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periodic microstructure. The homogenisation result is a Darcy-type equation with
memory term and has the form of an integro—differential equation. The evolving
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Stokes equations the local change of the porosity causes an additional source term for the pressure.
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Two-scale transformation method

1. Introduction

Understanding the behaviour of fluid flow in complex porous media or heterogeneous materials is crucial in
various scientific and engineering disciplines such as materials science, chemical engineering and geophysics.
In many practical scenarios, the porous medium exhibits a heterogeneous microstructure which evolves
over time owing to processes such as phase transitions, chemical reactions or mechanical deformation. The
prediction of flow properties in such evolving microstructures poses significant challenges, necessitating
advanced mathematical models.

The Stokes equations govern the motion of a viscous fluid. They have been extensively studied in the
context of flow through porous media by means of homogenisation. So far most of the homogenisation results
are derived for fixed microstructure.
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Fig. 1. Illustration of a microscopically evolving geometry at two different points in time.

1.1. Goal of this work

In this work, we consider the homogenisation of the instationary Stokes equations in a porous medium
with evolving microstructure at small Reynolds number. We consider a time interval (0,7") for T" > 0. Let
d € N with d > 2, we denote the e-scaled pore space at time t € (0,7) by Q.(t) C R% We denote the
interface of the pore space with the solid matrix domain at ¢t € (0,T) by I'-(¢) and the boundary of the pore
space at the outer boundary at ¢ € (0,T) by A.(t). Such evolving geometry is illustrated in Fig. 1.

At the interface I'c(t), we assume a non-homogeneous Dirichlet boundary condition with given boundary
values vr_, which can model a no-slip boundary condition for the evolving domain. At the outer boundary
A.(¢) of the porous medium, we assume a normal stress boundary condition with normal stress py, ., which
models fluid in- and outflow.

Let p > 0 be the fluid viscosity, f. the density of the bulk force and v the unit outer normal vector of
Q. (t). We consider the fluid velocity v. and the pressure p. as the solution of:

Opve — pe* div(Voe + (Vo)) + Vpe = fo in Q(¢),t € (0,7), (1a)
divo. =0 in Q.(¢),t € (0,7), (1b)

Ve = Ur, onT.(t),t €(0,T), (1c)

(—p(Voe + (Vo)) 4 pel) v =poe  on Ac(t)t € (0.7), (14)
ve(0) = v in Q(0). (le)

We show that the extension of the fluid velocity v. by zero and some extension of the pressure p. converges
weakly as £ — 0 to the solution (v, p) of the Darcy-type law with memory (2). The effective equations are
defined on the macroscopic limit domain 2. The domain €2 is approximated by €. (¢) in the sense that €2 is the
interior of the support of the weak limit of the characteristic function of m, i.e.  =int gzsupp (1m)),
where 1y denotes the characteristic function for a measurable set U. A precise definition of € is given below.
1.2. Homogenisation result

The homogenisation result is a Darcy-type law with memory and is given by the following integro—
differential equation:

v(t,x) = )+ l/K s,t,x)(f(s,z) — Vp(s,z))ds in (0,7) x Q, (2a)

=



D. Wiedemann, M.A. Peter / J. Math. Anal. Appl. 546 (2025) 129222 3

div(v) = ——6 in (0,7) x Q, (2b)
P=Dp on (0,7) x 0Q. (2¢)

The permeability-type coefficient K and the initial velocity a'™ can be computed by means of the solutions
of the cell problems (4) and (6). In (2b), the right-hand side of the divergence condition is formulated for the
case of a no-slip boundary condition at the fluid—solid interface in the microscopic model, i.e. for the case
that the velocity vr, and thus the fluid velocity at the interface Q. (t) is equal the velocity of the interface.
For this model, we obtain the simplified right-hand side of (2b) given by —%@, where O is the porosity of
the local reference cell Y*(t, ) at the macroscopic position € Q at time ¢ € (0,T). For a general velocity
field or_, the right-hand side depends on its two-scale limit and is formulated in (44).

The cell problems are defined on the local evolving reference cells Y*(t,z), where Y*(t,z) C (0,1)% is
given by the two-scale limit of Q.(t) in the sense that 1qg_()(z) two-scale converges to 1y« (s 4)(y), where
the periodic extension of Y*(¢,z) is, for a.e. (t,x) € Q x (0,7T), a Lipschitz set.

The permeability tensor K (s,t,x) is defined for a.e. (¢,2) € (0,7) x Q and every s € (0,¢) and i,j €
{1,...,d} by

Kji(87t7x) = / §i<5at»$7y) t€j dy7 (3)
Y*(t,x)

where ((s,z,t,y), mi(s,z,t,y)) for i € {1,...,d} are the solutions of the cell problems (4). The parameters
(s,z) € (0,T) x Q denote the initial time for the cell problem and the macroscopic position, respectively,

0eGi — AyyC + Vymi =0 in Y*(t,x),t € (s,T), (4a)
divy ¢; =0 in Y*(t,x), t € (s,T), (4b)

(=0 on I'(t,x), t € (s,T), (4c)

Gi=¢; in Y*(s,x). (4d)

The initial value o' is given by

a"(t,z) = / Colt, ) dy, (5)

Y *(t,x)

where ({o(z,t,y),mo(x,t,y)) is the solution of the following cell problem (6):

DeGo — 1y o + Vymo = 0 in Y*(t,2), t € (0,T), (6a)
divy ¢ =0 in Y*(t,z), t € (0,T), (6b)

(=0 on T'(t, ), t € (0,T), (6c)

Co = v in Y*(0,x) (6d)

and v is the two-scale limit of the initial values v!" of the Stokes problem (1).
1.3. Homogenisation approach
In order to homogenise (1), we transform the evolving domain to a periodically perforated fixed reference

domain. We homogenise the resulting substitute equations on this substitute domain. This leads to two-
pressure Stokes equations in the (time-cylindrical) two-scale substitute domain. Separating the microscopic
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Fig. 2. Two-scale transformation method.

and macroscopic spatial variable leads to a Darcy law with memory for evolving microstructure comple-
mented by cell problems. We transform the two-pressure Stokes equations, the Darcy law with memory for
evolving microstructure and the associated cell problems back to the evolving local reference cell. This leads
in particular to the transformation-independent homogenisation result (2). This approach is illustrated in
Fig. 2.

In [50], it is shown that the transformation and homogenisation commute and, thus, the Darcy law with
memory for evolving microstructure (2) is also the limit result for the Stokes equations (1).

1.4. Literature overview

Based on the results of experiments, Henry Darcy presented a fundamental principle of fluid mechanics
in porous media [18]. Darcy’s law states that the rate of flow through porous media is directly proportional
to the negative hydraulic gradient and inversely proportional to the viscosity of the fluid with the perme-
ability coefficient as proportionality factor. It can be derived mathematically by means of homogenising
the (Navier—)Stokes equations in a perforated domain. In particular, this mathematical approach provides
a better understanding of the effects of the microscopic geometry on the permeability coefficient. First
upscaling approaches used formal two-scale asymptotic expansion and are presented in [25,28,44].

The main difficulty in the rigorous homogenisation of the Stokes equations lies in the uniform a pri-
ori estimate of the pressure. Tartar overcame this problem by constructing a restriction operator [47]
and provided a rigorous proof of the homogenisation procedure. This operator was extended by Allaire
to allow the homogenisation in the case where the solid space of the porous medium is also connected
[2]. A modification of this restriction operator [29] allowed the consideration of different boundary con-
ditions at the pore interfaces. Furthermore, an extension of the restriction operator from H' to W1:P
integrability enables the homogenisation of the Navier—Stokes equations [33]. A different approach for the
derivation of the a priori estimates was presented by Zhikov in [54], who constructed a family of e-scaled
operators, which are right-inverses of the divergence operator. In particular, these operators enable a con-
struction of a restriction operator in the sense of [47] with weaker estimates, which are still sufficient in
order to show the strong convergence of the pressure [35]. For the construction of these right-inverse di-
vergence operators, the extension operators of [1] are used. Such e-scaled right-inverse operators become
useful for the homogenisation of the compressible (Navier—)Stokes equations [31] or in our case, where
the domain evolution motivates inhomogeneous Dirichlet boundary conditions leading to an inhomoge-
neous divergence condition. While these works considered Dirichlet or periodic boundary conditions at
the boundary of the macroscopic domain, the case of normal stress boundary conditions is considered
in [20].

The upscaling of the instationary Stokes equations was first studied by formal two-scale asymptotic
expansion in [28] and rigorous homogenisation results are proven in [6] and [34]. The result is a Darcy
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law with memory, which is an integro—differential equation and can be approximated for large times and
constant force by the classical Darcy law [34]. However, the e-scaling of the viscosity becomes crucial and,
for different scaling, the time derivative can vanish in the homogenisation limit leading directly to the
stationary Darcy equation [33].

The above-mentioned works considered the case where the porosity remains constant for ¢ — 0. For the
case of isolated obstacles, it is possible to scale the obstacles asymptotically smaller than the periodicity
size €, i.e. the obstacles are of size £ for a > 1 [4,3]. The homogenisation result depends on the exact value
of a and leads for asymptotically small obstacles to the Stokes equations itself, for critically scaled obstacles
to the Brinkman equation and for asymptotically large obstacles to a Darcy law. The permeability tensor
for the Darcy law differs from the case of obstacles of size ¢, see [5].

The above-mentioned homogenisation results deal with the case of a fixed microstructure. For an evolving
domain, the quasi-stationary Stokes equations have recently been homogenised in [52]. There, the geometrical
setting is the same as in the work presented here, but the Stokes equations are considered without the time-
derivative term.

The consideration of an evolving microstructure is motivated by many different physical, chemical and
biological applications. For example, for dissolution and precipitation in a porous medium, a precipitate layer
may be added to or be dissolved from the pore walls, implying that the overall solid part (and, implicitly,
the void space) is evolving. In [49,41,42,12,43,45,46,13], such processes are modelled as free boundaries by
means of a level-set function or phase-field approaches. However, these models are only formally upscaled
by asymptotic two-scale expansions. A numerical computation of the effective permeability and porosity for
a parameterised microstructure in the context of evolving microstructures is presented in [11].

For given or one-way coupled microstructure evolution, reaction—diffusion models are transformed to a
periodic substitute domain and then rigorously homogenised in [38-40]. This approach is also used in the con-
text of elasticity in [19], for an advection—reaction—diffusion equation in [22] and the for the quasi-stationary
Stokes flow in [52]. For a general class of transformations, it was shown in [50] that the homogenisation and
the transformation commutes, which justifies this transformation approach. Moreover, it was shown how the
two-scale limit equations and the cell problems can be transformed back into a transformation-independent
limit result. We refer also to [53] for a more detailed overview on this transformation approach. In [52], the
quasi-stationary Stokes equations for evolving microstructure are homogenised. There, as in this work, the
transformation to the fixed periodically perforated substitute domain leads to transformation matrices in
the symmetrised gradient in the substitute equations. A uniform Korn-type inequality for such two-scale
transformed symmetric gradients is derived in [52]. We use this Korn-type inequality also for the derivation
of the a priori estimates here. This two-scale transformation approach was further used in [21,51] for the
rigorous homogenisation of a reaction—diffusion problem with free boundary, where the evolution of the
domain is coupled with the unknown concentration. In [23], the reaction—diffusion is extended by advective
transport, where the advection velocity is modelled by quasi-stationary Stokes flow as in [52].

