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Abstract

We establish a connection between tagged particles and size-biased empirical pro-
cesses in interacting particle systems, in analogy to classical results on the propagation
of chaos. In a mean-field scaling limit, the evolution of the occupation number on
the tagged particle site converges to a time-inhomogeneous Markov process with
non-linear master equation given by the law of large numbers of size-biased empirical
measures. The latter are important in recent efforts to understand the dynamics of
condensation in interacting particle systems.
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1 Introduction

Based on classical results in [25], propagation of chaos and laws of large numbers for
empirical processes have recently attracted significant attention mostly for mean-field
interacting diffusion models (see e.g. [8, 20] and references therein). In the context
of interacting particle systems (IPS), propagation of chaos has been studied for the
evolution of tagged particle locations on regular lattices [22, 23] and for single-site
dynamics in mean-field models [11], with recent results also for sparse random graphs
[21]. This note is based on results in [11] which provides a law of large numbers for
empirical processes with a connection to rate equations studied in the context of cluster
aggregation models [6, 24].

We consider the evolution of size-biased empirical measures, which is a useful tool
to study the dynamics of condensing IPS with unbounded occupation numbers, such
as zero-range [10, 14] or inclusion processes [9]. The dynamics of cluster formation
in condensing IPS has attracted significant recent research interest [2, 5], also in the
context of metastability (see e.g. [15, 19] and references therein). We show that the
occupation number on a tagged particle location in the mean-field limit converges
to a time-inhomogeneous Markov process with non-linear master equation given by
the law of large numbers for size-biased empirical processes. This provides a new
interpretation of the limiting dynamics of size-biased empirical measures, in analogy to
classical propagation of chaos [11, 25] which links the dynamics of unbiased empirical
measures with that of occupation numbers on a fixed site. Note also that in contrast
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to the occupation number, the location of the tagged particle does not converge to a
limiting process in the mean-field limit we consider here. Our main assumption is a
bound on the jump rates by a bi-linear function of departure and target site occupation,
which includes the above mentioned examples of condensing systems. In such models,
higher order correlation functions diverge with time, so in contrast to recent results
with uniform-in-time estimates [17] our results can be only local in time.

2 Notation and main result

2.1 Mathematical setting

We consider stochastic particle systems (n(t) : ¢ > 0) on finite lattices A of size
|A| = L. Configurations are denoted by n = (1, : x € A) where n, € Ny is the number of
particles on site . We consider systems with a fixed number of particles N = > _,\ 7,
and the state space of all such configurations is denoted by Er, y C ]NQ. The dynamics of
the process is defined by the infinitesimal generator

(L)) = Y alw,y)e(ne,ny)(g(n™Y) —g(m)) , g€ Co(EL ) - (2.1)
z,y€EA

Here, the usual notation 7* ¥ indicates a configuration where one particle has moved
from site x to y, i.e. n7Y =1, — 6., + 6., and ¢ is the Kronecker delta. Since
E;, n is finite, the generator (2.1) is defined for all bounded, continuous test functions
g € Cy(Er N). For a general discussion and the construction of the dynamics on infinite
lattices see e.g. [1, 4].

To ensure that the process is non-degenerate, the jump rates satisfy

{ c(0,1)=0 foralll>0 2.2)

c(k,1) >0 forallk>0and!>0.

Our main further assumption on the dynamics is that the rates grow sublinearly, in the
sense that they are bounded by a bilinear function

c(k,1) < Ck(1+1) forconstantC > 0. (2.3)

We focus on complete graph dynamics, i.e. ¢(x,y) = 1/(L — 1) for all  # y, and under
the above conditions the process is irreducible on Ey, x and

Z 7.(t) = N is the only conserved quantity . (2.4)
FASHIN

To follow the location (X (¢) : ¢ > 0) of a tagged particle, we extend the state space to
E := E; n x A and states (n,z) € E describe the particle configuration n € E y and
location = € A of the tagged particle. In the following, we denote by P and E” the law
and expectation on the path space 2 = Dy )(E) of the joint process ((77(t)7 X(@): t>
O). As usual, we use the Borel o-algebra for the discrete product topology on F, and the
smallest o-algebra on 2 such that w — (n;(w), X;(w)) is measurable for all ¢ > 0. The
joint process is Markov and its evolution is described by the infinitesimal generator

1

LG(nx) = Y = enn) (GOY ™", 2) = Gln,w))(1 b
y,zEN
1 Nz — 1 Tz 1 Tz
zEN z T
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for all bounded continuous functions G € Cy(EF). We consider the empirical processes
t— FL(n(t)) with
1
L —
Fi/(n) = 7 EGA(S%’C €[0,1], k>0, (2.6)

counting the fraction of lattice sites for each occupation number k > 0.
For our main result we will consider the thermodynamic limit with density p, i.e.

