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Abstract

We establish a connection between tagged particles and size-biased empirical pro-
cesses in interacting particle systems, in analogy to classical results on the propagation
of chaos. In a mean-field scaling limit, the evolution of the occupation number on
the tagged particle site converges to a time-inhomogeneous Markov process with
non-linear master equation given by the law of large numbers of size-biased empirical
measures. The latter are important in recent efforts to understand the dynamics of
condensation in interacting particle systems.
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1 Introduction

Based on classical results in [25], propagation of chaos and laws of large numbers for
empirical processes have recently attracted significant attention mostly for mean-field
interacting diffusion models (see e.g. [8, 20] and references therein). In the context
of interacting particle systems (IPS), propagation of chaos has been studied for the
evolution of tagged particle locations on regular lattices [22, 23] and for single-site
dynamics in mean-field models [11], with recent results also for sparse random graphs
[21]. This note is based on results in [11] which provides a law of large numbers for
empirical processes with a connection to rate equations studied in the context of cluster
aggregation models [6, 24].

We consider the evolution of size-biased empirical measures, which is a useful tool
to study the dynamics of condensing IPS with unbounded occupation numbers, such
as zero-range [10, 14] or inclusion processes [9]. The dynamics of cluster formation
in condensing IPS has attracted significant recent research interest [2, 5], also in the
context of metastability (see e.g. [15, 19] and references therein). We show that the
occupation number on a tagged particle location in the mean-field limit converges
to a time-inhomogeneous Markov process with non-linear master equation given by
the law of large numbers for size-biased empirical processes. This provides a new
interpretation of the limiting dynamics of size-biased empirical measures, in analogy to
classical propagation of chaos [11, 25] which links the dynamics of unbiased empirical
measures with that of occupation numbers on a fixed site. Note also that in contrast
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to the occupation number, the location of the tagged particle does not converge to a
limiting process in the mean-field limit we consider here. Our main assumption is a
bound on the jump rates by a bi-linear function of departure and target site occupation,
which includes the above mentioned examples of condensing systems. In such models,
higher order correlation functions diverge with time, so in contrast to recent results
with uniform-in-time estimates [17] our results can be only local in time.

2 Notation and main result

2.1 Mathematical setting

We consider stochastic particle systems (η(t) : t > 0) on finite lattices Λ of size
|Λ| = L. Configurations are denoted by η = (ηx : x ∈ Λ) where ηx ∈ N0 is the number of
particles on site x. We consider systems with a fixed number of particles N =

∑
x∈Λ ηx

and the state space of all such configurations is denoted by EL,N ⊂ NΛ
0 . The dynamics of

the process is defined by the infinitesimal generator

(Lg)(η) =
∑

x,y∈Λ

q(x, y)c(ηx, ηy)(g(η
x→y)− g(η)) , g ∈ Cb(EL,N ) . (2.1)

Here, the usual notation ηx→y indicates a configuration where one particle has moved
from site x to y, i.e. ηx→y

z = ηz − δz,x + δz,y, and δ is the Kronecker delta. Since
EL,N is finite, the generator (2.1) is defined for all bounded, continuous test functions
g ∈ Cb(EL,N ). For a general discussion and the construction of the dynamics on infinite
lattices see e.g. [1, 4].

To ensure that the process is non-degenerate, the jump rates satisfy{
c(0, l) = 0 for all l ≥ 0

c(k, l) > 0 for all k > 0 and l ≥ 0.
(2.2)

Our main further assumption on the dynamics is that the rates grow sublinearly, in the
sense that they are bounded by a bilinear function

c(k, l) ≤ Ck(1 + l) for constant C > 0 . (2.3)

We focus on complete graph dynamics, i.e. q(x, y) = 1/(L− 1) for all x 6= y, and under
the above conditions the process is irreducible on EL,N and∑

x∈Λ

ηx(t) ≡ N is the only conserved quantity . (2.4)

To follow the location (X(t) : t ≥ 0) of a tagged particle, we extend the state space to
E := EL,N × Λ and states (η, x) ∈ E describe the particle configuration η ∈ EL,N and
location x ∈ Λ of the tagged particle. In the following, we denote by PL and EL the law
and expectation on the path space Ω = D[0,∞)(E) of the joint process

(
(η(t), X(t)) : t ≥

0
)
. As usual, we use the Borel σ-algebra for the discrete product topology on E, and the

smallest σ-algebra on Ω such that ω 7→ (ηt(ω), Xt(ω)) is measurable for all t ≥ 0. The
joint process is Markov and its evolution is described by the infinitesimal generator

L̃G(η, x) =
∑

y,z∈Λ

1

L− 1
c(ηy, ηz)(G(ηy→z, x)−G(η, x))(1− δxy)

+
∑
z∈Λ

1

L− 1
c(ηx, ηz)

[
ηx − 1

ηx
(G(ηx→z, x)−G(η, x)) +

1

ηx
(G(ηx→z, z)−G(η, x))

]
(2.5)

ECP 30 (2025), paper 16.
Page 2/19

https://www.imstat.org/ecp

https://doi.org/10.1214/25-ECP669
https://imstat.org/journals-and-publications/electronic-communications-in-probability/


Tagged particles and size-biased dynamics in mean-field IPS

for all bounded continuous functions G ∈ Cb(E). We consider the empirical processes
t 7→ FL

k (η(t)) with

FL
k (η) :=

1

L

∑
x∈Λ

δηx,k ∈ [0, 1] , k ≥ 0 , (2.6)

counting the fraction of lattice sites for each occupation number k ≥ 0.
For our main result we will consider the thermodynamic limit with density ρ, i.e.

L → ∞, N = NL → ∞ such that N/L → ρ ≥ 0 . (2.7)

Under condition (2.7), the sequence N/L is bounded from above by a constant and for
simplicity and without loss of generality, we assume that

N/L ≤ ρ for all L ≥ 2 . (2.8)

For the sequence (in L) of initial conditions (η(0), X(0)) we first require the minimal
condition that there exists a fixed probability distribution f(0) on N0 with finite moments

m1(0) :=
∑
k

kfk(0) = ρ < ∞ and m2(0) :=
∑
k≥1

k2fk(0) < ∞, (2.9)

such that we have a weak law of large numbers

FL
k (η(0))

d−→ fk(0) as L → ∞, for all k ≥ 0. (2.10)

We need further regularity assumptions on the initial conditions, namely a uniform
bound of second and third moments, for some fixed α2, α3 > 0

E
[ 1
L

∑
x∈Λ

η2x(0)
]
≤ α2 and E

[ 1
L

∑
x∈Λ

η3x(0)
]
≤ α3 for all L ≥ 2 . (2.11)

