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general non-autonomous case can further restrict the growth
assumptions.
© 2024 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

In this paper we consider integral functionals of the form

/J(x,Du) dz, (1.1)

Q

where 0 € R? is a bounded, open set with Lipschitz boundary, u: @ — R™ and J =
J(z,&): Q x R™*4 — [0, 4+00] is such that J(z,-) is convex and lower semicontinuous.
For parts of our results we additionally enforce the growth assumption

[€P < J(x,6) < O(I¢|7+1), for all € € R™*. (12)

Since the work of Lavrentiev [25], it is known that for a general integral functional
F: WhP(Q)™ — R, it may happen that

inf  Flu] < inf  Flu].
wEW 1P (Q)m ue oo (Q)m
The occurrence of this phenomenon, which is known as Lavrentiev phenomenon, is a
serious obstruction to regularity theory and numerical approximation, when it occurs.
In theories of nonlinear elasticity the Lavrentiev phenomenon is related to physical phe-
nomena, such as cavitation, and hence of particular interest [23].

The theory of Lavrentiev’s phenomenon for functionals of the form (1.1) with J =
J(x,Du), was developed in [31], [32] and [33]. In this paper, we adopt the viewpoint
and terminology of [12] and view the Lavrentiev phenomenon through the so-called
Lavrentiev gap. Suppose X is a topological space of weakly differentiable functions and
Y C X. Introduce the sequentially lower semicontinuous (slsc) envelopes

Fx =sup{¥: X = [0,+0] : ¥ slsc ,9 < Fon X}
Fy =sup{¥: X = [0,+00] : F slsc ,9 < FonY }.

The Lavrentiev gap functional is then defined for v € X as

Fy(u) — Fx(u) if Fx(u) < 4oo,

0 else.

L(u,X,Y) = {


http://creativecommons.org/licenses/by/4.0/
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Note that L(u,X,Y) > 0 and that L(u, X,Y) > 0 for some u € X when the Lavrentiev
phenomenon occurs. However, in general, it can happen that L(u, X,Y) > 0 for some
u € X, but the Lavrentiev phenomenon does not occur. There is an extensive literature
on the Lavrentiev phenomenon and gap functional in this abstract set-up, an overview
of which can be found in [13], [22] to which we also refer for further references. Here, we
only comment that in all situations we consider, it holds that Fx[u] = [, J(z,Du)dz
and

Fy[u] = inf { lim inf/J(gc7 Duj)dz: (u;) CY,u; — u weakly in X
j—o0
Q

Thus, the Lavrentiev phenomenon is related to approximation properties of function
spaces and there is a wide literature available studying it from this angle, see [1,7,14]
and references therein.

Integrands satisfying (1.2) were first studied in the seminal papers [26,27]. There is by
now an extensive literature regarding the regularity theory of the corresponding integral
functionals. We refer to [28,29] for an overview and further references. Concerning the
Lavrentiev gap and considering integrands J = J(z,§) satisfying (p, ¢)-growth (1.2), in
the local setting, X = W,5P(Q)™ and Y = W,29(Q)™, the situation is somewhat well
understood. In [18] it was shown that the Lavrentiev phenomenon can occur if

p<d<d+a<ayg,

when J(+, &) is a-Holder-continuous. The dependence of the above restriction on d was
recently removed in [3]. In light of the regularity theory obtained in [18], this range
of (p,q) is sharp. In order to prove non-occurrence of the Lavrentiev phenomenon it
seems unavoidable to impose further structure conditions than just Holder-continuity of
J(-,€). A variety of possible assumptions are known, see e.g. [16,19,24]. The key to all
assumptions is to ensure that J(z,£) ~ J(y,§) if * ~ y and |¢] is not too large.

Recently, there has been an increasing interest in proving lack of the Lavrentiev gap
in the non-autonomous setting in the presence of boundary conditions. In other words,
considering X = g + Wy P(Q)™ and Y = g + Wy9(Q)™ for a suitable boundary value
g. [6] considers functionals modeled on the double-phase functional J = |£|P + a(z)|€]9.
Then, for g € W14(Q2)™, the Lavrentiev gap vanishes if

q < p—+ amax (1,27).

This approach has been extended to certain anisotropic functionals in [8]. In [9] the
occurrence of the Lavrentiev phenomenon was studied for the double-phase functional
under a family S, of smoothness assumptions. In particular, it was shown that the
Lavrentiev phenomenon cannot occur if
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q<p+-k.

Moreover, it is shown that this range is sharp. C%% and C*“-regularity of J(-,£) implies
that J lies in S, and Si44, respectively. For k > 1, the spaces S, do not necessarily
contain all integrands J with Cl#-#~15)_continuous z-dependence. However, none of
these results cover the general non-autonomous, vectorial setting: in [6,9] the integrands
depend essentially only on the norm of the gradient, while in [8] the authors require
an additive decomposition into integrands depending only on the gradient of a single
component of the vector-valued map wu.

In this work we focus specifically on the vectorial setting. Let us first describe our
results for autonomous integrands, that is J = J(§). Here, it is known that the Lavrentiev
gap cannot occur in the one-dimensional case d = 1 [2], nor in the scalar case m = 1
[15]. Recently, it has even been shown that in the scalar setting m = 1, there is no
gap for functionals of the form fQ f(u,Du) dz, assuming only convexity in the gradient
variable [11]. In the vectorial setting d,m > 1, when J = J(§), it is easy to see by
mollification arguments that without imposing boundary conditions, the Lavrentiev gap
cannot occur, at least on compactly contained subsets of €2, regardless of the values of
(p,q) in (1.2). While it is possible that even under the presence of sufficiently smooth
boundary conditions, the Lavrentiev phenomenon/gap cannot occur, this seems non-
trivial to show and the situation is unclear. In fact, we are not aware of any result
focusing on the autonomous, vectorial case. In this paper we show that if p > d — 1
or p = 1 if d = 2, the Lavrentiev gap functional vanishes without any upper growth
assumption. In fact, we even admit infinite integrands, our only assumption being that
0 € int(dom J). In case p < d—1, we prove that the Lavrentiev gap vanishes if ¢ < %
(¢ < 400 if p =d —1). Thus, our results can be seen as a partial extension of the scalar
results to the vectorial setting, covering all exponents in dimension two.