L — o0, N=Nj - o0 suchthat N/L—p>0. (2.7)

Under condition (2.7), the sequence N/L is bounded from above by a constant and for
simplicity and without loss of generality, we assume that

N/L<p forallL>2. (2.8)

For the sequence (in L) of initial conditions (7(0), X (0)) we first require the minimal
condition that there exists a fixed probability distribution f(0) on INy with finite moments

m1(0) := > kfr(0) =p<oo and my(0):= Y k*fi(0) < oo, (2.9)
K E>1

such that we have a weak law of large numbers
FE((0)) - £,(0) as L — oo, for all k > 0. (2.10)

We need further regularity assumptions on the initial conditions, namely a uniform
bound of second and third moments, for some fixed as, a3 > 0

E[lzni(o)} <ay and E{lzng’;(m] <as forallL>2. 2.11)
L:CEA L$€A

Note that (2.8) and conservation of mass (2.4) imply for the first moment that

1 N
ZZ%(t):Z}cF,f(n(t))— <p, Pl—as forallt>0and L>2. (2.12)

L
zEA k>0

We assume that N — 1 particles are distributed on the lattice according to some initial
conditions satisfying (2.9), (2.10), (2.11) and the N-th particle (the tagged one) is located
on position X (0), increasing the value of 7)x(9)(0) by 1 such that

EL [n§((0)(0)} < a4 holds for some fixed ay > 0andall L > 2. (2.13)

For example, if we distribute N — 1 particles uniformly, independently on A, (2.9),
(2.10) are satisfied with Poisson distribution f(0), and condition (2.11) is satisfied for all
L > 2. There are various ways to then choose the initial position of the tagged particle
such that (2.13) is satisfied. We could pick a fixed site (e.g. X(0) = 1) or select one
uniformly at random. On the other hand, selecting a site with the maximum occupation
number would lead to logarithmic growth with respect to L of nx () (0), violating (2.13).

2.2 A law of large numbers for empirical processes
A law of large numbers for the empirical process (2.6) was established in [11].

Theorem 2.1. Consider a process with generator (2.1) on the complete graph with
sublinear rates (2.3) and initial conditions satisfying (2.9), (2.10) and the second moment
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condition in (2.11). Then we have in the thermodynamic limit (2.7) for any p > 0 and
any Lipschitz function h : Ny — R,

(ZF,f(n(t)) h(k):t > o) - (Z Fe®) h(k)  t> o) weakly on Dy o) (E),  (2.14)

k>0 k>0

where f(t) = (fx(t) : k € INy) is the unique global solution to the mean-field equation

df;it) = ek + 1,0 filt) frora(t) + Y el k= 1) filt) fra(t)
1>0 51
- (Zc(k7l)fl(t) + Zc(lak)fl(t)>f}g(t) forallk >0, (2.15)
>0 1>0

with initial condition f(0) given by (2.10). Here we use the convention f_;(t) = 0 for all
t > 0 and recall that ¢(0,1) =0 for alll > 0.

Notice that in [11], this result was established for bounded functions 7 : Ny — R
and more restrictive assumptions on initial conditions. The proof for Lipschitz functions
h : INo — R as stated above is included in Appendix A.

The nonlinear equations (2.15) can be written as

df(t)
dt

= 1 (8) finr(8) + B (8) Fima(8) = (l8) + B ) @), k=0,

and thus be identified as the master equation of a non-linear birth-death chain on IN,
with time-dependent birth and death rate

Br():=S el k) filt) and pr():= ek Dfilt)., (2.16)

1>1 1>0

respectively. Here, we use again the convention 5_1(t) = uo(t) = 0. This corresponds to
the limiting dynamics of the occupation number of a fixed site, where any finite set of
those evolves as independent birth-death chains according to the propagation of chaos
(see [11] and references therein for details).

The solutions (fx(¢) : ¥ > 0) to this system of equations have been studied in [11, 14]
and in detail in [18, 24]. In condensing systems, solutions show a bump at occupation
numbers increasing with time corresponding to the emergence of cluster sites in the
condensed phase. The volume fraction of the latter vanishes in time and corresponds
to the integral of the bump. To study the asymptotics of the condensed phase, it is
therefore advantageous to consider a size-biased empirical distribution, as has been
done for zero-range [14] and inclusion processes [9, 13]. Since (2.15) conserves the total
mass p = mi(t) = >~ kfx(t) for all ¢ > 0, the corresponding size-biased quantities

1
pi(t) == ;kfk(t) , k>1 arenormalized with Zpk(t) =1, (2.17)
k>1

and describe the fraction of mass in clusters of size k. From (2.15) and (2.17) it is easy
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to see that they solve

dpgt(t) Tk -]i pHe1 () Prsa (8) + %@c—l(t) Pre-1(t) — (uk(t) + 5k(t))pk(t)
=7 i 1,Uk+1(t)pk+1(t) + Bre—1(t)pr—1(t) + Z %c(n, k—1)foe_1(t)pna(t)

n>1

=27 Be—1(t)pr—1(t)

_(k - L) + % S elkon— Vs (0) 450 pi(t) . k=2

=pui(t)
el S0 pa(0) + 5 50(0) o) = (40 + 520 1)
= 200+ 3 0 1 (t) — (1m(1) + B:0) () 2.18)

with initial condition px(0) = kfx(0)/p, k > 1. Based on Theorem 2.1, one can show that
the empirical mass processes

t Py(n Zk‘sm(t ka(())€[071]7 k>1
IGA

converge to solutions of (2.18). Pk,L(n) counts the fraction of particles on sites with k&
particles. Following our main result, we will see that (2.18) can be interpreted as the
master equation for a process on IN, describing the mass on the site of a tagged particle.

