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Abstract

We estimate the finite-time Lyapunov exponents for a stochastic partial differential
equation driven by a fractional Brownian motion (fbm) with Hurst index H € (0, 1)
close to a bifurcation of pitchfork type. We characterize regions depending on the
distance from bifurcation, the Hurst parameter of the fbm and the noise strength where
finite-time Lyapunov exponents are positive and thus indicate a change of stability.
The results on finite-time Lyapunov exponents are novel also for SDEs perturbed by
fractional noise.
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1 Introduction

The main goal of this work is to provide a tool for an analysis of a pitchfork-type
bifurcation for SPDEs perturbed by fractional noise given by:

du = [Au + vu + F(u)] dt + odWH.

u(0) = uop. (4.
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Here A is a linear operator with a one-dimensional kernel, the parameter v € R shifts
the spectrum of A, F is a stable cubic nonlinearity and ¢ > 0 denotes the intensity
of the infinite-dimensional noise, which is given by a Hilbert-space-valued frac-
tional Brownian motion (W (t))refo0,7) with Hurst index H € (0, 1). The stochastic
Allen—Cahn and Swift-Hohenberg equations are covered by this framework. The
results obtained in this work provide a novel bifurcation analysis also for stochastic
differential equations (SDEs) driven by fractional Brownian motion (fBm). Fractional
Brownian motion is a famous example used in order to model memory effects or
long-range dependencies. A fBm is a centered stationary Gaussian processes parame-
terized by the so-called Hurst index/parameter H € (0, 1). For H = 1/2, one recovers
the classical Brownian motion. However, for H € (1/2,1) and H € (0,1/2), fBm
exhibits a totally different behavior compared to the Brownian motion. Its increments
are no longer independent, but positively correlated for H > 1/2 and negatively
correlated for H < 1/2. Fractional Brownian motion has been used to model a wide
range of phenomena such as stock prices and financial markets (Stone 2018), activity
of neurons (Richard et al. 2018), dynamics of the nerve growth (Odde et al. 1996) or
fluid dynamics (Weiss 2013; Nourdin 2012, Section 2.6).

However, due to its non-Markovianity, dynamical aspects such as bifurcation theory
have not been investigated for systems perturbed by a fBm. Here we contribute to
this aspect and analyze a classical pitchfork-type bifurcation for equations driven
by a fbm using finite-time Lyapunov exponents. In contrast to the Brownian motion
(Bedrossian et al. 2022; Blumenthal et al. 2023; Gess and Tsatsoulis 2024; Blomker
and Neamtu 2023), to our best knowledge no methods have been developed so far
for the computation of (finite-time or asymptotic) Lyapunov exponents. The work
(Kuehn et al. 2022) investigates related aspects using early-warning signs to detect
changes of stability in a finite-dimensional slow-fast system perturbed by general non-
Markovian noise, in particular fractional Brownian motion with Hurstindex H > 1/2.
The analysis of the finite-time Lyapunov exponents for the SDE

dx = (vx — x3) dr + o dW, (1.2)

driven by a Brownian motion around its unique random equilibrium splits into different
cases.

For v < 0, one relies on deterministic stability and shows that FTLE is negative
with probability one. This is in other settings well known and was also only briefly
sketched in Blomker and Neamtu (2023).

For v > 0, one essentially relies on the structure of the invariant measure of (1.2),
where one needs that this has to be close to zero on a set of positive probability.
Together with an estimate of the paths of the Brownian motion on a finite-time horizon,
the estimates for the FTLE on a set of positive probability become quite accessible
(Callaway et al. 2017).

All these arguments, on which the analysis in Blomker and Neamtu (2023) heavily
relies, break down in the context of a fractional Brownian motion. Obviously, the events
describing the location of the random equilibrium at the initial time and the finite-time
estimates of the paths of the fractional Brownian motion are in general not independent
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anymore. In order to overcome this issue, we focus on deterministic initial data and
expect to obtain positive finite-time Lyapunov exponents for the SDE (1.2) with a
fractional Brownian motion. This technical step is justified in Lemma 4.1 which relies
on a support theorem for the solution of SDEs perturbed by fractional noise (Hairer and
Ohasi 2007). This implies that for any deterministic initial data, the solution of (1.2)
is located in a ball around zero with positive probability. This allows us to observe a
positive finite-time Lyapunov exponent with positive probability for (1.2) and provides
a novel insight in the dynamics of SDEs perturbed by fractional noise.

In order to analyze the SPDE case as in Blomker and Neamtu (2023), we rely on the
approximation with amplitude equations (AE) also studied in Blomker and Neamtu
(2022); Blomker et al. (2015). These results are valid for the full range of Hurst indices
H € (0, 1) and are applicable if the noise is given by a trace-class fractional Brownian
motion. This assumption was crucial in order to control the approximation order,
which further reflects the time-scale on which we observe the finite-time Lyapunov
exponents. The approach for amplitude equations follows the result of Blomker and
Neamtu (2023); nevertheless, we need to adapt the scaling in space time and keep
track of the various H -dependent error terms in the approximation via AE and heavily
influence the final result on FTLE.

Main Results. Relying on the self-similarity of the fractional Brownian motion

=2) law WH(T)e™2H  and of the derivative W (T¢72) faw 272y H (1),

wH (Te
the approximation of the SPDE (2.1) via amplitude equations was derived in Blomker
and Neamtu (2022). Based on this result and using the theory of finite-time Lyapunov
exponents (see Sect.3.1), we show the following behavior of FTLE from (1.1) near
a change of stability. The precise statement is based on the interplay between the
distance toward the bifurcation, intensity of the noise and Hurst parameter of the fbm:

1. Before the bifurcation, v < 0. The solutions of (1.1) are stable for all o with
probability one. Therefore, we show in Theorem 6.1 that all FTLEs are negative
with probability one.

I. After the bifurcation, moderate noise strength, 0 < o ~ v!! +3 « 1. Here we
have According to Theorem 6.3 instability, namely there is a solution for which
the finite-time Lyapunov exponent A7 > 0 is positive with positive probability,

for times of order 1/v +2 . Due to the nature of the approximation result (Theo-
rem 5.3), our result is applicable for times T of order 1/v#*1/2 but for technical
reasons not up to 0. This means there is a v dependent interval, where we can prove
that the FTLE is positive and this interval contains values of the type C/vf/+1/2
for some values of the constant C > 0.

The proof of this statement relies on the approximation with the amplitude equa-
tiondb = (b — b3) dT + -2 dﬂH(T), as established in Theorem 5.3, where

T
Ly tH

0 (T))r>0 is a fractional Brownian motion. A novel argument in the proof of
this statement is to start the amplitude equation in a suitably rescaled deterministic
initial data for which the solution of the amplitude equation is located in a ball
around zero with positive probability.
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III. After the bifurcation, small noise strength, 0 < o < vl +3 <« 1. Similar to
case II. we observe in Theorem 6.7 instability using the amplitude equation db =
(b —b%dT.

IV. At the bifurcation, 0 < vH +3 « 0 <K 1. Here we have stability as shown in
Theorem 6.10, meaning that A7 < O for all solutions with positive probability. The
proof of this statement relies on the approximation with the amplitude equation of
the type drb = —b3dT + dﬂH(T), where (ﬂH(T))Tzo is a fractional Brownian
motion.

This analysis provides novel results for finite-time Lyapunov exponents with frac-
tional noise and also improves the results in Blomker and Neamtu (2023) for the
Brownian motion. More precisely in order to prove the statement II., we show that it is
not necessary to start the solutions of the SPDE in the rescaled attractor of the SDE but
in an arbitrary rescaled small deterministic initial condition. This information allows
us to apply a support theorem (Hairer and Ohasi 2007, Proposition 5.8) from which
we can further find positive finite-time Lyapunov exponents for SDEs with fractional
additive noise and stable cubic nonlinearities with positive probability.

We transfer these results to the finite-time Lyapunov exponents of the SPDE (2.1)
approximating it with an amplitude equation as established in Theorem 5.3. A technical
step is to quantify the dependence on H of the approximation error between the
linearization of the SPDE and the linearization of the amplitude equation around a
solution which satisfies the support theorem.

