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Abstract

We discuss B-type tensor product branes in mirrors of two—parameter Calabi—Yau hy-
persurfaces, using the language of matrix factorizations. We determine the open string
moduli of the branes at the Gepner point. By turning on both bulk and boundary moduli
we then deform the brane away from the Gepner point. Using the deformation theory of
matrix factorizations we compute Massey products. These contain the information about
higher order deformations and obstructions. The obstructions are encoded in the F—term
equations, which we obtain from the Massey product algorithm. We show that the F-
terms can be integrated to an effective superpotential. Our results provide an ingredient
for open/closed mirror symmetry for these hypersurfaces.
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A Moduli of Tensor Product Branes in Two—Parameter Hypersurfaces

1 Introduction

Recently, there has been tremendous progress in the understanding of open string mirror
symmetry for compact Calabi-Yau manifolds. In [I], 2] techniques have been introduced to
compute open string disk instantons on the quintic through mirror symmetry. The papers
[3, [4] discussed the calculation of higher genus open string BPS invariants by making use of
an extension of the holomorphic anomaly equation. Walcher’s approach to computing open
BPS invariants has been shown to work well also for one—parameter hypersurfaces other than
the quintic, as was demonstrated in [5] [6].

A special feature of the open string mirror symmetry calculations of [I},[2] is that the quantities
which are computed do not show explicit dependence of the open string moduli. In particular
this entails that one does not have to find a mirror map for open moduli in order to calculate
open string instanton numbers using mirror symmetry. In [3] it has been argued that this
situation is quite generic for the following reasons. Continuous open moduli may be quite rare
at general points in the bulk moduli space. At special points with high symmetries, like the
Gepner point, brane moduli are however very likely to be found. In Calabi—Yau threefolds
such boundary deformations are generically obstructed. This is due to the fact that one can
map, via Serre duality, the open string states corresponding to boundary deformations to open
string states which encode the obstructions to these deformations. The closed string moduli
enter the game by the observation that certain bulk deformations may be identified with
obstructions to deformations on the boundary. Obstructions to deformations are encoded in
the effective superpotential W,y , or, more precisely, in its critical locus. This is nothing but
the set of solutions of F—term equations which determines the locus where supersymmetry
is preserved. The upshot of the argument of [3] is that the moduli appearing in W,y; are
those which are obstructed, i.e. those which can take only discrete values, in particular in
terms of bulk moduli. The generating function of open string disk instanton numbers is the
domain wall tension, which is the difference between effective superpotentials, evaluated at
solutions of F—term equations corresponding to two brane vacua. In all the known examples



this quantity does not depend on continuous brane moduli. The brane moduli-independence
of the domain wall tension does not imply that there are no open moduli present. They
definitely appear in the effective superpotential and in the F—term equations which contain
essential information about supersymmetric vacua. It is therefore interesting to have tech-
niques to compute Wesy and F-terms which have the full dependence on brane and bulk
parameters. An important first step in this direction has been made in [7], where W, s has
been calculated for one-parameter models by applying N = 1 special geometry of [8, 9] to
compact Calabi—Yau manifolds. Remarkably, this approach also provides flat coordinates and
a mirror map for open moduli.

So far, all the examples for open string mirror symmetry on compact Calabi—Yau threefolds
has only been done for hypersurfaces with a single bulk modulus. In this paper we will dis-
cuss one building block of the open mirror symmetry program in two—parameter Calabi—Yau
hypersurfaces. Going to more complicated examples with more bulk moduli is interesting for
several reasons. One—parameter hypersurfaces, and in particular the quintic, exhibit a large
amount of symmetry which simplify the calculation a lot. However, in such special models
the full mathematical structure of the problem may remain partially hidden. Even if one does
not encounter new conceptual features in models with several parameters it is to be expected
that new technical tools are needed to handle the increased complexity of the calculations.
In closed string mirror symmetry this new ingredient was toric geometry. The techniques de-
veloped in [0} 1T], 12 [13] proved to be the correct language to systematically address closed
string mirror symmetry problems.

It is to be expected that toric geometry will also play a prominent role in open string mirror
symmetry. In open string models, however, there is at least one other problem which has to
be overcome before one can set the machinery of toric geometry to work which is needed to
derive (inhomogeneous) Picard—Fuchs equations and compute the mirror map. The first step
in the program is a suitable choice of D-brane. In this article we will discuss tensor product
branes in two—parameter hypersurfaces and their open string moduli. We would like to answer
the question which D-branes have moduli and whether deformations with these open moduli
are obstructed. This gives us important information about the existence of brane vacua and
possible domain walls separating these.

The context in which we approach this question will be B—type topological Landau—Ginzburg
models. We consider two—parameter hypersurfaces which admit a Landau—Ginzburg descrip-
tion. We focus on those models which are tensor products of minimal models of type A.
D-branes in these models can be described in terms of matrix factorizations of the Landau—
Ginzburg potential. At the Gepner point certain matrix factorizations can be identified with
boundary states in conformal field theory. We will focus on tensor product branes which
correspond to Recknagel-Schomerus boundary states. At the Gepner point we compute open
string moduli of a given brane. Due to the enhanced symmetry at the Gepner point one
expects to have more control over D-branes than at other points in moduli space. By de-
forming the brane away from the Gepner point with both bulk and boundary moduli one gets
constraints on the deformation parameters for the brane to remain a valid supersymmetric
boundary condition. The constraints encode the obstructions to the deformations of a brane
away from the Gepner point. These are precisely the F—terms which determine the brane
vacua. For matrix factorizations there exists a an algorithm to compute deformed matrix
factorizations and F—terms [I4} 15]. In [I6] this method has been applied to N = 2 minimal
models and extended to include bulk deformations.



In this article we apply the deformation theory algorithm to tensor product branes in mirrors
of two—parameter Calabi—Yau hypersurfaces. A similar discussion has already been done in
[17]. The advantage of this approach is that it avoids several difficulties. Since we are directly
computing the F—terms which encode the physical information about the brane vacua we
do not necessarily have to do the calculation in flat coordinates and therefore can postpone
the problem of finding those. Furthermore it is known that the effective superpotential in
topological string calculations is only defined up to (possibly non-linear) reparametrizations
due to the underlying A,,—structure. Its critical locus, i.e. the F—terms, should however not
depend on the choice of parametrization. This freedom is visible in the deformation theory
algorithm but since the information encoded in the F—terms should be invariant we can make
a particular choice without losing information.

The advantages of this approach are actually also its biggest drawbacks: The information
about flat coordinates in moduli space and the mirror map, which is essential for mirror sym-
metry calculations, has to be found with different methods. Therefore it is not possible to
extract disk instanton numbers from our results without further input. This will be discussed
elsewhere.

Another inconvenience is that the calculation is technically challenging and rather cumber-
some. This also has to do with the reparametrization freedom mentioned above. At every
order in deformation theory one has to make certain choices. Although they do not influence
the result there may be certain choices which simplify the calculations tremendously. Un-
fortunately, no criterion is known to pin down particularly simple parametrization. Another
general problem of this approach is that in the presence of unobstructed moduli the algorithm
never terminates, so that the deformation theory problem cannot be solved completely.
Despite these difficulties we can decide for most of the examples we consider which moduli
are obstructed and compute the full F—terms by a brute force calculation.

This article is organized as follows: In section [2] we review the relevant details about ma-
trix factorizations which are necessary for the discussion. In particular we describe the
deformation theory algorithm. Furthermore we discuss which branes are not captured by
our discussion. We go on to summarize the results of our calculations and discuss certain
common properties of our examples. We also comment about interesting new features we
have encountered. The subsequent five sections are the technical part of the paper where we
discuss brane moduli and obstruction for representative examples of branes for each of the
five two—parameter Calabi—Yau hypersurfaces. Section [§] is devoted to concluding remarks.
In the appendix we collect some tables which contain information about the moduli of tensor
product branes in two—parameter Calabi—Yau hypersurfaces.

Acknowledgements: We would like to thank the Singular Team for support. Part of this
work was completed during the authors’ visit at the Erwin Schrodinger Institute in Vienna
at the workshop ”Mathematical Challenges in String Phenomenology™”.