2.3 Main result

The evolution of the occupation number on the tagged particle site is denoted by
WE(t) :=n x(¢)(t). To study its dynamics we apply the generator (2.5) to a test function
G(n,z) = g(n,) and find

=y — L c(y> 1) (9w + 1) = g(n2)) (1 = Gay)

yGA
+ yze; L c(nz,1y) [%77; ! (9(ne —1) = g(n2)) + niz (9(ny +1) = g(n)) | (1 = day) -
(2.19)
Plugging in the process, this can be written for eachn > 1 as
Ehpo(n) = 72 3 ek, mEE (D) (9(n + 1) — 9(n))
k>1
L n—1 I 1 I
+ o (P et ) g1~ 0) + 1 3 el DEEG0) 9(4+1) = g(m) )
k>0 k>0
T 1_ Te(n,n) (n Z L (g(n+1) — g(n)) + 2 ; . (9(n—1) - g(n))) - (2.20)

Note that the process (WX(t),t > 0) is itself not a Markov process, since its generator
depends also on the state of the configuration 7(¢). Based on Theorem 2.1, we have that
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for each n € NN, in the limit L — oo, (2.20) converges to a time-inhomogeneous generator

Ligln) = (1) (9 t1) — 9(m) + "L (£)(9(n1) — g(m)

F S el k)i () k) —g(m) . 221)

k>1

This generator describes a birth-death process with time-dependent birth and death

rates f3,,(t) and "T_l 1n(t) as given in (2.16), and with additional long-range jumps when
the tagged particle changes position. Notice that the master equation that corresponds

to this process coincides with (2.18). Here is our main result.

Theorem 2.2. Consider a tagged particle process with generator (2.5) on the complete
graph with sublinear rates (2.3) and initial conditions satisfying (2.9), (2.10), (2.11) and
(2.13). In the thermodynamic limit (2.7), for any p > 0,

(WE(t):t>0) — (W(t): t >0) weakly on Djg ) (E),

where (W(t) it > 0) is a time-inhomogeneous Markov process on IN with generator £,
(2.21) and corresponding master equation (2.18).

Therefore, in a mean-field scaling limit, the evolution of the occupation number on
the tagged particle site, 1x()(t), converges to a time-inhomogeneous Markov process
on IN with (non-linear) master equation (2.18) given by the law of large numbers of
size-biased empirical measures. This provides a direct interpretation of the dynamics of
these measures in terms of the underlying particle system in analogy to propagation of
chaos for unbiased empirical measures [11]. Our method of proof also directly extends to
occupation numbers on any finite number of tagged particle sites. Even if correlated by
initial conditions, they will evolve independently eventually, since tagged particles do not
revisit the same site asymptotically in a mean-field scaling limit. As was demonstrated
in [10, 14] for the example of a condensing zero-range process, this can be used to
devise efficient numerical schemes to study the coarsening dynamics of the condensed
phase emerging from a supercritical homogeneous initial condition. In particular, the
expectation

BV ()] = Y knult) = - 3K i(t)
k>1 P>t
describes the second moment of the particle system, which is increasing with ¢ following
a coarsening scaling law for condensing systems (see e.g. [10, 14, 24] for details).

3 Proof of the main result

3.1 Moment bounds

As a first step, we collect some useful results on moments and establish a time-
dependent bound on the moments of the processes 7,.(t) for z € A and W% (t). For any
integer n > 0 denote the n-th moment by

mL(t) == EL [% 3 (nz(t))n] — EL [Z k”FkL(n(t))] . 3.1)

TEA k>0

We have m{(t) = 1 and with (2.10), m¥(0) — p and m%(0) — m3(0) < co. The uniform
conditions (2.11) on the moments further imply for all L > 2 that mZ(0) < as, m:’;‘(O) <
a3, and with conservation of mass (2.12), we have mf(t) < pfor all t > 0, while higher
moments typically grow in time for condensing systems (see e.g. [10, 14, 24]). The
following result gives a general (but very rough) upper bound.
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Proposition 3.1. Assume that the sequence (m}(0)), ., is bounded uniformly in L for

some integer n € IN. Then there exists a constant B,, > 0 independent of L such that

mkb(t) < B,ePt forallt>0and L > 2. (3.2)

n

Proof. Applying the generator (2.1) to the function g(n) = n? for n € IN and some = € A,
we get

1 ]
e =5 | D2 clmome) (0o + )" =0 + Y elnanmy) (e = 1" =) | - (3.3)

Note that p£ (k) := (k£ 1)" — k" is a polynomial of degree n — 1, which implies with
(3.3) and sublinear rates (2.3) that