Remark 1.1 Due to the nature of the approximation result (Theorem 5.3), our result is
only applicable for positive times 7' but for technical reasons not up to 0. The main
reason is that the error estimate derives a uniform bound of the error to the SDE valid
for all times, but as we divide by the time in the Lyapunov exponent, the error estimate
is not sufficient for small times. Nevertheless, we conjecture that a careful analysis of
the time dependence of the error might close this gap. But this requires completely
different methods for the estimates than the one established in the theory of AEs.

Remark 1.2 Another technical novelty and crucial difference to Blomker and Neamtu
(2023) arises in the proof of case I'V. Here we establish in Lemma 4.2 a lower bound
on the probability that the amplitude equation is small for lots of times. This argument
does not rely on stationary solutions and Birkhoff’s ergodic theorem as for the case of
a Brownian motion (Blomker and Neamfu 2023, Lemma 4.2), as this is not available
for solutions of SDEs driven by fractional noise. A crucial step in this argument is
given by the fact that the density of the amplitude equation perturbed by fractional
noise is not concentrated in zero (Besald et al. 2016).

In conclusion, Lemmas 4.1 and 4.2, on which the main results rely on, have been
obtained by totally different methods than those used in Blomker and Neamgu (2023).
Moreover, we improve these results by analyzing the dynamics of arbitrary solu-
tions instead of stationary solutions as considered in Blomker and Neamtu (2023),
Blumenthal et al. (2023).

In all cases I.-IV. we compute an error term between the two linearizations for
H € (0, 1) obtaining different bounds compared to Blomker and Neamtu (2023)
depending on the range of H.
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The paper is organized in the following way: Section 2 states all necessary assump-
tions and establishes the setting we are working in. In Sect. 3, we give a short remark
about existence and uniqueness of solutions for our SPDE. The properties of FTLE for
the corresponding AE are studied in Sect. 4, while Sect. 5 provides the key approxima-
tion result for AE. The final Sect. 6 states the main results in full details and provides
their proofs.

2 Setting and Assumptions

We work in the following setting. We let H stand for a separable Hilbert space and
consider the SPDE driven by an Hilbert-space valued fractional Brownian motion
(WH (t));¢10.71 with Hurst index H € (0, 1)

du = [Au + vu + Fu)] dt + cdWH @
u(0) = ug € H. '
We make the following standard assumptions on the linear operator A and on the cubic
nonlinearity F.

Assumption 2.1 (Differential operator A) The linear operator A generates a compact
analytic semigroup (¢’4),>( on H. Moreover, it is symmetric and non-positive and has
a one-dimensional kernel which we denote by /. We define the orthogonal projection
P. onto NV, set P, = Id — P, and obtain that H = N @ S, where S stands for the
range of P. The semigroup is exponentially stable on P;H which means that there
exists ;0 > 0 such that

e Psll oy < e, forallt > 0.

We further define the spaces H* = D((1 — A)¥) for « > 0 endowed with the norm
I lle = lI(1 — A)* - | and scalar product (u, v)e = ((1 — A)%u, (1 — A)%v) and
set H™% = (H%)* the dual of H*. It is well-known that (e'4),>0 is an analytic
semigroup on H* for every a € R. Finally, we have that N' C H* for all « > 0 since

(1— AN =N.
Under our assumptions, we have for some constant C > 0 depending on o > 0
that || A% Pyu|| > C|| Pyu|| for all u € H, which we use frequently.

Assumption 2.2 (Nonlinearity) We assume that there exists a Banach space X such
that

H*CXCH

for « € (0, 1/2) with continuous and dense embeddings. Moreover, the mapping
F : X — X* C 'H™“is a stable cubic (i.e., trilinear) nonlinearity with

(Fu) — F(v),u —v) §—c||u—v||§(, foru,v e X. 2.2)
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Let us remark that we can allow terms like C|ju — v||? on the r.h.s. of (2.2), but we
can always modify the linear term to remove these terms.

Assumption 2.3 (Noise) We assume that (W (t)):efo,1] 1s a trace-class fractional

Brownian motion on H. This assumption was made in Blomker and Neamtu (2022),
and in particular it implies that the stochastic convolution

t
Z(t) = / AU qw,
0

is well-defined and Z € C([0, T]; H*) forax < H.

Remark 2.4 For F, we can show the following sign condition. For any positive § > 0,
there is a constant C > 0 depending on § such that for all u, z € X

(Fu+2),u) < —cllu+zlx + Cllu + zlix izl < —8llully + Csllzly. (2.3)

As F is trilinear, we readily have that F is Fréchet-differentiable with
DFw)[h]l = F(u,u, h) + F(u, h,u) + F(h,u,u).

Moreover, for u, h € X we obtain due to (2.3)
1 1 4
(DF (u)h, h) = lim —(F(u + th) — F(u), h) < — lim —2||th|| =0. 24
t—0t t—0t

Let us remark additionally, that we use an estimate like DF.(b) < —cb? in our
proof that arises from the one-dimensionality of AV. In order to remove the condition
that V' is one-dimensional, we will need that F, is a genuine non-degenerate cubic
term with an analogous estimate. We refer to potentials similar to Gess and Tsatsoulis
(2024), where for example F(b) = —cb|b|* was treated.

In Blomker and Neamtu (2022), we used the following definition of the O notation.

Definition 2.5 We say that a term F, = O(f:) if and only if there exist positive
e-independent constants C and g¢ such that | F,| < Cf, for all ¢ € (0, go].

For a random quantity, we write F, = O(f:) if the above statement holds true on
a set with probability going to 1 if C — oo.

Assumption 2.6 For the stochastic convolution, we have for every small « > 0
P,Z=0OT and P.Z=PWI=00" (2.5)
uniformly in 7" on any interval [0, Tp] in the space X.
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Remark 2.7 These bounds were obtained using the scaling properties of the frac-
tional Brownian motion and the factorization method in Blémker and Neamtu (2022,
Appendix B). We have for every small « > 0

la _ Y
sup  [PWH@ E e sup | P.WH(T)| = O )

te[0,Toe 2] T€[0,7o]
with probability almost 1, whereas, with high probability

sup [PZ@®)ll = O@™™).
1€10,Toe~2]

3 Existence of Solutions

The existence of solutions of SPDE with additive fractional noise and stable cubic
nonlinearities was established in Maslowski and Schmalfufl (2004, Theorem 4.3).
In order to obtain some regularity properties of the solution, we briefly sketch an
alternative proof similar to the case of the Brownian motion (Blomker and Neamtu
2023) which relies on the Galerkin method and the standard transformationw = u—Z
that solves the random PDE

orw = Aw +vw + F(w + 2Z).

For this equation, one can apply classical pathwise existence results, see for example
Roger (1997), Tomdas (2013). This is based on (2.3) giving regularity in L*0, T, X),
together with the compact embedding of X into 7{!/?> and Aubin-Lions Lemma.

For initial conditions in H{ and Z being a continuous stochastic process with values
in H* C X, this shows global existence of solutions such that for all 7 > 0

u—2eL*0,T,H"/*) N0, T1, H)NL* O, T, X)

which also implies some regularity of ; (u — Z) as A(u — Z) € L>(0, T, H~'/?) and
F) € L*3(0, T, X*).

The pathwise uniqueness of solutions follows immediately from (2.2). For the
difference d = u1 — u; of two solutions u; and u, satisfying

ord = Ad +vd + F(u1) — F(u2)
we only need the differentiability of the H-norm to conclude
dlld|)* = (Ad + vd + F(ur) = Fuz). d) < v|d|*.

The differentiability of the norm follows, as we have

d=w —2Z)— (ur—Z) € L>(0, T, H"/>) N L>®0, T, H)
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by standard parabolic regularity together with d € L*(0,T,X) and F(u;) €
L300, T, X*).

With the arguments sketched above, one can prove the following theorem, which
we state without proof.

Theorem 3.1 Let Assumptions 2.1, 2.2, 2.3 be satisfied. Then, for all initial conditions
ug € 'H there is a unique (up to global null sets) stochastic process u with continuous
paths in H, which is a weak solution of (2.1) and satisfies for all T > 0

u—27ZeL*0,T,HY*) nc0, T1,H) N L*0, T, X).

