a subset. H is a Lie subgroup of G if and only if H is a subgroup of G and
closed in the topology of G.

Proof. The direction “=" is a rather straightforward computation. The converse
direction is much more involved. We refer to [Ham17] for the proof. O

Next, we wish to formulate Godement’s theorem for Lie groups. To do so, we
have to cover group actions and quotients:

Definition 3.1.9 (Group action). Let G be a Lie group and M a smooth
manifold. A left G-action on M is a smooth map G x M — M, (g,p) — gp
satisfying:

g(hp) = (gh)p and ep=p Vg,heGVpe M.
The orbit of G through p € M is defined by:
O={gplge G} C M.

p ~ gp defines an equivalence relation whose equivalence classes are the orbits
of G. The quotient M /G is defined to be the set of all equivalence classes, i.e.,
the space of all orbits:

M/G :={O Cc M | O orbit of G}.
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The stabilizer of p € M is defined as follows:
G, ={9€G|gp=p}CqG

A G-action on M is called free if G, = {e} for all points p € M. It is called
proper if the map

GxM— MxM, (g,p) = (9p,p)
is proper.

Remark 3.1.10 (Right action). Naturally, there also exists the notion of a
right action which is just a smooth map M x G — M, (p, g) — pg satisfying:

(pg)h =p(gh) and pe=p Vg,heGVpe M.

Orbits, stabilizers, and so on are defined analogously for right actions. The
terms “left action” and “right action” are interchangeable, since every left action
gives rise to a right action via pg = g~ !p and vice versa. In light of this
observation, we often just write “action” and only specify “left” or “right” if the
need arises.

It is natural to ask at this point whether the quotient M /G admits the structure
of a smooth manifold. Godement’s theorem tells us that this is the case if the
G-action is free and proper:

Theorem 3.1.11 (Godement’s theorem!! for Lie groups). Let G be a Lie
group and M be a smooth manifold with a G-action on it. If the action is
free and proper, then M /G is a smooth manifold and the canonical projection
m: M — M/G is a surjective submersion.

Proof. Again, we refer to [Ham17| for the proof. O

Remark 3.1.12.

(i) If G is a Lie group with Lie subgroup H C G, then G x H — G,
(g, h) — gh is a free and proper right H-action (cf. [Ham17]). Hence, by
Theorem 3.1.11, G/H is a smooth manifold carrying the left G-action
91192] = [9192]. Furthermore, the canonical projection = : G — G/H is
a surjective submersion which is also equivariant with respect to the left
G-actions on G and G/H, i.e.:

7(9192) = [9192) = g1]92) = g17(g2) Vg1,92 € G.

(ii) Usually, it can be quite challenging to determine whether a G-action is
proper. However, if G is a compact Lie group, then it is rather simple to
show that any G-action is proper.

(iii) Let G be a Lie group acting on a manifold M. If the action is free
and proper, then an additional consequence of Theorem 3.1.11 is that
m: M — M/G is a G-principal bundle. In fact, a G-action on M is free
and proper if and ounly if 7 : M — M/G is a G-principal bundle with
respect to that action (cf. [Ham17]).

HThe standard version of Godement’s theorem deals with the question whether, given a
manifold M with equivalence relation R on it, the set M /R of equivalence classes is a manifold.
In our case, the relation R is given by the G-action, namely p ~ gp.
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Two important examples of group actions on manifolds are the adjoint ac-
tion Ad : G x g — g (cf. Example 3.1.4) and its dual, the coadjoint action
Ad*: G xg* = g* (¢ ={a|a:g— R linear}):

Ad*(g)a:=aoAd(g™') Vg€ GVacg"

Both are G-actions, since the conjugation c¢. : G — Aut(G) is a group homo-
morphism. In Section 3.2 and Section 3.3, we explore the geometrical structure
of the (co)adjoint orbits, i.e., the orbits of Ad (Ad"). Before we can analyze the
orbits in detail, we need to study the question whether the (co)adjoint orbits
admit a manifold structure. The answer to this question is positive, as one can
show with the help of Theorem 3.1.8 and 3.1.11:

Lemma 3.1.13 (G/G, = O C M immersed submanifold). Let G be a Lie
group, M be a smooth manifold with a left G-action on it, and p € M be a
point. Furthermore, let G, C G be the stabilizer of p and O C M be the orbit
of G through p. Then, the map

fp: G/Gp — M, [g] — gp

is an injective immersion whose image is 0. Moreover, f, is equivariant with
respect to the left G-actions on G/G), and M, i.e.:

fo(g1lge]) = g1fp([92]) V91,92 € G.

Proof. Consider the evaluation map ev, : G — M, ev,(g) = gp. Clearly, ev,
is continuous. Thus, the stabilizer G, C G is closed, since G, = ev, '({p}). As
G, is obviously a subgroup of G, we can use Cartan’s subgroup theorem (cf.
Theorem 3.1.8) to show that G, is a Lie subgroup of G. This allows us to apply
Theorem 3.1.11 to G, C G (cf. Remark 3.1.12) proving that G/G, is a smooth
manifold and 7 : G — G/G),, is a surjective submersion.

Now consider the following commuting diagram:

G- M

G/Gyp

The smoothness of ev, together with the universal property of quotient spaces
(cf. Lemma 3.7.5 in [Ham17]) implies the smoothness of f,,. Clearly, f, is injec-
tive and its image is O. Moreover, one directly verifies that f, is G-equivariant:

fo(g1lg2]) = fo([9192]) = (9192)p = 91(92p) = 91 fp([92]) V91,92 € G.

It remains to be shown that f, is an immersion. Since f, is G-equivariant, it
suffices to show that df), ¢ is injective. However, this directly follows from the
previous commuting diagram and the observations (cf. [Ham17] for details):

kerdev,. =g, and T (G/Gp) = 9/gp,

where g, is the Lie algebra of G,,. O
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3.2 Semi-Kihler Structure of Coadjoint Orbits

The existence of Kihler structures on (co)adjoint orbits is well-known and can
be traced back to the 50s and 60s (cf. the introduction of Chapter 8 in [Bes07]).
The construction of these Kéhler structures (cf. [Bes07]) relies heavily on the
fact that the groups in question are compact. This poses a problem: Even-
tually, our goal is to construct special Kihler structures on specific complex
Lie groups (cf. Section 3.3). However, complex Lie groups are often not com-
pact!?. To circumvent this obstacle, we generalize the construction in [Bes07] to
skew-symmetric'® orbits of Lie groups admitting a bi-invariant semi-Riemannian
metric. The trade-off is that the constructed Kahler metric is usually not pos-
itive definite. Precisely speaking, we show that, under the mild conditions
listed above, a (co)adjoint orbit of a Lie group carries a semi-Kihler!'* structure
(Theorem 3.2.24 and 3.2.29).

The semi-Kahler structures we develop are canonical to some extent: The com-
plex structure of an adjoint orbit does not depend on any choices, while the
symplectic structure is canonical for coadjoint orbits. However, we need to
identify adjoint and coadjoint orbits to construct the semi-Ké&hler structures in
question. This identification is not unique and depends on the choice of an
Ad-invariant scalar product.

Throughout this section, Chapter 8 of [Bes07] shall serve as a guideline for
developing the main result. Section 3.2 is divided into four parts: First, we con-
struct the canonical complex structure of adjoint orbits. Afterwards, we recall
the canonical symplectic structure of coadjoint orbits, given by the Kirillov-
Kostant-Souriau form. In the third part, we combine the complex and the
symplectic structure via an Ad-invariant, non-degenerate scalar product to ob-
tain a semi-Kéhler structure on (co)adjoint orbits. Lastly, we cross-check our
construction against [Bes07] by applying it to compact Lie groups.

Complex Structure J of Adjoint Orbits

The construction of J is carried out in three steps: First, we define a complex
structure J,, on the vector space imad,, C g for each skew-symmetric element
w € g. Afterwards, we use the identification T;,O = imad,, to equip a skew-
symmetric adjoint orbit O with the complex structure J. Lastly, we compute
the Nijenhuis tensor Vs in order to show that J is integrable.

Pointwise Construction of J

An adjoint orbit only admits the canonical complex structure J if the orbit
contains a skew-symmetric element, as we will soon see. Since the notion of
skew-symmetric elements is purely algebraic, we begin by reviewing some facts
about Lie algebras:

12The adjoint action of any connected, compact, and complex Lie group is trivial due to
the maximum principle. Consequently, such a group is Abelian implying that the identity
component of every compact complex Lie group is just a torus.

13Confer Definition 3.2.1 and Remark 3.2.2.

L4Confer Definition 3.2.23 or Appendix C.
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Definition 3.2.1 (Skew-symmetric elements). Let (g, [, -]) be areal Lie algebra.
An element w € g is called skew-symmetric if the map ad,, = [w, -] € End(g)
satisfies the following properties:

(i) Its complexification'® ad,, € End(gc) is diagonalizable.
(ii) The non-vanishing eigenvalues of ad,, € End(gc) are purely imaginary.

We call this property “skew-symmetric”, since ad,, is skew-symmetric with re-
spect to some positive definite scalar product (-,-) on g if and only if w € g is
a skew-symmetric element. One can easily verify this equivalence with the help
of the spectral theorem.

Before we associate complex structures to skew-symmetric elements, note the
following remarks:

Remark 3.2.2.
(i) Condition (i) in Definition 3.2.1 implies g = kerad,, @ imad,, for every
skew-symmetric element w € g.

(ii) If w € g is skew-symmetric, then the non-vanishing eigenvalues of ad,,
come in pairs (iu, —ip) with g > 0, as ad,, is real, i.e., ad,, (7) = ady(v),
where ~ denotes the complex conjugation.

(iii) If G is a Lie group, g its Lie algebra, and w € g a skew-symmetric element,
then every element in the adjoint orbit through w is also skew-symmetric.
This is a direct consequence of Equation (3.1):

adaq(g)w = Ad(g) oad, 0Ad(g)™" Vg € G.

Hence, if an adjoint orbit contains a skew-symmetric element, we call the
entire orbit skew-symmetric.

The reason why skew-symmetric elements w are important for our discussion is
that the image of ad,, naturally comes with a complex structure J:

Proposition 3.2.3 (Pointwise construction of J). Let g be a Lie algebra and
w € g be skew-symmetric. Then, V :=imad,, C g carries a canonical complex
structure .J,, given by:

1
Jwv = —adyv YveE,,
I
where we set £, ==V N (E;, ® E_;,) and E;,,, E_;, C gc are the eigenspaces
of ad,, for the eigenvalues iy, —ip (u > 0), respectively.

Proof. Clearly, the linear map J,, : V. — V is well-defined. Indeed, one has
Jw(E,) C E,, and the decomposition

V= @EM,
n>0

where the direct sum is taken over the norm p of non-vanishing
eigenvalues of ad,,.

15Set gc = g ®r C and extend ady, to ge by C-linearity. Also note that we denote both the
map on g and its complexification by ad.
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We now show J2 = —idy. By definition of J,, if suffices to prove J2(v) = —v
for all v € E, and ¢ > 0. Any v € E, can be written as v = u + 4, where
u € E;,, and, consequently, 4 € E_;,,. Applying J2 to v yields:

J2(v) = % (adfu(u) + adij(ﬂ)) =i?u+ (—i)*a = —(u+a) = —v.

O

Remark 3.2.4. If V is a real vector space with map J € End(V) satisfying
J? = —idy, we can decompose V¢ into the spaces

VA = B ={ve Ve | Jv) =iv} and
vOD —F_ ={veVe|Jw) = —iv}.

In the case of J,,, the spaces V(1:0) and V(1) are given by:
VO =P E,, VOY=FE .
pu>0 pu>0

In particular, restricting J,, to E,, gives:

B =B, EOD =B, >0

Global Construction of J

So far, we have constructed the complex structure J,, on the vector space im ad,,.
In order to equip a skew-symmetric adjoint orbit O with a complex structure,
we need to identify T, with im ad,, for every point w € O. For this, we first
recall that O C g is an immersed submanifold (cf. Lemma 3.1.13):

Corollary 3.2.5. Let G be a Lie group, g its Lie algebra, w € g a point, and
G, the stabilizer of w. Then, the map f, : G/Gy — g, [g] — Ad(g)w is a
well-defined, G-equivariant, and injective immersion whose image is the adjoint
orbit O of G through w.

Remark 3.2.6. Even though there are some examples in which O C g is even
an embedded submanifold, for instance if G is compact, this is not always the
case. Note, however, that every immersion is locally an embedding which is why
this subtlety will not pose any problems when we discuss the integrability of J.

Corollary 3.2.5 allows us to identify the tangent spaces of O with subspaces
of g. Indeed, the map (v € g)

Yo, (t) = fu(lexp(tv)]) = Ad(exp(tv))w

is a smooth curve in O through w. Its derivative at ¢ = 0 is the fundamental
vector field X, :

Xp(w) =44y, (0) = ad, w = — ad,, v.
Since all vectors tangent to O can be represented by such a curve, we find:
T,0 Zimad, Cg YweO.

This gives us the following corollary:
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Corollary 3.2.7 (Global construction of J). Let G be a Lie group, g its Lie
algebra, and O C g a skew-symmetric adjoint orbit of G. Then, the section
J € I'End(T'O) defined pointwise by J,, € End(7,,0) = End(imad,) as in
Proposition 3.2.3 satisfies J2 = —idr, 0.

For J to become an almost complex structure on O, we need to show that the
section J is smooth. This is a consequence of the G-invariance of J:

Proposition 3.2.8 (J is an almost complex structure). Let G be a Lie group,
g its Lie algebra, and O C g a skew-symmetric adjoint orbit of G. Then, the
section J € I'End(7T'0) is G-invariant, i.e.:

(9))w = Ad(g) © Jaa(g-1yw 0 Ad(g™") = Juy Vg€ G Vw e O. (3.5)
In particular, J is a smooth almost complex structure on O.

Proof. First, we show that J is G-invariant: The complex structure
Jw € End(imad,) can be written as the composition 7, o ad,. Here,
ry € End(imad,,) is defined by:

T (V) = % Vv € £, Vnorms 1 > 0 of eigenvalues,

where we employ the notations from Proposition 3.2.3. The identification
T,0 = imad,, allows us to interpret w +— r, and w — ad, as sections of
End(TO). If these sections are G-invariant, then J is G-invariant as well. The
G-invariance of ad,, is an immediate consequence of Equation (3.1):

a'dAd(g)w = Ad(g) © a'd’w o Ad(gil)
The last equation implies that the decomposition

1,0 =imad, = PE,
pn>0

is G-invariant. Therefore, r,, is also G-invariant.
Next, we demonstrate how the G-invariance of J infers its smoothness: First,
observe that, by Theorem 3.1.11 and Lemma 3.1.13, the map

Ve = Juwo 0T 1 G = O, evy,(g9) = Ad(g)wo

is a surjective submersion, where wgy € O is fixed. Hence, for every w € O, there
exists an embedded submanifold U,, C G such that W,, := ev,,,(U,) C O is an
open subset containing w and evy, |y, is a diffeomorphism onto its image W,,.
We now rewrite Equation (3.5) as follows:

JAd(g)wo = Ad(g) © on © Ad(g_l)
Hence, we find with the help of ev,,,:
Jw = Ad(g(w")) 0 Ju, 0 Ad(g(w')™!) Vu' € W,Vw € O,

where g(w') = evy, \51 (w’). This equation proves that J is smooth, because
the adjoint action on O is smooth. O
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Integrability of J

This part is devoted to the integrability of J. By the Newlander-Nirenberg
theorem (cf. [KN69]), it suffices to compute the Nijenhuis tensor N; to check
the integrability of J. To perform this calculation, we extend .J to a local section
of End(T'g) and use Proposition 3.2.9.

To formulate Proposition 3.2.9, we introduce the following notation: Let U C R"
be an open subset, X = (x1,...,2,) € C®°(U,R"), and Y € R". We set:

dX(Y) = (dz1(Y),...,dz,(Y)).
Similarly, we set for A = (a;;); j=1,....n € C(U,R"*"):
dA(Y) = (daij(Y))i’j:Lm’n.

Proposition 3.2.9. Let U C R™ be an open subset and A a (1,1)-tensor
on U, ie., Ae C®(U,R*"*™). Then, the Nijenhuis tensor N4 of A is given by:

NA(X,Y) = A[X,Y]dA — [X, Y]dA,A VX,Y S Rn,
where the brackets [-,-]g4 and [-,-]ga,4 are defined by (X,Y € R"):
[X,Y]aa = dAX)Y — dA(Y)X, [X,Y]aan = dA(AX)Y — dA(AY)X

Proof. Let p € U be a point and VW vector fields on U such that
Vip) =V, = X and W(p) = W, = Y. Then, the Nijenhuis tensor Ny
at p is defined as follows:

Nap(X,Y) = —AJ[V, W], + A, ([AV, W], + [V, AW],) — [AV, AW],. (3.6)
The Lie bracket of two vector fields on U is given by:
[V, W] =dW (V) —dV(W).
Hence, we obtain by applying the product rule:

[V, w]
[AV, W], = dW,(ApX) — ApdVy(Y) — dA, (V)X
[V, AW], = A,dW,(X) — dV,(4,Y) + dA,(X)Y,
[AV, AW), = dA, (A, X)Y + AydW, (A, X) — dA,(A,Y)X — AydV,(A,Y).

p = dWp(X) = dV,(Y),

Inserting these equations into Equation (3.6) finishes the proof. O

Proposition 3.2.9 allows us to compute N4 of a (1, 1)-tensor A whose underlying
manifold is a vector space. However, the almost complex structure J is not
defined on a vector space, but only on an immersed submanifold. We can
circumvent this problem by locally extending J:

Definition 3.2.10 (Local continuation). Let M, N be two smooth manifolds
and f: M — N an immersion. Further, let g be a function, X a vector field,
and A a (1,1)-tensor on M. Then, § (X, A) is a local continuation of g (X
A) with respect to the immersion f : M — N if there exist non-empty open
subsets U C M and V C N such that f(U) C V and...
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e ...Jis a function on V satisfying g o f(p) = g(p) for all p € U,

e ... X is a vector field on V satisfying X (f(p)) = df,X (p) for all p € U,

o ... Aisa (1,1)-tensor on V satisfying Af(p) odf, =dfp,o A, forall peU.
Local continuations of general tensors are defined analogously.

Remark 3.2.11 (Local continuations always exist). Given any immersion
f: M — N, tensor T on M, and point p € M, we can always find a local
continuation 7' of T" where U from Definition 3.2.10 is a neighborhood of p.
Indeed, any immersion is locally an embedding, i.e., there exists an open neigh-
borhood U of p such that f|y is an embedding. After shrinking U if necessary,
we can assume that f(U) C N completely lies in one submanifold chart. It is
now trivial to extend T in this submanifold chart.

A priori, we do not know how the Nijenhuis tensor of A and its local continuation
A are related. Intuitively, we expect IV ; to be a local continuation of N4. The
next proposition confirms our intuition:

Proposition 3.2.12 (N, is local continuation of N4). Let f: M — N be an
immersion between two manifolds. Further, let A be a (1,1)-tensor on M and
A alocal continuation of A with respect to f. Then, N is a local continuation
of N4 with respect to f. In particular, N4, vanishes if and only if NA,f(p)

vanishes on df, (T, M).

Proof. Proposition 3.2.12 immediately follows from the definition of N4 (cf.
Equation (3.6)) and Proposition 3.2.13. O

Proposition 3.2.13. Let f : M — N be an immersion between two manifolds.
Further, let V, W be vector fields on M and A a (1, 1)-tensor on M with local
continuations V, W, and A, respectively. Then, AV is a local continuation of
AV and [V, W] is a local continuation of [V, W].

Proof. Tt clearly follows from Definition 3.2.10 that AV is a local continua-
tion of AV. Now consider [V,W]. Since the commutator can be computed
locally and every immersion is locally an embedding, we can assume without
loss of generality that M = R™, N = R", and that f is given by the inclusion
R™ «— R™ = R™ x R™™™, If we denote the coordinates of R™ by x1,...,x,, we
can express the vector fields at hand as follows:

V:iviax“ W = iwﬁ%,
i=1 i=1

where the functions v;, w; € C*°(R™) and 0;,w; € C*°(R"™) satisfy:

- {Ui(l‘l,...,.%‘m) fori € {1,...,m},

?A)i(.’L'l,...,l'm,O,...,O
0 else,

wi(x1,...,x,) forie{l,...,m},

wi(xla"~a$mﬂ0""’0)_{0 else



94 CHAPTER 3. KAHLER DUALITY

Thus, [V, W] becomes:

[Vv W] = [f}zazm wjazj} + Z Z [{)Zaﬂcu 'Lbja%']
i,j=1 i=1 j=m+1
D Y 00, w00 )+ Y [6i0a,,100s,].
i=m+1j=1 i,j=m+1
Evaluating the first term on R™ x {0} gives:
m m
Z [ﬁiaxi,wj@wj](xl, ceey Lmy, 0, e ,0) = Z [viax,i,wjaxj](xl, e ,l‘m)
i,j=1 1,5=1

= “/, W](.’Eh...,l‘m).

The remaining terms vanish, since v;, wj, O,v;, and O, w; evaluated on
R™ x {0} C R™ are identically zero for ¢ € {1,...,m} and j € {m+1,...,n}.
Therefore, we have:

(V,W](x1,. .., &m,0,...,0) = [V, W](21,...,2m),
concluding the proof. O

Let us return to the almost complex structure J. Our strategy is to compute
Ny by applying Proposition 3.2.9 to a local continuation J. To do that, we need
to determine the differential d.J. In general, this might be tricky, however, it
becomes much simpler if we chose .J to be G-invariant (cf. Equation (3.5)):

Proposition 3.2.14. Let G be a Lie group with Lie algebra g and skew-
symmetric adjoint orbit O. Further, let J be a local, G-invariant continuation
of J with respect to the immersion O C g. For v € g, define the associated
fundamental vector field as follows:

Xy(w) =X, =—adyv €imad, 2T,0 Ywe O.
Then, the differential d.J is given by:
AdJ (X)) Xy = [u, JuXo] — Ju|u, Xo] Yu,v € gVweO.
Proof. For w € O and u € g, define the curve:
Yuw(t) = Ad(exp(tu))w.

Its derivative at t = 0 is 4y, (0) = X,.
Now consider d.J. The G-invariance of .J implies (v €g):

A d
X)X, = —
de( u) v dt

4
dt|,_,
= [, S Xo] = Ju[u, X, .

Yo () Xv

t=0

{ Ad(exp(tu)) o Ju o Ad(exp(—tu))(Xv)}
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Remark 3.2.15.

(i)

(i)

J possesses a local, G-invariant continuation J near any point w € O, be-
cause J itself is G-invariant (cf. Proposition 3.2.8). J can be constructed
using the orbit slice theorem (cf. Theorem I.2.1 in [Aud04]).

Of course, the differential d.J depends on the chosen continuation .J. How-
ever, the Nijenhuis tensor N; |1, 0x1,0 obtained from d.J via Proposi-
tion 3.2.9 is independent of the choice of J (cf. Proposition 3.2.12). In
light of this observation, we drop the hat symbol from now on and denote
both J and J simply by J. It is clear from the context whether we mean
the almost complex structure or the local continuation.

Let us now use Proposition 3.2.9 and 3.2.14 to compute the Nijenhuis tensor.

Since we have the decomposition 7,0 = imad,, = P

>0 By 1t suffices to

evaluate Ny on the spaces F,. We find:

Proposition 3.2.16. Let G be a Lie group with Lie algebra g and skew-
symmetric adjoint orbit @ C g. Then, the Nijenhuis tensor N; of the almost
complex structure J of O is given by:

N (Xu, Xo) = (A4 1) (Jwlu, o] = [Jwu, v] = [, Jyo] = Jw[Tuwu, Juol)

where w € O, u € Ey,and v € E,,.

Proof. By Proposition 3.2.9, N;,, amounts to:

NJw(Xu, Xo) = Ju {dJ (X)X, — dJo(X,) X, )}
= AT (Ju X)Xy + dJo (Ju X)X

With the help of Proposition 3.2.14, we evaluate the differential d.J,,(X,)X,:

ATy (Xu) Xy = [u, JuwXo] — Juwlu, Xy

A similar expression holds for dJ,,(X,)X,. To compute the remaining differ-
entials in Nj,,, we need to rewrite J,,X,, and J, X, in the form X5 for some
vectors Y € g. By definition of J,,, we have:

1 1
Jowu = —ady,u, Jyv= —ad,v.

A

This implies:

Xy =—adpu=-Nypu = X5 .= -N2u= \u= J,X,,
Xy, =—adypv=—plyv = Xj,,= —,uJiU: po=Jy, X,.

Inserting these identities into the differentials yields:

de(Xu)Xv =M ([ua U] + Jw [uv Jwv]) ’

—dJy (X)) Xy = A ([, v] + Jw[Jwu,v]),
—dJy (Jw X)Xy = — 1 ([T, v] + Jo[Jwtt, Juv])
ATy (JwXo) Xu = = ([u, Jwv] + T [Jwtt, Jyv]) -
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Lastly, we put everything together to find:
Nyw(Xu, Xo) = A+ 1) (Julu, v] = [Jwi, v] = [u, Juv] = Ju[Jwtt, Jyv])

where we used J2s = —s for s = plu, J,v] + A[J,u,v]. This equation is valid,
since s is an element of im ad,,, as one application of Equation (3.2) shows:

plw, Jwv] + AT, v] = [u, ady, v] + [ady, u, v] = ady,[u, v].
O

Proposition 3.2.16 implies that J is integrable. This can be seen by complexi-
fying the Nijenhuis tensor:

Proposition 3.2.17. Let G be a Lie group with Lie algebra g and skew-
symmetric adjoint orbit O C g. Then, the Nijenhuis tensor N; of the almost
complex structure J of O vanishes implying that .J is integrable.

Proof. Complexifying all maps that occur during the computation of N; (ad,,
Jw, [1,-], and so on) allows us to apply Proposition 3.2.16 not only to vectors
u € Ey and v € E,, but also to vectors u € E)c and v € E, c. By Remark
3.2.4, these spaces admit the following decomposition:

Eyc = E,(\I’O) @ E,(\O’l) =E\®E_;\, E,c= E,(f’o) @ E,(P’l) =FE;, ®E_;,.

Now let uM? € E;y, u®V € By, v € B, and Y € E_;, be any
vectors. Exploiting J,,u(? = ju10 | J, 001 = —jy(O1 and similar equations
for v allows us to evaluate the formula in Proposition 3.2.16:

vaw(Xu(l,O),X,U(l,O)) = 2(/\ + ,LL)(Jw — i)[u(l’o), 1}(1’0)], Nva(Xu(o,l),Xv(l,o)) = 0,
NJ,w (Xu(ovl)’Xv(O*l)) = 2()‘ + /J)(Jw + i)[u(o,l)a ’U(OJ)]’ NJ,w (Xu(lvo)va(Ovl)) =0

It remains to be shown:

Jw[u(lvo))v(lvo)] — i[u(lvo)’v(lvo)], Jw[u(071)7v(071)] — _i[u(ovl),v(ovl)].

However, this follows immediately from Equation (3.2):

ad,, [ut? 0] = [ad,, w0 vEO] 4 [0 ad,, o0
= i ), 500
ady [u®D v = [ady, w®Y O] 4+ [uOY ad,, oY)

= —i(A + p) [u @D, D],
O

To conclude the discussion about .J, we collect our results in the following lemma
(cf. Section B in Chapter 8 of [Bes07], in particular Proposition 8.39):

Lemma 3.2.18 (Canonical complex structure). Let G be a Lie group with
Lie algebra g and let O C g be a skew-symmetric adjoint orbit of G. Then,
O C g is an immersed submanifold and carries a canonical G-invariant complex
structure J.
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Symplectic Structure of Coadjoint Orbits

Let us now recall the construction of the Kirillov-Kostant-Souriau form wgks
on coadjoint orbits induced by the natural Poisson structure on g*. Since these
concepts are common knowledge among symplectic geometers, we keep the re-
view brief. For a detailed discussion of Poisson manifolds and the KKS form,
confer any textbook on symplectic geometry, for instance [MR99].

We begin by reviewing basic facts about Poisson manifolds:

Definition 3.2.19. A pair (M, {-,-}) is called Poisson manifold if M is a
smooth manifold and {-,-} : C®(M) x C>*(M) — C*°(M) is a bilinear map
satisfying:

(i) {-,-} is skew-symmetric, i.e., {F,G} = —{G, F'} for F,G € C>(M).
(ii) {-,-} is a derivation:

{FG,H} = F{G,H} + G{F,H} VF,G,H e C®(M).

(iii) {-,-} fulfills the Jacobi identity:

({F,.G},H} + {{H,F},G} + {{G,H},F} =0 VYF,G,H € C*=(M).

Condition (i) and (ii) allow us to rewrite any Poisson bracket {-,-} in terms of
a skew-symmetric bivector field 7 € I' (A2T'M ), namely:

(F,G} = n(dF,dG) YF,G e C=(M). (3.7)

As every cotangent vector is the differential of a function at some point, the
bivector field 7 is unique. Observe that, conversely, every bracket {-, -} defined
via a skew-symmetric bivector field 7 as in Equation (3.7) automatically satis-
fies Condition (i) and (ii) from Definition 3.2.19. Condition (iii) is satisfied if
and only if the Schouten bracket of 7 with itself vanishes, i.e., [r, 7] = 0.
Similar to symplectic manifolds, Poisson manifolds (M, {-,-}) come with a mu-
sical map # : T*M — TM. It is defined by #(«) := t,7. However, # is usually
not an isomorphism. The image of # is a distribution on M whose rank is, in
general, non-constant. By Condition (iii), the distribution im # is involutive.
Thus, the leaves of im # are immersed submanifolds of M due to the general-
ized Frobenius theorem. They also carry a symplectic structure. To see this,
let L C M be a leaf of im# and p € L be a point. The tangent space T, L is
equal to im #,, hence, we can define w € Q2(L) by:

wp(F#p(a), #p(B)) =mp(a, B) Vo, € T;M Vp € M.

w is well-defined, since we have a — o' € ker#, if #,(a) = #,(/) which
implies m,(a, ) = my(a’,-). By construction, w is non-degenerate. Also, one
easily verifies that w is smooth. Furthermore, a straightforward, but tedious
computation reveals that w is closed proving that w is a symplectic form on L.
This gives us the following proposition:

Proposition 3.2.20. Let (M, {-,-}) be a Poisson manifold with induced dis-
tribution im #. Then, im # is involutive and the leaves of im # are immersed
symplectic submanifolds of M.
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Note that the distribution im # coincides with the entire tangent bundle 7'M
if # is an isomorphism. In this case, the leaves of im# are the connected
components of M and the Poisson bracket {-,-} agrees with the Poisson bracket
induced by the symplectic structure on M. In this sense, we can interpret
Poisson manifolds as a generalization of symplectic manifolds.

We now turn our attention to the most classical example of Poisson manifolds:

Proposition 3.2.21. Let (g, [, ]) be a real Lie algebra and g* its dual. Then,
g* carries a canonical Poisson bracket defined by:

{F,G}(a) = a([dFa,dG4)),

where F,G € C*(g*), a € g*, and we use the canonical identifications

Tog" =g =g

Proof. Condition (i) and (ii) of Definition 3.2.19 are easily checked. To verify
Condition (iii), we first note that the Jacobi identity of the Lie bracket [-,]
implies the Jacobi identity of the Poisson bracket {-, -} for linear functions on g*.
Together with Condition (ii), this shows that the Jacobi identity also holds for
polynomials on g*. Now observe that the Jacobi identity only involves nested
Poisson brackets of the form {{F,G}, H} and that such terms only contain
derivatives up to second order. Thus, we can replace the functions on g* by their
second-order Taylor expansion to verify the Jacobi identity. Since these are just
polynomials, the Jacobi identity is fulfilled for all functions on g* concluding
the proof. O

Our next task is to determine the symplectic leaves of the distribution induced
by the Poisson structure on g*. To do so, we first need to compute the musical
map #. As {F,G}(a) only depends on the differentials dF,, and dG,, it suffices
to evaluate the Poisson bracket only for linear functions on g* in order to calcu-
late #. For v € g, we define the linear function F, € C*(g*) by F,(a) = a(v).
Then:

{Fy, Fy}(a) = a(jv,w]) VYv,w e gVa e g™
Hence, the musical map #, : 9= 1T}g* — g* = T,g* amounts to:
#o(v) =aoad, = —ad}(a) =ad” (o) Vv e g.

Now assume that g is the Lie algebra of a Lie group G. The Lie group G acts
on its dual Lie algebra g* by the coadjoint representation, i.e.:

Ad*(g)a:=aoAd(g™!) Vge GVa € g*.
We now associate a fundamental vector field X on g* to every vector v € g:

X (a) = % Ad*(exp(tv))a = —aoad, = ad}(a) Va € g*.

v
t=0
Similar to the adjoint case, the fundamental vector fields X, span the tangent
spaces of the coadjoint orbits of G. Moreover, the last equations reveal that
#(v) is the fundamental vector field X* . Hence, the distribution im # consists
of the tangent spaces of the coadjoint orbits and its symplectic leaves are the
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connected components of the coadjoint orbits. The symplectic form on the
leaves is called the Kirillov-Kostant-Souriau form wgks. On a coadjoint
orbit O* C g*, it is given by:

WKKS,o( X (@), Xp (@) = a(jv,w]) VYo e O Vo,w € g, (3.8)

where we identify T,,O* with the span of the fundamental vector fields.
Before we conclude this subsection, we quickly observe that wkkg is G-invariant:

WKKS,Ad*(g)o (Ad"(g)(ady @), Ad™(g) (ad;, @)
= wices Ad- (e (adAag)o(Ad"(9)0), adAq (g, (A" (9)0))
= (Ad*(g)e) ([Ad(g)v, Ad(g)w]) = a (Ad(g~")[Ad(g)v, Ad(g)w])

= a([v, w]) = wkks,o(ad, o, ady, a),

where we used Equation (3.1) to get from line 1 to 2 and from line 3 to 4.
The following lemma summarizes our findings:

Lemma 3.2.22 (Canonical symplectic structure). Let G be a Lie group with
dual Lie algebra g* and let O* C g* be a coadjoint orbit of G. Then,
O* C g* is an immersed submanifold and carries a canonical G-invariant sym-
plectic structure given by the Kirillov-Kostant-Souriau form wgks.

Semi-Kéihler Structure of (Co)Adjoint Orbits

The main goal of Section 3.2 and especially this subsection is to construct semi-
Kahler structures on (co)adjoint orbits. Simply put, a semi-Kéhler manifold is
a Kédhler manifold whose Kéhler metric does not need to be positive definite (cf.
Appendix C for details):

Definition 3.2.23 (Semi-K&hler manifolds). A pre-semi-Kéhler manifold is
a triple (M,w, J) where M?" is a smooth manifold and the tensors w € Q%(M)
and J € I'End(T'M) satisfy:

(i) w is non-degenerate, i.e., w; # 0 for all p € M,
(ii) J is an almost complex structure, i.e., Jg = —idg,n for all p € M,
(ili) w and J are compatible in the sense that w(J-,J-) = w.

We drop the prefix “pre” if w is closed and J is integrable, i.e., if (M, w,J)
satisfies the integrability conditions dw = 0 and N; = 0.

We drop the prefix “semi” if the semi-Riemannian metric g := w(-, J-) is positive
definite.

We are now ready to formulate the central theorem of Section 3.2:

Theorem 3.2.24 (Semi-Kéhler structures on (co)adjoint orbits). Let G be a Lie
group with Lie algebra g, dual Lie algebra g*, and Ad-invariant, non-degenerate
scalar product (-,-) on g. Further, let O C g be a skew-symmetric adjoint orbit
of G. Then, O C g is an immersed submanifold and carries a G-invariant semi-
Kahler structure. Its complex structure J is the canonical complex structure
on skew-symmetric adjoint orbits. If we identify O via (-,-) with the coadjoint
orbit O* C g*, its symplectic form becomes the Kirillov-Kostant-Souriau form
wkks. Moreover, O is Kahler if (-, -) is positive definite.
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We have already investigated the complex structure on skew-symmetric adjoint
orbits and the symplectic structure on coadjoint orbits. The only missing ingre-
dient for Theorem 3.2.24 is the relation between adjoint and coadjoint orbits.
In our setup, we link adjoint and coadjoint orbits by an Ad-invariant, non-
degenerate scalar product (-,-) (cf. Section 3.1, in particular Definition 3.1.6
and Equation (3.3)):

Proposition 3.2.25 (O = O* via (-,-)). Let G be a Lie group with Lie
algebra g and dual Lie algebra g*. Further, let (-,-) : g x g — R be an Ad-
invariant, non-degenerate scalar product, i.e.:

(Ad(g)v, Ad(g)w) = (v,w) Vge GYv,w € g.

Then, the map b : g — g*, w — (w,-) restricts to an Ad-Ad*-equivariant
diffeomorphism from adjoint to coadjoint orbits.

Proof. Clearly, the map b : g — g* is a diffeomorphism. Ad-invariance of (-, -)
implies Ad-Ad*-equivariance of b:

boAd(g) = Ad*(g)ob Vg € G.

Now let O C g be an adjoint orbit of G and w € O a point. Denote the
coadjoint orbit through b(w) by O* C g*. Since bis Ad-Ad*-equivariant, we have
b(O) C O* and b=1(O*) C O. This implies b(O) = O*. As O C g and O* C g*
are immersed submanifolds, the maps blo : O — O* and b~ }p- : O* — O are
smooth and, hence, diffeomorphisms. O

Remark 3.2.26. The Ad-invariance of (-,-) directly infers the skew-symmetry
of ad,, with respect to (-,-) (cf. Equation (3.4)):

(ady u,v) = — (u,ady, v)  Yu,v,w € g.

A consequence of this observation is that every element w € g is skew-symmetric
if (-,-) is positive definite (cf. the beginning of Section 3.2, in particular Defi-
nition 3.2.1). However, this relation breaks down for indefinite scalar products.
As a counterexample, consider the Minkowskian metric (-,-) on R? given by
. . . 1 .
(ej,ex) = (015 — 025)0;% in standard basis and the matrix A = (1) 0l Ais
skew-symmetric with respect to (-, -), nevertheless, the eigenvalues of A are +1

and, thus, real.

To obtain a semi-Ké&hler structure, we can use (-,-) to either transfer J from O
to O* or pull back wkks on O* to O. The two semi-Kéahler manifolds found this
way are isomorphic which is why we focus our attention on the adjoint orbit O
for the remainder of Section 3.2. Pulling back wkks to O yields the form w:

Proposition 3.2.27. Let G be a Lie group with Lie algebra g and Ad-invariant,
non-degenerate scalar product (-,-) on g. Further, let O C g be an adjoint orbit
of G. Then, the symplectic form w = b*wkkg on O is given by

Wy (X (w), Xy (w)) = (w, [u,v]) Yw € OVu,v € g,

where b is the musical map induced by (-,-) and X, (w) := ad, w.
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Proof. The skew-symmetry of ad, implies:
b( Xy (w)) = (ady w, ) = — (w, ad,, ) = ad}, b(w) = X (b(w)) Yu,w € g.
Thus, we obtain:
W (Xu(w), Xo(w)) = wrks,pw) (0(Xu(w)), b( Xy (w)))

(w))
= WKKS,b(w) (Xy (b(w)), X7 (b(w)))
= b(w) ([u, v]) = (w, [u,v]) .

We now have all tools at hand to prove Theorem 3.2.24:

Proof of Theorem 3.2.24. We only need to show the w-compatibility of J and,
for positive definite (,-), the positive definiteness of g := w(-, J-).

w=w(J-,J-) is equivalent to w(J-,-) = —w(-,J-). To verify the last equation,
we evaluate w,, (Jy Xy, Xy). Since w € O is skew-symmetric, g decomposes into
ker ad,, and the spaces E,, for u > 0. If u or v is an element of ker ad,,, we have:

ww(JwXu;Xv) =0= _Ww(X'm Jva)~

Let us now assume u € £y and v € E,. As in the proof of Proposition 3.2.16,
we have J, X, = X, u, thus:

ww(JwXu; Xv) = Wy (Xqua Xv) = <U}, [quv U]> . (39)
Next, consider the expression:
Suw = [Juwlt, V] + [u, Jyv].

We want to show that s, , lies in imad,,. To achieve that, we distinguish two
cases: If A = p, we find:

1 1
Suw = — (lady u, v] + |u,ady, v]) = — ady, |u, v],
u([ ]+ ) p [u,v]

where we exploited Equation (3.2). If A # p, we first note that it suffices to
prove [Ey, E,] C imad,, in order to show s, , € imad,, since J,(Ex) C Ex
and J,,(E,) C E,. To show [E\, E,] C imad,,, we recall the decomposition:

Exc=FEx®FE_ i\, E,c=FydE 4.
Exploiting Equation (3.2) now yields:
ady [u, v] = [ady u, v] + [u, ady, v] = i(A + p)[u,v] Vu € EjnVo € By,

implying that [E;y, Ey,] is zero or contained in the eigenspace Ej;yi,). In
both cases, [Ejx, F;,] is a subset of imad,,. Similarly, one can show that
[E_ix, Eiply [Bix, E—;y), and [E_;5, E_;,] are subspaces of im ad,,. This proves
[Ex, E,] C imad,, and, therefore, s, , € imad,,.

We can infer from s, , € imad,, that w and s, , are orthogonal:

(w,ady &) = —(ady w,§) =0 VE € g,
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where we employed Equation (3.4). (w, sy,,) = 0 implies:
(w, [T, v]) = — (w, [u, J,yv])
Combining the last equation with Equation (3.9) yields:

Wy (S Xy Xo) = (w, [Jpu, v]) = — (w, [u, Jyv])
- _ww(XuaJva)

showing the w-compatibility of J.
If (-,-) is positive definite, (O, w, J) is even a Kéhler manifold. To see that, we
first rewrite w:

Way (X, Xyp) = (w, [u, v]) = (w,ad, v) = (ad, w, —v) = (X, —v) VYu,v € g.
We can now express g := w(-,.J-) as:

gw(Xquv) = ww(Xuv Jva) = Ww(XquJwv)

Xu, X
:<Xv;_Jw’U>:M
"

Vu € gVv € E,,.

Since g,, is symmetric, the last equation shows that the spaces £, are orthogonal
with respect to g, and that, restricted to E,, pg, coincides with (-,-). In
particular, g, is positive definite if (-,-) is positive definite. O

Remark 3.2.28. The signature of g,, is determined by the signature of (-, -)
restricted to imad,,, as the previous proof shows. In general, (-,-) does not
need to be positive definite on im ad,,. This occurs, for example, in the case of
complex reductive groups (cf. Section 3.3).

Before we end the discussion of semi-Kahler structures on (co)adjoint orbits, we
add some comments regarding the uniqueness of those structures. In [Bes07],
it is shown that every G-invariant, closed two-form on an adjoint orbit O of a
compact Lie group G is the image of an Ad-equivariant map'® s : O — g by
transgression and vice versa. This means that the set of G-invariant, closed
two-forms is equal to the set of forms w, defined as follows:

Wew(Xu, Xo) = (s(w), [u,v]) Ywe O Vu,v € g,

where (-,-) is a fixed, Ad-invariant, positive definite scalar product and s is a
map from O to g satisfying s(Ad(g)w) = Ad(g)s(w) for all g € G and w € O.
Furthermore, it is proven in [Bes07] that every form wy is compatible with the
canonical complex structure J in the sense that the equation wg(J-, J-) = wy
holds. If s is chosen such that ws is non-degenerate, (O,ws, J) forms a semi-
Kahler manifold. Tt is Kahler if (ds,,-, -) restricted to im ad,, is positive definite.
This observation follows from a calculation similar to the one at the end of the
proof of Theorem 3.2.24. Simply put, the forms'? w, exhaust all G-invariant

16Note that, in [Bes07], the maps s are denoted by o and assumed to be G-invariant sections
of the vector bundle s — O, where the fiber s,, is the center of ker ad,, for every w € O. As
we will see, every map s : O — g satisfying s(Ad(g)w) = Ad(g)s(w) for all g € G and w € O
automatically fulfills these criteria.

"The form w from Proposition 3.2.27 is the image of the map s(w) := w by transgression.
If w’ is the pullback of wkks with respect to another Ad-invariant scalar product (-,-)’, then

w’ is the image of s = # o b’ by transgression.
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semi-Ké&hler structures on O with complex structure J.

If we allow G to be non-compact and assume that (-, ) is only a non-degenerate,
Ad-invariant scalar product, then the image w; of an Ad-equivariant map
s : O — g is still G-invariant, as one easily checks. One can perform the
same computation as in the compact case (cf. Lemma 8.67 and 8.68 in [Bes07])
to show that w; is also closed. Replacing w with wg in the proof of Theorem
3.2.24 reveals that wy further satisfies w,(J+, J+) = ws. Indeed, the only vital in-
gredient for that proof is s(w) € ker ad,, for all w € 0. This property, however,
is an immediate consequence of the Ad-equivariance of s: Taking the derivative
of Ad(g)s(w) = s(Ad(g)w) with respect to g gives us:

ad, s(w) = ds,(ad, w) Yu € g Vw € O.

