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Abstract
In this paper, we consider iterative time stepping schemes for poroelasticity
including a nonlinearity in the flow equation. For this, we extend recently intro-
duced schemes, which converge with first- and second-order in the linear case,
to the nonlinear setting. In each step of the iteration process, the elastic and flow
equations are decoupled, which automatically linearizes the system. Numerical
examples prove the efficiency of the iterative schemes.

1 INTRODUCTION

In this paper, we extend two iterative schemes which were recently introduced for linear poroelasticity [1, 2] to the non-
linear setting. More precisely, we consider Biot’s quasi-static equations of poroelasticity [3], where the permeability is
allowed to depend on the porosity and, hence, on the divergence of the displacement [4]. Such nonlinear terms appear,
for example, in geomechanics [5]. A temporal discretization by the implicit Euler scheme not only yields a large coupled
system, which needs to be solved in every time step, but due to the nonlinear permeability it also calls for an additional
linearization step. Here, a standard choice is a Picard iteration, which is a particular fixed-point iteration. This approach
is used, for example, in refs. [4, 6]. Although one typically only needs a few inner iteration steps, the precise number is not
known and depends on the strength of the nonlinearity and the desired error tolerance. Even decoupled approaches such
as the popular fixed-stress scheme [7–9] need a linearization. Here, the elastic and flow equations are decoupled but the
latter is still nonlinear. The situation is different for approaches where one first solves the elastic equation. This is done,
for example, in the semi-explicit scheme introduced in refs. [10, 11]. Here, however, a restriction on the coupling strength
pops up, which excludes certain applications.
In this paper, we consider the iterative schemes of first- and second-order introduced in refs. [1, 2] and apply them to

the nonlinear setting. They combine the advantages of the semi-explicit (first solving the elastic equation such that no
additional linearization is necessary) and the iterative approaches (no restriction on the coupling strength for an appro-
priate number of inner iterations). After the formulation of the two schemes for the nonlinear poroelasticity equation, we
consider a numerical example showing the efficiency of these approaches.
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provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.
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2 NONLINEAR POROELASTICITY

Within this section, we introduce several poroelasticity models with nonlinear permeability. Moreover, we discuss the
spatial discretization, which then leads to a nonlinear differential–algebraic equation.

2.1 PDEmodel

Let Ω ⊆ ℝ𝑑, 𝑑 ∈ {2, 3}, denote the computational Lipschitz domain and 𝑇 > 0 the considered time horizon. In
poroelasticity, we are interested in the displacement 𝑢 ∶ [0, 𝑇] × Ω → ℝ𝑑 and the pressure 𝑝 ∶ [0, 𝑇] × Ω → ℝ such that

−∇ ⋅ 𝜎(𝑢) + ∇(𝛼𝑝) = 𝑓 in (0, 𝑇] × Ω, (1a)

𝜕𝑡

(
𝛼∇ ⋅ 𝑢 +

1

𝑀
𝑝

)
− ∇ ⋅

(
𝜅 (∇ ⋅ 𝑢)

𝜈
∇𝑝

)
= 𝑔 in (0, 𝑇] × Ω (1b)

along with suitable initial and boundary conditions. The right-hand sides 𝑓 and 𝑔model the volumetric load and the fluid
source, respectively. Moreover, 𝜎 denotes the well-known stress tensor from linear elasticity, that is,

𝜎(𝑢) = 2𝜇 𝜀(𝑢) + 𝜆 (∇ ⋅ 𝑢) id, 𝜀(𝑢) =
1

2

(
∇𝑢 + (∇𝑢)𝑇

)
with the Lamé coefficients 𝜇 and 𝜆. For more details on the involved constants, namely the fluid–solid coupling coeffi-
cient 𝛼, the Biot modulus 𝑀, and the fluid viscosity 𝜈, we refer to refs. [3, 12]. The permeability 𝜅, on the other hand, is
allowed to dependent on the porosity in a nonlinear manner. In order to guarantee the existence of a (unique) solution,
we follow ref. [4] and make the following assumptions:

i) 𝜅 is Lipschitz continuous and
ii) bounded, that is, there exist positive constants 𝜅− and 𝜅+ such that 0 < 𝜅− ≤ 𝜅 ≤ 𝜅+ < ∞.