Turning to the non-autonomous case, we require in addition the following standard
stability estimate: for every M > 1 there exists Cj; > 0 and a non-negative function
ayr € LY(Q) such that

*k

J(2,€) < Cum <eSS inf o J(y, ')) (&) + anr () (1.3)

yEB;s(x)

forall 0 < § < 1, all z € Q and all [¢| < M§~%?, where ** denotes the biconjugate
function with respect to the {-variable. For a more detailed discussion of this assumption
see Remark 2.1 (iii). Here the novelty of our results is that in contrast to [6,8,9] we do
not impose any structure on the gradient dependence. This comes with the drawback
that, considering for instance an integrand of the form J(z, &) = Vo(€)+a(x)V;(€), where
Vo, Vi are non-negative and convex, 0 < a € C%*(Q), V; satisfies a two-sided p-growth
condition, and V;(§) < C(|¢]? 4+ 1), the admissible range of exponents is restricted to

P

<
q p+ad
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since without structural assumptions we are not able to reduce the analysis to L°°-
functions via truncation. However, especially in the fast-growth regime p > d—1, we can
handle new types of integrands, see Example 2.7. In particular, we highlight that we do
not require any form of As-condition.

Using classical arguments, our results both for the case p < d — 1 (Theorem 2.2) and
the case p > d —1 or p =1 if d = 2 (Theorem 2.3) also allow us to treat non-convex
integrands with convex growth, see Corollary 2.5.

Our techniques in the convex case rely on a by now standard approach. By pulling in
the boundary data, we put ourselves in a situation where mollification arguments apply.
In the autonomous situation, there is no interaction between the two scales, while in
the non-autonomous set-up it is essential to use the same scale for both the boundary
argument and the mollification. The novelty of our approach lies in a careful use of
convexity (especially for unbounded integrands) in combination with the use of an ad-
hoc partition of unity that is adapted to the function u € g + Wg’p(Q)m. It is at this
point that the integrability of the map w itself has to be compatible with the growth of
the energy, which then forces a relation between the W!P-regularity of v and the upper
bounds on the energy. In particular, the assumptions could be drastically weakened if
we either can assume that v € L>(Q)™ or when (2 is star-shaped with respect to a ball
(in this case no partition of unity is necessary).

The outline of our paper is as follows: In Section 2 we establish our notation, collect the
assumptions and state our main results. We also give examples of the types of integrands
we are able to consider there. The proofs are postponed to Section 3, while in Appendix A
we provide the necessary details to extend our results to locally star-shaped sets in the
case of autonomous integrands.

2. Statement of the main result

Let d > 2 and let © C R be a bounded, open set with Lipschitz boundary and let
p € [1,400). We consider non-autonomous integral functionals of the form

Flu) = / J(z, Du(z)) de € [0, 400],  uwe W)™,

where the integrand J : Q x R™*¢ — [0, +-oc] has the following properties:

Assumption 1. The function J : Q x R™*?¢ — [0, +00] is jointly measurable and satisfies

(al) for a.e. z € Q the map & — J(z,&) is convex and lower semicontinuous;
(a2) for a.e. z € Q it holds that |¢|P < J(x,&) for all £ € R™*4;
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(a3) there exist C,6 > 0 and a non-negative function a € L!(Q2) such that

{J(x,§)<C’|§|q+a(x) iftp<d—1andd>3, 2.1)

supjej<g J(2,6) € L'(Q) ifp>d—lord=2,

where in the first case the exponent ¢ > p satisfies the bound

d=1-p (2.2)

R ) T g
q < +o0 ifp=d-—1.

(ad) for every M > 1 there exists Cpy > 0 and a non-negative function aps € L'(9)

such that

J(2,8) < Cuy (ess inf  J(y, )) (&) + apm(z) (2.3)

yEBs(x)NQ2

forall 0 < 6 < 1, all z € Q and all |¢| < M§~%P. Here ** denotes the biconjugate
function with respect to the &-variable.

Let us comment on the assumptions.

Remark 2.1.

(i)
(i)

(iii)

Our assumptions yield new results especially in the autonomous setting, where
Assumption (a4) is redundant.

The integrability assumption on the local supremum in (2.1) is equivalent to the
integrability of J(x,&;) for finitely many &;,...&, that generate a simplex with
non-empty interior. This follows from the fact that convex functions attain their
maximum in the corners of such a simplex.

Assumption (a4) is a slight variation of the version in [14, p. 89|, where it was
used to show modular density of C2° in Sobolev-Musielak-Orlicz spaces. It is of
very abstract nature and allows us to control the effect of convolution in the non-
autonomous setting. In [6, Lemma 6.2] it is shown that the biconjugate can be
omitted in the isotropic setting, i.e., when J only depends on the modulus of |,
and when .J satisfies a polynomial upper bound. On the other hand, in [14, Remark
3.7.6] it is emphasized that in the general anisotropic case there is no hope to
avoid the convex envelope. It can be omitted provided the infimum still defines
a convex, lower semicontinuous function with respect to £ (see [21, Theorem 4.92
(iii)]), which is for instance ensured by the property that the infimum is attained

at a point y € Bs(z) that does not depend on &. This condition was considered for
instance in [19] to prove the absence of a local Lavrentiev gap for non-autonomous
integrands with (p, ¢)-growth. We emphasize that in general (a4) can impose further
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restrictions on the exponents in (a3). Some classes of integrands satisfying (a4) are
presented in Example 2.7.

We first state the theorem for p < d — 1, where our assumptions cover the case of
functionals with (p, ¢)-growth.

Theorem 2.2. Let p € [1,d—1]. Assume J : Q x R™*4 — [0, +00) satisfies Assumption 1.
Let g € WHP(Q)™ be such that [, J(x,sDg(z))dz < +oo for all s € R. Then for all
u e g+ WyP(Q)™ there exists a sequence u, € g+ C°()™ such that u, — u in
WhP(Q)™ and

n—-4o0o
Q Q

lim /J(as,Dun) = /J(x,Du) dz.
In particular, it holds that

inf /J(x, Du)dz = inf /J(x, Du) dz.
ueg+Wy P (Q)™ J u€g+C ()™

The next theorem concerns the cases p > d — 1 and p = 1 if d = 2 with possibly
unbounded integrands. Here we need to assume stronger regularity of the boundary
datum.

Theorem 2.3. Letp >d—1 orp=1ifd=2. Assume J : Q@ x R™*% — [0, +-00] satisfies
Assumption 1. Let g € CHRN)™ satisfy [, J(x,sDg)dx < +oo for some s > 1. Then
for allu € g+ Wy P ()™ there exists u,, € g+ C°(Q)™ such that w, — u in WP (Q)™
and

n—-+oo

lim J(z,Du,) = /J(:U,Du) dz.
Q Q

In particular, it holds that

inf /J(m, Du)dz =

uegtwi @ )

/ J(z, Du) dz.

inf
u€g+Cee ()™
Q

Our third result concerns the case when in contrast to Theorem 2.3 the integrand J
is finite-valued, where the regularity of the boundary data can be weakened.