2 Matrix Factorizations, Deformation Theory and F—terms

We discuss brane moduli of Recknagel-Schomerus branes on the mirror of two—parameter
hypersurfaces in weighted CP*, using the language of matrix factorizations. At the Gepner
point the Landau Ginzburg theory is an orbifold of tensor product of minimal models of type



Ag,—2 with superpotential:
W =a{ 428 + 28 2P 425 Tap (2.1)

Since we are interested in the mirror, we have also taken into account the action of the
Greene—Plesser orbifold group I'gp. We will focus on the five models which have Hodge
number h*! = 2. The characteristic data of these models can be found for instance in [I1].
We will give more details in the sections devoted to the specific models. We will consider the
following type of matrix factorizations Q? = W - 1:

5
Q= ain +ai M (2.2)

=1

The n;,7; are boundary fermions satisfying the Clifford algebra relations

{ni,niy =46i;  {mi;mi} =0. (2.3)

The matrix factorization ([Z22)) is a tensor product of minimal model matrix factorizations,
which can be identified with CFT boundary states:

QW) = zky 4 29k = < zdo—k %k ) = |L,S) = |k—1,0) (2.4)
The matrix factorization (22) can then be identified with a Gepner model boundary state
with label L = |ky — 1,k — 1,k3 — 1,ky — 1, k5 — 1). We will use this convenient notation to
label our matrix factorizations, even if it has been deformed away from the Gepner poin.
Given a matrix factorization () we can define a matrix R of U(1) R-charges via the condition
that @ has charge 1. Given a U(1) action z; — A“x;, R is chosen such that:

R- Q()\%JTZ) . R_l = )\Q(I‘Z) (2.5)

If we have an orbifold action g : x; — e2mig'/ dy;, where d is the degree of the Landau-Ginzburg
potential, the orbifold action can be extended to the boundary. A matrix factorization is

orbifold invariant if we can find a matrix v such that:
7 QT ) 7t = Qay) (2.6)

2.1 Brane Moduli

In the context of matrix factorizations physical open string states are determined by the
cohomology of ). @) acts on the open string states via a commutator or an anticommutator.
In this way the cohomology elements come with a natural Zs,—grading.

Brane moduli ¥, € H Odd(Q) correspond to Zo—odd, boundary preserving open string states
with R—charge 1. They may be used to deform the matrix factorization (2.2 away from
the Gepner point. Open string states of ([2.2]) are tensor products of minimal model open
string states. The Zs—odd, ”fermionic”, open string states of a type A minimal model look
as follows:

k 0 x!
§)=<_md_2k+l 0> 1=0,... k-1 (2.7)

!Since we only consider marginal deformations of a single brane and no tachyon condensation processes,
these labels are also accurate for the deformed branes.



The R-charges of these fermions are q,, = W. Note that for our choice for k, we have

I < d— 2k + 1, which means that the exponent of the lower left entry of the matrix is always
greater or equal to the exponent of the upper right entry.
The bosonic open string states have a simpler structure:

zt 0
¢l<k>:<0 xl) =0, k-1 (2.8)

The R-charges are q4, = %l.

The R—charge r of a general open string state ¥ is computed as follows:

R-U(\iz;)- R™1 = \"W(xy), (2.9)
where R was defined in (2.5)). An open string state is orbifold invariant if:

- \If(ezmgi/da:i) = U (x;) (2.10)

Since the open string states of A—type minimal models are uniquely determined by their R—

charge 7 and their Zy-grading a, we can label open string states of (2.2]) byld r]* @ ry*> @ r5* ®
a4 as

T, @rs”.

2.2 Obstructions

Obstructions ®; € H®"(Q) to deformations of branes are encoded in Zs-even, charge 2
boundary preserving operators. It is important to notice that these open string states have
the correct R—charge and degree to be deformations of the Landau—Ginzburg superpotential.
Obviously only a subset of these open string states, namely those proportional to the unit
matrix, can also be interpreted as bulk deformations. It is these boundary preserving open
string states which are directly responsible for the link between bulk and boundary defor-
mations and therefore for the fact that boundary deformations can be obstructed by bulk
deformations.

The deformation theory for Calabi—Yau manifolds in three complex dimensions is special
because only then the open string states describing obstructions are Serre dual to the defor-
mations, i.e. the brane moduli.

HE"(Q) = (H*M(Q))* (2.11)

This isomorphism between deformations and obstructions is the reason why brane deforma-
tions are ”in general” obstructed.

It is important to know what is the corresponding obstruction to each deformation. This is
done by computing the Serre pairings (¥;®;), where we denote the boundary deformations
by ¥, and the obstructions by ®;. These amplitudes are easily computed by the Kapustin-Li
residue formula [19]:

(U;@;) =

1 jfd%STr <(8Q)A5 \Piq)j) (2.12)

(27T’i)5 81W"'85W

Only for Serre dual pairs this integral is non—zero.

2All the tensor products are graded. See [18],[17] for details about the explicit construction of tensor product
matrix factorizations.



2.3 Deformations and Higher Products

We now give a description of the deformation theory algorithm which we use to calculate the
F—terms. Our discussion of the algorithm follows [20]. For mathematical background we refer
to the papers [14] [15].

We start with describing the original algorithm which only includes deformations with brane
moduli. Consider a matrix factorization @ with Q% = W - 1 and calculate the open string
spectrum:

U, € HQ) @ € HY"  dimH*"(Q) = dimH*™ = N (2.13)

We now want to calculate the most general non-linear deformation of this matrix factorization,
taking into account only deformations with zs—odd states. We make the following ansatz:

Ques = Q+ Y amu™ (2.14)
meB
Here, 77 is a multi index: v = u}"u}y? ... u}}N and we define || = Zf\;l m;. B describes
the allowed set of vectors m. uq,...,uy are deformation parameters associated to ¥q,...,¥,
and «,; are matrices to be determined recursively in |7i|. At the order |m| = 1 (linear
deformations) they are defined to be the odd cohomology elements:

210,00 = V1 ap1,.0=%Y ... o0.01)=YN (2.15)

Now we impose the matrix factorization condition on Qg y:

!
Q% = W- 11+ij (2.16)
~ Q*+ Q,amu + Q- iy U 2.17
> m; oe 217)

ylm

Note that imposing Qflef = W -1 does not work and we must employ the more general
condition in (2.I6). Obviously, the matrix factorization condition only holds if we demand
that f;(u) = 0. The relations f;(u) span the same ideal as the vanishing relations f;(u) of the
power series ring of deformations C[[u]]/(fi(w)). At the same time these relations determine
the critical locus of the effective superpotential.

In the second line of the above equation we naively inserted the ansatz ([2.14]). y(m) is called
‘matric Massey product’ [14}, [15]. Equation (ZI7) is actually only correct up to order |mi| = 2.
At higher orders the definition of the Massey products gets modified due to the presence of the
fi(u), as we will show below. The 'method of computing formal moduli’ of [14] [15] provides
an algorithm to calculate the f;(u) and the ;5 explicitly at all orders in 1.

Let us first look at the lowest orders, where (217 is correct. At linear order || = 1 in the
deformation parameters, the second term in (2Z.I7) is zero, since the «;; are the fermionic
cohomology elements and the second term becomes the physical state condition. The first
Massey product y(m) appears at order |m| = 2. We can calculate this product explicitly,
since all the a7 at order |m| = 1 are known. y(m) can take the following values:



o y(m) ¢ H"(Q). In this case we can find an «,, with |m| = 2 such that
@, ] = —=Bm = y(m). (2.18)

Thus, the second and the third term in (2.17)) cancel at order |m| = 2 and we produced
new «,;’s and thus can calculate Massey products at higher order.

o y(m) € H"(Q), i.e. y(m) = ¢ ®y, where ¢ is some number. Clearly, this cannot
be cancelled by a term [Q, ] since the ®; are by definition not Q—exact. Thus, we
have encountered an obstruction. The obstructions are encoded in the polynomial fj(u)
associated to @ in the following way:

fo=cu™ (2.19)

We can now continue this algorithm to higher orders in |m|. There, however, some subtleties
arise due to the presence of the f;(u). They impose relations among the w™, which have to
be incorporated into the algorithm. One has to introduce various bases for allowed vectors
m. Furthermore the definition of the higher order Massey products has to be modified as
compared to the naive definition of (ZI7)). The deformation theory construction of [14] [I5]
yields the following results:
For a vector @i € Bj,, i > 0 (Bj,; to be defined momentarily) the Massey product y() is
given by:

y(ii) = Z Z 5;71,75’047731 " Qg (2.20)

|| <i+1 g +rmg=m
m; EB;

The coefficients (-, -~ can be determined from the unique relation

N
W= 3 B+ D0 @21)

meB] J=1

for each @ € NV with |ii| < i + 1. If the Massey product is y(7i) = ¢ ®; then we get a
contribution to the k—th polynomial fi(u):

=i+ ) e, (2.22)
NEB

where the superscript gives the order in wu.
The «,; are defined as follows. For each vector m in a basis B;y1 we can find a matrix o,
such thatﬁ:

(i+1)—2
Q. am]==Ba=— > Y Bumy(i), (2.23)
=0 #cB,

241

where the coefficients 35 are given by the unique relation

uﬁ: Z ﬁﬁ',mum. (2.24)

?’?ZGBH_l

3Since many of the §,; appear several times in a given example, we will suppress the m-labels of the 8,5 in
the following sections.