3.1 Finite-Time Lyapunov Exponents

The linearization D, u(f, w, up) of (1.1) around a solution u (¢, w, up) with determin-
istic initial condition uq is defined as the solution v(z, w, ug, vg) of the linear PDE
called also the first variation equation, which due to the additive structure of the noise
is given by: see Blumenthal et al. (2023), Blomker and Neamfu (2022)

dv =[Av+vv+ DF(u)v] dt

v(0) = vy. G-

Remark 3.2 The Fréchet differentiability of the solution operator ug +— u(t, w, ug)
follows regarding that u € L%(0, T; H'/?) due to Debussche (1998, Lemma 4.4).

For t > 0, we denote the random solution operator U,,(t) : H — H such that
v(t) = Uy, (t)vo, where v is a solution of (3.1) given the initial condition vy € H.

Remark 3.3 Note that for any solution u € L*0,T,X) we have F(u) €
L4/3 0,T,X* C LY 3(0, T, H™). We can now use pathwise deterministic theory
for linear PDEs. For example, Galerkin methods show that for given vg € H there is
an (up to global null sets) unique stochastic process v with continuous paths in H and
ve L0, T;H'?) forall T > 0 that solves (3.1).

We define the finite-time Lyapunov exponent as in Blumenthal et al. (2023),
Blomker and Neamtu (2022).

Definition 3.4 (Finite-time Lyapunov exponent). Let t > 0 be fixed. We call a finite-
time Lyapunov exponent for a solution u of the SPDE with (random) initial condition
uo

1
k(o) = A(t, @, ug) = —In (0o Ol £cr)) - (3.2)

From the definition, it is clear that finite-time Lyapunov exponents measure local
expansion rates of nearby solutions. Negative finite-time Lyapunov exponents indicate
attraction, whereas positive ones indicate that nearby solutions tend to separate on a
finite-time horizon.
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Remark 3.5 We can compute || Uy, |l z() as follows

U Ol Ly = sup{llv@I/lv(0)|| v solves (3.1) with v(0) # 0}
= sup{|lv(®)|| v solves (3.1) with [[v(0)] = 1}.

Remark 3.6 Let us comment on the following.

(1) Both finite-time and asymptotic Lyapunov exponents have not been investigated
for S(P)DEs with fractional noise so far.

(2) For technical reasons which will be explained in Sect. 4, we restrict ourselves to
deterministic initial data u¢. The independence of u( from the fractional Brownian
motion helps us.

4 Finite-Time Lyapunov Exponents for Amplitude Equations with
Fractional Noise

In this setting, o > 0 and v > 0 are fixed quantities that depend on a small parameter
¢ and we assume the following upper bound:

V= (’)(82) and o = 0(82H+1).

Using the cubic nonlinearity and the interplay between v and o, we later obtain
1
amplitude equations of two types. In case of cv~2~ = (1), we have

o

db = (b + F.(b)) dT + T (1) 4.1)
whereas in the case V12 « &
db = F.(b) dT + dﬂfy (T), “4.2)

where (ﬂ;’ (T))Tef0,10] is an N -valued fractional Brownian motion rescaled in time
by a factor y, meaning that 8/ (T') = y*# g (Ty2) for some fractional Brownian
motion B

Lemma 4.1 (Positive FTLE for (4.1)) Fix Ty > O. Ifav*%*H = O(), then there is
an 1 > 0 such that for |by| < n sufficiently small, then

1
P <AT(b0) > Z> >0 forall T €0, Ty).

Proof Let us think of by being random and introduce the sets
A= {w e Q:by(w) € (=1, )},
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Ay =qJweQ: sup ,Blf{i(t)fz .
1€[0.7) 2

Here bg is the initial data of (4.1), n > 0 is small and ,35, is just a rescaled fbm.
Note that due to the non-Markovianity of the noise the events A} and A; are in
general not independent as in the Brownian case. Therefore, in order to guarantee that
PP(A; N Az) > 0 we consider only deterministic initial conditions bo (independent
of the fractional Brownian motion) and restrict ourselves to w € Q := A, where the
fractional Brownian motion remains small for a finite-time horizon. In this case, we
derive for €  that

b(T)| < (1 + ]GH)neT < sforall T € [0, To).

V2
This statement follows using the equation (4.1), the stable cubic nonlinearity and the
fact that w € . Alternatively one can apply the support theorem (Hairer and Ohasi
2007, Proposition 5.8) which states that for every deterministic initial data and every
path of the fbm, the solution of (4.1) will reach a small neighborhood of the origin with
positive probability. This information, combined with the fact that the noise remains
bounded on the finite-time interval [0, T'] which we consider, provides the upper bound
on b. Analogously to the case of the Brownian motion, such a bound on the solutions
implies the positivity of the FTLEs on the set of positive probability €2 since

T
At (b)) = %ln (exp <T +/O DF.(b(s, w)) ds)) > ‘1—‘,

choosing § := 5. O

For our result, we cannot rely on Birkhoffs ergodic theorem, instead we use a simple
argument similar to Blomker (2007, Theorem 3.4) to show that the set of times for
which the amplitude equation is small has a small probability. There it was used for
v < 0 in order to show pattern formation below the threshold of stability.

Lemma 4.2 (Negative FTLE for (4.2)) Suppose that vl 2 « o, fix Ty > 0, and
consider a solution of (4.2). Then, for all & > 0 there is a small positive time Ty — 0
for 0 — 0 such that uniformly for all T € [Ty, To]

P (AT(bo) < —c92) — las6 — 0.

Corollary 4.3 Under the assumptions of Lemma 4.2 for a fixed T, we have
Pr(bg) <0)=1.

For the proof just note that we can choose 6y such that 79 < T forall 8 € (0, 6p). But
now we have

P (Ar(bo) < 0) > P (Ar(bo) < —092) 1 forf — 0.
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Remark 4.4 In the proof we will see that Ty = 2,/pg which we will choose later by
(4.3). Let us remark that we expect py & c, as we can approximate the probability
by 2p(s)0 where p(s) is the value of the density for b(s) in 0. Thus, we could work
out a qualitative bound if we have more knowledge about the density of b.

Proof In order to prove the statement we have to make sure that the solution b does not
stay too close to zero for too many times. The linearization of (4.2) around a solution
b entails in this case

dp = DF.(b) dr.

We have to show that there exists a constant ¢ > 0 such that
1 T
M (bo(@) = 7 1In exp(/ DF.(b(s, w)) ds) <-&<0 forsomewandT.
0

Following Blomker (2007, Theorem 3.4), we define the set of times for which the
solution of the amplitude equation is small, i.e., for Tp > 0 and 6 > 0

T5(To) = [{s € [0, To] = |b(s)| < 0}]

and notice that

To
To(To) =/ L{b(s)|<6) ds.
0

Since 7y € [0, Tp] a.s. we can bound arbitrary moments of 7. We start by an
exponential moment bound. Let ¢ > 0 and obtain due to Jensen’s inequality

1 (T
]EEC%(TO) < F Eexp(cToll{‘b(s)‘Sg}) ds
0Jo

1 To 1 Ty
—/ P(|b<s>|>9>ds+—e”°/ P(lb(s)| < ) ds
To Jo To 0

cTy _

1+

To
/ P(lb(s)| < 6) ds.
0

Now since P(|b(s)| = 0) = 0 (since the density of the amplitude equation is not
concentrated in zero, see for example Besalu et al. (2016, Theorem 1.2, (I))), it follows
by dominated convergence that

To
Po = / P(|b(s)| <) ds — 0as 6 — 0. (4.3)
0
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Here we also use that the law of b is independent of 6. Therefore, letting 0 < yp < 1
and applying Markov’s inequality for the function x — ¢“* — 1, x > 0 we get

EecTo(T) — 1 To
, < — i — L forc — O.
eV — 1 eve —1 Ty Vo

P(Ty(To) = yo) <

Setting y» = ./po, we obtain that

P(75(To) = /o) < /o-

In conclusion, using DF.(b) = —cb*forT € 2, /pa, To]

1 T
a7 (bo) = 7/0 DF.(b(s, w)) ds < —%(T — Ty(T))6? < —%92 <0

on the set of large probability Q¢ := {75 (Tp) < ﬁg}, aswe have P(Q2g) > 1 — . /po.
O

5 Approximation of SPDEs with Fractional Noise via Amplitude
Equations

Here we prove an approximation result for the SPDE (1.1) which is different from

the one derived in Blomker and Neamtu (2022). We recall that T, = T&2, consider

v > 0 and fix ¢ € (0, go] for some g9 > 0 sufficiently small.