The homogenisation of fluid flow in evolving porous media is also important for problems in poroe-
lasticity. The first linear theory was developed by Biot (cf. [8,9]). Starting with a description of the
microporomechanics by equations of elasticity and fluid flow, effective equations can also be derived by
means of homogenisation, cf. [27], [16] or, in the context of thermo-poroelasticity [15,48]. However, in order
to pass rigorously to the homogenisation limit, the Stokes problem was linearised by assuming that the fluid
domain is constant in time (cf. [32]). Recently, the corresponding non-linear model received considerable
attention and micro-macro transformations are used for the formal upscaling of Stokes flow [14,17,36] and
other transport processes in deformable media [26]. In this paper, we provide a rigorous homogenisation
result for the decoupled Stokes problem, which is also a step towards the homogenisation of the fully coupled
fluid—structure interaction problem.
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1.5. Organisation of this paper

This paper is organised as follows: In Section 2, we formulate the e-scaled problem, the instationary Stokes
equations in the evolving domain. We present the assumptions on the domain and its evolution by means of
the periodically perforated reference domain and the existence of transformation mappings. In Section 3, we
transform the Stokes equations to the substitute domain. For the resulting substitute problem, we show the
existence and uniqueness of a solution as well as uniform a priori estimates in Section 4. Having the a priori
estimates at hand, we can pass to the homogenisation limit € — 0 for the substitute equations in Section 5.
This leads to a system of two-pressure Stokes equations in the in-time-cylindrical two-scale domain. In
Section 6, we separate the micro- and macroscopic spatial variable in the limit equations and derive a Darcy
law with memory with cell problems defined on the fixed substitute cell but with transformation coefficients.
We transform the two-pressure Stokes equations and the Darcy law with its cell problems back to the actual
evolving domain in Section 7. The result is the Darcy law with memory for evolving microstructure (2).
This homogenised equation as well as the cell problems are formulated without transformation quantities
in the evolving domain and, hence, are transformation-independent.

1.6. Notations

Let d,n,m € N and U C R%. For a function u: U — R, a vector field v: U C R™ and a matrix-valued
function M : U — R™*" we use the following notation for its derivatives. For x € U, we write Vu(z) € R?
for the gradient of u at x € U, i.e. (Vu);(z) := 9p,u(x), and dyu(z) = Vu' (x) € R*? for its transposed.
We denote the Jacobian matrix of v at € U by V'v(z) == d,v(z) € R™*? ie. Opv(x)ij = Oy, vi(x)
and its transposed by Vu(z) = d,v" (x). Moreover, for v: U C R, we define the divergence divv(z) =
Z?Zl Oy, vi(z). For a matrix-valued function M, we write 9, M (x) € R(™*™)*? for its derivative at x € U,
ie. 0, A(7)jpi = Op,Ajx(z) and VA(z) = (9,A(z))T € RIX(m*") where the transposed is defined by
VA@®)ijr = 0z A@)jki = O, Ajr(x). Moreover, for a matrix-valued function M: U — R¥" we define
the divergence by its columns, i.e. div(A(x)) € R™ with div(A(x)); = div((A(x);;)%,). Having the above
notations, we can define the scalar- and vector-valued Laplace operator, i.e. for u: U — R and v: U — R",

d
we define Au = divVu(z) = > 9,0;,u(z) and Av(z) = divVu(z) = (2?21 0z,0x,vj (7))}, for z € U,
=1

which gives (Av(x)); = Av;(x).

For these notations, we have the following product rules 9, (uv) = v0;u + ud,v, Oz (uA) = adzu + ud, A,
0 (AV) = v T 0, A+ Ad,v, div(uww) = udiv(v)+Vu-v, div(ud) = udiv(A)+AT : Vu, div(Av) = div(A)-v+A :
V.

We write 1 for the identity matrix and Adj(A) for the adjugate matrix of A, i.e. Adj(A)A = det(A)1.
With the above notation for derivatives, the Piola identity is written as div(Adj(d,v)) = 0.

We use the subscript # to denote the periodicity of a function space, i.e. for a domain U C (0,1),
Cx(U) denotes the subset of continuous functions on R™, which are Y-periodic. Similarly, we write H%&(U)
to indicate the periodicity. Moreover, for a V' C U, we write Cy(U) and H{,(U) for the restriction of
functions which are zero on V' or have zero trace on V, respectively. We combine these subscripts in order
to indicate the restriction to the intersection of the corresponding subsets, i.e. H;&V(U) = H#(U) NHL(U).
We denote by L3(U) the subset of functions in L?(U) with zero mean.

We use C > 0 as generic constant which can change during estimates but is independent of €.

2. The e-scaled problem
2.1. Geometry

We describe the evolution of the geometry by means of a family of time-dependent and e-scaled diffeo-
morphisms ., which map a periodically perforated reference domain €. onto the actual domain .(t) at
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time ¢ € [0, T]. We formulate the assumptions on the domains €2.(¢) indirectly by means of assumptions on
the reference domain 2. and the diffeomorphisms ..

Let (e,)nen be a positive sequence converging to zero, as for instance &, = n~!. In what follows, we
write € = (€p)neN-

2.2. Reference structure

Macroscopic domain We assume that the macroscopic domain © C R? is open and bounded and con-
sists of entire e-scaled cells Y = (0,1)¢, ie. let K. == {k € Z? | e(k +Y) C Q}, we assume that

Qint< U s(k+Y)>.

keEK,

Reference pore geometry We denote the open reference pore space in the periodicity cell by Y* C Y
and its complementary solid part by Y* := Y \ Y*. We denote the periodic extensions of Y* and Y* by

Y} = int ( U &+ W) and Y} = int < U & —l—ﬁ), respectively. We denote the interface of the pore
kezd keZd
and solid domain by T' == 9Y; N 9Y3; N [0,1]%.
We assume that:

e 0< |V Y <1,
e Y} and Y are open sets with C'-boundary, which are locally located on one side of their boundary,
Y is connected.

For a detailed discussion of these assumptions, see [2].

The e-scaled reference domains The e-scaled reference pore space ()., the e-scaled reference solid space
Q2. their interface I'; and the reference outer boundary A, are given by

Q. =QNeYy, Q=QNeYy, . =0n0Q., A, = 00N 00 .
2.8. Evolving microdomain

In order to define the domains Q.(t), we use a family of mappings v.: [0, T] x Q@ — Q. At time ¢ € [0, 7],
we define the pore space . (t), the solid space QS (t), their interface I'.(¢) and the outer boundary A.(t) by

Q(t) = (t, ), Q) =v(£,92), To(t) =v(t,Te), Ac(t) = v(t, As).

We define the time—space sets by

of = |J {8 x), o= {t x Qi)

t€[0,T] te[0,T]
7= J {t} xT.(t), Al = | {8 xA(t).
te[0,7] te[0,T]

Assumptions on the transformations

Assumption 2.1 (Assumptions on the transformations). We assume that ¥. has the following regularity:
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(R1) 1. € CH([0,T); C* (% RY)),
(R2) (t, -) is a C*-diffeomorphism from Q onto Q for every t € [0,T).

We assume that 1. satisfies the following uniform bounds:

(B1) e Me = @l cr om0y < C for 1€ {0,1,2},
(B2) det(0c(t,x)) > cy for all (t,z) € [0,T] x 2 and some constant c; > 0.

For the asymptotic behaviour of V., we assume that there exists a limit function g, which satisfies the
following reqularity conditions

(L1) o € L=(2;C([0,T]; C*(Y;RY))),

L2) vo(t,z,-): Y =Y is, for every t € [0,T] and a.e. x € Q, a C?-diffeomorphism,

(

(L3) the displacement mapping y — ¥o(t,x,y)—y can be extended Y -periodically, i.e. (y — wo(t,x,y)—y) €
L2(Q;CH([0, T]; CL(Y;RY)))

and we assume that the following strong two-scale convergences hold

(A1) e (t,2) — ) 22 Golta,y) — v,
(42) Bupe 225 0,00,

(A3) e0s0utb. 22 0,010

(A4) e O 22 By,

(A5) Budpe 225 0,000,

(AG) £0,0,011e ﬂ» 0y0y 01

The notation E» in Assumption 2.1(A1)—(A6) denotes the strong two-scale convergence (see Defini-
tion A.1). Due to the uniform essential boundedness, which is given by Assumption 2.1(B1), the strong
two-scale convergences in Assumption 2.1(A1)-(A6) hold also for arbitrary p € (1, 00) instead of 2.

We use the following notation for the transformation quantities:

U, = 09, Je = det(¥.), Ae = Adj(P.),
\I/O = 8yw0 5 JO = det(\IJo) s AO = Adj(q’o) .

We note that the above assumptions ensure that J. > ¢y and, thus, ¥, is invertible and it holds A, = Jsllls_l.
The uniform bound of J. from below can be transferred to Jy via the strong two-scale convergence of 9,1,
and one gets Jy > ¢y and, thus, also Ay = Jo\Ilal.

For clarification, we note that the uniform bounds in Assumption 2.1(B1) give

e e — | Lo 0,1y x0) + 102tell Lo (0,1 x0) + El0202e | Lo (0,1)x0) < C
e M0 Lo (0,7 x0) + 10200 e || e ((0.1)x0) + El| 0 020tbe || Lo (0,1 x00) < C-

Remark 2.2. The regularity assumptions on 1. allow us to transform the Stokes equations to the reference
domain. The uniform estimates on . and its derivatives are crucial for the derivation of the uniform a
priori estimates on the fluid velocity and the pressure. The asymptotic behaviour of . ensures that the
coefficients in the transformed Stokes equations strongly two-scale converge and, hence, we can pass to the
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homogenisation limit. Moreover, it guarantees that the homogenisation of the actual problem is equivalent
to the homogenisation of the transformed problem, see [50].

Two-scale limit domain The two-scale limit domain of QI should not be understood as a domain in
(0,T) x 2 x Y but rather as family of domains Y*(¢,z) C Y with parameters (t,z) € (0,7) x Q. In
particular, for our homogenisation task it is not even necessary that Y*(¢,z) is defined for every x € .
Indeed, it suffices that it is defined for a.e. z € €, where the null-set has to be chosen independent of the
time ¢ € [0, T]. Nevertheless, at some points it simplifies the notation if one defines Y* (¢, z) for every z € Q
and defines the measurable set Qf as

ol = U {t} x {z} xY*(t,x).