Corollary 2.4. Let p > d —1 orp =1 if d = 2. Assume that J : Q x R™*? — [0, +00)
satisfies Assumption 1. Let g € WH°(Q)™. Then for all u € g + Wol’p(ﬂ)m there exists
Up € g+ C(Q)™ such that u, — u in WHP(Q)™ and
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lim / J(z, Duy) = / J(z, Du) dz.

n—-+o0o
Q Q

In particular, it holds that

inf /J(gv7 Du)dx = inf / J(z,Du) dz.
u€g+Wy P (Q)m J u€g+Cee ()™

Our final result deals with non-convex integrands that have convex growth.

Corollary 2.5. Let G :  x R™*? — [0, +00] be jointly measurable and continuous in the
second variable. Assume that there exists a non-negative function o € L*(Q), a constant
C > 1 and a function J : Q x R™*4 — [0, +00] as in either Theorem 2.2, Theorem 2.3
or Corollary 2.4 satisfying

1

EJ(x,f) —a(r) < G(z,8) < CJ(z,8) + a(z) for all (x,€) € Q x R™*4,
Then the conclusions of Theorem 2.2, Theorem 2.3 or Corollary 2.4 hold, respectively,
with J replaced by G.

Remark 2.6. Some comments are in order:

(i) The integrability assumption on ¢ in Theorem 2.2 is satisfied whenever g €
wha(Q)m.

(ii) For unbounded integrands the integrability assumption on g in Theorem 2.2 would
not be satisfactory. The weaker assumption in Theorem 2.3 comes with the draw-
back that we have to require C'-regularity of g. If we assume that J(-, sDg) € L*(Q)
for all s € R, then in terms of regularity g € W1P(Q)™ suffices since we can use
the same argument as for Theorem 2.2.

(iii) In Theorem 2.3 the slightly stronger integrability of Dg for some s > 1 is redundant
if we assume a suitable As-condition.

Example 2.7. Below we provide some examples of integrands covered by our results.

(1) ((p, q)-double phase functionals). Consider J(x, &) = Vp(§) + a(z)V1(§) with0 < a €
C%(Q), a € (0,1] and Vp, V5 are nonnegative, convex and satisfy |£[P < Vp(€) <
C(€]P + 1), 0 < V4(€) < C(J€]7 + 1). Standard computations yield that J satisfies
Assumption 1 provided

1
-—<

— (to ensure (a3)), (i) = <1+

(to ensure (ad)).

D=
S8

Q| =
hSEES]
ale

Note that condition (ii) implies (i). For this class of integrands, if Vj, V; are even,
the conclusions of Theorem 2.2 are already known, see e.g. [6,8,9] and in view of
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counterexamples in [3,18] are optimal for p > d. Let us mention that in [6] the
absence of the Lavrentiev gap is proven under weaker assumptions on the exponents,
namely ¢ < p + amax{1, 5}, provided Vp, Vi are radial. The argument in [6] relies
on an additional truncation argument which seems not applicable in the vectorial
setting without additional structure assumptions on the integrand.

(double phase without As). Let us briefly describe an extreme version of the double
phase functional covered by Corollary 2.5: Fix exponents p > d—1,0 < g < % <1

dq
and o > o—d

> 0, and consider

G(z,8) = |€P + a(zq) exp(|€]?)  with a(s) = exp (—Sia) ]l(07+oo)(s)

where x = (21, 2") € R%. Since ¢ < 1, the function G is not globally convex. However,
a direct calculation of the second derivative shows that x — exp(z?) is convex on

1— e . . .
[z4, +00), where zd := Tq, while it is concave on [0, z,]. Based on this observation, it

is not difficult to check that at x := % >z the tangent line t,(s) = exp(z)qzd™'s
at the graph of x — exp(z9) always lies below the graph (due to concavity it suffices
to verify the two points 0 and z,; at z, the claim follows from convexity). Thus,

defining the function

J(x, &) = {|§P—|—a(m1)exp(|§|q) if €] > .,
; €17 + a(z1)t,([€]) if |¢] < =,

we have that J < G < J + C, with C. = exp(zf) and J satisfies (al)—(a3) of
Assumption 1. We check condition (ad). Fix 6 € (0,1] and M > 1. We distinguish
the cases 71 < 265+ and r1 > 28+, For o = (21,2") with 21 < 26#1, we have
for all |¢] < M5~ #

dq

J(2,8) < G(x,8) < |¢P + exp(—27%6 a1 ) exp(M96™ 7 ) < [¢P + o

a da
with ans = supse (g, 17 exp(—=270" =+ + Mq(rTq) < 00, where we use that ;95 >
%. Hence, stability condition (2.3) is satisfied. For = (z1,2") with z; > 2547 it
holds that

<ess inf  J(y, )> (&) > J((x1 —6)er, §)

YyEBs(z)NN

and an elementary computation, using x; — ¢ > % and ¢ > 20F15 ) yields

a(z1) T

g1 1)
— 7 = d <
a@i—0) P /a+1 s —e"p<<a+1><x1—6>a+l>

1—
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52a+1
<ex _—
=P ((a-i— 1):5?“)

con(t)

Hence, for all M > 1 stability condition (2.3) is satisfied (with Cps = exp((a+1)71))
also in that case.

We remark that the integrand in this example is non-doubling. In particular, it is
not covered by [6,9]. In addition, it is easy to check that also the anisotropy condition
of [8, Remark 4.1] does not hold.

(fast anisotropic autonomous growth) We give an example of the type of anisotropic
integrand to which Theorem 2.3 applies. Consider with a; ;, ¢; ; > 1,

J(€) =

S IHEE if €1 > —1
+00 else

Note that (al) and (a2) are clearly satisfied for any p > 1. Since 0 € int(dom J),
(a3) also holds.

If p > d— 1, we can add to any of the examples above a penalization term of the
form

@K(g):{o if¢e K,

400 otherwise,

where K C R™*4 is a convex set with 0 € int(K). Such a term of course limits the

possible boundary conditions.

Proofs

3.1. Construction of cut-off functions

In the following lemma we generalize [30, Lemma 4.10] and construct suitable cut-off

functions n which optimize the integrability of V7 ® u; for finitely many functions u,,

exploiting the exponent improvement for the Sobolev embedding in lower dimensions;

see [4,5] for related results. These cut-off functions are the key ingredient to localize our

constructions.

