®
OPEN a ACCESS Universitit Augsburg
OPUS AUGSBURG w k Universititsbibliothek

Qualitative Properties of Local Random Invariant
Manifolds for SPDEs with Quadratic Nonlinearity

Dirk Blomker, Wei Wang

Angaben zur Veroéffentlichung / Publication details:

Blomker, Dirk, and Wei Wang. 2008. “Qualitative Properties of Local Random Invariant
Manifolds for SPDEs with Quadratic Nonlinearity.” Augsburg: Universitat Augsburg.

Nutzungsbedingungen / Terms of use: licgercopyright
P -'_-T.\",rl-;!_
Dieses Dokument wird unter folgenden Bedingungen zur Verfiigung gestellt: / This document is made available under these conditions: a5\ >ﬁ
Deutsches Urheberrecht I %.‘ | =
Weitere Informationen finden Sie unter: / For more information see: ) &
https://www.uni-augsburg.de/de/organisation/bibliothek/publizieren-zitieren-archivieren/publiz/ & ,,{ &


https://www.uni-augsburg.de/de/organisation/bibliothek/publizieren-zitieren-archivieren/publiz/

SSUniversitat Augsburg

Institut fur
Mathematik

Dirk Blémker, Wei Wang

Qualitative Properties of Local Random Invariant Manifolds for
SPDEs with Quadratic Nonlinearity

Preprint Nr. 33/2008 — 01. Dezember 2008
Institut fiir Mathematik, Universitéitsstraie, D-86135 Augsburg http://www.math.uni-augsburg.de/




Impressum:

Herausgeber:

Institut fiir Mathematik

Universitdat Augsburg

86135 Augsburg
http://www.math.uni-augsburg.de/forschung/preprint/

ViSdP:
Dirk Blomker
Institut fiir Mathematik

Universitit Augsburg
86135 Augsburg

Preprint: Sdmtliche Rechte verbleiben den Autoren (©) 2008




Qualitative Properties of Local Random
Invariant Manifolds for SPDEs with Quadratic
Nonlinearity

Dirk Blomker
Institut fiir Mathematik
Universitat Augsburg
86135 Augsburg
dirk.bloemker@math.uni-augsburg.de

Wei Wang
School of Mathematics
University of Adelaide

5005 Adelaide Australia
w.wang@adelaide.eu.au
&

Department of Mathematics
Nanjing University
210093 Nanjing China
wangweinju@yahoo.com.cn

November 27, 2008

Abstract

The qualitative properties of local random invariant manifolds for
stochastic partial differential equations with quadratic nonlinearities
and multiplicative noise is studied by a cut off technique. By a de-
tail estimates on the Perron fixed point equation describing the local
random invariant manifold, the structure near a bifurcation is given.



1 Introduction

Stochastic partial differential equations SPDEs arise as macroscopic math-
ematical models of complex systems under random influences. There have
been rapid progresses in this area [17, 20, 14, 24, 4, 18]. More recently,
SPDEs have been investigated in the context of random dynamical systems
(RDS) [1]; see [8, 10, 11, 12, 13, 21, 15, 16, e.g.], among others.

Invariant manifolds are special invariant sets locally represented by graphs
in state spaces (function spaces) where the solution process of the system is
defined. A random invariant manifold provides a geometric structure to re-
duce stochastic dynamics. In fact the dynamics of the system is completely
determined by that on the globally attracting invariant manifold. Neverthe-
less, due to the inherit non-autonomous nature of the SPDE, these manifolds
move in time. So one can reduce the system to a lower dimensional system
on the invariant manifold together with the dynamics of that manifold.

There are some results on the existence of random invariant manifold for
a class of stochastic partial differential equations with Lipschitz nonlinearity,
[15, 16, 19] etc. In [8] an estimate of dimension of the local invariant manifold
is given, in order to study a pitchfork type bifurcation for stochastic reaction-
diffusion equations with cubic nonlinearity.

In the recent work [23], by a detail study of the properties of flow, an
invariant manifold reduction of a class stochastic partial differential equations
with Lipschitz nonlinearity is obtained. The reduced equation is a stochastic
differential equation defined on a finite dimensional invariant manifold.