Assumption 5.1 We assume that we have the upper bounds v = O(e?) and 0 =
O(82H+1).

Ansatz 5.2 The process b is an N -valued process, which solves the amplitude equation
db = [ve™2b + F.(b)] AT + o 2H-1 agH (1), (5.1

where 8 2Ty = g2 p.wH (e_zT) is a rescaled fractional Brownian motion.

Theorem 5.3 Let u be a solution of the SPDE (1.1) with initial condition ug = O(¢)
in H such that Psug = O+ in H. Further, let b be a solution of(5.1) with
b(0) — e ug = O2H). Then,

u—eb(e?) = OEHTI=% L 279 on [0, T,] in H for all smallk > 0. (5.2)

Remark 5.4 We notice that for H > 1/2 the order of the error term is (’)(52’), which
is given by certain nonlinear terms, whereas for H < 1/2 we get O(¢2f+17) which
arises from bounding the stochastic convolution.
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Proof The proofis similar to Blomker and Neamtu (2022, Theorem 4.15) and Blomker
and Neamtu (2023, Theorem 5.3). Nevertheless, we provide the main arguments here
as well since it is crucial to get the scaling of all the error terms correctly.
First of all we show thatif ug = O(e) in H, thenu = O(e) in H on [0, T, ] regarding
that o Z = O(e) on [0, T;] (since PsZ = O(T*) and P.Z = O(T ) on [0, Tp)).
Using the standard transformation i := u — o Z, we obtain the partial differential
equation with random coefficients

il =Au+vi+oZ)+Fu+oZ).

Due to (2.3) using Young’s inequality, we obtain the estimate

1 5 . N 3
§8t||u||2 <vi+o0Z, i)+ (Fl+o2),i)

IA

vllil? + vo (Z, i) + Co* ZI1% — slillh

A

1 - -
5(v||u||2 — 8|l %) + Cwa 1 ZI* + o*1ZI1%)

IA

CW? +va? )| Z|I> + 0¥ ZII%) = Oeh).
Here we used that 0 Z = O(e) on [0, T,] since ¢ = Q2+, where T, = O(¢72)

and that v = O(e?). This completes the proof of the first step. Additionally, we can
also conclude that

1 1)
Eatuﬁn"’ = —Z||ﬁ||§ + 0O(eh,

which gives the L*(0, T., X) bound on i

T 2
/0 laOlk dr = S1aO)] + Oeh) = 0. (5.3)

In particular, we notice that since 0 Z = O(¢) the estimates of # do not depend on H.

Furthermore, following the steps of the proof of Blomker and Neamfu (2023,
Theorem 5.3) and regarding that Psug = 021+ and the properties of the
cubic term, we can derive that u; := Pu = O@2H*) in H on [0, T.] and
S N1y dr = O@*H+2), consequently [ [l (e 20|13 df = O(e*H+4). For
the convenience of the reader, we prove these statements. To this aim, we first use the
splitting

u= Pu+ Psu:=u,+ ug,

and define Z; := Py Z. Again we use the standard transformation # = u — o Z so that
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Thus, taking the stable projection P entails
Oty = Aty +v(us + 0 Zs) + P F(ue + 0 Zs + is).

Assumption 2.1 implies that the quadratic form of A on the unit sphere of PyH is
bounded from below by a positive constant. Therefore, we further obtain

(D i i i o
zaznusu2 < —clliis|? + vlis|? + viiis. 0 Zs) + (Fue + 0 Z + iy), ).

Using (2.3) together with the fact that ¢g is sufficiently small and thus v = O(?) is
small, we derive the energy estimate

1 5 c N
Eazuusn2 = =l I2 4+ Cva | ZylI* + C(llucly + oI ZsI1%) — Slliis Il
5.4

for two universal constants ¢, C > 0. Hence, via a Gronwall-type estimate, for all
t<T,

t
lias I < l12; O] + € / e (vo 2 Zs2 + ey + o 1ZI ) de.
0
We use that all norms are equivalent on A together with the bounds o = O(g21+1),

v =0(2), | Zs|lx = O(T*) and Psug = O(e2H+1) to obtain
s || = O(*+2) on [0, T.].
Thus,
lusll < llisll + o1 Zs | = OE* ) + 0" +17%) on [0, T;]

which bounds the error on P;H.

Remark 5.5 We notice that if H > 1/2 the order of ||us|| is O(¢). This follows since
4H+2>4and |luc|l < |licl| +0llZ:|| = OC(e) is the lower order term appearing in
the integral (5.4). We will see in Sect. 6 that the error term appearing in the computation
of the FTLEs will always be O(¢) if H > 1/2.

Moreover, from the previous inequality we can infer bounds on Psu in X. From
(5.4), we also obtain by integration

t t
6/ it |1} dr < lliis (0)]1 + c/ oI Zs 11> + lluelly + 11Z511%) dt
0 0
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and thus for H < 1/2
T. To
f lis(OII% dt = OE* ) or f lis(e 7201 df = O(e* .
0 0

Again if H > 1/2 the lowest order term is given by ||u, ||‘§( which results in

To

T:
/ lliis ()|} df = O(e*) and therefore / lits (e 20| dr = O(£5).
0 0

Remark 5.6 Here we notice that for a fixed time we get a better estimate for u; which
does not depend on «, which only comes from taking the supremum. We need then
Z(t) = O(1) for a fixed time ¢ which can be proven as in Blomker and Neamtu (2022,
Appendix B).

We now sketch the proof for the bound of the error term in A/. First note that on
Py’H we obtain

lusll < liisll + oI Zs || = OE*H T + O 17%) on [0, T;],

since ug; = O(e2H+1). We now show that ¢ ' Pu(e=2) — b = O(e2H) on [0, Ty]
for our fixed T, where u. := P.u satisfies the SDE

due = (vue + F(ue + ug))de + adWCH.
We define the error as
e =b— s_luc(£_2~)
and obtain regarding that WH (1672 = WH (1)e=2H in law
e = e+ PF(b) = PF (e u(e ™)),
Taking the inner product with e we further get

oLty o [P
2lelell =3 sllell” 4+ (Fe(b) — Fele™ u(e™"))e). (5.5)
£

We use with the short-hand notation u®(-) := ¢ lu(e~2-) and expand the cubic to
derive

(Fe(b) — Fe(u'®), e)
< (Felb) — Fo@®), &) + Cllell - (a1 16l 1 x 4+ 1115 + 1aE113)
< =Sllelx + Cllell - Uu 1211 x + 115 + 113
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1
< —58||e||§ + Clu* + Clul® %

Thus, from (5.5) we get

1 , o lv o 51 4 34 N
Sorllel® < > —llel —56||e||x+cuu£.”|| + Cllul 1%

Using a Gronwall-type estimate, we obtain for H < 1/2 and for all T € [0, Tp] with
constants depending on Tj

T
le(T) > < Clle(0)) + C/O O 1* + Cllul®|1}) dT = O(e*),

using the equivalence of the norms on A/, the L*(0, Ty, X)-bound for ug of order
O(e*1+4) and the fact that e(0) = O(e2#). This means that ge(-) is of order O (27 +1)
on [0, Tp] as claimed in (5.2). The case H > 1/2 leads to an error term of order O(¢)
using that [;/° [lii; (s "20) ||} df = O(e9). o

Remark 5.7 One can easily show thatb = O(1) using a standard comparison argument
for ODEs, see Blomker and Neamtu (2022, Lemma 4.10).

6 Lyapunov Exponents for SPDEs with Fractional Noise

6.1 Case v < 0: Stability

This is the trivial case where we always have stability meaning that the FTLEs are all
negative.