These assumptions imply, in particular, that the diffusion operator in (1b) defines a continuous and elliptic operator. In
the following, we discuss particular models which lead to a unique solution (𝑢, 𝑝).

2.2 Displacement-dependent permeability models

As a first example, we consider the network-inspired permeability as described in ref. [13] with an exponential dependence
on the displacement [14, 15] and an artificial lower bound to fulfill the above assumptions. Thismodels a network structure
where the likelihood of a channel being “open” depends on the local deformation.

Example 2.1 (Network-inspired permeability). Following [13], we set

𝜅(𝑠) ∶=

⎧⎪⎨⎪⎩
𝜅0𝛿, 𝜌(𝑠) < 𝜌̂,

𝜅0𝛿 + 𝜅0

𝜌(𝑠) − 𝜌̂

𝜌0 − 𝜌̂
, 𝜌(𝑠) ≥ 𝜌̂

with 𝛿 > 0, 𝜌0, 𝜌̂ ∈ (0, 1), 𝜌̂ < 𝜌0, and the porosity 𝜌 defined through

𝜌(𝑠) = 1 − (1 − 𝜌0) 𝑒
−𝑠.

Another well-established model is given by the Kozeny–Carman relation [16, 17].



ALTMANN and DEIML 3 of 8

Example 2.2 (Kozeny–Carman-type permeability). In [4, 18], one considers the permeability

𝜅(𝑠) ∶=

⎧⎪⎪⎨⎪⎪⎩

𝜅− ∶= 𝜅(𝑐𝑠), 𝑠 < 𝑐𝑠,

𝜅0

𝜌3(𝑠)

(1 − 𝜌(𝑠))2
, 𝑐𝑠 ≤ 𝑠 ≤ 𝐶𝑠,

𝜅+ ∶= 𝜅(𝐶𝑠), 𝑠 > 𝐶𝑠

with initially saturated permeability 𝜅0 and prescribed bounds 𝑐𝑠, 𝐶𝑠 such that

𝜌0

𝜌0 − 1
< 𝑐𝑠 < 𝐶𝑠 < 1, 𝜌0 ∈ (0, 1).

The porosity 𝜌 is given by

𝜌(𝑠) = 𝜌0 + (1 − 𝜌0) 𝑠.

Similarly, one may also consider nonlinear versions of thermoelasticity [19]. Here, the displacement is caused by the
temperature changes and the heat conductivity is allowed to be nonlinear.

2.3 Spatial discretization

Before we discuss different strategies on the time discretization, we shortly mention the spatial discretization of the
nonlinear poroelastic system (1). For more details on the differential–algebraic structure of the system, we refer to ref.
[20]. A suitable spatial discretization, for example, by finite elements [21–23], leads to the following problem: seek
𝑢 ∶ [0, 𝑇] → ℝ𝑛𝑢 and 𝑝 ∶ [0, 𝑇] → ℝ𝑛𝑝 such that[

0 0

𝐃 𝐂

] [
𝑢̇

𝑝̇

]
=

[
−𝐀 𝐃𝑇

0 −𝐁(𝑢)

] [
𝑢

𝑝

]
+

[
𝑓

𝑔

]
. (2)

We would like to emphasize that we assume that the discretization already includes the assumed boundary conditions. In
particular, we assume that the matrices 𝐀, 𝐁(𝑢), and 𝐂 are symmetric and positive definite. For 𝐁(𝑢), this corresponds to
the assumption that 𝜅 is positive. The couplingmatrix𝐃 ∈ ℝ𝑛𝑝,𝑛𝑢 is assumed to be of full (row) rank. As initial conditions,
we expect

𝑢(0) = 𝑢0, 𝑝(0) = 𝑝0

to be consistent, meaning that 𝐀𝑢0 = 𝑓(0) + 𝐃𝑇𝑝0. This condition comes from the first equation of (2).

3 TIME DISCRETIZATION

Aswe focus on the time discretization of the poroelastic equations, we take the semi-discrete system (2) as a starting point.
For all time integration schemes, we consider an equidistant partition of the time interval [0, 𝑇]with constant step size 𝜏.
This yields discrete time points 𝑡𝑛 = 𝑛𝜏. Moreover, assuming the right-hand sides to be continuous, we set 𝑓𝑛 ∶= 𝑓(𝑡𝑛)

and 𝑔𝑛 ∶= 𝑔(𝑡𝑛).