Lemma 3.1. Let N € N, p > 1 and q > p satisfy

¢< 5 ifp<d-1,
q < 400 ifp=d—1,
q = +0o0o ifp>d—1ord=2.
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Then there exists C' = CN d,m,p,q < +00 such that the following is true:
For any ball B = Bg(x¢), any wi,...,un € WHP(Bg)™ and § € (0, 1] there exists
n € Wy™(Bg) satisfying

0<n<1, n=1 inBu_sr, [IVnllr=gr < (3.1)

2
~ 4R
and for alli e {1,...,N}

d_d 1
CRa« » ! v Z
||V17®ui||Lq(BR) < 4514_1_1 R( / ‘Dui‘p df) + < / |ul|p diﬂ)
P q

Br\B-s)r Br\Bu-s)r
(3.2)
with the convention that d/ + oo =1/ + oo = 0.

Proof. The result for the case p > d — 1 was shown in [30, Lemma 4.10], so we assume
that p € [1,d—1] and extend the argument to these exponents. Without loss of generality,
we can suppose that o = 0. Set S := {z € R? : |2| = 1}.

Step 1 We prove the statement for uy,...,uxy € C1(Br)™. For i € {1,...,N} and
C := 4N, we set

P -1 c P
U, .= {r € [(1-9)R, R] S/|Dul(r2)| dHTH(2) < 50— 0) Rl / |Ds; | dx}.

Br\B@u-s)r
(3.3)
Fubini’s Theorem and the definition of U; in the form
R
/ [Du(z)|P dz = / rd-1 / |Du(rz)[P dHI 1 (2) dr
Br\Ba_s)r (1-6)R Sy

>((1— )Ry / / IDu(r2)P dH () dr
((1=8)R,R)\U; S1
OR —|U;
>C( R—|Ui])

D P
SR [Du(x)|P dz

Br\B(-sr

imply |U;| > (1 — )R, or equivalently |(1 — 0R, R) \ U;| < 2£. Analogously,

V= {r €[(1-0)R,R] : /|ui(rz)|p dH41(2) < m / | |P dx}
S1 Br\B(-s)r
(3.4)
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satisfies [Vi| > (1—%)dR, or equivalently |(1-0R, R)\V;| < ‘%R. Setting U := ﬂil unv;,
from the choice C' = 4N we obtain

2N oR
> ——0R=—. .
U] 2 0R - “50R = = (3.5)

Next, we define n € W1°°(Bg; [0,1]) by

1 if r€(0,(1-0)R),
R

z) = n(|x|), where 7(r)=

) =l e ﬁ/xU(s)ds if 7 € ((1— )R, R).

T

By definition, we have that 0 <7 <1, n=11in B_5r, n € WOI’OO(BR) and for x = rz
with r € [0, R] and z € S

0 ifr¢U,

\_llf| ifrelU.

[Vi(rz)| = { (3.6)

Hence, recalling (3.5), the map 7 satisfies all the properties in (3.1).

Next, we use that the exponent ¢ € (p, +o0c] is such that W1P(S;)™ embeds contin-
uously into L(S7)™," so that there exists C' < +oo such that for all v € C1(S;)™ we
have

[vllLa(s,) < ClDv|Lesy) + Cllvllzes,)
where D, denotes the tangential derivative. Applying the above estimate to v, €

C1(S1)™ defined by v,.(2) := u(rz) for all z € S with u € C;(Bgr)™, we obtain with the
chain rule

lu(r)llacs,) < CrlDu(r)|lpecs,) + Cllur)|lLe(s,)- (3.7)

Hence, via the change of coordinates x = rz with r = |z| and z = \Tz| we deduce that

1 _d-1
VN @ uill ey <IU[TR T [Vl (Br) Sggnui(r')”Lq(Sl)
T

d—1
CR ¢«
<——Tsup (rlIDui(r) | ze(s,) + lui(r)llze(s,))
|U| ~q relU
CRi™ %!
1 (R||DuiHLP(BR\B(1—5)R) + ||UiHLP(BR\B(1_5)R))

>~ .1 _1
ottr g

L This can be proven in details using charts for the sphere.
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where we use the definition of U, (3.5) and 1 — ¢ > % in the last inequality. This proves
the claim for C'-functions.

Step 2 Conclusion. Consider uy,...,uxy € W'P(Bg)™. By standard density results,
we find (u;;); C C°°(Bg)™ such that u; ; — u; in W'P(Bg)™. By Step 1, we find for
every j € N a cut-off function n; € WOI’OO(BR) satisfying

. 2
0<n; <1, n;=1 inBa_sr, [IV0jllre(sr) < SE’ (3.8)

Vn; ® wijllLa(Br)

d d 1 1
CRY 1 G »
< R< / |Dui,jpdx) + < / |ui,j|de) L (3.9)

Br\B@u-s)r Br\Bu-s)r

In view of the bounds in (3.8) and the Banach-Alaoglu Theorem, there exists n €
Wy ™ (Bg) such that up to subsequences (not relabeled) n; = 1 in W°°(Bg). Moreover,
7 also satisfies the bounds in (3.1). Since Vn; = V1 weakly* in L®(Bg)? and u; ; — u;
(strongly) in LP(Bg)™, we deduce that Vn; ® u; ; converges weakly in LP(Bg)™*? to
Vn®u; and by the boundedness of the right-hand side in (3.9) also weakly in L?(Bg)™*?
(weakly* if ¢ = +00). Hence the claimed estimate (3.2) follows from (3.9) and the weak
or weak* lower-semicontinuity of the norm. 0O

3.2. Approximation results

In this section we show the approximation result that essentially will prove our main
theorems. It heavily relies on Lemma 3.1. In Lemma 3.3 below we show the approximation
claim for C'-boundary conditions as in Theorem 2.3. In the proof of Theorem 2.2 we will
apply this lemma for zero boundary conditions. We start with the following elementary
lemma.

Lemma 3.2. Let J : Q x R™*? — [0, +00] be jointly measurable and conver in the second
variable. Assume that there exists 6 > 0 such that supj¢<g J(,§)) € LY(Q). Let g €
WEe(Q)™ be such that [, J(x,sDg)dx < 400 for some s > 1. Then there exists r > 0
such that supj¢|<, J(-,Dg+¢§) € LY(Q). In particular, the map & — J(x,€) is continuous
at £ = Dg(x) for a.e. x € Q.