Theorem 6.1 Let Assumptions 2.1, 2.2, 2.3 hold true and let v < 0. Furthermore, let
u be a solution of (2.1) in the sense of Theorem 3.1 with deterministic initial condition
ug € H. Then for all T > 0 we have with probability one

P(hr(uo) <v) =1.
Proof The proofis similar to Blumenthal et al. (2023, Proposition 3.1 a)). We consider a
solution v of the linearized problem (3.1) around a solution u of (2.1) with deterministic

‘H-valued initial condition ug. Recalling thatv € H'(0, T, H~1/?>)nL?(0, T, H/*)N
C(0, T, 'H) we obtain using (2.4) the standard energy estimate

1
58,||v||2 = (Av, v) +v[[v]* + (DF v, v) < v|v|*.

This implies that ||v(z)| < ||v(0)|le"” for all ¢ > 0. Due to Remark 3.5, we have for
any time 7 > 0

1
AT (ug) = TIH(HUM()(T)”L(H)) <v
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which finishes the proof. O

Remark 6.2 The statement remains valid if we consider random initial data ug(w),
in particular the random fixed point of (2.1) whose existence was established in
Maslowski and Schmalfuf3 (2004).

6.2 Case 1> o ~ v/2+H; |nstability

In this setting we first recall that o/v!/>*H and v!/2TH /o are both O(1). Setting

g2 = v we obtain the amplitude equation

db = [b + Fo(b)] AT + ———dB,u (T). 6.1)
v2tH

Theorem 6.3 Let by be an initial data of (4.1) for which the corresponding solution
satisfies Lemma 4.1. Furthermore, let A1 be the finite-time Lyapunov exponent of
the SPDE (2.1) with initial data uy = &bg. For all terminal times Ty > 0 and all
probabilities p € (0, 1), there is a set Q2 with probability larger than p and a
constant Cp, > 0 such that for v € Qn Q) we have for all T € [0, Ty] that

1+H
Y Cplo—, ifH < 1)2
Ay 0 Pho) > 4 A P L (6.2)

The main ideas are the approximation of the SPDE (2.1) with the amplitude equa-
tion (4.1) for 2 = v, = O(e2#+1), Lemma 4.1 and the control of the approximation
error. We start the SPDE in by and have that ebyg = O(¢) since b = O(1). In this
situation Theorem 5.3 is applicable.

Now we control the approximation error between the linearized SPDE and the
linearized ODE. To this aim, we firstly introduce the slow scaling T = t¢? and define
U via

u(t) = U (te%).
Let v be the solution of the linearization of the SPDE around a solution u
;v = Av +vv + DF (u)v.
On the slow scale v(¢) = &V (&%) we have (using that DF is quadratic)
arV = 2AV +V + DFU)V.

Let ¢ be the solution of the linearization of the amplitude equation around a solution
b which satisfies the support theorem

org = ¢ + DF.(b)p.
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We only consider initial conditions V (0) = ¢(0) € N of order 1 independent of &.
The first crucial step is the following approximation result.

Theorem 6.4 Let by be an initial condition for which the corresponding solution sat-
isfies Lemma 4.1. For any probability p € (0, 1) there is a set Q) with probability
larger than p such that the error between the linearization of the SPDE (1.1) with
initial data uo = eby and of the amplitude equation (6.1) is bounded by C|e + 2.

Proof We show in several steps that the following error bound holds on the set of large
probability €2,

IV(T) — (Tl < IPsV(T) + PV(T) — o(T)|| = O(e + &), T €0, Tol.
(6.3)

To this aim, we first prove

IPV(T)ll3 = Oe) and [P VIIL20.70.2002) = O, (6.4)

We first consider V' and use standard energy-type estimates to obtain

1
5aT||V||2 = e XAV, V) + IVI* + (DFU)V, V)
<|Iv|?,

where we used the non-negativity of A and (2.4). As V(0) = O(1), this yields a
uniform O(1)-bound on V and thus P.V in H on [0, Ty] (with constants depending
on Tp).

We have (using the short-hand notation Vs := P;V and V. := P.V)

1 _
SATNVI? =e72(AV,, Vo) + VA2 + (B DFU)V, Vs)

< —ce | Vill3 e + 1VsI? + (PDFU) Ve, Vy), (6.5)

where we used the spectral properties of A (Assumption 2.1) and the sign condition

on DF from (2.4).
We now bound the nonlinear term as follows

r
(PDF(U)Ve, Vi) = CIUIXIVellx IVsllre < CeXNUIKIVellk + See 21V le,
where we used e-Young’s inequality in the last step. Further, as shown above V is O(1)

in H. Therefore, we obtain that V. is bounded in X since all norms are equivalent on

N. Consequently, we only need a bound on fOT U (S)||;‘( dS, which can be derived
from the first step of the approximation result, Theorem 5.3. Namely, using that

T,
/0 lu(®)% df = O(e?)
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we obtain

T T T:
/ US4 ds = 2 / Dy dr = o2 / @l df = 0. (6.6)
0 0 0

Thus, we can conclude from (6.5) for two different universal constants ¢ > 0 and
C > Ousing that || - [|[ge < || - |l3g1/2

1 _ 1 _

SATNVI? < =21 Vsl + 1Vsli3ge + CENU IR NVellk + 5672l Vs e
1

< —5ee P Villzpn + CEEIU IRVl (6.7)

Consequently, recalling that V,(0) = 0 via a Gronwall-type estimate we obtain for all
T € [0, To] the inequality (with constants depending on 7p)

To
IVi(D)|* < Ce? / IU S| dS sup Vel = Oe?),
0 [0,7p]

which means that || Vs ||y = O(e), as claimed.
For the second statement in (6.4), we get from (6.7) that

_ 1
ce 2 Vsllzpp = =507 V51 + CE2NUIRIVelk,

therefore by integration (recall V(0) = 0) we derive
fo 2 ce? 2 s [ 4 2
Vs () NI51/2 dS = - IVs(THII” + Ce IUy dS sup [|Vel-
0 0 [0,To]

As [Vellx = O, Vsl = O(e) and [ [U(S)]I% dS = O(1) we obtain

I1Vsllz20,79,712) = O(&?).

We now focus on the bound for ||V, — ¢||. The aim is to show that the error term is of
order O(g*H). We observe that V. — ¢ satisfies the equation

T (Ve —@) =V — @+ (DF(U)V — DF.(b)yp),
so we have to estimate
1
SIIVe = @l” = Ve = ¢I* + (DF(U)V = DFe(b)g, Ve —g).  (6.8)
Here, the crucial term contains the nonlinearity
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(DFc(b)p — Pe-DFU)V, ¢ = Vo) = —(PeDF(U) Vs, ¢ — PV N
+H(DFc(b)p — P-DF (D) Ve, ¢ — PV)N
H(P[DF(b) = DF(U)Ve, ¢ — P V),

where the bound on PV is needed in the space X, but the integral bounds turn out to
be sufficient. We also rely on our O(1)-bounds on ¢ and V..
We begin with the first term above which entails

(PeDFU)Vy, 9 — Vo) < CIUIX IV Iixlle — Vellar
< ClUIX I Vslzprnlle = Vellar
< ClVil3pn + UKl = Vel

In the last step, we used again Young’s inequality.
The second term gives

(DF(b)(¢ — Vo), @ — Vel = Cllbliiclle — Vell3-

For the last one, we use that P. DF and DF, are the same on /', which can be seen
by explicitly using the properties of the cubic F.