The various bases B, B, B’, B’ are defined recursively. One starts by setting By = {ii €
N¥[|ii| < 1} and By = {ii € N¥||ii| = 1}. For i > 1, B[, is then defined as a basis for
mT/(m 2 + mtam(fL ... fy)), where m = (ui,...,uy) defines the maximal ideal of
Cl[u]]/(fi(w)). In most cases, the elements {uﬁ}ﬁ€B£+1 can be chosen such that u” = wuy, - u™

for some 7 € B; and uy € {ug,...,un}. One defines Bz{+1 = B; U B;. ;. Finally, By, is
a basis for (i (L fa)/ (2 + (f7 L D) such that Biyy € Bly,. We set

Bi11 = B;UB;1.

With these definitions it is now possible to calculate the critical locus f;(u) of the effec-
tive superpotential along with the deformed matrix factorization Qgcs. The algorithm, which
we will refer to as the "Massey product algorithm’, looks as follows [14]:

e Choose a matrix factorization ) and calculate the open string spectrum, where ¥; €
H°¥(Q) and ¢; € H"(Q), where j =1,...,N.

e Set ag, = V;, where €; are the canonical basis vectors of R”. Furthermore associate a
deformation parameter u to every Wy.

e For each ¢ > 0 perform the following steps:

— Calculate the bases Bl ; and Bl_;.

— Determine the coefficients 3}; ;; from the relations (Z21I).
— Calculate the Massey products y(7i) defined in (2.20)).

— Determine f;“ using (2.22)).

— Choose bases B;11 and Bjy1.

— Calculate the coeflicients (3 7 from the relations (Z24)).
— Choose suitable a3 according to (2.23)).

e If the algorithm terminates at a given order, integrate (homogeneous linear combinations
of) the f; in order to obtain W,¢;.

e Calculate the deformed matrix factorization:

Qe = Q + Z amu™, B= U B, (2.25)

meB

Let us supplement a few comments. The choice of a7 is ambiguous. Taking different a3
also results in different f;. The effective superpotentials obtained from these different choices
are related via field redefinitions of the u;, where field redefinition means in this case that
every ui can be replaced by a power series in terms of the u;. This freedom reflects the
reparametrization freedom one has in the underlying A,.—structure.

For matrix factorizations in Landau—Ginzburg orbifolds we cannot expect that the algorithm
terminates due to the presence of marginal deformations which may or may not be obstructed
at higher orders. For Calabi-Yau threefolds the algorithm may terminate since obstructions
are expected to be present. However, this is not guaranteed. Some moduli may still be exactly
marginal, i.e. unobstructed to all orders in deformation theory. In that case one may at least
argue that the F—terms do not get new contributions from a given order on. Then integration
to an effective superpotential is still possible.

Furthermore note that some of the f;(u) may remain zero throughout the calculation. The
power series ring of deformations is then defined as Cl[[u1, ..., un]]/(f1,..., fr), where r < N.



2.3.1 Bulk deformations

So far, we have only discussed deformations of a brane with open moduli. One can however
also deform the brane with bulk parameters. In the B—model setup this corresponds to
complex structure deformations. The task is to include bulk deformations of the Landau—
Ginzburg superpotential at the Gepner point into the deformation theory algorithm. This
has already been done for minimal model examples in [16]@. For our two-parameter models
we would like to deform the superpotential W (x;) into:

W (xs, 1,92) = W(x;) + o161 + p202, (2.26)

where 1, 2 are the two bulk moduli and ¢1, ¢2 are elements of the bulk chiral ring.

How to proceed crucially depends on the properties of ¢1,¢s. If the bulk deformation is
also an element of the boundary chiral ring, i.e. if the bulk deformation multiplied with the
unit matrix is a charge 2 bosonic open string state (this is precisely an obstruction!), the
associated bulk modulus enters the F—term related to this open string state. This adds linear
terms in the bulk moduli to the F—terms. If it is possible to integrate these terms to an
effective superpotential these contributions give terms uy, where v is a boundary modulus.
This encodes the values of the bulk—boundary two—point disk amplitudes.

If, however, the bulk deformation is ()—exact, the Massey product algorithm implies that this
must be related to a deformation. This deformation, call it a9, o), is a linear deformation
of the matrix factorization where the deformation parameter is the bulk modulus. This defor-
mation has the property that {Q, a(l,o,...,o)} = ¢1, where ¢ is the Q—exact bulk deformation.
So, to first order, we have:

Qaef = Q +panp,..0)t+--- (2.27)

Squaring this, we get:
Qier =W(zi) + b+ ..., (2.28)

which is nothing but the bulk deformed Landau-Ginzburg potential W (z;, ») plus higher
order terms.

To summarize, depending on whether the bulk deformation is also an open string state or not
we either have to modify the F—terms or introduce bulk deformations of the matrix factoriza-
tions. From then on, we can formally apply the Massey product algorithm as discussed above.
We simply extend the vectors m to include also the bulk deformations. We have chosen the
convention that we add the new entries at the beginning of the vector.

Note that this discussion is not a rigorous mathematical derivation of the algorithm like it
was given in [I4] [I5] for the original setup. It rather relies on the observation that the struc-
ture does not change by adding bulk deformations. As we will demonstrate in the following
sections, the extended algorithm works well.

2.4 How to check the Results

Given such a complex algorithm to compute deformations, it is already a strong indication
of consistency if one has obtained a deformed matrix factorization which squares to the

4In this case the bulk deformations were added to boundary deformed matrix factorizations. This was pos-
sible because for minimal models the deformation theory algorithm always terminates after a finite number of
steps. In our case, the algorithm may not terminate. This forces us to look at bulk and boundary deformations
at the same time.

10



(deformed) Landau—Ginzburg superpotential modulo F—terms, and the obstructions are con-
straints which can be integrated to give an effective superpotential W, y. Still, it is desirable
to have an independent consistency check for the results. This is provided by the interpre-
tation of W,y as the generating function of disk amplitudes. Differentiation of this effective
superpotential should give back the F-terms. The disk amplitudes entering W,y which do
not contain integrated insertions of bulk— or boundary—operators can be computed by the
residue formula of Kapustin and Li [19]. Two kinds of amplitudes can be calculated. The
first is the bulk—boundary two—point function:

) j{d%@sm ((8Q)A5 xpj)

W) = - 2.29
<¢ ]> (27TZ)5 81W"'85W ( )
Furthermore, we can calculate the disk amplitude with three boundary insertions:

IR T s LT oW asW '

Comparing to the F-terms/W, ¢ obtained from the Massey product calculation, this gives a
non—trivial check for the lowest orders in the deformation parameters. Having computed the
correlators there are a few steps to be done in order to obtain the effective superpotential.
We will now briefly describe these steps, following [21].

A disk amplitude with an arbitrary number of bulk and boundaryﬁ insertions is defined as
follows:

Bag..amsir.in = (_1)&1+...+Elm—1 <‘I’a0\pa1P/\Ilg12)..-/\IJ&Q_I\IJGM/(pZ(.f).../¢§z)>
2 2
- <¢i1\paop/\Ifg?.../q/g{g/¢§2>.../¢§n)>, (2.31)

/¢§2) = /¢§1’1) = /DQ[G, (G, ¢i]]dz dz (2.32)

are the bulk descendants, with Dy the disk and G the twisted fermionic current, and

/ v = / G, )dr (2.33)
i

are the boundary descendants. The integral runs, from a suitably chosen position 7; to the
left of the operator to a position 7, to its right, along the boundary of the disk. The boundary
integrals in (231]) have to be path ordered, and P denotes the path ordering operator. We
have also introduced a suspended grade a of the boundary fields ¥,:

where

=Wy +1, (2.34)

where |U,| is the Zsy—degree of the boundary field. Since the amplitudes are completely
symmetric with respect to the bulk insertions we can introduce generating functions for the
bulk perturbations which satisfy the following property:

0

— 2.35
o, (2.35)

Bao---am;il---in = 82-1 e 8infa0...am (g0)|@:0 Where 87, =

5In contrast to the rest of the paper ¥ can be Zy—even or Zs—odd here.
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To calculate W, ¢, we associate parameters s, = (uq,vq) to every open string insertion. The
commuting u, are the parameters of the fermionic open string states, the v, are anticommuting
and go with the bosons. The effective superpotential is then the sum of the symmetrized
amplitudes with parameters s,:

1

Weff(5§ 90) = Z Esam e Sal-Aal...am (80)7 (2.36)
m>1
where
1
Adgoam = (M = D Fay.am) = - Z n(03a0, - -+ s @m) Fa gy apmy s (2.37)
UES’m

o is a permutation and 7 is the sign one obtains from permuting the variables s,.