Proof. Let ¢ € R™*¢ be such that |¢| < =16, where # > 0 and s > 1 are given by the

S
assumptions. It follows from convexity that

S

1 s—1
D < = D z_- _c
J(z,Dg +¢) < _J(z,sDg) + — J(a:,s_l

5) < J(x,sDg) + sup J(z,7).
[n|<6
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As J is non-negative, this implies the claimed integrability provided that r < Sj 0. The
second statement follows from the continuity of convex functions on the interior of their

domain (see, e.g., [21, Theorem 4.36]). O

Lemma 3.3. Let J : Q x R™* — [0, +o0| satisfy Assumption 1 and let g € CL(R%)™.
If for some s > 1 it holds that [, J(x,sDg)dz < +oo, then for any u € g+ Wol’p(Q)m
there exists a sequence u,, € g+ C>°(2)™ such that u, — u strongly in WP (Q)™ and

Jim / J(z, Dun (z)) dz = / J(z, Du(x)) da.

n—-+o0o
Q Q

Proof. We divide the proof into several steps.
Step 1: Preliminary considerations

It suffices to consider the case when [, J(z, Du) da < 400 since otherwise the state-
ment follows from Fatou’s lemma (recall that J is lower semicontinuous in the second
variable) and the density of C2°()™ in WP (Q)™. Moreover, writing u = g + v with
v e Wy P(Q)™, it follows that u, := g + tv converges to u in W1H?(Q)™ when ¢ 1 1 and
moreover

/J(m,Dg—l—tDv)dxSt/J(m,Dg—l—Dv)d:n—i—(l—t)/J(m,Dg)dmtT—;/J(m,Du)dx,
Q

Q Q Q

so again due to Fatou’s lemma and a diagonal argument it suffices to show the claim for
functions u = g +v € g + Wy P(Q)™ such that Jo J(2,Dg + soDv) dz < +o0 for some
so > 1. As we explain now, this entails that J(z, -) is continuous in Dg(z)+Duv(x) for a.e.
x € Q. To this end, we show that Dg(z) + Dv(z) belongs to the interior of dom(J(z,-)).
Given sy as above, let § > 0 be such that 1 — % > § and let £ € R™*? be such that
|€] < dr, where r > 0 is given by Lemma 3.2. Then by convexity we have that

1 1
J(xz,Dg+Dv+¢) < S—J(x,Dg—i—sODv)—i—(l e 5) J(x,Dg)—{—(sJ(x,Dg—{—(s*lf) < 40
0 0

for a.e. z € ), where we used Lemma 3.2 to control the third function on the RHS. The
continuity of & — J(z,&) in £ = Dg(x) + Duv(z) follows from the continuity of convex
functions on the interior of their domain.
Step 2: Moving the support of u — g inside 2

Now fix u € g + Wol’p(Q)m with the properties above. First extend v = u — g to be
0 outside €2, so that v € WP (R?)™. For every x € 2 we consider a ball B, (r) CC €,
while for 2z € 9Q the Lipschitz regularity of 99 implies that (up to an Euclidean motion)
there exists a cylinder C, = Bf,:l(O) X (—hg, hy) with € C,, and

QNCe ={(y',ya) € Cx : ya < ¥u(y')} (3.10)
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for some Lipschitz-function t, : B% *(0) — (—hg,hs). Up to reducing 7, we may
assume that

(B 1(0)) CC (=l ha)- (3.11)

Choose then r, < min{r,, h,} such that B, (z) CC C, and such that the Lipschitz-
constant L, of 1, satisfies

0< 2Ly < hy - inf Va(y), (3.12)
y'|<r},

which is possible due to (3.11). Due to the compactness of Q, we find a finite family of
above balls B; = B,, (z;) (1 <i < N) that cover Q. These balls will be fixed throughout
the rest of the proof, so we omit the dependence on the radii r,, or the number N of
certain quantities. For interior points x; € €2, we define z; = x;, while for points x; € 02
we choose z; € R? such that in the local coordinates we have z; = (0, —h,,) (i.e., at the
bottom of the local graph representation). Now let 0 < p < 1 be such that limy p = 1
and for any 1 <4 < N we define the affine map T} ; and its inverse T,; 11 by

1
Tiix = 2z + pr(z — 2), T,;ily =z + p—(y — %), (3.13)
’ k

where the purpose of the latter is to move the support of v locally inside €. Having this
in mind, we define the functions

—1 —1
Vk,i = PrU © Tkﬂ‘ ) 9k, = Prg © Tkﬂ‘ .

Note that both functions are well-defined since v and g are defined on R¢. Since pj, — 1
and g € CHRY)™, via a density argument with respect to v one shows that for all
1 <4 < N it holds that

Vg — v in WHP(RY)™, gri — g in WH(RH™ as k — +oo. (3.14)

Next, let (6;), be a smooth partition of unity subordinated to the cover {R?\
Q,(B;)N.,} of R? (note that we work on the ‘manifold’” R and therefore supp(6;) is
compactly contained in B; and 6y vanishes on a neighborhood of ﬁ) We build an ad
hoc Lipschitz partition of unity as follows: choose dy > 0 such that for each 1 < ¢ < N
we have supp(0;) CC B(1-5,)r,, (i) and then use Lemma 3.1 (with ¢ = do that is fixed
for the rest of the proof) for the finite family of functions {vg; — v}_, € WP(B;)™ to
obtain ny ; € Wg’oo(Bi) such that 0 < ; <1,

Nk,i = 1 on Supp(ei)? ank,i”L‘x’(Bi) <C

and forall 1 <j <N
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k—+oco

Vs @ vk, =) | La(By) < Cllvk—vllwies) — 0 (g=o0if p>d—1). (3.15)
We define the Lipschitz partition of unity as follows: for k£ € N we set

0o Mk,i

Peo0= ——=Nv > PkiT =N -
00 + Zj:l Nk, 5 90 + Zj:l Nk,5

Here the denominator is always > 1 since 1 ; = 1 on supp(6;). Therefore the gradient
of pr: (1 <i < N) satisfies for any vector a € R” the pointwise estimate

N
Vi @a| i |Vl ®a+ 350, Vi ®a‘

IVr,: @ al < N 2
Oo + > j=1 Mk, (90 + Z;V:I Uk,j)

N
< |V ®al +2Z|V7’]k7]’($)®a|. (3.16)

j=1

Set
N
vg(T) = Z Ok,i(T) ki (2).