(t,z)€(0,T)xQ2

The set QF and the domains Y*(¢,z) can be obtained by means of the two-scale convergence of the char-
acteristic function of QT In this sense, we obtain the reference domain Q. as two-scale limit Y* for every
t € [0,T] and a.e. x € Q. The two-scale limit of the characteristic function 1q_ is given by the function
loxy+, which is an element of LP(2 X Y') and, thus, it does not define the domain uniquely. Indeed, for
a.e. ¢ € Q, 1lgxy~(z,-) provides only the domain Y* \ Ny(z) U No(z) up to null sets Ny(x), No(xz) C Y.
The non-uniqueness can be addressed by requiring that for a.e. x € € the periodic extension of the do-
main is a Lipschitz domain and we get Y* = Y* \ Nj(x) U No(x). We address the non-uniqueness of
the two-scale limit representative of 1g_(;) in the same way. This provides the sets Y*(t,z) for every

2,2
t € [0,7] and a.e. x € Q. Lemma A.8 shows that 1 7)xq.(t,2) = 1o xaxy=(t,z,y) if and only

2,2
if 110, 77x0. (t,z, v Lt 1)) == laxy- (t,x,w(;l(t,x,y)). Thus, we can determine the two-scale limit for

Q.(t) and Q(t) by

Y*(t,z) = o(t,z,Y™) for every t € [0,T] and a.e. z € 2,
Yo(t, z) = ¢o(t,z,Y®) for every t € [0,7] and a.e. z € Q.

Their interface, is given by
L(t,z) = ¢¥o(t,z,T) for every ¢t € [0,T] and a.e. x € §2

and we define analogously to Q7 the solid region Q57 by

ol = U {t} x {z} xY*(t,z).

(t,z)€(0,T)xQ2

2.4. Weak formulation of the e-scaled problem

We introduce the weak formulation for (1). We assume that the Dirichlet boundary values vr, and the
normal pressure at the outer boundary can be extended to Q.(t). We subtract these extensions from the
unknowns v, and p. and define

— in .__ _|in —
We = Ve — Ur, , w == —or_(0), de *=De — Db -

We use this substitution in (1), multiply the resulting equation by ¢ and integrate it over Q. (¢) and (0, 7).
Integrating the divergence terms as well as the term with ¢. by parts and using the normal stress boundary
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condition (1d) leads to the following weak form (7): Find (we,q.) € L*(0,T; Hf._ 0 (Qe(t );RY)) x L2(QF)
with dyw. € L2(QT;R?) such that

T
/ / e - @ + €2pu2Viw, : Vo — ¢ div(p) dz dt
0

Q.(t)
; (7a)
= / / ferp—Opdr, - — 2u2Vip, : Vo — Vpp o - pdadt,
0 Q(t)
T T
/ / div(we )¢ de dt = / / div(vr, )¢ dx dt, (7h)
0 Q.(t) 0 Q. (t)
w.(0) = w™  in Q.(0) (7c)

holds for all (¢, ¢) € L*(0, T; Hy_,y (2:(t); RY)) x L*(QF).
The space L*(0,T; H}- L0 (Q(0); R%)) has to be understood as the subset of L%(0,T; H'(Q;R%)) of func-
tions which are zero in ((O T) x Q) \ QL. The time-derivative in L2(2) has to be understood in the sense

that the extension of v. by 0 to  is in H(0,T; L%(Q;R9)) and d;v. is zero in ((0,T) x Q) \ QL.
2.5. Assumptions on the data

Let f. € L2(QT;R%), vp, € HY0,T; H'(Q);R?), p,. € L2(QF) with Vupp. € L*(QT;RY) and
vi" € HY(Q.(0)). We assume that the initial values v and boundary values vr, are compatible,
i.e. div(wl")) = —div(vp,(0)) and w|p_o) = 0 for wi® = v —vp_(0).

We assume that the data satisfy the following uniform bounds:

IfellLzry + v |22 0)) + €llVOPl 2.0y < C (8a)
e Mor, 2201y %) + 10zvr. | 22(0.7)x02) + €ll02020r. || 2 ((0,7)x ) < C', (8b)
e M0wr, || 20,1 x9) + [10200vr. || 22((0.1) %) + €l 0 020vr. || L2((0,m)x0) < C.- (8¢)

The uniform estimates for vr, and its derivatives give the uniform estimate for the trace at ¢ =0

e o, (0 z2() + Vo, (0)l|120) < C

and, thus,

[wi| L2 (0. (0)) + €IVl 2. 0)) < C-

In order to state the assumptions on their asymptotic behaviour, we extend fz, pp, . and vI* as well as their
derivatives by zero to (0,T) x Q and €, respectively, which we denote by ~. We assume that there exists f €
L?((O,T) x Q;RY), vp € LQ(Q,Hl(O,T,Hi(Y,Rd))), p» € L2(0,T; HY(Q)), ppa € L*((0,T) x Q,H#( ))s
it € L2(; H#(Y;Rd))) with vi*(x,y) = 0 for y € Y*(0, z) such that
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~ 29 2,2 2,2 2,2
fE s lﬂgfa 5_1UF —=ur, avaE — 8yUF ) EaazaxUFE —— 8yayvf‘ )

€

2,2 2,2 2,2
e topr, 2 dyr, Oy Opvp, ——= 9, 0pur , £030,0,vr, —— 0,0, 04vr ,

2 —

2 2,2
Phe — lorph, Vpb,e = 17 (Vapy + Vypb 1),

— 2 —

) y in i 27 in
v (z) — ly«(0,0)(W)vg (z,9), €002 (z) — Ly+(0,2)(y)0yvy (T,y) -

We note that vr_(0) is of order € and Vor,_(0) is of order 1. Thus, their contribution in the limit of the
initial values w™ vanishes and we get

— 2,2 in _— 2, in
wit(x) === 1y-(0,2)(y)0y (2, y) , 0wt (x) ——> 1y-(0,2)(y) 0yt (2,y)

~Nin . Ain
for W' = g

3. Transformation of the micromodel

In this section, we transform the Stokes equations to the reference domain (0,7) x Q. by means of
the Piola transformation and .. Moreover, we transform the data and the assumptions on their uniform
bounds and convergence to the reference domain. We denote the transformed quantities by *, i.e. we have
the transformed unknowns

e (t, ) == A (t, x)ve (¢, Ve (t, ) , We(t, ) = A (t, 2)we(t, Ve (t, 2)) ,
ﬁs(tv .’L‘) = pe(t> we(t’ 3?)) ) QE(L x) = QE(tv w€<t7 l‘))

and the transformed data

A~

fe(t, @) = fo(t,e(t, ),

or, (t,2) = Ac(t,o)or, (L 6e(t2), Poe(tw) = poe(t, Ye(t @),
8" (@) = o (1. (0,2)) | B (2) = w (e (0, 2))

The multiplication by A-! becomes useful for the derivation of the existence results of the microscopic
transformed problem since it avoids time-dependent coefficients in the divergence condition. Moreover, for
the limit process it becomes useful since it avoids microscopically oscillating coefficients in the divergence
condition.

For the transformation of the normal stress boundary condition at A(t), we note the following relation
between the outer unit normal vector v(i:(t,z)) of Q.(t) and the outer unit normal vector (z) of the
reference coordinates Q..

1O T (t, )0 ()| 710 T 2)0(2) = v(¥e(t, ) for every t € [0,7T] and a.e. z € 99 .

Transforming (1a) to the reference coordinates gives

(AT 0.) — V(AT 0) U 0. — T pe? div(A2VE30,) + U7 T Vp. = f. in (0,7) x Q., (10a)
J-Hdiv(o.) =0 in (0,7) x Q., (10b)

D = Or, on (0,7) x T, (10c)

(—M»SQWZ@ +ﬁ511) 12Tt 2)o(@) |71 T = pr 80T (8 ) o) | TS T on (0,T) x Ac, (10d)
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0.(0) = o in Q. , (10e)

Vi = (U2 V(AT o) + (W2 TV(AZY0.)) ) /2 in (0,7) x Q.. (10f)

In order to derive the weak form, we multiply (10a) by ¥, (10b) by J. and (10d) by [|[¥= T (¢, z)0(x)]|.
We rewrite the resulting first term of (W] (10a)) by

\IJZ(at(As_lﬁE) = 815(\1}2—145_1@6) - 8t\I/!—(AE_1@€)
and we get

oW AT 0.) — 0,0 ] (AT o) — W]V T (A7 0.) U 00h,
— Al pe? div(A.2V50,) + Vp. = U] f. in (0,7) x Q..

Proceeding as in the derivation of the weak form for the untransformed equation, we obtain the following
weak form:

Find (@, ¢.) € L2(0,T; H%E(QE;Rd)) X L2((07T) x Q) with 8t(\IJ;TA€_11IJE),8t1IJE S LQ((O,T) X QE;Rd)
such that

/ / BT AZN0.) - o — (00T ATV, — WV T (AT )W 0,0) -
(0,T) Qe

+ ue? A2V30, : Vo — G div(p) dz dt
(11a)
N / /‘I’;fe'e@—at(‘l’;‘l;lﬁrg)-w—Vﬁb,e~<p
(0,T) Qe

+ (00 A Yor, — WV (AT or )W 0. ) - — pe? A2VE - op, Vpda dt,
/ /qzbdiv(ﬁzs) dedt = — / /d)div(ﬁpe)dx dt, (11b)
(0,T) Qe (0,T) Qe
e (0) = o (11c)
for all (¢, ) € L*(0,T5 Hp (s R?)) x L*(0, T3 L?(<2)).

Transformation of the data For the transformed data fs, dr., Pp,e and 91", we can transfer the uniform
bounds with Lemma A.6 and obtain:

Lemma 3.1 (Uniform bounds of the transformed data). Let fg, or., pp and w™ be given as above. Then,
there exists a constant C > 0 such that

I fellz2 0,1y x00) + 102|220y + Ell VR L2,y < C (12a)
e MIor, [l 20,1y <00 ) + 1020, 1120,y %020 ) + E1020x0r. || L2((0,1)x0.) < C (12b)
e M10yr, || 20,1y x0) + 1102001, | L2((0,myx 0.y < C' (12¢)
Moreover, & is compatible i.e. ¥ € H{ (Q;R?) and div(dl*) = — div(dr, ).

Proof. The uniform estimates for f., ®® and V@™ can be deduced with Lemma A.6 and Remark A.9.
To derive the uniform estimates on or_, we note that the uniform estimates on vr_ and Lemma A.6 pro-
vide a uniform estimate for e =1 ||vr_(t, 1. (¢, )| z2(0,7)x Q)5 |0zvr, (8, V= (t, 7)) || L2((0,7)x ) and €[00z vr, (1,
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Ve (t, 7))l L2((0,7)x02)- We apply the product rule on op, and, together with the estimates on A. and its
spatial derivatives given in Lemma A.5, we get (12b).
In order to derive (12¢), we note that

8t@I‘E (ta :U) =0; Ae (tv x)vl“g (ta e (t, {E)) + A (ta CC)C{){UFE (t, e (ta 1')) + Ae (t, 1’)8951)1*5 (t, Ve (ta x))8t1/15(t, x)

and, hence, the estimates on A, given in Lemma A.5 together with the estimates on ¢r_ provide the uniform
bound on e~!d,;9r,. Taking the derivative with respect to z in the previous equation and employing the
product rule, one can similarly deduce the uniform estimate on 9,0;0r_.