Note that (2.8) and conservation of mass (2.4) imply for the first moment that

1

L

∑
x∈Λ

ηx(t) =
∑
k≥0

kFL
k (η(t)) =

N

L
≤ ρ , PL − a.s. for all t ≥ 0 and L ≥ 2 . (2.12)

We assume that N − 1 particles are distributed on the lattice according to some initial
conditions satisfying (2.9), (2.10), (2.11) and the N -th particle (the tagged one) is located
on position X(0), increasing the value of ηX(0)(0) by 1 such that

EL
[
η2X(0)(0)

]
< α4 holds for some fixed α4 > 0 and all L ≥ 2 . (2.13)

For example, if we distribute N − 1 particles uniformly, independently on Λ, (2.9),
(2.10) are satisfied with Poisson distribution f(0), and condition (2.11) is satisfied for all
L ≥ 2. There are various ways to then choose the initial position of the tagged particle
such that (2.13) is satisfied. We could pick a fixed site (e.g. X(0) = 1) or select one
uniformly at random. On the other hand, selecting a site with the maximum occupation
number would lead to logarithmic growth with respect to L of ηX(0)(0), violating (2.13).

2.2 A law of large numbers for empirical processes

A law of large numbers for the empirical process (2.6) was established in [11].

Theorem 2.1. Consider a process with generator (2.1) on the complete graph with
sublinear rates (2.3) and initial conditions satisfying (2.9), (2.10) and the second moment
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condition in (2.11). Then we have in the thermodynamic limit (2.7) for any ρ > 0 and
any Lipschitz function h : N0 → R,

(∑
k≥0

FL
k (η(t))h(k) : t ≥ 0

)
→
(∑

k≥0

fk(t)h(k) : t ≥ 0
)

weakly on D[0,∞)(E), (2.14)

where f(t) = (fk(t) : k ∈ N0) is the unique global solution to the mean-field equation

dfk(t)

dt
=
∑
l≥0

c(k + 1, l)fl(t)fk+1(t) +
∑
l≥1

c(l, k − 1)fl(t)fk−1(t)

−
(∑

l≥0

c(k, l)fl(t) +
∑
l≥0

c(l, k)fl(t)

)
fk(t) for all k ≥ 0, (2.15)

with initial condition f(0) given by (2.10). Here we use the convention f−1(t) ≡ 0 for all
t ≥ 0 and recall that c(0, l) = 0 for all l ≥ 0.

Notice that in [11], this result was established for bounded functions h : N0 → R

and more restrictive assumptions on initial conditions. The proof for Lipschitz functions
h : N0 → R as stated above is included in Appendix A.

The nonlinear equations (2.15) can be written as

dfk(t)

dt
= µk+1(t) fk+1(t) + βk−1(t) fk−1(t)−

(
µk(t) + βk(t)

)
fk(t) , k ≥ 0,

and thus be identified as the master equation of a non-linear birth-death chain on N0

with time-dependent birth and death rate

βk(t):=
∑
l≥1

c(l, k)fl(t) and µk(t):=
∑
l≥0

c(k, l)fl(t) , (2.16)

respectively. Here, we use again the convention β−1(t) ≡ µ0(t) ≡ 0. This corresponds to
the limiting dynamics of the occupation number of a fixed site, where any finite set of
those evolves as independent birth-death chains according to the propagation of chaos
(see [11] and references therein for details).

The solutions (fk(t) : k ≥ 0) to this system of equations have been studied in [11, 14]
and in detail in [18, 24]. In condensing systems, solutions show a bump at occupation
numbers increasing with time corresponding to the emergence of cluster sites in the
condensed phase. The volume fraction of the latter vanishes in time and corresponds
to the integral of the bump. To study the asymptotics of the condensed phase, it is
therefore advantageous to consider a size-biased empirical distribution, as has been
done for zero-range [14] and inclusion processes [9, 13]. Since (2.15) conserves the total
mass ρ ≡ m1(t) =

∑
k≥1 kfk(t) for all t ≥ 0, the corresponding size-biased quantities

pk(t) :=
1

ρ
kfk(t) , k ≥ 1 are normalized with

∑
k≥1

pk(t) ≡ 1 , (2.17)

and describe the fraction of mass in clusters of size k. From (2.15) and (2.17) it is easy
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to see that they solve

dpk(t)

dt
=

k

k + 1
µk+1(t) pk+1(t) +

k

k − 1
βk−1(t) pk−1(t)−

(
µk(t) + βk(t)

)
pk(t)

=
k

k + 1
µk+1(t)pk+1(t) + βk−1(t)pk−1(t) +

∑
n≥1

1

n
c(n, k − 1)fk−1(t)pn(t)︸ ︷︷ ︸
= 1

k−1βk−1(t)pk−1(t)

−
(k − 1

k
µk(t) +

1

k

∑
n≥1

c(k, n− 1)fn−1(t)︸ ︷︷ ︸
=µk(t)

+βk(t)
)
pk(t) , k ≥ 2

dp1(t)

dt
=

1

2
µ2(t) p2(t) +

1

ρ
β0(t) f0(t)−

(
µ1(t) + β1(t)

)
p1(t)

=
1

2
µ2(t) p2(t) +

∑
n≥1

c(n, 0)

n
f0(t)pn(t)−

(
µ1(t) + β1(t)

)
p1(t) (2.18)

with initial condition pk(0) = kfk(0)/ρ, k ≥ 1. Based on Theorem 2.1, one can show that
the empirical mass processes

t 7→ PL
k (η(t)) :=

1

N

∑
x∈Λ

kδηx(t),k =
L

N
kFL

k (η(t)) ∈ [0, 1] , k ≥ 1

converge to solutions of (2.18). PL
k (η) counts the fraction of particles on sites with k

particles. Following our main result, we will see that (2.18) can be interpreted as the
master equation for a process on N, describing the mass on the site of a tagged particle.

2.3 Main result

The evolution of the occupation number on the tagged particle site is denoted by
WL(t) := ηX(t)(t). To study its dynamics we apply the generator (2.5) to a test function
G(η, x) = g(ηx) and find

L̂L
η g(ηx) =

∑
y∈Λ

1

L− 1
c(ηy, ηx)(g(ηx + 1)− g(ηx))(1− δxy)

+
∑
y∈Λ

1

L− 1
c(ηx, ηy)

[
ηx − 1

ηx
(g(ηx − 1)− g(ηx)) +

1

ηx
(g(ηy + 1)− g(ηx))

]
(1− δxy) .