(Pd[DF(b) — DF(U) Ve, ¢ — Vel
< Clb-UlxIIVelixlle = Vella
< Clb = UcliFelIVellalle = Vel + CIUZ I Vellarlle = Vel
< Cllb = Ucllyl Vel + CIUNIX I Vellir + Clio = Vel

Regarding (6.8) and putting all the estimates together we infer that (with universal
constants all denoted by C > 0)

1
S7 Ve — @l* < Ve — @I + ClVsI3,10 + U Il — Vel 3y + 1813/ le — Vell3
2 H N N N
+Cllb = Uelj Vel ie + CIUSIY Vel Zr + Clle — Vel
< ClIVe = 9l (1 + U + 1BIZ) + ClIVsli3,12 + Clib
— UeljIVellfy + CIUsIX I Vell3,
<C I WVe—gli+C-J,

where we set
Ii=1+ Ul +16I3 and J = [Vsll3,10 + Ib = Uel R Vellie + 1Us I Vel 5

Using Gronwall’s inequality, we get for T € [0, Tp]

T T
Ve(r) = (P = [17e0) = P+ ¢ [ 509y as]exp (¢ [ 165 as).
0 0
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We now investigate the order of J. First of all, since we start the SPDE in the rescaled
initial condition uy = ebg we obtain due to Theorem 5.3 for H < 1/2

I6(T) = Ue(T) I3 = e~ lleb — uc(e™%) I3 = O(e*)
respectively for H > 1/2
IB(T) — Ue(T) 3¢ = e lleb — uc (%)l = Ole).

Again we use the fact that all norms are equivalent on . Further, using Theorem 5.3
we know that with u, (1) = eUs(t62)

To Te
f IUs(T)|I% dT = &> f llus (1) |I5 df = O*).
0 0

This term will determine the order of the error V. — ¢ since ||b(T) — U.(T) ||4 =
O(e83H), which is small only if H < 1/4.

Due to the above results, we have pathwise bounds for fOT J(S)dSby C(e2+Ce*H)
on a set of probability going to 1 for C — oo.

Moreover, we can enlarge this set to have for all T € [0, Tp]

T T
exp (c/o 1(5) dS) — exp (c/o A+ 1US % + 1613 ds) <c.

Together with the previous bound this gives another condition for the set €2,,.
In summary, this entails the following error bound on €2,

le(T) = Ve(DI? < Cle* + ¢*] for T € [0, To).
Putting all these deliberations together proves the statement (6.3) on Q,, i.e.,

IV(T) = o(Dllz < IVe(Dllp + 1Ve(T) — (T lli < Cle +&°71, T €10, Tol.

Here we have to add another condition to €2, as || Vs|ly < Ce uniformly in 7 with
probability going to 1 if C — oo. O

Remark 6.5 The previous computation shows that V; € L2(0, To; H!/ 2) has the same
order as in the case of a Brownian motion. For Brownian noise, exactly this term
determined the order of J, since all the other terms were of higher order, see Blomker
and Neamtu (2023). However, here the error between P,V and ¢ is now determined by
the L*(0, To; X) bound on Uy. The approximation with the AE gives a term of order
O(e*) in the estimate || V,.(T) — ¢(T)||, which becomes small only for H < 1/4.

Using this result, we can proceed with the proof of Theorem 6.3. We first recall the
definition of the FTLE for a solution of the SPDE starting in ug = ebg

Ary-1(ebo) = %IH(SUP{IIv(T/V)II o)l =1}

@ Springer



26  Page 22 of 31 Journal of Nonlinear Science (2025) 35:26

V32
Tln(SUP{IIV(T)II V)| =&}

%IH(SUP{IIV(T)II VOl =1D.

Using (6.3) for the finite-time Lyapunov exponents of the SPDE, we have on 2N »
recalling Lemma 4.1

V(DI = lle(D)Il = IV(T) — o(T)|| = lo(T)|| — Cle + e*]
> exp{(1 —382)T} — Cle + 211 > 0,

which is positive if g is sufficiently small. Here we can choose § = % asin Lemma4.1.

To proceed, we use a simple estimate for the logarithm. It is known that there exists
a positive constant ¢ > 0 such that In(1 — x) > —cx for0 < x < % Therefore as

e + &2 « eT¢ we have that

IneT —[e+ 7)) =T A = [e + e*1e™T)) = ¢T + In(1 — [¢ + 2HJe<T)

>cT —Cle + e2H)e™T > T — Cle + 2.
Thus, we can conclude that on N p we can bound

Ary-1(eb) = %IH(SUP{IIV(T)II VO =1}

v

%IH(SHP{Ilfp(T)II —IV(T) = oD - IVOI =1}

%ln(sup{llgo(T)II —IV(T) — oD : v =1, V() = ¢(0) € N'})

v

v

%1H(SUP{II¢(T)II — e+ VO =1,V (0) = p(0) € N'})

\

v T
> —In (exp{(T+/ DF.(b(s, w)) ds} —C[8+82H])
0

> %ln(exp{(l —381)T) — Cle + 2]
2H
> (1 —36%) — c%.

Choosing, for example, § = 1/2 as in Lemma 4.1 proves that forw € QN Q p and for
all T € [0, Ty] we have

2H

Cp¥~, H<1/2

—Cp¥,  H>1/2.

)»Tv—l(&‘b()) > {

EN RSN NS

O

Remark 6.6 We notice that the error term between the two linearizations is determined
by || Vs |74 (which is the same as for the Brownian motion), whereas V. —¢ is determined

@ Springer



Journal of Nonlinear Science (2025) 35:26 Page 23 of 31 26

by the L*(0, Tp; X) bound on U, which is of order O(¢*). If H < 1/2 this will
become small, whereas for H > 1/2 the contribution of V; dominates.

6.3 Case 1 > VW2 » 0> 0: Instability
In this case, the amplitude equation is given by
db =[b+ F.(b)]dT. (6.9)
Here we consider the solution » = 0 of the amplitude equation and let u be the
solution of SPDE with u(0) = up = 0. Here we simplify the proof by neglecting
the small noise o /v *1/2 in the approximation. Therefore, we cannot use Theorem
5.3 to approximate the SPDE with (6.9). However, all the bounds provided for u in
Theorem 5.3 do not depend on the amplitude equation and are enough for our aims.
As before, let V be the solution of the linearized SPDE
IV =e"2AV+V +DFU)V
and thus
orVe =Ve 4+ P.DFU)V =V, + DF(U)(V. + Vy).
The linearization of the amplitude equation around O reduces to
Irg = ¢ + DF:(0)o,
which gives
ore = ¢.

The main result in this case reads as follows. Recall that Ty is an arbitrary terminal
time and T € [0, Tp].

Theorem 6.7 Let A7 be the finite-time Lyapunov exponent of the SPDE (2.1) with
initial data uy = 0. For all probabilities p € (0, 1), there is a set Q, with probability
larger than p and a constant C,, > 0 such that for o € Q, we have that

32
A”4®)>V—C;%f,ﬂWdHYE@J)deeKL%L

Proof Recall the rescaling v(T /v) = v!'/2V(T). Analogously to the previous case,
we have on a set 2, that

Ary-1(0) = %IH(SUP{IIU(T/V)II o)l =1}
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V32 —-1)2
= Tln(sup{IIV(T)II VO =v—"H
= %IH(SUP{IIV(T)II VO =1}
> %ln(sup{llw(T)II = I\V(T) — (D) : IVO) =1})
> %1H(SUP{|I<0(T)II —[V(T) —o(T)|| : [lv(0)]| =1, V(0) = ¢(0) € N'})
> %ln(sup{llw(T)ll —e: VO] =1,V(0) = ¢0) e N'})
> % In(expT — ¢)
ve
>v—C—.
T

Therefore, we get
ir(Ve —@)=Ve—o+ DF(U)(Ve + V),

which further leads to

Larlve — ol

2
= Ve — ¢l* + (DFU) (Ve + V), Ve — )
= Ve = 9> + (DF(U)Ve, Ve — @) + (DF(U) Vs, Ve — ¢)
< Ve = @l* + cllUIXIVellall Ve — @l + clU IR 1 Vsl x I Ve — @l
< Ve = @l> + cllUIZ I Vel Ve = @l + clU N5 1 Vsl Ve = @l
<cllVe — o> + UK I Velir + el Vill3 e + cllUNX Ve — ¢l
<c(L+IUIDNVe = @l + UK I Veli + el Vill3 e
<cllVe—oll3I +cJ,

where I := 1+ || Uy and J == U [ Vell3,+ 11 Vs ||§{,/2 and ¢ stands for a universal
constant which varies from line to line. Again, Gronwall’s inequality on [0, Tj] entails

T T
Ve(T) = 1 = (1Ve0) = o ¢ [ sy as) exp (e [ 165 as).
0 0

This gives ||V (T)—@(T)| < Cv 172 on aset of probability arbitrarily close to 1, when
the constant C goes to co. In this case, we remark that the order of J does not depend on
H since it is determined by fOT IUS)[I*dS = O1) and || V| 12,7712y = OW!/2).