G = 1 B 020)] = | X etk (0 (FEGO)L - du) Fita(0)

zeA k,1>0

k,1>0

= T X (B0 + ek (9 FE ) i)
k>0

L LZ (k) (09 + (1) EE 0]

< 2CE| Y 10+ R (D FE OG0
k,1>0

< 20| Y1+ Bt (9 FE (o) (3.4)
E>0

Here we used that p, (k) <0Vk > 1and p,_,(k) +p,_,(k) > 0 in the first inequality,
and conservation of mass (2.12) in the second inequality. Since m%(t) < mL, (¢) for all
n > 1, this implies for some constant Bn >0

%mﬁ(t) < B,(1+mk(t)),

which implies, based on Gronwall’s Lemma and the boundedness of m%(0), that

mE(t) < (1+mL(0))ePt < BeBrt

n
for some constant B,, which does not depend on L. O

In the following, we denote the n-th moment of the process W¥(t) by
iy, (t) == BE[(WE()"] = B[ (nx ()" ] - (3.5)

Notice that based on initial condition (2.13), we have £ (0) < a4. Similarly to Proposition
3.1, we can establish the following (rough) bounds on the moments of this process.

Proposition 3.2. Assume that the sequence (myLLH(O))L>2 is bounded for some integer
n € IN. Then, there exists a constant C,, > 0 independent of L such that

mkE(t) < (M5 (0) + Cpt)e“" forallt >0and L >2. (3.6)

n
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Proof. Applying the generator (2.20) to the function g(!) = (" for n € IN, we get

mk 4
Wall) _ g [2,(WH )] = 7o B 5 b WHO B GO V(1)
+ 1P | i 3 W) B)EE (D) ((k+1)" = (WE0)")
L WE(t) -1
- B W(ﬁ)(t) 3 OVE O RFL )R (V) ~ 1)
c L L

— et | (o) + 1 (VE0) - VE0 - 1, (740 - 1)
where we used p,,_,(k) = —p;"_,(k — 1). Since the functions [ + Ip;_,(I) are increasing

for all n € IN, the last two lines in the above display are negative and therefore, we have
for some polynomial ¢, of degree n and a positive constant C,,

mL
Wall) < L CpB? [gu (W) + o OB R L)

~

< (1 (1) + mizy (1) < G (2E(6) + Bugae®1) .

In the last line we used relation (3.2) and that n — mZ(t) and n — mL(t) for all t > 0 are
non-decreasing. The result then follows by Gronwall’s Lemma. O

Based on Proposition 3.2 and assumptions (2.11), (2.13), we have the following corollary.

Corollary 3.3. Under assumptions (2.11) and (2.13), there exists a constant Cy > 0
independent of L such that

mE(t) < (ag + Cot)e®" forallt >0, L>2. (3.7)

3.2 Existence of limit processes

Proposition 3.4. Consider the process with generator (2.20) and conditions as in
Theorem 2.2. Denote by Q the law of the process t — W (t) on path space Djp,00)(IN),
which is the image measure of P” under the mapping (1, z) — 71,. Then Q" is tight as
L — .

Proof. To establish tightness for Q”, we will use a coupling argument. The process W%

is coupled with a process W’ such that W jumps (at least) whenever the process Wt

jumps, with a positive jump of length greater or equal than that of the process W%. In

this way, as demonstrated below, tightness for W’ implies tightness for W’.
According to generator (2.20), for the process WL we have:

* Birth rate: The process jumps from n to n + 1 at rate

oS el m) FE ()
E>1

7 1c(n,n) <2Cp(1+n) <4Cpn .

* Death rate: The process jumps from n to n — 1 at rate
n—1 1 n—1

L
=1 kzz;)C(m k) (n(t) — I_ 1c(n7n)

<2C(1+p)n .
n
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e Long-range jump rate: The process jumps from n to k + 1 for k¥ > 0 at rate

L 1 11

1 e REE (1) = 3= —e(n.n)di, < 2C(1+ RFE (1) -

Based on the above, we consider the jump process W% (t) as follows:

* Birth rate: The process jumps from n to n + 1 at the increased rate
Cn > 4Cpn +2C(1+ p)n, where C :=2C(1 + 3p).

* Positive long-range jumps: The process jumps from n to 2n + k£ with jump length
n+k>|k+1—n|for k>0 at the increased rate

20(1 + k)FE(n(t)) -
Therefore, the generator of the new process W£(t) is the following
Lyng(n) = Cn(g(n+1) = g(n)) +2C Y (1+k)F (1)) (9(2n+ k) — g(n)) . (3.8)
k>0

Both processes are maximally coupled so that whenever the process W (t) jumps, the
process W1 (t) also jumps with a positive jump of length at least equal to that of the
process WE(t). Since the rates are monotone increasing with state n € IN, this implies
that almost surely under the coupling path measure P~.

WEt+5) - WE) <WE({t+s) — WE(t) forall t,s > 0. (3.9)
Moreover, we start the two processes with the same initial value, i.e.
wkt) =wkt(0), (3.10)
which implies that PX-almost surely
1< W) <Wl(t) forallt>0. (3.11)

Based on (3.9), (3.11), in order to prove tightness for the processes {(WL(t) : t > 0)} 12,
it suffices to prove tightness for the processes {(WL(t) :t > 0)}1>o.