As a next step we aim to regularize v; via convolution at the scale |pik —1| <« 1. In order
to ensure that the regularized function has compact support, we need to quantitatively
control the support of vg: let d < 1 and consider € Q such that dist(z, 9Q) < di. We
show that for a suitably small constant ¢y > 0 the choice d = co\pik — 1| implies that
vg(z) = 0. To this end, consider a ball B; with z € B;. We argue that ¢y ;(x)vg,i(z) =0
for such ¢, which then implies that vg(z) = 0. Since there are only finitely many sets in
the covering and ‘interior’ balls are compactly contained in 2, for dj small enough we
know from our construction of the covering and (3.10) that, up to a Euclidean motion,
with the corresponding cylinders C; = C,, and radii v} = rgi we can write

QNG ={( ya) € Ci : ya <i(y')}

for a Lipschitz function ; : B‘é—l(O) — (—hy, h;). Since supp(pg,i) = supp(Mg,:) C
B; CC C;, there exists 0 < # < min; r; such that vk.i(x) = 0 whenever dist(z,9C;) < 6.
Hence we can assume that dist(z, 9C;) > 6. We will show that z; + pik(cv —z) €0\ Q,
which then implies that vy ;(z) = 0. Since z € C; and dist(x, 0C;) > 6 and the z; are
pik(x— z;) € C;. Hence, in
order to show that this point does not belong to €, it suffices to show that in the local

fixed, it follows that for pj sufficiently close to 1 we have z; 4+

coordinates (where z; = (0, —h;)) we have

1 1
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Let d, € 9Q be such that |x — d,| = dist(x,09). Note that d, € C; (otherwise the
line from z to d, intersects OC; at a distance less than dy < ), so that we can write
dy = (y',¢i(y")) for some y' € B%'(0). To show (3.17), let L; be the Lipschitz constant
of ¥;. Then we can estimate '

1 1 1
Pk Pk Pk

< (Y) —xa+Li
—_———

<lde—z|<dg

1 1
<dp+L; (——1) |2'| + L; |y — 2 —<——1) (hi + xq)
Pk — Pk

<lds—z|<dg

)Lx—h—xd)

\ A
- ®1-

)La:—h—ww»

(5 -
<9 (i -
< (Li + 2)dy, +%

ly'|<r}

/\b

p11> (=h; — inf ¥(y")),

(3.11)
=Kk; < O

where we used (3.12) in the last estimate. Hence we find ¢y > such that the choice
di, = ¢ (— — 1) turns the right-hand side negative for all 1 < ¢ < N. We thus proved
that

v =0 on dist(-,00) < ¢

1 1‘ =: 4ey,. (3.18)
Pk
Step 3: Convolution and energy estimates

Denoting by ¢, a family of standard mollifiers supported in By, (0), (3.18) implies
that we have ¢y x vy € C°(Q)™. We next show that vy — v in WHP(Q)™, which then
also implies that ¢ xv, — v in WHP(2)™. Indeed, due to Young’s convolution inequality
(recall that v was extended by 0 to R?, so the expression below makes sense) we have
that

[pr * vk — vl Lo ey < [[Pr * vk — P * V| Loway + [Pk * v — V|| Lp ()
< vk = vl rrey + |0k * v — 0| Lp(ray = 0
and the same argument shows the convergence of the gradients. By convexity, we have

that vy, — v in LP(Q)™ due to (3.14), while for the gradients we first observe that on Q
(where ¢y o vanishes) the gradient of v;, can be expressed as
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N N
Do = > @piDvgi+ Y Veori @ (ki — v).

=1 i=1

Hence the estimate (3.16) and the uniform gradient bound for n ; imply that

N p
/ |Dvy, — DoulP da < c(p)/ Z(pk,i(ka,i —Dv)| dx
Q o =t
N p
+ c(p) Z Vo, ® (vg; —v)| d
i=1

Q

N
SCZ/lvk,i—v|p+|ka,i—Dv|pda:—>0 as k — +00 .

i=1¢

Now we establish the energy estimate. Given ¢ € (0, 1), we consider the sequence ug ;s =
g+tor*xvg € g+C2(Q)™. Then ug; — g-+tv in WHP(Q)™ as k — +o00. We claim that

limsuplimsup/J(%Duk’t) dz < /J(x,Du) dz. (3.19)
tT1 k—+oo 5 o

To this end, we write the gradient of uy ; as

N
Dugy =t bk x 9k, (Do + Do)

i=1

+M D +i§:¢ * (0k,i(Dg — Dgp,i) + Vi, @ (v, — v))
9 g l_ti:1 k (Pk,z g gk,z Sok,z k,i

N
n (1 ; t) (Dg + 12775 . Z (r,iDg — o * (@k’iDg») ’

i=1

Thus, using convexity of J(x, ), we have that

N
/J(x,Duk,t)dx g/tJ (x,zcbk*(@k,i(Dvm +ng7i))> d
i=1

Q Q

1-t¢
+ 5 [T+ e da
Q

with the error terms
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%A
Jii(@):=J <x, Dg+1— > ¢k x (0r.i(Dg — Dgi.i) + Vipri ® (v — U))) ;
i=1

N
2t
Tpp(@) =T (ffa Dg+1— > (eriDg — dr * (SOk,iDg))> :

i=1

Let us first analyze the error terms, starting with J,ﬁ’l. Since 0 < ¢ ; < 1and Dgy ; — Dg
uniformly on R?, the sequence ¢, * (¢ ;(Dg—Dgg ;) converges uniformly to 0 on €. For
the term ¢y *x (Vg @ (vk,; — v)) we combine the bound (3.16) applied to a = vg; — v
and (3.15) to deduce that |Vyg; ® (vg,; — v)| converges to 0 in LY(B;) (with ¢ = oo
if p > d — 1) and since supp(pr.;) C B;) also in L9(R?). The same convergence then
holds for the sequence ¢r x (Vg ® (vi,; —v)). Hence, taking into account Assumption
(a3) we can either use the g-growth from above or Lemma 3.2 to apply the dominated
convergence theorem and find that

lim lim —/J;€1 dx—hm—/Jng
11 k—+oo 11

For the integral involving J,€72 the argument is similar: we first simplify the sum by noting
that on Q we have

N
Z (¢r * (¢r,:Dg) — v1,iDg) = ¢ * Dg — Dg — 0 uniformly on .
i=1

Thus again Lemma 3.2 allows us to apply the dominated convergence theorem and we
deduce that

. . 1-1¢
lgngTw—/JkQ dx—hmT/J(x,Dg)dx—O.
Q

Thus, in order to show (3.19), it suffices to show that

N
kEI—&I-loo J (:c, Z &k * (¢r,i(Dug,; + ng))) dz = /J(a:, Du) dz. (3.20)
Q

i=1 P
First, let us verify the pointwise convergence of the integrand. It holds that
N

Z ¢k,i(Dvk,i + Dgg,i) — Du
i=1

N

<> " IDvk; — Dv|lpoq) + [Dgri — Dgllzocay = 0,
Lr(Q) =1

while outside of 2 the map Duvy, ; vanishes. Since Dy, ; is uniformly bounded, we deduce
that
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N
> ¢ * (0k.i(Dvg; + Dgg.i)) — Du in LP(Q)™*<.

i=1

Hence, in order to show (3.20), due to Vitali’s convergence theorem and the a.e. continuity
of J(z,-) at Du(x) established at the beginning of the proof, it suffices to show that the
sequence of integrands is bounded by an equi-integrable sequence of functions. It is here
where we rely on the full strength of the stability estimate (2.3). We use it to replace
the z-variable in the first component of J by T} Y2 (cf. (3.13)) and to interchange the
action of J and the convolution. For technical reasons, we set J(-,£) =0 on R%\ Q.