There is a difficulty in reducing infinite dimensional stochastic systems
with non-Lipschitz nonlinearity to a lower dimensional system on an invariant
manifold. But it can be done near an equilibrium solution by introducing
a cut-off function near the equilibrium solution such that the nonlinearity
becomes globally Lipschitz in an approximate space. Then the approach
in [23] could be followed and the result will be a local one. However, the
invariant manifold is still moving in the infinite dimensional space. It is
in general difficult to see clearly the dynamics of the reduces system even
though it is essential finite dimensional.

At the same time an amplitude equation is an important tool to de-
scribe qualitatively the dynamics of stochastic systems near a change stabil-
ity, which has been studied heavily for additive noise (]2, 3, 5, e.g.]) and for
multiplicative noise (see [4, 6]). In contrast to random invariant manifolds,
which move in time, the dynamics studied via amplitude equations approxi-
mates the dynamics on a given fixed vector space, and the essential dynamics
is given by a stochastic ordinary differential equation on dominant modes.
The drawback in this case is that the results hold only with high probability.



Results that hold almost surely are not possible to obtain.

In this paper we study the properties of the random invariant manifold lo-
cally. In fact we consider properties of local invariant manifolds for equations
near a change of stability with quadratic nonlinearities and multiplicative
noise. One of the simplest examples is a Burgers-type equation

atu:8§u+u+uu+%8xu2+auow (1)

subject to Dirichlet boundary conditions on [0, 7] with one-dimensional mul-
tiplicative noise of Stratonovic-type.

There are many examples of SPDEs near its first change of stability, where
our results apply. For instance, we can consider the Kuramoto-Sivashinsky
equation, a model from surface growth (cf. [7]), Navier-Stokes equations with
an additional linear term, or the Rayleigh-Benard system near the convective
instability.

For our main results we reduce the cut-off equation of (1) to a stochastic
differential equation on an attracting random invariant manifold in a small
cut-off ball. Our results extend [9], where the local dimension of a random
invariant manifold near a fixed point is studied. Using the linearization
in our case the local dimension is one, but here we show that with high
probability the manifold is locally the graph of a quadratic function over a
one-dimensional space (cf. Theorem 3).

Let us compare our results with amplitude equations. Typically, one
assumes there the scaling 0 = &, v = 1ye? for some small £ with |1y| < 1. In
that scaling our Burgers-type equation reads

Ou = O2u+ u + voe*u + $0,u° + eu o W . (2)

In [4] it was shown that for solutions of size O(eg) with probability higher
than 1 — Cpe? for all p > 1

u(t, ) ~ ca(e’t) sin
on intervals of length O(¢7?), where
8Ta:1/0a—%a3+aoW

Our main results of this paper show for v and ¢ small, but without scaling
assumption, that there is a time dependent random Lipshitz map ¢(¢,w, ) :
R — R describing locally the random invariant manifold such that near 0
the flow along the manifold is

da = va+ ap(t,a) + cao W. (3)
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Moreover, for a given t the probability that
P(t,a) ~ —L5a?

is larger than 1 — C'exp{—1/¢}.

The rest of the paper is organized as follows. In Section 2, assumptions
and main results are presented. Section 3 states the results on existence
of random invariant manifolds using a cut-off technique. While Section 4
provides results on the local structure of the manifold.

2 Setting and Results

Consider the following abstract equation
du = —Lu+vu+ B(u,u) + ouo W, u(0)=uyec H (4)

where W is a standard real valued Brownian motion, and the noise is in the
Stratonovic sense. The real constants v and ¢ describe the distance from the
bifurcation and the noise strength, respectively. Assume H is a real separable
Hilbert space with norm || - || and scalar product (-, ).

We make the following assumptions.

Assumption A; Let L be a non-negative unbounded operator with compact
resolvent in the Hilbert space H, and suppose that {ex}7>, and {\}52, is
an orthonormal basis of eigenfunctions and the corresponding ordered
eigenvalues (Agr1 > Mg ).

Assumption A, The kernel of L, H. := span{ey,...,en}, is finite
dimensional, i.e. \y = ... = Ay =0 and A\, = Ayy1 > 0.

Denote by P. the orthogonal projection from H to H.. Furthermore, P, =
I—-P.

Remark 1. Note that the assumption that the eigenfunctions form an or-
thonormal set is for simplicity. We could relax this, assuming that P, is a
continuous projection commuting with L, which is no longer self-adjoint in
that case.

Let us now introduce the interpolation spaces H*, o > 0, as the domain of
L2 endowed with scalar product (u, v), = (u, (14 L)*v) and corresponding
norm || - ||o. Furthermore, we identify H~“ as the dual of H* with respect
to the inner product in H.