(2.19)

Plugging in the process, this can be written for each n ≥ 1 as

L̂L
η(t)g(n) =

L

L− 1

∑
k≥1

c(k, n)FL
k (η(t))

(
g(n+ 1)− g(n)

)
+

L

L−1

(
n−1

n

∑
k≥0

c(n, k)FL
k (η(t))

(
g(n−1)− g(n)

)
+

1

n

∑
k≥0

c(n, k)FL
k (η(t)) (g(k+1)− g(n))

)

− 1

L− 1
c(n, n)

(
n+ 1

n
(g(n+1)− g(n)) +

n− 1

n

(
g(n−1)− g(n)

))
. (2.20)

Note that the process (WL(t), t ≥ 0) is itself not a Markov process, since its generator
depends also on the state of the configuration η(t). Based on Theorem 2.1, we have that
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for each n ∈ N, in the limit L → ∞, (2.20) converges to a time-inhomogeneous generator

L̂tg(n) = βn(t)
(
g(n+1)− g(n)

)
+

n−1

n
µn(t)

(
g(n−1)− g(n)

)
+

1

n

∑
k≥1

c(n, k−1)fk−1(t) (g(k)−g(n)) . (2.21)

This generator describes a birth-death process with time-dependent birth and death
rates βn(t) and

n−1
n µn(t) as given in (2.16), and with additional long-range jumps when

the tagged particle changes position. Notice that the master equation that corresponds
to this process coincides with (2.18). Here is our main result.

Theorem 2.2. Consider a tagged particle process with generator (2.5) on the complete
graph with sublinear rates (2.3) and initial conditions satisfying (2.9), (2.10), (2.11) and
(2.13). In the thermodynamic limit (2.7), for any ρ > 0,(

WL(t) : t ≥ 0
)
→
(
Ŵ (t) : t ≥ 0

)
weakly on D[0,∞)(E),

where
(
Ŵ (t) : t ≥ 0

)
is a time-inhomogeneous Markov process on N with generator L̂t

(2.21) and corresponding master equation (2.18).

Therefore, in a mean-field scaling limit, the evolution of the occupation number on
the tagged particle site, ηX(t)(t), converges to a time-inhomogeneous Markov process
on N with (non-linear) master equation (2.18) given by the law of large numbers of
size-biased empirical measures. This provides a direct interpretation of the dynamics of
these measures in terms of the underlying particle system in analogy to propagation of
chaos for unbiased empirical measures [11]. Our method of proof also directly extends to
occupation numbers on any finite number of tagged particle sites. Even if correlated by
initial conditions, they will evolve independently eventually, since tagged particles do not
revisit the same site asymptotically in a mean-field scaling limit. As was demonstrated
in [10, 14] for the example of a condensing zero-range process, this can be used to
devise efficient numerical schemes to study the coarsening dynamics of the condensed
phase emerging from a supercritical homogeneous initial condition. In particular, the
expectation

E[Ŵ (t)] =
∑
k≥1

kpk(t) =
1

ρ

∑
k≥1

k2fk(t)

describes the second moment of the particle system, which is increasing with t following
a coarsening scaling law for condensing systems (see e.g. [10, 14, 24] for details).

3 Proof of the main result

3.1 Moment bounds

As a first step, we collect some useful results on moments and establish a time-
dependent bound on the moments of the processes ηx(t) for x ∈ Λ and WL(t). For any
integer n ≥ 0 denote the n-th moment by

mL
n(t) := E

L
[ 1
L

∑
x∈Λ

(
ηx(t)

)n]
= EL

[∑
k≥0

knFL
k (η(t))

]
. (3.1)

We have mL
0 (t) ≡ 1 and with (2.10), mL

1 (0) → ρ and mL
2 (0) → m2(0) < ∞. The uniform

conditions (2.11) on the moments further imply for all L ≥ 2 that mL
2 (0) ≤ α2, mL

3 (0) ≤
α3, and with conservation of mass (2.12), we have mL

1 (t) ≤ ρ for all t ≥ 0, while higher
moments typically grow in time for condensing systems (see e.g. [10, 14, 24]). The
following result gives a general (but very rough) upper bound.
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Proposition 3.1. Assume that the sequence
(
mL

n(0)
)
L≥2

is bounded uniformly in L for
some integer n ∈ N. Then there exists a constant Bn > 0 independent of L such that

mL
n(t) ≤ Bne

Bnt for all t ≥ 0 and L ≥ 2 . (3.2)

Proof. Applying the generator (2.1) to the function g(η) = ηnx for n ∈ N and some x ∈ Λ,
we get

Lηnx =
1

L− 1

∑
y 6=x

c(ηy, ηx) ((ηx + 1)n − ηnx ) +
∑
y 6=x

c(ηx, ηy) ((ηx − 1)n − ηnx )

 . (3.3)

Note that p±n−1(k) := (k ± 1)n − kn is a polynomial of degree n − 1, which implies with
(3.3) and sublinear rates (2.3) that

d

dt
mL

n(t) =
1

L

∑
x∈Λ

EL [Lηnx (t)] =
1

L− 1
EL

[ ∑
k,l≥0

c(l, k)p+n−1(k)
(
FL
k (η(t))L− δk,l

)
Fl(η(t))

+
∑
k,l≥0

c(k, l)p−n−1(k)
(
FL
k (η(t))L− δk,l

)
Fl(η(t))

]

=
L

L− 1
EL

[ ∑
k,l≥0

(
c(l, k)p+n−1(k) + c(k, l)p−n−1(k)

)
FL
k (η(t))Fl(η(t))

]

− 1

L− 1
EL

[∑
k≥1

c(k, k)
(
p+n−1(k) + p−n−1(k)

)
FL
k (η(t))

]

≤ 2CEL

[ ∑
k,l≥0

l(1 + k)p+n−1(k)F
L
k (η(t))Fl(η(t))

]

≤ 2CρEL

[∑
k≥0

(1 + k)p+n−1(k)F
L
k (η(t))

]
(3.4)

Here we used that p−n−1(k) ≤ 0 ∀k ≥ 1 and p+n−1(k) + p−n−1(k) ≥ 0 in the first inequality,
and conservation of mass (2.12) in the second inequality. Since mL

n(t) ≤ mL
n+1(t) for all

n ≥ 1, this implies for some constant B̂n > 0

d

dt
mL

n(t) ≤ B̂n

(
1 +mL

n(t)
)
,

which implies, based on Gronwall’s Lemma and the boundedness of mL
n(0), that

mL
n(t) ≤

(
1 +mL

n(0)
)
eB̂nt ≤ Bne

Bnt .

for some constant Bn which does not depend on L.