Based on Theorem 2.4 and Remark 4.2 in [12], in order to establish tightness for the
increasing jump processes {(WL(t) : t > 0)}1>2, it suffices to prove the following:

(i) ForeachT >0, lim supP( sup |[WL(s)|>a)=0.
A= 1> 0<s<T

(ii) For each 0 < a1 < as,

5 'limsup sup P(atleasttwo W’ — jumps in [s,s +0)) - 0asd — 0T .

L—o ai1<s<az

(iii) For every e >0, limsupP (WE(t)—WE(0)>¢€) = 0ast— 0" .

L—o0
For simplicity of notation, here and in the following we use the generic notation IP and E
for the law and expectation of the process WT.
Proof of (i): Let T > 0. Since the positive process W% (t) is increasing as a function of ¢,
it suffices to prove that lim sup P(W%(T) > a) = 0 . By Markov’s inequality,

a— o0 L>2

E[WE(T)]

P(WH(T) > a) < ——

foralla > 0. (3.12)

To control the expectation, we establish a bound on the moment

mn(t) = B(WE(@t)"], forallt>0. (3.13)
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Lemma 3.5. Under assumptions (2.11) and (2.13), there exists a constant Dy > 0
independent of L such that

mb(t) < oaue?™ forallt>0, L>2. (3.14)

Proof. Since W' is an unbounded process, we will first establish bounds on the moments
of the bounded process WX A M := min(W%, M), namely for

mg () = E[(W"(t) A M)?]
Applying generator (3.8) to the bounded function g;(n) = (n A M)? for M € IN, we get
LE o (n A M)? = Cn (((n+ 1A M) — (n/\M)Z)
+2C (1L + BFE0(0) (20 + k) A M) = (n A M)?)
k>0
<C(nAM)@2(nAM)+1)
+2C ) (1 +E)FE((t) (3(n A M) + K + dk(n A M))
k>0
<6C(nAM)?+20> (1+k)PFE(E) +8C(nAM)Y (1+ k) FE(n(t)
k>0 k>0

where we used that for n > M, ((n+1) A M)* — (n A M)2 = 0. Conditional on 7[0, 7]
for some arbitrary 7' > 0, (W () : t € [0,T]) is a Markov process with time-dependent
generator ETLI( »- Therefore, applying Dynkin’s formula (see e.g. Appendix 1.5, Lemma
5.1 [16]) and taking expectation over 5[0, 7] we get

d _ _

%mé,M(t) = E[ﬁﬁm (WE@)> A M) ]

<D (m2 Mm(t) +mE () +B[(WEHE) A M) kszL(n(t))]> (3.15)
k>0

where D > 0 is some absolute constant (independent of L and M). Regarding the last
term, we have from Cauchy-Schwarz inequality (and since mj ,(t) > 1)

(ZkQFk ) Dm.

k>0

M} keN is a probability mass function, Jensen’s inequality implies

kEE(n(t)\2
(I;)k kN/L )]

Using that {
E (ZkQF,f(n(t»)z] - (]LV) B

k>0
N 2
<|=) E
<(7)

Therefore, based on Proposition 3.1, we find

d
dtm2 st <D (mz a(t) + BsePst 4+ PBB@BSt/Qm;M(t)) < D26D2tm2L,M(t)

for another absolute constant D, > 0. Since T > 0 was arbitrary and based on Gronwall’s
inequality and conditions (3.10) and (2.13), we have

E[(WE(t) A M)?] < e “'m 1, (0) < age®”™" forallt>0,L>2,MeNN.

Taking M — oo, the result then follows by monotone convergence. O
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_ oDaT
Therefore, (3.12) and Lemma 3.5 imply sup P(WX(T) > a) < % , which vanishes
L>2

as a — oo and concludes the proof of (i).

Proof of (ii): It suffices to prove that foreach 7" > 0 :

6~ 'limsup sup E[]P,,[OVT] (at least two W — jumps in [s, s + 5))} 50 (3.16)
L—oo 0<s<T
as § — 0T, where IP,,0,77 is the conditional measure given the path of » on [0, 7. Since
W is a Markov jump process with finite rates, the probability of two or more jumps is
of order 62 which implies (ii). However, we do not have uniform-in-L control on rates of
WL, which requires a slightly technical analysis presented in Appendix B.
Proof of (iii): By Markov’s inequality, we have

E[W(t) - W (0)]

P (WE(t) — Wh(0) > €) < (3.17)
€
Using the same reasoning as in (3.15), we get with Dynkin’s formula
t
E[WE () AM - WE0)AM] = / E[Lr o (WE(s) A M) ]ds . (3.18)
0