We make the following assumption on the nonlinearity:.
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Assumption Aj
For some av € (0,1) let B: Hx H — H™“ be a bounded bilinear and
symmetric operator, i.e. B(u,u) = B(u,u) and there is a constant Cg > 0
such that || B(u,@)||—o < Cpllull||@||. Suppose that for B(u) £ B(u,u) we
have

(B(u),u) =0 for allu e H*.

From bilinearity and boundedness, we immediately obtain a local Lipschitz
condition for B. To be more precise, for all R > 0

1B(u) = B(w)||-a = [[B(u =@, u + u)|[-a < 2RCp|u - ul (5)
for all u, u € H with ||u|| < R and ||u|]| < R.

Random Dynamical Systems

Before giving our main result, we recall some basic theory of random dynam-
ical systems. We will work on the canonical probability space (g, Fo,P)
where the sample space € consists of the sample paths of W (t). To be more
precise W is the identity on {2y, with

Qp ={w € C([0,0),R) : w(0) =0},

and [P the Wiener measure. For more details see [1].
Let 0; : (Q9,Fo,P) — (Qo, Fo,P) be a metric dynamical system (driven
system), that is,

o 0y =1id,
o 0,0, =0, foralls tekR,
e the map (t,w) — Ouw is measurable and §,P = P for all t € R.
On €y the map 6, is the shift
() =w(-+t) —w(t), teR,weQ. (6)

Definition 1. Let (X,d) be a metric space with Borel o-algebra B, then a
random dynamical system on (X,d) over 0; on (9, Fo,P) is a measurable
map

P R"xQyx X — X
(t,w,z) — @(t,w)x
having the following cocycle property
e(0,w)z =z, @(t,0,w)op(T,w)r =p(t+T,w)x
fort, T e RT, 2 € X and w € Q.



A RDS ¢ is continuous or differentiable if ¢(¢,w) : X — X is continuous
or differentiable (see [1] for more details on RDS).

It is well known that in order to show that (4) generates an RDS, one can
rely on a random transformation to a random PDE. For this we introduce
the following real-valued stationary process z(t) = z(6;w) on €y, where

@)= [ ewss M

— 00

Now the mapping t — z(fw) is continuous and solves

dz + zdt = odw or z(Ow)= z(w)— /Ot 2(Bsw)ds + ow(t). (8)

Moreover,
0 1
lim [2(0w)] =0 and lim —/ 2(6,w)dr =0 for a.e. w € Q.
t—-+oo |'[,‘| t—+oo ¢ 0

The above properties hold in a 6, invariant set €2 C ) of full probability, see
[15].

By the transformation
v(t) = e *Ou(t) (9)
Equation (4) becomes
O =—Lv+ zv+vv+e*B(v,v), (10)

which is an evolutionary equation with random stationary coefficient. Then
for almost all w € €2, by the same discussion for the wellposedness to deter-
ministic evolutionary equation [22], for any to < 7' € R and vy € H there is
a unique solution v(t,w;ty, vo) € C(ty, T; H) of equation (10) with v(tg) = v
and the map vy — v(t,w;tg,vp) is continuous for all ¢ > ¢,. Then by the
stationary transformation (9) we have the following result.

Theorem 1. Under Assumptions Ay — As, (4) generates a continuous RDS
o(t,w) on H.

For a continuous random dynamical system ¢ on X given by Definition
1, we need the following notions to describe its dynamical behavior.

Definition 2. A collection M = M (w),eq of non-empty closed sets M (w) C
X, w € Qis a random set, if

wr— inf d(x,
ot d(z,y)

15 a real valued random variable for any x € X.
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Definition 3. A random set B(w) is called a tempered absorbing set for a
random dynamical system @ if for any bounded set K C X there exists t i (w)
such that ¥t > tx(w)

o(t,0_w, K) C B(w).

and for all € > 0

lim e *'d(B(_w)) =0, for a.e. w € Q,

t—00
where d(B) = sup,gd(x,0), with 0 € X, is the diameter of B, if 0 € B.
For more details about random set we refer to [12].

Definition 4. A random set M(w) is called a positive invariant set for a
random dynamical system o(t,w,x) if

o(t,w, M(w)) C M(6iw), fort>0.

If M(w) = {x1 + ¢Y(z1,w)|xy € X1} is the graph of a random Lipschitz

mapping
¢('7W) . Xl — XQ

with X = X1 & Xy, then M(w) is called a Lipschitz invariant manifold of .