In the following, we denote the n-th moment of the process WL(t) by

m̂L
n(t) := E

L
[
(WL(t))n

]
= EL

[ (
ηX(t)(t)

)n ]
. (3.5)

Notice that based on initial condition (2.13), we have m̂L
2 (0) ≤ α4. Similarly to Proposition

3.1, we can establish the following (rough) bounds on the moments of this process.

Proposition 3.2. Assume that the sequence
(
mL

n+1(0)
)
L≥2

is bounded for some integer
n ∈ N. Then, there exists a constant Cn > 0 independent of L such that

m̂L
n(t) ≤

(
m̂L

n(0) + Cnt
)
eCnt for all t ≥ 0 and L ≥ 2 . (3.6)
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Proof. Applying the generator (2.20) to the function g(l) = ln for n ∈ N, we get

dm̂L
n(t)

dt
= EL

[
L̂L
η(t)(W

L(t))n
]
=

L

L− 1
EL

∑
k≥1

c(k,WL(t))FL
k (η(t))p+n−1(W

L(t))


+

L

L− 1
EL

 1

WL(t)

∑
k≥0

c(WL(t), k)FL
k (η(t))

(
(k + 1)n − (WL(t))n

)
− L

L− 1
EL

WL(t)− 1

WL(t)

∑
k≥0

c(WL(t), k)FL
k (η(t))p+n−1(W

L(t)− 1))


− 1

L− 1
EL

[
c(WL(t),WL(t))

WL(t)

(
(WL(t) + 1)p+n−1(W

L(t))− (WL(t)− 1)p+n−1(W
L(t)− 1)

)]
where we used p−n−1(k) = −p+n−1(k − 1). Since the functions l 7→ lp+n−1(l) are increasing
for all n ∈ N, the last two lines in the above display are negative and therefore, we have
for some polynomial qn of degree n and a positive constant C̃n

dm̂L
n(t)

dt
≤ L

L− 1
CρEL

[
qn(W

L(t))
]
+

L

L− 1
CEL

∑
k≥0

(1 + k)n+1FL
k (η(t))


≤ C̃n(1+m̂L

n(t) +mL
n+1(t)) ≤ C̃n

(
2m̂L

n(t) +Bn+1e
Bn+1t

)
.

In the last line we used relation (3.2) and that n 7→ mL
n(t) and n 7→ m̂L

n(t) for all t ≥ 0 are
non-decreasing. The result then follows by Gronwall’s Lemma.

Based on Proposition 3.2 and assumptions (2.11), (2.13), we have the following corollary.

Corollary 3.3. Under assumptions (2.11) and (2.13), there exists a constant C2 > 0

independent of L such that

m̂L
2 (t) ≤

(
α4 + C2t

)
eC2t for all t ≥ 0 , L ≥ 2 . (3.7)

3.2 Existence of limit processes

Proposition 3.4. Consider the process with generator (2.20) and conditions as in
Theorem 2.2. Denote by QL the law of the process t 7→ WL(t) on path space D[0,∞)(N),
which is the image measure of PL under the mapping (η, x) 7→ ηx. Then QL is tight as
L → ∞.

Proof. To establish tightness for QL, we will use a coupling argument. The process WL

is coupled with a process W̄L such that W̄L jumps (at least) whenever the process WL

jumps, with a positive jump of length greater or equal than that of the process WL. In
this way, as demonstrated below, tightness for W̄L implies tightness for WL.

According to generator (2.20), for the process WL we have:

• Birth rate: The process jumps from n to n+ 1 at rate

L

L− 1

∑
k≥1

c(k, n)FL
k (η(t))− 1

L− 1
c(n, n) ≤ 2Cρ(1 + n) ≤ 4Cρn .

• Death rate: The process jumps from n to n− 1 at rate

L

L−1

n−1

n

∑
k≥0

c(n, k)FL
k (η(t))− 1

L− 1
c(n, n)

n− 1

n
≤ 2C(1 + ρ)n .
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• Long-range jump rate: The process jumps from n to k + 1 for k ≥ 0 at rate

L

L−1

1

n
c(n, k)FL

k (η(t))− 1

L−1

1

n
c(n, n)δk,n ≤ 2C(1 + k)FL

k (η(t)) .

Based on the above, we consider the jump process W̄L(t) as follows:

• Birth rate: The process jumps from n to n+ 1 at the increased rate

C̄n ≥ 4Cρn+ 2C(1 + ρ)n , where C̄ := 2C(1 + 3ρ).

• Positive long-range jumps: The process jumps from n to 2n+ k with jump length
n+ k > |k + 1− n| for k ≥ 0 at the increased rate

2C(1 + k)FL
k (η(t)) .

Therefore, the generator of the new process W̄L(t) is the following

L̄L
η(t)g(n) = C̄n

(
g(n+ 1)− g(n)

)
+ 2C

∑
k≥0

(1 + k)FL
k (η(t)) (g(2n+ k)− g(n)) . (3.8)

Both processes are maximally coupled so that whenever the process WL(t) jumps, the
process W̄L(t) also jumps with a positive jump of length at least equal to that of the
process WL(t). Since the rates are monotone increasing with state n ∈ N, this implies
that almost surely under the coupling path measure P̄L.

|WL(t+ s)−WL(t)| ≤ W̄L(t+ s)− W̄L(t) for all t, s ≥ 0 . (3.9)

Moreover, we start the two processes with the same initial value, i.e.

W̄L(0) = WL(0) , (3.10)

which implies that P̄L-almost surely

1 ≤ WL(t) ≤ W̄L(t) for all t ≥ 0 . (3.11)

Based on (3.9), (3.11), in order to prove tightness for the processes {(WL(t) : t ≥ 0)}L≥2,
it suffices to prove tightness for the processes {(W̄L(t) : t ≥ 0)}L≥2.

Based on Theorem 2.4 and Remark 4.2 in [12], in order to establish tightness for the
increasing jump processes {(W̄L(t) : t ≥ 0)}L≥2, it suffices to prove the following:

(i) For each T > 0, lim
a→∞

sup
L≥2

P( sup
0≤s≤T

|W̄L(s)| > a) = 0 .

(ii) For each 0 < a1 < a2,

δ−1 lim sup
L→∞

sup
a1≤s≤a2

P(at least two W̄L − jumps in [s, s+ δ)) → 0 as δ → 0+ .

(iii) For every ε > 0, lim sup
L→∞

P
(
W̄L(t)− W̄L(0) > ε

)
→ 0 as t → 0+ .