To summarize, using the Kapustin—Li formula we can compute the lowest contributions to the
effective superpotential and therefore get an independent, non—trivial check for deformation
theory calculation.

2.5 Branes which are not discussed in the examples

In the following sections we will discuss in detail the deformations of matrix factorizations
corresponding to Recknagel-Schomerus boundary states. We will start at the Gepner point
and deform a single brane with bulk— and boundary moduli. If the deformation theory
algorithm terminates after a finite number of steps we will end up with a matrix factorization
of the bulk—deformed Landau—Ginzburg superpotential. We will now mention some other
constructions which will not be discussed in the remainder of the paper.

2.5.1 Short Orbit Branes

In [5] the branes corresponding to Recknagel-Schomerus boundary states with maximal L—
label have been identified to be mirror to the Lagrangians defined by the real hypersurface
equations. For hypersurfaces with even degree these maximal branes are reducible, i.e they
can be decomposed into "short orbit branes”[22] 23]. In the matrix factorization language
this means that one can define projectors Py and a pair of matrix factorizations:

QR+ = PrQPy (2.38)

In [5] these branes have been shown to exhibit BPS domain walls, and instanton numbers have
been computed. Since the domain wall separates two brane vacua, this should be visible in the
solutions of the F—term equations. So it is a natural question to ask whether this can be seen
in a deformation theory calculation. There we immediately run into a problem. The Massey
product algorithm works very well for deformations of a single matrix factorization. For the
short orbit branes, however, it is suggestive that one has to consider @); and ) together
since the pair already exists at the Gepner point. A generalization of the deformation theory
algorithm to systems with multiple matrix factorizations has not been worked out and does
not seem to be straight forward. Let us however report a suggestive observation. For one—
parameter models one can define precisely one, and for two—parameter models at least one,
set of fermionic charge 1 boundary changing operators {¥,_, ¥_,} from Q4 to @Q_ and back
such that the symmetric product

U, - U_, 4T _, T, (2.39)
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gives a bulk deformation. It is tempting to conclude that the two brane vacua separated by
a domain wall come from an F—term which is produced by deforming the combined Q4 ,Q_—
system with the boundary changing open string states.

2.5.2 ”Incomplete” Deformations

In all the examples we will discuss in the following sections, we will always deform the matrix
factorization with all allowed open and closed string deformations, in order to get the full
F—terms. It is an interesting question to ask what happens if we only turn on some of the
(brane and bulk) moduli. We will now focus on an interesting special case which occurs quite
frequently and has also played a role in [6]. Consider a matrix factorization @ of a Landau—
Ginzburg superpotential at the Gepner point. Assume that there is an open string state ¥
with the property:

U2 =61, (2.40)

where ¢ is a bulk deformation. We can thus define a deformed matrix factorization,
Qi = Q +uv, (2.41)
which has the following factorization property:
Q) =W+ (2.42)

Obviously, this is a matrix factorization of the bulk deformed Landau—Ginzburg superpoten-
tial W 4 @¢ if and only if the following constraint is satisfied:

u?— =0 (2.43)

Here, ¢ is the bulk modulus. This immediately leads to a pair of matrix factorizations of the
deformed Landau—Ginzburg potential:

Qe =0Q £V (2.44)

In [6] domain wall tensions have been computed for such branes. Note however that the
constraint (2Z.43)) is (part of) an F—term if and only if the bulk deformation ¢ is also a physical
open string state. If not, one would have to introduce a bulk deformation of the brane for ¢,
and usually one finds that in this case the brane modulus is unobstructed and the F—terms
are zero. On the other hand, (2.44]) is a well-defined matrix factorization of the deformed
Landau—Ginzburg potential which does not seem to care whether the bulk deformation is
(Q—exact or not. It comes from a deformation with a boundary modulus and by the ”fake”
F-term (243]) the deformed matrix factorization naturally comes as a pair Q1. Thus, one
has a very natural setup for BPS domain walls and in [6] a non—zero domain wall tension has
been computed for a such brane where the bulk deformation was indeed Q—exact. It is an
obvious question to ask whether such domain walls related to partial deformations of a brane
are qualitatively different to those which can be related to F—terms.

One could integrate ([Z.43]) to a cubic effective superpotential. However, if this equation
is not associated to an obstruction the result does not match with the correlators one can
compute with the Kapustin—Li formula. This implies that, in order to get the correct effective
superpotential, one has to take into account the combined bulk—boundary deformation of the
brane. Nevertheless, the equation (2:43]) seems to define two distinguished points in moduli
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space.
In our discussion of two—parameter hypersurfaces we will not highlight this type of linearly
deformed matrix factorization. It exists whenever an open string state squares to one of the
bulk deformations. As can be deduced from the examples, this happens quite often.

2.5.3 Permutation Branes

It is well-known that the the Recknagel-Schomerus boundary states do not always generate
the full lattice of RR—charges. The branes which do the job are the (generalized) permutation
branes [24]. They also have a convenient description in terms of matrix factorizations [25]
20l 27, 28]. It would be interesting to discuss moduli and deformation theory of these branes.
Since these matrix factorizations have a more complicated polynomial structure, calculations
of open string states are technically more challenging, in particular if one intends to deal
with large classes of examples and therefore has to rely on efficient computer code. We will
postpone the discussion of permutation branes to future work.

2.6 Summary of the Results

In the following five sections we will discuss in great detail deformations and F-terms of tensor
product branes on the mirrors of two-parameter hypersurfaces in weighted CP*. Since this
is quite technical we summarize the relevant steps here:

e For every model, go through the list of tensor product matrix factorizations corre-
sponding to Recknagel-Schomerus boundary states at the Gepner point and compute
the brane moduli.

e Classify the branes according to the number and structureﬁ of the brane moduli.

e For each class, pick a specific tensor product brane (we choose the one with maximal L—
label inside the respective class) and compute the higher order deformations of F-terms
using the Massey product algorithm.

e Integrate the F—terms to the effective superpotential.

e Check the consistency of the results by computing two— and three—point functions using
the Kapustin—Li residue formula.

2.6.1 Common Features

Our main tool of calculation will be the the Massey product algorithm. This is a quite
complicated procedure and we have decided to display the calculations in great detail in
order to expose its strengths and drawbacks. Depending on whether moduli are obstructed
or not the calculation will proceed in different ways. There are two extreme cases of what
can happen.

e The algorithm terminates after a finite number of steps. This can happen for obstructed
and unobstructed moduli. In order to get higher order deformations there must be
Massey products which yield something ()—exact. If all higher products are zero or

5By structure we mean their decomposition in terms of minimal model open string states (Z.7), (Z8).
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obstructed from some order on, the algorithm will terminate at some point because the
products are no longer defined. If we have for example deformations a3 up to |m| =3
there are no more higher products to compute at order || = 7 because there simply
are no «’s left we could multiply. For unobstructed moduli this typically happens when
many higher products are zero. If the moduli are obstructed then this happens because
contributions to the F—terms do not give new deformations and remove certain elements
in the basis B’ which encode the information about the allowed Massey products.

e The brane modulus is unobstructed and the algorithm never terminates. This happens
whenever recurring patterns appear in the algorithm. By recurring patterns we mean
that Massey products keep producing the same (Q—exact expressions which lead to the
same deformations at ever higher orders. A nice example for this case is the brane
L = (5,2,2,1,0) on the mirror of the degree 12 hypersurface in P(12234). This example
is discussed in section [.3.11

Note that it hardly ever happens that these extreme cases appear in an isolated fashion
for branes with several open moduli. Usually the deformation theory problem will be a
combination thereof. In particular it is notoriously difficult to identify recurring structures
and to decide whether the algorithm terminates or not. This is why, in some complicated
cases, we only managed to make precise statements up to a certain order in deformation
theory.