3.1 Implicit euler scheme

A direct application of the implicit Euler scheme to (2) yields

[
𝐀 −𝐃𝑇

𝐃 𝐂 + 𝜏𝐁(𝑢𝑛+1)

] [
𝑢𝑛+1

𝑝𝑛+1

]
=

[
0 0

𝐃 𝐂

] [
𝑢𝑛

𝑝𝑛

]
+

[
𝑓𝑛+1

𝜏𝑔𝑛+1

]
. (3)
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Hence, one needs to solve a (large) nonlinear system in each time step. For this, one often applies a simple Picard iteration,
compare refs. [4, 6]. This is a fixed point iteration which sets 𝑢𝑛+1

0
∶= 𝑢𝑛, 𝑝𝑛+1

0
∶= 𝑝𝑛 and computes

[
𝐀 −𝐃𝑇

𝐃 𝐂 + 𝜏𝐁(𝑢𝑛+1
𝑘

)

] [
𝑢𝑛+1
𝑘+1

𝑝𝑛+1
𝑘+1

]
=

[
0 0

𝐃 𝐂

] [
𝑢𝑛

𝑝𝑛

]
+

[
𝑓𝑛+1

𝜏𝑔𝑛+1

]

for 𝑘 = 0, 1, … . Here, each step requires the solution of a linear but still large and coupled system. In the following, we
consider decoupled methods which include an automatic linearization.

3.2 Semi-explicit euler scheme

In refs. [10, 11] a semi-explicit approach was introduced, which decouples and linearizes the system at the same time. For
this, one considers the system

[
𝐀 0

𝐃 𝐂 + 𝜏𝐁(𝑢𝑛+1)

] [
𝑢𝑛+1

𝑝𝑛+1

]
=

[
0 𝐃𝑇

𝐃 𝐂

] [
𝑢𝑛

𝑝𝑛

]
+

[
𝑓𝑛+1

𝜏𝑔𝑛+1

]
.

Since thematrix on the left is block triangular, one can first solve for 𝑢𝑛+1 and insert this into the second equation. Hence,
the flow and the elasticity equations are decoupled, which allows remarkable computational speed-ups. Moreover, since
𝑢𝑛+1 is computed first, 𝐁(𝑢𝑛+1) is fixed and the equation for 𝑝𝑛+1 turns linear.
It was shown in ref. [11] that this approach indeed provides a first-order scheme as long as the two equations are weakly

coupled. To be more precise, this means that

𝐶2
𝑑

𝑐𝑎𝑐𝑐
≤ 1

with the constants 𝐶𝑑 ∶= ‖𝐃‖2, 𝑐𝑎 ∶= 1∕‖𝐀−1‖2, and 𝑐𝑐 ∶= 1∕‖𝐂−1‖2. In the particular case of poroelasticity, this
assumption can be slightly relaxed. More precisely, it can be formulated in terms of the system parameters, namely

𝛼2𝑀

𝜇 + 𝜆
≤ 1.

Although this assumption excludes certain applications, this condition is satisfied for a large number of materials; see ref.
[24] for parameter tables in the field of geomechanics. Further note that this condition is independent of the nonlinearity.

3.3 Iterative scheme of first-order

In order to relax the condition of the coupling, that is, to broaden the field of applications, we consider an inner
iteration as introduced in ref. [1] for the linear case and translate it to the nonlinear setting. The scheme is closely
connected to the drained split [25] but contains an additional relaxation step. For this, we first introduce the relaxation
factor

𝛾 ∶=
2

2 + 𝜔
with 𝜔 ∶=

𝛼2𝑀

𝜇 + 𝜆
≤

𝐶2
𝑑

𝑐𝑎𝑐𝑐
.

Given 𝑢𝑛 and 𝑝𝑛 as approximations of 𝑢 and 𝑝 at time 𝑡𝑛, respectively, we first initialize

𝑢𝑛+1
0

∶= 𝑢𝑛, 𝑝𝑛+1
0

∶= 𝑝𝑛.
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We then solve for 𝑘 = 0,… , 𝐾 − 1,

[
𝐀 0

𝐃 𝐂 + 𝜏𝐁(𝑢̂𝑛+1
𝑘+1

)