For simplicity of notation, here and in the following we use the generic notation P and E
for the law and expectation of the process W̄L.
Proof of (i): Let T > 0. Since the positive process W̄L(t) is increasing as a function of t,
it suffices to prove that lim

a→∞
sup
L≥2

P(W̄L(T ) > a) = 0 . By Markov’s inequality,

P(W̄L(T ) > a) ≤
E
[
W̄L(T )

]
a

for all a > 0 . (3.12)

To control the expectation, we establish a bound on the moment

m̄n(t) = E[(W̄
L(t))n] , for all t ≥ 0 . (3.13)
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Lemma 3.5. Under assumptions (2.11) and (2.13), there exists a constant D2 > 0

independent of L such that

m̄L
2 (t) ≤ α4e

eD2t

for all t ≥ 0 , L ≥ 2 . (3.14)

Proof. Since W̄L is an unbounded process, we will first establish bounds on the moments
of the bounded process W̄L ∧M := min(W̄L,M), namely for

m̄L
2,M (t) = E

[
(W̄L(t) ∧M)2

]
.

Applying generator (3.8) to the bounded function gM (n) = (n ∧M)2 for M ∈ N, we get

L̄L
η(t)(n ∧M)2 = C̄n

(
((n+ 1) ∧M)

2 − (n ∧M)2
)

+ 2C
∑
k≥0

(1 + k)FL
k (η(t))

(
((2n+ k) ∧M)

2 − (n ∧M)2
)

≤ C̄(n ∧M) (2(n ∧M) + 1)

+ 2C
∑
k≥0

(1 + k)FL
k (η(t))

(
3(n ∧M)2 + k2 + 4k(n ∧M)

)
≤ 6C̄(n ∧M)2 + 2C

∑
k≥0

(1 + k)3FL
k (η(t)) + 8C(n ∧M)

∑
k≥0

(1 + k)2FL
k (η(t))

where we used that for n > M , ((n+ 1) ∧M)
2 − (n ∧ M)2 = 0. Conditional on η[0, T ]

for some arbitrary T > 0,
(
W̄L(t) : t ∈ [0, T ]

)
is a Markov process with time-dependent

generator L̄L
η(t). Therefore, applying Dynkin’s formula (see e.g. Appendix 1.5, Lemma

5.1 [16]) and taking expectation over η[0, T ] we get

d

dt
m̄L

2,M (t) = E
[
L̄L
η(t)

(
(W̄L(t))2 ∧M

) ]
≤ D

(
m̄L

2,M (t) +mL
3 (t) + E

[
(W̄L(t) ∧M)

∑
k≥0

k2FL
k (η(t))

])
(3.15)

where D > 0 is some absolute constant (independent of L and M ). Regarding the last
term, we have from Cauchy-Schwarz inequality (and since m̄L

2,M (t) ≥ 1)

E
[
(W̄L(t) ∧M)

∑
k≥0

k2FL
k (η(t))

]
≤ m̄L

2,M (t)

(
E

[(∑
k≥0

k2FL
k (η(t))

)2])1/2

.

Using that {kFL
k (η(t))
N/L }k∈N is a probability mass function, Jensen’s inequality implies

E

[(∑
k≥0

k2FL
k (η(t))

)2]
=

(
N

L

)2

E

[(∑
k≥0

k
kFL

k (η(t))
N/L

)2]

≤
(
N

L

)2

E

[∑
k≥0

k2
kFL

k (η(t))
N/L

]
≤ ρmL

3 (t) .

Therefore, based on Proposition 3.1, we find

d

dt
m̄L

2,M (t) ≤ D
(
m̄L

2,M (t) +B3e
B3t +

√
ρB3e

B3t/2m̄L
2,M (t)

)
≤ D2e

D2tm̄L
2,M (t)

for another absolute constantD2 > 0. Since T > 0 was arbitrary and based on Gronwall’s
inequality and conditions (3.10) and (2.13), we have

E
[
(W̄L(t) ∧M)2

]
≤ ee

D2t−1m̄L
2,M (0) ≤ α4e

eD2t

for all t ≥ 0, L ≥ 2,M ∈ N .

Taking M → ∞, the result then follows by monotone convergence.
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Therefore, (3.12) and Lemma 3.5 imply sup
L≥2

P(W̄L(T ) > a) ≤ α4e
eD2T

a , which vanishes

as a → ∞ and concludes the proof of (i).
Proof of (ii): It suffices to prove that for each T > 0 :

δ−1 lim sup
L→∞

sup
0≤s≤T

E
[
Pη[0,T ]

(
at least two W̄L − jumps in [s, s+ δ)

) ]
→ 0 (3.16)

as δ → 0+, where Pη[0,T ] is the conditional measure given the path of η on [0, T ]. Since
W̄L is a Markov jump process with finite rates, the probability of two or more jumps is
of order δ2 which implies (ii). However, we do not have uniform-in-L control on rates of
W̄L, which requires a slightly technical analysis presented in Appendix B.
Proof of (iii): By Markov’s inequality, we have

P
(
W̄L(t)− W̄L(0) > ε

)
≤
E
[
W̄L(t)− W̄L(0)

]
ε

. (3.17)

Using the same reasoning as in (3.15), we get with Dynkin’s formula

E
[
W̄L(t) ∧M − W̄L(0) ∧M

]
=

∫ t

0

E
[
L̄L
η(s)

(
W̄L(s) ∧M

) ]
ds . (3.18)

Based on (3.8), we have

0 ≤ L̄L
η(s)

(
W̄L(s) ∧M

)
= C̄W̄L(s)

(
(W̄L(s) + 1) ∧M − W̄L(s) ∧M

)
+ 2C

∑
k≥0

(1 + k)FL
k (η(s))

(
(2W̄L(s) + k) ∧M − W̄L(s) ∧M

)
≤ C̄(W̄L(s) ∧M) + 2C

∑
k≥0

(1 + k)2FL
k (η(s)) .

Therefore, 0 ≤ E
[
L̄L
η(s)(W̄

L(s)∧M)
]
≤ D(m̄L

2,M (s)+mL
2 (s)) , for some absolute constant

D > 0 (independent of L and M ). Thus, taking M → ∞, by the monotone convergence
theorem, Proposition 3.1 and Lemma 3.5, we conclude with (3.18) that

0 ≤ E
[
W̄L(t)− W̄L(0)

]
≤ D(α4e

eD2t

+B2e
B2t)t → 0 (3.19)

as t → 0, which holds uniformly in L ≥ 2 and concludes the proof of condition (iii).

By Prokhorov’s theorem, the tightness result in Proposition 3.4 implies the existence
of sub-sequential limit points of the sequence (WL(t) : t ≥ 0) in the usual Skorohod
topology of weak convergence on path space D[0,∞)(N) (see e.g. [7], Section 16). We
denote the law of any such limit by Q.