Based on (3.8), we have
0< Ll (WHs) AM) = CWH(s) (WH(s) +1) A M —WH(s) A M)
+2C) (14 k)FEn(s) (WE(s) + k) A M = WE(s) A M)

k>0
< C(WH(s) AM)+2C Y (1+k)*FE(n(s)) -
k>0
Therefore, 0 < E[L] (W (s) AM)] < D(m3 5,(s)+m%(s)), for some absolute constant
D > 0 (independent of L and M). Thus, taking M — oo, by the monotone convergence
theorem, Proposition 3.1 and Lemma 3.5, we conclude with (3.18) that

0 < B[WE(t) = WH(0)] < D(ase”™ + ByeP2)t — 0 (3.19)
as t — 0, which holds uniformly in .. > 2 and concludes the proof of condition (iii). O

By Prokhorov’s theorem, the tightness result in Proposition 3.4 implies the existence
of sub-sequential limit points of the sequence (WX(¢) : t > 0) in the usual Skorohod
topology of weak convergence on path space D[Om)(]N) (see e.g. [7], Section 16). We
denote the law of any such limit by Q.

3.3 Characterisation of the limit process
In order to identify the limit @ we need to show that for all ¢ > 0 and g € C,(IN),

g(w(t)) — g(w(0)) — /O ' ag(w(s))ds is a martingale wrt. Q| (3.20)

where w € Dy »)(IN) denotes an element in path space. Together with the uniqueness
of the martingale problem associated with L,, this implies convergence of Q” and
characterizes the limit Q as the law of the Markov process (W (t) : ¢ > 0) with generator
L: (2.21). Following a standard argument presented in Appendix C, we only need to
prove that forallt > 0

B [| [ (L6 - Efia ) ds

}HO as L = oo . (3.21)
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Since the process t — ﬁf](t)g(WL(t)) is bounded in L!'-norm on compact time intervals
uniformly with respect to L, and using the triangle inequality it suffices to prove that

fe]

as L — oo. Since g € C,(IN) and because of condition (2.3), we find

Log(WE(s)) — L—Ln(s (WL(S))H ds =0 (3.22)

ﬁsg<WL<s>>LL‘lﬁms)g(WL(s))\ §2||g||m<z el WH(3)) [ FE () — (o)

k>1

£ W (s). ) [FE ) >>—fk<s>!+2C(WL<S”2>

L
k>0

< 2|lglloo <4CWL(S) D kIEE ()= fi(s)| +CWE(s) | Fy (n(s)=fo(s)| +

E>1

20(Wh(s))®
7 :

Notice that for all M > 0, s < t, we have

E” {WL(S) > _kIEE () - fk(8>|}

k>1

= B2 () Sk FE )~ ulo)] (L) < M)+ 15 () > )|

E>1
< M]EL[Zk|F,£(n(s)) — fk(s)@ +2p sup EX[WE(s)L{WE(s) > M}] .

i1 L>2,s<t

An analogous estimate holds for EX {WL(S) |[F&(n(s)) — fo(s)] } and with (3.7) we find:

[

Lag(Wh(s) - L‘lﬁms)g(vv%s))u s

<2||g|oo(40M/ B Y k| RE(s) ~ Au(s)] [

k>1

+2tC (1+4p) sup EV[WH(s)1{W"(s) > M}]

L>2,5<t

t Qg 5t)eC2t
+CM/O EL[‘FOL(U(S))—fo(S)@dS_i_ 2C( +Lc 0) t> |

In the limit L — oo, based on Theorem 2.1, we have that

t
/ IEL{Zk]Fk fr(s )|}ds—>0 and / ELDF()L(n(s))—fo(s)@ds—m.
k>1 0
Therefore, for all M > 0,

lim sup /OtEL Hﬁsg(wL(s» Lobir owh(s))

L—oo

| as

< 4||g||th(1 +4p)L sup EF[WH(s)1{Wh(s) > M}] .

>2,5<t
In the limit M — oo, the uniform integrability of {W%(s)}1>2 < due to relation (3.7),
gives (3.22).
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Appendix
A Proof of Theorem 2.1

Here, we present a modification of the proof of Proposition 1 in [11], where tightness
of the process (Zk>0 FEm@) h(k) : t > 0) was established for bounded functions
h:IWNg — R. In our pr_oof, tightness can be established also for Lipschitz functions h and
in particular without any assumption on the initial conditions as stated below.

Proposition A.1l. Consider a process with generator (2.1) on the complete graph with
sublinear rates (2.3). For any Lipschitz function h, denote by Qﬁ the measure of the
process t — H(n(t)) := (FL(n(t)),h) on path space Dy )(R), which is the image
measure of PX under the mapping n — (F*(n), h). Then Qj, is tight as L — occ.