For further details about the random invariant manifold theory, see [15].

Definition 5. We say that (4) has a local random invariant manifold (LRIM)
with radius R, if there is a random set M (w), which is defined by the graph
of a continuous function, and for any ug € Mg(w),

o(t, 0_w)uy € M (w)
for allt € (0,70(w)) with

To(w) =inf{t > 0: (t,0_w)ug ¢ Br(0)}. (11)

Main Results
We prove the following theorem in Section 3. See Theorems 4 and 5.

Theorem 2. (Existence) Under Assumptions A; — As, the random dy-
namical system o(t,w) defined by (4) has a LRIM MP%(w) for sufficiently
small R > 0. This manifold is given as the graph of a random Lipschitz map
hMw,-): H. — Hy:

M (w) = {(& e Wh(w,e¥g)) : €€ H} .
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Moreover, if A, > 4v, then the LRIM M (w) is locally exponentially attract-
ing almost surely in the small ball Br(0). That is for any ||u|| < R

dist(o(t, 0_w)ug, M (w)) < 2RD(t, 0_w)e "
for all t < o(w)(see (11)) with D(t,w) is a tempered increasing process, see
(28).

We are interested in the property of solutions on the LRIM M%(w) and
the dynamics of M (w) itself near the first bifurcation v = 0.
It is proved that

Theorem 3. (Local Shape) Let Assumptions Ay — As be true. Suppose
o>0, |v| <o and R <1, and let h be the fized point given by Theorem 4.
Then for o — 0 with probability larger than 1 — C exp{—1/\/c} we have

[@h(e=g) — LB, Ol < CUIEN + B2+ Vo) - lEl?, (12)
for all ||€|| < %R.

Let us finally comment on the flow on the manifold. Using Theorem 2,
it is easy to describe the flow along the invariant manifold M(w) on a small
ball of radius R/2 around 0 by the following equation

e = vue + P.B® (u, + e*h(e u.)) + ou, o W(t).
By Theorem 3 we can replace e*h(e *u.) by
e*L; ' By(e *ue, e Fuc) + r(t) (*)

where the probability of r(¢) being large is bounded by Cexp{—1/+/c}.
This finally yields an equation, where

Oyue = vue + P.BB (u, + e*h(e*u.)) 4+ ou. o W(t).

This rederives an amplitude equation for the equation. Nevertheless, for a
detailed analysis of the flow on M, we would need bound on r, which are
uniform in time. This will be postponed to future work.

To conclude the presentation of the main results, we remark that it should
be straightforward to generalize the presented results to higher, but finite
dimensional noise.



3 Existence of Local Invariant Manifold

In this section we construct a LRIM for system (4) for small R > 0 and prove
its exponentially attracting property. For this we rely on a cut-off technique
given by the following definition. The LRIM is as usual given by the RIM
for the cut-off system.

Definition 6. (cut-off) Let x : H — R be a bounded smooth function such
that x(u) =1 if ||u|| <1 and x(u) =0 if ||u|| > 2. For any R > 0, we define
Xr(u) = x(u/R) for allu € H.

Given a radius R > 0 we define

B (u) = xr(u)B(u,u).

Now by Assumption (Aj) for given 1 > a > 0, the operator B® is
globally Lipschitz-continuous from space H to H~® with Lipschitz constant

Lipy yy-o(B™) = Lp :== 2RCj.. (13)

Consider now the following cut-off system

Ou = —Lu+vu+ B (u) + ouo W, u(0) = ug . (14)
As before by the transformation v = ue™*, we have
vy = —Lv + 20+ vv + e *BP (%) v(0) = uge *. (15)

In order to obtain a random invariant manifold for random dynamical system
©®(t,w) defined by the above stochastic equation (14) we study the trans-
formed equation (15). By the projections P. and P; equation (15) is split
into
Oy, = VU, + 20, + Pce_zB(R)(ezv), ve(0) = Pouge *0),
Ows = —Lvs+ vug + 205 + Pse’zB(R)(ezv), vs(0) = Pauge 0.

We use the Lyapunov—Perron method on the following random space with
random norm depending on w € €. The process z was defined in (8).