3.3 Characterisation of the limit process

In order to identify the limit Q we need to show that for all t ≥ 0 and g ∈ Cb(N),

g(ω(t))− g(ω(0))−
∫ t

0

L̂sg(ω(s))ds is a martingale w.r.t. Q , (3.20)

where ω ∈ D[0,∞)(N) denotes an element in path space. Together with the uniqueness

of the martingale problem associated with L̂t, this implies convergence of QL and
characterizes the limit Q as the law of the Markov process (Ŵ (t) : t ≥ 0) with generator
L̂t (2.21). Following a standard argument presented in Appendix C, we only need to
prove that for all t ≥ 0

EL

[∣∣∣∣∫ t

0

(
L̂sg(W

L(s))− L̂L
η(s)g(W

L(s))
)
ds

∣∣∣∣]→ 0 as L → ∞ . (3.21)
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Since the process t 7→ L̂L
η(t)g(W

L(t)) is bounded in L1-norm on compact time intervals
uniformly with respect to L, and using the triangle inequality it suffices to prove that∫ t

0

EL

[∣∣∣∣L̂sg(W
L(s))− L− 1

L
L̂L
η(s)g(W

L(s))

∣∣∣∣] ds → 0 (3.22)

as L → ∞. Since g ∈ Cb(N) and because of condition (2.3), we find∣∣∣∣L̂sg(W
L(s))− L− 1

L
L̂L
η(s)g(W

L(s))

∣∣∣∣ ≤ 2||g||∞

(∑
k≥1

c(k,WL(s))
∣∣FL

k (η(s))− fk(s)
∣∣

+
∑
k≥0

c(WL(s), k)
∣∣FL

k (η(s))− fk(s)
∣∣+ 2C(WL(s))2

L

)

≤ 2||g||∞

(
4CWL(s)

∑
k≥1

k
∣∣FL

k (η(s))−fk(s)
∣∣+CWL(s)

∣∣FL
0 (η(s))−f0(s)

∣∣+2C(WL(s))2

L

)
.

Notice that for all M > 0, s ≤ t, we have

EL

[
WL(s)

∑
k≥1

k
∣∣FL

k (η(s))− fk(s)
∣∣ ]

= EL

[
WL(s)

∑
k≥1

k
∣∣FL

k (η(s))− fk(s)
∣∣ (1{WL(s) ≤ M}+ 1{WL(s) > M}

)]

≤ MEL

[∑
k≥1

k
∣∣FL

k (η(s))− fk(s)
∣∣ ]+ 2ρ sup

L≥2,s≤t
EL
[
WL(s)1{WL(s) > M}

]
.

An analogous estimate holds for EL
[
WL(s)

∣∣FL
0 (η(s))− f0(s)

∣∣ ] and with (3.7) we find:

∫ t

0

EL

[∣∣∣∣L̂sg(W
L(s))− L− 1

L
L̂η(s)g(W

L(s))

∣∣∣∣] ds
≤ 2||g||∞

(
4CM

∫ t

0

EL

[∑
k≥1

k
∣∣FL

k (η(s))− fk(s)
∣∣ ]ds

+ 2tC (1 + 4ρ) sup
L≥2,s≤t

EL
[
WL(s)1{WL(s) > M}

]
+ CM

∫ t

0

EL

[ ∣∣FL
0 (η(s))− f0(s)

∣∣ ]ds+ 2C
(
α4 + C2t

)
eC2t

L
t

)
.

In the limit L → ∞, based on Theorem 2.1, we have that∫ t

0

EL

[∑
k≥1

k
∣∣FL

k (η(s))− fk(s)
∣∣ ]ds → 0 and

∫ t

0

EL

[ ∣∣FL
0 (η(s))− f0(s)

∣∣ ]ds → 0 .

Therefore, for all M > 0,

lim sup
L→∞

∫ t

0

EL

[∣∣∣∣L̂sg(W
L(s))− L− 1

L
L̂L
η(s)g(W

L(s))

∣∣∣∣] ds
≤ 4‖g‖∞tC (1 + 4ρ) sup

L≥2,s≤t
EL
[
WL(s)1{WL(s) > M}

]
.

In the limit M → ∞, the uniform integrability of {WL(s)}L≥2,s≤t due to relation (3.7),
gives (3.22).
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Appendix

A Proof of Theorem 2.1

Here, we present a modification of the proof of Proposition 1 in [11], where tightness

of the process
(∑

k≥0 F
L
k (η(t))h(k) : t ≥ 0

)
was established for bounded functions

h : N0 → R. In our proof, tightness can be established also for Lipschitz functions h and
in particular without any assumption on the initial conditions as stated below.

Proposition A.1. Consider a process with generator (2.1) on the complete graph with
sublinear rates (2.3). For any Lipschitz function h, denote by QL

h the measure of the
process t 7→ H(η(t)) :=

〈
FL(η(t)), h

〉
on path space D[0,∞)(R), which is the image

measure of PL under the mapping η 7→
〈
FL(η), h

〉
. Then QL

h is tight as L → ∞.

Proof. Using a version of Aldous’ criterion to establish tightness for QL
h (cf. Theorem

16.10 in [7]), it suffices to show that for all t ≥ 0

lim
a→∞

lim sup
L→∞

PL
[
|H(η(t))| ≥ a

]
= 0, (A.1)

and that for any ε > 0, t > 0,

lim
δ0→0+

lim sup
L→∞

sup
δ≤δ0

sup
τ∈Tt

PL
[
|H(η(τ + δ))−H(η(τ))| > ε

]
= 0, (A.2)

where Tt is the set of stopping times satisfying τ ≤ t.

Since h is Lipschitz, |h(k)| ≤ |h(0)|+ ‖h‖Lipk for all k ∈ N0 and∣∣〈FL(η), h
〉∣∣ ≤ |h(0)|+ ‖h‖Lipρ

is uniformly bounded in L and η ∈ EL,N , (A.1) follows easily from Markov’s inequality,

PL
[
|H(η(t))| ≥ a

]
≤
EL
[
|H(η(t))|

]
a

≤ |h(0)|+ ‖h‖Lipρ
a

for all L ≥ 2 .