Using a standard estimate for convolutions and that vy ; has compact support in €2,
for any 2 € R? we have that

d

N
<Ce,? Z @k,i(Dvg,i + Dgr.i)

i=1

N
| <¢k * Y ori(Dogi + ng,i)) (z)

i=1

L?(Be, (x))

N
_d
<Ce¢” Z [DvkillLe () + [Dgll Lo (re)-
i=1

Due to (3.18), we deduce that for a suitably large constant C' > 0 we have that

N

P * Z ©k,i(Dvg,i + Dgg.q)
i=1

1
— 1

_d
<Ce,* <C
Pk

Lo (R4)

(3.21)

_d
‘p

We apply the stability estimate (2.3) for z € Q and the scale §; = 2 diam(Q2) ‘p% - 1’.
Due to (3.18), we may assume that ¢, < J;. To simplify notation, set wg(z,§) =

(ess infyemmﬂ J(y, )) (€). Then by (2.3)

N N
J <$7 Sk x> ori(Dugi + ng,i)) < Cuwy (33, Gk x> pri(Dugi + ng’)) + o).

i=1 i=1

Since o € L'(f), we can continue by bounding the remaining RHS term by an equi-
integrable sequence of functions. Recall that wy is convex and lower semicontinuous in
the &-variable, so that it respects Jensen’s inequality. Therefore

N
W (93, Or * Z ki (Dvg; + ng,i)>

=1

N
< / r (T — y)wy (I, Z @k,i(y)(Dvg,i(y) + ng,z‘(@/))) dy

Be,, (x)
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N
< Z; / ¢k (.’E - y)<pk,z (y)wk (x, ka,i (y) —+ ng,z(y)) dy’ (322)

where the last inequality follows from convexity (recall that ¢y ¢ vanishes on a neigh-
borhood of Q, so for k large enough the above weights sum up to 1 for all 2 € ). Now
we need to distinguish two cases for y € By, (z): if T,;ily € ), then

Tty — ol <|Tity =yl + |y — x| < 6, + ey, <20y,
so that the elementary inequality f** < f and the definition of wy yield that

wi (2, Dvg.i(y) + Dgr.i(y)) < J(Ty )y, Dok.i(y) + Dgr.i(y))- (3.23)

If instead Tk_ily ¢ Q, then it follows from the definition of vy ; that Duvy ;(y) = 0. To
control the contribution coming from Dgy, ;, recall that Dgy ; — Dg uniformly. Together
with the uniform continuity of Dg, for k large enough and y € B, (x) we find that

wi(z,Dgr,i(y)) < El‘tp wi(x, Dg(x) + &) < |§}l<p J(x,Dg(z) + &),

where r > 0 is given by Lemma 3.2. Combined with (3.23) we obtain the global bound

wi(z, Do, i(y) + Dgr,i(y)) < J(T; 'y, Dvgi + Dgrs) + Sup J(z,Dg(z) +¢)
gl<r

for all x € Q, y € B, (x). Inserting this estimate into (3.22), we infer that

N
Wk (xv Gex Y ori(Dugi + ng))

i=1

N
<> [ oo - 0oy Dons + Do) dy
=1

Be, (z)

+ sup J(z,Dg(z) + &).
€| <r

The last RHS function is integrable by Lemma 3.2, so it suffices to show that for each
i € {1,...,N} the sequences in the RHS sum are equi-integrable. By the change of
variables T} lly = z and the scaling of the mollifier, we obtain that

| oo = 9)e0stw) (T 1. Dows(w) + Dgsw) dy
Be, (z)

< / ¢r(z — Ty i2)J (2,Dv(z) + Dg(2)) dz < C ][ J(z,Du(z))dz

Ty ! B, (x) Bee,, ()
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N lemo)('/c‘m *J (-, Du(-))(z).

By the properties of approximate identities (cf. [20, Theorem 8.14]), the last sequence

converges strongly in L'(2) (and thus is equi-integrable) since x + J(z, Du(z)) € L' (R%)
due to the trivial extension by 0 outside of 2. We thus conclude the proof. O

We now prove the first main result for exponents p < d — 1.

Proof of Theorem 2.2. For u € WP (Q)™ set F(u) = [, J(x,Du) dz. We show that for
any u € g + WyP(Q)™ there exists a sequence u,, € g + C°(Q)™ such that u, — u
in WhP(Q)™ and F(u,) — F(u). We first reduce the analysis to a simpler situation.
Arguing as at the beginning of the proof of Lemma 3.3, we may assume without loss of
generality that F(u) < +o00. Let t € (0,1). Then u; := g+ t(u — g) € g+ Wy P(Q)™ and
by convexity we have

F(%(w—g)) _F((1+t)(u_g)> _F((1+t)qu (1—1) (1+t§g>

where we use for the last inequality that by assumption F(sg) < +oo for all s € R.
< (1-t)F(g9) +tF(u) < 400 and

Moreover, we have F'(u;)

i <
ltlTnll F(u) < F(u)

and since uy — u in WHP(Q)™ when t 1 1 and L > 1, a diagonal argument allows us
to show the approximation for functions u such that additionally F(s(u—g)) < 400 for
some s > 1. We next apply Lemma 3.3 with zero boundary datum to find a sequence
vp, € C2°(Q)™ such that v, — u — g in WHP(Q)™ and

BIE /J(LL‘, sDuy,,)dz = /J(m, sD(u — g))dz < +o0. (3.24)
Q 9)

Up to a subsequence (not relabeled), we can also assume v, — u— g and Dv,, = Du—Dyg
a.e. in 2. We show that

lim /J(:ng—&—Dvn)dw:/J(a:,Du) dz,

n—-+oo
Q Q

which proves the assertion. By Fatou’s lemma and the non-negativity and lower semi-
continuity of J, we have
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liminf/J(x,Dg—i-Dvn)dacE/J(x,Du) dz.

n—00
Q Q

To show the corresponding inequality for the lim sup, we first observe that for all £ €
Rmxd

J(z,Dg+ &) = J(z, (1 — 2)=Dg + 1) < J(z, =2 Dg) + J(z, s€). (3.25)

Hence, the desired inequality follows with help of estimate (3.25), Fatou’s lemma and
(3.24):

n—o0 n—oo

limsup/J(m,Dg + Do) dz < — liminf (/J(m, —~1Dg) + J(x, sDvy)
Q

— J(z,Dg + Dv,,) dx)

+ lim [ J(z,-%Dg) + J(z, sDv,) dx

n— oo s—1
Q

< / J(z, Du) dz.