2.6.2 Issues and new aspects

We now comment on some interesting issues which arise in the deformation theory calcula-
tions.

For some branes we observe a new phenomenon which has not been encountered in mini-
mal model examples. In our examples, the branes L = (6,2,2,2,0) (see section [6.3.1]) and
L = (4,2,2,2,0) (see section [6.3:2]) on the mirror of the hypersurface P(12227)[14] and the
brane L = (8,8,8,0,0) (see section [.31]) on the mirror of P(12227)[14] have obstructed
moduli but the deformed matrix factorization does not square to (Z.I6l), but rather to:

N
Qfer = W‘FZﬁ(Uu%)q’ri-ﬁ(ui,%))\i (2.45)

=1

There are two issues. Firstly, the prefactors f;(u;, ;) of the ®; which determine the F-terms
may not be easily separated. Given an open string state ®; it may happen that the moduli
dependent prefactors of the matrix entries may differ up to the F—terms of the other .
In principle, this is not inconsistent but the factorization f;®; only works up to F—terms.
The second new issue concerns the third summand on the righthand side of (2.45]). The
A; are not in the @)—cohomology (i.e. they are neither Q—closed nor Q—exact!). However,
the moduli-dependent prefactors of the \; are (combinations of) the F—terms associated to
the obstructions. Therefore, also these additional terms are not inconsistent and do not
contain extra information, at least in all examples where we have found them. Note that
this phenomenon is not related to the extension of the algorithm to bulk moduli since it also
occurs when these are turned off.

A further interesting novel feature has occurred for the branes L = (6,2,2,2,0) (see section
631 and L = (4,2,2,2,0) (see section [6:3.2)) on the mirror of IP(12227)[14]. For these branes
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the F—terms can only be integrated for a particular choice of higher order deformations .
This is unexpected since different choices of a7 should not produce qualitatively different
results. In particular the physical information in the F-terms should not change. Note
however, that the deformation theory only sees the obstructions, which are the F—terms, but
does not "know” that these constraints are actually the critical locus of W,s¢. The existence
of an effective superpotential does not enter into the algorithm or the mathematical structure
behind it. From that point of view it is actually quite remarkable that the constraints one
gets are really integrable and it may well be that this property does not persist for arbitrary
choices of deformations. Still, it is a very interesting question to find out why some branes
exhibit this problem while others do not. The fact that the problematic branes also have the
unusual factorization property (2.453)) implies that the new phenomena are not independent.
A big inconvenience of the Massey product algorithm is that the choice of higher deformations
Q.7 is not unique. No distinguished basis of deformations is known. In our calculation we
loosely stuck to the rule that the deformation matrices should have as few entries as possible
and that, if possible, all monomial entries should be equal. It could be that a different choice of
deformations would exhibit recurring structures more clearly or may even cause the algorithm
to terminate earlier than with another choice. However, in most cases there are usually only
a few possible choices for a new deformation which lead to the same results. The physical
information which is contained in the F—terms should of course not depend on the choice of
higher order deformations.

3 The model P(11222)[8]/Zs x (Z4)*

The Landau—Ginzburg superpotential (at the Gepner point) associated to this degree 8 hy-
persurface is:
W =af+ a8 + 23 + 2] + 23 (3.1)

To get the mirror we impose the following Zg x (Z4)? orbifold action:

g1 : (177)07070)
g2 : (270767070)
gs : (2,0,0,6,0), (3.2)

)
where g; : x; — 29/ dy

For later convenience we also give the two bulk deformations:
¢ = wimy

P2 = T1T2T3T4T3 (3.3)

In Table [Tl we list the branes and moduli of this model.

3.1 Discussion of Moduli

Let us now discuss in more detail the moduli of the "maximal” brane with label L =
(3,3,1,1,1). As we can see from the tables, this brane has the maximum number of moduli.
Furthermore, we observe that, as we decrease the entries of the L—label, the number of moduli
changes but their structure does not. For that reason, if we have discussed the moduli of this
maximal brane, we have discussed all the others as well. The only thing that can change are
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the entries of the fermionic minimal model components of the brane. Note that this change is
mild in the sense that the Massey product of an open string state with itself (not with others,
however!) is always the same for a modulus with a definite structure.

So let us discuss the structure of the boundary moduli for the (3,3,1,1,1) brane. We denote

the open string state labelled by %1 ® %1 ®0' ® 0! ® 0! with ;. It looks as follows:

(0 a2 0 3 0 1 0 1 0 1
%_<—ﬁ 0>®<—ﬁ 0 )9 -1 0)%-10)%\ -1 0 (34)
This open modulus also appears on the other branes which have moduli. The only difference
for the other branes is that the first two matrices can also have the fornl] < _(;:3 g ) or

—z* 0

string state which has label %0 ® %0 ® 0' ® 0! ® 0! has a similar structure:

2 2
(2?0 30 0 1 0 1 0 1
%_<o ﬁ>®<o ﬁ>®<—1o Al 0)%0 21 0 (3:5)

This open string state is the same for every brane with the label %O ® %0 ®0'®0 0!,

0 1 . . . .
< ), depending on the values ki, ko in the matrix factorization. The second open

3.2 Obstructions

Let us now give the explicit expressions for the charge 0, Zo—even open string states which
encode the obstructions to the deformations with ([3.4) and (3.5]). Our first obstruction state
®; is nothing but the bulk deformation ¢s:

. I 0 ) 0 T3 0 T4 0 T5 0
(I)l_<0 :L‘1>®<0 :L‘2>®<0 :L‘3>®<0 T4 ® 0 xT5 (3'6)
10 10 10 10 10 . .
It has the structure ; ® ; ® 5 ® 5 ® 5 . This state is Serre dual to (3.4]).
The obstruction which is Serre dual to ([B.5]) has the structure %l ® %l ® %O ® %O ® %O:

. 0 I 0 ) I3 0 Ty 0 Iy 0
q>2_<—:L‘1 0>®<—1‘2 0>®<0 :L‘3>®<0 :L‘4>®<0 :L‘5> (37)

3.3 Massey Products and F—terms

In this section we compute Massey products and F—terms for the branes in our model. We
have to distinguish two cases. There are three branes which have both moduli (8.4 and (3.3])
and three which have only the modulus ([8:4]). In order to capture the relevant information
it will be enough to discuss only one example of each class. We choose the brane with the
maximal L-label for each case.

TOf course, the R—charges remain the same, as indicated in the label.
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3.3.1 Two Brane Moduli

The maximal brane with two moduli has label L = (3,3,1,1,1). The brane moduli are those
given in (34]) and (BE5]). We observe that the bulk modulus ¢o = xj1x9232475 is always in
the boundary cohomology and contributes to the F—term associated with the obstruction
@8). The bulk modulus ¢; = zjr3 is Q—exact and we have to take care of this by adding a
deformation o ) such that {Q, a1 0,0)} = 1. One easily checks thatf:

Q(1,0,0) = 57 (3.8)

Now we are ready to compute the Massey products to second order in deformation theory.
The following ones are non—zero:

Y01 = 1,00 Y1} = Bi(x1,22)

Yo,r20 = Y1-¥1= —z751

Yo,1,1) = 1V1, W} = Ba(z1,22)

Yoo2 = Y2-¥s=alz3l (3.9)

Here we wrote (;(x;) for non—diagonal QQ—exact states, indicating their variable dependence
in parentheses. We note that all these Massey products are ()—exact and have to be canceled
by deformations at order 3. We do not need to do this explicitly since all the exact states
we get as well as the higher deformations and brane moduli do not contain the variables
x3,T4,T5, whereas they appear in both obstructions. Therefore, at any order, no Massey
product can ever be proportional to an obstruction. Therefore we only get deformations but
no obstructions and thus no contribution to the F—terms. The only F—term we have is:

fi: 2 =0, (3.10)

where 1 is the bulk modulus associated to ¢o. This tells us that the bulk deformation ¢9
is not allowed in the presence of our brane. The F—terms can be integrated to the following
effective superpotential:

Weff = U1p2 (3.11)

Furthermore we conclude that the brane L = (3,3,1,1,1) has two unobstructed boundary
moduli.