Now fix δ0 > 0, τ ∈ Tt and consider δ < δ0. By Itô’s formula, we have for all u > 0

H(η(u+ δ))−H(η(u)) =

∫ u+δ

u

LH(η(s)) ds+Mh(u+ δ)−Mh(u) , (A.3)

where (Mh(u) : u ≥ 0) is a martingale with predictable quadratic variation given by
integrating the ‘carré du champ’ operator

[Mh](t) =

∫ t

0

[
LH2 − 2HLH

]
(η(s))ds . (A.4)
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To compute LH(η), we first recall that

H(η) = 〈h, FL(η)〉 =
∑
k≥0

h(k)
1

L

∑
x∈Λ

δηx,k =
1

L

∑
x∈Λ

h(ηx) (A.5)

Therefore,

LH(η) =
1

L

1

L− 1

∑
x∈Λ

∑
y 6=x

c(ηx, ηy)
[
(h(ηx − 1)− h(ηx)) + (h(ηy + 1)− h(ηy))

]
(A.6)

Thus, for all η ∈ EL,N , we have

∣∣LH(η)
∣∣ ≤ 2C‖h‖Lip

L

1

L− 1

∑
x∈Λ

∑
y 6=x

ηx(1 + ηy)

≤ 2C‖h‖Lip
N

L

L+N

L− 1
≤ 4C‖h‖Lipρ(1 + ρ).

where N = NL =
∑
x∈Λ

ηx is the (constant) number of particles.

Using again Markov’s inequality in (A.2) and replacing u by the bounded stopping
time τ ≤ t, we have to bound

EL
[∣∣H(η(τ + δ))−H(η(τ))

∣∣] ≤ EL
[ τ+δ∫

τ

|LH(η(s))| ds
]
+ EL

[
(Mh(τ + δ)−M(τ))

2 ]1/2
≤ δ0 (4C‖h‖Lipρ(1 + ρ)) + EL

[
[Mh](τ + δ)− [Mh](τ)

]1/2
(A.7)

where we used Hölder’s inequality and the stopping time theorem for the martingale
M2

h(t)− [Mh](t). Then, to control the last term of (A.7), it suffices to bound (uniformly in
L and η) the ‘carré du champ’ operator, for which we have

[
LH2 − 2HLH

]
(η) =

1

L2

1

L− 1

∑
x,y∈Λ

y 6=x

c(ηx, ηy)
[
(h(ηx − 1)− h(ηx)) + (h(ηy + 1)− h(ηy))

]2
≤ 2

L2

1

L− 1

∑
x,y∈Λ

y 6=x

c(ηx, ηy)
[
(h(ηx − 1)− h(ηx))

2
+ (h(ηy + 1)− h(ηy))

2 ]

≤ 4C‖h‖2Lip
1

L

N

L

L+N

L− 1
≤

8C‖h‖2Lipρ(1 + ρ)

L

uniformly in η ∈ EL,N . Therefore,

EL
[
[Mh](τ + δ)− [Mh](τ)

]
= EL

[ ∫ τ+δ

τ

[
LH2 − 2HLH

]
(η(s))ds

]
≤ δ0

8C‖h‖2Lipρ(1 + ρ)

L
(A.8)

which vanishes as δ0 → 0+, finishing the proof.

Note that with (A.8) the martingale (Mh(u) : u ≥ 0) vanishes also as L → ∞ on
arbitrary compact time intervals, which implies that a generalized version also of the
main result in [11] holds as formulated in Theorem 2.1.
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B Proof of (3.16)

By the law of total probability we have

Pη[0,T ]

(
at least two W̄L − jumps in [s, s+ δ)

)
=

∞∑
n=1

Pη[0,T ]

(
at least two W̄L − jumps in [s, s+ δ)

∣∣W̄L(s) = n
)
Pη[0,T ]

(
W̄L(s) = n

)
.

We consider the following stopping times:

• τL1 := inf{t ≥ s : W̄L(t) > W̄L(s)}, time of first jump of W̄L after t = s.

• τL2 := inf{t ≥ τ1 : W̄L(t) > W̄L(τ1)}, time of second jump of W̄L after t = s.

Then the required probability is rewritten as:

Pη[0,T ]

(
at least two W̄L−jumps in [s, s+ δ)

∣∣W̄L(s)=n
)
= Pη[0,T ]

(
τL2 < s+δ

∣∣W̄L(s)=n
)
.

Therefore, we have

Pη[0,T ]

(
τL2 < s+ δ

∣∣W̄L(s) = n
)
=

s+δ∫
s

Pη[0,T ]

(
τL2 < s+ δ

∣∣W̄L(s) = n, τL1 = t
)
fn(t)dt ,

(B.1)
where fn(t), t ≥ s is the p.d.f of τL1 , (conditioned on η[0,T ] and W̄L(s) = n) i.e. the p.d.f.
of a (shifted) exponential random variable with rate equal to the total exit rate:

rn(t) = C̄n+ 2C
∑
k≥0

(1 + k)FL
k (η(t)) = C̄n+ 2C(1 + N/L) , t ≥ s ,

which gives

fn(t) = (C̄n+ 2C(1 + N/L))e−(C̄n+2C(1+N/L))(t−s) , t ≥ s .

By the law of total probability, the right side of (B.1) equals:

∑
k≥0

s+δ∫
s

Pη[0,T ]

(
τL2 <s+δ

∣∣τL1 =t, W̄L(t)=2n+k
)
Pη[0,T ]

(
W̄L(t)=2n+k

∣∣W̄L(s)=n, τL1 =t
)
fn(t)dt

+

s+δ∫
s

Pη[0,T ]

(
τL2 <s+δ

∣∣τL1 =t, W̄L(t)=n+1
)
Pη[0,T ]

(
W̄L(t)=n+1

∣∣W̄L(s)=n, τL1 =t
)
fn(t)dt .

Regarding the terms with long jumps in the first line we have:

• Pη[0,T ]

(
τL2 < s+ δ

∣∣τ1 = t, W̄L(t) = 2n+ k
)

Under the above conditional measure, τL2 follows a (shifted) exponential distribution
with rate equal to the total exit rate:

rn+2k(u) = C̄(2n+ k) + 2C
∑
k≥0

(1 + k)FL
k (η(u)) = C̄(2n+ k) + 2C(1 + N/L)

for all u ∈ [t,∞). Therefore, for all s ≤ t ≤ s+ δ,

Pη[0,T ]

(
τL2 < s+ δ

∣∣τL1 = t, W̄L(t) = 2n+ k
)
= 1− e−

(
C̄(2n+k)+2C(1+N/L)

)
(s+δ−t)

≤
(
C̄(2n+ k) + 2C(1 + N/L)

)
(s+ δ − t)

≤ C̄(2n+ k + 1)(s+ δ − t)
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• Pη[0,T ]

(
W̄L(t) = 2n+ k

∣∣W̄L(s) = n, τL1 = t
)
=

2C(1 + k)FL
k (η(t))

C̄n+ 2C(1 + N/L)
.