Proof. Using a version of Aldous’ criterion to establish tightness for Qﬁ (cf. Theorem
16.10 in [7]), it suffices to show that forall ¢ > 0

lim limsup P*[|H (n(t))| > a] =0, (A1)

=0 [ s00

and that forany e >0, ¢t > 0,

lim limsup sup sup P*[|H(n(r +6)) — H(n(7))| > €] =0, (A.2)

000" Lsoo §<60 TET,

where ¥, is the set of stopping times satisfying 7 < ¢t.
Since h is Lipschitz, |h(k)| < |h(0)| + ||h||Lipk for all k € Ny and

[(FE ), by < [R(0)] + [[A]luipp
is uniformly bounded in L and n € Ey, n, (A.1) follows easily from Markov’s inequality,

EL[H(n(t))]] < |R(0)] + [|A]|Lipp forall L > 2
a - a -

PE(|H ()| > a] <

Now fix g > 0, 7 € ¥; and consider § < §y. By Itd’s formula, we have for all u > 0
u+d
Hn(u+0) = Hinw) = [ LHO(s) ds+ M+ 6) = My, (A3

u

where (Mp,(u) : v > 0) is a martingale with predictable quadratic variation given by
integrating the ‘carré du champ’ operator

[My](t) = /0 t [CH? —2HLH](n(s))ds . (A.4)
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To compute LH (n), we first recall that

HOm) = (0, FH) = S nR) 1 Y b= 1 3 i) (a.5)

k>0 :vEA zeEA

Therefore,

LHO) = 777 30 3 ceny) [ (B, = 1) = b)) + (b +1) = b(n,)] (46)

TEN y#x

Thus, for all n € Er y, we have

2CHh”L
[LH)| < =72 =D Y m(l+m)
:cEAy;é:v
N L + N
< 20||A||Lip—+ 7L < AC| hllLpp(1 + p).

where N = Np = Y 1, is the (constant) number of particles.
zeEA
Using again Markov’s inequality in (A.2) and replacing u by the bounded stopping

time 7 < ¢, we have to bound

T+0
EX(|Hn(r +8) ~ B < B[ [ L) ds] + B [(Ma(r +8) = ()]

< 8o (4C | hllipp(1 + p)) + EX[[Mp)(r + 8) — [My) ()]
(A.7)

where we used Holder’s inequality and the stopping time theorem for the martingale

MZ(t) — [Mp](t). Then, to control the last term of (A.7), it suffices to bound (uniformly in
L and 7) the ‘carré du champ’ operator, for which we have

(LH? —2HLH] () = 75 7o 3 elnesm) [ (b — 1) = h(ne)) + (b, + 1) — h(,)) ]

P
s;ﬁ_lz (e, 1y) [ (R(ne = 1) = h(1n2))* + (h(ny + 1) = h(n,))’ ]
ILNL+N _8C|hlEpe(1+p)

uniformly in n € £y, . Therefore,

T+ 8C||h||2. p(1 +
EE [[My](r + ) — [My](r)] = B- [ / (CH? — 2HLH] (n(s))ds] < 5,°0) ”“Ep Sl
! (A.8)
which vanishes as 6y — 07, finishing the proof. O

Note that with (A.8) the martingale (Mj(u) : u > 0) vanishes also as L — oo on
arbitrary compact time intervals, which implies that a generalized version also of the
main result in [11] holds as formulated in Theorem 2.1.
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B Proof of (3.16)

By the law of total probability we have

P, 0,7 (at least two W’ — jumps in s, s + 0))

=Z o0.7) (at least two W — jumps in [s, s + 6)|W"(s) = n) P17 (WH(s) =n) .

We consider the following stopping times:
o thi=inf{t > s: WL(t) > Wl(s)}, time of first jump of W’ after t = s.
o Fi=inf{t > 7 : WE(t) > WE(r)}, time of second jump of WF after t = s.
Then the required probability is rewritten as:
PP, 0,77 (at least two W' —jumps in [s, s + &) |[W"(s)=n) = P 1] (13 < s+6|W"(s)=n) .
Therefore, we have
s+6

P01 (7'2L < s+ 5|WL(5) = n) = / P01 (TQL < s+ 5|I7VL(5) = ’/l,TlL = t) fa(t)dt ,

S

(B.1)
where f,(t), t > s is the p.d.f of 7, (conditioned on )y 7 and W(s) =n) i.e. the p.d.f.
of a (shifted) exponential random variable with rate equal to the total exit rate:

ra(t) = Cn 420> (L+k)FF(nt) =Cn+2C(A1+N/rL), t>s,
k>0

which gives
fa(t) = (Cn+2C(1 + N/p))e~ (Cnt2CA+N/)(=s) = 4> g

By the law of total probability, the right side of (B.1) equals:

5+0

Z / Poo,7) (75 <s+d|r=t, WE(t)=2n+k) P, (W (t)=2n+k|W*(s)=n, r{'=t) fu(t)dt
k>0 %

s+0
+ / P 0,77 (7’2L<s—|—5|7'1L:t, WL(t):n+1) P 0,71 (WL(t)=n+1|WL(S)=TL,T1L=t) fa(t)dt

S

Regarding the terms with long jumps in the first line we have:

o ]PW[OvT] (’TQL < s+ 5|7’1 = t7 WL(t) =2n + k)
Under the above conditional measure, 7'2L follows a (shifted) exponential distribution
with rate equal to the total exit rate:

rpor(u) = C(2n + k) +2C Y (1 + k)F(n(u)) = C(2n + k) + 2C(1 + N/L)
k>0

for all u € [t,0). Therefore, forall s <t < s+ 4,
e —(C(2n+k)+2C (14N /L)) (s+5—t)