The compatibility of the initial values, i.e. div(#!")) = —div(dp, (0)) and | ) = 0 for ¥l" = 1" —
or.(0) is preserved under the transformation. O

With Lemma A.8, we can also transform the two-scale convergences of the data arguing similarly as in
the proof of Lemma 3.1. We get for f = f € L2((0,T) x ;R%), op € HY(0,T; LQ(Q;H#(Y;]RCI))) with
or(t,z,y) = vr(t,z,Yo(t,z,y)), p» = pp € L*(0,T; HY(Q)), pr1 € L*((0,T) x Q,H#(Y)) with pp1 =
otz vo(t,z,y)) + (Yo(t,z,y) —y) - Vpp, 0 € L2(Q; HY(Y) with 9§ (z,y) = vl (x,v0(0, z,y)) that

=929 2.2 R 2,2 R 2,2
fo s Ly f, e Mop, s 1yadp, Oyr, — 1y Oydr,  €0,0,vr, ——= 0,0, ur ,
2 2,2 2,2
E_lat’f}ra SmLERNN 815’{){‘5 s 8a;8t’l)r‘5 SuLERNN 8yat1]r s E’ﬁra SuLERNN or y
(13a)
2,2 . o 2,2 R R
Pbe — 1y«Pp,  Vphe —— 1y« (Vapy + Vypb1),
e 2, 2 Ain e 23 2 ~in
W (z) — 1y« (y)dg'(z,y), €0y (x) — 1y« (y)dyiy' (z,y) -

As in the untransformed case, we get W' = 9.
4. Existence and a priori estimates for the microscopic problem

In this section, we show the existence and uniqueness of a solution of (11). Moreover, we derive the
uniform a priori estimates (14) for the solution.

Theorem 4.1 (Existence, uniqueness and a priori estimates of the solution of the Stokes equations). For
every € > 0, there exists a unique solution (e, qc) € L?(0,T; HE (Qe;RY)) x L2((0,T) x Q) with 8yt €
L2((0,T) x Q2;RY) of (11). Moreover, there exists a constant C > 0 such that for every ¢ > 0

[ @20, 7)) + Vel 20,1y x02.) + 8ell 20,7y x02.) < C- (14)
4.1. Abstract results for differential-algebraic equations

In order to derive the existence and uniqueness of a solution of (11), we use a generic existence result
for differential-algebraic operator equations from [55], which is given in Proposition 4.5. For Banach spaces
X,Y, we denote by £(X,Y) the linear continuous operators from X to Y and by || -
norm. We use the following notation of [55, Definition 4.3] based on [24, p. 74].

|L(X7y) the operator

Definition 4.2 (Measurability). Let X be a Banach space. An abstract function w: [a,b] — X is called
Bochner measurable if a sequence (u, ),en of simple functions exists such that w, (¢) — u(t) in X as n — oo
at almost every t € [a, b].

Moreover, let A: [0,T] — L(X,Y) be an operator-valued function.
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o It is called uniformly measurable if ¢t — A(t) is Bochner measurable in £(X,Y).
o It is called strongly measurable if, for every z € X, t — A(t)x is Bochner measurable in Y.

We consider the set of operator-valued functions following [55, Definition 4.8].

Definition 4.3 (The space LP[0,T; L(X,Y)]). For Banach spaces X, Y with X separable, we say A: [0,T] —
L(X,Y) belongs to LP[0,T; L(X,Y)] for p € [1, 00] if A is strongly measurable, t — ||A(t)||z(x,y) is Lebesgue
measurable and || Al 20, 7;2(x,v)) = AC) |l 2x,v) e 0,m) < 00

Note that LP[0,T; £L(X,Y)] does not coincide with the Bochner space LP(0,T; £(X,Y)) since elements
A€ LP(0,T; L(X,Y)) have to satisfy the more restrictive uniform measurability in £(X,Y"). We refer to [55,
p. 23f] and [10, p. 75] for a more detailed discussion and note that, in particular, £(X,Y") is not necessarily
separable even if X and Y are separable.

Similarly to the concept of strong measurability, we consider the derivative for operator-valued functions

in LP[0,T; L(X,Y)] by fixing € X as in [55, Definition 4.13].

Definition 4.4 (The space W*P?[0,T; L(X,Y)]). Let X, Y be Banach spaces, X separable and A: [0,T] —
L(X,Y) be strongly measurable. Assume that ¢ — A(t)z has a k-th generalised derivative <t (A(:)z) for

some k € N and every z € X, i.e. the distributional derivative -& (A(-)z) is in L] (0,7;Y). Then, the k-th

loc
derivative A®): [0,T] — L(X,Y) of A is A¥)(t)z == C?—;(A(-)x).

For p € [1, 0], we say A: [0,T] — L(X,Y) belongs to W*»[0,T; L(X,Y)], if A® € LP[0,T; L(X,Y)] for
every i € {0,...,k}. We write H*[0,T; L(X,Y)] := W*2[0,T; L(X,Y)).

Proposition 4.5 (Existence result for operator differential-algebraic equations). Let V., H, Q) be separable

Hilbert spaces. Assume V., H, V* form a Gelfand triple with embedding constant Cy g of V in H. Let

T >0 Mec HY0,T; L(H,H*)], A€ L0, T; LV, V)], B € LV,Q*) and F = FV) 4 F®) for P ¢

L*(0,T;H*), F® ¢ WLY0,T;V*), G € H'(0,T;Q*) and v™ € V with Bv™ = G(0). Assume that M is

self-adjoint and uniformly elliptic with constant paq > 0, d.e. for every t € [0,T] and every v € H
M(#)(v,0) > pallvl|F

assume A can be decomposed in A = AN + A with AV € L>[0,T;L(V;V*)] and A® €
L®[0,T; L(V; H*)] such that AV is self-adjoint and there exist constants M), K 0) such that for
a.e. t € (0,T) and every v € ker(B)

AW (@) (v,0) 2 pao oI} = ka0 0l1F (15)

Moreover, we assume that B is inf-sup stable with constant ug, i.e.

inf sup M > B .
qem\ {0} vevfoy llallellvllv

Then, there exists a unique (v,p) € C([0,T); V)N HY(0,T; H) x L?(0,T;Q) such that for a.e. t € (0,T)

— (M(B)u(1))) + (A(t) = sM(D)o(t)) = Bp(t) = F(t) inV*, (16a)

Bu(t) = G(t) in Q" (16b)
v(0) = v™ inV. (16¢)
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Moreover, there exists a constant C, which depends only on T', || M| g1j0,7:c(m,H*)) ||A(1)||LN[O,T;£(V’V*)],
AP oo, mev, )]s By s Kaw, ps, Cvesir such that

HU||C([O»T];V)+||v||H1(O,T;H) + ||Q||L2(0,T;Q)
< C(||F(1)||L2(O,T;H*) + ||F(2)||W1v1(O,T;V*) + |Gl m10,750+) + lluollv) -

Proof. For the case that A() is uniformly elliptic and F» = 0 the result is shown in [55, Theorem 7.24].
Remark [55, Theorem 7.25] extends it to the case Fy # 0. The case that A™) satisfies only the weaker Garding
inequality (15) can be reduced to this case by reformulating and rescaling (16a) (see [55, Remark 7.1]). O

4.2. Application to the microscopic problem
We reformulate the weak form of the Stokes equations (11) in the generic setting of Proposition 4.5. We

account for the e-parameter by means of the subscript e.
Let V. == H}._ Qe RY), H, = L*(Q.;R?Y), Q. := L?(Q.) with the norms

vllv. =€l Vv|L2a.) forveV,,
lvlla, = llvllL2 (. for v € H,,
lallo. = llallz2(a.) for g € Q; .

We define the operators M. € H[0,T; L(H., H})], A. € L>®[0,T; L(V., V)] with A, = AW 1+ AP for
AW e HY0, T, £(V., V)] and AP € HY0,T; L(V., HY)], B. € L(V., Q) as well as the right-hand sides
Y e 12(0,T; HY), F® € WHY0,T; V) and G. € HY(0,T; Q%) by

M () (u,v) = /\P;T(t)As_l(t)u cvdx for u,v € H.
Qe
Ac(t)(u,0) = AN (1) (u, 0) + AP (1) (u, v) for u,v € Ve,
AW (1) (u,v) = /psQAE(t)2@Z(t)v :V(AZ N (t)v) da for u,v € V_,
Qe
Vit = (U2 T (VAT (Du) + (B2 T (VAT (Hu) 1)/2 for u € V.,

AP () (u,v) = — / (B 0] (AT (B — O] (VT (AT (B)u) T (e (1)) - v da dt

Q.
+%M€(t)(u,v) forue V., veH,,
/ /qdlv ) da dt forve V., qeQ.,
(0,7)
FO( / / (W () F-(t) = Voo () - oz — M. () (i (), ) for p € H.
(0,7)
FA(#)(¢) = —A(t)(0r. (t), ) for p € V2,
Ge(t)(Q) = _BE(’[}FE (t)v Q) for ¢ € Q- .

Thus, we have rewritten the weak form (11) in the generic setting of Proposition 4.5:
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7 Me)e(t)) + (A:(t) — IM(1)ibe (1) — B2g-(t) = Fe(t) in V7 (17a)
B, (t) =G. (t) in Q: ’ (17b)
. (0) = " in V. (17c)

In order to deduce the uniform bounds (14) from Proposition 4.5, it is essential that we estimate the
embedding constant Cy, gy, the Garding inequality constants u ne and K AW As well as the inf-sup constant
pg, uniformly.

We obtain a uniform estimate for the embedding constant Cy .y from the following e-scaled Poincaré
inequality.

Lemma 4.6 (z-scaled Poincaré inequality). There exists a constant cp such that for every v € H%E Qo RY)

[vllz20.) < ecpl|Vollrz(a.) -

Proof. Lemma 4.6 is a standard result and can be shown by covering 2. with e-scaled copies of Y*. Scaling
them on Y* and applying the Poincaré inequality for piecewise zero boundary values there and scaling back
yields the estimate. O

The uniform inf-sup constant can be deduced from the following e-scaled right-inverse of the divergence
operator.