The above structure arguments were enough to determine the full F—terms. What we do not
know from this reasoning is whether we need a finite or an infinite number of deformations
to obtain a matrix factorization of the deformed Landau—Ginzburg superpotential. So, let us
do some more steps in deformation theory. At order two, we get four new deformations, two
of which are very simple:

@0,2,0) = ~X0,0,2) — &(1,0,0)
a1 = —xtws(ns — 05)(na — ) (N3 — 73)72n2
a1y = —2a3(n2 — T)mm (3.12)

8This choice is not unique.
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These deformations are not unique. For our particular choice, we get the following Massey

products at order 3:

1
Yae0) = {200 @020}t +{aai0), Y1} = 50(21,22)

Y11
Y(0,3,0

Y(0,1,2

)
)

Yoo = fo
)

{10, Yo} + {000 20,11} = B3(w1,72)

= {020, Y1} = Ba(21,72)

02,00, Y2} +{a©1,1), Y1} = Ba(z1,22)

= Hap1,1), Yo} +{002), Y1} = —fi(z1,72) (3.13)

All the other possible Massey products at this order are 0. Three of the five new deformations

are easy to find:

&(1,2,0)
&(0,3,0) = —&(0,1,2)
Q(1,1,1)

G (0,2,1)

1

—
50,1,1)
€(1,1,0)

— 22311272

—2x323(n5 — 75) (N2 — Ta) (M3 — M3)m2 (1 — 1) (3.14)

With this specific choice there are the following nonzero Massey products at order 4:

1
Y220 = 1,10 %1100 T {1,000 1,20} = §ﬁ3($1,$2)
1
Y130 = 11,10 20.20 ) T 120, Y1} +{@1,00), 03,0} = 5[34
1
Y0,40) = 0,20 " 0,20 T 12030, Y1} = 552(331,332)
Y31 = 12020 01,1} {030 Y2} + {e21), Y1} = B5(21,72)
Y022 = 1202002002} T 20.1,1)  0,1,1) +{0,2,1), Y2} + {a©,1,2), Y1} = Bo(21, 72)
Y013 = 101,120,027} t{x0,12), Y1} = —Bs(z1,22) (3.15)

Four of these six new deformations are identical to deformations at lower order:

1 1
X2,20) = T5H013) T ALY
1
X130 T 54021
1
X040) T FA0LY)
Aoz = —2T3M2Mil
Q22 = 3amiim + Tk (3.16)
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Before we give up, let us list the non—zero Massey products at order five in deformation
theory:

Y140 = 121,105 203,0) ) T {2020 21,20} +{aa3,0, Y1} + {0040, 21,00} = Br(z1,72)
Y31 = 11,00 20,210} T {20,200 @1,1,1) )+ 100,1,1) 1,200} T {aa 3,0, Y2}

a1y, 1,00} = Bs(r1,72)

1
Yo0,5,00 = {04(0,2,0)7 O4(0,3,0)} + {04(0,4,0), U} = 554(331, T3)
Youa1 = 1020 021} T 1{%0,1,1): 20,30} + 12©3,1), Y1} + {040y, Y2} = =261 (21, 72)
Y032 = 120200 %012} T 10,1, %0,21)} + 120,0,2), 0,30} + {0,2,2) Y1}
3
Haan, Yo} = —5i(z1,22) (3.17)

We notice a recurring pattern: certain deformations (or linear combinations thereof) are
produced at every order. This suggests that the algorithm keeps going on forever. This is
however no proof since these expressions are not produced in the same way at every order but
rather come out of increasingly complicated combinations of deformations. Furthermore it is
not excluded that there exists a choice of deformations for which the algorithm terminates
after a finite number of steps.

Correlators

We can test our results by computing three—point amplitudes on the disk and bulk-to-
boundary two—point functions, using the residue formula of Kapustin and Li. For this brane,
there is only one non—zero correlator:

(U1¢2) =1 (3.18)

This correlator is consistent with the single F—term and the effective superpotential we have.

3.3.2 One Brane Modulus

Let us now discuss the tensor product brane L = (3,1,1,1,1), which has only one brane
modulus ¥; which has the same charge decomposition as (.4]). Furthermore, we still have
the boundary deformation which produces the bulk deformation ¢, which is the same as in
the example with two brane moduli but will now be labelled as «(; ). There are only two
non-zero Massey products at order 2:

Ya1) = {04(1,0)7 U1} = Bi(z1,72)
Yoz = Vi-W1=—aiayl = fa(w, z2) (3.19)

Again, all possible deformations of Q only depend on x1, x5 and therefore their higher products
can never contribute to the obstructions. As in the two-moduli case, the only F—term is
w9 = 0, which renders one bulk deformation inconsistent. The effective superpotential is
West = u1p2. The single boundary modulus of this brane is unobstructed. This example, or
rather the brane L = (1,1,1,1,1) has already been discussed in [I7].

Let us furthermore calculate the deformations up to order five in order to collect evidence
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that the deformation theory algorithm does not terminate. At order two we have gained two
more deformations, a1y and o)

Qo2 = 0

anyy = —wie3(ns — i) (na — ) (13 — 73)72712 (3.20)

At order three, the following Massey products are non—zero:

Ya2) = 10200} +{aa), Y1} = Bs(21,22)
Y03 = 102),Y1} = Bi(z1,22) (3.21)

We make the following choice for the os:

®03) = Q1)

a2 = Tyl + 23 (3.22)

At order four the following Massey products are non—zero:

Y2 = {owe)yaaot +oa) oy = Ba(rr, v2)
Y3 = 1))} +1aa2), Y1} +{aws), a0} = Bs(r1, 22)
Yo4) = 02) 02 +103), Y1} = B3(z1,72) (3.23)

There are three new deformations:

®0,4) = 12
ang = 215 —05)(na — M) (s — N3)n2(m — M)
Q2 = —T3Mihn (3.24)

With our particular choice of deformations, we find the following non—zero Massey products
at order five:

Y23 = {a@,aa2)t 1w, Y1} +{aws),aq0t = —Bi(r1,22)
Y = {oaar), o) 1002, a2t + {aas), U1} + {apa), a0t = Bz, z2)
Yo = 102)203) )+ {004, Y1} = B5(21,22) (3.25)

Just like in the two—moduli case, deformations from lower orders seem to reappear at higher
orders which suggests that the procedure never stops.

Correlators

The Kapustin—Li formula only yields one non—vanishing correlator:
(W1¢9) =1 (3.26)

This is again consistent with the F-term ¢o = 0 and W, ;.
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4 The model P(11226)[12]/Z15 x (Z)*
Here we have the following superpotential:

W =z® + 232 + 25 + 2§ + 22 (4.1)
There is a Z19 X (ZG)2 orbifold action which has the following generators:

g1 : (1711707070)
g2 : (27 07 107 07 0)

gi: (2,0,0,10,0) (4.2)
The two bulk moduli are:

¢ = afaf

P2 = T1TT3T4T5 (4.3)

Via the equations of motion of x5 there is an alternative way to write the modulus ¢5. We

— 2.2,.2..2
can also choose ¢9 = zixr5757].

We list the tensor product branes which have moduli in table 2

4.1 Discussion of Moduli

The branes in this model can have at most four moduli. We will give them expliciotly foor the
maximal branes labeled by L = (5,5,2,2,0). The modulus with labels %l ® %1 ® % ® % ® 0!
looks as follows:

(0 m 0 2 z3 0 zq4 O 0 1
%_<—m 0>®<—m 0>®<0 m>®<0 m>®<—10> (4.9)

The modulus with labels %0 ® %0 ® %0 ® %0 ® 0! has the following form:

[ r1 O 2 0 3 0 x4 O 0 1
%_<0 m>®<0 @>®<0 m>®<0 m>®<—10> (4.5)

The third modulus with labels %1 ® %1 ® 0! ® 0! ® 0! looks like this:

(0 a3 0 a3 0 1 0 1 0 1
WS_-<—ﬂ€ 0 >@9<-ﬂ@ 0 )%\ 1 0)% 1 0)® 1 0) “H
The fourth modulus with labels %0 ® %0 ®0' ® 0! ®0! is represented by the following 32 x 32
matrix:

3 3
[z O 5 0 0 1 0 1 0 1
%_<0 ﬁ>®<o @>®<—10 L1 0)9 =1 0 (47)
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4.2 Obstructions

For the L = (5,5,2,2,0) brane there are four bosonic open string states which are the ob-
structions to the deformations of (4] (7).
The obstruction Serre dual to (£4]) has structure %0 ® %0 ® %1 ® %1 ® 0

4 4
<I>1_<0 x‘{>®<0 x§>®<—x3 0 )% -z 0 )% 01 (48)

The obstruction Serre dual to (&3] has structure %1 ® %1 ® %1 ® %1 ® 0

(0 af 0 a3 0 3 0 @4 10
@2_<—x§1 0>®<—x§ 0 )92y 0 )% —2s 0 )® 0 1) WY

The obstruction corresponding to (6] has structure %0 ® %0 ® %0 ® %0 ® 0°:

2 2 2 2
(7 O 5 0 3 0 zy; O 10
This is the bulk deformation z3z3z222. Finally we have a charge 2 boson %1 ® %1 ® %O ® %O ®0°
which is Serre dual to (&T):

(0 a3} 0 a3 23 0 2 0 10

4.3 Massey Products and F-terms

Now we discuss deformations and obstructions of the branes on this hypersurface. There are
five classes of branes.