1-
(C@n+k)+2CA+N/L)) (s+6—1t)
Cen+k+1)(s+d—1)

IPU[O,T] (T2L <s +6|T1L = t,WL(t) = 2n+ k)
<
<
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_ 20(1+ k)F (n(t))
- Cn+20(1+N/L)

In total, using that C := 2C(1 + 3p) > 2C(1 + p), we have

s5+0

Z P,y 0,7 (T3’ <s+0|r{=t, W (t)=2n+k) Pyo 1) (W (t)=2n+k|WF(s)=n,7{'=t) f,(t)dt

k>0 %

>/

20(1 + k)Ey (n(t))
Cn+2C(1+ N/L)

I A

C(2n+k+1)(s+0—t) (Cn420(14X))e(Ont200+E))(t=s) gy

\+

IN

C2n+k+1)(0 —u)2C(1 + k) EE(n(u + s))du

>
%
o

|/\
O\Oz o\oq St~

k>0

o
SO+ k)2 FE( (u+s))du+2acn/202(1+k)F,5(n(u+s))du
k>0 0

I /\

> (1 + k) FE(n(u+ s))du + 26°C?n. .
k>0

Regarding the term with a one-step jump in the second line we have:

* Poom (TQL < s+ 5|7'1L = t,WL(t) =n+ 1)
Under the above conditional measure, 7-2L follows a (shifted) exponential distribution
with rate equal to the total exit rate:

ras1(u) = C(n+1) +2C Y (1+k)FF(n(w) = C(n+1) +2C(1 4 N/1)
k>0

for all u € [t,00). Therefore,

o~ (Cnt1)+2C(1+N/1)) (s+5—t)

+1)+2C(1+N/L)) (s+6 — 1)
(n+2)(s+d—1t)

]P??[O,T] (TQL < s+ (5’7’1[/ = t, WL(t) =n-+ 1)

1-
(_
c

VARVAN

Cn
Cn+20(1+N/L) -~

« Poor) (WEE) =n+ 1 WH(s) = n,7f =1) =

In total, we have:

s+0
/Pn[o,T] (13 < s+68|rf=t, WE()=n+1) P07 (WF(t)=n+1|W*(s)=n,7{'=t) f,(t)dt
Cn

+2)(s 40— t)=
Cln+2)s S enraca+ &

) (Cn+20(1+ ) o~ (Cnt200+ ) (1-5) 4y

<[
< /C’(n +2)(6 — u)Cndu < §°C*n(n +2) .
0
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Combining the above,

P, 0,7 (at least two W' — jumps in s, s + 0))
o)
< Z PP, 0,77 (at least two W — jumps in [s, s + 6)|W"(s) = n) P07 (W (s) = n)
n=1

)
= 6C? / > (1 + k) FE(n(u+ s))du + 26°CEy 0 7y [W(s)]
0 k>0
+ 5202E77[0,T] [WL(S)(WL(S) + 2)]

Therefore, for all s € [0, T], we have:

PP (at least two W — jumps in s, s + 0))
5
<502 / E[Z(l +B)2FE ((u + s))] du + 262C2B[WE (s)]
5 k>0
+ §2CPR[WE (s) (W (s) +2)]

< 6C? [ (1+2p+m&(u+ s))du + 552C*mL (s)

o—__

Based on Proposition 3.1 and assumption (2.11), we have for all u € [0, ], s € [0,T]
mQL(u + s) < 32632(u+s) < BQeBz(TJ"‘”

and from Lemma 3.5,

Therefore,

! limsup sup P(atleast two W — jumps in [s,s + §))
L—oo 0<s<T

< 6C? (1 + 2p 4 BoeP2(T+9) 1 5a4eeD2T> —0 asd—0.

C Justification of (3.21)

Following [3], Section 8, in order to establish (3.20) we need to show that for any
T>0

£ [f (@(w) 10 < u<s)) (g<w<t>> ~glelo) - [ t ﬁug«u(u))duﬂ —0  ©D

for all 0 < s <t < T and continuous bounded functions f : D[O,T] (IN) — R. Notice that
since T > 0 is arbitrary, this implies Theorem 2.2. Based on tightness estimates in the
proof of Proposition 3.4, Lemma 8.1 in [3] implies that, as L — oo,

L

B9 [7 (@ 0 < u < 9) (s600) — o) - [ Lugtetunin) | -

B [ ()0 < u <) (s6ul0) ~ 9609 — [ Lugtotwpan)] . €2

Therefore, in order to prove (C.1), it suffices to prove that

E* Hg(WL(t)) —g(Wh(s)) = /: LugW*(uw)du

]%O as L — oo, (C.3)
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since Q" is the law of the process (WX (t) : ¢ > O). Since ((n(t), WE@) : t > O) is a
Markov process, we know that the process

G(WE(t)) — g(WH(0)) - / CL g(WE(s)) ds

= gWH) =g WHO) = [ LaVH s+ [ LoV (0) = LpaWE(s) ds

is a PL -martingale for all L > 2. Therefore, it suffices to prove (3.21).
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