For u = w, this yields ad,, s(w) = 0 and, therefore, s(w) € kerad,,. In fact, we
find ad, s(w) = 0 for all u € kerad,, which implies that s(w) lies in the center
5,, of the Lie subalgebra kerad,, C g.

Combining these results, we find that, as in the compact case, (O,ws,J) is
semi-Kéhler if wy is non-degenerate and Kéhler if (ds,,-, -) restricted to imad,,
is positive definite. The only difference between the compact and non-compact
case is that we do not know whether the forms ws exhaust all G-invariant,
closed two-forms and, therefore, all G-invariant semi-K&hler structures on O
with complex structure J. In the compact case, the proof of this fact requires
an in-depth analysis of the root system which may not apply to non-compact
groups.

To conclude this part, we collect our findings in the following theorem:

Theorem 3.2.29 (Uniqueness of G-invariant semi-Ké#hler structures). Let G
be a Lie group with fixed Ad-invariant, non-degenerate scalar product (-,-) on
its Lie algebra g and skew-symmetric adjoint orbit O C g. Further, let J be the
canonical complex structure on O. For any Ad-equivariant map s : O — g, the
image ws of s by transgression, i.e.

Ws,w(Xquv) = <S(U)), [uva Vw € O Vu,v € g,

is a closed, G-invariant two-form on O. (O, ws, J) is a semi-Kéhler manifold if
ws is non-degenerate and a K&hler manifold if (ds,,,-) restricted to imad,, is
positive definite. If G is compact, the forms wy exhaust all closed, G-invariant
two-forms and all G-invariant semi-K&hler structures on O with complex struc-
ture J.

Application: Compact Lie Groups

In the last subsection of Section 3.2, we cross-check our construction against
[Bes07] by applying Theorem 3.2.24 to compact Lie groups. Our goal is to
prove the following theorem (cf. [Bes07]):

Theorem 3.2.30 (Kéhler structures on (co)adjoint orbits). Let G be a compact
Lie group with Lie algebra g and dual Lie algebra g*. Further, let O C g be
an adjoint orbit of G and O* C g* a coadjoint orbit of G. Then, O C g and
O* C g* are embedded submanifolds and carry G-invariant Kahler structures.
The complex structure of O and the symplectic structure of O* are the canonical
ones of adjoint and coadjoint orbits, respectively.
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Proof. To obtain Theorem 3.2.30 from Theorem 3.2.24, we need to answer the
following questions for compact Lie groups:

1. Why are all (co)adjoint orbits embedded submanifolds?

2. Why are all adjoint orbits skew-symmetric?

3. Why does the Lie algebra always admit an Ad-invariant metric?

4. Why are the orbits not only semi-Kéhler, but also K&hler manifolds?

The first question is pretty easy to answer: By Lemma 3.1.13, the maps
G/Gyw, — 8, 9] — Ad(g)wy and G/G,, — g*, [g] — Ad"(g)ag are injec-
tive immersions with image O and O*, respectively. Since G is compact, the
quotients G/G,, and G/G,, are compact as well. Thus, the maps G/G,,, — g
and G/G,, — g* are proper. It is a standard result from differential geometry
that proper injective immersions are embeddings answering the first question.

The remaining questions can be answered all at once: By Remark 3.2.26 and
Theorem 3.2.24, the existence of an Ad-invariant, positive definite scalar prod-
uct (-, ) guarantees that every orbit is skew-symmetric and that the associated
semi-Kéhler structure is K&hler. The existence of (-, -) is ensured by Proposition
3.2.31. O

To construct the desired scalar product, we use a standard trick from repre-
sentation theory. We turn any positive definite scalar product on g into an
Ad-invariant scalar product by averaging over G:

Proposition 3.2.31. Let G be a compact Lie group with Lie algebra g and
positive definite scalar product (-,-) on g. Then, the averaged scalar product
(-, ) defined by

() = o [ (Al Ad(9)0) ducly) Vuv e g

G

is an Ad-invariant, positive definite scalar product on g, where dug is the Haar
measure on GG and vol G is the volume of G with respect to the Haar measure.

Proof. (-,-) is clearly a positive definite scalar product. We only need to check
that (-, ) is Ad-invariant. We compute:

(Ad(g)u, Ad(g)v) ¢ (Ad(g'g)u, Ad(g'g)v) duc(g')

G
I [ (Adh) Ad(1)o) duc(hg ™)
G
[ (. Adwye) duc(hy
G

=(u,v); Vg€ GVu,veg,

where we set h = ¢’¢g and used the fact that the Haar measure on a compact
Lie group is right invariant. O
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3.3 Holomorphic Semi-Kéahler Structure of Com-
plex Coadjoint Orbits

As demonstrated in Section 3.2, the skew-symmetric orbits of a Lie group G
admitting a bi-invariant metric carry G-invariant semi-Kéahler structures. The
goal of this section is to show that the semi-Kahler structures are even holomor-
phic!® if G is a complex Lie group. We especially investigate the situation where
G is the complexification of a real Lie group Gg with bi-invariant metric and
skew-symmetric orbit. In this case, the holomorphic semi-Kéahler structure nat-
urally comes with a real structure'® whose real form consists of skew-symmetric
orbits of Gg. Examples of such G include complex reductive groups, i.e., com-
plex Lie groups with compact real forms.

Section 3.3 is split up into three parts: The first part offers a short explanation
of the most important objects we use throughout the section, particularly holo-
morphic semi-Kéahler structures and complex Lie groups. In the second part, we
construct holomorphic semi-Ké&hler structures on skew-symmetric orbits of com-
plex Lie groups G admitting a bi-invariant metric (Theorem 3.3.4 and Corollary
3.3.7). Lastly, we consider the special case of G being the complexification of a
real group Gr (Theorem 3.3.11 and Corollary 3.3.13) and apply the results to
complex reductive groups (Corollary 3.3.14).

Preliminaries

This subsection introduces the concepts relevant to Section 3.3, especially holo-
morphic semi-Kéhler manifolds and complex Lie groups. A detailed account of
these notions can be found in Appendix C and Appendix H.

Let us begin with holomorphic semi-K&hler manifolds:

Definition 3.3.1 (Holomorphic semi-Kéahler manifolds). A complexified pre-
semi-Kihler manifold is a collection (X,w,J, I) where X*" is a smooth man-
ifold and the tensors w € Q?(X) and I, J € I' End(TX) satisfy:

(i) (X,w,J) is a pre-semi-K&hler manifold,
(ii) I is an almost complex structure, i.e., Ig = —idp,x for all p € X,
(iii) I is anticompatible with w and commutes with .J:
w(l,I)=—-w and IJ=JI.
We say that (X, w, J, I) is holomorphic instead of complexified if T is integrable

and Q == w — iw(I-,-) as well as J viewed as a section® of End(T\"? X) is
holomorphic. We drop the prefix “pre” if (X,w, J) is semi-Kahler.

Here, the prefix “semi” has a slightly different meaning than for semi-Kéahler
manifolds. To give a precise explanation, we first need to define real structures?!
on holomorphic semi-K#hler manifolds:

18Confer Definition 3.3.1 or Appendix C.

9Confer Definition 3.3.2 or Appendix C.

20Here, the subscript indicates that the decomposition T X = T X @ 70D X is under-
stood with respect to I.

21The general notion of real structures on complex manifolds is discussed in Appendix A.
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Definition 3.3.2 (Real structure of K&hler manifolds). Let (X,w,J,I) be a
complexified pre-semi-K#hler manifold. A real structure o on (X,w,J,I)is a
smooth involution on X satisfying:

(i) o preserves w, i.e., 0 w = w,
(ii) o is J-holomorphic, i.e., Jodo = do o J,
(iii) o is I-antiholomorphic, i.e., [ odo = —do o I.

The fixed point set M := Fix o is called real form. M is nice if it meets every
connected component of X. We drop the prefix “semi” if g := w(-, J-) restricts
to a Riemannian metric on a non-empty real form M.

As the name suggests, the real form M of a complexified pre-semi-Kéahler
manifold X is a pre-semi-Kéhler manifold (cf. Appendix C). Per definition,
M is pre-Kéhler if and only if X is a complexified pre-Kahler manifold.

Next, we introduce the concept of complex Lie groups: A complex Lie group is
a Lie group equipped with a complex structure such that the group operations
(left and right multiplication as well as inversion) are holomorphic. It turns
out that all constructions and results from Section 3.1 “adapt properly to the
complex setup”. The associated geometrical objects (Lie algebra, (co)tangent
bundle, (co)adjoint orbit, and so on) naturally inherit a complex structure from
the underlying complex Lie group. The maps constructed in Section 3.1 are com-
patible with these complex structures in a suitable sense, for instance the Lie
bracket [-,-] is C-bilinear, the exponential map exp is holomorphic, the adjoint
action Ad(g) commutes with the complex structure on g and is holomorphic in
g, and so on.

Similar to Kdhler manifolds, Lie groups may also possess real structures:

Definition 3.3.3 (Real structure of Lie groups). Let G be a complex Lie group.
A real structure on G is an antiholomorphic involution ¢ : G — G which is
also a group homomorphism. Its fixed point set Gg = Fix o is called real form.
We say GR is nice if Gg meets every connected component of GG. In this case,
we call G a complexification of Gg. A complex Lie group is called reductive
if it admits a nice compact real form.

The real form Gg of a complex Lie group G is itself a Lie group with dimension
dimg Gg = dim¢ G (cf. Appendix H). Most real Lie groups Gr admit a spe-
cial kind of complexification, the universal complexification. The universal
complexification G of a Lie group Gg is defined by the universal property that
every Lie group homomorphism f : Gg — H into a complex Lie group H can
be uniquely extended to a complex Lie group homomorphism F : G — H. As
a universal object, G is unique up to isomorphisms. It is a well-established
fact that every compact Lie group Gg possesses a universal complexification G
constructed via the polar decomposition (cf. [Bum04] and Lemma 3.4.19).

Holomorphic Semi-Kihler structure of (Co)Adjoint Orbits

The main goal of this part is to show Theorem 3.3.4 which states that the semi-
Kahler structures on adjoint orbits of complex Lie groups are holomorphic:
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Theorem 3.3.4 (Holomorphic semi-Kéhler structure on adjoint orbits). Let
G be a Lie group that satisfies the conditions of Theorem 3.2.24, i.e., G ad-
mits a bi-invariant semi-Riemannian metric and a skew-symmetric adjoint orbit
O C g. Denote the G-invariant semi-Kahler structure on O from Theorem 3.2.24
by (O,w,J). If G is a complex Lie group with complex structure I, then
(O,w, J, 1.)?? is a G-invariant holomorphic semi-Kéhler manifold.

Remark 3.3.5. Of course, a similar result holds for suitable coadjoint orbits.

Proof. Evaluating the complex structure I of G at the neutral element e € G
gives us a complex structure on the Lie algebra (g,[-,-]). Restricting I. to
imad,, & T,O allows us to view I, as a section of End(T Q). Clearly, this
section is an almost complex structure on O. As one would expect, I is even a
complex structure, i.e., integrable (cf. Appendix H). Moreover, I, is G-invariant
meaning that it commutes with Ad(g) for every g € G. Thus, we only need to

check three properties: I, and J commute, J viewed as a section of End(TI(:’O)(’))
is holomorphic, and I, is w-anticompatible??,
To verify I.J = J1., we first recall the definition of J:

1
Jwv = —adyv YveE,,
I

where p > 0 is the norm of a complex eigenvalue of ad,, FE, is the space
imad,, N(E;, @ E_;,), and E;,, E_;, are the complex eigenspaces of ad,, with
respect to the eigenvalues iu, —ip, respectively. Since I, turns (g, [,]) into a
complex Lie algebra, we have the following relation:

I.[u,v] = [Leu,v] = [u, I.v] Yu,v € g.

In particular, this means that I, and ad,, commute. Hence, I, maps eigenspaces
of ad,, to eigenspaces of ad,, implying I.(E,) C E,. It is now obvious from the
definition of J,, that I, and J,, also commute.

Next, we need to check that the section J € End(T}j’O)O) is I.-holomorphic.
This is a rather easy task: We simply note that the adjoint action of a complex
Lie group is holomorphic and repeat the proof of Proposition 3.2.8 in the com-
plex category.

Lastly, we have to consider how w and I. interact in order to show
w(le, I.-) = —w. Recall that w is defined as follows:

Wy (X (W), Xp(w)) = (w, [u,v]) Yw € O Vu,v € g,
where X, (w) = — ad,, v and X, (w) = — ad,, v are the fundamental vector fields

associated with u and v, respectively, and (-, -) is the Ad-invariant scalar product
on g determined by the bi-invariant metric on G. We now use the fact that I,

22For the sake of simplicity, we denote the complex structure on @ by I, even though this
is somewhat inaccurate. The precise definition of the complex structure on O is given in
Appendix H and in the proof of Theorem 3.3.4.

23Precisely speaking, we also need to check that Q := w — iw(le-,-) is I.-holomorphic.
However, this is not necessary, since the form Q := w—iw(I-, ) is automatically I-holomorphic
if w is closed, I is integrable, and w is anticompatible with I (cf. Theorem 2.2.16 and Remark
C.15).
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is the complex structure of the complex Lie algebra (g, [, -]):

Wi (LeXu(w), [e Xy(w)) = wo(Xru(w), X1,0(w))
= (w, [Leu, I.v])
= <w’ IeQ[U7 UD = <w7 [u,v])
= —wy (Xu(w), Xo(w)).

This shows w(Ie-, I,-) = —w concluding the proof. O

Let us quickly comment on one surprising fact, namely that the holomorphic
semi-Kahler manifolds (O,w, J, I.) and (O*, wkks, b«J, I}) are isomorphic, even
though b : g — g* is not necessarily holomorphic:

Remark 3.3.6. In Section 3.2, we have stated that the semi-Kéahler structures
on O and OF are isomorphic. The reasoning behind this statement is that
the musical map b : g — g* derived from the scalar product (-,-) gives rise to
diffeomorphisms between adjoint and coadjoint orbits. If G is a complex Lie
group, b : (O,I,) = (O* I¥) is even a biholomorphism. To see this, observe
that the (co)adjoint action is a holomorphic and transitive action on O (O*).
Asb: O — O intertwines adjoint and coadjoint action, it must be holomorphic
as well.

However, this fact does not imply that b : g — g* is holomorphic. Indeed, b is
holomorphic if and only if b satisfies:

b(L.v) = I (b(v)) = b(v) o I Vv e g.

By unfolding the definition of b, we can rephrase the preceding equation as
(Ie-,-) = (-, I.+) or, equivalently, (I.-,I.-) = —(-,-). One has (I.-,I.-) = — (-,
if and only if (-, -) is the real part of a C-bilinear two-form on g.

Nevertheless, not every Ad-invariant scalar product (-, ) is the real part of a C-
bilinear two-form. To construct a counterexample, consider the case G = G’ x H
where G’ is some complex Lie group admitting Ad-invariant scalar products
and H is a complex Abelian Lie group. We obtain a scalar product (-,-) on
g = g @ b by choosing scalar products (-,-), on g’ and (-,-); on h. If (-,-)
is Ad-invariant, then (-,-) is Ad-invariant as well, since (-,-) is automatically
Ad-invariant (the adjoint action of an Abelian group is trivial). However, (:,-)
cannot be the real part of a C-bilinear two-form if (-,-), is not one which is
possible. We will see that (-, -) is naturally the real part of a C-bilinear two-form
if G is a complexification of a real Lie group Gg.

For a real Lie group G, (O,w, J) is not the only semi-Kéhler structure we can
construct on an adjoint orbit O of G. As exemplified in Section 3.2, adjoint
orbits admit a large class of semi-Kihler structures where we simply replace
w in (O,w,J) with the image ws of an Ad-equivariant map s : O — g by
transgression, i.e.:

Wew ( Xy (W), Xy (w)) = (s(w), [u,v]) Ywe O Yu,v € g.

Of course, we immediately ask at this point whether (O, ws, J, I..) is also a holo-
morphic semi-Kéahler manifold for complex Lie groups G. To answer that ques-
tion, we only need to check whether I, is ws-anticompatible. This is obviously
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the case:

Ws,w (e Xu (W), Le Xo(w)) = ws 1 (X1,u(w), X1.0(w))
(s(w), [Leu, Iev])
<S(w)’ Iez[u7 U]> = - <S(w)7 [ua U]>

S _ws,w(Xu(w)7 X”(w))

Thus, we have shown the following corollary:

Corollary 3.3.7. Let GG be a Lie group admitting a bi-invariant semi-Riemannian
metric. Furthermore, let O C g be a skew-symmetric adjoint orbit of G and
s : O — g be an Ad-equivariant map. Moreover, let ws be the closed two-
form induced by s (cf. Theorem 3.2.29). If w, is non-degenerate and G is a
complex Lie group with complex structure I, then (O,ws, J, I.) is a G-invariant
holomorphic semi-Kéahler manifold.

Application: Complex Reductive Groups

Let us now turn our attention to complexifications. We first want to show
Theorem 3.3.11 which, among others, states that G automatically satisfies the
conditions of Theorem 3.3.4 if GG is a complexification of a real Lie group Gg
fulfilling the conditions of Theorem 3.2.24. Afterwards, we consider complex
reductive groups as an example of such G (Corollary 3.3.14).

To prove Theorem 3.3.11, we need to answer two questions:

(1) How does the metric on Gg become a metric on G?
(2) Why are complexifications of skew-symmetric orbits again skew-symmetric?

Proposition 3.3.8 covers the first question, while Proposition 3.3.10 answers the
second one:

Proposition 3.3.8. Let G be a complex Lie group with complex structure 7,
nice? real form Gg C G and Lie algebras gg C g. Further, let (-,-)p be a Gg-
invariant?®, non-degenerate scalar product on gg. Then, there exists a unique
G-invariant, non-degenerate scalar product (-,-) on g which restricts to (-,-)p
on gg, satisfies (I.-, I.-) = — (-,-) and with respect to which the decomposition
g = gr @ I.gr is orthogonal.

Proof. Existence: We define the scalar product (-,-) on g = gr @ I.gr by:
(ur + Teug, vy + Leva) = (uy,v1)g — (U2, v2)p VUi, u2,v1,v2 € gr.  (3.10)

Clearly, (-, -) restricts to (-, -)p on gr and satisfies (I-, I.-) = — (-, ). It is obvious
that the decomposition g = gg @ I.gr is orthogonal with respect to (-, -). Since
(-,-)g is non-degenerate, (-,-) is non-degenerate as well.

It remains to be shown that (-,-) is G-invariant. The Gg-invariance of (-, )y
implies:

(ady u, V)p = — (u,ady, V) Yu,v,w € gr.

24Confer Definition 3.3.3.
25We sometimes say G-invariant instead of Ad-invariant to specify the group with respect
to which the scalar product at hand is preserved.
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Recall that I, commutes with ad,, for every w € g. Thus, we obtain:
(ady u, v) = — (u,ady, v)  Yw € gr Yu,v € g. (3.11)
Next, we note:
adr,pou=—ad, [ow=—-I.,ad, w=I.ad,u Yu,wé€Eg

which implies that Equation (3.11) also holds for w € g = gr ® I.gr. Integrating
Equation (3.11) now gives us:

(Ad(exp(tw))u, Ad(exp(tw))v) = (u,v) Vit € R Vu,v,w € g. (3.12)

Hence, (-,-) is Ad(g)-invariant for group elements ¢ in an open neighborhood of
e. To extend the invariance to all of G, we distinguish two cases:

Case 1: G is connected.

It is a basic fact from Lie group theory that every element g in a connected
Lie group G can written as a product of exponentials:

g = exp(w1) exp(wz) . .. exp(wy).

This decomposition now allows us to repeatedly apply Equation (3.12) to prove
that (-,-) is G-invariant.

Case 2: (@ is not connected.

Denote the connected component of G containing e by Gg and the remain-
ing components by G;. For every component G;, fix one element g; € G;. Then,
we can write every element g € G as g;go, where g; lies in the connected com-
ponent containing g and go is some element in Gg. As we have seen in Case 1,
the scalar product (-,-) is Go-invariant. Therefore, we only need to show that
(+,-) is invariant with respect to the fixed elements g;. For this, we use the fact
that G is a nice real form of G. It implies that Gy intersects every component
G; non-trivially. Hence, we can chose the fixed elements g; to be contained in
Gr N G;. We can directly infer from the definition of (-,-) (together with the
fact that (-,-)p is Gr-invariant and that Ad(g) commutes with I.) that (-, -) is
Gg-invariant. In particular, it is invariant with respect to the fixed elements g;
proving that (-, -) is G-invariant.

Uniqueness: Let (-, -) be a scalar product satisfying the properties specified in
Proposition 3.3.8. The decomposition g = gr & I.gr is orthogonal with respect
to (-, ), thus, we can write:

(ur + Leug, v1 + Leva) = (u1,v1) 4, + (u2,v2); o VUi, uz,v1,02 € gr,
where (-,-),and (,-); . are scalar products on gr.  The relation
({ers L) = —(:,-) enforces (-, ) = — () .. Because (-,-) restricts to (-, )p
on g, the scalar product (-,-) must coincide with (-, -)p. This shows that (-, -)
agrees with scalar product defined by Equation (3.10) finishing the proof. O
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Remark 3.3.9. The scalar product (-, ) from Proposition 3.3.8 is the real part
of the non-degenerate C-bilinear two-form:

(e = () =i (T, )
Consequently, the signature of (-,-) is (n,n) where n = dimg gg.

Regarding the second question, it suffices to show that complexifications of diag-
onalizable linear maps with purely imaginary eigenvalues are also diagonalizable
with purely imaginary eigenvalues:

Proposition 3.3.10. Let V be a real vector space equipped with I € End(V)
satisfying I? = —idy and let Vg C V be a subspace such that V = Vg @ I(VR).
Further, let A € End(V) be a R-linear map such that A(Vg) C Vg,

AI = TA, and A € End(Vg ¢)? is diagonalizable with pairwise distinct eigenval-

. . . Va.c Vac
ues +ip, ..., iy, and eigenspaces Eyy, ..., By, C Vee (1, -, fin > 0).

Then, the complexification A € End(V¢) is also diagonalizable with eigenval-

ues +ipy, ..., Tiu,. The eigenspaces EEMI,...,EEM C Ve of A € End(Vp)
satisfy:
\% WR,c Vk,c .
Ei['iuj :Eiiuj @I(Eisuj) vj € {13777’}

Proof. If v € Vg ¢ is an eigenvector of A € End(Vi,c) w.r.t. the eigenvalue +iy;,
then v, Iv € V¢ are eigenvectors of A € End(V¢) w.r.t. the same eigenvalue:

Av = fipjv = Alv = TAv = Lipjlv.

Combining Proposition 3.3.8 and 3.3.10 now gives us Theorem 3.3.11:

Theorem 3.3.11 (Adjoint orbits of complexifications). Let G be a complex
Lie group with real structure ¢ and nice real form Gg. Further, assume that
GRr admits a bi-invariant semi-Riemannian metric and a skew-symmetric adjoint
orbit Or C gr. Denote the adjoint orbit of G containing Og by O. Then, O
admits a G-invariant holomorphic semi-Kéhler structure given by (O,w, J, I.)
from Theorem 3.3.4 together with a compatible real structure ¥ := do.|o. If
the metric on G is positive definite, (O, w, J, I.) forms with ¥ a holomorphic
Ké&hler manifold.

Remark 3.3.12. Again, a similar result holds for suitable coadjoint orbits.

Proof. First, we check that we can apply Theorem 3.3.4 to G. For this, we need
to find an Ad-invariant scalar product on g and show that the orbit O is skew-
symmetric. By Proposition 3.3.8, the bi-invariant metric on G or, equivalently,
the Ad-invariant scalar product on gg gives rise to a unique Ad-invariant scalar
product on g. To prove that O is skew-symmetric, we first note that O contains
the skew-symmetric orbit O of Ggr. Thus, if we pick an element w € Og C O,
the complexification of ad,, € End(gg) is diagonalizable with purely imaginary
eigenvalues. We can now apply Proposition 3.3.10 to the map ad,, which shows
that the complexification of ad,, € End(g) is also diagonalizable with purely

26We set Vk,c = Vk ®r C. For the sake of simplicity, we also denote the restrictions and
complexifications of A by A.
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imaginary eigenvalues. Hence, O contains a skew-symmetric element making O
itself skew-symmetric. With this, all conditions of Theorem 3.3.4 are satisfied
giving us the holomorphic semi-Kéhler structure (O,w, J, I).

Now consider ¥. In Appendix H, we show that X is a real structure of the
complex manifold (O, I.) with real form O N gg. Thus, we only need to check
that ¥ preserves w and is J-holomorphic in order to prove that X is a real
structure of (O,w, J, I.). Let us first compute the pullback ¥*w:

(50 (X (W), Xo (1)) = () (@50 Xo (1), 450 X, (1))
= Wao,w (doe Xy (w), doe X, (w))
= Wdo.w (Xdo.u(doew), Xao v(docw))
= (do.w, [do.u,do.v])
= (do.w, do.[u,v])
= (w, [u, v])
= wy (Xy(w), Xy(w)) Yw € OVu,v € g,

where (-, -) is the Ad-invariant scalar product on g. To get from Line 2 to 3 and
from Line 4 to 5, we used the fact that do. as the differential of a Lie group
homomorphism is a Lie algebra homomorphism:

doelu,v] = [doeu,doev] Vu,v € g.

To get from Line 5 to 6, we exploited the fact that do. preserves the scalar
product (-, ). To verify this statement, recall that (-, -) is defined in Proposition
3.3.8 as follows:

(ur + Teug, v1 + Teve) = (u1,v1)g — (U2, v2)g Y1, uz,v1,v2 € gr,

where g decomposes into gr ® I.gr and (-, -)p is the Ad-invariant scalar product
on gr. Since do, fixes gr and anticommutes with I, do. acts on gg ® I.gr
as (u1,u2) — (u1,—ug). It is now clear from the definition of (-,-) that do,.
preserves (-, -).

Next, we show that X is J-holomorphic, i.e, that d¥ commutes with J. We
again use the fact that do, is a Lie algebra homomorphism:

d¥y o ady, = do. 0 ady, = adgo,w 0doe = ady () 0dX,, VYw € O.

The last equation states that the differential d¥ commutes with the (1, 1)-tensor
field*” w — ad,,. In particular, d¥ preserves the “eigenbundles” E,, of w — ad,,.
It is now evident from the definition of J,

1
Jw? = ; ad,v Vv € E,V suitable p > 0,

that dX also commutes with J.

Lastly, we discuss the special case of (-,-)p being positive definite. Our goal is
to prove that (O,w, J, I,) forms with ¥ a holomorphic Kéhler manifold in this
case. In Appendix C, we show that the real form of a holomorphic semi-K&hler
manifold is itself a semi-Ké#hler manifold. In our situation, the semi-K&hler
structure on the real form Fix ¥ = O Nggr coincides with the one obtained from
applying Theorem 3.2.24 to Gr. If (-, )y is positive definite, this semi-Kahler
structure is even Kahler concluding the proof. O

27w + ady, is a section of End(T'O) and, therefore, a (1,1)-tensor field.



3.3. HOLOMORPHIC SEMI-KAHLER STRUCTURE 113

Before we discuss complex reductive groups, we want to answer the question
what happens if we replace w in Theorem 3.3.11 with the image ws of an Ad-
equivariant map s : O — g by transgression. We expect that the resulting
holomorphic semi-K&ahler structure is compatible with the real structure 3. In-
deed, the only condition we need to check for this is that ¥ also preserves w;.
By modifying the proof of Theorem 3.3.11, we see that this is the case if s com-
mutes with do.. It is straightforward to verify that the commutation relation
do. o s = sodo, is equivalent to s(O N gr) C gr- The latter statement allows
us to view s as a complexification of the Gg-equivariant map sg = s|ong, into
gr. Together with Theorem 3.2.29, this gives us the following corollary:

Corollary 3.3.13 (Complexifications of transgressions). Let G be a complex
Lie group with real structure ¢ and nice real form Ggr. Further, assume that
GRr admits a bi-invariant semi-Riemannian metric and a skew-symmetric adjoint
orbit Or C gr. Denote the adjoint orbit of G containing Or by O. Now let
s : O — g be an Ad-equivariant map satisfying s(O N gr) C gr. If w, from
Theorem 3.2.29 is non-degenerate, then (O, ws, J, I.) is a G-invariant holomor-
phic semi-Kéhler manifold compatible with the real structure ¥ = do.|p. If
(dsg,w+, ) restricted to imad,, is positive definite, (O,ws, J, I.) forms with 3
a holomorphic Kéhler manifold.

Let us now apply Theorem 3.3.11 to complex reductive groups, i.e. complex Lie
groups with nice compact real form:

Corollary 3.3.14 ((Co)Adjoint orbits of complex reductive groups). Let G be
a complex reductive group with real form G, Lie algebras gr C g, and dual Lie
algebras®® gi C g*. Further, let O C g be an adjoint orbit of G and O* C g*
a coadjoint orbit of G such that O Ngr # 0 # O* N gi. Then, O and O*
carry G-invariant holomorphic Kéahler structures. The first complex structure
(J) of O and the symplectic structure of O* are the canonical ones of adjoint
and coadjoint orbits, respectively. The second complex structure (I) of @ and
O* is the canonical one induced by the complex structure of G.

Proof. 1t suffices to show that the conditions of Theorem 3.3.11 are satisfied,
i.e., that...

(i) ...Gr admits a bi-invariant Riemannian metric,
(ii) ... O (O*) contains a skew-symmetric?® orbit of Gg.

Condition (i): In Section 3.2, we have shown that every compact Lie group

admits a bi-invariant Riemannian metric (cf. Proposition 3.2.31), so this also

holds for the compact group Gg.

Condition (ii): As O (O*) intersects gr (gy) non-trivially, O (O*) contains

an orbit of the compact group Gr. We have shown in Section 3.2 that every

(co)adjoint orbit of a compact Lie group is skew-symmetric concluding the proof.
O

Remark 3.3.15. Obviously, Corollary 3.3.14 is still true if we replace the sym-
plectic form w by the image w; of an Ad-equivariant map s : O — g by trans-
gression where s satisfies s(O Ngr) C gr (cf. Corollary 3.3.13).

289% is the space of all linear maps g = gr @ legr — R that vanish on I.gg.

29VWe say a coadjoint orbit is skew-symmetric if it is isomorphic to a skew-symmetric adjoint
orbit via an Ad-invariant scalar product.
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3.4 Kahler Duality

It is known since the 90s that coadjoint orbits of semisimple complex reductive
groups G are not only Kéhlerian, but also admit the structure of a Hyperkihler
manifold®®. As in the Kihler case, the Hyperkihler structure is not unique and
depends on certain choices®'. The existence of these Hyperkihler structures
is remarkable, especially because their underlying orbits also possess a family
of holomorphic Kéhler structures, as we have seen in Section 3.3. If a space
admits a family of both Hyperkihler and holomorphic K&hler structures in a
somewhat natural way, we say this space exhibits Kédhler duality. In that
regard, coadjoint orbits are an example of Kahler duality.

If we encounter such a rich and powerful structure like Kahler duality, we are
naturally drawn to the question whether this structure is just coincidental or
originates from some deeper and hidden theory. We conjecture that the Kahler
duality of coadjoint orbits can be traced back to double cotangent bundles.
Precisely speaking, we claim that double cotangent bundles admit a family of
Hyperkihler and holomorphic Kahler structures and that, for Lie groups, these
Kahler structures become, via a suitable reduction process (cf. Appendix J),
the previously mentioned Kéahler structures on coadjoint orbits.

The main goal of Section 3.4 is to construct the two different kinds of Kahler
structures on double cotangent bundles. The following diagram illustrates the
idea behind the procedure:

Hyperk. (T* M, gr-pr) 22228 (T*(T* M), —wean, % Jgre s, T )
(M, g)
Co
Holo. K. °n (T M, ge) (T*(T* M), —wean, $3Jge, T* )

Stenzel

Our construction is based on Stenzel’s theorem (cf. Theorem 3.4.6) which states
that the cotangent bundle T*M of a Riemannian manifold (M,g¢) admits a
canonical Kéhler structure (T M, —wecan, J4). Here, J; is the complex structure
adapted to g (cf. Definition 3.4.1). As shown in the diagram above, the plan is
to apply Stenzel’s theorem to two natural metrics on 7*M: One is the Kihler
metric gy« pm = —Wean (", Jg-) coming from Stenzel’s theorem, the other metric gc
is the complexification of g. For this idea to work, the complex structures Jj..,,
and Jy, need to be twisted with diffeomorphisms ¢, ¢o : T*(T* M) — T*(T*M)
to ensure the right commutation relations (cf. Conjecture 3.4.9).

Section 3.4 is divided into four subsections: First, we summarize the history of

30Here, a complex reductive group G denotes the universal complexification of its compact
real form Gg (cf. Definition 3.3.3 and the remarks afterwards). The Hyperkihler structures
on coadjoint orbits were first discovered by Kronheimer (cf. [Kro90]) and later generalized by
Kovalev (cf. [Kov96]). A sketch of their construction can be found in Appendix I.

31These dependencies include the choice of a triple (71,72, 73) of Lie algebra elements and
the choice of a homomorphism p (cf. [Kro90] and [Kov96] for details on (71,72, 73) and p). To
the best of the author’s knowledge, the Hyperkdhler structures in question should also depend
on the choice of an Ad-invariant scalar product (-, )p, as explained in Appendix I. However,
this dependence is nowhere explicitly mentioned.
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Kéhler structures on cotangent bundles. The purpose of this part is to provide
historical context and explain which results are already known. Afterwards,
we prove Stenzel’s theorem. During this process, we introduce the notion of
adapted complex structures. In the third subsection, we discuss the main re-
sult of Section 3.4: We show — barring a complete proof for the commutation
relations (cf. Conjecture 3.4.9) — that double cotangent bundles exhibit Kéhler
duality (cf. Theorem 3.4.13). Lastly, we apply Theorem 3.4.13 to compact Lie
groups M = Gr with bi-invariant metrics g resulting in a family of Hyperkéhler
and holomorphic Kahler structures on T*G, where G is the universal complex-
ification of Gg (cf. Theorem 3.4.21). We conjecture that one can reduce these
structures to similar structures on coadjoint orbits of G (cf. Conjecture 3.4.22
and Appendix J).

Historical Background

Our story begins in the late 80s when Matthew B. Stenzel started working
on his PhD thesis under the supervision of his advisor Victor W. Guillemin.
They tackled the question whether the cotangent bundle T* M of a real-analytic
Riemannian manifold (M, g) admits a unique complex structure J, such that
(T*M, —Wean = —dMean)>? becomes a Kéhler manifold with Kéhler potential
Ug(a) == g*(o, ), where g* is the metric dual to g. It was known at that
time that every real-analytic manifold M can be embedded3? as a totally real
submanifold (cf. Appendix A) into a complex manifold X and that one can
choose X to be the cotangent bundle of M, where the real structure on 7*M
is just the fiberwise inversion o(a) := —a. However, the choice X = T*M does
not fix the complex structure on T*M. In fact, there are many complex struc-
tures on 7% M, some of which even turn (7" M, —wean) into a Ké&hler manifold
(cf. [Ste90]). The idea of Stenzel and Guillemin was to single out one complex
structure J, by fixing the Kéhler potential to be U,. When Stenzel handed in
his thesis in 1990, he was only able to give a formal solution to this problem
in terms of a power series. Even though this series implies uniqueness of J, if
it exists and Stenzel could show existence of J, for a plethora of examples, he
was unable to prove convergence of the power series for all cases in his thesis
(cf. [Ste90]). About one year later, Stenzel and Guillemin published a paper
(cf. [GS91]) in which they found a complete answer to the problem at hand:
Abandoning the power series®*, they reduced the construction of .J, to a Monge-
Ampére problem and solved the Monge-Ampére equation by using the distance
function on M induced by g and ideas of Dan Burns (cf. [Bur82]).

Independently of Stenzel and Guillemin, Laszlo6 Lempert and Roébert Széke
found a different way to define and construct J, (cf. [LS91] and [Sz§91]). Ini-

32Throughou‘c Section 3.4, we always have this inconvenient minus sign in front of wcan.
There are two ways to get rid of it: One can either change the definition of the Kahler metric
(9 = w(J+,") instead of g = w(-,J-)) or pick a different sign convention for wcan. In light
of Appendix J, where we see that (T*G,wcan) reduces to (O*, —wkks), changing the sign
convention for wean might be the more natural choice. Still, we do not change the conventions
to keep the notation consistent with Chapter 2.

33This is the famous Bruhat-Whitney embedding theorem (cf. [WB59]).

34Tn [GS91], Guillemin and Stenzel claim that they found a “long and complicated proof”
for the convergence of the power series. However, they never published the proof, because,
as they state, their “efforts were completely misguided”: The other approach is much simpler
and implicitly contained in [Bur82], but they lacked “the perspecality to notice so earlier”.
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tially, they set out to study the question to what extent global conditions de-
termine the solutions of the Monge-Ampére equation. In their setup, Lempert
and SzGke were able to reduce this question to the problem of finding complex
structures adapted to a metric g. As it turns out, the complex structure J,
adapted to g is unique and coincides with the complex structure constructed
by Stenzel and Guillemin (cf. [Sz691]). Later on, Roger Bielawski and, inde-
pendently, Sz6ke realized that adapted complex structures can also be defined
for semi-Riemannian®> manifolds (M, g) and even Koszul manifolds (M, V), i.e.,
manifolds with connections (cf. [Bie03] and [Sz604]).

Shortly after the works of Guillemin-Stenzel and Lempert-Széke, people started
to wonder what kind of geometry 7™M has if the semi-Riemannian manifold
(M, g) admits additional structures. Dmitry Kaledin (1997) and, independently,
Birte Feix (in her PhD thesis, handed in in 1999) investigated the case where
M is a K&hler manifold. Each with their own method, they were able to show
that T* M carries a Hyperkéhler structure in this scenario: Kaledin used Hodge
manifold theory (cf. [Kal97]), while Feix employed a twistor construction (cf.
[Fei01]). A couple of years later, Bielawski discovered a similar result, namely
a Hyperkihler structure on double cotangent bundles. As Bielawski points out
(cf. [Bie03]), his construction is a special case of Kaledin’s and Feix’s theorem
where the Kdhler manifold M is chosen to be a cotangent bundle equipped with
Stenzel’s Kahler structure.

Also around the turn of the millennium, Ralph Bremigan examined the geome-
try of cotangent bundles of semisimple Lie groups M = Ggr equipped with the
Killing form K as their metric (cf. [Bre00]). The Kahler structure he found
on T*Gg agrees with Stenzel’s one (cf. the end of Section 3.4) and is invariant
under both left and right translations.

Adapted Complex Structures

In this subsection, we introduce the notion of an adapted complex structure and
work out its most important properties following [Bie03] and [Sz504]. We utilize
these structures to formulate and prove Stenzel’s theorem (cf. Theorem 3.4.6).
The main result of this subsection are the commutation relations which we can
only show on the zero section and for flat g (cf. Lemma 3.4.8 and Conjecture
3.4.9). We start with the definition of an adapted complex structure:

Definition 3.4.1 (Adapted complex structure). Let M be a manifold with
connection®® V on it and let U C TM be an open neighborhood of the zero
section®” M C TM. We say a complex structure Jy on U is adapted to V if
for every V-geodesic v : I — M the differential

dvy: (TI,i) — (U, Jv)

is a holomorphic curve. Here, we view T'I as a subset of C by taking the base
point to be the real part and the fiber component to be the imaginary part. If

35Even though Stenzel’s formal solution also works for semi-Riemannian manifolds (M, g)
and coincides with the adapted complex structure Jg, the results of the paper [GS91] do not
transfer to the semi-Riemannian case, as semi-Riemannian metrics g do not give rise to a
distance function.

36By a connection V on M, we mean a linear connection V on the vector bundle TM — M.

37We identify the zero section of a vector bundle V — M with M via M — V, p + 0, € V.
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V = VY is the Levi-Civita connection of a semi-Riemannian metric g on M, we
write J, instead of Jys and call J, adapted to g.

To gain some insight into this rather abstract definition, it is helpful to consider
two canonical vector fields on TM: The vertical vector field XV'* and the
geodesic vector field X8°°. The vertical vector field X't : W — TW is defined
for any vector bundle W 5 M. Recall that the vertical bundle V' C TW is the
kernel of dmw. For any w € W, there exists a canonical isomorphism between
Wﬂ.(w) and Vw:

d
verty : Wewy = Vi, v — w + hv.
dh|,_,

The vertical vector field is now given by XV°r*(w) = vert,, w. The geodesic
vector field X'8°°, on the other hand, is only defined for Koszul manifolds (M, V).
Letve TM, q:=x(v) € M,and 7, : I — M be the unique maximal V-geodesic
with 7,(0) = ¢ and 4, (0) = v. Consider the curve 4, : I — T M. We define the
geodesic vector field X8 : TM — T(T'M) as follows:

Xgeo(v) - d

h=0

Coordinates (g1,...,¢,) : @ C M — R"™ of M induce coordinates
(q1y- s Gns V1, 0n) : TQ C TM — R?™ of TM. In these coordinates, XVert
and X&°° are given by:

n n n

chrt(%v) = Zvj6Uj7 XE&(q,v) = Z/Ujaqj - Z Fi'{j(q)vivjavw

j=1 j=1 i,5,k=1
where Ffj are the Christoffel symbols associated with V. It is now obvious
that XV'* and X®%° vanish on the zero section M C TM, but are linearly
independent for points in TM\ M. Furthermore, one easily checks with the help
of these formulas that [XVe'*, X8°°] = X8, Thus, X**"* and X2 span a two-
dimensional, involutive distribution on TM\M. By the Frobenius theorem, this
distribution gives rise to a foliation, called the Koszul foliation (cf. [Sz304]).
Next, we want to show that the leaves of the Koszul foliation are complex
submanifolds of (M, Jy) if Jy is a complex structure adapted to V. To do so,
we pick a geodesic v : I — M and introduce the map u(t+is) = dv:(s) = s¥(¢).
We need to compute dqu(ty + isg) and Osu(to + isg) for so € R\{0}. It is
straightforward to calculate Osu:

) d . d . h .
Osu(to +iso) = ah (s0 + h)¥(to) = ah so(to) + %SO’Y(to)
h=0

h=0

]‘ : 1 ver -
= — verts,s(t) S0¥(to) = —X “(u(to + is0)).
S0 S0

To determine Oyu(to + isg), we first observe:

80’.}//(17/)
h=0

d
- Y(to + h) = —
dhl, _, s (to + h) dah

= dm, X5(v),

3tu(t0 + ’iSO)
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where mg, : TM — TM,ms,(v) = sov is the fiberwise multiplication by sg
and +'(h) = ~(to + h) is the unique geodesic with 7'(0) = ~(t¢) = p and
3'(0) = 4(to) =t v. Now note that v, (h) :=~'(soh) is the unique geodesic with
Vs, (0) = p and 5, (0) = sov. With this, we find:

d
XE&°(spv) = Yoo (h) = i 50y (soh) = sodms, X5 (v).

% h=0

h=0

Thus, we obtain:

. 1 1 .