Q

Note that here we used that also £ — —J(x,&) is lower semicontinuous due to the fact
that J(x,-) is even continuous, being convex and finite-valued. O

Next, we prove our results on unbounded and locally bounded integrands.
Proof of Theorem 2.3. The result is contained in the statement of Lemma 3.3. O

Proof of Corollary 2.4. We can apply Lemma 3.3 with ¢ = 0 and then repeat the con-
struction used in the proof of Theorem 2.2, where no additional growth assumptions
were used except the integrability of z — J(z,sDg(x)) for every s € R. This holds for
g € WHe°(Q)™ since (2.3) implies that J(-, &) € L() for all ¢ € R™*4  which combined
with convexity yields that z +— sup¢ < J(z,§) € LY(Q) for all R > 0. For the claimed
integrability of J(-,£), note that for 6 < 1 (but fixed) we have

J(x,&) <Cess _inf J(y,&) + a(z)
yEBs(x)NQ

for some a € L'(Q). We prove that the first RHS function is bounded. To this end,
assume by contradiction that there exists a sequence (z)ren C €2 such that

ess _inf J(y, &) >k for all £ € N.
yeBg(zk)ﬂQ



24 L. Koch et al. / Journal of Functional Analysis 288 (2025) 110793

Passing to a subsequence (not relabeled), we can assume that z; — xo for some z( € Q.
But then

ess inf J(y, &) > lim ess _inf  J(y,§) =+o0
YEBs 2 (x0)NN k—=+oo y€Bs ()N

which contradicts the fact that J is finite-valued. O

We finally treat the non-convex case, where the argument is essentially taken from
[17, Chapter X, Proposition 2.10].

Proof of Corollary 2.5. Let u, € g + C°(2)™ be the sequence given by either Theo-
rem 2.2, Theorem 2.3 or Corollary 2.4. Thus u, — uin W'?(Q)™ and [, J(x, Du,) dz —
Jo J(x,Du) dz and after extracting a subsequence (not relabeled) we have Du,, — Du
a.e. in Q. In view of Fatou’s lemma, it suffices to show

limsup/G(x,Dun)dx < /G(x,Du) dz

n—-+oo

It is not restrictive to assume that [, G(z,Du)dz < 4oo. In this case also
fQ x,Du) dz < +oo. Applying Fatou’s lemma to the non-negative integrand —G (z, &)+
CJ(x,€&) + a(z) we infer that

/—G(x, Du) + CJ(z,Du) + a(z) dz
)

n—-+4oo

< lim inf /fG(m,Dun) + CJ(x,Duy,) + a(z) dx

< —limsup/G(x,Dun) dz

n——+0oo
+/C’J(m,Du)+a(m) dz.
Q

Now removing the finite term [, C.J(z, Du) 4+ a(x) dz from both sides, the claim follows
by rearrangement. 0O

Appendix A. The autonomous case on locally strongly star-shaped sets
In this appendix we provide the necessary details to extend our results from open,

bounded sets with Lipschitz boundary to the more general class of open, bounded sets
that are locally star-shaped. We first recall their definition.
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Definition A.1 ((Locally) strongly star-shaped sets).

i) An open bounded set €2, which is star-shaped with respect to a point z € O, is called
strongly star-shaped if the relative interior of each segment from z to a point in 0f2
is contained in €.

ii) A bounded, open set Q is called locally strongly star-shaped if for every x € 9 there
exists an open neighborhood O of x such that O N is strongly star-shaped.

It is a classical result that bounded, open sets with Lipschitz boundary are locally
strongly star-shaped, but as shown in [10, Proposition 2.10] the boundary of such a set
can also have particular cusps. However, as the following elementary lemma shows, the
boundary always has measure zero. This fact was used in the proof of Lemma 3.3.

Lemma A.2. Let Q be locally strongly star-shaped. Then |02 = 0.

Proof. Since Q is compact, we can write {2 as a finite union of strongly-star shaped sets.
Using the inclusion (A U B) C 0A U JB, it thus suffices to show that the boundary
of any strongly star-shaped set has zero measure. Hence we assume that €2 is strongly
star-shaped. Moreover, up to a translation it is not restrictive to assume that the center
point z is the origin. Consider its radial function rq : S¥=! — (0, +-00) defined by

ro(v) =sup{\ > 0: v e Q}.

Since ( is strongly star-shaped, it follows that v — ro(v)v defines a bijection between
S?=1 and 9. Hence the family (s9€),s¢ is pairwise disjoint, so that only countably
many of the sets can have positive measure. But [s0Q| = 57|09, which implies that
092 =0. O

The following result is [10, Proposition 2.11].

Lemma A.3. Let ) be a bounded, open set that is locally strongly star-shaped. Then there
exist finitely many open sets G1,...,Gj C R that cover O and such that each set
U; .= G; NQ is strongly star-shaped with respect to some z; € U;. Moreover, there exists
d > 0 such that for all X € (1 —6,1) it holds that

(zi +AQ—2))NU; cC Q foralli=1,... k. (A1)

With the above lemma at hand, we can adapt the proof of Lemma 3.3 as follows:
instead of covering the boundary with the cylinders C,, we can use an open set G, such
x € G, and such that there exists z, € U, = G, N Q satisfying (A.1), so in particular
for a sequence pi T 1 we have

dist((zz + pr (2 — 22)) N U,, 00) = di, > 0. (A.2)
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Note that (pg)ren and dy do not depend on x. The point z; is then replaced by the point

zg, in a finite subcover, while the remaining construction remains the same. In this case

i

the function vy, still has compact support in 2. Indeed, for x € U,, with dist(x,9Q) < d,

the equation (A.2) yields that = ¢ z; + px(Q — z;) and since v = 0 outside of  we
conclude that

vk =0 on U, N{dist(-,00) < di}. (A.3)

Hence the convolution has to be performed at a scale g ~ dj, which in general cannot
be compared to ‘pik — 1|. However, this was only used for applying the stability estimate

(2.3), which is not needed in the autonomous setting. The remaining arguments did
not rely on Lipschitz regularity of the boundary, provided we define W, *()™ as the
norm-closure of C'2°(Q)™

Data availability
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