Lemma 4.7 (e-scaled right-inverse of the divergence operator). There exists a family of linear continuous op-
erators div.': L?(Q.) — H%E (Qc;RY), which are right inverse to the divergence, i.e. divodiv_ ' = idz2(.),
and there is a constant C' > 0 such that for all f € L?(€2.)

vz (Dl 20 + I V@V Dl 2 < 112200
Lemma 4.8. Lemma 4.7 is shown in [52, Lemma 3.12] employing the extension operators of [47,2].

For the Gérding inequality (15), it becomes crucial to estimate the symmetrised gradient V. Here we
use the following Korn inequality

Lemma 4.9 (Korn-type inequality for two-scale transformations). There exists a constant o such that for
every € >0, a.e. t € (0,T) and every v € Hf_(Q; R4)

ol[ol iz, < 92T (Ve + W77 (1) Vo]?.
Proof. A proof is given in [52, Lemma 3.6]. O

Proof of Theorem 4.1. We show Theorem 4.1 by means of Proposition 4.5. In order to derive the estimate
(14), we show a uniform estimate for the continuity constant Cy g of the embedding V. — H., uniform
bounds for the operators M., A., Agl), Ag), the right-hand sides Fs(l) , Fg(g) and G., the initial value v, as

well as the ellipticity constant pag, of M., the Garding inequality constants 4w and K of Aél) and

AL
the inf-sup constant of pp_ of B..
For the following estimates on the operators, the uniform estimate for the transformation coefficients

becomes crucial, which is given in Lemma A.5.

e Embedding constant Cy <, g: The Poincaré estimate from Lemma 4.6 provides a uniform embedding
constant Cy, g, i.e. for every v € V., it holds
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[vlla. = llvllcz@.) < Cvenel|Vullrze,) = Cvarllvlv. - (18)
o Operator M.: Noting that A-! = J-1W,, we obtain for every ¢ € [0, 7] that M, () is self-adjoint from
MO0 =[O0 00 wde = [0 (@I 000 Twa =
Qe Qe

= /v U (AT (Hwdt = M (t)(w,v).

Qe

We note that for a.e. t € [0,7] and u,v € H.
M (t)(u,v) = /8t(\I'E_T(t)A;T(t))u~vdJ;.
Qe

Since 7T, AZT and 9,97 ", 9,AZ T are bounded in L>=((0,T) x Q.)?*4, we can estimate with the

)

Holder inequality

IMell 20,7200, 12y < CIYZ Tl 01y x0) 142 T = (0,1)x0) < C
Ml 2o ric .y < CI L 0.myxen [0:AZ T L 0.1y 0

+ Hat\IJIHLOO((O,T)XQE)”As_THL‘X’((O,T)xQE)) <C.

In order to show the ellipticity of Mc(t), we rewrite

M:(8)(v,0) = (BT O V() - v, = (ST (@) e (t)o - I3 () Ve(t)o)n
= [lI72 () e ()l

€

for v € H. and use the uniform essential bounds of J. and ¥_! to deduce with the Holder inequality

[ollF, < 1220w () I 20 We(t)v]Fe .
< IO O e 2 12O W ()03, < CM(8)(0,0).
Choosing pp, = C~1 gives a uniform estimate for the ellipticity constant.

e Operators AS) and A?’: We can estimate with the Holder inequality, the product rule and the uniform
bounds of the coefficients and the Poincaré estimate (18)

IAD (£) (u, v)|| oo 0,7)
= p2[| Ac|| o~ 0.7y x2) 122 T || oo (0,7 x 0 NV (A ) || oo (0.7 220 [ VOl L2 (00,
< C(eVAZ e oy xan lull L2y + AT | L 0.1y x0) [ Vull L2y ) €IVl 22 0

< Cllullv.|vllv. -

We note that for a symmetric matrix A and a non symmetric matrix B it holds A: B=A: (B+B")/2
and, thus, we can rewrite
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AW (t)(u,v) = / pe? J2VE (Hyu - O T (1) V(AL (t)w) dz
Qs
= /,ue%]ﬂ@i(t)u V(v de = AW () (v, w)
Qe

which shows that Agl) (t) is self-adjoint. Using this reformulation and the Holder inequality, we get

E IV Za(0,) < 25 IIT )T ) 1122 (OVRVEDDIIZ: o,
= 0 SIS @)1 ) AL () (0,0)

We apply the Korn-type inequality of Lemma 4.9 on (AZ1(¢)v) in order to estimate the left-hand side
from below and get

ae?| V(AT () [ 120, < EXIIVERUlT2(q.) < 1 51T 217w @) AL () (0, 0).

Moreover, with the Holder inequality, the uniform essential boundedness of A.(t) and €9, A. and the
Young inequality, we get a constant § > 0 such that

€

(ell(A=(®)0a(AZ ()0)) |2 () + ell(AZH (E)0) 0o A ()] 22(0.))°
< (CellV(AZ (1))l 20y + CIAZ (V) 22(0.))?
< VAT W)L, + §l0ll720,) -

e[Vollia(q,) = EIV(A(ODAT (1)) 12(q,) < EIV(A(DAZ H)V)]72q,)
1

IN

Choosing § = 2|\J5_1/2(t)||230(95) and combining the last two equations gives

allvllf, = Clloll, < allVoliag,) = Flolliz.) < AL @) (v,v),
which shows that Agl)(t) satisfies a uniform Garding inequality with time- and e-independent constants.
The uniform estimate on A (t) can be shown by similar computations as for the estimate of Agl)(t)
above. One only has to be aware of the fact that ;). < eC and, thus, one can compensate the factor
e~! which arises in the estimates of 9, A2 and Vu.
Operator B.: Lemma 4.7 provides the uniform inf-sup constant pp. Moreover, we get

|Be (v, q)| = /qdiV(v) dz < Cllallz2@n) IVollz2.) = iglla. flvllv. -
Qe

Indeed, this does not provide a uniform estimate on |B. (v, q)||z(v,q+); however, the bounds on the solu-
tions are independent of || B-(v, q)|lz(v,q+)-
Estimates for the right-hand sides Fg(l)7 5(2) and G.: The estimates for the right-hand side Fg(l) and FE(2)
can be deduced from the uniform bound of fs, the uniform bounds of or_ and its derivatives, which are
given in (12), together with similar estimates as above for the operators.

The estimate for G, can be deduced from the estimate on |B.(v, ¢)| from above and the uniform bound

1

of eVir,, which compensates the factor e, which arises in the estimate of |B.(v, q)|.

Initial values: The estimates and compatibility of the initial values is shown in Lemma 3.1. O
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5. Homogenisation of the substitute problem

In this section, we pass to the homogenisation limit for the solution (., §.) of (11). In order to state the
convergence, we extend . and §. to 2. We extend . by 0, which we denote by w: and §. by its cell-wise
mean value, which we denote by Q., i.e.

. = (t, ) forz € Q,.,
Qe(t, ) = Isﬁl’_*\ [ G(t,x) forzeQne(k+YS)forkeK.. (19)
e(k+Y ™)

The physically more relevant quantity is 0. and not .. It is given by 9. = W, + 0, in {2, and extended
by 0 in the solid domain
but corresponds to the physically meaningful interpretation that there is no fluid flow in Q. We also extend
Vi by 0 to 2, which we denote by VA/@E Since or, is of order ¢, it vanishes in the limit ¢ — 0 and 0, and
W have the same two-scale limit. We denote the two-scale limit of 9. and w. by 0y because ¥, corresponds

which we denote by 17; This extension of ¥, is not H'-regularity preserving,

I3

with the physically meaningful quantity.
In a first step, we show that ©. and some extension of the pressure §. two-scale converge to solutions of
the two-scale limit system, which is given by the following instationary two-pressure Stokes system:

O (Ag M) — V) (Ag ' 00) Ty 0po — Jg pudivy (Ag W5 TV, (Ag o)

+0TVp+ Uy TV = f in (0,7) x QxY*, (20a)

Jy divy (99) = 0 in (0,7) x Q2 xY*, (20b)

divy /@0 dy | = —/divy(@p) dy in (0,7) x Q, (20c)
. o

0o =0 on (0,T)xQxT, (20d)

p=dp on (0,7) x Q, (20e)

y +— Do, P1 Y -periodic, (20f)

by = O inQxY*. (20g)

For further information on the macroscopic divergence condition (20c), see Lemma 6.2 and (44).

In order to formulate the weak form of (20), one can proceed as in the e-scaled case. One has to multiply
(20a) by ¥/ and to employ the product rule for the time-derivative term. The weak form is given by: Find
(%0,d,q1) € L*((0,T)x€; Hﬁ#(Y*; R4))x L2(0,T; HZ (£2))x L2((0, T)x€; L3(Y™*)) with 9,00, 8,5(\1/3140_1170) €
L2((0,T) x Q x Y*;R?) such that

/ //at W) Ay o — (0,0 Agtoo — Wy VT (A ' 00) W4 9ptho) - pdy dadt
(0,7) Q Y*
+ / //MAO\IJgTVy(Aglﬁo) CVy(Agt9) + Vad - o — G1 divy(¢) dyda dt (21a)
(0,7) Q Y*
= [ [ [9F e (Tabnt Vua) - paat,
(0,7) Q Y*

/ //¢1 divy(do) dzdt =0, (21b)

(0,T) @ Y*
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/gbdlvx (V/ ody | dedt = / /¢/divy(@p)dydx de, (21c)

0,7) Q or)Q v+

80(0) = " (21d)
for all (12, 6, 61) € L2((0,T) x s HE_(Y*3RY)) x L2((0,T) x ©) x L2((0,T) x 2 x Y*).

Theorem 5 1 (Convergence result for the solutions of the substitute problem). Let (¢, dc) be the solution of
(11) and wE and Q. their extensions as defined above. Then,

2,2 L 2,2

We 1o , Q- q,

where (9o, q,41) € L*((0,T) x Q;H%#(Y*;Rd)) x L?(0,T; H} () x L2((0,T) x ; L3(Y*)) are the unique
solution of the instationary two-pressure Stokes equations (21).

Proof. Since I,D: and 8%5, 5:121/5 are bounded, standard two-scale compactness arguments provide a sub-
sequence and 99 € L?((0,T) x Q;H#(Y;]Rd)) with 9y09 € L?((0,T) x Q x Y;R?) such that 0., eVi.
and G/t\zf_; two-scale converge weakly to 0y, V409 and 0:0¢, respectively, where oy is zero on Y \ Y*
and, thus, can be identified with an element in L*((0,T) x ©; Hf,(Y*;R%)). With the two-scale con-
vergence of w.(0) to df, we get 0o(0) = d}'. Testing the divergence condition (11b) with ¢ (t,z, %) for
¢ € C([0,T]; C2(Q; CF(Y))) yields the microscopic incompressibility condition (21b). Testing the diver-
gence condition (11b) with ¢ € C*°([0,T]; C°(2)) yields the macroscopic divergence condition (21c). For
a detailed derivation of the divergence conditions, we refer to [52, Lemma 4.9] where the quasi-stationary
case is considered.