Opu(to +isg) = — X8 (sov) = — X8 (u(ty + isp)).
S0 S0

If Jy is an adapted complex structure, then soO,u = X8° and sgd,u = XVert

imply:

Ju X80 = XVt Jg XVt = — X5, (3.13)

Equation (3.13) shows that the distribution spanned by XV and X8&%° is
Jy-invariant which entails that the Koszul leaves are complex submanifolds.
The Koszul foliation helps us to answer the question of uniqueness for adapted
complex structures. Imagine for a moment that Jy is not defined on an open
neighborhood U of M C TM, but on TM\M. By our previous considera-
tion, Jyv is an adapted complex structure away from the zero section if and
only if Jy preserves the Koszul distribution. In simpler terms, this means that
the Koszul foliation fixes one holomorphic vector field on (TM\M, Jyv ), namely
Xvert 4 4Xe°, This vector field does not determine Jyv, however, as we still have
the freedom to choose the remaining holomorphic vector fields (cf. [Sz604]).
Nevertheless, Jy is completely determined on the zero section M C T'M. This
seemingly contradicts our previous statement. Yet, being an adapted complex
structure on a neighborhood of the zero section means more than just fulfill-
ing Equation (3.13). Indeed, X% and XV°'* vanish on the zero section, while
Oru(to + iso) and Osu(to + isp) are not necessarily zero for s = 0. To make
this idea more precise, recall that a linear connection V on a vector bundle
W — M gives rise to a horizontal bundle H C TW which is complementary to
the vertical bundle V: TW = H & V. While the vertical bundle V is canonical,
the horizontal bundle H is not and depends on the choice of V. Despite that,
H, is independent of V for points p € M C W of the zero section. Indeed,
if z: M — W is the zero section, then H, is just imdz, and we can iden-
tify H, with T,M via dz,. Returning to W = T'M, we see that the tangent
space T,(T'M) admits a canonical decomposition into T, M @ T,M for points
peEMCTM:

T,(TM) = H, & V, = T,M & T, M,

where we identified V,, with T}, M via vert, : T,M — V,, as before. Now consider
Oyu(to + iso) and Osu(to + isg) for sop = 0. To highlight that uw depends on the
geodesic vy, we write ., instead of u. The following relations are easy to prove
(peMcCTM):

H, = {0:u(to) | v is a geodesic with y(t9) = p},
Vp = {0su(to) | v is a geodesic with y(t9) = p}.
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Equipped with this knowledge, we see that the adapted complex
structure Jy is completely determined at p by the Cauchy-Riemann equations
JvOsuy(to) = Osuy(to) and JyOsu,(to) = —0:u,(to). In fact, we can even
describe how Jy acts on T,(T'M). Unfolding the definitions and keeping the
identifications in mind, the Cauchy-Riemann equations become?®:

JV('Ul,'UQ) = (—1}2,1}1) V(Ul,vg) S Tp(TM> Vp eMcCTM. (314)

As Szoke shows in [Sz604], the uniqueness of Jy at the zero section transfers
to other points p € U if p is connected to the zero section by a geodesic. This
leads to the notion of an admissible domain (cf. [Sz§04]):

Definition 3.4.2 (Admissible domain). Let (M, V) be a Koszul manifold. We
say an open neighborhood U C TM of M C TM is an admissible domain if
for every maximal V-geodesic v : I — M the set (dvy)~!(U) C C is connected.

Remark 3.4.3. Using the notion of a felicitous domain (cf. [Sz804]), one easily
sees that every neighborhood of M C T'M contains an admissible domain.

Proposition 3.4.4 (Uniqueness of adapted complex structures). Let (M, V)
be a Koszul manifold. If Jy; and Jy o are two adapted complex structures
on the admissible domain U C T'M, then Jyv 1 = Jyv 2. In particular, if Jy 1
and Jy o are adapted complex structures on the neighborhoods U; and U; of
M C TM, respectively, then there exists an open neighborhood U C U; NU; of
M C TM such that JV,I‘U = Jv72 U-

Proof. This is Theorem 0.2 in [Sz604]. O

Let us now discuss existence of adapted complex structures. The following
proposition ensures that Jy exists if (M, V) is real-analytic:

Proposition 3.4.5 (Existence of adapted complex structures). Let (M, V) be
a real-analytic Koszul manifold. Then, there exists an open neighborhood U
of M € TM and an adapted complex structure Jy on U. Furthermore, the
fiberwise inversion o : U — U, v — —v is a real structure on (U, Jy) with real
form M C U.

Proof. This statement is proven in [Bie03] (Proposition 1.1) and in [Sz504] (The-
orem 0.3). Both proofs are very similar and essentially use the exponential map
to construct Jy. Still, we follow the proof of Roger Bielawski here, as it is more
concise. Let (M, V) be a real-analytic Koszul manifold. By Bruhat-Whitney’s
embedding theorem, there exists a complex manifold (X, I) with nice real struc-
ture 7 on it (cf. Appendix A) such that Fix7 = M. Since V is a real-analytic
connection on the real form M, we can extend®® V to a 7-invariant holomorphic
connection VX on X (cf. Lemma G.21). Now consider a point p € M C X

and the holomorphic tangent space TZEI’O)X . It carries a real structure given by
v — dr,(0). This real structure gives rise to the decomposition

1,0 — t -
"X = Ef & E,,

38This equation is reminiscent of the equation defining the almost complex structure con-
structed in Appendix F (note that the minus sign is in a different position). We will see that
the adapted complex structure Jy and the almost complex structure from Appendix F have
a lot in common, even though they are usually different objects.

398trictly speaking, it might only be possible to extend V to an open neighborhood U of
M C X. In this case, we replace X by U.



120 CHAPTER 3. KAHLER DUALITY

where Eff is the eigenspace of the real structure w.r.t. the eigenvalue +1. E;
Is isomorphic to £ via i : E;‘ — E,, v — v and isomorphic to T, M via
Ay TyM — EY, v 1/2(v — ilpv). Hence, TM = ET = E~.
Next, we define the map f: TM — X as follows:

flv) = exp;((iApv) Vv e T,M V¥p € M,
where expff : ngl’o)X — X is the exponential map of the holomorphic connec-
tion VX at the point p € M C X (cf. Definition G.30). f satisfies f(0,) = p for
every zero 0, € T, M, so it is injective on the zero section M C T'M. Further-
more, we have dexp[))fop = idTpl,OX which entails that f is a local diffeomorphism
near any point of the zero section. Together, this shows that there is an open
neighborhood U C TM of M C TM such that f|y is a diffeomorphism onto its
image. We now define the complex structure Jy to be the pullback of I under
flu. It remains to be shown that Jyv is adapted to V. First, we note that the
following relation holds:
d X
dz‘ exp;, (2v) | , (3.15)

exp;(((zl + 29)v) = expipg(zzv) (zl

Z=Zz2
where p € X, 21,20 € C, and v € T,gl’o)X. To see this, consider the curves:

d
tzy (1) 1= exp (21 + 22)0), By (22) = XD () ( "

expff (zv)) .

Z=ZzZ2

One easily verifies that the curves a,, and ., as well as their first derivatives
agree for z; = 0. As both a,, and 3., are geodesics of VX, they must coincide
for all z1. Now let exp)’ be the exponential map of V at p € M. Then for any
v € T,M, ~(t) = exp)!(tv) is a geodesic of V. We compute [ o u(to + iso),
where u(t +is) = s7(t):4°

f o u(t() + iSO) = expgip24(t0v) (iSOA —_

. d
= engipg‘(toApv) (zso dz' t expff(zApv)>
z2=tg
= expff ((to +1is0)Apv).

Here, we have used Equation (3.15) and that expff is the holomorphic contin-

é”, ie., expﬁ/[(tv) = exp]f(tApv). Due to the holomorphicity of

expff, f ouis a holomorphic curve proving that Jy is adapted to V.

Lastly, we show that o is a real structure on U. For this, it suffices to prove
To f = foo. Since the holomorphic connection V¥ is 7-invariant, exp is
compatible with 7 in the following way (v € T,M, p € M):

uation of exp

Tof(v)=7o exp;((iApv) = exp;{(dTp(m)) = expf(—iApv) = foo(v).

O

40Caution is advised: The derivative in the second line is a complex derivative! That is why
Ayp is absent in the second line.
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Next, we consider the case where M carries a semi-Riemannian metric g. In
this scenario, g furnishes a natural identification of T'M with T*M. This dif-
feomorphism allows us to pullback the adapted complex structure J; from 1M
to T*M. For the sake of convenience, we also denote the resulting complex
structure by J;. The following theorem states that 7% M equipped with —wcan
and J, is, in fact, a semi-Kéhler manifold:

Theorem 3.4.6 (Stenzel’s theorem). Let (M,g) be a real-analytic
semi-Riemannian manifold. Furthermore, let o : T*M — T*M, o(a) = —«
be the fiberwise inversion, Acan € QY(T*M) the canonical one-form, and
Uy : T*M — R the function defined by U, () = ¢g* (e, ), where g* is the metric
dual to g. Then, there exists an open neighborhood U C T*M of M C T*M
and an almost complex structure J, on U such that:

(i) J4 is integrable, i.e. Ny, =0,
(ii) o is Jg-antiholomorphic, i.e. doo J; = —J; o do,
(ii)) dU, 0 Jy = 2Xcan-

Jg is unique in the following sense: If there is another almost complex structure
J,, on a neighborhood U’ C T*M of M satisfying (i), (i), and (iii), then there
exists a neighborhood U” C UNU’ of M such that Jy| , = Jg[;,. Under the
identification TM = T* M, J, becomes the complex structure on T'M adapted to
g. Moreover, (U, —wean = —dAcan, Jg) is a semi-Kéahler manifold with potential
U, and signature (2r,2s) of its semi-K&hler metric gr-«as, where (r,s) is the
signature of g. In particular, (U, —wecan, Jg) is Kéhler if ¢ is positive definite.

Proof. This theorem is mostly due to Stenzel (cf. [Ste90]), but the proof given
in his PhD thesis is incomplete. Consider the complex structure on T'M adapted
to g (exists due to Proposition 3.4.5) and pull it back to T*M via v — g(v, ).
Call the result J,;. By Proposition 3.4.5, J, is defined on an open neighborhood
U C T*M of the zero section M C T*M and satisfies (i) and (ii). (iii) is shown
in [LS91] (cf. Corollary 5.5) and [Sz604] (cf. Theorem 0.6*'). Uniqueness is
proven by Stenzel using his formal power series?? (cf. [Ste90]). To show that
(U, —wean, Jg) is a semi-K&hler manifold, we first observe:

. .2
08U, = i(d + 8)AU, = iddU, = %d(dUg +idU, 0 J,) = %d (dU, o J,)

(2) _d>\can = —Wcan-

It is a standard result from complex geometry that every two-form w on a com-
plex manifold (X, J) satisfying w = i90f for some function f € C°°(X,R) fulfills
w(J-, J-) = w (in this case, we say f is the potential for w). Thus, (U, —wean, Jg)
is a semi-Ké&hler manifold with potential U,.

Lastly, we have to determine the signature of the semi-K&hler metric. By shrink-
ing U if necessary, we can assume that every point in U is connected to the zero
section M C T*M. Since the signature of a semi-Riemannian metric does not

41 The proof of Theorem 0.6 is correct. However, Equation (0.4) is false: Tt should be
“2ImJE = ©” instead of “0F = i©”.

42gtenzel only formulated his power series for Riemannian manifolds (M, g). Nevertheless,
it still make sense for semi-Riemannian manifolds (M, g).
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change within a connected component, it suffices to compute the signature on
M C T*M. As before, we have the canonical decomposition T,(T* M) = H,®V,
for points p € M. While the horizontal space H,, is still isomorphic to T, M via
the zero section, the vertical space V), is now isomorphic to 7;; M. Hence, we
have T},(T* M) = T, M © T;y M. Under this isomorphism, —wca, and J,; become
(cf. Equation (3.14)):

—Wcan ((1}1,051), (1}2,()42)) = 042(1}1) - 041(1}2), ‘]g(vva) = (—#(Oé), b(U)),

where b and # are the musical maps associated with g. Thus, the semi-K&hler
metric g7+p = —Wean (-, Jy-) takes the following form on M C T*M:

gr-m ((v1, 1), (v2, a2)) = b(v2)(v1) + ar(F#(az)) = g(v1,v2) + g (a1, az).
Both g and g* have signature (r, s) concluding the proof. O

Before we turn our attention to the main result of this subsection, it is instructive
to consider an important class of adapted complex structures:

Example 3.4.7 (Adapted complex structures for flat g). In Appendix F, we
construct the almost complex structure J&, on T*M which bears great re-
semblance to the adapted complex structure J,: With the formulas given in
Theorem F.1, one easily verifies that —J&, satisfies Property (ii) and (iii) of
Theorem 3.4.6. Furthermore, —J&, is always compatible with —wcan (cf. Ap-
pendix F). —J&, even has an advantage over J, when it comes to existence:
While existence of J, is only ensured on a neighborhood U of M C T*M and
only for real-analytic metrics g, —J&, can be defined on all of T*M and for
all metrics g. However, this comes with a trade-off: —Jg, is usually not inte-
grable. Indeed, as stated in Theorem F.1, —Jg, is integrable if and only if g is
flat. In this case, —J3, fulfills all properties from Theorem 3.4.6 and, therefore,
agrees with J;. Since we have explicit formulas for J&, (cf. Theorem F.1), this
observation allows us to compute J; directly if g is flat.

Let us now assume that the semi-Riemannian manifold (M, g) carries a complex
structure I. In this case, I induces an additional complex structure 7*I on
T*M. Naturally, we are drawn to the question how J, and T*I interact with
each other. The next proposition suggests that the commutation relation of J,
and T*I depends on whether I is compatible or anticompatible with g:

Lemma 3.4.8 (Commutation relations). Let (M, g) be a real-analytic semi-
Riemannian manifold and I a complex structure on M. Furthermore, let T*1
be the complex structure on T*M induced by I and J, the complex structure
adapted to g defined on a neighborhood U of M C T*M. Then, T*I and J,
satisfy the following commutation relations on the zero section M C T*M:

(i) T*I and J, commute, i.e. T*Io J, = J,oT*I,if G :== g —ig(I-,-) is a
holomorphic C-bilinear two-form on M.

(i) T*I and J, anticommute, i.e. T*I o J, = —J, o T*I, if (M,g,I) is a
semi-Kéahler manifold.

If g is flat, then the commutation relations hold for all points in U (after shrink-
ing U if necessary).
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Proof. The idea is to find coordinates of T*M in which T*I and J; take the

following form:
o (In 0 (0 -Gyt
rio(l 0) u=(8 %) e

Here, Iy and Gy are 2n X 2n-matrices (n = dim¢ M). Iy is always the standard
complex structure on R?", i.e.:

_ 0 _]lnxn
I°‘<11m 0 )

whereas G differs between Statement (i) and (ii). Iy and Gy anticommute for
Statement (i), while they commute for Statement (ii). Given Equation (3.16),
it is trivial to verify the commutation relations:

. (I, 0 0 —Gy*\ [ 0 ~IGyt
TIOJQ_(O —Io) <Go 0 >_(—IOG0 0

_( 0 EGU _ (0 -G\ (L 0
iGOIO 0 GO 0 0 _IO
=+J,0T"I,

Thus, it suffices to show Equation (3.16) in order to prove Lemma 3.4.8. All
coordinates of T* M we construct are induced by holomorphic coordinates of M.
In this case, T*I automatically fulfills Equation (3.16). To see this, consider
holomorphic coordinates ¥ = (¢1,...,¢,) : V C M — C™ of M. They give rise
to holomorphic coordinates W : 710V — C?" of 71O M| namely:

n
\11_1(617 oo 7@nuﬁ13 v 72571) = Zﬁjdq‘j,iﬂ*l([jl,...,qn)‘
j=1

Now consider the diffeomorphism f : T*MOM — T*M, f(a) = Re(a). We
define T*I by declaring f to be biholomorphic. This means that f sends
holomorphic charts of 7% (19 M to holomorphic charts of T*M. Decompos-
ing ¢ = qu,; +iqy,; and p; = Py ; + Py ; into real and imaginary part, we
obtain:

n
ﬁ = f © \I’_l(qla s 7dnaﬁla v ap~n) = Zﬁl,]dqw,] _ﬁy,jdqy,ja
=1

where we dropped the base point 9 ~1(Gy,...,G,) for the sake of clarity. Com-
paring this to the coordinates (s j, qy.j, Pz.j» Py,;) : T*V — R of T* M induced

by v, i.e.

n
B=2 Pe;jdds;+ py,iday;,

Jj=1

we realize that the p, j-components pick up an additional minus sign to become
holomorphic. Thus, the complex structure T*I can be written as:
T*1(0q,,) = O, ;> T*1(0q,,) = —0q,,»

T*I(apz,j) =-0 T*I(apy,j) = Op, ;-

Py,50
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In matrix notation, this is just Equation (3.16).
The next step is to find “good” coordinates for J,. We have to distinguish two
cases:

Case 1: J, on the zero section M C T*M

Fix a point p € M and pick holomorphic coordinates (¢1,...,¢,) : V — C™ of M
near p. We want to show that, in the coordinates (¢z ;,qy.j,Pz,j, Dy,;) induced
by (¢1,---,4n), Jq is described by Equation (3.16) at the point p € M C T*M
of the zero section. We recall that, similar to Equation (3.14), J, takes the
following simple form on the zero section:

(v, ) = (—#(a),b(v)) = (=b~"(a), b(v)),

where # and b are the musical maps associated with g and we used the canonical
decomposition T,(T*M) = H, @V}, = T, M & T,y M into horizontal and vertical
space. Under the given identifications, the musical map b turns into the matrix
Go. We check that Iy and Gy satisfy the appropriate commutation relations.
g(I-,I-) = +¢ implies:

—]onL)::Lyﬁoﬂ)::ii?O = Gb]biz:tﬂﬂ;@

For the sake of clarity, we shall give explicit formulas for Gy. Given the setup
of (i), we can always achieve that G = g —ig(I-,-) assumes its standard form at
peEM,ie.

n n
2 2 2
Gp= Z dgi, = 9p= Z dpdz,j — dpqy,j»
Jj=1 j=1

by applying a C-linear transformation to (qi, ..., q,). We can now directly read
Oﬁ(goi
=1 _ 11n><n 0
Go=G, = ( 0 1) (3.17)

Equation (3.17) allows us to explicitly verify InGo = —Golp.

For Statement (ii), we choose holomorphic coordinates (qi,...,qn) such that
29p(9q;.p» Oqr,p) = £, We can always achieve this by applying the Gram-
Schmidt procedure to the basis {J,, ;} of the complex vector space (T,,M,I})
equipped with the semi-Hermitian metric g, +ig, (-, ). {0q, ;, Oq, ; } now forms
a Sylvester basis of (T),M, g,), where g,(0,, ;,0q, ;) = 9p(0q, ;, 0y, ;) = £1, ie.:

r n=r-+s
2 2 2 2
gp = Z dpqw,j + dpqy7j - Z dpqw,j + dpq"h]
j=1 Jj=r+1

Here, (2r,2s) is the signature of g. Hence, Gy takes the following form:

— G/ O . ]l’l‘ T O
Go =Gyl = <00 G6> with Gy = ( OX —Ilm)' (3.18)

Given these formulas, it is trivial to check that Iy and Gy commute.
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Case 2: g is flat

Recall that for flat g the adapted complex structure J, is just the complex
structure —J&, from Appendix F (after shrinking U if necessary). Theorem F.1
now tells us that J3, takes a simple form in normal coordinates of (M, g). We
would like to choose the normal coordinates in such a way that they are also
holomorphic with respect to I in order to preserve the form of T*1.

For Statement (i), the theory of holomorphic connections, developed in Ap-
pendix G, guarantees that holomorphic normal coordinates exist: By Lemma
G.45, there are holomorphic coordinates (¢1,...,¢,) : V C M — C" near any
point p € M such that the corresponding real coordinates (s j,qy, ;) : V — R?"
are normal coordinates of (M, g) near p. In these coordinates, g takes the form
gp = Z;—;l dqu;,j — dpq;j at p. We can now apply Theorem F.1 to express
Jg = —J&, in the coordinates (¢u;,qy,j:DajrPy,;) © T*V — R*™ induced by
(¢w,5> qy.5):

Jg(aqz,j) = 817:,;'7 Jg(apz,j) = _aQ:c,j7
Jg(a‘h/,j) = T Upy ;s Jg(apy,j) = aqy,j'

In matrix notation, this is just Equation (3.16) with Gy from Equation (3.17).
For semi-K&hler manifolds (Statement (ii)), the existence of holomorphic normal
coordinates is a well-known fact (cf. Lemma C.3 or Theorem 4.17* in [Bal06]).
We can again use Theorem F.1 to express J, in these coordinates. If done
correctly, one sees that J, assumes the form given in Equation (3.16), where Gy
is given by Equation (3.18) concluding the proof. O

In light of Lemma 3.4.8, one might expect that the commutation relations hold
everywhere on U for all suitable metrics g. However, results by Dancer and
Sztke (cf. [DS97]) suggest that the commutation relations are only satisfied if
we modify J, by an appropriate diffeomorphism ¢ : T*M — T*M. The paper
[DS97] together with Lemma 3.4.8 motivates the following conjecture:

Conjecture 3.4.9 (Commutation relations). Let (M, g) be a real-analytic semi-
Riemannian manifold with signature (r,s), J, the complex structure adapted
to g defined on a neighborhood U of M C T*M, and I a complex structure
on M inducing the complex structure 7*I on T*M. Then, there exists a real-
analytic, fiber-preserving diffeomorphism ¢ : U — U (shrink U if needed) with
¢|amr = idps such that —wean (-, 9*Jy-) is a metric with signature (2r,2s) and:

(i) T*I and ¢*J, commute, i.e. T*Io¢p*J, = ¢*J0T*I,if G := g—ig(I-,-) is
a holomorphic C-bilinear two-form on M. If, additionally, (M, I) admits
a real structure ¢ with 6*g = g, then ¢ can be chosen in such a way that
the induced real structure o*(a) == awo do on T*M is ¢*J,-holomorphic
and the signature of —wean (-, ¢*J,-) restricted to the real form Fixo* is
(2r',2s"), where (1, s) is the signature of g restricted to Fixo.

(ii) T*I and ¢*J,; anticommute, i.e. T*I o ¢*J; = —¢*J, 0 T*I, if (M, g,I) is
a semi-Kéahler manifold.

43This theorem only shows existence of holomorphic normal coordinates for Kahler mani-
folds. However, the same proof still applies in the semi-Kahler case. Also note that there are
subtle differences between Riemannian and K&hlerian normal coordinates. Nevertheless, they
coincide in the flat case (cf. [Boc47] and [JW17] for details).
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Remark 3.4.10. The second statement in Case (i) concerning real structures
may seem odd at first, especially since there is no analogous statement in Lemma
3.4.8. Still, we include it here, because we will need this statement later on for
the proof of Lemma 3.4.12. As a sanity check, one can consider the case ¢ = idy.
In this case, it immediately follows from the definition of J; as well as the fact
that o is an isometry that o* is J,-holomorphic and that —wean(+, J,-) restricted
to the real form Fix o* has the appropriate signature.

As we will see in the next subsection, Conjecture 3.4.9 allows us to show that
double cotangent bundles exhibit K&hler duality in a natural way. Unfortu-
nately, the author does not have a complete proof for Conjecture 3.4.9 as of the
time of writing.

Kihler Duality on T*(T*M)

In the previous subsection, we have seen that the cotangent bundle T*M of a
Riemannian manifold (M, g) admits a unique Kéahler structure. We now want
to tackle the question how this Kahler structure changes if the base manifold M
carries additional structures. Here, two cases are particularly interesting for us:
In the first case, M itself possesses a Kéhler structure, while the metric on M
is holomorphic in the second case. The following two lemmata show that 7% M
is Hyperkihler in the first case and holomorphic Kahler in the second:

Lemma 3.4.11 (Stenzel’s theorem for K&hler manifolds). Let (X,w,J) be
a real-analytic semi-K&hler manifold with metric g = w(-,J-) and let J, be
the complex structure adapted to g defined on a neighborhood U C T*X
of X C T*X. 1If Conjecture 3.4.9 holds, then (U, —wean,d*Jy, T*J) is
a semi-Hyperkihler manifold, where ¢ : U — U is the diffeomorphism from Con-
jecture 3.4.9. If, additionally, ¢ is positive definite, then (U, —wcan, ¢*Jy, T*J)
is Hyperkahler.

Proof. By Lemma C.25, (X,w,J,I) is a semi-Hyperkihler manifold if 7 and J
are complex structures on X such that they anticommute, I is anticompatible
with the symplectic form w, and J is compatible with w. Clearly, —wcay, is a
symplectic form and both ¢*J, and T*J are complex structures. If Conjecture
3.4.9 is true, then ¢*J,; and T™J anticommute. The compatibility of —wean
with ¢*J, also follows from Conjecture 3.4.9. The anticompatibility of —wcan
with T*J is a direct consequence of the following observation: Given a complex
manifold (X, J), the space T*10) X possesses a canonical holomorphic sym-
plectic form Q.. Under the biholomorphism 709X — T*X, o — Re(a),
the real part of (.., becomes we,n which implies that —wca, i anticompatible
with 7*J. We conclude the proof by noting that gr«x = —Wean(:, ¢*Jy-) is
positive definite if g is positive definite (cf. Conjecture 3.4.9). O

It has already been established by Kaledin (cf. [Kal97]) and Feix (cf. [Fei01])
that cotangent bundles of Kihler manifolds admit Hyperkéhler structures. Their
approach differs greatly from ours, so one might wonder whether our
Hyperkihler structure is isomorphic to the one constructed by Feix and Kaledin.
A recently released preprint by Su-Jen Kan (cf. [Kan24]) suggests that they are
not isomorphic. However, we will not pursue this idea any further. Let us now
turn our attention to the second case:
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Lemma 3.4.12 (Stenzel’s theorem for holomorphic metrics). Let (X, J) be
a complex manifold with holomorphic metric G = g — ig(J-,-) and let J; be
the complex structure adapted to g defined on a neighborhood U C T*X of
X C T*X. If Conjecture 3.4.9 is true, then (U, —wean, ¢*Jy, T*J) is a holomor-
phic semi-Kahler manifold, where ¢ : U — U is the map from Conjecture 3.4.9.
If, additionally, o is a real structure on X with c*¢g = ¢ and the induced metric
gur on the real form M := Fix o is positive definite, then (U, —wean, ¢*Jg, T*J)
is even holomorphic Kéhler.

Proof. The proof of the first statement in Lemma 3.4.12 is quite similar to the
proof of Lemma 3.4.11: By Lemma C.25, (X,w,J,I) is a holomorphic semi-
Ké&hler manifold if I and J are complex structures on X such that they com-
mute, [ is anticompatible with the symplectic form w, and J is compatible with
w. Most properties can be shown as in Lemma 3.4.11. Only the commutation
relation for ¢*J,; and T™J differs which is accounted for by Conjecture 3.4.9.
To verify the second assertion, we first have to find a real structure of the holo-
morphic semi-K&hler manifold (U, —wcan, ¢*Jg, T*J). It is easy to prove, for
instance by going into holomorphic charts, that o* : T*X — T*X, a — aodo
is a real structure of (T*X,T*J) with real form T*M. If U and —wea, are
invariant under ¢* and o* is ¢*Jg-holomorphic, then o* is also a real structure
of (U, —wean, @*Jg, T*J). By Conjecture 3.4.9, we know that o* is
¢*Jg-holomorphic. After shrinking U, we can assume ¢*(U) = U. To show
that o* preserves —wean, recall the following fact: If f: X — X is a diffeomor-
phism of a manifold X, then f gives rise to the following symplectomorphism
of (T*X,Wean):

frox :T*X = T°X, a€TyX = aodf ' €Tj,X.

o* is a map of that form and, therefore, leaves —wc,, invariant.

As shown in Appendix C, the real form of a holomorphic semi-K&hler manifold is
itself a semi-Kéhler manifold meaning that the real form of (U, —wcan, ¢* Jg, T*J)
carries a semi-Kéahler structure. Since we assume the metric g,; to be positive
definite, the K&hler metric of the real form U NT*M is positive definite as well
(cf. Conjecture 3.4.9). This shows that (U, —wean, ¢*Jg, T*J) is a holomorphic
Ké&hler manifold finishing the proof. O

Lemma 3.4.11 and 3.4.12 now allow us to construct Hyperkihler and holomor-
phic K&hler structures on double cotangent bundles of real-analytic Riemannian
manifolds (M, g). The idea is depicted in the following diagram:**

Hyperk. (T* M, gpar) =2 (T*(T* M), =weans 6 Ty ns T T5)
(M, g)
Co
%}
7]
Holo. K T M, gc) —g—a— (T (T* M), —wean, 83 Jge, T* J)

44Both ¢1 and ¢o denote ¢-maps as in Conjecture 3.4.9. The different indices merely
emphasize the point that we do not need to choose the same ¢-map in the Hyperkéhler and
holomorphic Kéhler case.
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The construction is based on the observation that there are two natural metrics
on T*M: One is the (real-analytic) Kéhler metric gp«ps obtained from Sten-
zel’s theorem (Theorem 3.4.6). To define the other metric, recall that M is
the real form of the complex manifold (T*M, J;) (cf. Proposition 3.4.5). g is
a real-analytic metric on the real form M, so, by Lemma A.11, there exists a
holomorphic continuation of g on T*M. Let gc be the real part of this holo-
morphic continuation. Clearly, gc¢ is a real-analytic semi-Riemannian metric on
T*M. Thus, we can apply Lemma 3.4.11 to (T*M, gr-p) and Lemma 3.4.12
to (T*M, gc) showing:

Theorem 3.4.13 (Kéhler duality on T*(T*M)). Let (M, g) be a real-analytic
semi-Riemannian manifold, J, the complex structure adapted to g, and gr«
the semi-K&hler metric from Theorem 3.4.6. Furthermore, let gc be the real
part of the holomorphic continuation of g, T*J, the complex structure induced
by Jg, and let J, ., and Jy. be the complex structures adapted to gr-p and
gc, respectively, defined on a neighborhood U C T*(T*M) of M. If Conjecture
3.4.9 holds, then (U, —wcan, @} Jgpu oy » T *Jy) is a semi-Hyperkéhler manifold and
(U, —wean, ¢5Jge, T*Jg) is a holomorphic semi-K&hler manifold. We can drop
the prefix “semi” if g is positive definite.

Hyperkéhler structures on double (co)tangent bundles have already been ob-
served by Bielawski: In [Bie03]|, he uses adapted complex structures and a
twistor construction to equip TTM with a Hyperkdhler structure. It is pos-
sible that the first part of Theorem 3.4.13 reproduces Bielawski’s construction
after a suitable identification of TTM with T*(T*M). We shall not investigate
this idea any further, but rather apply Theorem 3.4.13 to Lie groups M = Gg
with bi-invariant metrics g.

Application: M = Gy

The purpose of this subsection is to describe the results of Theorem 3.4.6 and
3.4.13 when applied to Lie groups. In particular, we want to work out that Sten-
zel’s theorem applied to groups is a generalization of Bremigan’s construction
(cf. [Bre00]), that the universal complexification of a compact group carries a
family of Kéhler structures (cf. Lemma 3.4.19), and that cotangent bundles of
such groups exhibit Kahler duality (cf. Theorem 3.4.21). This leads us to the
conjecture that the Kéhler duality on cotangent bundles reduces to the Kah-
ler duality on coadjoint orbits (cf. Conjecture 3.4.22). We start by discussing
connections on Lie groups:

Definition 3.4.14 (Left-invariant connection). Let G be a Lie group and V
a connection on G. We call V left-invariant if VxY is left-invariant for all
left-invariant vector fields X,Y on G.

The following properties of left-invariant connections are fairly obvious:
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Proposition 3.4.15. Let G be a Lie group.

(i) The set of left-invariant connections V on G is isomorphic to the set of
bilinear maps av : g X g — g.

(if) The map ay associated with a left-invariant connection V on G decom-
poses into a symmetric part a% and an antisymmetric part aé:

0S(X,Y) = % (av(X,Y) + ag (Y, X)) = % (VxY + VyX) .,

0d(X.Y) = L (ag(X.Y) ~ ag(¥, X)) = 3 (VxY ~ VyX).

(iii) The symmetric part ag of a left-invariant connection V vanishes if and
only if all immersed 1-dimensional Lie subgroups of G are geodesics of V.

(iv) A left-invariant connection V is torsion-free if and only if the following
equation holds:

1
e (X,Y) = X Y] VXY eq

Proof. For (i), let X; be a basis of the space of left-invariant vector fields.
Observe that every connection V defined by

V. Xj =Y THX;
k=1

with constant Christoffel symbols I‘fj € R is left-invariant and that every left-
invariant connection can be written in such a way. Identifying g with the space
of left-invariant vector fields now shows (i). (ii) is trivial. To prove (iii), recall
that every immersed 1-dimensional Lie subgroup is the integral curve of some
left-invariant vector field through the neutral element e € G. Let v : R — G be
the integral curve of the left-invariant vector field X with v(0) = e and suppose
that ~ is also a geodesic. Then, the geodesic equation enforces:

VxX = V44 =0.

Thus, all immersed 1-dimensional Lie subgroups of G are geodesics of V if and
only if ay (X, X) = a2 (X, X) = 0 for every X € g. By the polarization identity,
this is equivalent to oy = 0 showing (iii). Lastly, we verify (iv). The torsion
tensor Ty of a left-invariant connection V is given by:

Ty(X,Y)=VxY —VyX — [X,Y] =208(X,Y) — [X,Y].
V is torsion-free if and only if 7% vanishes finishing the proof. O

Proposition 3.4.15 infers that every Lie group G admits a canonical connection:

Corollary 3.4.16 (Cartan connection). Let G be a Lie group. Then, there
exists a unique left-invariant connection V& on G which is torsion-free and
whose symmetric form o vanishes. We call V¢ the Cartan connection of
G and its adapted complex structure Jye Cartan structure. If X and Y are

left-invariant vector fields on G, V¢ is given by:

1

VeY = -
X 2

[X,Y].
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We are interested in the Cartan connection, because it agrees with the Levi-
Civita connection V9 of a bi-invariant metric g:

Proposition 3.4.17. Let G be a Lie group with left-invariant metric g. Denote
the Cartan connection on G' by V& and the Levi-Civita connection of g by V9.
If ¢ is bi-invariant, then V¢ = V9. If G is connected, this is an equivalence.

Proof. Recall that one can compute the Levi-Civita connection V9 with the
help of the Koszul formula:

29(V&Y, 2) = X(g(Y,2)) + Y (9(X, 2)) — Z(9(X,Y))
+9([X, Y], 2) = 9([X, 2], Y) — ¢([Y; 2], X),

where X, Y, Z are vector fields on G. If X,Y, Z are left-invariant, the first three
terms in the Koszul formula vanish. From this, we see that

1
V&Y = 5[X, Y] =V§Y

holds if and only if the last two terms in the Koszul formula cancel each other,
i.e., if and only if:

gladz X,Y) = —g([X, Z],Y) = ¢([Y, 2], X) = —g(X,adzY) VXV, Ze€g.

If G is connected, the last equation is equivalent to g being bi-invariant, as we
have seen in Section 3.1. This concludes the proof. O

Our next task is to compute the Cartan structure. To do that, we first consider
the polar decomposition for Lie groups: Let G be a complex Lie group with
real form Gr. Remember that the tangent bundle TGr can be trivialized by
left translation, i.e., via the map Ggr X gr — T'Gr, (g,v) — dL,4(v), where
Ly(h) = gh. We now define the polar decomposition P : TGgr — G of G
using this trivialization:

P(g,v) = gexp(iv),

where exp is the exponential map of G. P allows us to formulate the following
statement which is due to Sz6ke (cf. Proposition 7.3 in [Sz504]):

Proposition 3.4.18. Let G be a complex Lie group with complex structure I
and real form Gg. Further, let P : TGr — G be the polar decomposition of G
and let 7 : R — Gg be a geodesic of the Cartan connection V& with g := (0)
and v = dLg-1 0¥(0). Define the map f, : C = T'Gg by f,(t +is) = s¥(t).
Then, the following equation holds:

Po f,(z) = gexp(zv) VzeC, (3.19)

where exp is the exponential map of G. In particular, Po f, is holomorphic and
the complex structure P*I, defined on an open and dense subset U C T'GR, is
adapted to VE=.

Proof. By Proposition 3.4.15 (iii), the geodesics of the Cartan connection through
e are integral curves of left-invariant vector fields. Since L, : G — G leaves
V&= invariant, the last statement extends to all geodesics, particularly ~:

~v(t) = gexp(tv) VteR.
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We now verify Equation (3.19):
Po f,(t+1is) = P(y(t), sv) = gexp(tv) exp(isv) = gexp((t + is)v) Vi,s € R.

The holomorphicity of P o f, directly follows from the holomorphicity of exp.
To prove the last statement, note the following, well-known fact (cf. Theorem
2.1 in [Bre00] and Proposition 7.4 in [Sz604]):

U= {(g,v) € TGr | dP,,,) invertible} = {(g,v) | Spec(ad,) N7Z C {0}}.

It is easy to see that U is an open and dense subset of T'Ggr containing the
zero section. On U, we can define the pullback complex structure P*I. The
holomorphicity of P o f, implies that P*I is adapted to V&= finishing the
proof. O

The existence of the Cartan structure is not very surprising: It is a deep, but
famous result from Lie group theory that every topological Lie group is auto-
matically real-analytic*> which infers that the Cartan connection is also real-
analytic. Proposition 3.4.5 now dictates that a complex structure adapted to
the Cartan connection must exist. The more interesting aspect of Proposition
3.4.18 is its description of the Cartan structure which allows us to express Jycy
as P*I.

The upshot of Proposition 3.4.17 and 3.4.18 is that Stenzel’s theorem can be
understood as a generalization of Ralph Bremigan’s construction. In [Bre00],
Bremigan equipped the open and dense subset U C T'Gr from Proposition
3.4.18 with a semi-Ké&hler structure. For his construction, he used the complex
structure P*I as well as the symplectic form —we,, after identifying T'Gr with
T*Gr via the Killing form K. As we have seen in Section 3.1, the Killing form
K is a bi-invariant metric for semisimple Lie groups Gg which allows us to ap-
ply Theorem 3.4.6 to (Gg, K). In light of Proposition 3.4.17 and 3.4.18, we see
that this is just Bremigan’s construction. While Bremigan only constructed one
semi-K&hler structure on U C T'Gg, Stenzel’s approach generates a family of
semi-Kihler structures by replacing?® K with any bi-invariant metric g. One
noteworthy point regarding this construction is that both TGy and T*Ggr admit
canonical structures: P*I on TGgr and wean on T*GRr. Yet, the resulting semi-
Kahler is not unique, because the identification of TGk with T*Ggr depends on
the choice of a bi-invariant metric g.

If the polar decomposition P : TGr — G is a diffeomorphism, then we can say
that the complex group G carries this family of semi-Ké&hler structures. This
occurs, for example, if G is the universal complexification of the compact Lie
group GRg:

Lemma 3.4.19 (Kahler structures on complex reductive groups G). Let G be
the universal complexification of a compact Lie group Gr with complex struc-
ture I. Then, the polar decomposition P : TGg — G is a diffeomorphism.
In particular, G admits a family of Kéhler structures (G,wy,I). The symplec-
tic form w, depends on the choice of a bi-invariant Riemannian metric g on
Gr. Specifically, w, is the pullback of —wcan on T*Gr where the identification
G =2 TGr 2 T*GR is induced by P and g.

45This is Hilbert’s fifth problem which was solved by Gleason (cf. [Gle52]), Montgomery,
and Zippin (cf. [MZ52]).

463trictly speaking, this also works for Bremigan’s construction: Most statements in [Bre00]
are still correct if one exchanges K for a bi-invariant metric g.
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Remark 3.4.20. The existence of Ké#hler structures on complex reductive
groups is a well-established fact and was already known to Kronheimer (cf.
the introduction of [Kro04]) and Stenzel (cf. Section 4.1 in [Ste90]).

Proof. We begin by observing that the domain U C T'Gr from Proposition
3.4.18 is equal to T'Gg, because all eigenvalues of ad,,, v € gg, are purely imag-
inary (cf. Section 3.2). Thus, it suffices to show that P : TGr — G is bijective.
There are several ways to prove this. The easiest method is to first consider the
case Gr = U(n). The universal complexification of U(n) is GL(n,C). It is a
standard result from linear algebra that the polar decomposition P : TGr — G
is bijective for Gg = U(n) and G = GL(n, C). To infer the general case, we use a
powerful fact from representation theory, namely that every compact Lie group
admits a faithful, finite-dimensional, and unitary representation (cf. Theorem
6.1.2 in [Kow14]). Simply put, we can take Gg to be a closed subgroup of U(n).
The bijectivity of P for matrices now implies the bijectivity of P for Gg. The
remaining statements of Lemma 3.4.19 follow from Theorem 3.4.6 as well as
Proposition 3.4.17 and 3.4.18. O]

Lastly, we want to discuss what happens if we apply Theorem 3.4.13 to compact
groups (Gr,g). Since T*Gyg is isomorphic to the universal complexification G,
Theorem 3.4.13 will give us a family of Hyperkihler and holomorphic K&hler
structures on the cotangent bundle T*G. Now recall that the idea behind The-
orem 3.4.13 is to apply Stenzel’s theorem to two natural metrics on T*Ggr = G:
One is obtained by complexifying g. We have already explained in Section 3.3
that the complexification gc of g is a bi-invariant metric on G with signature
(n,n), where n = dimg Gg (cf. Proposition 3.3.8). We know that applying
Stenzel’s theorem to Lie groups with bi-invariant metrics agrees with Bremi-
gan’s construction (when K is replaced by g), so we can take the holomorphic
Kihler structures on T*G to be a result of Bremigan’s construction®”. The
other natural metric on G is the Kéahler metric of (G,wgy, I). Usually, this K&h-
ler metric is not bi-invariant, because every group which admits a bi-invariant
Riemannian metric must be a product of a compact and an Abelian group which,
in general, G is not. In any case, the resulting Hyperk&hler structures on T*G
should coincide with the ones mentioned in Appendix I, even though we lack a
proof for this statement. Let us summarize our findings:

Theorem 3.4.21 (Kihler duality for Lie groups). Let G be the universal com-
plexification of a compact Lie group Ggr. If Conjecture 3.4.9 holds, then there
exists a neighborhood U C T*G of G C T*G admitting a family of Hyperkihler
and holomorphic Kahler structures depending on the choice of a bi-invariant
Riemannian metric g on Ggr. These structures are constructed by applying
Theorem 3.4.13 to (Gg, g). Specifically, the Hyperkéhler structures on U are
obtained by applying Stenzel’s theorem (cf. Lemma 3.4.11) to the Kahler struc-
tures from Lemma 3.4.19, while the holomorphic K&hler structures on U are the
result of Bremigan’s construction (cf. [Bre00]).

To conclude Section 3.4, we tackle the initial question concerning the origin of
Ké&hler duality on coadjoint orbits. The following conjecture outlines how the

4TThis statement has to be taken with a grain of salt: In the scenario at hand, Stenzel’s the-
orem for holomorphic metrics (cf. Lemma 3.4.12) only coincides with Bremigan’s construction
if the map ¢ is chosen to be the identity which might not always be possible.
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Kéhler duality of T*G and, thereby, of double cotangent bundles might possibly
be related to the Kdhler duality of coadjoint orbits:

Conjecture 3.4.22 (Reduction of Kahler duality). Let G be the universal
complexification of a compact Lie group Gr. Then, the Kéahler duality on
U C T*G reduces (in the sense of Appendix J) to the Kihler duality on coadjoint
orbits O* of G. Precisely speaking, the Hyperkéhler structures on TG are
compatible with the Hyperkéhler structures of O* described in Appendix I, while
the holomorphic Kéahler structures on 7*G are compatible with the holomorphic
Kéhler structures on O* described in Section 3.3.
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Chapter 4

Outlook

Future research on the topics presented in this thesis can head in several di-
rections. One possibility is trying to solve the problems which occurred in the
course of our investigations, but remained without a solution. By our count,
there are five of those problems: The first one concerns holomorphic Morse-
Darboux charts. During the study of Lefschetz and almost toric fibrations in
the middle of Section 2.1, we have proven that two-dimensional real-analytic
RHSs (M2, w, H) always admit real-analytic Morse-Darboux charts near non-
degenerate critical points of H with Morse index # 1 (cf. Lemma 2.1.38 and
2.1.39). To extend this statement to the holomorphic setting, it suffices by The-
orem 2.1.33 and Corollary 2.1.35 to show that every complex two-dimensional
HHS (X,Q,H) locally admits a real form near non-degenerate critical points of
‘H such that (X, 2, H) restricts to a RHS (M,w, H) as above on that real form.
Unfortunately, we were unable to find such a real form. Solving this problem
would have great consequences, as it would mean that every proper holomorphic
Lefschetz fibration 7 : X — C equipped with a holomorphic symplectic form
Q is automatically an almost toric fibration in dimension two (cf. Definition
2.1.29 and Proposition 2.1.30).

The second problem regards Theorem 2.3.16 which states that proper PHHSs
are generic, as long as their real dimension is larger than four. We do not know
whether this result still applies in dimension four, so it would be a good start-
ing point for further work. The third and fourth problem are both listed as
conjectures in Section 3.4. Conjecture 3.4.9 is about the commutation relations
of the complex structures ¢*J, and T™I needed for the modified versions of
Stenzel’s theorem, while Conjecture 3.4.22 asserts that the K&hler dualities of
double cotangent bundles and coadjoint orbits are linked via reduction. A full
proof of the commutation relations as well as a complete reduction analysis are
still missing. The final open problem can also be found in Section 3.4 and is
more vague than the others. It poses the question how exactly our Hyperkihler
structures on double cotangent bundles are related to those already available in
the literature (Bielawski [Bie03], Feix [Fei01], Kaledin [Kal97], and Kronheimer
[Kro04]).