Definition 7. For —v <n < A\, — v define the Banach space

n

C- = {v € C((—o00,0], H) : igg{e”t_fgz(s)dsﬂv(t)||} < oo} (16)

with norm )
[vlle; = sup{e B o 0)]} < oo,



Definition 8. Define the nonlinear operator T on C, for given § € H.. and
w € Qqy as

t
T(v,6)(t) = eHozMgy / e/t 20V g=2() p B (y(7)e*() d7
0

t
+/ o~ Lstv)(t=)+[] 2(rydrg—2(7) p_ B(R) ((U(T)ez(T)) dr . (17)

By the Lipschitz property of B (cf. (13)) it can be verified directly that
for any £ € H, and w € Qq, 7(+,§) : C;7 — C,. Further, a short calculation
shows that it is a Lipschitz continuous map. To be more precise, for any v,
veCC,
[T(v)(t) — T(0)(t)]e o=
t
I / =TT #0ar=2(0) [P, B (y(r)e* D) — BB (5(r)e* )] dr
0
t
n / oLt T = =20) [P B ((o(7)e*0)) — P,BW ((0(7)e* )] dr

Now we use that for all t > 0
HeLtu” < Ma,ke_w\t_aHuH—a (18)

for some A < A, sufficiently close, together with (13) and the estimate
|P.v|| < Cul|P:||-a for some constant C,.
We obtain for 0 <n+v < A

t
IT) = T@)e- < / IO, Ll — 0 -
0

t
+/ 6(_>\+y+n)(t_T)Ma7)\LR”U — @HCn_dT

C, Il —a) _
< L [ M, ] T
= R n+ v + A(}\—T]—V)l_a ||U UHCT,

Note that our bound on Lip(7) is actually independent of ¢ and w.
Now for all £ € H. and w € €2 the operator 7 : C,” — €} is a contraction
provided R is sufficiently small such that

Lp + M

n+v a’/\()\—n—y)lfa

(19)

Co I'l—a) ]<1.

The celebrated theorem of Banach yields the following theorem.
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Theorem 4. Suppose 0 < n+v < A\ and (19). Then the operator T has a
unique fized point v* = v*(w,§) € C, .

Define h(w, &) = Psv*(0,w;&). Thus, by Definition 8
0
h(w, &) :/ e(Ls_”)TJrfTOZ(T)dre_Z(T)PSB(R)(U*(T, €)e*Mdr. (20)

Then by the same discussion as in [16],
M, (W) = {(& e Wh(w,e ")) £ € He) (21)

is a random invariant manifold for the random dynamical system (¢, w),
which is the graph of e*“ h(w, e *“)¢) . Moreover, on B(0, R)

M (w) = MG, (w) (22)

defines a LRIM of the random dynamical system ¢(¢,w).

Now we prove the attracting property of the random invariant manifold
ME (W) for equation (14). We follow the approach of [23]. It is enough to
prove the cone invariance property:

Lemma 1. Fiz 6 > 0 and define the cone
Ks={ueH : [Ju| <dllucllll} -
Suppose that R is sufficiently small such that
A > 2(1+ $)°Ly +4(1+6)Lg (23)

and
A > Av 42051+ 1) (24)

Let v, © be two solutions of (15) with initial value vy = upe*@) and vy =
Hoez(“’).

If v(ty) — v(tg) € Ks, then ve(t) — v.(t) € K5 for all t > tq .

Moreover, if v — v 1s outside K5 at some time ty then

lvs (¢, 0-w) — Ts(t, 0-0) || (25)

t
< lug — || exp {—%)\*t + z(w) + 2/ Z(QT_tw)dT}
0

for all t € [0, o).

11



In the proof we will see that the 4v is not optimal in (24), but for simplicity
of proof, we keep the 4v.

Proof. Define

p=v.—70. and q=uv,— Us,

then
O = vp + zp + e *P.BB) (ve?) — e=* P.BP) (¢?)

Oyq = —Lyq + vq + 2q + e *P,BP (ve?) — e*P,BH) (5e?) .

By the property of operator L and the Lipschitz property of B we obtain
for some positive constant ¢; depending on A, and «

1d

§£HPHQ > v||pll* + 2|lplI> — Lrllp|l> — Lrllp|l|q|l (26)
and
1 d 2 2 2 2
QEHQII < —llqlli +vlall* + zllall” + Lrllqllllalla + Lrellplllalla - (27)
Thus
1d
§£(HQH2 — 8%(IplI?)