Using the boundedness of Q., we can pass to a further subsequence and get Q € L2((0,T) x Q x Y) such
that Q. two-scale converges to §. In order to show that § is constant on Y, we test (11a) by ep(t,x, ) for
¢ € C([0,T] x Q; Cg(Y)). Due to this e-factor, all the terms converge to 0 besides the pressure term and,
thus, we get

e—0
(0,T) Q-

/// (t,2,y) divy (o(t, 2,y)) dedt

(0,T) Q Y*

0 = lim / /q}(t,x) divy (ga (t,x, f)) da dt

and, consequently, V4 = 0 on Y*. By the construction of the extension Q., one can deduce further VyGg=0
on Y and, thus, § € L%((0,T) x Q).

We test (11a) by o(t,z, %) for ¢ € C°°([0,T] x Hll/#(Y*;]Rd)) with divy(¢) = 0. To pass to the limit
e — 0, we employ the two-scale convergences of the unknowns . and §. as well as of the coefficient and
data given by Lemma A.7 and (13), respectively. Moreover, we note that or_, 0;0r. and eVor_ are of order
¢ and, thus, the terms with them vanish in the limit of (11a) and we get
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[ ] [ owTaztin o - (0007 45 00~ 0T T (45" 00) 5 D) -0

(0,T) Q Y*
+ AWy TV (A7 00) + WG TV (A5 00) T) 1 Yy (Ag )
— Gdiv,(¢) dy da dt

///\Ifo o — (Vaiy + Vyhon) - pdadt.

(0,T) Q v*

We test (22) with @op; for po € C([0,T] x Q) and ¢; € Hp,(Y*;R?) such that [ ¢1dy = e; for

%
i € {1,...,d}. Such functions ¢; can be constructed similarly to the proof of [7, Lemma 2.10]. For these test
functions, we can rewrite the pressure termas [ [ [ ¢divy(pop1)dydzdt = [ [ §0s,; 00 dy da dt, while
0.1)QY* (0,7 ©

we interpret the remaining terms as functional for ¢ € L?((0,T) x Q). Consequently, ¢ € L?(0,T; H'())
and we can integrate the macroscopic pressure term in (22) by parts. By a density argument, the resulting
equation holds for all ¢ € L*((0,T) x ©; Hy,(Y*;R%)) with divy(e) = 0.

In order to satisfy the equation for all test functions ¢ € L?((0,7) x ©; H%#(Y*;Rd)), we add a mi-
croscopic pressure ¢;. For this, we note that the Bogovskii operator provides the surjectivity of div, from
L2((0,T) xQ; H, (Y*; R?)) onto L?((0,T) x Q; L§(Y*)). Consequently, div,, has closed range and the closed
range theorem provides ¢; such that

/ //at g Ay o) - — (0:Tg Ay Moo — Tg VT (A 00) Ty 0bo) -

(0,T) Q Y*
+ Ao (g TV, (Ag e) + WG TV, (Ag o) ") s Vy(Ag )
+ Vi — g1 divy(p) dydadt

///W 0 — (Vaiy+ Vo) - o da dt

(0,T) @ v*

(23)

holds for all test functions ¢ € L?((0,7T) x €; H%#(Y*;Rd)).
To deduce (21a), it remains to show that

/MAO(‘PETvy(AalﬁO) + \I’aTvy(Ao_lﬁo)T) : Vy(Ao_:L‘P) dy=0
Y*

for a.e. (t,x) € QxY*. This can be done following the argumentation in the end of the proof of [52, Theorem
4.7].

Since this argumentation holds also after passing to an arbitrary subsequence before and the fact that
the solution of (21) is unique (see Lemma 5.2 below), the convergence holds for the whole sequence. O

Lemma 5.2 (Ezxistence and uniqueness of the solution of the two-pressure Stokes equations). There exists a
unique solution (99, q,41) € L*((0,T) x Q;H%#(Y*;Rd)) x L2(0,T; HY () x L2((0,T) x Q; L3(Y*)) with
D40, 0r (Vg Agtig) € L2((0,T) x Q x Y*) of (21).

Proof. Indeed, the existence of the solution is already secured by the homogenisation process. In order
to show the uniqueness, one can reformulate (21) in the abstract setting of Proposition 4.5 similarly as
in the e-scaled case. The construction and the estimates of M and A corresponds to the e-scaled case
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and become even simpler since there is no Korn-type inequality required. We define the operator B €
L(L*(; Hiy (Y5 RY)), (HY(Q) x L2 (Q; L§(Y™)))*) by

B(v, (p,p1)) //Vm @ —p1divy(v))dyde.

QY+

Its inf-sup stability can be shown as in Lemma [52, Lemma 4.10].
For the compatibility of the initial values 93", we note that 9y € L2((0,T) x Q; HE 2 (Y5 R%)). Moreover,
one can show B(0i, (¢, é1)) frj)fdlvy or)dy arguing as in the derivation of (21b) (21¢) by employing

the compatibility of the e- scaled 1n1t1a1 values. O
6. A Darcy law with memory for evolving microstructure

In (21), the macroscopic pressure term V,p contributes as source term similarly to \I/(—')— f . These two
terms differ in their microscopic structure, i.e. V,p is independent of y while \IJ(—)'— f has the y-dependence
arising from \If(—J'— . Thus, one would have to construct two different cell problems in order to account for this
coefficient. The following computation shows that the difference between the source terms V4§ and \I/(—Jr Vad
leads only to an additive difference of the microscopic pressure term. Let ¢ € H%#(Y*, R?), then we get by
integrating by parts

/q/(;rei‘%’dy:/(Vy(wo_y)‘f'ﬂ)ei'@dy:/(Vy<¢0_y)i+]l)€i‘90dy

Y * Y * Y *
:/eiwdy—/wo—y)idivy(so)dy,
Y * Y *

where the boundary term of the integration by parts vanishes since ¢ is zero on I and ¢ and o (t, z,y) — y
are Y-periodic. This computation allows us to rewrite the macroscopic pressure terms in (21a) leading to

/‘9 (g Agtto) - o — (0009 Ay oo — W VT (A 00) Wy Do) -

(0,7) Q Y*
+ uAgVy TV, (Ag o) : Vy(Agte) + ¥ Vag - ¢ — ¢ divy(p) dy dadt (24)
= [ [ [0~ Va9t 0) oo,
0,7) Q Y*

for
G=0—Wo—y)-Ved Doy =Db1— (o —y)-Vad
instead of (21a). The same substitution but in the strong form (20a), i.e
P1 =101 — (o —y) Vap,
cancels the coefficient ¥ T in front of the macroscopic pressure V,p, i.e. one can replace (20a) by

O (Ag o) — V) (Ag M 00)Wg 0o — Jg M udivy (Ag 105 TV, (Ag o)

R (25)
—i—pr—i—\IJg Vb = f in (0,T)xQxY™".
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Having this reformulation, it suffices to consider only one type of cell problem for the contribution of the
macroscopic bulk term. The cell problem and its solutions (@,fri) are parametrised over the initial times
s € (0,T) and the macroscopic position z € Q and the direction e; for the initial values with ¢ € {1,...,d}.
It is given by: For given (s,z) € (0,T) x £, find éi(s,x,t,y) and 7;(s, z,t,y) such that

OH(AT ) — V) (A5 16T Do
—Jo tdivy (Ag 15 TV (AGTG) + VR =0 in (s, T) x YT, (26a)
Jildivy(G) =0  in(s,T) x Y*, (26b)
G=0 on (s,T) x T, (26¢)
(26d)
Agt(s)Ci(s) = e inY*. (26¢)

y = G Y -periodic,

The second cell problem and its solution (fmﬁrin) accounts for the contribution of the initial value of
(20). It is parametrised over the macroscopic position x € Q and is given by

O (Ag'C™) — V;(Agléin)‘l’(?laWo

—Jy  pdivy (Ag T, TV, (Ag ) + By TV, A =0 in (0,T) x Y*, (27a)
Jytdiv, (C7) = in (0,7) x Y*, (27b)

(m=0 on (0,T) x T, (27¢)

y s (0 gin Y -periodic, (27d)

A1 (0)CM(0) = ol inY*. (27¢)

Comparing these two cell problems with (25), (20b)—(20g) leads to

tod
- Pin 1 2 ? A
Uo(t,$,y):< (taxay)+7/ZCl($7xat,y)(fz78"51]))7 (28)
® 0 =1
tod
A N . 1 . N R
Q1(t7xay)+pb,l(t’xay):Wo(tam7y)+;/Zﬂ-i(sal‘;tay)(fiiaﬂ:ip)' (29)
0 =1

Remark 6.1. Note that the bulk source terms in (25) become an initial value in the cell problem (26). Thus,
the solution of the cell problem does not have the same physical unit, namely fi are accelerations of the
fluid and not velocities. This is also addressed in (28) by the time integration. This reformulation leads
to incompatible initial data in (26), i.e. the initial values do not satisfy the zero boundary values at T
Thus, it does not satisfy the assumptions of Proposition 4.5. Therefore, we have to use a weaker solution
concept, which provides the time derivative and the pressure only in a distributional sense. For this, one
can reformulate (26) in an operator formulation for which [55, Theorem 7.14] provides the existence and
[55, Theorem 7.19] the uniqueness of a solution.

For the case of a stationary domain one can integrate the first cell problem over the time and consider
there an inhomogeneous right-hand side in the momentum equation and a homogeneous initial value (see
[6]). Then, one has to integrate over the time derivative of the cell problem in order to identify the two-scale
limit of the velocity. In our case of an evolving domain, this integration of the cell problems would lead to
additional terms due to the time-dependent coefficients and thus complicate the structure.
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In order to compute the effective fluid velocity, we define
0= / Vo dy .
Y*

Separating the macroscopic and microscopic variable in (28) and in (20c) gives the following integro—
differential equation as homogenised system

o(t, x) = 9™ + /K(s,t,x)(f — Vp)(s,z)ds in (0,7) x Q, (30a)
0
div,(3(t,x)) = —/divy(@p)(t,x,y) dy in (0,7) x Q, (30b)
v
P(t, ) = pu(t, x) on (0,7) x €, (30c)

where the permeability-type tensor K (s,t,x) is given by
K(Sa ta $)ji = / CZ(Sa t7 z, y) T €y dy
Y*
and the initial value 9™ by

o (t,2) = /5o(t,x,y) dy.
Y*

In order to give © a physical interpretation, we consider the back-transformation of the limit equations
in the following section.

In the case that we model a no-slip boundary condition at vr_, one has vr_(t,7) = b (t, 1 (t, 2)),
which gives o, = A.0;1) and allows the following simplification.

Lemma 6.2 (Macroscopic divergence condition for a microscopic no-slip boundary condition). Assume that

vr, (t,x) = Oy (t, - (¢, x)) for x € T.(t). Then, one can simplify the right-hand side of the macroscopic
divergence condition (21c) to

¢ div, tody | dedt = — ¢ [ divy(dr)dydadt
[ fou(/ [ o]

0,T) Q2 0,T) Q2 Y * (31>
d
= / / 9O dvdt
0,T) Q2

for ©(t,x) = |Y*(t,z)| and every ¢ € L*((0,T) x Q).