Another direction for future work concerns the generalization of HHSs with re-
spect to the Hamiltonian H instead of the complex structure' J. We have always

1This path led us to the notion of a PHHS.
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assumed in this thesis that the Hamiltonian of a HHS (X, Q, H) is a holomorphic
map from X to the complex plane C. However, we can also view holomorphic
maps from X to a Riemann surface C' as Hamiltonians. In this case, the triple
(X,Q,H) becomes locally a HHS in the sense of Definition 2.1.3 if we choose
a holomorphic chart for the Riemann surface C. Given two charts of C, the
associated holomorphic Hamiltonian vector fields X3 only differ by multipli-
cation with a holomorphic function. Thus, the distributions spanned by these
vector fields agree (cf. Section 2.1, in particular the proof of Proposition 2.1.13),
even though the Hamiltonian vector fields might be different, giving us a global
distribution on X. Since this distribution is integrable, it induces a foliation,
called holomorphic Hamiltonian foliation, whose leaves can be interpreted as
maximal holomorphic trajectories, as we have seen in Section 2.1 (cf. Definition
2.1.12 and the explanation afterwards). In this sense, the holomorphic Hamil-
tonian foliation can be seen as a generalization? of HHSs. The advantage of
holomorphic Hamiltonian foliations is that they give us easier access to periodic
orbits. Consider, for instance, the complex torus X = C?"/Z2?" +iZ?" parame-
terized by [z1, ..., 22,] € X and equipped with the holomorphic symplectic form
Q= Z?Zl dz; N\ dzjin. Since X is compact, all holomorphic maps from X to
C are constant, so all “classical” HHSs are trivial. However, the holomorphic
Hamiltonian foliation associated with H; : X — C/Z +iZ, [z1,. .., z2n] — [7]
(7 € {1,...,n}) is non-trivial and its leaves are tori, since Xy = 0., is the
corresponding Hamiltonian vector field (in the usual torus coordinates). There
are several interesting and open questions regarding holomorphic Hamiltonian
foliations, e.g. under which conditions they admit periodic orbits, i.e. under
which conditions these foliations possess compact leaves.

To answer this question or similar questions for HHSs and PHHSs, one may
follow a Floer-theoretical approach. In Section 2.1 and Appendix E, we have
constructed various actions functionals® for the (pseudo-)holomorphic trajecto-
ries of (P)HHSs. One might wonder whether it is possible to use these action
functionals as a basis for a Floer-like theory. As of now, it is hard to imagine
how such a theory should look like and, if it exists, whether it gives meaningful
results. There are mainly two complications: First of all, most action function-
als we have constructed are complex-valued which is a problem, since we do not
know how to cook up a Morse theory for C-valued Morse functions. The second
issue concerns the remaining, real action functionals developed in Appendix E.
They all have counterintuitive boundary conditions and, most likely, will just
yield trivial results (cf. Appendix E).

Last but not least, one can study examples of HHSs and PHHSs to gain more
insight into their dynamics. This path seems to be quite promising, especially
because HHSs and PHHSs exhibit properties like monodromy and non-trivial
structures of the domains of their trajectories which are absent in the case of
RHSs.

20f course, pseudo-holomorphic Hamiltonian foliations also exist for PHHSs, giving us a
generalization of HHSs with respect to J and H at the same time.

31n certain cases, one can also write down action functionals for holomorphic Hamiltonian
foliations. Take, for instance, the torus example from above. Here, we can use more or less
the same formulas from Section 2.1 and Appendix E to write down action functionals which
are now, of course, torus-valued.



Appendix A

Real Structures on Complex
Manifolds

This part is concerned with real structures on complex manifolds. It serves as
a reminder to those who are already familiar with multidimensional complex
analysis and as a brief introduction to those who are new to the topic. Aside
from explaining the notion of a real structure and deriving some of its basic
properties, we also discuss how real structures interact with tensors.

In a nutshell, a real structure o on a complex manifold X is an antiholomorphic
involution. As we will see soon, real structures are intimately linked to the
notion of real forms which are the fixed point sets of real structures. In fact,
there are three equivalent definitions of real forms:

Definition A.1 (Real form). Let X be a complex manifold with complex struc-
ture J. Further, let M C X be a non-empty subset. M is called real form of
X if one of the following, equivalent conditions is satisfied:

(i) M is the fixed point set of a real structure, i.e., there exists an open
neighborhood U C X of M and an antiholomorphic involution ¢ on U
such that M = Fixo.

(i) M C X is a totally real, real-analytic submanifold, i.e., M satisfies
dimg M = dim¢ X and J,(T,M) NT,M = {0} for every point p € M.

(iii) For every point p € M there exists an open neighborhood V' C X of p and
a holomorphic chart (z1,...,2,) : V — C" such that (z; = z; + iy;):

VAM={qeV |yi(q) =...=yn(q) =0}

Proof. (i)=(ii): Let o be as above and take a point p € M = Fixo. Without
loss of generality, we can assume U = X. Since o is an involution, its differential
doy, : Tp,X — T, X is an involution as well. Thus, the tangent space T}, X splits
into the direct sum E; & E_; where E4, is the eigenspace of do, with respect
to the eigenvalue +1. Now consider a real-analytic Riemannian metric g on a
o-invariant neighborhood V' C X of p, i.e., o(V) = V. o is an isometry with
respect to the real-analytic metric g, == g + 0*g on V. Hence, the exponential
map exp, : W C T, X — V of g, at p restricts to a map exp, : W N E; — Fixo
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and gives rise to a real-analytic submanifold chart for Fix o = M. In particular,
M C X is areal-analytic submanifold and we find T, M = Ej.

Now recall that o is antiholomorphic, i.e., do, o J, = —J, odo,. Thus, we have
E_1 = J,(E1). This yields:

Jp(TpM) n TpM = Jp(El) N E1 = E_l N El = {0} and
1
dimR M = dimR TpM = dimR E1 = dimR E_1 = § dimR TpX = dim«; X
proving that M C X is a totally real, real-analytic submanifold.

(ii)=(iii): Let M C X be a totally real, real-analytic submanifold. Pick a point
p € M, an open neighborhood V' C X of p, a holomorphic chart ¢ : V' — C" of
X, and a real-analytic chart ¢ : V. N M — R™ of M. Then, ¢ o ¢! is a real-
analytic map from R™ to C™ = R?". Thus, there exists a unique holomorphic
map ¥ from C" to C" coinciding with 1 o ¢~ on R™. To illustrate this, we
consider the case n = 1:

Let f = a+ib: R — C = R? be a real-analytic map, i.e., the maps a,b: R = R
are real-analytic. This means that the Taylor series of a (and b) locally con-
verges and coincides with the function a (and b, respectively). Expressing a and
b as

a(@) =Y ap(z —20)* and b(z) =Y bz — z0)*
k=0 k=0
allows us to locally define the unique holomorphic continuation F of f by setting:
F(2) =" (ar +ibe)(z — z0)".
k=0

Since F' can locally be written as a power series, it is holomorphic. Furthermore,
it is unique, as any other holomorphic continuation of f must have the same
power series near points xg € R.

Let us return to the map ¥. We want to show that ¥ is a local biholo-
morphism near ¢(p). To prove this, it suffices to show that the differential
dV4p)  Typ)C" = C" — Ty, C" =2 C™ is bijective. Let Oz, p, ..., 0z, p be the
basis vectors of T, M C T, X associated to the chart ¢. We find:

dV g (ej) = diy(0z, p) and
d\l'ab(p) (iej) = id\l'qﬁ(p)(ej) = id¢p(8wj m) = d¢p(Jp8xj 7p)7

where ey, ...,e, denotes the standard basis of C™ and we exploited the holo-
morphicity of ¢y and ¥. Since M C X is a totally real submanifold, the vectors
Oz1.p>+ > O0.py IpOzy s - - - » JpOg,, p fOorm a basis of T, X. Moreover, di, maps
bases to bases, as v is a chart. Together with the previous equations, this tells
us that dWy,) maps a real basis of C" to another basis, i.e., that dW¥, is
bijective.

We can now define the holomorphic chart (z1,...,2,) = ¥ 1oy : V — C"
after shrinking V if necessary. By construction, ¥~! o 1) coincides with ¢ on
V' N M and only assumes real values on V' N M proving (z; = z; + iy;):

VM ={qeV |yi(g) =...=yn(q) =0}
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(iii)=-(i): Pick a collection {(Va,%a)}a of holomorphic charts as in (iii) covering
M. Without loss of generality, we can assume that ¢(¥o(Va)) = ¥a(Va), where
c:C" — C™ is the complex conjugation. Set U = U,V, and define the map
o:U —= U as follows:

o(p) =v ocorha(p) Vpe VoVa.

It is clear from the definition that o is an antiholomorphic involution if it is well-
defined. To show well-definedness, it suffices to prove that the maps ¥, o wgl
commute with the complex conjugation ¢ for every « and 3. For this, we first
note that, by (iii), the points in V,, N M are exactly those points which are
mapped to R™ under v,. Hence, the map 1, o 77/;[;1 sends R™ to R". Now
consider the maps v, o wgl and co Y, o 1/1[;1 o c. Both are holomorphic and
coincide on R™. By the identity theorem! for holomorphic maps, they must be
equal giving us:

coq/;aoqpﬂ_loc:d)aoz%—l Va, 5.

Since ¢ is an involution, the last equation gives us the desired commutation
relation between 1, o 1/16_1 and c.

Lastly, we need to check that M is the fixed point set of o. By definition of o,
the fixed points of o are exactly those points in U which are mapped to R™ by
some 1),. By (iii), these are exactly the points in M. O

Given a real form M, one can ask whether the corresponding real structure is
unique, i.e., whether there are two different real structures whose real forms are
M. The following proposition answers this question:

Proposition A.2 (Uniqueness of real structures). Let X be a complex manifold
and 01,09 : X — X be two real structures with the same non-empty fixed point
set M. Then, there exists an open neighborhood U C X of M such that
o1lu = o2|u. If every connected component of X meets M in some point, one
has o1 = o5.

Proof. Let v be a holomorphic chart of X near a point p € M as in (iii) of
Definition A.1 and consider the map oy o 3. In the chart v, o1 o o5 becomes a
holomorphic map from C™ to C™ which restricts to the identity on R™. By the
identity theorem, this map must be the identity on all of C™. Hence, o1 0 09
coincides with the identity on a neighborhood of the point p. Repeating this
argument for every point p € M shows that there exists an open neighborhood
U C X of M such that oy o 03]y = idy or, equivalently, 01|y = o2|v.

If every connected component of X meets M in some point, then every con-
nected component of X contains some open subset on which o1 and o5 coincide.
Applying the identity theorem again shows o1 = 0s. O

Remark A.3 (Nice real structure). In light of Proposition A.2, we call a real
structure o on X mnice if its fixed point set meets every connected component
of X in some point. The notion of a nice real form is defined analogously.

1To apply the identity theorem, it is necessary that every connected component of VN Vs
is met by some point in M. We can always achieve this by choosing a suitable collection

{(Va, Ya) }a-
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At this point, it should be noted that real-analyticity is necessary in (ii) of
Definition A.1. As a counterexample, take X to be the complex plane C with
complex structure ¢ and M to be the graph of a smooth function f : R — R
with compact support satisfying f(0) # 0. Clearly, M C C is a totally real,
smooth submanifold of C. Now assume that M is the fixed point set of some
real structure o on an open neighborhood of M. Outside a compact set, M
coincides with the real line R. Now note that the complex conjugation on C
is a real structure whose real form is R. This allows us to apply the identity
theorem as in the proof of Proposition A.2 to show that o coincides with the
complex conjugation. Hence, M must be the real line contradicting f(0) # 0.

Remark A.4 (Real structures on almost complex manifolds). If X is just an
almost complex manifold, we can still use (i) or (ii)? from Definition A.1 to
define real forms M C X. In this case, it is still true that every real form in the
sense of (i) is also a real form in the sense of (ii). However, the converse might
fail, as the previous example suggests.

The remainder of Appendix A is devoted to the relation between tensors and
real structures. Before we dive into this discussion, it is wise to introduce the
concepts of o-charts:

Definition A.5 (o0-Chart). Let X be a complex manifold with real structure
o on it. Further, let ¢ : V' — C" be a holomorphic chart of X. We say that ¢
is a o-chart if the following two conditions are satisfied:

(i) o(V)=V.
(ii) ¥ oo = co, where ¢ : C* — C™, ¢(z) := Z denotes complex conjugation.

We can interpret o-charts as charts in which o assumes its standard form.
o-Charts are enormously helpful, as they simplify a vast amount of upcoming
computations. The following proposition ensures that we can always find an
atlas of o-charts (cf. [Kul78]):

Proposition A.6 (o-Atlas). Let X be a complex manifold with real structure
o on it. Then, X admits an atlas of o-charts.

Proof. Set M = Fixo and pick a point p € X\M. Let ¢ : V — C" be a
holomorphic chart of X near p. By shrinking V if necessary, we can achieve
that o(V) NV = 0. Now define the holomorphic chart ¢, : VU (V) — C" as
follows:

_ )Yl ifgeV,
Vela) = {co Yoo(q) ifqgea(V).

By construction, 1, is a o-chart near p.

If M is empty, the proof is already finished. If M is not empty, it remains to be
shown that we can find o-charts near any point p € M. However, in the proof
of Definition A.1, we have shown that the charts from (iii) in Definition A.1 are,
by construction of ¢, o-charts. This concludes the proof. O

?In this case, it is sensible to drop the condition that M has to be real-analytic, since X
itself might not be real-analytic.
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Let us now begin the discussion of the relation between tensors and real struc-
tures. We start by recalling that any manifold X with an almost complex
structure J on it possesses a canonical splitting of its complexified (co)tangent
spaces into (1,0)- and (0, 1)-spaces:

TeX =THOX o TOVX  (TpeX = T300X 0 700 X)),

The elements v € T,SI’O)X (a € T;’(I’O)X) are defined by the equation:
Jyv=1iv (aold,=1ia),
: (0,1) #,(0,1) )
while the elements w € T, "X (B8 €T, X) are defined by:
Jyw=—iw (Bod,=—if).

If J is integrable, i.e., X is a complex manifold, we can pick a holomorphic chart
(1 =21+ Y1, 20 = Ty +1yn) : V — C™ of X. The vectors (forms)

0. :

J

N =

(8%. - i(?yj) (dzj = dx; +idy;)
form a basis of the (1, 0)-spaces, while the vectors (forms)

35 =

J

(00, +10y,)  (dzj = dxj — idy;)

NN

form a basis of the (0,1)-spaces. If, additionally, X carries a real structure o
and the chosen chart is a o-chart, one easily checks the following relation for
the corresponding coordinate vectors (forms):

0.0, =0z, (0"dz; = dz;).
Equipped with this knowledge, we are now able to define holomorphic tensors:

Definition A.7 (Holomorphic tensors). Let X be a complex manifold and T'
be a smooth complex tensor field on X. We say that T is of holomorphic type
if T takes the following form in every holomorphic chart (z21,...,2,) : V — C®
of X:
T=T! 0., ®. ®0, @du, @...0dx,,

where we employ the Einstein sum convention and the coefficients
Tgll_'::iz : V' — C are smooth functions on V. The tensor field T" is holomor-
phic if it is of holomorphic type and the coefficients Tgiir are holomorphic
functions. Now assume that X additionally carries a real structure o. We call
the tensor field T' o-invariant if it satisfies® o*T = T.

3For a diffeomorphism ¢ : L — N and a tensor field T on N, ¢*T is defined by pulling
back the form part of T with ¢ and pushing forward the vector part of T with ¢—1. If T is
a tensor field on L, ¢+T is defined similarly, but the roles of ¢ and ¢—! are reversed. Since
the diffeomorphism ¢ = o in Definition A.7 is an involution, these subtle differences are not
important.
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Remark A.8. In the case that the almost complex structure of X is not inte-
grable, we can still define tensors of holomorphic type* and o-invariant tensors.
The integrability is only needed for the definition of holomorphic tensors.

The key observation about o-invariant tensors of holomorphic type is that they
restrict to real tensors on the real form M:

Proposition A.9. Let X be a complex manifold with real structure o and
non-empty real form M := Fixo. Further, let T be a o-invariant tensor field on
X of holomorphic type. Then, T induces a real tensor field Ty on M. If T is
holomorphic, Ty, is real-analytic.

Proof. Pick a point p € M and a o-chart (z1,...,2,): V — C™ near p. In this
o-chart, we can write T as:
T=T70., ®. ®0, @du, @...0dx,,

Zj1
where we employ the same conventions as in Definition A.7. Using this expres-
sion, the equation ¢*T = T becomes:

Tk oo =TE
Thus, the coefficients Tglliz (q) are real for points g € VN M. We are now able
to define the real tensor Thy on V N M:

Tar(q) = T] 0 (@)Dyy g ® - © Oy g @ g, g ® .. @ d, g, (A1)

where ¢ € VN M and z; = z; +iy;. Recall that o-charts near points of M are
the holomorphic charts from (iii) in Definition A.1, i.e., we have:

VAM={qeV |yi(g) =...=yn(q) =0}

In particular, this means that the coordinate functions z1,...,x, constitute
a real-analytic submanifold chart for M. Hence, the object defined by Equa-
tion (A.1) is a well-defined real tensor field on VN M.

To obtain a real tensor field on all of M, we repeat the previous step for every
point p € M. This is possible, since the definition of Th; given in Equation (A.1)
is independent of the choice of o-chart, as one can easily verify. To conclude
the proof, we observe that the coefficients T,gll:_'_'i; are real-analytic if T is holo-
morphic. O

Given a real tensor T)s, one can ask whether the corresponding o-invariant
tensor T' of holomorphic type is unique, i.e., whether there are two different
o-invariant tensors of holomorphic type that induce the same tensor Th;. In
general, the tensor 7 is not unique, however, it becomes unique if we additionally
require 7" to be holomorphic:

Lemma A.10 (Uniqueness of holomorphic tensors). Let X be a complex man-
ifold with real structure ¢ and non-empty real form M = Fixo. Further, let S
and T be two o-invariant holomorphic tensor fields on X which induce the same
real tensor field T on M. Then, there exists an open neighborhood U C X of
M such that S|y = T|y. If M is nice, one even has S =T.

4Naturally, we need to employ a different, but equivalent definition for tensors of holomor-

phic type in this case, namely, that T vanishes if we plug any (0, 1)-vectors or -forms into
it.
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Proof. Pick a point p € M and a o-chart (21,...,2,) =% : V — C" near p such
that V is connected. In this o-chart, we can write S and T as:

S=547730
T =100

Zj1

®"'®az‘j7,®dzk:1®"'®dzks7
®...®szr®dzk1®...®dzks7

Zj1

where we employ the same conventions as in Definition A.7. Since S and T
induce the same real tensor Ty, their coefﬁments SJl JTS and le 7" coincide
on V N M. By precomposing them with )=, we can view the coefﬁcients as
holomorphic functions from C" to C which coincide on R™. Hence, by the
identity theorem, they must coincide everywhere, i.e., on all of V. This shows
that S and T agree on V. We can now repeat this argument for every point
p € M to find a neighborhood U C X of M such that S|y = T|y. If M is nice,
we can apply the identity theorem to every connected component of X to prove
S=T. O

Lastly, we want to discuss the question of existence, i.e., given a real tensor T}y,
is there always a o-invariant holomorphic tensor T' inducing Tj;? The answer
is a resounding “Yes!” if T}, is real-analytic:

Lemma A.11 (Holomorphic continuation of tensors). Let X be a complex
manifold with real structure o and non-empty real form M = Fixo. Further,
let Ty be a real-analytic tensor field on M. Then, there exists an open neigh-
borhood U C X of M and a o-invariant holomorphic tensor field 7" on U which
induces Th;. T is unique in the sense of Lemma A.10.

Proof. Pick a point p € M and a o-chart (z1,...,2,) = ¢ : V — C" near p.
The real part of the o-chart furnishes a real-analytic submanifold chart for M.
In this chart, Th; becomes:
Ty = TM Jra% ®@...0 0, ®dry, ®...Qdy,,

where we employ the same conventions as before. The coefficients T, ,ﬁi are
real-analytic maps from V' N M to R C C. By precomposing them with =1 |gn,
we can view the coeflicients as real-analytic maps from R™ to C. As in the proof
of Definition A.1, there exists a unique holomorphic continuation of these maps.
This allows us to interpret the coefficients TM "+ as holomorphic functions
on V (after shrinking V' if necessary). Denote these holomorphic coefficients by
T . We can now define the tensor field 7' on V' by:

T:=T %0

Zj1

®~-~®6zjr®dzk1®-~-®dzks- (A.2)

T is holomorphic, because the coefficients TJ tJ7 are holomorphic. Furthermore,

Jr

T is also o-invariant. To see this, note that the coefficients le i, assume real

values on V N M. With this, we can apply the identity theorem to T]1 oo
and TJ1 ” " to obtain:

T]l J700'_T]1 k

Inserting the last equation into Equation (A.2) and exploiting the properties of
o-charts now yields o*T =T.
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To define T" on a neighborhood U of M, we want to repeat the last step for every
point p € M and afterwards combine the various coordinate patches. This is
possible if the definition of T given in Equation (A.2) is independent of the
choice of o-chart. However, the independence of the choice of chart directly
follows from Lemma A.10 concluding the proof. O

To end Appendix A, we point out that real structures are not exclusive to the
category of complex manifolds, but exist in all kinds of complex subcategories,
for instance in the category of complex Lie groups, in the category of holomor-
phic symplectic manifolds, in the category of holomorphic Kihler manifolds,
and so forth. In these cases, the antiholomorphic involution o has to preserve
the structure of the subcategory, e.g., has to be a group homomorphism, has
to preserve the holomorphic symplectic form Q (i.e. o*Q = ), has to preserve
the Kihler structure, and so forth. This enforces that the corresponding real
form M carries the remaining non-complex structure of the category, e.g., is a
Lie group, is a symplectic manifold, is a Kdhler manifold, and so forth.




Appendix B

Proof of Darboux’s Theorem
for HSMs

In this part of the appendix, we want to show that there is a holomorphic
counterpart to Darboux’s theorem:

Theorem B.1 (Darboux’s theorem for HSMs). Let (X,Q) be a holomorphic
symplectic manifold (HSM) of complex dimension dimc(X) = 2n
(n € N). Then, for every point z € X, there is a holomorphic chart
v =(Q1,...,Qn,Pr,...,P,) : U—V CC?" of X near = such that

QIU = ZdPJ A dQJ
j=1

Proof. Asin the real setup, we employ Moser’s trick to prove Darboux’s theorem
for HSMs. A detailed transcription of Moser’s trick to complex manifolds is
given by Soldatenkov and Verbitsky (cf. [SV21]).

Let (X,Q) be a HSM of complex dimension dim¢(X) = 2n (n € N), z € X be
any point of X, and (U,z/? = (21,..., 22,)) be a holomorphic chart of X near
z. First, we observe that every complex symplectic form w on a complex vector
space V of dimension dim¢(V) = 2n can be brought into standard form, i.e.,
can be written as

n
w = Z 9j+n N 9]'
j=1

for a basis (64, ...,60,) dual to some complex basis (ey,...,ea,) of V. Thus,
we can assume that Q at z in the chart (U, ) takes the form

n
Qo =Y dijina Ad2ja
j=1
by applying a C-linear transformation to (U ,1&) if necessary. Next, we define

the following 2-form on U:

O =Y dzjpn Adz; € QPO(D).

j=1
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Clearly, both Qg := Q| and ©; are holomorphic symplectic 2-forms on U. Now,
we define the 2-form €, on U as the interpolation of Qg and Q:

Qt = QO + t(Ql - QQ) Vvt € R.

For every t € R, the form §2; is holomorphic and closed, as €y and §2; are
holomorphic and closed. Further, we observe that £ , = €y , for every ¢ € R,
as p and ; coincide at x by construction. This means that ), is non-
degenerate for every t. Because non-degeneracy is an open property, we can
find an open neighborhood U’ C U of z such that Q¢|y is a non-degenerate
2-form for every t € [0, 1], where we have also used the fact that ; depends
continuously on ¢ and [0,1] is a compact interval. This turns (U’, Q|y+) into
a HSM for every ¢t € [0,1]. Moreover, we can assume that U’ is contractible
by shrinking U’ if necessary. For the sake of simplicity and ease of notation,
we assume from now on that U’ = U. As U is contractible, its cohomology is
trivial. By the Poincaré lemma, we can find a 1-form « on U such that

%Qt = Ql — QO = da.

We can write a = a9 + o@D where a(»? and a(®) are of type (1,0) and
(0,1), respectively. Since the 2-form ; — Qg is holomorphic, it is of type (2,0)
implying da = da(® = 9o, Thus, we can choose « such that it is of
type (1,0) and fulfills o = 0 turning « into a holomorphic 1-form. Without
loss of generality, we can assume that « satisfies o, = 0 by replacing o with
o/ = a — f if necessary, where 3 is a holomorphic 1-form with 8, = «, and
dB = 0. For every t € [0,1], define the vector field V; on U with values in
TWOT by 11,9 = —a. Note that V; is well-defined, as a is a 1-form of type
(1,0) and €, is non-degenerate on T-O 7/, thus, € gives rise to an isomorphism
from TWHOU to T+ (107, Since o and €, are holomorphic, V; is a holomorphic
vector field on U for every ¢ € [0,1]. Using the closedness of Q; and Cartan’s
magic formula, we calculate the Lie derivative Ly, 2;:

d
LVtQt = d[/VtQt + LthQt = dLVtQt = —da = —agt Vit € [0, ].]

Recall' that every holomorphic vector field V' can be uniquely written as
1/2(VE—i. J(VT)), where J is the complex structure of the underlying complex
manifold and V¥ is a real J-preserving vector field. Now let V;® be the real
J-preserving vector field corresponding to V; for every ¢ € [0, 1]. Next, we want
to show the following equation:

d
LyrQy = Ly, Qy = ——Q4.
VRS Vil st
We do this by proving a more general auxiliary lemma:
Auxiliary lemma B.2. Let X be a complex manifold with complex structure
J € T'(End(TX)). Further, let VF € T';(TX) be a J-preserving vector field on
X with corresponding holomorphic vector field V := 1/2(VE —4.J(V)) and let

T be a holomorphic tensor field on X, then the Lie derivatives of T with respect
to VE and V coincide, i.e.:

LyrT = LyT.
IConfer Proposition 2.1.6 and [KN69] for details.
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Proof of Lemma B.2. Let X, J, VE and V be as above. Further, let T be a
holomorphic (k,{)-tensor field on X. The Lie derivative is complex linear, thus,
we have by definition of V:

1
LyT = 3 (LyrT —i- LJ(VR)T) .
Hence, it suffices to show:
LyymyT =i-LyrT. (B.1)

In a holomorphic chart ¢ = (21,...,2,) : U =V C C" of X, T can be expressed
as

n

T|U = Z T?l’“ik -del ®"'®dzjz ® 0,

J1---Ji

©..00,

i1
0.0k, J1---J1=1
where T;ll;lk : U — C are holomorphic functions on U. Since the Lie derivative
can be computed locally and satisfies the Leibniz rule, it suffices to show Equa-
tion (B.1) for T being Tﬁ;l’“, dz;, and 0,;. As the Lie derivative also commutes
with the exterior differential d and 0., is a (local) holomorphic vector field, it
is sufficient to prove Equation (B.1) for T being a holomorphic function h and
holomorphic vector field W. For T' = h, we find:

Lywryh=dh (J(V?)) =i-dh(VF) =i Lyrh,

where we used that h is holomorphic, i.e. dhoJ =i -dh. For T = W, we can
use Proposition 2.1.6 to obtain:

LywmyW = [JV, W] = 3 (70V), W] {7 (V™). 1w )
= 5 (VR IOV — VR POVR]) = L (VW) v, )
=i [VEW] =i LyrW,

concluding the proof. O

Let us return to the proof of Darboux’s theorem for HSMs. Let ¢; be the
(possibly local) flow of the real time-dependent vector field V,*. The pull-back
;€ is a solution of the initial value problem:

d * * d *
2 (Pth) = @i (LyaQe + Q) =0, 9pQ = o,
where we suppressed the fact that ¢; might not be defined on all of U for every
t € [0,1] in our notation. Clearly, € is also a solution to the same initial value
problem. Because the solution to the given initial value problem is unique, we
obtain:

@:Qt = QO.

We have to show that the last equation holds true for every ¢ € [0, 1] in some
open neighborhood U C U of x. For this, we recall that o, = 0 by construction.
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Thus, we have V,*(x) = V;(z) = 0 for every ¢t € [0,1]. This implies that the
flow ¢, is stationary at z, i.e., ¢y (x) = x for every ¢t € [0,1]. We can deduce
from this that there exists an open neighborhood U C U of z such that the flow
@i U = @(U) c U is a well-defined diffeomorphism for every ¢ € [0,1]. In
particular, the time-1-map ¢ : U — 1 (U) satisfies:

eI = Q.

Hence, (U, ¢ = Yo 1) is a smooth chart of X near x which satisfies:

T =7 (o7 ) =T =D 040 A G,

Jj=1

where >~ 60;4, A 6; is the standard symplectic form on C**. Hence, the holo-
morphic symplectic form (2 takes the following form on (U, = (21, ..., 22,)):

QlU = Zd2j+n AN de.

j=1

(U,v) is a good candidate for the desired Darboux chart. To conclude the
proof, we need to show that (U, ) is also a holomorphic chart of X. For this,
it suffices to prove that the map 1 : U — ¢1(U) is locally biholomorphic. The
idea behind this proof is simple: In Chapter IX of [KNG69|, it is shown that
the time-independent J-preserving? vector fields V' on a complex manifold X
are exactly those real vector fields whose flow ¢} "is locally biholomorphic.
However, we cannot directly apply this statement to V,F, as, in general, V%!
carries a non-trivial time-dependence. To account for this, we relate V; to a
time-independent holomorphic vector field V on U x O 3 (z,t), where O C C.
First, we generalize the definition of ; and allow for complex times t = 7 € C.
By the same arguments as before and by shrinking U if necessary, we find an
open neighborhood O C C of [0,1] such that Q. is non-degenerate for every
7 € O. This allows us to generalize the definition of V., to all 7 € O. Instead
of viewing ), as a time-dependent (2,0)-form on U', we can also take it to be
a time-independent (2,0)-form on U x O. As the time-dependence of €, is
clearly holomorphic, Q, as a form on U x O is also holomorphic. Thus, V;
understood as a vector field on U x O is also holomorphic. Now consider the
time-independent vector field V' on U x O:

V(y,m')=Vo(y) +0:(y,7') V(y,7") €U x O,

where we interpret 7 as a coordinate of U x O. As V; and 8, are holomorphic,
V is also holomorphic. Now let V# be the real J-preserving vector field corre-
sponding to V and let T': [0,1] — U x O, I'(r) = (y(r), p(r)) be a smooth curve
in U x O with p(0) = 0. Then, we have the following auxiliary lemma:

Auxiliary lemma B.3. T is an integral curve of V# if and only if vy : [0,1] — U
is an integral curve of V,* and p(r) = r for every r € [0, 1].

2 J-preserving vector fields are called infinitesimal automorphisms in [KN69).
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Proof of Lemma B.3. This follows from a quick computation: Let 7 =t +is be
the decomposition of 7 into real and imaginary part, then the vector field V
is given by:

VE(y,m') = VE(y) + dly. ') Yy, m) €U xO.

Further, let p = pr + ip; be the decomposition of p into real and imaginary
part, then the integral curve equation of VI for I' can be written as (r € [0,1]):

Y(r) = Vil (1), pr(r) - 8(T(r)) + pr(r) - 9(T(r)) = (L(r)).

As p needs to satisfy the initial condition p(0) = 0, p is given by id j if T' is
an integral curve of V. In this case, v has to satisfy the following differential
equation:

i(r) = Vi (4(r)) 7€ [0,1].

Therefore, 7 is an integral curve of the time-dependent vector field V,* on U if
I is an integral curve of V. The converse direction follows similarly. O

From Lemma B.3, it follows that the flow ¢} of V& and the flow ¢; of the
time-dependent vector field V;® are related in the following way:

of " (4,0) = (2e(y), 1)

for every suitable y € U. As discussed earlier, oy " is the flow of a holomorphic
vector field and, hence, locally biholomorphic. This implies that ¢, is also locally
biholomorphic concluding the proof. O



150 APPENDIX B. PROOF OF DARBOUX’S THEOREM FOR HSMS



Appendix C

Three Flavors of Kahler
Structures

We briefly explore the various notions of Kihler structures in this part. In
particular, we introduce three different flavors of Kéahler structures: Ké&hler
manifolds (first section), Hyperkéihler manifolds (second section), and holomor-
phic K&hler manifolds (third section). The main result of Appendix C is that,
in the symplectic picture, Hyperkéhler and holomorphic Kdhler manifolds only
differ by a sign in the commutation relation of the complex structures I and J.

Kahler Manifolds

Definition C.1 (K&hler manifolds). A pre-semi-Kéahler manifold is a triple
(M,w,J) where M?" is a smooth manifold and the tensors w € Q?(M) and
J € T'End(T M) satisfy:

(i) w is non-degenerate, i.e., w) # 0 for all p € M,
(ii) J is an almost complex structure, i.e., Jp2 = —idg,p for all p € M,
(ili) w and J are compatible in the sense that w(J-,J-) = w.

We drop the prefix “pre” if (M,w, J) satisfies the following integrability condi-
tions:

(1) wis closed, i.e., dw =0,
(2) J is integrable, i.e., the Nijenhuis tensor N; vanishes.

We drop the prefix “semi” if the semi-Riemannian metric g := w(-, J-) is positive
definite.

Remark C.2.

(i) Tt is easy to verify that, given a pre-semi-Kahler manifold (M,w,J), the
tensor g = w(+,J-) is a semi-Riemannian metric satisfying g(J-,J-) = g.
Conversely, if M is a smooth manifold with semi-Riemannian metric g
and almost complex structure J satisfying g(J-,J-) = g, then the triple
(M,w, J) is a pre-semi Kéhler manifold where w := g(J-,-). In light of this
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observation, we call both triples (M,w, J) and (M, g, J) pre-semi-K&hler
manifolds. Whether the symplectic or Riemannian picture is used, is clear
from the symbols and the context.

(ii) A manifold M admits a pre-Kahler structure iff M admits an almost
complex structure iff M admits a non-degenerate two-form. In particu-
lar, every pre-semi-Kahler manifold admits a pre-Kahler structure. To
see this, we first note that M admits an almost complex (or almost
symplectic or pre-Kahler) structure iff the frame bundle of M admits a
GL(n,C)- (or Sp(2n,R)- or U(n)-)reduction. The rest now follows from
Sp(2n,R) N GL(n,C) = U(n) and the fact that the inclusions
U(n) — GL(n,C) and U(n) — Sp(2n) are strong deformation retracts
as well as the observation that G-principal bundles admit H-reductions if
H — G is a strong deformation retract of Lie groups.

Kahler manifolds are one of the most studied geometries in mathematics. As
such, a plethora of equivalent descriptions of K&hler manifolds has been found
over the years (cf. [Bal06] and [Mor07] for a small selection). Here, we are only
interested in the following equivalences:

Lemma C.3 (Equivalent description of integrability conditions). Let (M, w, J)
be a pre-semi-Kahler manifold and V be the Levi-Civita connection of
g = w(+,J-). Then, the following statements are equivalent:

(i

(ii

) (M,w,J) is a semi-Kéhler manifold.

) VJ =0.

(iii) Vw = 0.

(iv) M admits an atlas of holomorphic normal coordinates, i.e., for every point

p € M there exists a holomorphic chart (z; = ©1 +4y1,. .., 2n = Tn +iyn)
near p such that

k

n
9 = Z dm?,p + dy?)p - Z dx?m + dyjz',p
Jj=1 j=k+1

and the first derivatives of the coefficients of g vanish at p in this chart.
(v) J is integrable and w possesses local Kéhler potentials f near any point,

ie., for every p € M there exists an open neighborhood U of p and a
function f € C*°(U,R) such that w|y = :90f.

Proof. “(i)<(ii)”: This equivalence is Lemma 4.2.5 in [MS17].
“(ii)<(iii)”: We compute for vector fields X,Y, Z € T(TM):
Xw,2))=(Vxw) Y, Z2)+w(VxY,Z)+w(Y,VxZ)
=X(9(JY, 2)) = (Vxg)(JY, Z) + g(Vx(JY),Z) + g(JY,Vx Z)
9(Vx )Y, Z) +9(JVxY,Z) + g(JY,Vx Z)
=9((VxJ)Y,Z) + w(VxY,Z) + w(Y,Vx Z),

where we exploited the metric compatibility of V. Subtracting the first from
the last line yields (Vxw)(Y, Z) = g((VxJ)Y, Z) proving the equivalence.
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The remaining directions are proven in [Bal06] (cf. Theorem 4.17). Note that
the equivalences are only shown for positive definite g in [MS17] and [Bal06].
However, it is straightforward to check that the proofs still work in the semi-
Riemannian case. O

Remark C.4 (Signature of g). A consequence of Lemma C.3 is that the signa-
ture of a semi-Kéahler metric g is even, i.e., g has signature (2k,2(n — k)). One
easily verifies that this is also true for pre-semi-K&hler manifolds (M, g, J).

The Kéhler potential f in Lemma C.3 is not unique. For instance, adding the
real part of a holomorphic function g to f generates another Kéhler potential,
ie., if g : U — C is a holomorphic function, then w = i00f where:

f=f+Reg=7r+3(g+39)

To single out a unique Kahler potential, we need to impose additional conditions
on f. One such condition is to require f to be mixed near a given point p:

Definition C.5 (Mixed near p). Let M be a complex manifold and f : M — R
a real-analytic function on M. Fix a point p € M and a holomorphic chart
Y = (21,...,2,) near p with ¢)(p) = 0. Expanding f in a power series of z; and
Zk gives us the decomposition:

f="ho+h1+ha+hs,

where hg = f(p) is a constant function, h; only contains powers of z;, ho only
contains powers of z,, and hs contains the terms mixing z; and z. We call f
mixed near p if hg = h; = hy = 0.

Remark C.6.
(i) The decomposition f = hg + hy + ho + hg is independent of the choice of
chart 9, as long as ¢ (p) = 0 holds.

(ii) If f is mixed near p, then p is a critical point of f. Indeed, all terms

contained in f are of quadratic or higher order in the coordinates z; and
k-

Definition C.5 now allows us to find a unique Ké&hler potential near a given point

p:

Proposition C.7 (Mixed Kahler potential). Let M be a complex manifold

and w € Q?(M) a closed real-analytic R-valued form of type (1,1). Fix a point

p € M. Then, there exists a contractible neighborhood U of p and a unique real-

analytic function f : U — R such that f is mixed near p and w = i99f holds.

In particular, every real-analytic semi-K#hler manifold (M,w, J) possesses a

unique local Kahler potential f which is mixed near p.

Proof. By the 00-lemma, there is a contractible neighborhood U of p and a
function f : U — R such that w = i99f. Since w is real-analytic, we can
also choose f to be real-analytic. After shrinking U, U becomes the domain of
a chart (z1,...,2,) and we can write f = hg + hy + ha + h3 as in Definition
C.5. h; is holomorphic and, since f is real, we have hy = h;. In particular,
dhy = Oh1 = Oha = 0 holds and hs satisfies w = i90hs. Thus, hs is the mixed
Kéhler potential for w. Conversely, w fixes hs, as w determines the functions
0.,0z,h3 and every term in hg is proportional to z;2; concluding the proof. [
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Hyperkahler Manifolds

Definition C.8 (Hyperkihler manifolds). A pre-semi-Hyperkihler manifold
is a collection (M, g,1,J, K) where M*" is a smooth manifold and the tensors
g € Sym?(M) and I, J, K € T End(T M) satisfy:

(i) g is a semi-Riemannian metric,
(ii) I, J, and K form an almost quaternionic structure:

IX=J. =K, =1,J,K, = —idr,; Vpe M,

(iii) g is compatible with I, J, and K in the following sense:

g(IvI) :g(‘]v‘]):g(KvK) =g

We drop the prefix “pre” if (M, g,1), (M,g,J), and (M, g, K) are semi-Kéhler.
We drop the prefix “semi” if g is positive definite.

Remark C.9.

(i) Given a pre-semi-Hyperkihler manifold (M, g, I, J, K), every almost com-
plex structure L € {I,.J, K} corresponds to a non-degenerate 2-form
wr, = g(L-,-). The forms wy, wy, and wk allow us to construct the
complex forms:

Qr =wy +iwg, Qj =wg +iwy, Qi = wy +iw;.

For any L € {I,J, K}, Qp is of type (2,0) with respect to the almost
complex structure L, i.e.:

Qr(L ) =Qr(, L) =iQp.

If (M, g,1,J, K) is semi-Hyperkihler, then €, is a holomorphic symplectic
form with respect to L € {I,J, K} (cf. Theorem 2.2.16).

(ii) A manifold M admits a pre-Hyperkéhler structure iff M admits an almost
quaternionic structure. In particular, every pre-semi-Hyperkadhler mani-
fold admits a pre-Hyperkéhler structure. As in the Kéahler case, the proof
relies on the fact that the inclusion GL(n,H) N O(4n) — GL(n,H) is a
strong deformation retract.

Definition C.8 is somewhat redundant: To define Hyperkihler structures, we
introduced three almost complex structures, however, two anticommuting ones
completely suffice. Indeed, if I, J, and K form an almost quaternionic structure
on M, one easily concludes that I and J anticommute. The converse is also true:

Proposition C.10. Let M be a smooth manifold with two almost complex
structures I and J and set K = 1J. If IJ = —JI, then I, J, and K form an
almost quaternionic structure on M. If, additionally, g is a semi-Riemannian
metric on M such that (M, g,I) and (M,g,J) are pre-semi-K&hler manifolds,
then (M, g,1,J, K) is a pre-semi-Hyperk&hler manifold.
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Proof. We verify:
K?*=1JK =1J1J = -I"J* = 1.
The K-compatibility of g is a direct consequence of the I- and J-compatibility:
9(K- K-) = g(IJ 1) = g(J-,J) = g.
O

Not only the third almost complex structure K is redundant, but also the third
integrability condition:

Proposition C.11. Let (M,g,I,J, K) be a pre-semi-Hyperkihler manifold.
Then, the following statements are equivalent:

(i) (M,g,1,J, K) is semi-Hyperkéhler.
(if) (M,g,I) and (M, g, J) are semi-Ké&hler.

Proof. The direction “(i)=-(ii)” is trivial, thus, we only consider “(ii)=-(i)”. If
(M,g,I) and (M,g,J) are semi-Kahler, then, by Lemma C.3, we have
VI = VJ = 0 for the Levi-Civita connection V of g. Therefore, the almost
complex structure K = I.J satisfies:

VK = (VI)J+1IVJ =0

Applying Lemma C.3 again now shows that (M, g, K) is semi-K&hler concluding
the proof. O

Proposition C.11 is a fundamental and well-known result in the field of Hyper-
kihler geometry. However, Theorem 2.2.16 allows us to improve Proposition
C.11:

Lemma C.12 (Equivalent description of integrability conditions). Let
(M, g,1,J, K) be apre-semi-Hyperkihler manifold with corresponding two-forms
wr, wy, and wg. If two almost complex structures in {7, J, K'} are integrable and
two forms in {wr,wy,wk} are closed, then (M, g, 1, J, K) is semi-Hyperkéhler.

Proof. If the integrable almost complex structures correspond to the closed
forms, we can apply Proposition C.11. Let us now assume that the integrable
almost complex structures do not correspond to the closed forms. Without loss
of generality, we can take I and J to be integrable and w; and wg to be closed.
First, consider i)y = —wg + iwy. It is a form of type (2,0) with respect to the
complex structure I whose real part is closed. Therefore, by Theorem 2.2.16,
the imaginary part w; must be closed as well. Now consider Qg = w; +iw;. It
is a closed form of type (2,0) with respect to K. Again by Theorem 2.2.16, K
must be integrable concluding the proof. O

As in the Ké&hler case, we cannot only describe a Hyperkdhler manifold in a
Riemannian setup, but also in a symplectic setup:
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Lemma C.13 (Symplectic picture of Hyperkdhler manifolds). Let (M, w, J) be
a pre-semi-K&hler manifold. Further, let I be an almost complex structure on
M which is anticompatible with w and anticommutes with J, i.e.:

w(lI)=—-w and IJ=-JI.
Then, (M, g,1I,J, K) is a pre-semi-Hyperkihler manifold where ¢g :== w(-, J-) and
K =1J. If (M,w,J) is semi-Kéhler and I is integrable, then (M, g,1,J, K) is
semi-Hyperkéhler.
Proof. We already know from Proposition C.10 that I, J, and K form an al-
most quaternionic structure. On top of that, it directly follows from the defini-
tion of a pre-semi-K&dhler manifold that g is compatible with J, i.e., g satisfies
g(J-,J-) = g. Since I is anticompatible with w and anticommutes with J, we
also have g(I-,I-) = g which in turn implies g(K-, K-) = g. This shows that
(M, g,1,J,K) is a pre-semi-Hyperkihler manifold.
Now assume that(M,w,J) is semi-K&hler and I is integrable. By Theorem
2.2.16, the form

wg =g(K-,)=w(lJ-,J)=-w(,")

is closed. This allows us to apply Lemma C.12 (where w; = w) showing that
(M,g,1,J,K) is semi-Hyperkéhler. O

To conclude Appendix C, we complexify the notion of Kihler manifolds:

Holomorphic Kihler Manifolds

Definition C.14 (Holomorphic semi-K&hler manifolds). A complexified pre-
semi-Kihler manifold is a collection (X,w, J, I) where X" is a smooth man-
ifold and the tensors w € Q?(X) and I, J € T End(TX) satisfy:

(i) (X,w,J) is a pre-semi-K&hler manifold,
(ii) I is an almost complex structure, i.e., Ig = —idg,x for all p € X,
(iii) I is anticompatible with w and commutes with .J:

w({l-,I)=—-w and [J=JI.