< —llalli + vllall® + zllgll* + Lzllallllalla + Lrliplllqla
—v0?||pl* — 20%|Ipl|* + 0* Lallp[l* + 6* Lrllplq]l -

Now suppose that v — v € K5 (i.e. 0||p|| = ||¢||) for some ¢t. Then

=2 el ~ 1)

< ~lalft + Lillal lalla + Lalplllale + Lalpl® + 5 Laliplla]
< ~lall + La(lpll + ) lall + *Lallpl? + 8Lz lpl ]

< gl + L1+ lalllalh + 1+ ) Lalg]?

<

—3llall? + (3220 + D2+ (14 6)Lr) )

where we used Young inequality in the last step.
By (23) we obtain using Poincare inequality

d
S lalP* = a%lIpI?) < =3 flall”

12



which yields the desired cone invariance.

For the second claim consider now that if p4-¢q is outside the cone at time ¢,
(ie., |lg(to)|l > d|lp(to)]|) - Then by the first result we have ||¢(¢)|| > o||p(¢)]|
for t € [0,9]. Then by (27) we derive

1d
§EIIQII2 < —|lglif + w+2)lal* + Lellalllal + Lellplllal
< —llalif+ @+ 2)al* + Le + Hlallllql
< a2+ (v 2+ BLEA + 1?) lal®
By (24)

d
Zlat,)I” < (=3 +22(6))la(t, )] -

As the result holds for all w, a comparison principle and replacing w by 6_;w
yields

t
lat, 6_w)|P” < ||q<o,w>||2exp{—%A*t+2 / z(eT_tmds} .
0

Finally, ||¢(0,w)]|| = [|vs(0,w)—04(0,w)|| < |lug—1o||e*“) yields the result. [
To finish the proof of Theorem 2, we also need the following lemma.

Lemma 2. For any given T' > 0, the following initial value problem
Ve = VU + 20, + Pe " BB (v, 4+ v,)e?), v(T) =€ € H,
by = (=Lg+v+2)v,+ Pee ? BB ((v, + v,)e?), v5(0) = h*(v.(0))

has a unique solution (v.(t,0_w),vs(t,0_w)) € C(0,T; H. x Hy) which lies
on the manifold ME (w) a.a..

cut

Proof. This proof is same as Lemma 3.3 and Lemma 3.8 of [15] except that
one should be careful of the nonlinearity is not Lipschitz on space H in
proving the contraction property of the solving operator. This step is same
as the proof of contraction property of operator 7 defined in (17). O]

Now following the contradicting discussion in [23] we verify the following
attracting property of the random invariant manifold.

Theorem 5. Assume (19), (23) and (24). For any solution u(t,0_w) of
cut-off system (14), there is one orbit U(t,0_w) on ME (w) with P.U(t)
solves the following equation

Oy, = vu, + P.BM (ue + €h(e *u.)) + ou. o W(t)

13



such that
lu(t, 0-ww) = U(t,0_w)|| < D(t,0-w)[[u(0,w) = U(0,w)[le™"
where D(t,0_w) is a tempered increasing process defined by
D(t,0_w) = o# @)+ )2, 2(Bsw) ds (28)

Then Theorem 2 is a direct result of Theorem 5. Moreover we have the
following result.

Corollary 1. There is a LRIM M(w) for system (4) in a small ball B(0, R)
with R and v satisfy (19), (23), and (24). Moreover for ||uo|| < R

dist(p(t, 0_w)ug, M(w)) < 2RD(t,0_,w)e "
for all t € [0, 0] where 1y is defined by (11).

4 Shape of the Invariant Manifold

In this section we show that the LRIM MZ_  see (21), which denotes the
random invariant manifold of equation (14) is locally quadratic. That is the
Lipshitz-function h (cf. Theorem 4) describing the manifold is quadratic near
the fixed point 0. Suppose ¢ and v are small and choose the cut-off R also
small. Consider first the LRIM of the transformed equation (15). It is given
by
M (w) = Graph(h) = {(&, h(w,€)) : € € He},
where
h(w, 5) = PSU*(Oa W, 5) = U:(Oa w, f)

with v* the unique fixed point of the contraction 7 in the space C, (i.e.,
v* =T (v*), cf. Theorem 4). Thus for any £ € H. and t <0

t
U*(t) _ 61/1&—‘,—]35 z(s)dsg + / el/(t—T)-‘y—f: z(r)dre—z(r) B((:R) (GZ(T)U*(T))dT
0

t
+ / 6(—Ls+u)(t—7—)+f: z(r)dre—z(r)BgR) (ez(T)U*(T))dT ) (29)

—0o0

The local invariant manifold for the original equation (4) is given by (cf.