Proof. The Jacobi formula states that almost everywhere

% det(A()) = tr(Adj(A(t)) B A(t)) = det(A(£)A~L(t) : B AT (t)

for every A € Wh°(0,T)"*™. With the Leibniz rule, the Jacobi formula applied to 9,1y and the Piola
identity, we infer
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divy(AO(t,xay)atwO(ta l‘7y))
= AO(ta xz, y) : vatwO(ta €, y) + diVy(Ao(t, z, y))at'l/)O(t’ z, y)
= 8tJ0(t7$ay) +0- at’(/}O(t7 m,y) = 8tJ0(t7$ay) .

Hence, we obtain

/divy(Ao(t,x,y)ﬁpg(t,x,y)) dy = /8tJ0(t,x,y) dyz@t/Jo(t,a:,y) dy
Y*

Y+ Y+

d
= —0O(t,z). O
39t 2)
As consequence of Lemma 6.2, we can simplify the right-hand side of (30b) to

divy (0(t, ) = —%@(t,x) in (0,T) x Q. (32)

7. Back-transformation of the two-pressure Stokes system

In the last step, we transform the two-pressure Stokes equations (20) and the cell problems (26) and (27)
back to the actual moving cell domains. We separate again the macro- and microscopic variable, which leads
to the Darcy law with memory (2). We note that a priori it is even from a formal point of view not clear

that b =v = [ wydy, due to the transformation coefficient \Ilal in 99 = Agvg = JO\I/alvo. Nevertheless,
Y *(t,x)

we can employ the microscopic incompressibility condition in order to identify ¢ with v. Moreover, we show

that K = K.

Let

UO(tax,y) = Aal(t7xaqpal(taxay))@O(t,wial(tvma y))a
@O(t7xay) = Ao(t,l', y)’UO(taxa ¢0(t,$, y)) .

This choice is motivated by Lemma A.8, since it gives

2,2 2,2
v, — g if and only if O, —— 9. (33)

We use this substitution in the two-pressure Stokes equations (20) with the version (25) for the momentum
equation. The resulting equation can be transformed to the moving domain by means of ¢y similarly to the
transformation of the e-scaled Stokes equations leading to (38). However, one has to be careful with the
transformation of the pressure terms and the macroscopic divergence condition. The macroscopic pressure
term in (20) has the coefficient ¥ T, which does not cancel in the back-transformation since there is no
y-derivative. This can be circumvented by the substitution of (20) by (25), where this coefficient is cancelled
by the substitution of the microscopic pressure ¢j. For the weak form, one has to use analogously (24)
instead of (21a).

A similar problem arises in the back-transformation of the left-hand side of the macroscopic divergence
condition, where the factor ¥, Lof Ag = Jo¥y ! does not cancel since there is no y-derivative involved, i.e.

/ﬁody:/Ao(t7Jfay)UO(tﬁCaﬁfo(tvxay))dy: / \Ijo_l(t,l’,wo_l(t,,f,y))Uo(t,$7y)dy.

Y Y+ Y*(t,z)
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As for the pressure, we separate the microscopic oscillating part of the coefficient. But instead of shifting
it to a microscopic term, we show that it cancels in this term due to the microscopic incompressibility of
0o, i.e. we rewrite 9o (¢, z,y) = Ao(t, x,y)vo(t, z, %o (t, z,y)) and use Lemma 7.1, which is given below, for
u(t,z,y) = vo(t, z, Yo (t, z,y)) to deduce

/ o dy = / Aot 2, y)volt, @, do(t, @, ) dy

Y~ Y (34)
= /JO(t,my)vo(t,a:7z/)0(t,m7y))dy: / UOdy'
Y Y= (t,2)
Lemma 7.1. Let u € L*(; Hy, (Y™ R%)) with
divy (Ao(z,y)u(z,y))dy =0 (35)

for a.e. x € Q. Then,

/ Aoz, y)u(z, y) dy = / Jo(z, y)ulz, y) dy (36)

for a.e. x € Q.
Proof. For ¢ € R%, we note that

Al = JoU5 "¢ = Job + (1 — o) JoWg '€ = Jo& + 9y (y — Yo) Aoé
Vy((y — o)1) - A€ (37)
= Jo& +
Vy((y — vo)a) - Ao§
We set & = u for u € LQ(Q;H%#(Y*;]RCI)) with divy(Ao(z,y)u(x,y)) = 0. Then, we integrate the second

summand on the right-hand side of (37) over Y*, subsequently integrate by parts and use the microscopic
incompressibility condition (35). This shows

[Vt = vl ) - Aol pute ) dy

Y*
= - /(yz —Po(w,y)i) - divy(Ao(z, y)u(z,y))dy = 0
Y*
for every i € {1,...,d}, where the boundary integral of the integration by parts vanishes on T since w is

zero on I' and vanishes on 0Y NJY™* since y — 1y, Ag and u are Y-periodic. Therefore, the second summand
on the right-hand side of (37) has mean value zero and vanishes after integrating over Y*, which yields
(36). O

The strong form of the back-transformed two-pressure Stokes equations is given by

Orvo — pAyy(v0) + Vep + Vyp1 = f for (t,z) € (0,T) x Q,y € Y*(t,2), (38a)
divy(vg) =0 for (t,2) € (0,T) x Q,y € Y*(¢t,2), (38b)
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div, / vody | = — / divy (vr) dy for (t,x) € (0,T) x £, (38¢)
Y+ (t,z) Y*(t,x)

vo =0 for (t,x) € (0,T) x Q,y € T'(¢t,z), (38d)

D =Dy on (0,T) x Q, (38e)

Y = Vg, P1 Y -periodic, (38f)

vy = v forx € Q,y € Y*(0,2). (38g)

Similarly, one can transform-back the weak form of the two-pressure Stokes equations, which leads to:

Find (v0,¢,q1) € L2((0,T) x Hlyp, oy (Y*(t,2);RY)) x L2(0, T3 HE(Q)) x L2((0,T) x ; L3(Y*(t,z))) with

0o € L2({(t,z,y) € (0,T) x QA x Y |y € Y*(t,2)};R?) such that

/ / / 0o - o+ uVyvo : Vyp + Vaq - ¢ — qn divy () dy dz dt

(0.T) Q@ Y*(t,z)
(39a)

- / / / Fop— (Vapo + Vypo) - pdadt,
(0,T) Q Y*(t,x)

¢1 diVy(UO) dzdt=0 5 (39b)

(0.T) Q Y*(t,2)

//ng / vodydxdt:—///qbdivy(vp)dxdt, (39¢)

(0,T) Y (t,z) (0.7) Q v+

vo(0) = v’ (39d)

for all (2,6, ¢1) € Hi, ) (V*(t,2);RY) x L2(0,T; HY () x L2((0,T) x ©; LA(Y*(¢,2)).
The space L?((0,T) x Hi,&r(t x)(Y*(t,x);Rd)) has to be understood as the subspace of L2((0,T) x
H%E(Y;Rd)) of functions that are zero in Y®(¢,z) for a.e. (t,z) € (0,7) x Q. We understand dyvg €
L2({(t,z,y) € (0,T) x 2 xY | y € Y*(t,2)};R?) in the sense that dyv9 € L2((0,T) x Q x Y;R?) and
Orvp =0 in Y3(¢,z) for a.e. (t,z) € (0,T) x Q.

We note that (39¢) shows that div,( [ wvody) € L*((0,T) x Q).

Y*(t,x

By transforming the weak forms, one E)bt)ains the equivalence of the weak form (39) to the weak form
(21b)—(21d) with (24) in the sense that (9, 4, ;) solves (21b)—(21d) with (24) if and only if (vg, ¢, q1) solves
(39), where

'lA}O(tvxa y) = Ao(t,l',y)’ljo(t71',y,l/}0(t,x,y)), (j(t,fﬁ) = q(tvx) )
di(txay) = Q1(t7$a¢0(t7$ay)> .

The latter identity is equivalent to

@1(t,$,y) - (’(ﬂo(t,x,y) - y) ' quA(t,J)) = (ﬁ(t’xay) = Q1(tax7w0(t’xay))

and, hence, §1(¢t,z,y) = q1(t,x,%0(t,x,y)) + (Yo(t,z,y) — y) - V4(t,x), which corresponds with back-
transformation rules of the correctors of the gradients derived in [50].

Having the equivalence of the e-scaled problems and the two-pressure Stokes problem, we can transfer
also the two-scale convergence of w., ¥, and §. to we, v, and gq., respectively. We note that we have to



28 D. Wiedemann, M.A. Peter / J. Math. Anal. Appl. 546 (2025) 129222

extend the functions in order to define the (two-scale) convergence. We extend w,. and v, by zero as we
have already done for the transformed functions ., 9., i.e. we denote by w. and ?7; their extension by zero
to . Since the transformation mapping . is defined on all of £, we have @;(t, x) = we(t,Ye(t,z)) and
@A;(t,x) = 0c(t, Y (t,x)) for a.e. (t,z) € (0,T) x Q. For the extension Q. of the pressure §., we have used
the extension by its cell-wise mean value. Consequently, in 2 this extension depends on the chosen .. In
order to formulate the convergence result independently of 1., we define analogously the extension Q. of
g to Q by

qe(t, ) for t € (0,T), z € Qc(t),

Qe(t,x) = m(kfy)(jg(t,x) for t € (0,T), z € B Ne(k+Y)fork € K. .
e(k+Y™*

(40)

We note that Q. (t, ) = Q.(t, 1. (t, x)) holds for (¢, z) € (0,T)x 2 but not necessarily for (¢,z) € (0,7) x Q3.

Nevertheless, this equivalence suffices in order to translate the convergence of QE to the convergence of @;

Theorem 7.2. Let (we,q:) be the solution of (7) and w; the extension of w. by zero, Q. the extension of q.
defined by (40) and vy the extension of vo by zero to Y. Then,

2,2 2,2
We — 1 Q: —>¢q, (41)
and, thus, in particular,
We — vV = / vody in L*((0,T) x Q), Q. — q in L*((0,T) x Q), (42)

Y*(t,x)
where (v, q,q1) s the solution of (39).

Proof. Lemma A8 gives the two-scale convergence of w. and Q. (t, 9= (t,z)) to (vo,q) with vo(t,z,y) =
do(t, 2,105 H(t, 2, y)) and g = ¢, where (9, §) are the two-scale limits of 1. and Q.. Arguing similarly to [52],
one can deduce from the weak convergence of Qe(t, - 1(t, 7)) to q the weak convergence of Q. to g. Since
(D0, §) is the first part of the solution of (21b)—(21d) with (24), (v, q) is the first part of the solution of

(39). O

In the case of a no-slip boundary condition at T'(t), i.e. in the case that v, = 9y (t, 71 (¢, z)), one
can again simplify the right-hand side of the macroscopic divergence condition as in Lemma 6.2 to

. o d .
divy ( / Uo(t,l‘,y) dy) - _a(_)(tax) mn (OvT) x Q.