4.3.1 Four Brane Moduli

The brane with maximal L-label (5,5,2,2,0) has four moduli which are given explicitly in
(Z4)—(AT). Furthermore all tensor product branes with labels Li, Lo > 4 and L3, Ly = 2
have four moduli. The bulk deformation ¢; = 2$z§ is Q-exact for every brane, whereas the
other bulk modulus, written as ¢o = r2r3z323, coincides with the boundary modulus (ZI0]).

In order to take care of the QQ—exact bulk deformation we define:

(1,0,00,0) = 3701 (4.12)
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There are several non—vanishing Massey products at order 2:

Y(1,1,0,0,0) = {0(1,0,0,0,0)7 \1’1} = B1(x1, 22,73, 74)
Y(1,00,1,00 = 10(1,0000)> Y3} = B2(21,22)
Y2000 = WiV =aziziaiall =3
Y0,1,1,00 = 1V1,V2} =29,

Y0,1,01,0 = 1¥1,V3} =29

Y0,1,001) = {¥1,Va} =2,

Y0200 = VoW =—afaizgall=—o3
Y0,011,0 = 1V2,V3} =20,

Y0,01,01) = 1¥2,Vs} =29

Y0,0020 = -5l = B3(x1,w2)

Y0001, = Balr1,72)

V00002 = 9751 = —F(x1,22) (4.13)

All the Massey products which are ()—exact states lead to second order deformations of the
matrix factorization:

¢(0,0,0,2,0) = —&(0,0,0,0,2) = ©(1,0,0,0,0)
Q11,000 = T1727374(N5 — 75)7272
Q10010 = Tiwa(ms —15) (s — N1) (M3 — N3)N2m2
Q(0,0,0,1,1) = 225 (02 — T2)m (4.14)

Since this model is quite tricky, let us list the F—terms at order two:

1(2) : uLuz + uoug = 0
2(2) : U g — uoug = 0
352): u%—u§+g02:0
@ urt =0 (4.15)

The choice of basis Bj for the Massey products at order three is slightly problematic since
the equations above are not quite independent when they are extended to order three. If we,
for instance, multiply the first equation with ug and the second equation with u4 we find the
following:

U2U3U4s = —u1u§

9 = upui = —uju’ (4.16)
U2U3U4 = UTUY

Such relations reduce the dimension of the basis and are easily overlooked. It is helpful to use
the computer algebra program Singular [29] to compute a basis of monomials of order three
in a quotient ring defined by the ideal defined by (@I5]) multiplied by {uq,ug,us, us}.

At order 3 there are five non—zero Massey products which do not get corrected by the ob-
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structions at order two:

1

Y(1,0020 = 1201,00,1,0) Y3} +{20,0,0,2,0)5 ¥(1,0,000)} = 554(331, x2)

Y(1,0,0,1,1) {04(1,0,0,1,0)7 Wy} + {04(0,0,0,1,1),04(1,0,0,0,0)} = B5(w1,22)

Y(0,0,030 = 19000020, Y3} = Ba(r1,22)

Y0,0021) = 1200020 Ya} +{0,001,1) Y3} = Bs(v1,72)

Y(0,00,1,2) = 120,001,101 Ya} + {00002, Y3} = —F2(r1,71) (4.17)

Furthermore there are the following products which get contributions from the obstructions:

Y(0,0,1,0,2)
Y(0,0,1,1,1)

Y(1,0,1,0,1)
Y(1,0,2,0,0)

{000,0,0,02) Y2} — {0,0,0,1,1), Y1} = Br(z1, 72, 23, 74)
1
{@0,0,0,1,1) Y2} — {(0,0,0,2,0), Y1} + {@(0,0,00,2), Y1} = 551(1131, T, x3,%4)

—{a@1,1,0,00 Y3} — {1,0,0,1,0, Y1} = 2P
{1,000 Y1} = —P4 (4.18)

Four of the six new deformations coincide with deformations at lower order:

©®(0,0,0,3,00 = —0,0,0,1,2) = —%(1,0,0,1,0)
¢(1,0,0,2,00 = %04(0,0,0,1,1)
Q0,0,1,1,1) = —20(1,1,0,0,0)
aqoonny = —2a5m1((1 + n2m2) — 2m1)
ap0021) = —2a3(ns — 75)(na — Na) (N3 — T3)n2(m — 1)
Q001,02 = —2T1722324(N5 — 75)12(m — 1) (4.19)

At order four, the following Massey products contribute:

Y(2,0,0,2,0)
Y(1,0,0,3,0)

Y(0,0,0,4,0)

Y(0,0,0,3,1)
Y(0,0,0,2,2)

Y(0,0,0,1,3)

1
{21,002, 2(1,0000)} T @1,00,1.0) * ¥(1,001,0) = 505(z1, 2)

1
{04(1,0,0,1,0)7 04(0,0,0,2,0)} + {0(1,0,0,2,0)7 U3} + {0(0,0,0,3,0)704(1,0,0,0,0)} = 556(9517 z2)

1
{000,00,3,0) ¥3} + @(0,0,0,2,0) - X(0,0,0,.2,0) = 554(1’17962)

{000,0,0,2,0)5 ¢(0,0,0,1,1) } + {(0,0,0,3,0)> Ya} + {(0,0,0,2,1), Y3} = Bs (1, 72)
{@0,0,0,2,0) (0,0,0,0,2) } T (0,0,0,1,1) * ¥(0,0,0,1,1) T {(0,0,0,2,1)> Y}

2 0,00,1,2), U3} = Bo(x1,22)

{@0,0,0,1,1) 2(0,0,0,0,2) } T {(0,0,0,1,2)» Ya} = —B5(21, 72) (4.20)

25



There are further non-zero products which involve the relations:

Y1,01,02) = {0(0,0,1,0,2)704(1,0,0,0,0)} - {04(0,0,0,0,2)7 Wo} + {04(1,1,0,0,0)7 a(o,o,o,l,l)}
Hoa001,1), Y1} = 961 (21, 22, 73, 74)
Yao1,1,1) = {04(0,0,1,1,1),04(1,0,0,0,0)} - {04(1,1,0,0,0), 04(0,0,0,2,0)} - {04(1,0,0,2,0)7 Wy}

1
—{a©0,0,01,1), Y1} = 557(3317 To,x3,%4)

Y0,0,1,03 = —1200021) Y2} +{20,01,02) Ya} — {@0,01,1,1), Y3} — {0,0,0,1,2), Y1}
+{0(0,0,0,3,0), Y1} = —4Py

Y0,0,1,1,2) = 120001,2) Y2} = {20,0,03,0 Y2} + {0,0,1,0,2)> Y3} + {0,0,1,1,1), ¥}
—{0,0021): ¥1} = 491 (4.21)

Due to increasing complexity, we do not continue with the iteration and note the following
F—terms at order four:

f1(4) : ujus + uguy + Zlugugu?1 =0

f2(4) : ULU4 — UU3 — 4u2ui + 2¢p1ugug =0

A2 —ud =0

f4(4) : —2uqug — golug =0 (4.22)

We can make some statements about the higher order deformations. We notice that some
exact states from lower orders reappear at higher orders. This suggests that the algorithm does
not terminate. Furthermore we note that in particular exact states which contain the variables
{1, 29, 23,24} are among these recurring deformations which implies that obstructions may
occur at very high orders. Therefore the chances to get the full F—terms from deformation
theory are not very good.

Correlators

The two— and three—point correlators are consistent with the F—terms at order two.