We say that (X,w, J, I) is holomorphic instead of complexified if T is integrable
and Q = w — iw(l-,-) as well as J viewed as a section! of End(TI(l’O)X) is
holomorphic. We drop the prefix “pre” if (X,w,J) is semi-Kéhler.

Remark C.15.
(i) For every complexified pre-semi-Kéhler manifold (X,w,J,I), the forms
Q=w—iw(l-) and G :=Q(-,J) = g — ig(I-,-) where g .= w(:,J-) are
of type (2,0) with respect to I:

Q) =Q(1)=iQ and G(I,-) = G(- 1) = iG.

Furthermore, 2 and G are non-degenerate on TI(l’O)X implying that the
real dimension of X is a multiple of 4.

1Here, the subscript indicates that the decomposition Te X = T(10 X ¢ 701 X is under-
stood with respect to I.
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(ii) If w is closed and I is integrable, Q) is closed and holomorphic due to
Theorem 2.2.16. Hence, every holomorphic semi-Kéhler manifold is also
a holomorphic symplectic manifold (cf. Section 2.1).

(iii) The symmetric two-form G is C-bilinear with respect to I and
non-degenerate on Tl(l’O)X . Thus, its real part g is indefinite with sig-
nature (2n,2n) where 4n := dimg X. The indefiniteness of g is the reason
why the prefix “semi” carries a different meaning for holomorphic Kah-
ler manifolds than for Kéhler and Hyperkihler manifolds (cf. Definition
C.21).

(iv) In the lowest possible dimension, i.e. dimg X = 4, the almost complex
structure J of a holomorphic pre-semi-K&hler manifold is automatically
integrable. To see this, recall that the Nijenhuis tensor of an almost com-
plex structure on a two-dimensional manifold naturally vanishes due to its
symmetries. Similarly, the Nijenhuis tensor of a holomorphic (1, 1)-tensor
J with J? = —1 on a complex two-dimensional manifold vanishes due to
its symmetries.

(v) Also note that for every holomorphic pre-semi-Kéahler manifold (X, w, J, )
in dimension dimg X = 4 the form € is a holomorphic top degree form
and, thus, closed. Together with the previous remark, this implies that
holomorphic pre-semi-K&hler manifolds in dimension 4 are automatically
semi-Kéahler.

The rich structure of a holomorphic semi-Kéhler manifold allows us to find a
simple description of I and J in suitable coordinates:

Proposition C.16 (Local structure of I and .J). Let X?™ be a smooth manifold
with commuting almost complex structures I and J. If I and J are integrable
and J viewed as a section of End(T}l’O)X ) is holomorphic, then there are holo-

morphic coordinates (z1,. .., zm,) of (X, I) near any point and a number p with
0 < p < m such that:

Jo., =i0., and Jo., = —id.,,

where j € {1,...,p} and k € {p+1,...,m}. In particular, every holomorphic
semi-K&hler manifold admits such coordinates.

Remark C.17.
(i) The number p is constant on connected components of X.

(ii) We call coordinates as in Proposition C.16 I-J-coordinates.

(iii) A consequence of Proposition C.16 is that I viewed as a section of
End(T}l’O)X) is holomorphic. Indeed, (z1,...,2p, Zp+1,. .-, Zm) are holo-
morphic coordinates of (X, .J) in which the coefficients of I are constant
and, thus, holomorphic.

(iv) For every holomorphic semi-K#hler manifold (X" w, J,I), Q takes the
following form in I-J-coordinates:

P 2n
Q=>" > Qdz; Adz.

j=1k=p+1
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This is due to the fact that all other combinations of dz, A dzs are not
compatible with J. The given form of €2 enforces p = n, since, otherwise,
Q would be degenerate.

Proof. The idea of the proof is to apply the holomorphic Frobenius theorem

to suitable holomorphic subbundles of Tl(l’O)X (the following version of this
theorem together with its explanation is directly taken from [Voi02]):

Theorem C.18 (Holomorphic Frobenius theorem, Theorem 2.26 in [Voi02]).
Let X be a complex manifold of dimension n and let £ be a holomorphic
distribution of rank k over X, i.e., a holomorphic vector subbundle of rank
k of the holomorphic tangent bundle 7(:0 X, Then, E is integrable in the
holomorphic sense if and only if we have the integrability condition

[E,E] C E.

Here, the integrability in the holomorphic sense means that X is covered by
open sets U such that there exists a holomorphic submersive map

¢y :U—CF
satisfying
Eu = ker d¢U,u

for every u € U.

We first note that J restricts to a section of End(T}l’O)X), as I and J com-

mute. Due to J2 = —1, the bundle Tl(l’O)X splits into the subbundles E; and

E_; where Ey; C Tl(l’O)X is the eigenbundle of J with respect to the eigenvalue

+i. J is holomorphic, hence, E; and E_; are holomorphic subbundles.

To apply the holomorphic Frobenius theorem, we need to show that the sub-
bundles E; and E_; are involutive. For this, we observe that F; and E_; can
be expressed as:

E=T""XnT{""X, E_=T""XnT{""X.

Now recall that integrability of an almost complex structure K on X is equiva-
lent to

70X TOX] e T X
which itself is equivalent to
7YX TVX] c TRV X,

Thus, the integrability of I and J implies [E;, F;] C E; and [E_;, E_;] C E_,.
This allows us to apply the holomorphic Frobenius theorem to F; and E_; giving
us the desired charts, where p is the rank of F;. O

As already alluded to in Statement (iii) of Remark C.15, the prefix “semi” carries
a different meaning than in the K&hler and Hyperk&hler case. To give a precise
explanation, we need to introduce the notion of real structures on complexified
pre-semi-Ké&hler manifolds:
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Definition C.19 (Real structure). Let (X,w,J,I) be a complexified pre-semi-
Kahler manifold. A real structure ¢ on (X,w,J,I) is a smooth involution on
X satisfying:

(i) o preserves w, i.e., oc*w = w,
(ii) o is J-holomorphic, i.e., Jodo = do o J,
(iii) o is I-antiholomorphic, i.e., I odo = —do o I.

The fixed point set M := Fix o is called real form. M is nice if it meets every
connected component of X.

The name suggests that a real form of a complexified (pre-)semi-Kéahler manifold
is itself a (pre-)semi-K#hler manifold. The next proposition confirms this idea:

Proposition C.20 (Induced K&hler structure on real forms). Let (X,w,J, I)
be a complexified (pre-)semi-Kahler manifold with real structure ¢ and non-
empty real form M = Fixo. Further, let . : M — X be the inclusion and define
&= *was well as J == J|rar- Then, (M, o, j) is a (pre-)semi-Kéhler manifold.
If (X,w,J, I) is holomorphic, (M, w, j) is real-analytic.

Proof. We begin by proving that (M, w, j) is a pre-semi-Ké&hler manifold. As in
Appendix A, one can show that M C X is a smooth submanifold with dimension
dimg X = 2dimg M and decomposition T,X = By ® E_; = T,M & E_; for
every p € M, where F'1, is the eigenspace of do;, with respect to the eigenvalue
+1. We now need to prove that @ is non-degenerate. For this, take a point
p € M and a vector v € T,M = E;. Since w is non-degenerate, there exists a
vector w € T, X such that wy(v,w) # 0. Because of T,X = Fy & E_1, we can
write w = w; + w_1, where wy € E. Now observe that w,(v, w_1) vanishes,
since:

wp(v,w_1) = (6" w)p(v, w_1) = wp(dopv, dopw_1) = —wp (v, w_1).
This implies:
wp(v, w1) = wp(v, w1) = wy(v,w) # 0

proving the non-degeneracy of ©.

The next step is to show that J is a well-defined almost complex structure on
M. It suffices to show that for every p € M and v € T,M one has Jyv € T, M.
This is an immediate consequence of the commutativity of do, and J, and the
fact that T, M and E; coincide:

dopJpv = Jpdopv = J,v = Jyv e By =T,M.

The compatibility of & and J directly follows from the compatibility of w and
J, completing the proof of (M, o, j) being pre-semi-Kéhler.

If (X,w,J) is semi-Kahler, w is closed and J is integrable. We deduce from
this that & is closed and J is integrable. Hence, (M, ®, J ) is semi-Kahler in this
case.

Lastly, we note that the tensors  := w — iw(I-,-) and J satisfy c*Q = Q
and o*J = J. Thus, if (X,w,J,I) is holomorphic, we can apply Proposition
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A9 to Q and J viewed as a holomorphic section of End(TI(LO)X). The tensors
induced by © and J according to Proposition A.9 are & and J, respectively.
In particular, Proposition A.9 tells us that the induced tensors & and J are
real-analytic concluding the proof. O

Now, we have all tools at hand to specify the meaning of “semi”

Definition C.21. Let (X,w,J,I) be a complexified pre-semi-Kéhler mani-
fold. We drop the prefix “semi” if there exists a real structure o on (X,w,J,I)
with non-empty real form M such that (M,w, J) is pre-Ké&hler, i.e., the metric

g = (-, J-) is positive definite.

Definition C.21 sheds some light on the chosen naming conventions: A com-
plexified (pre-)Kéhler manifold is, by definition, just the complexification of a
(pre-)Kéhler manifold. If the complexification is holomorphic, it is unique in
the following sense:

Lemma C.22 (Uniqueness of holomorphic Kéhler manifolds). Let (X, wy, J1, 1)
and (X, ws, Ja, I') be two holomorphic pre-semi-Kéahler manifolds with real struc-
tures o1 and o9 and non-empty real forms M; = Fix o1 and Ms = Fix 09, respec-
tively. If o1 and o9 induce the same pre-semi-Ké#hler manifold, i.e., (M1, @1, jl)
and (Ma, @o, jg) coincide, then there exists an open neighborhood U C X of
M; = M5 on which (wy, J1,01) and (wa, J2, 02) agree. If, additionally, My = M,
is nice, one even has wi = ws, J; = Js, and o1 = 03.

Proof. Lemma C.22 immediately follows from Proposition A.2 (applied to o1
and o9) and Lemma A.10 (applied to ©; and 5 as well as J; and Jy viewed as

holomorphic sections of End(TI(l’O)X ). O

At this point, it is natural to ask the converse question: Does every (pre-
semi-)K&hler manifold admit a holomorphic complexification? If the Kahler
manifold in question is real-analytic, the answer is positive:

Lemma C.23 (Complexification of Kéhler manifolds). Let (X, I) be a complex
manifold with real structure o and non-empty real form M = Fix o. Further, let
(M, &, J) be a real-analytic (pre-semi-)Kéhler manifold. Then, there exists an
open neighborhood U C X of M and a holomorphic (pre-semi-)K#hler manifold
(U,w, J, I) such that o is a real structure on (U,w, J,I) and its induced K&hler
structure is (M, ©, j) (U,w, J,I) is unique in the sense of Lemma C.22.

Proof. Essentially, Lemma C.23 is a consequence of Lemma A.10 and A.11.
By Lemma A.11, the real-analytic tensors @ and J on M possess holomorphic
continuations 2 and J’ on an open neighborhood U C X of M. We take w to
be the real part of € and set:
7 Jv forwve Tl(l’o)U,
V= R
J'v  forw e TI(O’UU.
In order to show that (U,w,J,I) is a complexified pre-semi-Kihler manifold,
we need to check that w is I-anticompatible and non-degenerate, that J is an

almost complex structure commuting with I, and that w and J are compatible.
We begin with the I-anticompatibility and non-degeneracy of w:
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) is a holomorphic form and, thus, I-anticompatible. Accordingly, its real part
w is also I-anticompatible. Now recall that @ is non-degenerate. Hence, 2 as
its holomorphic continuation is non-degenerate on TI(I’O)U after shrinking U if
necessary. Therefore, its real part w is non-degenerate on TU.

Let us now consider J. As a holomorphic tensor, J’ commutes with I and, thus,
J also commutes with /. Furthermore, one easily checks that J is real, i.e.,
Jv € TU for every v € TU. To check that J is an almost complex structure, it
suffices to show that J’ is one, i.e., (J')? = —1. However, we already know that
(J')? = —1 holds on M, since J' is the holomorphic continuation of an almost
complex structure. Thus, by Lemma A.10, (J')? = —1 must hold everywhere
on U after shrinking U if necessary.

Let us now show that w and J are compatible. As before, we apply Lemma A.10
to achieve that: The forms & and @&(J-, J-) coincide, therefore, their holomor-
phic continuations 2 and Q(J'-, J'-) agree on M. By Lemma A.10, they must
agree on all of U after shrinking U if necessary. The compatibility of w and J
now follows from Q = Q(J"-, J"-).

So far, we have shown that (U,w, J,I) is a holomorphic? pre-semi-Kihler man-
ifold if (M, w, J ) is a pre-semi-Ké&hler manifold. The next step is to check that
the same statement is true if we drop the prefix “pre” or “semi”. For “semi”, this
is true by definition. For “pre”, we need to check the integrability conditions of
(U,w, J,I). In particular, we have to verify that w is closed and J is integrable.
This is the case if the exterior derivative of  and the Nijenhuis tensor of J’
vanish. However, d2 and N,/ are just the holomorphic continuations of dw and
N; which are zero. Therefore, by Lemma A.10, d©2 and N are zero finishing
the proof. O

One useful application of Lemma C.22 and C.23 is the observation that it suffices
to check the integrability conditions of a holomorphic pre-semi-K&hler manifold
on its real form:

Corollary C.24 (Integrability conditions on real forms). Let (X,w, J,I) be a
holomorphic pre-semi-Kéhler manifold with real structure ¢ and nice real form
M = Fixo. Then, the following statements are equivalent:

(i) (X,w,J) is semi-Kéhler.
(i) (M,&,J) is semi-Kihler.

Proof. The direction “(i)=-(ii)” is trivial, so we only consider the converse direc-
tion. If (M,w, j) is semi-Kéhler, then, by Lemma C.23, its complexification is
semi-Kahler as well. By Lemma C.22, this complexification must coincide with
(X,w, J, I) finishing the proof. O

Before we finish Appendix C, we quickly want to examine how Hyperkahler
and holomorphic K#hler manifolds are connected. The deep relation between
Hyperkdhler and holomorphic K&hler manifolds is most apparent in the sym-
plectic picture (cf. Lemma C.13). Indeed, semi-Hyperkihler and holomorphic
semi-K&hler manifolds only differ by a sign in this picture:

2By construction, the tensors Q and J' = J| are holomorphic. Therefore, (U,w, J, I)

MOy
is holomorphic.
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Lemma C.25 (Hyperkéhler vs. holomorphic Kéhler). Let (X, w, J) be a semi-
Kahler manifold and I be an integrable complex structure on X satisfying
w(I, 1) =—w.

(i) If IJ = —JI, then (X,g,I,J,K) is a semi-Hyperk&hler manifold where
g =w(,J)and K =1J.

(i) If IJ = JI and J viewed as a section of End(T\"” X) is holomorphic,
then (X, w, J,I) is a holomorphic semi-K&hler manifold.

Proof. Lemma, C.25 follows directly from Lemma C.13 and Definition C.14. [



Appendix D

Proof of Morse-Darboux
Lemmata

Our goal in this part is to prove Lemma 2.1.38 and 2.1.39. We start by showing
Lemma 2.1.38 for smooth manifolds:

Lemma D.1 (Morse-Darboux lemma I). Let (M?,w) be a smooth symplectic
manifold, L! a smooth 1-manifold, f € C°°(M, L), and p € M a non-degenerate
critical point of f with Morse index pi(p) = 0. Further, let 7> 0 be a positive
real number. Then, there exists a C'-chart ¥y : Uy, — Vi C R of L near
f(p) which is smooth on Uy \{f(p)} such that all non-constant trajectories near
p of the RHS (Up,w|v,,, H) with Uy = f~1(Ur) and H = ¢ o f|y,, are
T-periodic.

Proof. The proof consists of three steps:

(i) First, we convince ourselves that the non-constant trajectories -y near p
are indeed periodic.

(ii) Afterwards, we compute the period T(r) of a trajectory ~ near p with
foy=r72(L=R, f(p) =0) to show that T'(r) is defined for r € (—¢,¢)
(e > 0), depends smoothly on 7, and is bounded from below by a positive
constant.

(iii) Lastly, we use these properties of T'(r) to define a C'-diffeomorphism
Y : U, — Vi C R such that the trajectories of the rescaled RHS
(Unr,wlu,,, H) with Uy and H as above have fixed period T > 0.

Step 1

Without loss of generality, we can assume, after choosing appropriate charts,
that L = R, f(p) =0 € R, and that the (usual) Morse index p¢(p) of f : M — R
is 0. Now, we apply the Morse lemma to find a chart 1y, = (z,9) : U = Vi
of M near p with ¢y (p) = 0 such that flg,, = &%+ 3°. In this chart, we have
wlg,, = ©di A dj, where ¥ € C°°(Ups,R). Since w is non-degenerate, we can
assume ¥ > 0 (after permuting & and ¢ if necessary). Now consider the RHS

163
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(M,w, f) and its trajectories v near p. f is constant along ~, so for r > 0 small
enough the trajectory v near p with f o~y = r? moves along the circle

PP =0y (@) e R? |22+ 97 = %)) = 81
with velocity 4 # 0. Hence, the trajectories near p are periodic.
Step 2

Denote the period of 4 with f oy =2 (r > 0) by T(r). We calculate T(r) by
going into polar coordinates:

(&,9) = (rcos(p), rsin(p)) € R2.

Define v:=17o0 1&&1, then the Hamiltonian vector field X is given by:

5 2 -9 2 —rsin(ep)
Xp=—=| | = . :
%1 = 525 (7)) = et vt (et
Now parameterize an integral curve v : R — M of Xy by r,, ¢, : R — R in the
following way:

; 7+(t) cos(p (t))>
oy(t)y= | 75T .
bueat= (0 o)
The integral curve equation ¥ = X () now yields:
. . 2
T‘,Y = 07 SO’Y =

(s cos(py), Ty sin(py))

Thus, r, is constant and, since f o = r?, given by r. This allows us to define
®:R — R by:

2
/v(TCOS(%(t’)),Tsin(%(t’)))

0

dt’.

® is an orientation preserving diffeomorphism, since ® = % > 0. Hence, &1
exists and is given by

pota
(ID*I(a) = % / v(r cos(p), rsin(yp)) dp
with ¢g = ¢,(0), as:
dd—! 1 1 _ . _
do (@) = m = 50(7"005@7(@ Ha))), rsin(e, (271 (@)
Pr=pot® 1

iv(r cos(po + ), rsin(pg + a)).
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We can now use ® and ! to compute T(r):

oy (t+ T(T)) =py(t)+2r VtER = @(T(T)) =2

po+2m
=T(r)=o1(2r) = % / v(r cos(p), rsin(yp)) dp

¥po

= %/v(rcos(ga),rsin(go)) de.

As we can see, T'(r) depends smoothly on r > 0. In fact, this formula allows us
to define T'(r) smoothly for r < 0 as well. It turns out that the function 7'(r) is
even:

27
T(—T) = %/v(—r cos(p), —rsin(p)) dp = %/v(r cos(p + ), rsin(p + 7)) dp
0

= — [ v(rcos(y), rsin(p))de = T(r).
0

After shrinking Uy if necessary, we can assume that Ups has a compact neigh-
borhood. Thus, ¢ € COO(UM, R) is bounded from below by a positive constant
Umin > 0. Therefore, v := 0 o @X/[l is also bounded from below by vpi,. This
implies:

2m
T(r) = %/v(r cos(p), rsin(p)) > Toymin >0 Vr.
0

Step 3

Lastly, we use these properties of T(r) to define a C'-diffeomorphism
Yr : Uy — Vi, C R on a neighborhood Uy, C L of 0 € R = L which rescales
the periods of the trajectories v to a fixed period T' > 0. Again, consider a
trajectory v near p with f oy = r2. We want to define 7 (s) with s = r? in
such a way that the rescaled trajectory I'(t) := ~(T'(r) - t/T) is a trajectory of
the rescaled RHS (Ups,w|u,,, H) (Un and H as above). Hence, we want I' to

be an integral curve of X:
Py = 15 (Tfp )t> o a0

_ CZLSL( JoT() X5 (0(1) = S5 (r®) X (D(1)

!
= Xu(I(1))
Thus, we obtain the following condition for p:

s
ds

(r?) = T:(F’”). (D.1)
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To solve Equation (D.1), we define the function g : R — R by g(s) == /|s|]. g
is continuous on R and smooth on R\{0}. Thus, 7" o g is also continuous on a
neighborhood Uy, of 0 and smooth on Ur\{0}. Now we define 11, by:

S

vi(e)= 1 [ Tog(shas = 4 [ T(/Fas.

0

Since 7' o g is continuous, ¥, exists, is a C'-function on Uy, and smooth on
Ur\{0}. Furthermore:

T )
de (S) _ ( |S|) Z TUmin

ds T T
Therefore, ¢, is also a C'-diffeomorphism. The last equation together with the
fact that T'(r) is even shows Equation (D.1) concluding the proof:

dby o) _ Tr) _ T0)
ds T T -

> 0.

O

Remark D.2 (No regularity issues in a real-analytic setup). If all objects in
Lemma D.1 are real-analytic instead of smooth (cf. Lemma 2.1.38), then the
regularity issues do not occur, i.e., the chart ¥, can be chosen to be real-analytic.
We can see this as follows: By similar arguments as before, the map T:-R—>R
assigning the period T(r) to each radius r is given by

>
DN =

T(r)= /v(r cos(p), rsin(p)) dp

and, hence, real-analytic, as v is real-analytic. Thus, T can be written as a
power series near r = 0:

T(r) = Z aprk.
k=0

Now recall that T is even, therefore, only even powers occur in the power series
of T

T(r) = Zagkrzk.
k=0
This allows us to define the real-analytic function ¢ by:
t(s) == Z aops”.
k=0

Obviously, 7' and i satisfy the relation: #(r?) = T'(r). Now we define the real-
analytic chart ¥ by:
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As in the proof of Lemma D.1, all non-constant trajectories of the Hamiltonian
1, o f are T-periodic, since v, fulfills the equation

%(TZ) — 2€(”"2) — T(T)
ds T T

Next, we prove Lemma 2.1.39 in the smooth case:

Lemma D.3 (Morse-Darboux lemma II). Let (M?,w) be a smooth symplec-
tic manifold and let H € C*°(M,R) be a smooth function on M with non-
degenerate critical point p € M of Morse index pp(p) # 1. Further, let T > 0
be a positive real number. Then, the following statements are equivalent:

(i) There exists a C°-chart ¢y = (x,y) : Upr — Var C R? of M near p which
is smooth on Ups\{p} such that (¢ (p) = 0):

(a) Hlu, = H(p) + F(2* +1?),
(b) wly,, = dy Adz.

(ii) There exists an open neighborhood Uy C M of p such that all non-
constant trajectories of the RHS (Uxs,wlu,,, H|u,, ) are T-periodic.

(iii) There exists a number Ey > 0 such that fU( pyw =T - E for every number

E € [0, Ey], where U(E) is the connected component containing p of the
set {ge M | |H(q) — H(p)| < E}.

Proof. The idea of the proof is simple: The implications “(i)=-(ii)” and “(ii)=-(iii)”
follow from straightforward computations. To show the remaining implication
“(iii)=(i)", we first choose a Morse chart {5y = (&,%) : Uny — Vas such that
Hlp,, = H(p) + eZ(2* 4+ §?), where ¢ € {-1,+1}. In general, Yar is not a
Darboux chart for w. Still, the trajectories of the RHS (UM,w|UM,H|UM) are
circles, in particular periodic orbits. Solely the angular velocity of these circles
might not be constant. To rectify this, we go into polar coordinates (r, ) and
apply an appropriately chosen diffeomorphism to . This operation results in
a new chart ;. Since we have not changed the radius r, 1), is still a Morse
chart. However, the change of the angle coordinate turns v, into a Darboux
chart.

(i) = (ii)

In the chart v, we find for the Hamiltonian vector field X g:

(ar)e Xar = 12% (_yx) .

Hence, the integral curves v of Xy are given by:

waron() = (o TED).

rosin(yo F )

Thus, the trajectories v near p are T-periodic.
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(ii) = (i)

p is a non-degenerate critical point of H with Morse index pg(p) # 1, hence,
we can find a Morse chart ¢y = (2,9) : Upy — Var of M near p such that

(dar(p) = 0):

Hly, = H(p) + 6%(;@2 +?) with ee{-1,+1}.

In this chart, we have! wlg,, = -di Adyj for b € C>(Ups,R). After permuting
Z and g if necessary, we can assume that v > 0. Let v be an integral curve of

Xpg. In polar coordinates (Z,y) = (rcos(p),rsin(p)), we can parameterize 7
via ry, ¢y : R = R as follows:

oo = (2o

With v := 9 04y}, the integral curve equation becomes:

2me
T (r.y cos(py), 7y sin(py))

Fy =0, =

Thus, r, = r is constant. This allows us to define ® : R — R by:

@m:%w—%@zf%ww
0

2me

To(r cos(p(t')), rsin(py (1)) ar

Il
o .

As in the proof of Lemma D.1, ®~! exists and is given by:

wota

2= 5 [ olreos(e)rsin(e) de

$o

with ¢ == ¢,(0). We now use the fact that, by assumption, vy is T-periodic, so
&1 satisfies:

o t2n) =T = /v(r cos(¢p), rsin(yp))dy = 2.
0

Observe that the last equation holds for all » > 0 small enough. It allows us to

IWe write di Adg instead of dij AdZ here to match the convention from the proof of Lemma
D.1 and to ensure that w agrees with the standard orientation of R2.
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compute the symplectic area fU(E) w:

/w:/ / v(r cos(y), rsin(p)) rdr dy
0

U(E)
V % 2
= / /v(r cos(p), rsin(p)) de | rdr
0

o

0

E
= / 2nrdr =T - F.
0

(iii) = (i)

As in “(ii) = (iii)”, we can find a Morse chart {5, = (2,9) : Uy — Var of
M near p such that (a7 (p) = 0):

H‘UM = H(p) + 67(£2 + QQ)a

where € € {~1,+1} and w|g;, =19 -di Adjfor O € C°°(Ups, R) with © > 0. By
taking the derivative of fU(E) w =T - E with respect to F, we deduce that

/v(r cos(p),rsin(p)) dp = 27
0

holds for r > 0 small enough and v := v o 1&&1. The last equation implies that
the map P : (0,&9) x S* — (0,20) x S! given by

©

P(r,[¢]) = |, /v(rcos(ga’),rsin(gp'))dw’
0

is well-defined for g9 > 0 small enough. P is a smooth diffeomorphism, since
the determinant of dP is v > 0. Denote the polar coordinates by
SRy x St — RA\{0}, ie., S(r,[¢]) = (rcos(p),rsin(y)), and consider the
map So PoS™!: D, — D, where D., = {z € R*\{0} | ||z]| < eo}-
S o P oS! is a smooth diffeomorphism, since both S and P are smooth
diffeomorphisms. Furthermore, S o P o S~! maps circles of radius r to cir-
cles of radius r, hence, we can extend S o P o S~! to a homeomorphism on
D., = {x € R? | ||z|| < &0} by setting S o P o S~1(0) := 0.

Now consider the map (z,y) = ¢y = SoPoS~! othar s Uny — Var. thpr is a
C%-chart of M near p and smooth on Uyp;\{p}. Recall that ¢ is a Morse chart
for H, thus, the level sets of H are circles in the chart 1[)M. Since the charts
ar and 1y only differ by postcomposition with S o P o S~—! which preserves
circles, ¥, is also a Morse chart for H:

Vs
Hly,, = H(p) + ET(Q?Q + 7).
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Furthermore, the fact that the Jacobian of P is v implies:
wlu,, =dzNdy.
We conclude the proof by permuting x and y to bring w into the form dyAdx. O

Remark D.4 (No regularity issues in a real-analytic setup). As for Lemma
D.1, the chart s : Upy — Vs is real-analytic on all of Uy, if all objects in
Lemma D.3 are chosen to be real-analytic (cf. Lemma 2.1.39). To prove this,
it suffices to show that the map So PoS™!: D, — D is a real-analytic
diffeomorphism. To do so, we employ the notations from above and define:

p = O/(v(r cos(¢’), rsin(p’)) — 1) dp' = O/U(T cos(¢’), rsin(¢")) de' — .

Using polar coordinates (&,7) = (r cos(¢), rsin(p)) € D.,, we obtain:
SoPoS(,g) = reos(@+ @)\ _ [cos(p) —sin(@)\ [rcos(p)
Y rsin(@ + ) sm(@) cos() rsin(y)
_ fcos(¢p) — sm (@)
~ \sin(@)  cos()
where we used the angle addition theorems for sine and cosine. We see that

S o PoS™!is real-analytic on D., if ¢ can be expressed as a real-analytic
function on D.,. We show the analyticity of ¢ by first recalling that v satisfies:

2m
/v(r cos(p), rsin(y)) dp = 2. (D.2)
0

In the case of r = 0, the last equation becomes v(0,0) = 1. Now note that
v(Z, ) is real-analytic in & and ¢, hence, we can write (vg,x, € R):

o0
v(Z,9) — 1= Z Vi hy BTG = Z ka(n k) cos® () sin" ().
k1+ko>0 n=1

Inserting the last equation into the definition of ¢ gives:

oo n A
=30 oy [ eost (@) s () d
k=0 0

n=1
Next, we want to show that there are coefficients? ], such that:

n

%3
vk(n,k)/cosk( Nsin" (@) dy' = Zv L cost (@) sin"*(p).  (D.3)
0

k= 0

We observe that ¢(p) is a 27-periodic C'-function due to Equation (D.2).

Therefore, ;, 0" @lr—o(p) is also a 2m-periodic C'-function. In particular, its

20ne can even show that the coefficients v}, are unique!
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Fourier series exists and converges uniformly to 207¢|,—o(¢). This allows us
to write:

n ®
1 n A . — im.
— 07 @lr=0(p) = kak(n—k)/COSk(w’)sm" F)de' = ame™?,
—~ J

mEZ

where a,, € C are complex numbers. It is easy to check using
2cos(p) = e"? + e and 2isin(p) = €'¥ — e *? that a,, vanishes for |m| > n.
Let us now take the derivative of the last equation with respect to ¢:

n

Z Vk(n—k) cos™ () sin" () = Z My e ™.
k=0 |m|<n

We notice that the left-hand side changes by the sign (—1)™ under the transfor-
mation ¢ — ¢ + m. On the other hand, only terms of the right-hand side with
odd m pick up a minus sign under this transformation, while the terms with m
even are invariant. Thus, we find® a,, = 0 for m =n + 1 mod 2. Plugging in
e™? = (cos(y) + isgn(m)sin(p))l™ into the formula for Lm3[,—(¢) now
yields (al,, € C):

1 . n m o
SO l—o(@) = Y Y ahcos™ (@) sin™ ().
’ m=0 k=0

n—meven
We now multiply each term in the last equation by (cos?(p)+sin?(p))—™)/2 = 1

to show Equation (D.3).
Let us return to ¢. Equation (D.3) allows us to write:

@(2,9)

|P”48

P 3w cost (i) sin” ()
1 k=0

n

ol (r cos(i9))* (r sin(p))"*

M
NE

k=0

3
Il
—

! skan—k
Vel Y .

M
NE

3
I
=
~
Il

0

The last equation shows that ¢ is a real-analytic function on a neighborhood of
(0,0) concluding the proof.

3We always have ag = 0, since the integral in iaﬁgbh:o(go) does not generate constant
terms.
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Appendix E

Various Action Functionals
for HHSs and PHHSs

In Section 2.1 and Section 2.2, we have defined and studied action functionals
for HHSs and PHHSs. The “critical points” of these action functionals gave
us (pseudo-)holomorphic trajectories of the system under consideration whose
domains are parallelograms in the complex plane. However, these action func-
tionals are not the only functionals whose “critical points” can be linked to
(pseudo-)holomorphic trajectories. There is, in fact, an abundance of action
functionals that differ in the domain of their trajectories and the way the “one-
dimensional” action functionals of their underlying RHSs are integrated. In
this part of the appendix, we present and examine a large selection of such
action functionals. First, we only formulate and explore action functionals for
HHSs. Afterwards, we explain how these action functionals need to be modi-
fied in order to give action functionals for PHHSs. Hereby, we realize that the
presented action functionals for PHHSs are all real-valued. From this point of
view, a Floer-like theory for PHHSs revolving around these real-valued func-
tionals might be possible.

We begin by defining an action functional for holomorphic trajectories whose
domains are disks D7} C C of radius R > 0 centered at zy € C. To do that, we
first need to partition the disk D7} into lines. We choose the partition consisting
of lines starting at the center zy and ending at any boundary point z € 0D
For every such radial line, we consider the action functional AA ey from Remark
2.1.44. We now obtain an action functional for HHSs by integrating the action
A2, over all radial lines, i.e., o € [0, 27]:

Proposition E.1 (Action functional AH f) Let (X,Q = dA,H) be an exact
HHS, DY :=={2 € C||2—2| < R} bea disk of radius R > 0 centered at zg € C,
Ppx = C>® (D7, X) be the set of smooth maps from D7 to X, and

=0
Aﬁﬁ : Ppzo — C be the action functional defined by

27
-/
27r
0

where v, : [0, R] — X is defined by v4(r) = (20 + re'®). Now let v € Ppzo-

R

dva .
/{ %(r)< 2 (r)) — e Ho,(r)| drda V’yEPD;O,
0
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Then, v is a holomorphic trajectory of the HHS (X, Q, ) iff v is a “critical point”

z0
of AZ?*I . Here, “critical points” means that we only allow for those variations of
v which keep ~ fixed at the boundary 0D7 and the center z.

Proof. Take the notations from above. Using Remark 2.1.44 and writing ,AZ?:
as

27
D30 1
AZE ) = 57 [ Ablralda,
0

we can show as in the proof of Lemma 2.1.45 that ~ is a “critical point” of Aif‘f iff
Yo 1 [0,R] = X is a (real) integral curve of cos(a) - X% + sin(a) - J(X4) for
every a € [0,27], where Xy = 1/2(X% — iJ(X£)) is the Hamiltonian vector
field of (X,Q,H). Thus, a “critical point” + is uniquely determined, given an
initial value x¢ = v(20), by:

ia cos(a)-XE +sin(a)-J (X rcos(a) X 4rsin(a) J(XE
v(z0 + re'®) = oy (@) X3y+sin(a)-J( H)(xo):% (a) X5+ (@)-J( H)(xo)

)

where ¢} is the time-t-flow of a real vector field V on X. Comparing the
last equation with the formula for the holomorphic trajectory ~*0-*0 satisfying
Y#0:%0(20) = x¢ given in the proof of Proposition 2.1.9 shows that v is a holo-

20
morphic trajectory of the HHS (X, Q, H) iff v is a “critical point” of AZ,Rl .

Lastly, we have to explain why a “critical point” 7 of Agf’f needs to fix the
variations of v at the boundary 0D} and the center z;. Recall the variation
of ‘AQWH at v,. In general, the variation of this functional also includes terms
associated with the boundary of the image of v,. This boundary consists of two
points, namely the center z, and one boundary point z € 9D} . To get rid of

z0
these boundary terms in the variation of Afﬁ, we have to keep ~ fixed at zg
and 0D . O

In Section 2.1, we have given two reasons why we need to vary over all smooth
curves v and cannot simple restrict the variational problem to the space of
holomorphic curves . The new-found action functional offers an additional
perspective on that matter. It maps every holomorphic curve v to zero, hence,
only varying it over the space of holomorphic curves is meaningless:

Proposition E.2. Take the assumptions and notations from Proposition E.1.
Further, let v : D7} — X be any holomorphic map from D7 to X. Then:

D30
A ] =0,
Proof. Take the assumptions and notations from Proposition E.1 and let

v : D7 — X be holomorphic. Using the relation A o J =i - A for holomorphic
1-forms, we find:

d’YtM (%o 1
A’Ya(T’) (d?”(r)) =e™- A’Ya(T) (’}/I(Zo +re )) s
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where 7/ is the complex derivative of v. With this, we obtain:

: //[ Ya (r) (d%( ))—em-’Ho%(r) drda

0

™
P
Ty
=)
||

1 ) ) )
Py // [Av(zﬁrem) ('y (20 + re“")) —Hoy(z0 + rem)] dr e' da
0 0

R
:/L ]{ (M) (V' (2)) = H o y(2)] dzﬂ
0

|z—z0|=r

where Res,—,[f(%)] denotes the residue of a meromorphic function f(z) at
z = p. In the last line of the computation, we have used Cauchy’s theorem.
Clearly, the function f has no residues inside D?° (r € [0, R]) in our case. Thus,
the action vanishes for holomorphic curves concluding the proof. O

Even though the “critical values” of Ag?j are nice and easy to understand, the
action functional itself does not appear to be particularly useful. Often, we
want to modify action functionals such that trajectories become actual critical
points. The standard ways to achieve this are to either put the boundary of
the trajectory on exact Lagrangian submanifolds or to impose periodicity. Both
methods do not appear to be meaningful here. For the presented action func-
tional, periodicity means periodicity of the radial lines. Thus, a “periodic” curve
v : DF — X needs to attain the same value on its boundary as on its center.
However, the only holomorphic maps v : D7} — X exhibiting such a behavior
are constant curves by the identity theorem.

The other method, mapping the “boundary” to exact Lagrangian submanifolds,
takes an unnatural and downright ugly form here, namely mapplng zo and

0D7 to exact Lagrangian submanifolds. The action functional AH % improves

on AHﬁ in that regard. To avoid boundary terms associated with zg, which are
at the center! of our problem, we now partition the disk D7 into lines starting
at zp — z and ending at zgp + z (|z| = R). In order to account for the doubled
length of the radial lines, we only integrate over the angles « € [0, 7] this time:

D?

Proposition E.3 (Action functional AH ;) Let (X,Q = dA,H) be an exact
HHS, DY == {2 € C||z—2| < R} bea disk of radius R > 0 centered at z € C,
Ppz = C>®(Dy,X) be the set of smooth maps from D7 to X, and

=0
AﬁfZ : Ppzo — C be the action functional defined by

dOl 1ot
AH;QW = 4R//[ Mm( il ())—e Hova(r)| drda Yy € Ppe,

LCum grano salis.
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where v, : [~ R, R] — X is defined by 7, (r) = v(z0 + re’®). Now let v € Ppo.
Then, ~ is a holomorphic trajectory of the HHS (X, Q, H) iff -y is a “critical pomt”

20
of AH % . Here, “critical points” means that we only allow for those variations of
~ which keep v fixed at the boundary oDR.

20

Proof. The proof works as the proof of Proposition E.1 by writing Aftf"z' as

H;Q ’Y 4R/Ae7°‘7{ ’-Ya

Here, the variations of v only need to keep v fixed at the boundary 0D7 , since
the radial lines start and end at 0D7. O

20
Remark E.4 (No Proposition E.2 for Azg ). Proposition E.2 does not apply

20
to AZ{“Q . In fact, the normalization in Proposition E.3 is chosen such that the
action of constant curves is given by the Hamilton function:

D?0

A’H 2 [’7;80} = H(Jfo),

where 7., (2) == z9 € X for every z € D}). Thus, any singular point zq of H

Z0

with H(zo) # 0 provides a counterexample to Proposition E.2 for AZ;’Z .

If we modify Azfg such that the holomorphic trajectories become actual critical
points, we see that this action is a bit more reasonable. In the Lagrangian case,
we now restrict the space of smooth curves v : D — X to the space of those
curves which only map the boundary 0D7 to exact Lagrangian submanifolds,
as one would expect. However, the modification via periodicity still only gives
trivial results. One can see this as follows: Now, periodicity means periodicity
of radial lines starting and ending at 9D7}. In this sense, we say v : D} — X is
“periodic” if it assigns the same value to opposite points on the boundary 0D7 .
For the sake of simplicity, let us now assume zg = 0. For such a “periodic” =,
define v_ by v_(z) := v(—z). If v is holomorphic, then «_ is also holomorphic
and, by assumption, attains the same values on 9D as . Hence, by the identity
theorem, v and y_ denote the same map. However, if v is a trajectory, then ~
is an integral curve of the Hamiltonian vector field X and we have:

Xu(1(2)) = () = 4e2(~2) = = Xn(r(~2)) = ~Xu(3(2)).

Thus, the Hamiltonian vector field vanishes in this case and ~ is a constant
curve. o o

We cannot only formulate A, and A% for disks D7, but for any bounded
star-shaped domain? D C C with smooth boundary® b : R/27Z — 0D:

Proposition E.5 (Action functionals A}, and A7, for bounded star-shaped
domains). Let (X,Q = dA,H) be an exact HHS, let D C C be a bounded
domain in C which is star-shaped with respect to zg and has smooth boundary

2Here, a domain D C C is a path-connected set with non-empty interior D° dense in D.
3The boundary b is parameterized by the polar angle a, i.e, b(a) = 29 + R(a)e*® € dD.
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b:R/27Z — 9D, and let Pp := C*(D, X) be the set of smooth maps from
D to X. Then, we can define the action functionals Aft;l : Pp — C and

"4?[-)[;2 :Pp —C by

2m R(a)
1 dr, )
D - @ 1ol
Agall = %/ / |:A’Ya(7”) <dr(7")) —eH O’Ya(T)} dr da,
0 0
o R(o) J
D ¢ Vo 2
. = — A - — . o ,
AR o)== s (G200) = e aonu(n)| drda
0 —R(a—m)
where v € Pp, R : R/27Z — R is defined by R(a) = |b(a) — 20,

Yo i [=R(a — ), R(a)] = X is given by 7,(r) = (20 + 7€'*), and R is defined
by

1

27 ™
R = 1 /R(a)emda— /R(a)emda
™ 0

Now let v € Pp. Then, v is a holomorphic trajectory of the HHS (X, Q,H) iff
v is a “critical point™ of A7), iff  is a “critical point”® of Aj.,.

Proof. Confer the proofs of Proposition E.1 and E.3. O

Remark E.6 (Normalization of A%l and "42;2)‘ The normalization of .Athl
and AJ)., are chosen such that they coincide with our previous definitions for
D = D7} being a disk. In particular, A7D{;2 agrees with the Hamilton function
‘H for constant curves 7.

One might wonder how the action functionals A7), and A7, are related to the

action functional AZQ for parallelograms P, from Section 2.1 and Section 2.2,
especially because a parallelogram P, is also a bounded star-shaped domain.
When we modify the functionals A}, and A}, to describe general PHHSs, we

will see that Aj)., and Aj, differ a lot from AL, To compare Aj7 directly
with A7), and AJ.,, let us express Af); and A}, in the same coordinates as
.AZ“, namely Cartesian coordinates z =t + is:

Proposition E.7 (.Ag;1 and "47]?1;2 in Cartesian coordinates). Employ the as-
sumptions and notations from Proposition E.5. For v € Pp, we define the
following derivatives in Cartesian coordinates z =t +is € D:

Oy, .. 1[0y Oy Oy, . 1[0y Roa
a(z) =3 (at(z) — zas(z)> ; E(Z) =3 (at(z) +zas(z)> .

Furthermore, define the complex functions f,g: D — C by:

1) = oo (F0) ~Hon@): ate) = v (F20))

4In the sense of Proposition E.1.
5In the sense of Proposition E.3.
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Then, the action functionals "472;1 and AEL;Z in Cartesian coordinates are given
by:

A = %// Lf_(zzo +
D
AfLal) = é // Lf_(zz)o + ngzio} dt A ds — 43% // Lffzzo + ngzio} dt A ds,

where z = t 4+ is € D, - denotes the complex conjugation,
Dt :={z€ D |Im(z — z0) >0}, and D~ :={z € D | Im(z — z0) < 0}.