Y *(t,x)

In order to separate the micro- and macroscopic variable in (38), we define

u(t,z) = / vo(t, x,y) dy (43)

Y *(t,x)

and note that (34) shows 0 = v.

Separating the micro- and macroscopic variable in (38) for the case of the no-slip boundary condition
leads to the Darcy law (2), with the permeability tensor (3), the initial value (5) and the cell problems (4)
and (6). For the general case, one gets the same result but with (44) instead of (2b), where
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divy v(t,z) = — / divy (vr(t, z,y))dy = — / vr(t,z,y) -ndy. (44)
Y+ (t,x) T'(t,x)

In particular, the macroscopic velocity is divergence-free if the integral of the normal component of the
boundary values over I'(t,z) vanishes for all x €  and for each time.

Funding

The research of D.W. was supported by a doctoral scholarship provided by the Studienstiftung des
Deutschen Volkes. This work was supported by the EU through the H2020-MSCA-RISE-2020 project Ef-
fectFact, Grant Agreement ID: 101008140.

Acknowledgments

We would like to thank Dr. Christoph Zimmer for helpful discussions and comments on differential-
algebraic equations.

Appendix A. Two-scale convergence

For the limit process, we use the notion of two-scale convergence, which was introduced in [37,7], see also
[30].

Since we consider a time-dependent problem, we use the following with time parametrised version of
two-scale convergence. In what follows, let Y = (0,1)%.

Definition A.1 (Two-scale convergence). Let p € [1,00), ¢ € (1,00) and % + % =1, % + 4 =1. A sequence
ue € LP(0,T; L1(R2)) two-scale converges to ug € LP(0,T; L1(2 x Y)) if

lir%//uatm tx dxdt ///uotmy (t,x,y)dydxdt
E—r

(0,T) Q (0,T) Q Y

Q

for all ¢ € LP (0,T; LY (Q; Cx(Y))). In this case, we write u. LALN ug, or ug(t,x) LLLN uo(t, z,y) if we

want to emphasize the dependence on the variables.
For p,q € (1,00), we say that u. strongly two-scale converges to ug € LP(0,T; L%(Q x Y)) if and only

. b, q . . . b,q
if ue = gy and hm Hu5||Lp(07T;Lq(Q)) = |luollLr(o,1;L9(2xy))- In this case, we write ue —=» wug, or

ue(t, x) b, uo(t, x y) if we want to emphasize the dependence on the variables.

Moreover, we have the following well-known compactness result.

Lemma A.2 (Two-scale compactness). Let p,q € (1,00) and u. a bounded sequence in LP(0,T; L1(Q)).

Then, there exist a subsequence u. and wy € LP(0,T;L1(Q x Y)) such that for this subsequence

Ug P4, ug. Moreover, if also eV, . is bounded in LP(0,T;L%(RY), there exist a subsequence u. and

ug € LP(0,T; LI(Q; W;&q(Y))) such that u. b4, ug and eVu, LA V.

Due to the transformation of the equations in the reference coordinates, we obtain coefficients which
strongly two-scale converge. For those, the following two product results become useful. They can be derived
for instance using the unfolding operator.
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11 11
T n = 3 and u. be a sequence

in LP1(0,T;L%(Q)) and uy € LP*(0,T;L9(Q x Y)) such that u. PLa, ug. Let ve be a sequence in
LP2(0,T; L?=2(Q)) and vg € LP2(0,T; L2 (2 x Y)) such that vgp% vo. Then, ugv, b9, UV -

Moreover, if also p,q € (1,00) and 028, vy one has ve 2L v,

Lemma A.3. Let p,q,q1,p2,q92,p,9 € [1,00) with pil + p% =

In the case that the sequence u. is also essentially bounded, one can preserve the integrability.

Lemma A.4. Let p,q € (1,00). Let u. be a bounded sequence in L*((0,T) x Q) N L*((0,T) x Q) and
2,2

up € LY((0,T) x Q) N L>®((0,T) x Q) such that uc —— ug. Let v. be a sequence in LP(0,T; LY(2)) and

vg € LP(0,T; LI(2 X Y)) such that v b4 v (Tesp. ve b4, vg ). Then, usve P4, UV (TeSp. UVe P4,

Uo’l]o).
A.1. Transformation and two-scale convergence

Following [50], we obtain the following result on two-scale convergence in the context of the microscopic

coordinate transformation.

Lemma A.5 (Bounds for the Jacobians). Let 1. satisfy Assumption 2.1(R1)-(R2), Assumption 2.1(B1) for
Il = 1. Then, there exists a constant C such that

el Lo (omyx) + 122 e 0,y <) + 1ell Lo 0,myxe) < C,

12 M oo (0,75 90) + [[Aell Lo 0,7y 2) + I1AZ Lo 0,1y x0) < C

00 || Lo 0,7y x02) + 10292 | Loe (0.1) x2) + 10e el o< (0. 1)x02) < C
100 oo (0.1 x2) + 106 Azl Lo 0,7y k) + 10:AZ | Loe 0.1y x2) < O

Assume that additionally Assumption 2.1(B1) is satisfied for | = 2. Then, there exists a constant C such
that

el|02Well Lo 0,1y x0) + €8xV I Lo (0,7 0) + Ell0adell Lo ((0,m)x0) < C,
el|02 I Lo ((0,1)x02) T €10z Ae|| Lo (0. 7)x0) + El0x AT | Lo (0,1 x0) < C,
e|010: Ve || Lo 0,1y x ) + 10005 Y | oo 0,1y x ) + 10003 Je || Los (0.1)x02) < C,
€020 I | Loe (0.7 x ) + Ell 0Ot Ac| Loe (0,7 x ) + Nl 020k AZ | Loe (0.7 x0) < C-

Proof. Lemma A.5 can be shown by rewriting all quantities in terms of polynomials in 0,%., 0;0:¢¢,

£0,0,1c, €0,0,04p. and J- 1 which are bounded by the assumption. We refer to [50], [51], [52] for a more
detailed proof. O

Lemma A.6 (Bounds under transformations). Let 1. satisfy Assumption 2.1(R1)-(R2), Assumption 2.1(B1)
forl=1. Let p,q € [1,00) and u. be a sequence of functions and t.(t, ) = u(t,:(t,x)). Then,

ue € LP(0,T; LY(02:(t))) if and only if G € LP(0,T; L9(82)),
u. € LP(0,T; WH4(Q.(t))) if and only if G € LP(0,T; WH(Q,)),
u. € HY(QD) if and only if G € H((0,T) x Q).

Moreover, in all three cases, ue is uniformly bounded if and only if . is uniformly bounded.
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The space LP(0,T;L9(.(t))) can be understood as the measurable functions on QI such that
Iw()ll Lace. )| o,y is finite. The space LP(0,T; W9(Q.(t))) has to be understood as the subset of
LP(0,T; L4(Q:(t))) such that u(t) € WH4(Q.(¢)) for a.e. t € Q and d,u € LP(0,T; LY(Q:(1))).

Proof of Lemma A.6. Lemma A.6 follows directly from coordinate transformation and the uniform essential
bounds for the Jacobians of ¥.. O

For the Jacobians of the transformations, we obtain the following asymptotic behaviour:

Lemma A.7 (Two-scale convergence of the Jacobians). Let 1. satisfy Assumption 2.1(R1)-(R2), Assump-
tion 2.1(B1) for 1 =1 and Assumption 2.1(A1)-(A2), 2.1(A4)-(A5) Then, for every p € (1,00),

\Ija pap \I/(), \I/_l p,p \I,al7 Jg p7p J07 J—l p7 Jo—l7
A 2Py 4, At BBy gt o, 22y 9,0, o wt Ly 9,wgt
aJ. B2y o, 7, ot 2By 9,051 a,A. 220 54, 9 ATt DLy 9,451

Assume that additionally Assumption 2.1(B1) is satisfied for | = 2 and 2.1(A3), (A6). Then, one has
additionally

0,0, 2Ly 9,0, | 0,0t 2Ly 9,05t oy J. 2L 0,04,
samle’ 8JO : 0, A. 2Ly 9, A9, 68A1p’ 9,A5"
0,0,9. L5 9,0,0, 0,0,071 2Ly 9, 0,05 | c0,0,J. L2 0,0, ,
0,0, 01 2Ly 9,0,05 | 0,0, A. 255 0,0,4, , 0,0,A7* 2Ly 5,0, A5" .

Proof. The first part was shown for the time-independent case in [50], the time-dependent case can be
deduced by the same argumentation and is given also in [51]. The second part becomes relevant for the
Stokes problem and is presented for the time-independent case in [52], while the time-dependent case can
be deduced by the same argumentation. O

Moreover, we can translate the two-scale convergence between the transformed and untransformed setting
as follows.

Lemma A.8 (Transformation and two-scale convergence). Let 1. satisfy Assumption 2.1(R1)-(R2), As-
sumption 2.1(B1) for | = 1 and let ¥y satisfy Assumption 2.1(L1)-(L3) such that the convergence of
Assumption 2.1(A1)-(A2) is satisfied. Let p,q € (1,00) and u. € LP(0,T; LI(2)) be a sequence of functions,
Ue(t, ) = uc(t, ¥ (t,x)) and ug € LP(0,T; L1(Q x Y)). Then,

Uge P4, Uo if and only if Ue P4, g ,
Ue b4, UQ if and only if e b4, ig ,

where ﬁO(t7 z, y) = Uo(t7 Zz, 77[}0(t7 Zz, y))
Moreover, if ue € LP(0,T; WH4(Q)), up € LP(0, T; WH4(Q)), uy € LP(0,T; L($; W#q(Y))) one has

Ve LN Vo + Vyur if and only if Vi P, UV lg + Vi
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for ug = g and 41 (t,z,y) = ui(t,x,Yo(t, z,y)) + Vaeuo(t,z) - (Yo(t,z,y) —y). If ue € LP(0,T; WhH1(Q)),
up € LP(0,T; L(L; W;’q(Y))) one has

eVu, P4 Vyug if and only if eV 04, Vyiig

for g(t, x,y) = up(t, z, o (t, x,y)).

Proof. For the proof of the time-independent case, see [50]. The time-dependent case can be deduced by
the same argumentation. O

Remark A.9. Lemma A.5-Lemma A.8 are formulated for the two-scale convergence with the time as pa-
rameter. Since Assumption 2.1 provides also a uniform control of the time derivative of 1., the two-scale
convergence of . and its spatial derivatives holds also for every fixed point in time, in particular for the
initial time. Thus, one can also deduce Lemma A.5—Lemma A.8 for a fixed point in time, which becomes
useful for the investigation of the initial values.
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