In total, using that C̄ := 2C(1 + 3ρ) > 2C(1 + ρ), we have

∑
k≥0

s+δ∫
s

Pη[0,T ]

(
τL2 <s+δ

∣∣τL1 =t, W̄L(t)=2n+k
)
Pη[0,T ]

(
W̄L(t)=2n+k

∣∣W̄L(s)=n, τL1 =t
)
fn(t)dt

≤
∑
k≥0

s+δ∫
s

C̄(2n+k+1)(s+δ−t)
2C(1 + k)FL

k (η(t))

C̄n+ 2C(1 + N/L)
(C̄n+2C(1+N

L ))e−(C̄n+2C(1+N
L ))(t−s)dt

≤
∑
k≥0

δ∫
0

C̄(2n+ k + 1)(δ − u)2C(1 + k)FL
k (η(u+ s))du

≤ δC̄2

δ∫
0

∑
k≥0

(1 + k)2FL
k (η(u+ s))du+ 2δC̄n

δ∫
0

2C
∑
k≥0

(1 + k)FL
k (η(u+ s))du

≤ δC̄2

δ∫
0

∑
k≥0

(1 + k)2FL
k (η(u+ s))du+ 2δ2C̄2n .

Regarding the term with a one-step jump in the second line we have:

• Pη[0,T ]

(
τL2 < s+ δ

∣∣τL1 = t, W̄L(t) = n+ 1
)

Under the above conditional measure, τL2 follows a (shifted) exponential distribution
with rate equal to the total exit rate:

rn+1(u) = C̄(n+ 1) + 2C
∑
k≥0

(1 + k)FL
k (η(u)) = C̄(n+ 1) + 2C(1 + N/L) ,

for all u ∈ [t,∞). Therefore,

Pη[0,T ]

(
τL2 < s+ δ

∣∣τL1 = t, W̄L(t) = n+ 1
)
= 1− e−

(
C̄(n+1)+2C(1+N/L)

)
(s+δ−t)

≤
(
C̄(n+ 1) + 2C(1 + N/L)

)
(s+ δ − t)

≤ C̄(n+ 2)(s+ δ − t)

• Pη[0,T ]

(
W̄L(t) = n+ 1

∣∣W̄L(s) = n, τL1 = t
)
=

C̄n

C̄n+ 2C(1 + N/L)
.

In total, we have:

s+δ∫
s

Pη[0,T ]

(
τL2 < s+δ

∣∣τL1 =t, W̄L(t)=n+1
)
Pη[0,T ]

(
W̄L(t)=n+1

∣∣W̄L(s)=n, τL1 =t
)
fn(t)dt

≤
s+δ∫
s

C̄(n+ 2)(s+ δ − t)
C̄n

C̄n+ 2C(1 + N
L )

(
C̄n+ 2C(1 + N

L )
)
e−(C̄n+2C(1+

N
L ))(t−s)dt

≤
δ∫

0

C̄(n+ 2)(δ − u)C̄ndu ≤ δ2C̄2n(n+ 2) .
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Combining the above,

Pη[0,T ]

(
at least two W̄L − jumps in [s, s+ δ)

)
≤

∞∑
n=1

Pη[0,T ]

(
at least two W̄L − jumps in [s, s+ δ)

∣∣W̄L(s) = n
)
Pη[0,T ]

(
W̄L(s) = n

)
= δC̄2

δ∫
0

∑
k≥0

(1 + k)2FL
k (η(u+ s))du+ 2δ2C̄2Eη[0,T ]

[
W̄L(s)

]
+ δ2C̄2Eη[0,T ]

[
W̄L(s)(W̄L(s) + 2)

]
Therefore, for all s ∈ [0, T ], we have:

P
(
at least two W̄L − jumps in [s, s+ δ)

)
≤ δC̄2

δ∫
0

E
[∑
k≥0

(1 + k)2FL
k (η(u+ s))

]
du+ 2δ2C̄2E

[
W̄L(s)

]
+ δ2C̄2E

[
W̄L(s)(W̄L(s) + 2)

]
≤ δC̄2

δ∫
0

(1 + 2ρ+mL
2 (u+ s))du+ 5δ2C̄2m̄L

2 (s)

Based on Proposition 3.1 and assumption (2.11), we have for all u ∈ [0, δ], s ∈ [0, T ]

mL
2 (u+ s) ≤ B2e

B2(u+s) ≤ B2e
B2(T+δ)

and from Lemma 3.5,
m̄L

2 (s) ≤ m̄L
2 (T ) ≤ α4e

eD2T

.

Therefore,

δ−1 lim sup
L→∞

sup
0≤s≤T

P(at least two W̄L − jumps in [s, s+ δ))

≤ δC̄2
(
1 + 2ρ+B2e

B2(T+δ) + 5α4e
eD2T

)
→ 0 as δ → 0 .

C Justification of (3.21)

Following [3], Section 8, in order to establish (3.20) we need to show that for any
T > 0

EQ
[
f ((ω(u) : 0 ≤ u ≤ s))

(
g(ω(t))− g(ω(s))−

∫ t

s

L̂ug(ω(u))du

)]
= 0 (C.1)

for all 0 ≤ s ≤ t ≤ T and continuous bounded functions f : D[0,T ](N) → R. Notice that
since T > 0 is arbitrary, this implies Theorem 2.2. Based on tightness estimates in the
proof of Proposition 3.4, Lemma 8.1 in [3] implies that, as L → ∞,

EQ
L

[
f ((ω(u) : 0 ≤ u ≤ s))

(
g(ω(t))− g(ω(s))−

∫ t

s

L̂ug(ω(u))du

)]
→

EQ
[
f ((ω(u) : 0 ≤ u ≤ s))

(
g(ω(t))− g(ω(s))−

∫ t

s

L̂ug(ω(u))du

)]
. (C.2)

Therefore, in order to prove (C.1), it suffices to prove that

EL

[∣∣∣∣g(WL(t))− g(WL(s))−
∫ t

s

L̂ug(W
L(u))du

∣∣∣∣]→ 0 as L → ∞ , (C.3)
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since QL is the law of the process
(
WL(t) : t ≥ 0

)
. Since

(
(η(t),WL(t)) : t ≥ 0

)
is a

Markov process, we know that the process

g(WL(t))− g(WL(0))−
∫ t

0

L̂L
η(s)g(W

L(s)) ds

= g(WL(t))− g(WL(0))−
∫ t

0

L̂sg(W
L(s))ds+

∫ t

0

(
L̂sg(W

L(s))− L̂L
η(s)g(W

L(s))
)
ds

is a PL-martingale for all L ≥ 2. Therefore, it suffices to prove (3.21).
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