(22))
M (w) = {(& e Wh(w, e ) £ € Ho} .

In order to describe the shape of the LRIM, we first establish two bounds on
v*in C .
U

14



Lemma 3. Under Assumptions Ay — As suppose N\, > v+mn > 0. Then there
1s a constant C' > 0 such that for all € € H,

[o*lle; < ClENl and oSl < CRE] -
Proof. For the first bound note that 7(0) = e***+Jo 2()ds¢. Thus

IT(0)]l¢ = sup e ™ |l¢]| = [i€]] -
<0

Now as 7 is a contraction
[v*le- < 1T (") = T(0)|le + 17 (0)|lor < Lin(T)[[v"(lc- + €] -

We obtain the first claim with C'=1/(1 — Lip(7))).
For the second claim we bound (29) by using the semigroup estimate from
(18) together with the fact that

1B (ve*) |- < CRljv]le”, (30)

for v € H, which follows immediately from Definition 6 and Assumption Aj.
Thus

los @) = [[Pso* @] (31)

t
_ H/ e(—Ls+l/)(t—T)+fTz(r)dre—z(T)BgR)(ez(T)U*(T))dTH

t
< C/ (t . T)faef()\fzz)(tfr)+f7’ z(r)dr‘RHv*(T) HdT
t

< CReO [ (4 pyee e

—00

Then using the first claim yields
0
Ve llo- < T e VT T.
Io2lle; < CRIE [ |r e g

Choosing A > v 4 n finishes the proof. m

Now we prove the first reduction step, which removes the explicit depen-
dence of h on v?. Define for t < 0 the cut-off x%(t) = xr(v*(t)e*®) and the
approximation

Cc )’ Ve

t
gi(t) = / (LAY 2 (VB (0 (1), o (1) dr . (32)

—0o0
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Lemma 4. Under Assumptions Ay — As suppose A\, >n+v > 0, then
lv; = gille; < CR*|iEll for all € € H, .
Proof. We use
e*BIP(ev) = XR()B(v",v")e?
= Xr(O[Bs(v:, vie?) + 2B (v;, vie*) + B(vg, vie?)].

Now from
[Xgvie*| < R and |[[xRuie®|| < R

we obtain
le=*BE) (") — xa(H)Bulvt vied)|-a < CRJ]

S cr~c

Analogously to (31) we derive with A € (n + v, A,) that

t
los() =1 (]| < C / (t —7) e O 2SR 7 () | dr

— 00

0
S C/ ’T‘—aef()\*l/*n)‘ﬂdrr . ef(;5 Z(T)dreintR”U:”Cn_-

Thus using Lemma 3, the claim follows. [

Recall that in order to bound h, we only need to consider v*(0). From
(32)

C

0
0
510) = [ e Tl O () B or(r) v (1)

—0o0

where
U:<T>€_VT€I"(') z(r)dr 5 _ / e—VT—i-frO z(t)dtez(T)XE(T)BC<U*<T), U*(T))d’f’ '
0
Using B.(v:,v}) = 0 and thus
e*XpB(v",v") = 2B.(v;, e*Xvr) + Be(vs, € XRv5)

we obtain for 7 < 0

'U:(T)@im—ef"? z2(r)dr fH (33)
0

< [ e Ry ar
! 0

= R/ e U dr||o] oy < CRE[Efle” ¢+,

16



Hence,

U:(T) o é—em—efOT z(r)dr

< CR2||£||6_77TefoT z(r)dr ]

Thus for o
= [ PTG ui e ar (34)

—0o0

we obtain using (33) and estimates analogous to (31)
0 0
lgr(0) — g5l < C/ [r[7 e AR - [l el # 0yl (r) — €| dr
o
< C’R3H§H/ 7| e Nle= gy

Thus together with Lemma 4 we have

Theorem 6. Under Assumptions A;—As suppose R < 1, and A\, > v+n > 0.
Then
17(€) — gl < CR|iE]l for all & € H,.

This theorem is how far we can get without w-dependent deterministic
bounds. In the following we will rely on the following lemma (cf. (8)).

Lemma 5. There is a random variable K(w) such that K(w) — 1 has a
standard exponential distribution and for allt <0

/0 z(r)dr + z(t) = 2(0) + ow(t) < o(K(w) + |t]) .