9(2)

} dt N ds,
20

Proof. Take the assumptions and notations from above. We only show Proposi-
tion E.7 for D = D% = Dp being a disk of radius R > 0 centered at the origin.
The general case can be shown similarly. Using the derivatives defined above,
we can write:

oy, 0Oy Oy N, \_ (O, O
Te=2e+326. Fe=-i(Fe-2e).
Now consider the map v, : [-R, R] — X defined in polar coordinates z = rei®

by Ya(r) = y(re'®) for every a € [0,27]. A applied to the derivative of v, gives:
Vo o, . o,
Ay (dr(r)> = cos(a) - Ay(peioy (at(rem)) +sin(a) - Ay (reia) (as(rem)
1Y 87 2o —i a’-y 1o
= €' Ay (peia) (az(re )) +eT" Ay reiay <82<T€ )) .
Recalling the definition of f and g, this allows us to write:

d [e7 [¥e" [Xe" 1o —iQ (Yo"
AW( Y <r>)—e Hou(r) = ¢ - f(rei®) + e - glre™®)

- o [f(re“‘) . g(reiﬂ)} o {f() g(z)} |

- - — +
re e re*® z z

The expression for Ag;l is now obtained by inserting the last equation into the
defining formula for Agm and using 7 - dr A da = dt A ds for re'® = z =t + is.
Observing that the integrands of Afm and Afm agree on D}, and differ by a
sign on D, concludes the proof. O

The form of Afﬁ;l and Ag;z in Cartesian coordinates is rather remarkable. In

fact, we can express the action functional Ai‘* from Section 2.1 in the same
form as .Affl; | for D = P, just with different complex functions f and g, namely
by setting:

1) =20z = ) [Anoco (251)) = o] . gt =o.

The similarities between A%l and AZ“ become even more apparent if we eval-
uate .AZ“ at holomorphic curves v : P, — X. As in Remark 2.1.46, Point 3, we
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find in this case:

:Z/ [A <‘;Z(z)> —Ho'y(z)} dt A ds.

Because the function g as defined in Proposition E.7 vanishes for holomorphic
~, the only difference between AH ; and AH is now the factor 27(z — %) in the
integrand. However, this seemlngly small difference is rather impactful, as we
will shortly see.

Lastly, we want to modify the actions AH ; and AH 5 in such a way that they
also apply to PHHSs. Recall that for an exact PHHS (X, J;Qr = dAg, HR) the
induced 2-form €y is, in general, not closed. Hence, only the parts of AHJ and
.Aql_)[ o that do not include A; are well-defined for PHHSs. Precisely speaking,

these are the real part of Aj)., and the real part of —4iR - Afj.,. Still, these
real-valued functionals satisfy an action principle with respect to the pseudo-
holomorphic trajectories of a PHHS. In fact, this can be shown in the same way
as Proposition E.1 by simply observing that Remark 2.1.44, which is crucial
for the proof of Proposition E.1, is also valid for the real part of the functional
Ay
The generalization of A%, and A7, to PHHSs has now revealed the most
striking difference between AH;l and AH : While the action principle related
to Az;l still applies if we only consider the real part of A?%;p both the real
and imaginary part of Ai“ are crucial for the validity of the action principle
related to Ai In particular, there might exist a Floer-like theory related to
the real part of A%, or —4iR - AZ.,. For AP we have no intuition on how
such a theory should look like, since we do not know how to interpret a complex
function as a Morse functlon in the sense of Morse homology. Since we can
turn A7), and A%}, into real-valued action functionals, the same objections do
not apply to them. Nevertheless, the question remains whether the real part
of AH L or —4iR - AH 5 are indeed suitable Morse functions and whether the
resultlng Floer theorles if they exist, give any non-trivial result. At least for the
(conjectured) Hamiltonian® Floer theory related to Af).,, and AJ,, it is most
likely that it only gives trivial results, since all trajectories, which are “periodic”
in a sense suitable for A%, and .AH;2 as explained above, are automatically
constant.

6In Hamiltonian Floer theory, one only considers periodic orbits.
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Appendix F

Almost Complex Structures
on TM and T*M

In this part, we explain how a connection V on a manifold M induces an almost
complex structure! Jy on its tangent bundle TM (cf. [Dom62] and [TO62]).
If V = VY is the Levi-Civita connection of a semi-Riemannian metric g on M,
then VY also defines an almost complex structure J&, on the cotangent bundle
T*M via the bundle isomorphism G : TM — T*M,v + t,g. In this case, J&,
is compatible with the canonical symplectic form wc,, on T*M in the sense that
Wean (+, J&y-) is a semi-Riemannian metric on T*M of signature (2s, 2t), where
(s,t) is the signature of g. Furthermore, we will see that Jys or, equivalently,
J&, is integrable if and only if g is flat.

Let M a smooth manifold of dimension n, 7g : E — M be a (smooth) vector
bundle, and V be a linear connection? on the vector bundle E — M. The (fiber-
wise) kernel of the differential drp : TE — TM yields the vertical subbundle
VE of TE, while V defines the horizontal subbundle HE of TE. In fact, the
notion of a horizontal subbundle HFE is equivalent to the notion of a linear con-
nection Von E — M. To see this, let K : TE = VE® HE — FE be the vertical
projection® (cf. [Dom62] or [Eli67] for the construction of K). The data HE
and K are equivalent, since, given the horizontal subbundle HE, we can always
define the vertical projection K and, given the map K, we can always define
the horizontal bundle HE to be the (fiberwise) kernel of K. Likewise, the data
V and K are equivalent. Their relation is encoded in the following formula:

VxY =KodY(X) VX eTM,

where the section Y € I'(E) is viewed as a smooth map Y : M — E.

n general, Jy is not the complex structure adapted to V, even though both share a deep
relation (cf. Section 3.4, in particular Example 3.4.7).

2Sometimes, the term “affine connection” is used instead of “linear connection”.

3Technically speaking, the map K:TE=VE®HE — VE is the vertical projection. To
obtain K from K, we have already exploited the fact that £ — M is a vector bundle allowing
us to identify the fibers of V E with the fibers of E via the linear isomorphism

d
E, - VwE,v— — (w + vt)
dt|i—o

forpe M and w € Ep = ﬂ'El(p)-

181
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Now observe that the map fV := (dng, K) : TE — TM®FE is a bundle map over
ng: E— M, i.e., the diagram

v
TE L s TMaE

| |

E—"E s M

commutes, where the vertical arrows are the base point projections of the vector
bundles TE and TM @ E. Fiberwise, the bundle map fV is a linear isomor-
phism. Thus, TE is isomorphic to the pullback bundle 75 (TM & E).

Now take F — M to be the tangent bundle TM — M with base point projection
7 =mry : TM — M. Then, fV allows us to define the almost complex struc-
ture Jy on the manifold TM by “pulling back” the almost complex structure
Jryveryv :TMAETM — TMeTM, (wh ’wg) — (w27 —wl) of the vector bundle
TM @ TM — M to the vector bundle T(TM) — TM. Explicitly speaking,
the almost complex structure Jv is completely determined by the following
equations:

drolJy =K, Koldy=—dn.

Next, we wish to express Jy in local coordinates. For this, we need to pa-
rameterize the vertical and horizontal subspaces first. Choose a point p € M
and normal coordinates ¢ = (z1,...,2,) : U = V C R™ of (M,V) near p,
i.e., a chart ¢ in which all lines through the origin 1)(p) = 0 are geodesics?.
1 induces coordinates of T'M near any point w € T,M which we denote by
T = (Z1,...,&n,V1, ..., Un):

n
(Ti/))il(fl, . ,:i’n,l)l, . ,Un) = kaawk,w_l(ilw,@n).
k=1

We find for the coordinate vector fields 0,,:

d d =
dn(Oy) = = | | Y wdn ()0 | = | w| D wds | =0.
t=0 1#k t=0 =1
Thus, the vector fields d,,,...,0,, span the vertical subspaces.

To parameterize the horizontal subspaces, we consider the local vector field
X =Y x0y, with constants ¢, € R. We find:

d
Va,, Xe(p) =K odX,p(0s, p) =K (dt

(Xeod™ (v(p) + ték)))

t=0
= K(93,,x.(p)-

4Specifically, v is given by =1 o exp;l, where [ : R™ — T, M is a linear isomorphism and
exp, : TpM — M is the exponential map near p associated with V. The exponential map
exp,, is defined by geodesics through p meaning exp,(v) = vp,v(1) with vp : [0,1] — M
being the unique map that fulfills Vs,  4p,0 = 0, 7p,0(0) = p, and 4p,»(0) = v. Restricted
to small neighborhoods of 0 € T, M and expp(()) = p € M, exp, becomes a well-defined
diffeomorphism.
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Hence, the vectors 0, w,...,0s,» span the horizontal subspaces
H(TM) = ker(K) for any w = X.(p) € T,M if and only if the equation

Vawi 8%. (p) =0

holds for all i¢,j5 € {1,...,n}. The last equation is satisfied for all normal
coordinates (z1,...,,) near any point p € M if and only if V is symmetric®,
i.e., satisfies:

VxY - VyX =[X,Y] VX,Y e (TM).

Thus, we shall henceforth assume that the connection V is symmetric.

So far, we have found that the vertical subspaces at w € T,M are spanned
by the vectors Oy, w,- .., O, w, While the horizontal subspaces at w € T, M are
spanned by the vectors 0z, w, - - -, 0z, « for normal coordinates ¢ = (x1,...,2y)
of (M,V) near p € M with Tt = (Z1,...,&n,01,...,0,). If we express an
arbitrary vector u € T,,(T'M) and its image Jv(u) € To,(TM) as

u = Zakavk wt bkazk w and JV chavk w T dkaxk w
k=1 k=1

we can compute the coefficients ¢, and dj, in terms of a; and by:

— Zbkﬁx}“p = —d7r( ) Ko Jv cha%p = ¢ = —byg

k=1 k=1

D ardeyp = K(u) = dro Jy(u deaa:kp = dy = ag,

where we used dm(0z,w) = Opep = K(Ovw), V(I'M) = ker(dr), and
H(TM) = ker(K). This gives us:

JV(avk,w) = ai'k,un JV(ai;k,w) = _8vk,w-

We now see that the almost complex structure Jy assumes the standard form in
normal coordinates near p € M for points w € T),M. This does not mean, how-
ever, that Jy is integrable, since the last equation is not necessarily true for all
points w within the chart domain TU. Clearly, this is the case if Vy, 0,; =0,
ie., if V is flat. As it turns out, Jy is integrable if and only if V is symmetric
and flat (this result was first written down by Dombrowski, cf. [Dom62|, and
independently by Tachibana and Okumura, cf. [TO62]).

Next, we want to transfer the almost complex structure Jy from TM to T*M.
In general, we can pick any bundle isomorphism T'M — T* M, which is then also
a diffeomorphism between the manifolds 7'M and T* M, and translate Jyv using
this diffeomorphism. However, there is no canonical choice of bundle isomor-
phism for generic manifolds M with connection V. The situation is different
if M is equipped with a semi-Riemannian metric ¢ and V is the Levi-Civita
connection V9. In this case, we can choose G : TM — T*M, v — 1,9 as our
bundle isomorphism and define the almost complex structure Jg, on 7™M via:

Jos =dG o Jys 0 dG—1.

5This is due to the fact that the geodesic equation V579 = 0 only “sees” the symmetric part
of V.
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Again, our goal is to express J&, in normal coordinates ¢ = (z1,...,2,) of
(M, g) near p € M. To achieve this, we first note that normal coordinates of a
semi-Riemannian manifold (M, g) near p € M satisfy:

g(p) = daj,— > drj, and Ougim(p) =0,
k=1 k=s+1

where (s, t) is the signature of g and n = s+t is the dimension of M. As before,
we introduce the notation T = (Z1,...,%n,v1,...,v,) for the induced coordi-
nates on T'M. Similarly, we employ the notation T*¢ = (q1,...,¢n,D1s---,Pn)
for the induced coordinates on T M:

n

(T*w)il(qlv vy qnyP1y .- 7pn) = Zpkdxkﬂb_l(lhww‘h)'
k=1

In these coordinates, G is given by:
T*poGo(TY) H0,...,0,v1,...,00) = (0,...,0,01, ..., Vs, —Vsp1,--.»—0p)
Together with 0., gim(p) = 0, this implies:

apk’G(w) for1<k<s

Yw € T,M.
—6pk,g(w) for k > s b

de(aﬁzk,w) = aqk,G(w)v de(avk,w) = {

This allows us to compute Jg, in coordinates for points o € 17 M:

J%H (aqma) = _8pk,m J%Q (apk,a) = aqma (1<k<s),
IS99 Oga) = Opriar  Jve(Opya) = —0ga (k> s).
Again, this does not imply that J&, is integrable, as the equations above are
only true for points o € Ty M and not necessarily the entire chart domain 7"U.
Indeed, J3, is integrable if and only if g is flat:
Jgo is integrable.
& Jys is integrable.
& VY is symmetric and flat.
< VY is flat.
& g is flat.
The reason why we are interested in the almost complex structure Jg, is the
curious fact that Jg, is naturally compatible with the canonical symplectic form

Wean O T* M, as one easily checks: In the coordinates (¢1,. .., Gn,D1,---,Pn) Of
T*M from above, weay, is given by:

wcan

n
v = Y dpi A dgy.
k=1

Thus, Wean (-, J&o-) is a semi-Riemannian metric on T*M of signature (2s, 2t):

Wean,a (5 Joa) = qu,ia + dpi’a — Z dq,%ﬁa + dpi,a Vo € T,M.
k=1 k=s+1
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As we can find normal coordinates near any point p € M, we have proven the
following theorem:

Theorem F.1 (Almost complex structures on T'M and T*M). Let M be a
smooth, n-dimensional manifold together with a connection V on it. Then,
there exists a unique almost complex structure Jy on the tangent bundle TM
such that:

drolJy =K, KolJy=—dn,

where 7 : TM — M is the base point projection of TM and K : T(TM) — TM
is the vertical projection corresponding to V. Jy is integrable if and only if V
is symmetric and flat.

If V is symmetric, then Jy can be expressed as:

JV(avk,w) = aﬁck,w7 JV(aik,w) = _avk,un

where w € TM is a point, ¥ = (z1,...,x,) are normal coordinates of (M, V)
near p = w(w), and Ty = (&1,...,&n,v1,...,v,) are the induced coordinates
on TM.

If V = VY is the Levi-Civita connection of a semi-Riemannian metric g on M of
signature (s, t), then there exists a (canonical) almost complex structure J&, on
T*M such that wean (-, J&,-) is a semi-Riemannian metric on T*M of signature
(2s,2t), where weay is the canonical symplectic form on 7M. In coordinates,
Jg is given by:

J90(0qi,0) = =Opras Jvas(Opra) = Ogra (1<K <s),
99 (0gr0) = Opras Jve(Opra) = —0g0 (k> s),
where o € T,/ M is a point, ¢ = (21,...,2,) are normal coordinates of (M, g)

near p € M, and T*¢¥ = (q1,---,qn,P1,---,Pn) are the induced coordinates of
T*M. Furthermore, Jg, is integrable if and only if g is flat.
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Appendix G

Holomorphic Connections

In this part, we introduce the notion of a (linear/affine) holomorphic connection
on a complex manifold X (cf. the end of Section 4.2 in [Huy05]). In particular,
we relate holomorphic connections to real connections (first section), study their
interaction with real structures (second section), and define the holomorphic
Levi-Civita connection V" induced by a holomorphic metric h = hr + ih; on
X (third section). Moreover, we show in the third section that the standard
Levi-Civita connections V"% and V" of the real and imaginary part hr and hy
agree with each other, that V"? = V"I is the connection associated (cf. first
section) with the holomorphic Levi-Civita connection V*, and that holomorphic
normal coordinates of h are also normal coordinates of hp.

Holomorphic and Associated Connections
We begin by recalling the standard definition of a (linear/affine) connection V
on a smooth manifold X:

Definition G.1 (Real linear connection). Let X be a smooth manifold. A real
linear connection! (r.l.c. for short) on X is a R-bilinear map?

V:T(TX) x T(TX) = I(TX)
satisfying for all f € C*°(X) and Y, Z e I'(TX). ..
(i) ...tensoriality in the first component: Vv Z = fVy Z,
(ii) ...the Leibniz rule in the second component: Vy fZ =Y (f)Z + fVy Z.

Our goal is to define holomorphic connections, thus, we must also allow for
complex-valued connections:

Definition G.2 (Complex linear connection). Let X be a smooth manifold. A
complex linear connection (c.l.c. for short) on X is a C-bilinear map®

V: D(TeX) x T(Te X) — T(TeX)

1We call them real connections to differentiate them from complex connections.

2Here, I'(E) denotes the space of sections of the bundle E — B. If E — B is a holomorphic
bundle, I'(F) denotes the space of holomorphic sections, while I'ceo (F) denotes the space of
smooth sections.

3T X denotes the complexified tangent bundle.

187
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satisfying for all f € C*°(X,C) and Y,Z € I'(Tc X). ..
(i) ...tensoriality in the first component: Vv Z = fVy Z,
(ii) ...the Leibniz rule in the second component: Vy fZ =Y (f)Z + fVy Z.

A clc. Vis called real if VyZ = V3Z holds for all complex vector fields
Y, Z € T(TeX).

Obviously, a r.l.c. V induces a c.l.c. by complexification:
Vorivl¥Y +i2) =VyY = Vv Z +i(VyY +VyZ) VYU VY, Z e T(TX).

In light of this observation, one naturally asks which c.l.c. are induced by r.l.c.
As the name suggests, these are exactly the real ones:

Proposition G.3 (R.l.c. & real cl.c). Let V be a c.l.c. on a smooth manifold
X. Then, we have the following equivalence:

V is induced by a r.l.c. & Vs real

Proof. The direction “=" is trivial, since Vy Z = V5-Z is true by construction.
Now consider the converse direction. Let V be a real c.l.c. Then, we have
VyZ = VyZ for all vector fields Y, Z € I'(TX) C I'(TcX), since Y = Y and
Z = Z. In particular, we find Vy Z € I'(TX) for Y, Z € I(TX). This allows us
to define a r.l.c. V" by setting:

VyZ: =VyZ VY, Ze(TX).
It is easy to check that V" induces V concluding the proof. O

Remark G.4. Considering Proposition G.3, it is not necessary to distinguish
between r.l.c. and real c.l.c. Thus, we use both notions interchangeably from
now on.

Before we move on to holomorphic connections, let us quickly recall that r.l.c.
and c.l.c. arelocal in the sense that, given vector fields Y and Z as well as a point
p € X, the expression Vy Z(p) only depends on Y (p) and Z in a neighborhood
of p. Indeed, this fact directly follows from the definition of a connection and
the existence of smooth partitions of unity. The locality of a connection allows
us to introduce the concept of Christoffel symbols which (locally) completely
determine the connection in question:

Definition G.5 (Christoffel symbols). Let X be a smooth manifold, V be a
clc. on X, and U C X be an open subset. Further, let {V;} be a complex
frame of TcU. Then, the Christoffel symbols Fék € C®(U,C) of V with
respect to the frame {V;} are defined by:

Vv, Vi = Y ThW.
l

Remark G.6. If the connection V and the frame {V;} are real in Definition
G.5, then the Christoffel symbols I‘ék are real as well and coincide with the
standard notion of Christoffel symbols.



189

Now let X be a complex manifold. We wish to define a holomorphic connection
V on X. However, we cannot just copy Definition G.1. The problem is that
there is no holomorphic partition of unity which in turn means that locality does
not immediately follow from the definition anymore, but needs to be enforced
manually. This leads us to the following definition (cf. [Huy05]):

Definition G.7 (Holomorphic connection). Let X be a complex manifold. We
call V a holomorphic connection on X if V is a collection

(Vv . 0(TO0) x D(TEOU) - DTEOU) | U € X open}

of C-bilinear maps satisfying for all open subsets U’ C U C X, all holomorphic
functions f : U — C, and all holomorphic vector fields Y, Z € T(T1OU). ..

(i) ...tensoriality in the first component: YV;yZ = fUVy Z,
(i) ...the Leibniz rule in the second component: YVy fZ = Y(HZ+f UVy Z,
(iii) ...the presheaf property: (YVy Z)|y = U,VY‘U,Z|UI.

We say that V is induced by a clc. V' on X if YVyZ = V,.Z for all
holomorphic vector fields Y, Z € T(T(*0U) € T(TcU) and open U C X.

Remark G.8 (Presheaf property). To understand the presheaf property, con-
sider a compact complex manifold X, e.g. a complex torus C"/A (A C C"
is a lattice). Since holomorphic functions on compact complex manifolds are
locally constant (due to the maximum principle), the Leibniz rule reduces to
tensoriality for compact X. Hence, without the presheaf property, V = 0 would
be a holomorphic connection on compact complex manifolds contradicting our
intuition and the local picture.

Similar to r.l.c. and c.l.c., a holomorphic connection can be computed locally:

Proposition G.9 (Holomorphic connections are local). Let X be a complex
manifold with holomorphic connection V. For all points p € X, all open neigh-
borhoods U’ € U C X of p, and all holomorphic vector fields Y, Z € I'(T(10U),
the expression Y Vy Z(p) is completely determined by Y (p) and Z|y-.

Proof. Take the notations from above, then:

Uy Z(p) = (VVy 2)|ur () E Uy, Zl ()

Thus, UVyZ(p) only depends on Y|y and Z|y/. By going into holomorphic
charts of X near p and using Property (i), we see that YVy Z(p) only depends
on Y(p) and Z|y. O

Again, locality allows us to introduce Christoffel symbols which (locally) com-
pletely determine the connection:

Definition G.10 (Holomorphic Christoffel symbols). Let X be a complex man-
ifold, V be a holomorphic connection on X, and U C X be an open subset.
Further, let {V;} be a holomorphic frame of TM0U, Then, the holomorphic
Christoffel symbols I‘ék : U — C of V with respect to the frame {V;} are
holomorphic functions on U defined by:

UVVJ.V}C = ZFéle.
l



190 APPENDIX G. HOLOMORPHIC CONNECTIONS

Let us now study the relation between c.l.c. and holomorphic connections. Qur
goal is to associate a unique c..c. with each holomorphic connection. The
difficulty of this task lies in the fact that multiple c.l.c. may induce the same
holomorphic connection, as the following example demonstrates:

Example G.11 (Holomorphic connection on C"). Consider the complex man-
ifold X = C" with global chart id = (21,...,2,) : X = C". Then, {0.,}; is a
holomorphic frame of T(H9C". Now pick holomorphic functions Fé—k :C" — C.
Using these functions as Christoffel symbols, we can define a holomorphic con-
nection V on C":

Vo, 0 =Y Th0s,.
l

Obviously, the remaining maps YV (U C C™ open) of the holomorphic connec-
tion V are defined by the presheaf property.

Now observe that {0.,,0z, }; is a smooth frame of TAOCr ¢ TOHC? = TeC™
and pick functions f},, g%, € C>(C",C). With these, we can define the c.l.c.
Vi, V2, V3, and V4 on C™:

(1) V0. = 32,0z, and Vh, 0., = Vb s, = Vb 02, =0,
( ) V2 azk = v2 Zlc Zl kazl and V%EJ ({Lk = V%ZJ 5‘5k = 0,

(3) V3, 0z = 3y D0z, V5, 0z = 32 [0, + 933,05, and
\ .a’k = V3. 95, =0,

(4) ngja = V4735k = >, T%,0:, and
vgfj Oz, = V4 0z, Zl Jkazz + g]kazl

It is clear from the construction that V!, V2, V3, and V* induce the same holo-
morphic connection V. In general, however, none of the connections coincide.

To single out a unique c.l.c. inducing a holomorphic connection, we need to
impose additional constraints on the c.l.c. One of those constraints is that the
c.l.c. is real. Another one is compatibility with the complex structure:

Definition G.12 (V compatible with J). Let V be a c.l.c. on a smooth man-
ifold X with almost complex structure J. V is compatible with J if VJ = 0.

By the next proposition, the notion of compatibility is equivalent to V preserving
the (1,0)- and (0, 1)-type of the second component:

Proposition G.13. Let X be a smooth manifold with almost complex structure
J. A cl.c. Von X is compatible with J if and only if V satisfies:

(i) VyZ € Toe(THOX) VY € T(TeX) VZ € Toe (THO X)),

(i) VyZ € Tex(TOVX) VY € T(TeX) VZ € Tow (TOVX).
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Proof. “=": Pick (k,1) € {(1,0), (0,1)}. Further, take vector fields Y € I'(Tc X)
and Z € I'ce (T(’f’l)X). Then, we can write Z = 1/2(Z+(—1)*iJZ) for a unique
real vector field Z on X. Thus, we obtain:

VyZ = % (VYZ n (—1)kiVy(JZ))

ol .
V& S (vyz + (fl)kiJ(VyZ)) € Dom (THD X).

“<”: Take smooth complex vector fields YV, Z € T'(TcX). Then, there are
unique vector fields Z(1?) € Tgoe (T X) and Z(O € T oo (T%Y X) such that
Z =710 4 701 By assumption, we have:

VyZ3D € T (T X)) and  VyZOY € Do (TOVX).
We now compute (Vy J)Z:

(VyJ)Z =Vy(JZ) — IVyZ
= Vy (iZz00 —izOV) — vy 20 4 vy 20D = .

O

Remark G.14. If V is real, we can simplify Proposition G.13 as follows: A
r.l.c. V on X is compatible with J if and only if V satisfies:

VyZ €Tee(TYIX) VY € T(TeX) VZ € Toe (THOX).
Of course, the same statement is true if we replace “(1,0)” with “(0,1)”.

Unfortunately, those two constraints are still insufficient to single out a unique
c.l.c. given a holomorphic connection. To illustrate this, consider Example G.11
again. In general, the connections from Example G.11 satisfy the following
properties:

(1) V! is compatible with the complex structure, but not real.
(2) V2 is both compatible with the complex structure and real.
(3) V3 is neither compatible with the complex structure nor real.
(4) V4 is real, but not compatible with the complex structure.

However, if all functions gé-k are identically zero, then both V2 and V* are real
and compatible with the complex structure. In this case, they still might not
be equal, since the functions f]lk do not need to vanish.

The problem is that compatibility as a constraint is too weak. Even though
compatible r.l.c. preserve the (1,0)- and (0, 1)-type of the second component,
they still allow for a mixing of types between the first and second component.
Excluding this phenomenon gives us a unique c.l.c. for every holomorphic con-
nection:
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Lemma G.15 (Associated connection V). Let X be a complex manifold with
holomorphic connection V on it. Then, there exists a unique c.l.c. V' on X
such that:

(i) V' induces V.
(i) V' is real.
(iii) V&Z =0forall Y,Z € I(TOU) C T(TcU) and open U C X,
We call V' the connection associated with V.
Proof. The idea behind the proof is to first show uniqueness of V' and after-

wards use connection V? from Example G.11 as a local model to construct V.

Uniqueness: Let V' and V" be two c.l.c. associated with V. Further, pick
a point p € X and a holomorphic chart (z1,...,2,) : V — C" of X near p.
Now observe that {0.,,0z,}; is a frame of TcV. If V' and V" map the frame
{0.,,0z, }; to the same vector fields, they coincide on the neighborhood V' of p.
Since both V' and V" induce V, we obtain:

/ %4 "
v(gzj 3zk == Vazj azk == V3zj 3Zk.

Using the fact that V/ and V" are also real yields:

/ _ / _ " _ "
Vi, 05 =V 8 =V 0 =V, 05,

J
Lastly, combining Property (iii) with realness gives:

Vlazj 8Zk = Vézj agk = 0 = ngj (95k = ng,j azk

Hence, V' and V" coincide on a neighborhood of p. Repeating the previous
argument for every point p € X proves uniqueness.

Existence: Pick a holomorphic chart (z1,...,2,): V — C" of X. We observe
that {9}, is a holomorphic frame of TV, Let T, be the holomorphic
Christoffel symbols of V with respect to that frame. We now define the c.l.c.
V' on V:

Vi, 0s =V, 02, = Y Tipds, Vi, 05 = Vi, 05, =0
l

Clearly, V'’ satisfies Property (i), (ii), and (iii) on V. We now extend the
definition of V'’ to all of X by repeating this construction for any holomorphic
chart of X. Since the connection associated with V is unique, the definition of
V'’ agrees on different coordinate patches concluding the proof. O

Remark G.16 (Associated connection).

e Note that the associated connection V' in Lemma G.15 is compatible with
the complex structure of X. Indeed, it is easy to check in holomorphic
charts that V' preserves the (1,0)-type of the second component (cf. the
proof of Lemma G.15).

e Usually, we denote a holomorphic connection and its associated connection
by the same symbol.
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Holomorphic Connections on Manifolds with Real
Structures

Next, we investigate the interaction of holomorphic connections V with real
structures o (cf. Appendix A). In particular, we show that o-invariant connec-
tions V induce connections on real forms, that two holomorphic connections in-
ducing the same connection on a real form coincide, and that every real-analytic
connection on a real form gives rise to a unique holomorphic connection on a
neighborhood of the real form.

To state and prove these results, we first need to study the relation between
connections and diffeomorphisms:

Definition G.17 (¢*V, ¢.V, and ¢-invariance). Let M, N be smooth mani-
folds, ¢ : M — N be a diffeomorphism, and V be a cl.c. on N. Then, the
pullback connection ¢*V on M is defined by:

(*V)yZ = ¢ (Vo.vdZ) VY,Z €T (TcM).

If Vis ac.l.c. on M, then the pushforward connection ¢,V on N is defined
by:

(0. V) Z = ((67")'V)yZ = 6. Vo140, Z) VY, Z € T(TeN).

In the case of M = N, we say that V is ¢-invariant if ¢*V = V or, equivalently,
¢V = V. For complex manifolds M = N and holomorphic connections V on
M, V is called ¢-invariant if the connection associated with V is ¢-invariant.

We can now explain how o-invariant connections induce connections on real
forms:

Lemma G.18 (Induced connection on real form). Let X be a complex manifold
with real structure o and non-empty real form M = Fixo. Further, let V be a
o-invariant r.l.c. on X. Then, V induces a r.l.c. VM on M. In particular, if V
is the connection associated with a o-invariant holomorphic connection on X,
VM is real-analytic.

Proof. The idea of the proof is to use the Christoffel symbols of V in o-charts
(cf. Appendix A) to construct the induced connection on M. Pick a point
p € M and a o-chart (z1,...,2,) : V — C" near p. In the frame {0.,,0z, };,
V is given by:

Vo. 0 = Y ahudy + 0505, Vo, 0o = Y 0z + 05,
l l

where a0, cby dh € C°(V,C) are Christoffel symbols. The o-invariance

. . 1 PR : 1 l 1
of V now implies Qjp, = Q00 and similar equations for biks Cjky djg, as the

following computation illustrates:

Zaékﬁzl -+ b‘ljkagl = Vazj azk = (O'*V)azj 8Zk = O« (Vg*azj U*azk)
l

= 04 (Vagjagk) = U*m = O Zaéi‘kaiz +b§7'kazl
l

= E agkoaazl—l—bé-koo&gl.
!
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From this, we deduce that the Christoffel symbols aé-k, e ,dék are real when
evaluated on points ¢ € V N M. We can now define the rlc. V™ on VN M

4
M o, =3 10,
l

via®:

where I‘é.k = aék + bék + cék + dljk, we used the decomposition z; = x; + iy;
and exploited the fact that the real part of a o-chart gives rise to a real-analytic
chart of M. We extend the definition of VM to all of M by repeating the
construction for any point p € M. This is possible, because the definition of
VM is independent of the choice of o-chart. To see this, we first observe that,
given holomorphic functions fy : V' — C, the following identities hold:

0
Vo, Y fide, = O 5o 0n V0, 0u Vo, 3010 = 3 1o, O
k k

Here, we have exploited tensoriality in the second component as well as the fact
that holomorphicity of fi implies J;, fr = 0. These identities tell us that the
coefficients aé-k transform like holomorphic Christoffel symbols under a change
of o-chart, i.e.:

(a’)l./ _ 0z 0z, Z . 0z Oz, 0z,
i’k 921,02}, 0z Jka L 02, 0z
l 3k Jsk, k
where (o’ )é,k, are Christoffel symbols of V in a different o-chart
(#4,...,2,) + V! — C™ near p, while the remaining coefficients bék,cék,dék
transform like tensors, i.e.:
(b,) e = _ .l]k 82:] azk 82[/
b 62 0z, 0z’
Z 32’] aZk 321/
/k' Jkaz 0z, 0z’
3okl k

(@) = 3, 0 O 07

ik =/ 7 —
by 8zj, 0z, 07

where (b’);l,k,, (c’);,,k,, and (d’)?,k/ are defined similarly to (a');l,k,. For the
definition of VM to be independent of the choice of o-chart, we need to show
that the sum I‘é.k evaluated on points of M transforms as follows®:

y —Z 02z, axi/—!—ZFl Ox; Oxy, Ox),
IR e Ol Oy, Oy e R O, Ol Oy

i2)

()

However, this transformation behavior is a direct consequence of the previous

transformation rules and the fact that two o-charts (z1,...,2,) : V — C™ and
(24,...,2) : V! = C™ near p satisfy:
0"z 0"z 02
g 07 VT w0 T e o, @ VeEVOVINML

S1 Sr S1 Sr 51 Sy

4For the sake of readability, we drop the restriction “|y,~ps” in the definition of VM.
5 Again, we drop the restriction to M.
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If V is a o-invariant holomorphic connection on X, then its associated connec-
tion V is a o-invariant r.l.c. on X. Hence, we can construct VM as before. Since
the Christoffel symbols T, = a}, are holomorphic and, thus, real-analytic in
this case, VM is real-analytic. O

Remark G.19. Note that a o-invariant r.l.c. V on X induces not just VM,
but a plethora of r.l.c. on M. Indeed, the construction in the proof of Lemma,
G.18 still works if we substitute Fé- i for the affine combination

1 ! ! 1
ajp, + 1ol + el + radjy,

where 74,7, 74 € R are any real numbers. Among those connections, VM stands
out, as it satisfies:

Vo, 0n,(q) = Vi, Oa.(a) VgV NM,

where (z1 = 1 +iy1,...,2n = T +iy,) : V — M is a o-chart. Also note that
if V is associated with a holomorphic connection, the coefficients bék,cé-k,dék

vanish and V only induces VM.

To conclude this section, we want to show that two holomorphic connections
inducing the same r.l.c. are equal on a neighborhood of the real form and
that any real-analytic connection on a real form gives rise to a holomorphic
connection. These results are the “connection counterparts” of Lemma A.10
and A.11. Indeed, the proofs are very similar and employ the same techniques
which is why we keep them brief:

Lemma G.20 (Uniqueness of holomorphic connections). Let X be a complex
manifold with real structure o and non-empty real form M := Fixo. Further,
let V! and V? be two o-invariant holomorphic connections on X which induce
the same r.l.c. VM on M. Then, there exists an open neighborhood U C X of
M such that YV! = YV2. If M is nice, one even has V! = V2.

Proof. Pick a point p € M and a o-chart (z1,...,2,) : V — C" near p such
that V is connected. Now let (Fl);k and (FQ);k be the holomorphic Christoffel
symbols of V! and V2, respectively, in this o-chart. Since V' and V? induce
the same r.l.c. VM, their Christoffel symbols (Fl);k and (I‘Q);k coincide on
V N M. Hence, by the identity theorem, they must coincide on all of V. This
shows that V' V! and V' V2 are equal. We can now repeat this argument for every
point p € M to find a neighborhood U C X of M such that YV = YV2. If M
is nice, we can apply the identity theorem to every connected component of X
to prove V! = V2, O

Lemma G.21 (Holomorphic continuation of connections). Let X be a complex
manifold with real structure ¢ and non-empty real form M = Fixo. Further,
let VM be a real-analytic r.l.c. on M. Then, there exists an open neighborhood
U C X of M and a o-invariant holomorphic connection V on U which induces
VM. V is unique in the sense of Lemma G.20.

Proof. Pick a point p € M and a o-chart (21,...,2,) : V. — C" near p. The
real part of the o-chart furnishes a real-analytic submanifold chart for M. Let
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(rM )ik be the real-analytic Christoffel symbols of V* in this submanifold
chart. As in the proof of Lemma A.11, we can find holomorphic continua-
tions Fék : V. — C of (I‘M)i.]C (after shrinking V' if necessary) and interpret
them as holomorphic Christoffel symbols. We can now define the holomorphic
connection V on V by:

Vo, 0z = Th0s,.
l

It is easy to check that V is a o-invariant holomorphic connection on V inducing
VM, To define V on a neighborhood U of M, we repeat the last step for every
point p € M and afterwards glue together the various coordinate patches. This
is possible, since the construction is independent of the choice of chart which
directly follows from Lemma G.20. O

Holomorphic Levi-Civita Connection

In this section, we want to define the holomorphic Levi-Civita connection V" of a
holomorphic metric h. As in the real case, V" should be the unique holomorphic
connection on X which is torsion-free and compatible with h. Thus, we first
need to define the torsion T of a holomorphic connection V:

Definition G.22 (Torsion T'). Let X be a complex manifold with holomorphic
connection V. The torsion® T of V is the collection of maps

(V7 :7(1rO0) x T(THOU) - T(THOYU) | U € X open}
defined by
UT(y,2) =YVyZ -UV,Y - [V, 2] VY,ZecD(THOU) VU C X open.

V is said to be torsion-free if YT = 0 for all open subsets U C X.

Remark G.23 (T is a tensor). T is bitensorial and satisfies the presheaf prop-
erty.

We also need to say what it means for a holomorphic connection V to be com-
patible with a holomorphic metric h:

Definition G.24 (Metric compatibility). Let X be a complex manifold with
holomorphic connection V. Furthermore, let h be a holomorphic metric on X.
The metric compatibility tensor Vi of V and h is the collection of maps

{YVh:T(THOU)? - Oy = {f : U — C| f holomorphic} | U C X open}
defined by
N2, 2, Z3) = 20 (Blu(Z2, Zs)) = Mu("V 2,22, Z3) = hlu(Z2, "V 2, Z3)

for all holomorphic vector fields Z;, Zy, Z3 € T(TM9U) and all open subsets
U C X. We say that V is compatible with A if Y VA = 0 for every open subset
UcCX.

6Sometimes called torsion tensor or torsion (tensor) field.
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Remark G.25 (Vh is a tensor.). Vh is tritensorial and satisfies the presheaf
property.
We are now ready to define the holomorphic Levi-Civita connection V":

Lemma G.26 (Levi-Civita connection V"). Let X be a complex manifold
together with a holomorphic metric h. Then, there exists exactly one holomor-
phic connection V” on X, the holomorphic Levi-Civita connection, which is
torsion-free and compatible with h.

Proof. Take the notations from above. The proof works very similarly to the
real case by exploiting the Koszul formula.

Uniqueness: Let V*! and V"2 be two holomorphic connections which are
torsion-free and compatible with h. As in the real case, one can show that V!
and V2 satisfy the Koszul formula (U C X open; Zy, Zy, Z3 € T(T1OU)):

2h|y (YN 2y, Z3) = Zy(h|v(Za, Z3)) + Za(hly(Zs, Z1)) — Zs(hlu (21, Zs))
+ hlu([Z1, Za), Z3) — hlu([Z2, Z3], Z1) + hlu([Z3, Z1], Z2)
=2h|y (Y2, Z3).

Pick any point p € U and a holomorphic chart (21, ..., zn) : U’ — C™ of X near
p such that U’ C U. Due to the presheaf property of V!, we have:

UV Za(p) = V'V Zolu (D).

We now set Z3|y = 0., in the Koszul formula (evaluated at p) and obtain using
the previous equation:

hlo (V'Y 2ol 0:) () = o (VY Zolur, 0:,) (),
Since the last equation holds for every j, we find:
UV Za(p) = VNV Zolu(p) = V'V Zolu(p) = UV 25(p).
As this argument can be repeated for every p € U, we get:
UV 2y =N 2.
Again, we can repeat the argument for all Z;, Zy € I'(T(:0U) and any open

subset U C X implying V! = V2,

Existence: The Koszul formula gives us an expression for
hu (Y'Y, 25, Z3).

A priori, it is not cleared whether this expression completely determines UV%I Zs,
as U might be “too large” to admit enough linearly independent, holomorphic
vector fields Z. However, we can always shrink U by the presheaf property.
Especially, if we shrink U to be a chart domain, then U admits enough holo-
morphic vector fields. Thus, we can define Uvgl Z5(p) for any point p € U
via the Koszul formula in a small chart near p. Since the Koszul formula is
independent of the choice of charts, the resulting holomorphic connection V"
is well-defined. One easily checks that V" defined this way is torsion-free and
compatible with h. O
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Next, we want to consider normal coordinates of a holomorphic connection. To
do so, we need to define geodesics first:

Definition G.27 (Complex derivative V/dz along « and geodesics). Let X be
a complex manifold with holomorphic connection V. Further, let D C C be
an open and connected subset, v : D — X be a holomorphic curve, and Y be
a holomorphic vector field along ~, i.e., a holomorphic section of the pullback
bundle v*TM9 X, Analogously to the real case, we can define the complex
derivative V/dz along v. In holomorphic charts (z1,...,2,) : U — C" of X,
V/dz is defined by:

n

(V Y>l (2) =Y/ (2) + 3 e - Yile) - Thr(2)),

dz ;
J,k=1

where f’ denotes the usual complex derivative of a holomorphic function
f:C — C and Fék are the holomorphic Christoffel symbols of V. We call
v a geodesic of V if V/dz ' = 0.

The following existence and uniqueness results regarding geodesics of V are
reminiscent of the real case:

Proposition G.28 (Existence and uniqueness of geodesics). Let X be a com-
plex manifold with holomorphic connection V. Further, let p € X and
v € TZEI’O)X. Then, for every zg € C, there exists an open and connected
neighborhood D C C of zp and a geodesic v : D — X of V such that v(z¢) =p
and 7/(z9) = v. Moreover, if 71,72 : D — X are two geodesics of V with
7 (20) = Y2(20) = p and v{(20) = V4(20) = v for any open and connected
neighborhood D C C of zp, then v1 = 7».

Proof. We observe that the geodesic equation is locally a second order complex
differential equation. By introducing new variables v; := 4/, thus, doubling the
number of equations, we can rewrite the second order differential equation into
a first order one. Since the geodesic equation has no explicit time-dependence
(z-dependence), we can interpret the first order differential equation obtained
this way as the integral curve equation of a holomorphic vector field, namely the
geodesic vector field. The existence and uniqueness results for geodesics now
follow from the existence and uniqueness results for integral curves of holomor-
phic vector fields (cf. Proposition 2.1.9).

There is also an alternative way to prove uniqueness: Write the geodesic equa-
tion in holomorphic charts near p and expand the coordinates of 71, 72 in a power
series around zg. This way, the geodesic equation becomes a recursive formula
for the coefficients of the power series. Furthermore, we realize that this recur-
sive formula completely determines all coefficients if we fix the first two terms
in each power series. Hence, fixing v1(2z0) = v2(20) = p and 1 (20) = v4(20) = v
uniquely determines the coefficients of the power series. The rest now follows
from the identity theorem. O

Remark G.29 (Geodesics depend holomorphically on initial values). Propo-
sition 2.1.9 also shows that a geodesic v of a holomorphic connection V with
v(20) = p and 7/(29) = v depends holomorphically on zg, p, and v.

We can now use the geodesics of V to define the exponential map of V:
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Definition G.30 (Exponential map). Let X be a complex manifold with holo-
morphic connection V and let p € X be any point. The exponential map
of V, exp, : V.— X with a suitable open neighborhood V' C ngl’o)X of 0, is
defined by:

expy,(v) =7, (1),
where 7, is a geodesic of V satisfying 7, (0) = p and ~,’(0) = v.

Remark G.31 (Exponential map). We add two remarks concerning the expo-
nential map:

(i) V C ngl’o)X is chosen small enough such that 7, (1) is uniquely de-
fined and unaffected by monodromy effects (cf. Section 2.1, in particular
Proposition 2.1.9 and Example 2.1.11). For instance, choose V' C Tlgl’o)X
such that the domain of the geodesic v, : D — X can be chosen to be
D={zeC||z| <2} for every v € V.

(ii) By Remark G.29, the exponential map exp,, of a holomorphic connection
V is holomorphic.

We can now shrink the domain of the exponential map to obtain a biholomor-
phism:

Proposition G.32. Let X be a complex manifold with holomorphic connection
V and let p € X be any point. Then, there exists an open neighborhood

VC T,Sl’O)X of 0 such that exp, : V' — exp, (V) is a biholomorphism.