Obviously, the exponent fOT 1(S) dS can be bounded by a constant on a set of large
probability.
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In conclusion, we obtain on [0, Tj] and on a set of probability arbitrarily close to 1
IV(T) = (D)l < IVs(Dllpe + I1Ve(T) = o(T) 13 < Cv'72.
Remark 6.8 For this argument, we do not need the set Q constructed in Lemma 4.1,
since we consider the linearization of the amplitude equation around zero. The result

obtained here provides a bound of the error term of order O(v'/?) independent of the
value of H € (0, 1).

6.4 Case:v = 0,1 > o > 0: Stability at the Bifurcation Point
At the bifurcation point, we consider ¢ = o /. Here the amplitude equation is
db = P.F(b)dT + dB.(T).
Therefore, we get
org = DF.(b)gp. (6.10)
The linearization of the SPDE (2.1) reads now as
0;v = Av + DF(u)v,
which means that setting v(¢) = eV (te?) we obtain
arV =¢e AV + DF(U)V. 6.11)

As in the previous cases we compute the error term between the two linearizations.

Theorem 6.9 Let by be an initial datum for which the corresponding solution satisfies
Lemma 4.2. For all p € (0, 1) there is a constant Cp, and a set 2, with probability
larger than p such that the approximation order between the linearization of the
SPDE (6.11) and of the amplitude equation (6.10) with initial data uy = &by is
bounded by Cpe if H > 1/2 respectively Cp£2H if H < 1/2 on the set Q.

Proof Since the linear term containing v drops out, we compute new energy estimates.
To get an O(1) bound on V, we rely on the energy estimate

1
SOIVIP < e7AV, V) + (DFW)V, V),
which gives now due to (2.3)
1 2 -2
§3T||V|| <& “(AV,V) <0,
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due to the non-negativity of A. As V(0) = O(1) this yields a uniform O(1) bound on
V in H on [0, Tp]. Due to the O(1) bound on V in H, we can also bound V, in \ in
any norm.

For Vj, we obtain as before that ||Vs(T) |l = O(e) and that || Vsl 20,7, 7172) =
O(g?). This follows by the usual energy estimate regarding Assumption 2.1 and (2.3)
combined with the e-Young inequality. To be more precise, the estimate is based on

1 _
zaTnvsn2 =& 2(AV,, Vy) + (P,DF(U)V, Vy)

< —Ce 2| Vsl3 2 + CIU XN Vellx I Vel
_ 1
< —Ce2Vslljpn + CENUIKIVelk + 5 Ce 71 Vil
1., _
< =5 Ce 2 WVsllprz + CE2NU X IVellk-

For V. and ¢, we have
arV. = DF.(U)V and 079 = DF.(b)e,
leading to
ar (Ve — @) = (DF(U) = DFc D)V + DF:(D)(V — ¢).

For the difference, we estimate as follows. Here ¢ is a universal constant which varies
from line to line.

1 2
SrlVe =gl
= ((DFc(U) = DF(b)V, Ve — @) + (DF(b)(V — 9), Ve — 9)
= ((DFe(U) = DF(b)V. Ve — @) + (DFe(B) (Ve — 9), Ve — )
+H(DF(b)Vs, Ve — 9)
<cllU = oI5 U Vslix + Vel Ve — @l + clblfel Ve — ol
+lBlFAV 3 Ve — @ll
< cllUc = bl (1Vslize + IVl Ve = @l + cllUs 5 (1l Vsl
+el Vel I Ve — @llnr
HIBIRAVe = @l + cllbli I Vsl + €l Ve — 0l
< c|Ue = blilVe = 9l + I Villzpe + cllUc = bIAAVelzr + cllVe — 013
+e|Usl Ve = @ll3r + cllUs I3 1 Vel A + bR Ve — ol
+lblRA Vel -

Thus,

Ve —@l> <cllVe — @l +c,
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where
L= 1+ U = blj + Uk + IB15s
and
T = Vsli3 + 1Ue = BINA Vel + NUsIXIVelRe + 18I Vs 134172

Using Gronwall’s inequality as before we obtain

T T
IVe() = (P = (1V(0) — g+ [ 39 ds) -exp (e [ 165) a5).
0 0

Now we use again the O(1) bounds on V, and b and the O(e*")-bounds for
1Us 40, 7. x) and O(&?) for || V; | 2 (0. 7. 71/2) together with Theorem 5.3 that yields

IB(T) — Ue(T)ll3g = &~ eb — ue(e™2) 13 = OEH).

In contrast to case 6.2, we only need pathwise bounds on J of order O(g?), respectively,
O(*") (depending on the range of H) and on b of order O(1), which hold on a set
of probability arbitrarily close to 1. There is no need for b being small.

Moreover, a bound by a constant of the exponent fOT 1(S) dS holds as before on
some set of probability arbitrarily close to 1.

Thus, we finally conclude that || V(T) —o(T)||x < Cle+ 2" forall T € [0, To]
on a set of probability arbitrarily close to 1. Actually its probability goes to 1 if
C — oo. O

Regarding Lemma 4.2, we obtain the following bound on the FTLEs. First of all
we recall that for the set Q¢ = {7y (To) < /po} we showed that P(Q2) > 1 — ,/pg
where pg — 0as & — 0. Here Tj is an arbitrary terminal time and 7y (Tp) is the set
of times for which the amplitude equation is smaller than 6. Keeping this in mind and
recalling that DF,.(b) = —cb?, we derive the following statement.

Theorem 6.10 Let by be an initial data of (4.2) for which the corresponding solution
satisfies Lemma 4.2. Furthermore, let A5 be the finite-time Lyapunov exponent of the
SPDE (2.1) with initial condition ug = eby. For all probabilities p € (0, 1) there exist
aset Q p with probability larger than p and constants Cp, ¢, > 0 and times T, with
Ty, > 0asp—1,¢p = 0and C;, — oo fort — 0 such that for € flp we have
forT € [Ty, To] that

ecpT
A1 (eb) < —cpe + [2 + 2T .

Note that the proof relies on Lemma 4.2. Having more knowledge about the density
of the solution » of the amplitude we conjecture it should be possible to get an ¢-
dependent 7).
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Proof Our goal is to find a bound for

Afe-1(ebo) = %IH(SUP{IIV(T)II VO =1}

IA

Insup({lo(T)|| + IV(T) — (D)l : IVO)|| = 1})
T
In (exp {/ DF.(b(s, w)) ds} +Cple + 82H]> .
0

The upper bound is clear as long as the solution of the amplitude equation (4.2) does not
spend too much time in zero. To exclude this possibility, we established in Lemma 4.2
a lower bound on the probability of the set 29 with P(29) — 1if 6 — 0, where

IA
N e N ™

T
f DF.(b(s,w))ds < —coT,
0

for a constant ¢y = c6% — 0if 6 — 0.
This further entails that

1 T
Ag(bo) = ?lnexp (/(; DF.(b(s, w)) ds) < —c9 <0

on the set Q9.
Regarding this, we easily derive on the set of large probability €2, N €2y that

In(e=7 + Cple + £211) = In(e= 4T (1 + C,ple + £2H1eT))
= —coT +In(1 + Cple + M eT)

< —cpT + Cyle + g2H 00T

This further leads to

eCQT
AFe-t1(ebg) < —cge + Cple® + 82H+1]T,

which proves the statement. O

Remark 6.11 For the Brownian motion, we proved a similar assertion in Blomker
and Neamtu (2023) for the stationary solution of the amplitude equation 4.2 using
Birkhoff’s ergodic theorem. We improve now this result in Lemma 4.2 for an arbitrary
solution deriving showing that the probability that the amplitude equation stays close
to zero for a lot of times is small. For a higher-dimensional kernel and / or multiplicative
noise, this property is expected to hold, see Blomker (2007) for a similar discussion
for amplitude equations with Brownian motion.
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6.5 Case: 1> o > v+1/2 5 0: Stability