Proof. Define 3
K(w) = sup{w(s) + s} . (35)

s<0

For example from [25] we know that 2K has a standard exponential distri-
bution. Obviously,

ow(t) < o(K(w)+|t]) forall t<0.

Moreover, by definition

z2(0) = a/ e‘w(s)ds (36)

—00

< 0/0 esdsf((w)—a/o se'ds = o(K(w) +1).

—00 —00
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Remark 2. For s < 0 we have
w(s)| < max{w(s), —w(s)} < K*(w) + s,

where
K*(w) = K(w) + K(~w)

and K(—w) has the same law as K(w). Furthermore, for |2(0)| a similar
estimate s true.

Define o
g5 = / el (r)erMeTels 2B (€ €) . (37)
Using (33) yields

0
loi =il < © [ Il O - fop(r) - el 0 ar

—00

0
< CR2H€H2/ ‘7_|7a )\\T|€f0 r)dr z(‘r)e n
Then by Lemma 5 we obtain for o < (A —7)

0
lgz — g3ll < CR2||§||2/ [ ere X207l 20K () g

—00

< CRY||¢|Pe 5@ (38)

Now we eliminate the cut-off. Suppose ||£]|e*(?) < R, then we can use the
smoothness of xr (mean value theorem) to obtain

XR(T) =1 = xa("()e””) — XR(5620)|
Flos (e + Gllvz (1)e” — e

—NTT+z(T Z?”T’ C z vT TZT’T
CL+ R)€flem 0I5 20y ][0 — @75 ohr

IA

IA

where we used Lemma 3 and (33).
Now from Lemma 5, and the fact that z(¢) + fo r)dr = z(0) + ow(t) we
derive

Xiel) = 1] < C(1+ R)[lle™ 7oK 1 01— rrowin)|o©)

Thus
XR(T) = 1] < C(EI(1 + R) + 0 Ka(w))e eIk @) (39)

18



where we define
1— 6V7‘+0‘UJ(T)

Ky (w) = sup (40)

<0 0'677|T‘

For this random constant K, we obtain the following relation to K (w). Note
that this result is by far not optimal, but it is rather simple to derive.

Lemma 6. Suppose |v| + |o| < 2 and |v| < |o|, then there is a constant
depending only on n such that

Ko (w) < CelE5 @) (1 + K*(w)).

Proof. We use the rather crude estimate |1 — e®| < |z|el*l for all z € R.
Recall Remark 2 to obtain

KQ(CU) < sup ’VHT‘ + ‘O—H('dl6|V||7’|+\0w(7')|—77|7'|
7<0 o]
< (Jv] + loDIr| + |U|e|a\Ki(w)€\T|(\u|+|a|f17)
T o0 Jo|KE(w)
1
< 2@ qup(fr| + K (w))e 27,
7<0
O
Now we proceed to bound g3
0 T
i [ et Z(”deTBS@,@H
e
< ¢ [ i oK e
(39) 0
= C/ [r| AT K gz (||¢)| (1 4 R) + 0 Ka(w)) €]
< CETKO(|lE] + o Ka(w)) [€]I° (41)

for R<landn— X420 <0.
For the final step note that

0 0
/ elemeX (D erTeld 2ndr g — 2(0) / elsme' e dr

— 00
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We finally bound
0
H/ elmerTer M dr By (€, ) — leBS<§>’£)H

0
_ H/ eLs‘r(l . e”Ter(T))dTBs(§7§>H

IA

0
C/ 7|~ 1 () dr||€ )12

< CoKy(w)|€| (42)

for A > n.
Combining (38), (41), and (42), we proved the following theorem:

Theorem 7. Let Assumptions Ay — Az be true. Suppose A\, > n + 20,
M >v+n,0>0,and ||€]|e*® < R <1, and let h be the fized point given
by Theorem 4. Then

1h(&) = O LI By(€, &)l < O™ + 1) - ([I€]l + B? + o Ka(w)) - [I€]P,
where K and Ky are defined in (35) and (40).

This is the final main Theorem of this section. The main Theorem 3 is
now a simple corollary.

Proof of Theorem 3. Define
O = {w e : KEw) > 1/\/3}.

By Lemma 5 this set has probability less that C'exp{—1/+/0}. Moreover, on
the complement 2%, we have

1 1
KS\/—E and KQS\/_E

and (12) follows from Theorem 7, as similar to Lemma 6 we also have on Q9

)¢l < e“V)ig| < R.
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