Proof. Apply the holomorphic inverse function theorem to dexp,, = idTpl,o -

Lastly, we use this biholomorphism to define normal coordinates:

Definition G.33 (Normal coordinates). Let X be a complex manifold with
holomorphic connection V and let p € X be any point. Further, choose a
C-linear isomorphism [ : C"* — ngl’O)X . We call the coordinates (z1,...,2n)
of the holomorphic chart [~! o exp;1 holomorphic normal coordinates of
V near p. If V = V" is the Levi-Civita connection of a holomorphic metric
h on X, we additionally require that the vectors vy = I(é1),...,v, = (&)
(é1,-..,é, denotes the standard basis of C") satisfy:

h(’()i, ’Uj) = 5”
Remark G.34. Note that in the complex case all non-degenerate, symmetric
bilinear forms are isomorphic, while in the real case two non-degenerate, sym-

metric bilinear forms are isomorphic if and only if they have the same signature.

Holomorphic normal coordinates satisfy properties similar to their real counter-
parts:



200 APPENDIX G. HOLOMORPHIC CONNECTIONS

Proposition G.35 (Properties of holomorphic normal coordinates). Let X be
a complex manifold with holomorphic metric A and corresponding Levi-Civita
connection V". Further, let p € X be any point and ¢ = (z1,...,2,) : U — C"
be holomorphic normal coordinates of V" near p. In the coordinates (21, ..., 2,),
we have:

(1) hij(p) = 04

(2) 0:,hij(p) =0

(3) TH(p) =0
Proof. We only show (3), as (1) is obvious and (2) follows from (3) by
exploiting the vanishing of the metric compatibility tensor. Define for
r = (z1,...,7,) € C" the curve v(z) == ¢~!(z - x). By definition of holo-

morphic normal coordinates, v is a geodesic of V" with v/(0) = d¢y ' (z). In
coordinates (z1, ..., 2,), the geodesic equation reads:

(@) + D Th( () (=)() =0

k=1
For z = 0, this gives:

Z I, (p)zra, =0

k,l=1
The last equation is true for any z € C”, thus, it enforces I‘il(p) + F{k (p) =0.
Since V" is symmetric, I'},;(p) is symmetric in k and [. This implies 2T}, (p) = 0
concluding the proof. O

The final goal of Appendix G is to relate the holomorphic Levi-Civita connection
V" to the standard Levi-Civita connections V" and V"7. In particular, we
aim to relate the holomorphic normal coordinates of V” to the standard normal
coordinates of V*® and V" for holomorphic metrics h = hp + ih;. To achieve
that, we first prove the following proposition:

Proposition G.36. Let X be a complex manifold with holomorphic metric
h = hg + ih; and corresponding Levi-Civita connections V", V"7 and V"I,
Further, let p € X be any point and (21 = z1+iy1,...,2n = Tp+iyy) : U — C”
be holomorphic normal coordinates of V" near p. Then:
(1) hR’p(aﬂuj,ma:rk,p) = _hR,p(‘ayj,mayk,p) = Ojk, hl,p@xj,p,ayk,p) =9
hRm(awj > Oyep) = hI,p(aﬂ%p’ Ovpp) = hI,p(ayjma Ayi.p) =0

(2) Derivatives of hr and h; vanish at p in coordinates (z1,...,Zn, Y1, - - -, Yn)-

(3) All Christoffel symbols of V" and V"¢ vanish at p in coordinates
(T1, Ty Y1y e oy Yn)-

Proof. (1) follows from (1) of the previous proposition:

= (d:cip - dyjz',p) +1 Z (dzjp @ dyjp + dyjp @ dzjp) .
j=1
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(2) follows from (2) of the previous proposition and the fact that the components
hi; are holomorphic, i.e., 0z, hi;(p) = 0.

(3) follows from (2) of the proposition at hand and the Koszul formula for
Christoffel symbols of standard Levi-Civita connections. O

The last proposition implies that the Levi-Civita connections V& and V"
describe the same connection.

Corollary G.37 (V& = V"), Let X be a complex manifold with holomorphic
metric h = hg + ih;. Then, the (standard) Levi-Civita connections V"% and
VM coincide, i.e., V& = V1.

Proof. This is an immediate consequence of the previous proposition: For every
point p € X, there are coordinates in which the Christoffel symbols of V"% and
Vh agree at p, hence, V"® = V"I by definition of the Christoffel symbols. [

We want to show now that V"# = V" is the connection associated with the
holomorphic Levi-Civita connection V”. To do that, we need to investigate how
the complex structure J interacts with the connection V. It turns out that
V"= is compatible with J:

Proposition G.38 (V"% compatible with .J). Let X be a complex manifold
with complex structure J and holomorphic metric h = hgr + thy. Then, the
connection V"7 is compatible with .J.

Proof. We need to show:
(VARNZ =ViR(JZ) — VYR Z =0 VY,Z € T(TX).

The object (V27.J)(Z) is tensorial in Y and Z, hence, it suffices to evaluate
V"= J for the coordinate vector fields of the holomorphic normal coordinates
(z1 =21 +iy1,...,2n = Ty + iy,) near any point p € X. By Proposition G.36,
we find:

Vgi (Ja’r]) (p) = VSZ 3yj (p) = O, Vgi (Jay]) -
TV 00, (p) = 0. JVE0,,(0)= ...
Hence, V2] = 0. .
V"= is not just compatible with .J, it also satisfies the following useful formula:

Proposition G.39. Let X be a complex manifold with holomorphic metric
h = hg + ih; and Levi-Civita connection V7. Then:

Vhez =iVirZ VY e (TU)VZ € T(TMOU) YU C X open.

Proof. Take the notations from above and pick any point p € U. Let
(z1 = 1 + Wy1,...,2n = Xy + 1y,) be holomorphic normal coordinates of vh
near p and write

Z = i Cjazj
j=1
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for some locally defined holomorphic functions c¢;. Then:
ViR Z(p) Z c;(p)VhE 0., (p) + dej(JY)(p)0:, »
= Z cj(p V?Y 25 (p) +ide; (Y)()Oz; p

= Z ide; (Y ZJ »
=1 Z ¢i(p VhRGZJ (p) +dc;(Y)(p)0z, p = iV};RZ(p),

where we used that V"% is C-linear in both components, tensorial in the first
component, and VaR Oz, (p) = ng‘ Oy, (p) = ... =0 (cf. Proposition G.36). [

Remark G.40. The formula in Proposition G.39 not only applies to V"%,
but to any connection V associated with a holomorphic connection. Indeed, if
p € U C X is any point and Y € T'(TU) is a smooth real vector field, then there
exists a holomorphic vector field Y’ (possibly only defined on a neighborhood
of p) such that Y'(p) = Y (p) —iJ,Y (p). Exploiting Property (iii) from Lemma
G.15 then yields:

for any holomorphic vector field Z € T'(T(MOU).
We now have all tools at hand to show that V" is the connection associated
with V"

Lemma G.41 (V"% associated with V"). Let X be a complex manifold with
holomorphic metric h = hgr + ih;. Then, the standard Levi-Civita connec-
tion V& = V" is the connection associated with the holomorphic Levi-Civita
connection V".

Proof. For real vector fields 71, Z,, Z3 € T'(TX), we can express the terms
hp (v’;jZQ,Zg) and  2h; (VggZQ,Zg)

with the help of the Koszul formula as in the proof of Lemma G.26. We realize
that the Koszul formula also holds for complex vector fields Z1, Z5, Z3 € I'(Tc X)
if we complexify the Koszul formula by C-linearity in Z, Z5, Z3. In particular,
for holomorphic vector fields Z;, Z, Z3 € T'(T(:%) X), this gives:

2h(V 22, Z5) = 2hp (V'3 22, Z3) + i2hy (V' Z2, Z3)
= 2hp (V'Y 22, Z3) + i2h1 (V') Zo, Z3)

= (Koszul formula for hg) + i(Koszul formula for hy)
= Koszul formula for h = Qh(V%1 Zy, Zs).
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Thus, we have:
W'Yy, Zy — N33 2, Z3) = 0. (G.1)

Recall that, by Proposition G.38, V"% is compatible with the complex structure
J of X. In particular, V"# preserves the (1,0)-type of the second component
(cf. Proposition G.13). Thus, the vector field V’él o — V'gf Z9 assumes values
in the bundle 7(»® X. Since h is non-degenerate on 7% X Equation (G.1)
proves that the connection V"% induces V”. Clearly, V"% is real. Thus, it only
remains to be shown that V"= satisfies:

VEEZ =0 VY,Z e T(T"OU) VU C X open.

Let U C X be an open subset and Y, Z be two holomorphic vector field on U.
Then, there exists a unique real vector field Y on U such that Y =Y — ¢JY.
Proposition G.39 now yields the desired property concluding the proof:

hr o _ wh _ wh —h _ wh 2 —hr 7 _
V?RZ = iniJYZ = V?RZ—FZVJ?/Z = VYRZ—FZ VYRZ =0.

O

To conclude Appendix G, we examine the relation between holomorphic normal
coordinates of V” and normal coordinates of V7. For this, we need to link
holomorphic geodesics of V" to geodesics of V/#:

Proposition G.42. Let X be a complex manifold with holomorphic metric
h = hgr + ih; and Levi-Civita connections V" and V"#. Further, let
U = [to,t1] + i[so,s1] be a domain in C and v : U — X be a holomor-
phic curve. Define the curves ~s : [to,t1] — X and 4 : [sg,$1] — X by
vs(t) == y(t +1is) = 7;(s). Then, v is a (holomorphic) geodesic of V" iff v, is a
geodesic of Vi® = VI for every s € [sq, s1] iff v; is a geodesic of V"7 = V1
for every t € [to, t1].

Proof. This statement is mostly a consequence of Proposition G.38 and G.39 as
well as Lemma G.41: For z =t + is, we can write:

1 ) 1 ,
V() = 5 (01(2) — iT01(2)) = 5 (~J(2) — i07(2))
Hence:
lh/_vh /_Vth_vhR /_VhR /
dz L T VT TV T T V@ —idam T T VoY
1 .
-2 (vggaw —iJ (vggaw))
_ 1 Vhe dvs Y Vhn dys
2\ dt dt dt dt ))’
A similar expression can be found for ; concluding the proof. O

An immediate consequence of Proposition G.42 is that the exponential maps of
V" and V"7 coincide:
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Corollary G.43. Let X be a complex manifold with holomorphic metric
h = hg + ih; and Levi-Civita connections V" and V"%, Further, let p € X
be a point and exp and expl# be the exponential maps of V" and V", re-
spectively. Take a vector v € T,Sl’O)X such that exp;}(’u) exists and write it as
v =1/2(d — iJ,0) for a unique vector o € T, X. Then, exp)*(d) exists and we
have:

expi® (9) = expr(v).

Proof. Take the notations from above. expf!(v) is defined as v(1), where 7 is a
holomorphic geodesic of V" satisfying v(0) = p and 7/(0) = v. By Proposition
G.42, (t), t € R, is a geodesic of V"% satisfying v(0) = p and #(0) = ©. Since
(1) exists, expl# () exists as well and we have:

expy ™ (0) = (1) = expj, (v).
O

Remark G.44. Observe that Proposition G.42 and Corollary G.43 are still
true if we replace V" by any holomorphic connection and V"% by its associated
connection. Indeed, Corollary G.43 follows from Proposition G.42, while Propo-
sition G.42 just exploits compatibility with J and the formula in Proposition
G.39 as well as the fact that V"% induces V. These results are also valid for
associated connections.

At last, we arrive at the following lemma:

Lemma G.45. Let X be a complex manifold with holomorphic metric
h =hgr +ih;. Let p € X be any point. Then, holomorphic normal coordinates
(21 =21 +iy1,...,2n = Tp + iy,) of V" near p give rise to normal coordinates
(x1,...,yn) of V& near p.

Proof. Combine all previous results from this section, in particular use Corollary
G.43. Note that the same result is only true for h; after applying a linear
transformation, since

n
hpp = Z dm?’,p - dyaz'yp
j=1
is in standard form at p in the coordinates (z1,...,y,), while the same is not

true for

hrp = Z dzjp @ dyjp + dyjp © dzjp.

Jj=1



Appendix H

Complex Lie Groups,
Algebras, and Coadjoint
Orbits

This part shall serve as an introduction to complex Lie groups. Since most
notions of Section 3.1, which offers a general introduction to Lie groups, simply
transfer to the complex case (conjugation, (co)adjoint action, exponential map,
and so on), we only focus on those concepts that have no real analogue or differ
in one way or the other from the real case. Particularly, we are concerned with
the complex and real structures on Lie groups, the various definitions of the
complex Lie algebra, and how the complex and real structures of the group
descend to the (co)adjoint orbits.

We start by recalling the definition of a complex Lie group:

Definition H.1. G is called a complex Lie group if G is a smooth Lie
group equipped with an almost complex structure I such that the left and right
multiplication are I-holomorphic.

Remark H.2. It directly follows from the definition that the adjoint action
commutes with I, the almost complex structure at the neutral element e € G.
This implies that the Lie algebra g of G is a complex Lie algebra:

[Teu,v] = [u, I.v] = LJu,v] Yu,v € g.

One can deduce from the last equation that I is integrable, i.e., a complex struc-
ture (cf. [Sal19]). Moreover, it follows from the holomorphic implicit function
theorem that the inversion G — G, g — ¢! is holomorphic.

The complex Lie groups we are interested also carry a real structure:

Definition H.3. Let G be a complex Lie group. A real structure on G is an
antiholomorphic involution ¢ : G — G which is also a group homomorphism. Its
fixed point set Gr := Fix o is called real form. We say Gr is nice if Gg meets
every connected component of G. A complex Lie group is called reductive if
it admits a nice compact real form.

As one would expect, Gr C G is a (real) Lie subgroup of half its (real) dimension:

205
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Proposition H.4 (Gg C G Lie subgroup). Let G be a complex Lie group with
real structure o. Then, its real form Gg C G is an (real) embedded Lie subgroup
with dimg G = 2dimg Gr. In particular, Gg is not empty.

Proof. We first prove that Gg C G is an embedded Lie subgroup. By Cartan’s
subgroup theorem, it suffices to show that Gg C G is a closed subgroup. Gg C G
is a subgroup, since it is the fixed point set of a group homomorphism. Gg C G

is also closed, as it is the preimage of the closed set {e} under the continuous

map g — o(g)g~ "

To conclude the proof, we note that Gr is not empty, because Gg is a group
and contains at least the neutral element e. Thus, it is also a real form in the
sense of Definition A.1, hence, dimr G = 2 dimg Gg. O

One example of a complex Lie group is given by GL(n,C). It possesses several
real forms, for instance GL(n,R) and U(n). The real structures correspond-

ing to the real forms GL(n,R) and U(n) are GL(n,C) — GL(n,C), A — A
and GL(n,C) — GL(n,C), A — (A71)* = (A—l)t, respectively. We see that
GL(n,C) admits the compact real form U(n), even though GL(n,C) itself is
not compact. This is true for most reductive groups. Indeed, if a connected
complex Lie group was compact, its adjoint representation would be trivial due
to the maximum principle implying that the complex group in question would
be Abelian. In this thesis, we are not interested in Abelian groups, as their
(co)adjoint orbits are just points.

Remark H.5. From now on, we always denote a complex Lie group by G, its
neutral element by e, its complex structure by I, a real structure on G by o,
and the corresponding real form by Gg.

Next, let us consider the Lie algebras of complex Lie groups in more detail. For
a (real) Lie group, we think of its Lie algebra as the tangent space at the neutral
element which we usually identify with the space of left-invariant® vector fields
to equip the Lie algebra with a Lie bracket. For a complex Lie group G, however,
there are multiple ways to define its (complex) Lie algebra: As usual, we can
take the tangent space T, G and identify it with the space of left-invariant vector
fields, where the complex structure of the Lie algebra is I.. Alternatively, we
might think of the Lie algebra as the holomorphic tangent space TG and
identify it with the space of left-invariant, holomorphic vector fields, where the
complex structure is simply given by multiplication with the imaginary unit .
Additionally, if G admits a real form Gg, we may complexify the Lie algebra of
GR and take it to be the complex Lie algebra of G. The following proposition
states that all these models are isomorphic:

Proposition H.6 (Equivalent models of complex Lie algebras). Let G be
a complex Lie group with real form Gg C G. Denote the Lie algebras by
gr = T.GR, gc = gr ®r C, g == T.G, and g1:0) = Te(l’O)G. Then, the maps

1
hi:gc— g, u+iv—u+ v and hg:g—>g(1’0),wl—>§(w—ilew)

are complex Lie algebra isomorphisms.

'Tess commonly, with the space of right-invariant vector fields which leads to a change of
sign in the Lie bracket.
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Proof. Tt is widely known and easy to check that h; : (g¢,?) — (g,1.) and
hy : (g,1.) — (g9, I, = i) are C-linear bijections. Hence, we only need to
check that hy and hs respect the Lie bracket. We compute:

[h1(ur + tv1), b (ug +ive)] = [ug + Lev1, ug + Iovs]
= [uy, us] — [v1,v2] + L ([ug, vo] + [v1, uz])
= hy ([u1, us] — [v1,v2] + @ ([ur, ve] + [v1, uz]))
= hy ([ug + iv1,us +iv9])  Vug,us,vi,v2 € gr

and:

1 ) .
[ha(w1), ha(ws)] = Z[wl — il wy, we — il ws)

where we used [I.u,v] = [u, I,v] = I.[u,v] and [iu, v] = [u,iv] = i[u,v]. O

Remark H.7. Often, we mean 7.G when we talk about the Lie algebra of G
and denote it simply by g. Sometimes, however, we implicitly use a different
model for the complex Lie algebra and do not change the symbol, so caution is
advised.

In Section 3.4 and especially in Appendix I, we consider semisimple complex
Lie groups:

Definition H.8 (Semisimple). A real Lie algebra (g, [-,]) is called semisimple
if it contains no proper non-zero Abelian ideals. We say a Lie group G is
semisimple if its Lie algebra is semisimple.

Remark H.9.

(i) It is a famous result from Lie group theory, known as Cartan’s criterion,
that a Lie algebra is semisimple if and only if its Killing form is non-
degenerate (cf. Section 3.1).

(ii) One easily verifies with the help of Cartan’s criterion that a complex Lie
group G with real form Gp is semisimple if and only if its real form Gy is
semisimple.

We now turn our attention to (co)adjoint orbits of complex Lie groups. We only
consider adjoint orbits in the upcoming discussions, since adjoint and coadjoint
orbits are isomorphic in the relevant cases?. Recall that there are two ways to
think of orbits of group actions: We can view them as group quotients or as
immersed submanifolds. First, let us investigate the quotient model for complex
adjoint orbits more closely. To do that, we consider complex stabilizer groups:

2By this, we mean the case of complex reductive groups. The adjoint and coadjoint orbits
of such groups are isomorphic due to the existence of an Ad-invariant, non-degenerate scalar
product.
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Proposition H.10. Let G be a complex Lie group with real structure o
and real form Gr C G. Further, let wg € gr C g be a point and
Guw, = {g € G | Ad(g)wy = wo} be the stabilizer of wy. Then, G,, C G
is an embedded complex Lie subgroup with real structure ‘7|Gw0 and real form

Fixolg,, = Gu, N Gr = (Gr)w, = {9 € Gr | Ad(g)wo = wo}.

Proof. As in the proof of Lemma 3.1.13, we find that G,,, C G is an embedded
Lie subgroup and its Lie algebra is kerdev,,, . = kerad,,. Since ad,, com-
mutes with I, kerad,,, is closed under I.. Hence, the tangent spaces of G,
are complex subspaces of tangent spaces of G turning G,,, into a complex Lie
subgroup.

To show that o|g,,, is a real structure on G.,, we just need to prove that G,
is o-invariant, i.e., 0(Gy,) = Gu,- This is true, since:

Ad(a(g))wO =do, (Ad(g)(daewO)) = do. (Ad(g)WO) = do.wy = wo Vg € Gwoa

where we used wg € gr = Fixdo.. The last equation in Proposition H.10
immediately follows from Fixo|g,, = Gu, NFixo. O

The adjoint orbit through wg is now the quotient G/G,,. Since both G and
G, carry a complex and real structure, the quotient does so as well:

Proposition H.11. Let G be a complex Lie group with real structure o
and real form Gr C G. Further, let wg € gr C g be a point and
G, be the stabilizer of wy. Then, G/G,, is a complex manifold with holomor-
phic submersion 7 : G — G/G,,,. Moreover, o descends to the antiholomorphic
involution [o] on G/Gy,-

Proof. G,,, C G is a smooth embedded Lie subgroup, hence, the quotient
G/Gy, is a smooth manifold and 7 : G — G/G,, is a smooth submersion
(cf. Remark 3.1.12). Since G, C G is also a complex submanifold, there exists
a well-defined, unique, and smooth section I € I'End(T(G/G,)) such that the
diagram

¢ — L TG

b

T(G/Guy) —= T(G/Gluy)

commutes. I? = —1 now implies I? = —1, thus, I is an almost complex struc-
ture on G/G,,,. Furthermore, Iis integrable, as I is integrable. This shows the
first part of Proposition H.11.

Let us now consider the real structure o. By Proposition H.10, G, is
o-invariant, hence, the map [0] : G/Gyy — G/Guwy, [g] — [0(g)] is well-defined.
Next, observe that the diagram

G——— G

[ [

o

G/Guy —7 GG,
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commutes. As the vertical maps are submersions, we can infer the smoothness
of [o] from the smoothness of o. Likewise, the fact that o is an antiholomorphic
involution implies that [o] is an antiholomorphic involution. O

We now examine how the complex and real structures of the adjoint orbits look
like if we take them to be subsets of g:

Proposition H.12. Let G be a complex Lie group with real structure o
and real form Ggr C G. Further, let wg € grg C g be a point and
G, be the stabilizer of wg. Then, the map fy,, : G/Gw, — 8, [9] — Ad(g)wy is
a well-defined, injective immersion whose image is the adjoint orbit O through
wy. Moreover, fu, is I-I,-holomorphic and [¢]-do.-equivariant.

Proof. The first part follows from Lemma 3.1.13. Thus, we only need to show
that f,,, intertwines the complex and real structures on G/G,,, and g, where
the complex and real structure on g are given by I, and do, respectively. To do
that, we consider the evaluation of the adjoint action at wo, i.e. evy, : G = g,
g — Ad(g)wg. The relation between ev,,, and f,, is encoded in the following
commuting diagram:

Vg

G——— g

P
wo -
™ i
-
-
-

G /Gy

7 is a submersion intertwining complex and real structures, hence, if ev,,, in-
tertwines complex and real structures, f,,, does so as well.

Due to the G-equivariance of ev,,, with respect to the left G-actions on G and
g, it suffices to check the Cauchy-Riemann equation at e in order to show that
€eVy, is holomorphic. One finds devy, . = — ady,. Since ad,, commutes with
I, devy, . does so as well proving that ev,, is holomorphic.

Lastly, we show the o-do.-equivariance of ev,,,. It follows from a straightfor-
ward calculation:

eV, 00(g9) = Ad(o(g))wo = do. (Ad(g)(docwo)) = do. (Ad(g)wo)
=doeoevy,(g) Vg eG.

O

To conclude this subsection, we consider the real forms of complex adjoint or-
bits. We wish to establish a relation between them and adjoint orbits of Gg.
Intuitively, one might expect that the real form of the adjoint orbit of G through
wy is the adjoint orbit of Gy through wg. In the quotient model, this would
mean that the real form of (G/Gy,,[0]) is Gr/(GR)w,- In general, however,
its real form might be strictly larger, since the sets By (G, o) and B (G, 0)
(definition below) might not be equal:
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Proposition H.13. Let G be a complex Lie group with real
structure ¢ and real form Gr C G. Take a point wy € grp C g and
let Gy, C G and (Gr)w, C Ggr be the stabilizers of wy. Then, the map
i Gr/(GR)wy = G/Guy, 9](Ge)u, + [9]G., 15 an embedding whose image
is an open subset of Fix[o]|. Further, one has:

imi =Fix[o] &  Bi(Guy,0) = Ba(Guy, 0),
where B (G, 0) C Ba(Guy,0) C Gy, are defined as follows:
B1(Guy,0) = {h 7 o(h) | h € Gug}, Ba(Gug o) = Guy N{g~'o(g) | g € GY.

Remark H.14. For an adjoint orbit O C g, its real form is ONgr. Even though
the real form of O is not closed under the adjoint action of the full group G
anymore, it is still closed under the adjoint action of Gg. Thus, the real form
is a disjoint union of adjoint orbits of Gg which, by Proposition H.13, are open
subsets of O N gg. In particular, if Gg is connected, the connected components
of O N gg are just adjoint orbits of Gg.

Proof. Consider the following commuting diagram:

G]R/(G]R)wo *Z> G/Gwﬂ

| I

R —— ¢

The map on the left is given by [g](cy),, — Ad(g)wo and the bottom map is
the natural inclusion. We know that the vertical maps as well as the map at the
bottom are injective immersions. Thus, the map i is also an injective immersion.
We also know that imi C Fix[o], since:

(010 ([9)(G1as ) = 060 = 9160, =i (I9)(G10,) V9 € Gr = Fixo.

By Definition A.1, Fix[o] is an embedded submanifold of G/G,,, whose dimen-
sion is given by:

1 1 1
dim Fix[o] = B dim G/Gy,, = 3 dim G — 3 dim G, = dim Gg — dim(GRr ),
= dim GR/(GR)wU~

Hence, i viewed as a map Gr/(GRr)w, — Fix[o] is an injective immersion be-
tween manifolds of the same dimension and, therefore, an embedding. This
proves that i : Gr/(Gr)w, — G/Guw, is the composition of two embeddings
and, thus, itself an embedding. From this, we can also infer that im ¢ is an open
subset of Fix[o].

Lastly, we need to show the equivalence in Proposition H.13. It is a direct
consequence of the following lemma. O

Lemma H.15. Let G be a group with involutive group homomorphism
o : G — G. Further, let H C G be a o-invariant subgroup. Then, o descends
to an involution [¢] on G/H and the map i : G,/H, — G/H, [g]n, — 9] is
injective, where G, = Fixo and H, := Fixo|y. Further, one has:

imi =Fix[o] < Bi(H,0)= B2(H,0),



211

where By (H,0) C Bo(H,0) C H are defined as follows:
Bi(H,0) = {h~'o(h) | h € H}, By(H,0)=Hn{g 'o(g)|ge G}

Proof. Clearly, the maps [0] : G/H — G/H, [0](l9]g) = [o(9)]ly and
it : Gy/H, — G/H are well-defined. Moreover, it is obvious that [o] is an
involution and the inclusion imé C Fix[o] holds. Next, we note that ¢ is in-
jective: If we have g1,92 € G, such that i([g1]p,) = i([92]n, ), there exists an
h € H such that go = g1h. Hence, we obtain:

h=gy"92=0(q1) "o(g2) = o(h)

This shows h € H, and, therefore, [g1]m, = [92]n, -
To prove the equivalence, we first consider the fixed points of [o] (g € G):

l9lu € Fixlo] & [o(9)lu =[9lu < o(g9) =ghforhe H.
o(g) = gh implies h = g~ 'o(g) € Ba(H, o). Thus, we obtain:
9l € Fix[o] < o(g) =ghfor h € Bo(H,o0). (H.1)
Next, we investigate points in the image of i (g € G):
[glg €imi < g=shforse Gy, and he H.

To express this equivalence in a different way, we make the following consider-
ations: If s € G, and h € H, then we find for g := sh:

o(g) = so(h) = shh*o(h) = gh~ o (h).

On the other hand, if g € G, h € H, and o(g) = ngfla(fAL), we obtain for
s:=gh 1

o(s) =o(g)o(h) ' =gh™ =s,

ie, g = sh for s € G, and h € H. In total, this gives us the following
equivalences:

gz €imi < o(g) =gh to(h) for he H
= |[glg €imi <& o(g)=gh for h € B1(H,o0), (H.2)

where we set h := h='o(h) € By (H, o). Combining Equivalence (H.1) and (H.2)
now shows

imi =Fix[o] < Bi(H,0)= Bs(H,o0)

concluding the proof. O
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Appendix I

Hyperkahler Structure of
Coadjoint Orbits

In this part, we sketch how coadjoint orbits of semisimple complex reductive'
groups obtain a Hyperkéhler structure following [Kro90] and [Kov96]. This task
is carried out in two steps: We first explain how to equip the moduli space of
instantons with a Hyperkéhler structure. Afterwards, we put this structure on
orbits by identifying them with the space of instantons. During this discussion,
we also see that cotangent bundles of complex reductive groups obtain a Hy-
perkdhler structure in very similar fashion (cf. [Kro04]).

We begin by choosing a semisimple complex reductive group G with real form
GRr. Next, we pick a Riemannian four-fold (M, g). In [Kro90], R*\{0} = C2\{0}
plays the role of M, while M is given by R>q x T% in [Kov96] (both spaces are
equipped with the standard Euclidean metric). Let P :== Ggr X M be the trivial
GRg-principal bundle over M and A € Q'(P, gr) be a connection 1-form on P.
As P is trivial, we can view A as a gg-valued 1-form on M by fixing a gauge,
i.e., by pulling A back to M via a global section, for instance M — P,p — (e, p).
Now consider the curvature 2-form F := dA + 1[A A A] associated with A. In
our setup, we want A to describe an instanton®. To be precise, we want F' to
satisfy the following anti-self-duality equation:

x['= —F,

where x is the Hodge star associated with (M, g). After choosing coordinates,
the equation *F' = —F becomes a set of three PDEs depending on four variables.
Solving these PDEs can be quite tricky. To simplify the problem, we want to
transform the PDEs into ODEs which means we have to eliminate three of the
four variables. We can achieve this by requiring A to be invariant under a three-
dimensional symmetry group S acting freely on M. In [Kro90], the symmetry

IThroughout Appendix I, a complex reductive group G denotes the universal complexifi-
cation of its compact real form Gg.

2Tn physics, instantons are special vacuum solutions of the Yang-Mills equations. For
Abelian gauge theories, the Yang-Mills equations in matter (for instance the inhomogeneous
Maxwell equations) take the form §F = m, where ¢ is the adjoint operator of d and m is a
term involving matter fields. m vanishes in the absence of matter, i.e., in vacuum. In this
case, the closed 2-form F' automatically satisfies the Yang-Mills equations if it is self-dual or
anti-self-dual, i.e., *F' = £ F. These solutions describe particles known as instantons.
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group is SU(2), while it is 7% in [Kov96]. The anti-self-duality equation for
S-invariant connections A now takes the following form in suitable gauge and
coordinates:

Ay + [Ag, A1) + [Ag, A3]
Ay + [Ag, Ag] + [A3, Ad]
Az + [Ag, As] + [Ar, A5] =

0,
0,
0,

where A; : R — gr (j € {0,1,2,3}) are the ggr-valued coefficients of the connec-
tion A. These equations are known as Nahm’s equations®.
We can now formulate the strategy for equipping coadjoint orbits of G with a

Hyperkédhler structure:

(i) First, one has to show that the moduli space of S-invariant instantons A,
i.e., the space of solutions of Nahm’s equations modulo gauge transforma-
tions, is a smooth manifold admitting a Hyperk&hler structure.

(ii) Afterwards, one uses objects like 2« := Ay + ¢4y and 28 := As +iA3 to
identify this space with coadjoint orbits.

The execution of this strategy is rather cuambersome and intransparent in [Kro90]
and [Kov96] due to some tedious details (boundary conditions, analysis of sta-
ble manifolds, involvement of the group structure, and so on). That is why we
present the simpler approach taken in [Kro04] here. In this paper, Kronheimer
shows how to construct a Hyperkdhler structure on the cotangent bundle of a
complex reductive group with essentially the same strategy and without the
tedious details.

We begin by considering the Banach space Q := C*([0,1],g3), where
g% = Or X Or X Or X gr. It carries a flat Hyperkéhler structure induced by
the linear maps

I(A07A17A2aA3) = (_A17A07 _A37A2)7
J(Ao, A1, Az, Az) = (— Az, Az, Ag, — A1),
K(Ao, A1, Ag, Ag) = (—Asz,— Az, A1, Ap)

and the L?-metric* (-,-);. on  defined via an Ad-invariant, positive definite
scalar product (-,-)p on gg:

3 1
AB): =Y [ (40,50, b
0

Jj=0

Now consider the Banach space I' := C([0,1],¢3) and the map p : @ — T
which maps (Ao, A1, As, A3) to the left-hand side of Nahm’s equations. We
want to show that the space N := u~1(0) of solutions of Nahm’s equations is
a smooth Banach submanifold of 2. By the infinite-dimensional regular value
theorem (cf. Appendix A in [MS12]), it suffices to show that for every A € N

3Confer [May19] for an in-depth analysis of Nahm’s equations and their relation to Hyper-
kdhler structures.
4The L2-metric (-, )72 is not the Banach metric on .
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the differential dus : Q — T has a bounded linear right-inverse. Simply put,
for every A = (Ap, A1, A2, A3) € N and v = (71,72,73) € ' we have to find a
solution a = (ag, a1,as,a3) € Q of the equation dus(a) = . Writing out the
components of du4(a) =+, we obtain:

dl - [A7Ia/] =M,
a2 - [Aa Ja] =72,
C.7'3 - [AaKa] =73,

where we used the notation [4, B] = Z?:O[Aj,Bj] for maps A : [0,1] — gg
and B : [0,1] — g3. These equations are just ODEs which possess plenty
of solutions. We can single out a unique solution a by requiring ag = 0 and
a1(0) = a2(0) = a3(0) = 0. Denote the map which assigns every « the specified
solution a by duy' : T — Q. Tt is clear from the definition of du ' that du,*
is a linear right-inverse of du4. To check that duzl is bounded, we note that
the image V' := im d,uzl is a closed subspace of 2 and, therefore, a Banach
space. Thus, dualy : V — T is a bijective bounded operator between Banach
spaces. Hence, d,u;‘1 as its inverse is also bounded due to the bounded inverse
theorem.

Even though N C 2 is a Banach submanifold, it does not inherit a Hyperkihler
structure from 2. Indeed, the tangent space Ty N = kerdu, is not invariant
under the action of I, J, and K. For example, a; — [A,Ia] = 0 turns into
ag + [A4,a’] = 0 under the transformation a — o’ := I'a. However, this is the
only obstruction, since I transforms as — [A, Ja] = 0 into a5 — [4, Ka'] = 0 and
vice versa (a similar behavior occurs if we exchange I for J or K). Thus, the
maximal I-J-K-invariant subspace

Hpy =TaNNI(TAN)NJ(TaN)NK(TAN) C TaN

is just the space of all a € kerduy satisfying ag + [A4,a] = 0. Explicitly, this
means that a € Q is contained in H4 if and only if a fulfills:

d0+[A,a]:0, dl—[A,Ia] :O,
ay —[A,Ja) =0, as—[A Ka) =0.

We see that the elements of H4 are fully described by a set of four first-order
ODEs implying that H, is isomorphic to gg via Ha — g3, a — a(0). In par-
ticular, H 4 is a finite-dimensional subspace of T4 N with dimension 4 dimg gg,
while T4 N is infinite-dimensional. The L%-metric on  naturally descends to a
scalar product on H4 turning H4 into a Hyperkahler vector space.

Our next task is to find a manifold whose tangent spaces can be identified
with Hy4. To do that, consider the group of gauge transformations
Gr == C?([0,1], Gr) and its normal subgroup G2 = {g € Gr | g(0) = g(1) = e}.
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The group Gr acts as follows on Q:°

(940)(t) == Ad(g(t)) (Ao(t) +wy(t)), (9A4;)(t) = Ad(g(t)) A, ()
where g < QR, A= (A07A1,A2,A3) S Q, te [07 1], j € {1,2,3}, and

wy(t)= L gls) o0 € ga.

It is straightforward to check that gauge transformations map a solution of
Nahm’s equations to another solution of Nahm’s equations. Hence, Gg and G2
also act on the Banach submanifold N C Q. We will not go into detail here
why the quotient N/G is again a Banach manifold®. The basic idea is to find
a “slice” — in our case {A + a | ag + [4,a] = 0} — that hits every G2-orbit
exactly once and does so transversely. It is more important for us to realize
that the tangent space of NV and the one of this slice intersect in H4 at the
point A € N. Therefore, we can identify the tangent spaces of N/GY with the
spaces H 4 which carry a linear Hyperkihler structure. This equips the quotient
N/GS with a pre-Hyperkihler structure. The pre-Hyperkihler manifold N/GJ is
finite-dimensional, as its tangent space H 4 is finite-dimensional. At this point,
it is not clear why this structure is integrable. The precise reason is a bit more
involved, but the gist of it is that NV/GS is the result of an infinite-dimensional
Hyperkihler reduction of the space 2 with respect to the action GJ and the
Hyperkihler moment map p: Q — T’ (cf. [Hit+87] and [Hit87]).

So far, we have executed part (i) of our strategy, but have not used the com-
plex group G. Indeed, G is only important for part (ii), the identification of
N/GS with the cotangent bundle of G. The core idea of part (ii) goes back to
Donaldson (cf. [Don84]) and essentially revolves around complexifying the con-
structions from part (i): We now consider the Banach space Q¢ = C*([0, 1], g%)
and the group of complex gauge transformations

G = {g € C*([0,1],G) | g(0) = g(1) = e},

where GO acts as follows on Q¢:

(g)(0) = Ad(y(0) () + )} (98)(0) = Ad(ale)500)

where g € G°, (o, B) € Qg, t € [0,1], and

5In physics literature, the term Ad(g)wg is sometimes incorrectly called Maurer-Cartan
form and sloppily denoted by gdg—!. For any Lie group G, the actual Maurer-Cartan form
wmc € QY(G,g) is the canonical (up to sign and L-R conventions) g-valued one-form on G

defined as follows:
wMe,g(v) = —dR -1 ((v) Yv E€TyGVg€G.
The term physicists denote by gdg~! is actually g*wwmc, the pullback of the Maurer-Cartan
form with respect to the gauge transformation g : M — G.
6The full explanation can be found in [Kro04].
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Instead of Nahm'’s equations, we consider their complex counterpart:
B+ 2[a, 8] = 0. (1.1)

We denote the space of solutions of Equation (I.1) by Ng C Q¢g. In [Don84]
and [Kro04], it is shown that

1 1
a= 5(140 +iA1), B= 5(142 +1A3)

furnishes an isomorphism between the quotients N/GS and Ng/GY. The up-
shot of this isomorphism is that the space N¢g is much easier to describe than
N, because Equation (I.1) can be solved directly by integration: For every
(o, B) € Ng, there exists exactly one element n € g and exactly one curve
u € C%([0,1], G) with u(0) = e such that:

oft) = 5 Ad(u(D)wn(r), A1) = Ad(u(t)n.

It is straightforward to verify that replacing («, 8) € Ng by (g, g8) is equiv-
alent to replacing u by gu. Thus, (u,n) and (u’,n’) describe the same G%-orbit
in Ng if and only if there exists g € G° such that ' = gu and 7' = 7. If
u(1) = u'(1), this is always the case, as we can simply set g := v/u~!. Con-
versely, if v’ = gu, then we must have u(1) = u/(1), because g(1) = e. In total,
we have shown that every element in N/G2 = N¢/G° is completely described
by a tuple (u(1),n7) € G x g, i.e., N/GS = G x g. The space G x g itself is
isomorphic to T'G by identifying Ty G with g via left or right multiplication (cf.
Section 3.1). The tangent bundle T'G can be, in turn, identified with T*G via
the bi-invariant semi-Riemannian metric (-,-) on G obtained from (-,-)p (cf.
Section 3.1 and Proposition 3.3.8). It is in this way that TG and T*G inherit
the Hyperkiihler structure from N/GJ.

At this stage, we should address some differences between the procedure in
[Kro04] and the one in [Kro90] and [Kov96]. The first difference regards gauge
fixing. In [Kro90] and [Kov96], the authors do not consider a quotient like N/G3,
but get rid of the gauge freedom by fixing a gauge, i.e., picking one connection
from each GQ-orbit. The chosen gauge is in both papers the temporal gauge,
ie., Ag =0.

Arguably the most important difference concerns boundary conditions, because
they allow us to describe coadjoint orbits instead of cotangent bundles. The
approach taken in [Kro04], the approach we presented, has no need for bound-
ary conditions, since all maps are defined on the closed interval [0,1]. How-
ever, the connections examined in [Kro90] and [Kov96] might exhibit problem-
atic behavior, as their basepoint approaches the origin in the case of [Kro90]
(M = R*\{0}) or as the first component tends to +occ in the case of [Kov96]
(M =Rxq x T?). To account for this, the connections in [Kro90| and [Kov96|
do not only solve Nahm’s equations, but also have to satisty certain boundary
conditions. In both cases, we first need to fix a triple” 7 = (71,72,73) € g5.

"The same one mentioned in the introduction of Section 3.4.
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Afterwards, we impose the following conditions:

e The connections A;(t) in [Kro90| (¢ € R and j € {1,2,3}) approach
zero, as t tends to +oo (corresponds to the point at infinity turning R*
into S*), and behave like e=2* Ad(g)7; for some g € G, as t goes to —oo
(corresponds to the origin of R*). The space of these connections, denoted
by M(11,72,73) in [Kro90], then obtains a Hyperkéhler structure in the
previously explained manner.

e The connections A;(t) in [Kov96| (¢ € R>p and j € {1,2,3}), on the
other hand, merely need to coincide with Ad(g)7; for some g € Gg in
the limit ¢ — +00. We do not need to specify a boundary condition for
t — —oo, as A; is only defined on R>o. Counterintuitively, the space
of these connections, called M (7) in [Kov96], does not possess a Hyper-
kdhler structure. Only the subspace Mey,(7) C M(7) of exponentially
fast converging solutions and the subspace M(7;p) C M(7) of solutions
asymptotic to the solution determined by the homomorphism p® carry a
Hyperkihler structure which they obtain in the usual manner.

The last difference regards the identification of M (71,72, T3), Mexp(7), and
M (3 p) with adjoint orbits?. In [Kro04], the identification of N/GY with TG
and T*@ is rather involved. For adjoint orbits, it is much easier to construct the
isomorphism. We simply map the spaces M (71, 72, 73), Mexp(7), and M (7;p) to

an adjoint orbit of G via:'®

(A1, Az, A3) = 28(0) = A2(0) +iA43(0).

Which space is mapped to which adjoint orbit, depends on the choice of 7 and
p. Nevertheless, two choices might be mapped to the same adjoint orbit giving
us two different Hyperkihler structures on this orbit.
Before we conclude Appendix I, we want to point out two similarities between
the construction of Hyperkéhler and holomorphic Kahler structures on coadjoint
orbits. The first similarity concerns the holomorphic symplectic forms underly-
ing Hyperkahler/holomorphic K&hler manifolds. As explained in Appendix C,
every holomorphic Kahler manifold (X, w, J, I) also admits a holomorphic sym-
plectic form © = w — iw(I-, ), while Hyperkihler manifolds even possess three
such forms, one for each complex structure I, J, and K. We have seen in Sec-
tion 3.3 that the tensors w and I associated with a holomorphic K&hler structure
of a coadjoint orbit are just the KKS form and the complex structure coming
from the underlying complex group, respectively. Together, they give rise to
the canonical form Qggs, known as the holomorphic KKS form. Similarly, it
is shown in [Kro90] that we can choose the Hyperkihler structure on coadjoint
orbits such that the holomorphic symplectic form associated with I is also just
Qkks.
The second similarity is related to the fact that both structures come in fami-
lies, to be specific, that both structures depend on the choice of an Ad-invariant,
positive definite scalar product (-,-)p on gr. We need (-,-)p to identify adjoint
with coadjoint orbits in the holomorphic Kéhler case, while, in the Hyperk&hler
case, we have to choose a scalar product (-,-)p in order to define (-,-) ;..

8Confer [Kov96] for details.

9We only consider adjoint orbits here, as coadjoint orbits can be identified with adjoint

orbits via an Ad-invariant scalar product on g.
10A change of variables is needed in the case of M (71, 72,73) (cf. [Kro90]).




Appendix J

Reduction: From Cotangent
Bundles to Coadjoint Orbits

In this part, we explain the process of reduction which allows us to transfer
a symplectic, K#hler, holomorphic Kahler, or Hyperkihler structure’ from a
manifold to a quotient. Our goal is to illustrate how one can use reduction to
relate the various Kéhler structures on cotangent bundles to similar structures
on coadjoint orbits.

Consider a symplectic manifold (M,w) and a Lie group G acting on M. We
want to divide M by G in such a way that the quotient still carries a symplectic
structure. In order for this to be possible, G has to be compatible with (M, w)
in the following sense:

Definition J.1 (Hamiltonian action and moment map). Let (M,w) be a sym-
plectic manifold and G be a Lie group acting smoothly on M. We call the
G-action on M symplectic if for every g € G the diffeomorphism ¢g: M — M,
p +— gp preserves w, i.e., ¢g*w = w. The action is said to be Hamiltonian if it
is symplectic and a smooth moment map p: M — g* exists such that:

(i) du, = tx,w?, where v € g, p, € C°°(M) is the function on M defined by
ty(p) == pu(p)(v), and X, is the fundamental vector field (cf. Section 3.2)
associated with v, i.e., X, (p) = %L:O exp(tv)p.