This situation can be dealt with similar to Case 6.4 using the amplitude equation

H+1/2 .
b+&f@ﬂdT+MJD, (6.12)

M:[
and its linearization

pH+1/2 _
org = - @+ DF.(b)g.

pH+1/2

Since the difference between (6.12) and (4.2) is of order O( —), the following
statement can be obtained analogously to Case 6.5. However, there is a major difference
for the error term compared to the previous cases. More precisely, here the order of J
will be determined by

_ pH+1/2 H+1/2 5
16(T) = Uc(T)ln =C - +16(T) — U (D) =C > + Ce?t,
which is in the lowest order ”HH/Z, since o > vA+1/2,

o

Theorem 6.12 Let by be an initial data of (4.2) for which the corresponding solution
satisfies Lemma 4.2. Furthermore let L5 be the finite-time Lyapunov exponent of the
SPDE (2.1) with initial data uy = ebg. For all probabilities p € (0, 1) there exists a
set fzp with probability larger than p, a time T, > 0 with T, — 0 for p — 1 and
positive constants ¢, and Cp, such that Cp, — o0 and cp — 0 such that for v € pr
and for all T € [T, To] we have

JHH1/2

H+1/2 H4+1/2\2  ,cpT—
- H H v H(V e i
)‘TO-*H(O— bO)SG <_Cp+ o )+U ( P ) * T

Proof We only give a sketch of the proof, since this is similar to Case 6.5. Regarding the
computations in Case 6.4 we infer on a set of probability almost 1 and for 7' € [0, Tp]
that

V() =@l = C(e+ (szH + ”H:”z)z).

This follows as before using for 7 € [0, Tp] that

IV(T) = oMl < 1Vs(Dllp + 11Ve(T) — e(DlI N

To estimate the last term, we need a bound on J. As already indicated this is now

- 2
determined by ||b(T) — UC(T)||2 = <52H + @) since this expression becomes
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small as ¢ > vH+1/2 Note that in Case 6.5 the order of J was in lowest order
determined by | Vs |17, O.THI) = O(e?) and Uy € L*(0, Ty; X) = O(e*H) and the

other terms were higher order. In conclusion, we now get for 7' € [0, Tp] that

IV(T) = o(D)ln < C(s + (£2H + g)z)

Therefore, the lower bound for the FTLEs for w € Q p (as in Case 6.5) results in for
T € [T,, Tol

Ag—1(ebo) = %ln(sup{”V(T)” VO =1}
< Znsup({lo Dl + 1V — o1 VOl = 1)
€ DHA1/2 7 2
< ?ln (eXP{ U—T +/0 DF.(b(s, w)) ds} + C<T) )

Using Lemma 4.2, this entails for w € Q p that

JH+1/2
. . pH+1/2 . DHH1/2 2 pep—"— .
rrtet = o —ept T (MY T T,
Te 0 p P P T
This proves the statement regarding that ¢ = o in this case. O

Acknowledgements We thank the referees for the valuable comments and suggestions.
Author Contributions ABN and DB wrote the main manuscript text together
Funding Open Access funding enabled and organized by Projekt DEAL.

Data Availability No data was used for the research described in the article.

Declarations

Conflict of interest The authors have no conflict of interest to declare. All co-authors have seen and agree
with the contents of the manuscript and there is no financial interest to report.

OpenAccess This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/

Journal of Nonlinear Science (2025) 35:26 Page 31 of 31 26

References

Bedrossian, J., Blumenthal, A., Punshon-Smith, S.: A regularity method for lower bounds on the Lyapunov
exponent for stochastic differential equations. Invent. Math. 227, 429-516 (2022)

Besald, M., Kohatsu-Higa, A., Tindel, S.: Gaussian-type lower bounds for the density of solutions of SDEs
driven by fractional Brownian motions. Ann. Probab. 44(1), 399-44 (2016)

Blomker, D.: Amplitude Equations for Stochastic Partial Differential Equations. Interdisciplinary Mathe-
matical Sciences 3. World Scientific, Hackensack (2007)

Blomker, D., Neamtu, A.: Amplitude equations for SPDEs driven by fractional additive noise with small
Hurst parameter. Stoch. Dyn. 22(03), 2240013 (2022)

Blomker, D., Neamtu, A.: Bifurcation theory for SPDEs: finite-time Lyapunov exponents and amplitude
equations. SIAM J. Appl. Dyn. Syst. 22(3), 2150-2179 (2023)

Blomker, D., Hairer, M., Pavliotis, G.: Modulation equations: stochastic bifurcation in large domains.
Commun. Math. Phys. 258(2), 479-512 (2015)

Blumenthal, A., Engel, M., Neamtu, A.: On the pitchfork bifurcation for the Chafee—Infante equation with
additive noise. Probab. Theory Relat. Fields 187, 603—627 (2023)

Callaway, M., Doan, T.S., Lamb, J.S.W., Rasmussen, M.: The dichotomy spectrum for random dynamical
systems and pitchfork bifurcations with additive noise. Ann. Inst. Henri Poincaré Probab. Stat. 53(4),
1548-1574 (2017)

Debussche, A.: Hausdorff dimension of a random invariant set. Journal de Mathématiques Pures et
Appliquées 77, 967-988 (1998)

Gess, B., Tsatsoulis, P.: Lyapunov exponents and synchronisation by noise for systems of SPDEs.
arXiv:2207.09820. To appear in Ann. Probab., (2024)

Hairer, M., Ohasi, A.: Ergodic theory for SDEs with extrinsic memory. Ann. Probab. 35(5), 1950-1977
(2007)

Kuehn, C., Lux, K., Neamtu, A.: Warning signs for Non-Markovian bifurcations: color blindness and scaling
laws. Proc. R. Soc. A 478(2259), 20210740 (2022)

Maslowski, B., Schmalfuf3, B.: Random dynamical systems and stationary solutions of differential equations
driven by the fractional Brownian motion. Stoch. Anal. Appl. 22(6), 1577-1607 (2004)

Nourdin, I.: Selected Aspects of Fractional Brownian Motion. Springer, Berlin (2012)

Odde, D.J., Tanaka, E.M., Hawkins, S.S., Buettner, H.M.: Stochastic dynamics of the nerve growth cone
and its microtubules during neurite outgrowth. Biotechnol. Bioeng. 50(4), 452-461 (1996)

Richard, A., Orio, P., Tanré, E.: An integrate-and-fire model to generate spike trains with long-range
dependence. J. Comput. Neurosci. 3, 297-312 (2018)

Roger, T.: Infinite-Dimensional Dynamical Systems in Mechanics and Physics. Applied Mathematical
Sciences, vol. 68, 2nd edn. Springer, New York (1997)

Stone, H.: Calibrating rough volatility models: a convolutional neural network approach. arXiv:1812.05315,
(2018)

Tomds, R.: Nonlinear Partial Differential Equations with Applications. ISNM. International Series of
Numerical Mathematics 153, 2nd edn. Birkhiuser, Basel (2013)

Weiss, M.: Single-particle tracking data reveal anticorrelated fractional Brownian motion in crowded fluids.
Phys. Rev. E 88(1), 010101 (2013)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/2207.09820
http://arxiv.org/abs/1812.05315

	Finite-Time Lyapunov Exponents for SPDEs with Fractional Noise
	Abstract
	1 Introduction
	2 Setting and Assumptions
	3 Existence of Solutions 
	3.1 Finite-Time Lyapunov Exponents

	4 Finite-Time Lyapunov Exponents for Amplitude Equations with Fractional Noise
	5 Approximation of SPDEs with Fractional Noise via Amplitude Equations
	6 Lyapunov Exponents for SPDEs with Fractional Noise
	6.1 Case ν<0: Stability
	6.2 Case 1ggσapproxν1/2+H: Instability 
	6.3 Case 1ggνH+12ggσ>0: Instability
	6.4 Case: ν=0, 1ggσ>0: Stability at the Bifurcation Point
	6.5 Case: 1ggσggνH+1/2 >0: Stability

	Acknowledgements
	References