] [
𝑢̂𝑛+1
𝑘+1

𝑝̂𝑛+1
𝑘+1

]
=

[
0 𝐃𝑇

0 0

] [
𝑢𝑛+1
𝑘

𝑝𝑛+1
𝑘

]
+

[
𝑓𝑛+1

𝜏𝑔𝑛+1 + 𝐃𝑢𝑛 + 𝐂𝑝𝑛

]
. (4)

As for the semi-explicit Euler scheme, the matrix on the left-hand side is block triangular such that the system can be
solved sequentially. Next, we consider a damping step of the form

𝑢𝑛+1
𝑘+1

∶= 𝑢̂𝑛+1
𝑘+1

, 𝑝𝑛+1
𝑘+1

∶= 𝛾 𝑝̂𝑛+1
𝑘+1

+ (1 − 𝛾) 𝑝𝑛+1
𝑘

.

This, however, is only performed for 𝑘 ≤ 𝐾 − 2, that is, not in the last step. After the last time solving (4), we simply set

𝑢𝑛+1 ∶= 𝑢𝑛+1
𝐾

∶= 𝑢̂𝑛+1
𝐾

, 𝑝𝑛+1 ∶= 𝑝𝑛+1
𝐾

∶= 𝑝̂𝑛+1
𝐾

as the new iterates.
We would like to emphasize that in the linear case there is a known bound on 𝐾, which guarantees first-order con-

vergence, namely 𝜔𝐾 < (2 + 𝜔)𝐾−1; see ref. [1]. For the nonlinear case, however, such a bound (and the corresponding
convergence analysis) remains an open problem.

3.4 BDF-2

As a representative of implicit schemes of second-order, we apply BDF-2 to the semi-discrete system (2). Since this is a
two-step scheme, we need initial data at times 𝑡0 and 𝑡1. More precisely, we assume given data 𝑝0, 𝑢0 as well as 𝑝1, 𝑢1,
satisfying the consistency conditions

𝐀𝑢0 − 𝐃𝑇𝑝0 = 𝑓(𝑡0), 𝐀𝑢1 − 𝐃𝑇𝑝1 = 𝑓(𝑡1).

The resulting scheme reads

[
𝐀 𝐃𝑇

3𝐃 3𝐂 + 2𝜏𝐁(𝑢𝑛+2)

] [
𝑢𝑛+2

𝑝𝑛+2

]
=

[
𝑓𝑛+2

2𝜏𝑔𝑛+2 + 𝐃(4𝑢𝑛+1 − 𝑢𝑛) + 𝐂 (4𝑝𝑛+1 − 𝑝𝑛)

]
. (5)

As for the implicit Euler scheme, we combine this approach with a Picard iteration in order to compute the new iterates.

3.5 Iterative two-step scheme of second-order

Similarly to the approach of Section 3.3, one can also construct a decoupled second-order scheme of BDF-type. Again,
we transfer the scheme introduced for linear poroelasticity in ref. [2] to the nonlinear setting. Since the result is a two-
step scheme, we assume initial data 𝑝0, 𝑢0 as well as 𝑝1, 𝑢1, both satisfying the consistency condition mentioned in the
previous section.
One step of the decoupled scheme then reads as follows: First, initialize

𝑢𝑛+2
0

∶= 2𝑢𝑛+1 − 𝑢𝑛, 𝑝𝑛+2
0

∶= 2𝑝𝑛+1 − 𝑝𝑛.

Second, solve for 𝑘 = 0,… , 𝐾 − 1,

[
𝐀 0

3𝐃 3𝐂 + 2𝜏𝐁(𝑢̂𝑛+2
𝑘+1

)

] [
𝑢̂𝑛+2
𝑘+1

𝑝̂𝑛+2
𝑘+1

]
=

[
0 𝐃𝑇

0 0

] [
𝑢𝑛+2
𝑘

𝑝𝑛+2
𝑘

]
+

[
𝑓𝑛+2

2𝜏𝑔𝑛+2 + 𝐃(4𝑢𝑛+1 − 𝑢𝑛) + 𝐂 (4𝑝𝑛+1 − 𝑝𝑛)

]
, (6)
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which is again a decoupled system. Except for the last step, that is, for 𝑘 ≤ 𝐾 − 2, we then apply the relaxation step as
before, that is, we set

𝑢𝑛+2
𝑘+1

∶= 𝑢̂𝑛+2
𝑘+1

, 𝑝𝑛+2
𝑘+1

∶= 𝛾 𝑝̂𝑛+2
𝑘+1

+ (1 − 𝛾) 𝑝𝑛+2
𝑘

with 𝛾 as defined in Section 3.3. Finally, we set

𝑢𝑛+2 ∶= 𝑢̂𝑛+2
𝐾

, 𝑝𝑛+2 ∶= 𝑝̂𝑛+1
𝐾

in the last step.
Again, we mention the bound on the iteration number 𝐾 for the linear case, which reads 3𝜔𝐾 < (2 + 𝜔)𝐾−1 according

to ref. [2]. For the nonlinear setting, such a bound is still unknown.