(i) u(gp) = Ad*(g)p(p) for every g € G and p € M, where Ad* denotes the
coadjoint action (cf. Section 3.1).

Remark J.2.

(1) There is a deep connection between Condition (i) and an action being
symplectic: For every symplectic action and point p € M, there exists
an open neighborhood U C M of p and a map p : U — g* satisfying
Condition (i). This is due to the fact that the form ¢x, w is closed if the
G-action is symplectic. However, ¢tx, w does not need to be exact, i.e.,

1Confer Appendix C for the definition of the various K#hler structures.

2In Chapter 2, we say Xy is the Hamiltonian vector field of the Hamiltonian system
(M,w, H) if 1x,;,w = —dH (mind the minus sign). In this sense, X, is the Hamiltonian vector
field of (M, w, p—y).
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Condition (i) does not need to be fulfilled globally.

In the converse direction, a similar problem occurs: If G is connected
and the G-action satisfies Condition (i), then the action is automatically
symplectic. This statement fails for Lie groups G with multiple connected
components, for instance G = Z, acting on M by an antisymplectic invo-
lution.

(2) There are several ways to interpret Condition (ii): Condition (ii) in the
given form states that p is G-equivariant with respect to the action on M
and the coadjoint action. If we assume Condition (i) and that G is con-
nected, then Condition (i) is equivalent to the statement that
pi (M, {-,}ar) = (g%, {, - }¢+) is a Poisson map, i.e.

{fomgoptu ={f,9}g=on Vf,geC(g"),

where {-, -} is the Poisson structure on M induced by w and {-,-}4-
denotes the canonical Poisson structure on g* (cf. Proposition 3.2.21).
1 being a Poisson map is, in turn, equivalent to the statement that the map
(g,[,]) = (C°(M),{-, }r), v~ pyp is a Lie algebra homomorphism.

Before we turn our attention to the reduction theorems, it is instructive to
discuss two examples of Hamiltonian actions: The coadjoint action and the G-
action on T*G. These actions will play a vital role in the course of Appendix J.

Example J.3 (Coadjoint action). Choose any Lie group G and take M to be
a coadjoint orbit O* C g* of G. For the symplectic form w, we choose the KKS
form wkks (cf. Section 3.2). The moment map p : O* — g* is just the inclusion,
ie., p(a) = a. We verify that the coadjoint action constitutes a Hamiltonian
action with these choices: The coadjoint action is symplectic, because wkks
is G-invariant, as we have checked in Section 3.2. A quick calculation further
reveals that Condition (i) is also satisfied:

WKKs,a(X; (), X5, () = a([v, w]) = X, (a)(v) = dpw,o (X, (@),

where o € O, v,w € g, X} (o) = —a o ad,, is the fundamental vector field
associated with the coadjoint action, and we identify T, O* with the span of the
fundamental vector fields. Condition (ii) is trivially fulfilled.

Example J.4 (G-action on T*G). We again choose any Lie group G, but
take M to be the cotangent bundle T#G this time. G acts on T*G by right
multiplication, i.e.:

GxT'G TG, (9,0€T;G)—aodRy €T, .G.

For the symplectic form w, we choose the canonical two-form wc,, on cotangent
bundles. To construct the moment map p : T*G — g*, we first identify T*G
with the trivial bundle G x g* using left multiplication and afterwards project
onto the second component, i.e.:

pla) =aodly, YaeT,GVYheG.

Let us check that the action in question is indeed Hamiltonian. First, we
employ a general fact to show that the action is symplectic: If f : Q@ — Q
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is a diffeomorphism of a manifold @, then f gives rise to the following symplec-
tomorphism of (T%Q), wean ):

froqiT'Q=T°Q, a€T;Qrraodf™ €Tj,Q.

We now realize that for any g € G the transformation a — ga = a o dR, is just
the symplectomorphism induced by the diffeomorphism h + hg~!. Thus, the
G-action on T*G is symplectic.

To verify Condition (ii), we compute:

p(ga) = plaodRy) = aodRyodLyg—1
=aodRgjodLyodLy
=aodlpodRjodLy—
= p(a) o Ad(g™") = Ad™(g)u(a),

where o € T} G, g, h € G, we exploited the fact that left and right multiplication
commute?, and used the definition of the adjoint action:

Ad(g7") =dRyodL,1.

Lastly, we check Condition (i). To keep the calculation simple, we identify T*G
with TG = G x g*:

"G —=TiG, ac€T;Gw (g,aodLy).
G now acts as follows on T7G:
G xT;G = TG, (g,(h,a)) = (hg™", Ad"(g)a).

The moment map p” : TG — g* is just the projection onto the second compo-
nent. Under the given identification, we., becomes the two-form w’ on TG

wly oy (01, 81), (v2, B2)) = Br(v2) — Ba(v1) — a ([v1,v2)) ,

where (g,a) € T} G and (v1, 1), (v2,B2) € g x g*. Here, we take the tangent
spaces of T; G = G' x g* to be g x g* by identifying TG with g via dL,-1. Using
the same identification, we can express the fundamental vector fields X, of the
G-action on T} G as follows:

Xy(g9,0) = —(v,a0ad,),
where v € g and (g, ) € T;G. We now calculate:

(LXUWL) (g9,2) ( /8) g ) ( ( )7
= —a([v,w]) + B(v) +
_ﬁ( ) :u’v’(ga (w7ﬁ)

This shows ¢y, w” = duZ for all v € g and proves that Condition (i) is satisfied.

3By associativity, we have a(bc) = (ab)c, so it does not matter whether we first multiple
by a from the left or by ¢ from the right.
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Most books and papers discussing reduction assume that the group G is com-
pact to simplify proofs. In our case, however, this is not possible, since we
also want to consider reduction for complex groups G which are usually not
compact. Dropping compactness introduces some technical difficulties. The
following proposition takes care of these issues:

Proposition J.5. Let (M,w) be a symplectic manifold, G a Lie group, and
G x M — M a Hamiltonian action with moment map p : M — g*. Further, let
O* C g* be a coadjoint orbit of G.

(a) If (Np,w;) and (Ng,ws) are symplectic manifolds equipped
with Hamiltonian G-actions and moment maps p; : N; — g%, then
(N1 X Na,prjw; + priws) is also a symplectic manifold with Hamilto-
nian G-action and moment map wu(p,q) = u1(p) + p2(g). In particular,
the O*-extended space

(M = M x O*,prt w — prh wkks)
carries a Hamiltonian G-action with moment map f(p,n) = p(p) — 7.

(b) Let G, C G be the stabilizer of n € O*. The following statements are
equivalent:

(i) G acts freely on p=1(0*).
(ii) G, acts freely on u~'(n) for every n € O*.
(iii) G, acts freely on p~*(n) for one n € O*.

If (i), (ii), or (iii) holds, then u is a submersion on an open neighborhood
of u=1(O*). In particular, u=(n) € M (n € ©*) and i~'(0) € M are
embedded submanifolds. x~1(O*) C M is an immersed submanifold and
embedded iff O* C g* is an embedded submanifold. x~1(O*) and i~*(0)
are isomorphic via the diffeomorphism p=1(0*) — a=1(0), p = (p, u(p)).

(¢c) Let Ny and N be two manifolds with smooth G-actions on them. If
the action on N;j is proper, then the action on N; x Ny is proper as
well. In particular, the G-action on M is proper if the action on M is
proper. If G acts freely on p~1(O*) and the action on M is proper, then
wt(n)/G, (n € 0%), u=1(0*)/G, and i~'(0)/G are manifolds which are
diffeomorphic via the maps:

1t (n)/Gy = (0%) )G — i7H0)/G,
pla, = [Pl — [p,pp)e-

Proof. Tt is straightforward to check the first part of (a). The second part of
(a) follows from the first by setting Ny = M and Ny = O* equipped with the
(negative) KKS structure from Example J.3.

We begin the proof of (b) by showing the equivalence. The implications “(i)=-(ii)”
and “(ii)=-(iil)” are trivial, so we only prove “(iii)=-(i)”. For this, it suffices to
show that G, C G,, for every (p,n) € M x g* with p(p) =n. G, C G, immedi-
ately follows from the definition of a moment map:

Ad*(g)n = Ad"(g)u(p) = u(gp) = u(p) =n Vg € Gy.
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For the next assertion, we assume that G acts freely on p=1(O*). It is shown
in [Mayl16] (cf. Lemma 4.1 in this paper) that, under this condition, every
n € O* is a regular value* of . Thus, du, has full rank for every p € u=1(O0*).
Having full rank is an open property, hence, yx is a submersion on a neighbor-
hood of x~1(O*). This also implies that /i is a submersion on a neighborhood
of i~1(0).

To show that the sets p=1(n), i~1(0), and p~1(O*) are manifolds, we employ
a standard result from differential geometry: Let N7 and N be two manifolds,
f: N1 — Ny a smooth submersion, and S C im f a set. Then, f~1(S) C N; is
an immersed submanifold if S C Nj is an immersed submanifold. f~*(S) C N;
is embedded if and only if S C Ny is embedded.

As {n} C g* and {0} C g* are clearly embedded submanifolds, u~1(n) C M and
a~t0) c M are embedded submanifolds® as well. The coadjoint orbit O* C g*,
on the other hand, is usually just an immersed submanifold (cf. Lemma 3.1.13).
Thus, = 1(O0*) C M is an immersed submanifold and embedded iff O* C g* is
embedded.

To prove the last statement in (b), we note that p=1(O0*) — a=1(0),
p — (p,(p)) is a bijective immersion. By dimensional reasoning, it must also
be a submersion concluding the proof of (b).

Lastly, we show (c). For the first assertion, denote the map

G x Ny x Ny — N7 x N22, (g,n1,n2) — (gn1,n1,gne, ns)

by f and consider a compact subset K C NZ x N2. We need to show that the
preimage f~!(K) is compact. f~1(K) is closed, because f is continuous and K
is closed. Thus, it suffices to show that f~!(K) is contained in a compact set.
Let pr; : N2 x N2 — N} be the projection onto the first two components and
pry : Ni x N3 — N» the projection onto the last component. If we denote the
map G x Ny — NZ, (g,n1) — (gni,n1) by fi1, we find:

FTHE) € fH(pry(K)) x pry(K).

The compactuess of K implies that pry(K) and pry(K) are compact. Moreover,
we know that the action on N;j is proper meaning that f; is proper. Thus,
fiH(pry(K)) is also compact. This shows that f~!(K) is contained in the
compact set f; *(pry(K)) x pry(K).

The second statement in (c) follows from the first one by applying it to the O*-
extended space M. To prove the last assertion, we observe that, in the given
setup, G acts freely and properly on = '(O*) and i~'(0), while G,, does so on
pu~1(n). Hence, the quotients inherit a manifold structure by Theorem 3.1.11.
The maps in (c) are clearly bijections and, due to the universal property of
quotient spaces, also immersions. Dimensional reasoning now shows that they
are diffeomorphisms concluding the proof. O

We are now ready to describe the process of symplectic reduction®:

4In [May16], this result is only shown for compact groups. However, the same proof still
applies in our case.

5This is just the regular value theorem.

6Symplectic (or Marsden-Weinstein) reduction is a fundamental tool in symplectic geom-
etry and can be found in most introductory books, for instance [AM78] and [MS17]. Even
though Kéhler and Hyperkéhler reduction are not as standard, they are still known to most
symplectic geometers. [May16] provides an overview over the different kinds of reduction.
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Theorem J.6 (Marsden-Weinstein reduction). Let (M,w) be a symplectic
manifold, G a Lie group, and G x M — M a proper Hamiltonian action with
moment map u : M — g*. Assume that O* C g* is a coadjoint orbit such
that G acts freely on p~1(O*). Then, there exists a unique symplectic form
@on M//G(O*) = p~1(O*)/G such that 7*& = i*w — (u o i)*wkks, where
7 u Y O*) — u1(O0*)/G is the natural projection, i : p~1(O*) — M denotes
the inclusion of ;~*(O*) into M, and wkks is the KKS form on O*.

Proof. There are two methods to construct the form w: The idea of the first one
is to identify M//G(O*) with i=1(0)/G (cf. Proposition J.5) and equip it with a
symplectic structure via coisotropic reduction. For the second method, we pick
an element 7 € O* and identify M//G(O*) with p~*(n)/G, as in Proposition
J.5. We then use a slightly generalized reduction procedure to construct the
form @ on pu~'(n)/G,. The first method is well suited to show the properties
of @, while the second method is preferable if we want to construct @ explicitly.
We present both methods here, but focus on the first one.

Method 1: M//G(O*) = i~1(0)/G

Method 1 works in two steps: First, we show Theorem J.6 for the zero orbit
O* = {0}. In the second step, we apply the shifting trick (cf. [May16]), i.e.,
we identify p~1(O*) with ~1(0) of the modified moment map fi : M x O* — g*,
fi(p,n) = p(p) — n.

Step 1: O* = {0}
The idea of Step 1 is based on a simple construction from linear algebra:

Proposition J.7 (Coisotropic reduction). Let (V,w) be a symplectic vector
space and W C V a coisotropic subspace, i.e.:

W ={v eV |whw)=0vYwecW}cCW.

Then, (W/W+¥ &) is also a symplectic vector space, where @ is defined as
follows:

o([v], [w]) =w,w) Yv,we W.

Our goal is to construct the form @y, at each point [p] € p='(0)/G by ap-
plying Proposition J.7 to W = T,(u~'(0)) and W+¥ = T,(G - p), where
p € u~*(0), G-pis the orbit of G through p, and we identify T}, (1~'(0)/G) with
W/We =T,(1=1(0))/T,(G - p). For this to be possible, we need to show:

(Tyu™(0)) ™ = T,(G - p) € Tp(u'(0)). (3.1)

T,(G-p) C Tp(n~1(0)) immediately follows from the fact that G-p C p=1(0) is an

immersed submanifold (cf. Lemma 3.1.13). To prove (Tp/fl(O))Lw =T,(G-p),
we compute:

Wp( Xy (), w) = dpy p(w) = dpy(w)(v) =0 Yo € g Yw € Tp(u'(0)) = ker dp,,.
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This implies (Tp,u_l(O))J'w D T,(G - p). Equality now follows from dimensional
reasoning.

A priori, we do not know whether @ constructed this way is well-defined, since
multiple points p € p~1(0) are mapped to the same point [p] € p=1(0)/G.
However, the G-action on M is symplectic meaning that w is G-invariant which
takes care of this problem. To conclude the proof of Step 1, we note that,
by Equation (J.1), the G-invariant and closed form i*w is also horizontal with
respect to the G-principal” bundle x~'(0) = 1 ~1(0)/G. This allows us to apply
the following proposition® showing that @ has the desired properties:

Proposition J.8. Let P = B be a G-principal bundle and let w € QF(P)
be G-invariant and horizontal, i.e. t,w = 0 Yo € kerdw. Then, there exists
a unique k-form @ € QF(B) with 7*@ = w. Furthermore, @ is closed if and
only if w is closed. For k = 2, the two-form @ is non-degenerate if and only if
ker w = ker dm.

Proof of Proposition J.8. As 7 is a surjective submersion and @ needs to satisfy
W = w, W is uniquely defined by:

(D('Ula v 7’Uk) = w(wla s 7wk)7

where dr(w;) = v;. @ is well-defined, since w is G-invariant and horizontal.
We can see that @ is smooth by choosing local trivializations of P = B. To
prove the first equivalence, we note that dw € QF*!(B) is the unique form
satisfying 7*dw = dw. If w is closed, then 0 € Q*+!(B) also fulfills the equation
70 = dw, thus, dwo = 0 by uniqueness. The converse direction as well as the
last equivalence are trivial. O

Step 2: Shifting trick

By Proposition J.5, the G-action on M is proper and p~!(O*) is isomorphic
to i 1(0). Since G acts freely on u~1(O*), G also acts freely on p~1(0). This
allows us to apply Step 1 to the O*-extended space M with modified moment
map [ yielding a symplectic structure on ji~1(0)/G. We can use Proposition
J.5 again to identify 2~'(0)/G with p=1(O0*)/G giving us a symplectic form @
on M//G(O*). One easily checks that @ possesses all properties stipulated in
Theorem J.6.

Method 2: M//G(O*) = u~1(n)/G,

Ideally, we would like to repeat Step 1 of Method 1 to equip p~*(n)/G, with a
symplectic structure. Unfortunately, this is not possible, as T),(1#~1(n)) is not a
coisotropic subspace of T}, M anymore. To rectify this, we have to improve the
linear reduction process:

“u=1(0) 5 1=1(0)/G is a G-principal bundle, as G acts freely and properly on p=1(0) (cf.
Remark 3.1.12).

8Even though Proposition J.8 incorporates Proposition J.7, we have listed Proposition J.7
separately for the sake of clarity.
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Proposition J.9 (Generalized linear reduction). Let (V,w) be a symplectic
vector space and W C V a subspace. Denote the w-orthogonal complement of
W by W+«. Then, (W/(W+*NW),&) is also a symplectic vector space, where
w is defined as follows:

o([v], [w]) = wv,w) Yv,we W.

To apply Proposition J.9, we need to show:

(Tpu_l(n))J_w =T,(G - p), (J.2)
T(G - p) N (Tpu™'(n)) = T(Gy - p). (1.3)

Equation (J.2) is proven in the same way as Equation (J.1). One easily verifies
Equation (J.3). Thus, we obtain a non-degenerate two-form on p=*(n)/G,.
Under the isomorphism p~1(n)/G, = p=1(0*)/G from Proposition J.5, this
form coincides with the one from Method 1, as one can check. O

Let us apply symplectic reduction to cotangent bundles (cf. Example J.4). First,
we check that the conditions of Theorem J.6 are fulfilled. In Example J.4, we
have seen that the G-action on T*G is isomorphic to the following action on
T/G =G x g*:

G xTiG = TiG, (g,(h,a)) = (hg™", Ad"(9)).
This action is just the product of the right action on G and the coadjoint action
on g*. As the right action on G is free and proper, the action on T} G is as well.

Now consider the reduced space T*G//G(O*). upl : TfG — g* is just the
projection onto the second component, so we find for any n € O*:

T*G//G(O") = (u") " ()/Gy = GGy = O

We see that the reduced space T*G//G(O*) is just O* itself. The form @ on
T*G//G(O*) is also quite familiar. To compute @, we use the second method.
First, note that T*G admits another G-action induced by left instead of right
multiplication. On 17 G, this action becomes:

AL G X TG —=TiG, (g,(h,a))— (gh,a).

Ay descends to a transitive action on T*G//G(O*). In fact, it is just the coad-
joint action on T*G//G(O*) = O*. In any case, the upshot of this observation
is that it suffices to consider the fundamental vector fields associated with Ay,
to calculate &w. They are given by”:

X' (g, ) = (Ad(g~")v,0) Vv € gV(g,q) € T;G.
We fix n € O* and compute:

o (X5 (@), Xo (@) = Wiy (X3 (9,1, X (9,m)
(

L
“ig
wly y (Ad(g™")v,0), (Ad(g™"w,0))

1)
Ad(g~ "), Ad(g~w))

=N
— —(Ad*(g)n) ([0, w])
= —a([v,w)]),

9Here, we identify the tangent spaces of T} G with g X g* as in Example J.4.
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where « € O* = G/G, = T*G//G(0"), g € G is chosen such that o« = Ad"(g)7,
v,w € g, and X, X are fundamental vector fields associated with the coadjoint
action. Comparing w with Equation (3.8), we realize that @ is just the negative
KKS form. This may not come as a surprise, since Theorem J.6 involves the
negative KKS form. Nevertheless, this result is indeed quite remarkable, since
Method 2 from the proof of Theorem J.6, which we employed to compute @,
does not use the KKS structure on O*.

The Marsden-Weinstein reduction of Example J.4 is, in some sense, a blueprint
for reductions of cotangent bundles of Lie groups: If the cotangent bundle T*G
and a coadjoint orbit O* of a Lie group G admit a certain structure (symplectic,
Kahler, holomorphic Kahler, Hyperkéhler,. .. ), we expect that the structure on
T*G transfers to a similar structure on the reduced space T*G//G(O*) via the
shifting trick. As the reduced space is diffeomorphic to O*, the structure on
T*G//G(O*) should coincide with the one on O* used for the reduction. If this
is the case, we say that the structures on T*G and O* are compatible.

Let us now consider K&hler reductions. As we will see soon, we cannot apply
Method 2 from the proof of Theorem J.6 in the K&hler case. The reason for
this is that the K&hler structure on the reduced space depends on the choice of
Kéhler structure on the coadjoint orbit O*. While the symplectic structure on
O* is canonical and unique, the same does not hold for the Kahler structures
on O*, since they depend on the choice of an Ad-invariant scalar product (cf.
Section 3.2). Method 2 does not “see” the Kéhler structures on O, so we are
forced to use the shifting trick.

Recall that the shifting trick consists of two steps: One first performs the re-
duction at 0 € g* and then considers the O*-extended space M. Step 1 is more
or less the same for all Kahler structures, while Step 2 differs for the various
structures (Kéhler, holomorphic Kahler,...). We, therefore, separate Step 1
and 2 and list them as their own theorems:

Theorem J.10 (Semi-Kéhler reduction at 0 € g*). Let (M,w,J) be a semi-
Kahler manifold with semi-Riemannian metric g :== w(-, J-), G a Lie group, and
G x M — M a proper Hamiltonian action preserving!® J with moment map
u: M — g*. Assume that G acts freely on z~1(0) and the following condition
is fulfilled:

Ty(0=(0)) N (Tou ' (0))9 = {0} Vp e u(0). (3.4)

Then, the reduced space M//G(0) == p~*(0)/G admits a unique semi-Kéhler
structure given by (M//G(0),&w, J), where w is the symplectic form from The-
orem J.6 and J is uniquely determined by:

j,,(p) odm,(v) =dmpo J,(v) Yve H,Vpe ,u_l(O) (J.5)

with H being the Ehresmann connection, i.e. G-invariant horizontal distribu-
tion, of the G-principal bundle p~*(0) = M//G(0) defined by:

H), = Tp(ﬂ_lw)) n Jp(Tpﬂ_l(())) Vp e M_l(o)- (J.6)

If (M,w,J) is Kéhler, i.e., g is positive definite, then Equation (J.4) is auto-

matically satisfied and (M//G(0), @, J) is also Kahler.

10This means d¢g o Jp = Jgp 0 dpg for every p € M and g € G, where ¢g : M — M is
defined by ¢4(p) = gp.
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Proof. We know by Theorem J.6 that (M//G(0),@) is a symplectic manifold.
Thus, we only need to construct J and prove that it has the desired properties.
The following proposition shows everything except integrability:

Proposition J.11 (Linear semi-K&hler reduction). Let (V,w,J) be a semi-
Kihler vector space, i.e., w € A2V* is non-degenerate and J € End(V) satisfies
J? = —idy as well as w(J-,J-) = w. Further, let W C V be a coisotropic
subspace. Set g = w(:,J:) and H := W N JW. Assume that W satisfies
W N W9 = {0}. Then, we have the decomposition W = W+ @ H. In
particular, the natural projection 7 : W — W/W ¢ restricts to an isomorphism
between H and W/WL«. Moreover, (W/W=+* @,.J) is a semi-Kéhler vector
space, where @ and J are defined by 7*@ = w|wxw and J o w|g = 7|z o J|m,
respectively. If (V,w, J) is Kiihler, i.e. g is positive definite, then WNW+9 = {0}
automatically holds and (W/W+« @, J) is also Kihler.

Proof of Proposition J.11. We first show W+“ N H = {0}. Take a vector @ €
WL« N H, then there exists a vector w € W such that @ = Jw and:

wv, Jw)=0YveW = g(v,w)=0VYveW.

Thus, w € WN W9 = {0} and @ = 0.
To prove W = W+ @ H, it now suffices to show:

dim H = dim W — dim W~.

Setting 2n = dim V and k = dim W+¥, we obtain dim W = dim JW = 2n — k
and compute:

dim H = dim W + dim JW — dim(W + JW) = 2dim W — dim V
=4dn—-2k—-2n=2(n—k)=02n—k)—k
= dim W — dim W=,

where we used W N W9 = {0}, WL9 = JWL and WL C W to show:
V=WaoWi=waoJW =W+ JW.

Given the decomposition W = W+ @ H, it is clear that 7|z : H — W/W=% is
an isomorphism.  Thus, J is well-defined and uniquely determined by
Jomly = wlgoJ|ly. @ is obviously well-defined. It is now trivial to check
that (W/W+« @, J) is a semi-Kéhler vector space.

If g is positive definite, then the g-orthogonal complement W9 is an actual
complement, of W in the sense that V = W @ W9 implying W N W9 = {0}.
In this case, g := @(-, J-) is also positive definite, since (7|g)*g = g|gxxm. This
turns (W/W+¥ @, J) into a Kéhler vector space concluding the proof. O

Let us return to the proof of Theorem J.10. To construct J, we want to
apply Proposition J.11 at each point [p] € p='(0)/G to W = T,(p=1(0)),
Wt = T,(G - p), and H = H,, where we identify T,(x*(0)/G) with
W/We = T,(u=1(0))/T,(G - p). Before we can do this, we have to check
the conditions stipulated in Proposition J.11. We have already checked in the
proof of Theorem J.6 that T,(1~1(0)) is a coisotropic subspace of T}, M, while
W N W9 = {0} is just Equation (J.4).
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As in the proof of Theorem J.6, we do not know yet whether J constructed
this way is well-defined. This is the case if H is G-invariant which we can in-
fer directly: Since J and p~!(0) are G-invariant, it immediately follows from
Equation (J.6) that H is also G-invariant. At this point, we can see that H is
even an Ehresmann connection. By Proposition J.11, H,, is a horizontal, i.e., a
complement of the vertical space T,(G - p) = (T,u~1(0))**. This also implies
that the dimension of H, is independent of p, turning H into a distribution.
The distribution H is smooth, because it is the g-orthogonal complement of the
vertical bundle of ©=1(0) — p~1(0)/G. Indeed, it is straightforward to check
that the space H from Proposition J.11 satisfies H = (W+)Lglwxw

The smoothness of H infers that .J is also smooth which becomes clear by going
into trivializations of x~1(0) = p~1(0)/G. The algebraic properties of & and
J follow from Proposition J.11. It remains to be shown that J is integrable. .J
being integrable is equivalent to:

1OV (u(0)/6), T (™1 (0)/G)] € TOV (u(0)/G),

i.e., for every vector field X and Y on p~1(0)/G there exists a vector field Z
such that:

(X +iJX,V +iJV] = Z +iJZ. (J.7)
As H is an Ehresmann connection, we can find unique horizontal lifts X and

Y of the vector fields X and Y. J is integrable, hence, there is a vector field Z
such that:

X +iJX,Y +iJY]=Z +iJZ

In fact, Z is just [X,Y] — [JX,JY]. H is J-invariant and the commutator
preserves horizontal vector fields, thus, Z is also a horizontal vector field. This
allows us to identify Z via m with a vector field Z on p~'(0)/G satisfying
Equation (J.7) and concluding the proof. O

Remark J.12.

(i) At first glance, Equation (J.4) seems to be an unnatural condition and one
wonders why this condition is not always satisfied. Even though Equa-
tion (J.4) holds for all Riemannian metrics g, the same is not true for semi-
Riemannian metrics g. Consider, for instance, the standard Lorentzian
metric g = dz? — dr? on R? and the subspace W spanned by v = (1 1).
In this case, one has W19 = W. There is different, but equivalent formu-
lation of Equation (J.4) which is much more natural: One can show that
Equation (J.4) is satisfied if and only if g restricts to a semi-Riemannian
metric on 1~ 1(0).

(ii) We can see now why Method 2 is not applicable for Kahler reductions: In
the symplectic case, we could generalize Proposition J.7 to Proposition J.9
by dropping the condition that W C V is a coisotropic subspace. However,
Proposition J.11 completely fails if W C V is not coisotropic.

To execute Step 2, we have to find examples where the O*-extended space M
naturally fulfills Equation (J.4) in Theorem J.10. K&hler manifolds with com-
pact group actions and holomorphic K&hler manifolds with complex reductive
group actions are among those examples:
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Theorem J.13 (Kihler reduction). Let (M, w,J) be a Kéhler manifold, G a
compact Lie group, and G x M — M a Hamiltonian action preserving J with
moment map p: M — g*. Assume that O* C g* is a coadjoint orbit of G such
that G acts freely on p~1(O*). Then, the reduced space M//G(O*) admits a
complex structure j(.).) for every Ad-invariant positive definite scalar product
(-,-) on g such that (M//G(0),&,J. ) is a Kéhler manifold, where @ is the
symplectic form from Theorem J.6.

Remark J.14. By Proposition 3.2.31, a compact group G admits a plethora
of Ad-invariant scalar products (-, -).

Proof. Equip O* with the (negative'!) Kihler structure determined by (-, -)
(cf. Theorem 3.2.24). This turns M = M x O* into a Kéhler manifold. We
already know that the G-action on M is Hamiltonian with moment
map ji(p,n) = u(p) —n. As G acts freely on p~1(O*), it also acts freely on
271(0) = u~(O*). The action is proper, because every compact group action
is proper. The complex structure of M is preserved by the action, since the
G-actions on M and O* preserve their respective complex structures. Equa-
tion (J.4) is trivially satisfied, as the Kéhler metric of M is positive definite.
Hence, all conditions of Theorem J.10 are fulfilled allowing us to apply it to M
and [ which concludes the proof. O

As in the symplectic case, we wish to apply Theorem J.13 to Example J.4. To
do this, we first have to construct a Kéhler structure on T*G. The (various)
Kéhler structures on (double) cotangent bundles are studied thoroughly in Sec-
tion 3.4. Here, a quick summary shall suffice: Take a compact Lie group G and
a positive definite Ad-invariant scalar product (-,-) on g. To define a complex
structure on T*G, we identify T*G with T'G using the bi-invariant Riemannian
metric induced by (-,-) (cf. Section 3.1). T'G is isomorphic to the universal
complexification G¢ of G and, as such, inherits the complex structure from
Gc. The diffeomorphism between T'G and G is given by left trivialization and

subsequent polar decomposition!?:

TG — T.G=Gxg — Gg,
v € TyG — (9, w =dLy1 4v) — gexp(iw).

Using the identification TG = T*G, the complex structure on TG becomes a
complex structure on T7*G. One can check!'® that this complex structure is
compatible with the (negative'*) canonical symplectic form giving us a Kihler
structure on T*G.

We expect that the Kahler structures on TG and O* determined by (-, -) are
compatible in the following sense: If we apply Theorem J.13 to the Kdhler struc-
ture on T*@G determined by (-, -), then the reduction procedure using (-, -) should
yield the (negative) Kéahler structure on O* determined by (-, -). Unfortunately,

HFor the shifting trick, the symplectic form of this Kihler structure should be —wkks,
hence, the complex structure picks up an additional sign as well.

I21f one is unsure why polar decomposition gives rise to a diffeomorphism, one can confer
Lemma 3.4.19.

13 A similar computation is done, for instance, in [Bre00]. Confer the last subsection of
Section 3.4 for details.

141n [Bre00], they use the convention g := w(J-,-), while we use the convention g := w(-, J-).
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this computation is quite tedious, as the explicit formula for the complex struc-
ture on T*G is rather long and cumbersome (cf. [Bre00]). Therefore, we stop
the discussion of K&hler reduction here and move on to the holomorphic K&hler
case instead.

To describe the reduction process for holomorphic Kéhler manifolds, we need
to impose additional conditions on the G-action. To be precise, we require that
the action is compatible with the underlying real structures (cf. Appendix A):

Definition J.15 (Action compatible with real structures). Let X be a holo-
morphic symplectic manifold with real structure p and G a complex Lie group
with real structure . A Hamiltonian G-action on X is called holomorphic
if the map G x X — X, (g9,p) — ¢p and the moment map p : X — g* are
holomorphic. We say a holomorphic Hamiltonian action is compatible with p
and o if:

p(gp) = o(g9)p(p) Vg€ GV¥p e X, and pop=do;op,
where do} : g* — g* is the map dual to do. : g — g.
We can now formulate the reduction theorem for holomorphic Kahler manifolds:

Theorem J.16 (Holomorphic Kahler reduction). Let (X,w,J,I) be a holo-
morphic Kihler manifold with real form M, G a complex reductive group with
real form Gg, and G x X — X a holomorphic (w.r.t. I) Hamiltonian action
with moment map p: X — g*. Assume that the Hamiltonian action is proper,
preserves J, and is compatible with the real structures on X and G. Assume
further that O* C g* is a coadjoint orbit of G such that p=1(O*) N M # () and
G acts freely on p=1(O*). Then, p~1(O*) is an immersed complex submanifold
of (X,I) with real structure. The reduced space X//G(0O*) = p~1(0*)/G in-
herits a complex (I) and real structure from p~1(O*). For every Gg-invariant
positive definite scalar product (-,-)p on gr, there exists an open neighborhood
Uy, € X//G(O") of M//Gr(O*Ngg) and a complex structure Jiy, on Uy,
such that (U ,w,J;. y,I) is a holomorphic Kéhler manifold, where w is the
symplectic form from Theorem J.6.

Proof. By Proposition J.5, 1 : X — g* is a holomorphic (w.r.t. I) submersion
on an open neighborhood of p~1(0*). As in the real case, the preimage of
an immersed complex submanifold under a holomorphic submersion is again
an immersed complex submanifold. Hence, u~*(0*) is an immersed complex
submanifold of (X, I). Denote the real structure on X by p and the one on G
by 0. We find O* N g}, # () which follows from p~1(0*) N M # () and the fact
that p intertwines p and do}. O* Ngy # 0 and do o Ad*(g) = Ad*(o(g)) o do}
imply do}(O*) = O* giving us:

p(n=H(0%) = u™ (dog (07)) = = H(07),

where we used again that p intertwines p and do. The last equation tells us that
p restricts to a real structure on p~1(0*). By Godement’s theorem (Theorem
3.1.11), we know that X//G(O*) = p~1(0*)/G is a smooth manifold and that
the canonical projection 7 : p=1(0*) — X//G(O*) is a smooth submersion.
Oue easily checks that X//G(O*) obtains a well-defined and unique complex
structure I by requiring 7 to be holomorphic. In similar fashion, the real struc-
ture p on p~1(O*) descends to the real structure p on X//G(0O*) defined by
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a([p]) = [p(p)]. p is well-defined, since the G-action is compatible with p and
o, specifically because of p(gp) = o(g)p(p). Now note that the map

M//Ge(O" Ngg) = X//G(O%),  [plas = [pla

is an embedding whose image'® lies in the real form Fix p. This embedding al-
lows us to view M//Gr(O* Ngy) as a subset of X//G(O*) and an open subset
of Fix p. In particular, Fix p is not empty.

The next step is to construct the semi-Kéhler structure on X//G(O*). For this,
we choose (-, -)p as specified in the theorem. By Proposition 3.3.8, (,)p gives
rise to a unique G-invariant non-degenerate scalar product (-, -) on g. Equip O*
with the (negative'®) semi-Kéhler structure determined by (-,-) (cf. Theorem
3.2.24). This allows us to put a semi-K&hler structure on X = X xO*. Note that
X carries, in fact, a holomorphic Kéhler structure, since the semi-Kihler struc-
ture on O* comes from a holomorphic K&hler structure (cf. Corollary 3.3.14). In
any case, the G-action on X is Hamiltonian with moment map ji(p, ) = u(p)—1.
Ideally, we would apply Theorem J.10 to X and f. It is trivial to check all as-
sumptions except for Equation (J.4). Unfortunately, Equation (J.4) might not
be satisfied for all points p € i~1(0). We can still apply Theorem J.10 if we
find an open and G-invariant subset V.., C p~'(O*) = i~'(0) such that
Equation (J.4) is fulfilled for all points in V;. ) . In this case, only the space
Uy, = m(V(.,,) carries the semi-Kéhler structure. The space V. , we con-
struct shortly contains p=1(O0*) N M implying that Uiy, C X//G(O") is an
open neighborhood of M//Gr(O* Ngk).

We begin the construction of V(. ., by observing that all points in the real form
p=HO*)N M of i=1(0) satisfy Equation (J.4) due to the following proposition:

Proposition J.17. Let V be a real vector space with linear maps
I,p € End(V) and non-degenerate scalar product g : V x V' — R satisfying:

IP=—p’=—idy, pl=-Ip, g(I,I)=—g, g(pp)=g.

Further, let W C V be a subspace fulfilling I(W) = I and p(W) = W. Then,
we have the following equivalence:

V=W, oW, % & V=WaW,
where V,, == Fixp, W, :== W NV,, and g, = glv,xv,-

Proof of Proposition J.17. By assumption, (V,I) is a complex vector space with
real structure p and real form Fix p = V. Similarly, (W, I|w) is a complex vec-
tor space with real structure p|ly and real form Fixplw = W NV, = W,, as
W satisfies I(W) = W and p(W) = W. Now note that W9 also satisfies
I(WL9) = W9 due to g(I-, 1) = —g, I? = —idy, and I(W) = W. Likewise,
we have p(W19) = W9 because of g(p-, p-) = g, p?> = idy, and p(W) = W.
Thus, (W9, I|y14) is also a complex vector space with real structure ply 1o
and real form Fix plyy1s = WH9NV,. It is easy to show that Wwte nv, = Wplg”.

150ne expects that the image of this embedding not only lies in the real form, but is equal
to Fix p. Often, this is indeed the case. In general, however, there might be obstructions (cf.
Appendix H, particularly the discussion at the end).

16 As in the Kahler case, the symplectic and complex structure each pick up an additional
sign.
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“="V,, W,, and WpLg” are the real forms of V, W, and W9, respectively.
Hence, we find:

V=V, ®I(V,), W=W,aI(W,), W =W %aqIW,;%).
This yields:

V=V, &IV, =W,®W; % a&I(W,)&I(W,)
=W, ®I(W,) & W, 9% & I(W, %)
=Weae W,

“<" Let v € V), then there are unique vectors wy; € W and wy € W9 such
that v = w1 + we. Applying p to this equation yields:

plwn) + plws) = p(v) = v = wy + ws.

Since w; and we are unique, the last equation implies p(w;) = w; and
p(wy) = wy. This shows wy € W,, wy € W9 NV, = W,% and
Vo =W, ® WpLg’J concluding the proof. O

Let us return to Theorem J.16. For every point p € u=*(O*) N M C ji~1(0),
we now apply Proposition J.17 to V = Tpf(, W = T,(a~*(0)), I being the
complex structure at p, p being the differential of the real structure at p,
and g being the semi-Kidhler metric of X at p. If we pullback the semi-
Kihler metric of X to its real form M x (O* N gi), it becomes a Kihler
metric (recall that X is a holomorphic Kihler manifold). With the notation
from above, this means that g, is a positive definite scalar product implying
Vo, =W, ® Wplg”. By Proposition J.17, we now find V = W @ W9 or, equiva-
lently, W N W9 = {0}. Hence, we have shown that Equation (J.4) is satisfied
for every point p € u=1(O*) N M.

Next, we observe that Equation (J.4) is an open condition, i.e., if Equation (J.4)
holds for a point p € i~1(0), then it also holds on an open neighborhood
V, C i~'(0) of p. Furthermore, the G-invariance of the semi-K#hler metric
infers that Equation (J.4) is also G-invariant, i.e., if Equation (J.4) holds for a
point p € i~1(0), then it holds for all points in the orbit G-p. Combining every-
thing now proves that Equation (J.4) is fulfilled for all points in the G-invariant
and open neighborhood

Vo= U Uavcn 09 =710
peEp—1(O*)NM geG

of n~*(O*) N M. Applying Theorem J.10 to V., now gives us a semi-Kéhler
structure on Uy, y = m(V(. . ). It is straightforward to verify that this semi-
Kihler structure forms together with the complex structure I and the real struc-
ture p a holomorphic Kéhler structure concluding the proof. O

As in the symplectic and Ké&hler case, we want to apply Theorem J.16 to
Example J.4. To do that, we need to construct a holomorphic Kahler struc-
ture on T*G for complex reductive groups G. A detailed account of this con-
struction can be found in Section 3.4. For now, it shall suffice that, given
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a Gr-invariant positive definite scalar product (-,-)p on gr and the result-
ing G-invariant scalar product (-,-) on g, w and J'7 on T*G are obtained
as in the Kahler case. The complex structure I on 7*G is the one induced
by the complex structure of G. We have already discussed how w and J
are reduced, so we only need to investigate the reduction of I. First, we
note that both p=*(0*) and p=*(n) (n € O*) are complex submanifolds of
(I'*G, 1) and that the submersions u~'(0*) — pu=Y(0*)/G = T*G//G(O)
and p=t(n) = pt(n)/G, & T*G//G(O*) induce the same complex struc-
ture I. Recall that p~'(n) becomes G x {n} = G under the identification
T*G =2 T;/G = G x g*. Given this identification, the complex structure of
u~t(n) coincides with the complex structure of G. As shown in Appendix H,
G/G, = O* is a biholomorphism, where the complex structure of G/G,, is
induced by the submersion G — G/G,. Thus, the complex structure I of
T*G//G(O*) coincides with the complex structure I, of O* (cf. Theorem
3.3.11) under the identification T*G//G(0O*) = O*. In particular, the holo-
morphic Kdhler structures on 7*G and O* determined by (-, -) are compatible
if the Kéahler structures of T*Gg and O* N g determined by (-, )y are compat-
ible (cf. discussion after Theorem J.13).

One noteworthy aspect of Example J.4 is that we can choose
Uiy, = T*G//G(O*). To prove this, it suffices to show that Equation (J.4)
holds for every point p € pu~'(O*). Recall that T*G = T;G = G x g* admits
two G-actions:

Ap(g, (h,@)) = (gh,a), Ag(g,(h,a)) = (hg~",Ad*(g)a).

Apg is the Hamiltonian action, while the left action A; conserves the moment
map p”(g,a) = a. Both actions preserve the holomorphic Kéhler structure
of T*G. Therefore, the G x G-action obtained by combining A; and Ag also
preserves the holomorphic Kéhler structure. Note further that the G x G-action
is transitive on (u*)~1(O*) = G x O*. Thus, if Equation (J.4) is fulfilled for
one point, it is satisfied for every point p € ~*(O*). In the proof of Theorem
J.16, we have really shown that Equation (J.4) is satisfied for at least one point
proving U. .y, = T*G//G(O").

For the sake of brevity, we will not discuss the Hyperkéhler case in detail. The
idea is the same as for the other reduction theorems: First, one performs Hyper-
kiihler reduction'® for the zero orbit O* = {0}. Afterwards, one should be able
to apply the shifting trick'?, where the Hyperkiihler structures of O* introduced
in Appendix I are used to equip M = M x O* with a Hyperkéhler structure.
As before, we expect compatibility meaning that the Hyperkihler quotient of
T*G, where T*G carries the Hyperkihler structure from Appendix I, gives us
the Hyperkihler structure of O*.

One remarkable circumstance is that Hyperkéhler reduction needs three moment

7To be precise, J also needs to be twisted with a diffeomorphism ¢ : T*G — T*G (cf.
Conjecture 3.4.9).

18Hyperkihler reduction for the zero orbit was first introduced by Hitchin, Karlhede, Lind-
strom, and Rocek in 1987 [Hit+87]. Confer [May16] for a more modern approach.

9The shifting trick for Hyperkihler quotients was already proposed by Kronheimer in his
original paper on Hyperkédhler structures of coadjoint orbits (cf. Section 4(b) in [Kro90]).
Even though several similar constructions have been developed throughout the years (cf.
Section 4 and 5 in [May19] for a selection, in particular Proposition 4.9), nobody expanded
on Kronheimer’s idea to the author’s extent of knowledge.
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maps, one for each symplectic form w;, wy, wi associated with the Hyperkihler
manifold (M, g, I, J, K). At first glance, this may strike the reader as odd, since
all our previous reduction theorems only need one moment map. Nevertheless,
this is actually in line with the spirit of our reduction theorems: In the sym-
plectic and K&hler case, we only have one symplectic form w and, consequently,
only one moment map . In the holomorphic Kihler case, however, we have two
symplectic forms, the real and imaginary part of 2 = w—iw(I-,-). Decomposing
g* into g @ ig} also gives us two moment maps?®, the real and imaginary part
of p: X = g = gy ®iggp. Consequently, Hyperkdhler manifolds should have
three moment maps, as is the case.

20We are a bit sloppy with our wording here: The real and imaginary part of y are moment
maps with respect to Gg, not G. However, the three moment maps used for Hyperkihler
reduction are also just moment maps with respect to the compact group Gg (cf. [Hit+87] and
[May16]).
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