4 NUMERICAL EXAMPLE

For the numerical study of the iterative schemes, we revisit Example 2.1 with the network-inspired permeability. As in ref.
[11] we consider Ω = (0, 1)2, 𝑇 = 1, and set the parameters of the nonlinearity to

𝜅0∕𝜈 = 8 ⋅ 10−10, 𝛿 = 0.01, 𝜌0 = 0.4, 𝜌̂ = 0.2.

The remaining material parameters correspond to Boise sandstone; see ref. [24, Section 3.3.4]. In particular, we set

𝜆 = 7.826 ⋅ 108, 𝜇 = 1.826 ⋅ 109, 𝛼 = 0.85, 𝑀 = 7 ⋅ 109,

which yields a coupling constant of 𝜔 = 𝛼2𝑀∕(𝜇 + 𝜆) ≈ 1.94.
The right-hand sides are given by

𝑓 ≡ 0, 𝑔(𝑥, 𝑡) = 30 sin(𝜋𝑥1) exp(−𝑡).

As initial condition, we set

𝑝0(𝑥) = 50 (1 − 𝑥1) 𝑥1 (1 − 𝑥2) 𝑥2

with its consistent counterpart for 𝑢0.
We compare the schemes introduced in Section 3 for this problem. The calculations were run on two Xeon Platinum

8362 Processors, each having 32 cores of 2.8 GHz. The corresponding reference solution is obtained by the fully implicit
BDF-2with time step size 𝜏 = 2−10. For the spatial discretization, we choose themesh size ℎ = 2−7 for the reference aswell
as the experimental calculations. Hence, we only consider the temporal errors. We then compute approximate solutions
using (3), (4), (5), and (6) for time step sizes 2−𝑘 with 𝑘 = 3,… , 7. For the implicit schemes, we stop the Picard iteration
when the residual of the nonlinear equation (3) or (5) falls below 10−9. For the iterative schemes, we use fixed numbers
of inner iterations. The first-order scheme (4) converges even for 𝐾 = 1, while the second-order scheme needs at least
𝐾 = 2. To reach a higher accuracy in the nonlinearity, we also test both approaches with 𝐾 = 4 and 𝐾 = 7. The implicit
methods use BiCGStab with a Schur-type preconditioner, while the iterative methods use CG for both subsystems with
an algebraic multigrid preconditioner [26].
The convergence histories are illustrated in Figure 1. As expected, the schemes (3) and (4) converge with order one,

whereas (5) and (6) show second-order convergence (as long as the number of inner iterations 𝐾 is chosen sufficiently
large). Moreover, the implicit schemes have, in general, a higher accuracy for the same step size. For a fairer comparison,
we also compare the dependency of the obtained error and the runtime of the algorithm in Figure 2. There one can see
that the increased accuracy of the implicit schemes comes at the price of an over proportionally increased runtime. As
such, the semi-explicit schemes (4) and (6), at least for the chosen problem, are more efficient for all target accuracies.
Surprisingly, the best choice for the number of inner iterations for the first-order scheme (4) seems to be 𝐾 = 4 even
though convergence is already observed for 𝐾 = 1. This differs from the findings in the linear case, compare ref. [1].
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F IGURE 1 Convergence plot the implicit BDF schemes (3) and (5) as well as the iterative schemes (4) and (6). For all calculations we
used ℎ = 2−7. The reference solution was obtained using the second-order BDF scheme (5) with 𝜏 = 2−10. Errors are computed as an 𝐿1

average over the time interval [0, 1] using the Euclidean norm of the finite element vector spaces.

F IGURE 2 Comparison of the runtimes for the four schemes (3)–(6). Errors were computed as in Figure 1. The runtimes for the
second-order schemes also include the initialization costs of computing 𝑝1, 𝑢1 using an implicit Euler step.
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