(U0 W) = —1

(UoWoWs) = 1

(U0 0y) = (T10,0,) = —1
(W12) = -1 (4.23)

4.3.2 Three Brane Moduli

Tensor product branes with 3 < L; < 5, Lo = 3 and L3, L4 = 2 have three brane moduli.
For concreteness, we will discuss the brane L = (5,3,2,2,0). The modulus with the same
charge distribution as (4.4) is no longer present. That is why the remaining three moduli will
be called Wy, U3, W, here. The bulk modulus ¢; is (Q—exact, and the associated boundary
deformation is:

0(1,0,0,0) = 333771 (4.24)
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The non—zero Massey products at order two are the following;:

Y0100 = 191,000) Y3} = Bi(21,72)
Y0,200 = Y2 V= —zirsasail = — s
Yo1,1,00 = 1¥2,¥3} =20y
Y0101 = %2, P4} = Bo(w1,12,13,14)
Y0020 = V3 U3=—a021=pF5(z1,2,)
Yo,01,1) = {¥3,Vs} = Ba(w1,72)
Yoo02 = Vi Uy=al251 = —ps5(z1,x2) (4.25)
There are five new deformations:
©(0,0,2,0) = —&(0,0,0,2) = ©(1,0,0,0)
Q(1,01,00 — —a323 (5 — 15) (N4 — Ta) (N3 — 73) 1272
0,1,0,1) = 2z x3w4 (N4 — M4) (N3 — 73)72
Qo011 = 2a5mne + 205 (4.26)

Given our particular choice of deformations, there are five non—zero Massey products:

Y1020 = 101,010 Y3} +{0,0,2,00 (1,000} = —%&(3«“1, 73)

Y(1,0,1,1) {01,005 Yat + {a0,0,1,1) 21,000} = B5(x1,72)

Y(0,0,3,0) {00,020y 3} = Bi(z1,72)

Y0021 = 120020 Y4} +{00,1,1), Y3} = Bs(21,72)

Y0,01,2) = 190,002 Y3} +{a@001,1), Y4} = —Bi(z1,72) (4.27)

At this order we get five new deformations and no contribution to the F—terms. Three of the
deformations we have encountered previously:

@(0,0,3,0) = 7%0,0,1,2) = (1,0,1,0)
1
X102 T T500L1)
Qo1 = 255711272
ap021) = 2232305 — 5) (s — ) (3 — T3)72(m — 1) (4.28)

27



At order four, there are seven new deformations:

1
Y2020) = 1010 21,010 T {2020 21000} =~ 50521, 22)
1

Y(1,0,3,00 = {04(1,0,1,0)7 a(0,0,2,0)} + {04(1,0,2,0)7 W3} + {04(0,0,3,0)704(1,0,0,0)} = —556(1’17 )
Y1,021) = 101,0,1,0)> @0,0,1,1) T 11,02,0), Ya} + {a@,01,1), Y3}

He0,0,2,1), 21,000} = 261(1, 22)

1

Y0,04,0 = Q0,020 0,020 + 120,030 Y3} = —554(331,332)
Y0,031) = 100,0,1,1), 0,020} T 120,030, Ya} + {a©002,1), Y3} = B7(21,22)
Y0022 = 1000200002} T @001,1) - ¥0,0,1,1) + {%0,0,2,1), Y4}

H0,0,1,2) U3} = Os(w1, 72)
Y0,0,1,3) = 190,0,1,1) 20,002} T {0,0,1,2), Ya} = —B5(21,72) (4.29)

Having seven deformations at order seven four huge combinatorics at order five. Since recur-
ring deformations are already visible at this order there is not much hope that the algorithm
will terminate at order five. Therefore we will content ourselves with arguing that there are
no further obstructions at order five. Massey products at order five are either products of
order four deformations with the brane moduli or products of order two and order three de-
formations. Since the order four deformations only contain x1,zs an obstruction can only be
produced by multiplication with ¥y but such products are not allowed due to the obstruc-
tions. From the other possible combination, only products containing (g 1,0,1) may lead to an
obstruction. However, also these products are forbidden due to the F—terms at lower order.
Thus, (up to order five) we have found the following F—terms:

2(5) : usug = 0
355) : —u% +p2=0
0, 0 (4.30)
There are two solutions to these equations:
ug = 0,009 =0
uz = 0,us = £/p2 (4.31)
The first solution tells us that, if uo = 0, the remaining boundary deformation is unobstructed

and the bulk deformation z?x3z2x2 is not allowed. The second solution shows the existence

of a BPS domain wall.
The F—terms can be integrated to the following effective superpotential:

Weps = ujus — pous (4.32)

Correlators

For the given brane there are two non-zero correlators which can be computed with the
residue formula:

(UaWseWs3) = —1
(Usge) = 1 (4.33)
This is consistent with the F-terms and W,y;.

28



4.3.3 Two Brane Moduli — Case A

The first two—moduli case we discuss is a brane where the moduli ([@4]) and (&3] are present.
This happens for 4 < Ly, Lo < 5 if at least one of L3 and L, is 1. The maximal possible label
for such a brane is L = (5,5,2,1,0). In this case both bulk deformations are Q—exact. The
associated first order deformations of the matrix factorization are:

0(1,0,00) = x5

Q100 = TIT3T3MN (4.34)

There are four non—vanishing Massey products at order 2:

Y1,0,1,0) = 121,000) Y1} = B1(21, T2, 73.24)

Yooz0 = ViU =aiz3aiail = Boar,22,23,24)

Yo0,01,1) = 1¥1,V2} = B3(w1, 72,73, 74)

Y0002 = Y2-¥y= —z3r3a32] = —Bo(z1, T2, T3, T4) (4.35)

The order two deformations are:

@(0,00,2) = ~X0,0,2,0) = ¢(1,0,0,0)
Q01,00 = T1T2w374(N5 — 75)N272
o011 = 2xiasaina(ne — n2)(m — ) (4.36)
At order three, only two Massey products are non—zero:
1
Y(1,0,2,0) — {04(1,0,1,0), Uy} + {04(0,0,2,0)7 04(1,0,0,0)]’ = —553(951733273337334)
Y1,01,1) = 191,0,1,0) Y2} + {0,0,1,1), ®1,00,0)} = Ba(w1, T2, T2, 74) (4.37)
The new deformations are:
1
41,0200 T TH00.L1)
auoiy = —2air3aiimens (4.38)
With this choice of deformations there is only one non—zero Massey product at order four:
1
Y(2,0,2,0) = 0(1,0,1,0) * (1,0,1,0) T 12(1,0,2,0)5 X(1,0,0,0)} = —554(951795279637964) (4.39)
We have encountered this deformation before:
1
A(2,0,20) = ~5%1,020) (4.40)

Since there is only a small number of deformations, it is easy to go to higher order. In fact it
is no problem to compute the Massey products up to order eight. It turns out that all these
higher products are zero. Since the last deformations has been found at order four, there are
no more products to define at order nine. Therefore the algorithm terminates at order eight.
The complete deformed matrix factorization is:
Qaer = Q-+ ¢10(1,000) T P20,1,0,0) T u1P1 + u2¥s
2 2
+Fpr1u10 p,1,0) + UT00,0,2,0) T U1U20(0,0,1,1) T U20¢(0,0,0,2)
2 2.2
+P1UTQ(1,0,2,0) T PLUIULC(1,0,1,1) + PTUT(2,0,2,0) (4.41)

Upon squaring (QQger all the brane moduli dependence miraculously cancels and we are left
with the bulk deformed Landau—Ginzburg superpotential. All the F—terms are zero.
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Correlators

All of the correlators with unintegrated insertions are zero. This is consistent with the Massey

product calculation.

4.3.4 Two Brane Moduli — Case B

There is a second class of branes which have two moduli. They have 2 < L; < 5 and
Ly = L3 = Ly = 2. We discuss the brane L = (5,2,2,2,0). The two moduli are (£5]) and

(E8). Only the bulk deformation 29§ is Q—exact, and we define:

_ 65
Q(1,0,00 = L2

The non—zero Massey products are:

Ya,01) = 1au,00), Y3} = Bi(r1,72)
Yoo = Vo Uy=—aiziziail =—ds
Yo, = 1¥2,¥3} =20
Y02 = —25251 = B(z1,22)
There are two deformations:
®0,02) = 91,00
Q1,0,1) = 33{{’955’(775 — 15) (M4 — Ma) (N3 — 3)M272

At order three there are two non—vanishing Massey products:
Y102 = 1,01, Y3} + {002 1,00} = B3(r1,72)
Y003 = 1002)Y3} = Bi(z1,22)
For the deformations we find:
0,03 = 1,01
a2 = —23(m —i)nis

Going to order four, the following products are non—zero:

Y1,03 = 121,01), 20,02} {02, Vst + {a©003): 1,00} = Ba(w1,72)

Y0,04) = 12003), Y3} = B3(z1,22)
The corresponding deformations are:
X004 T X021
anos = (M5 —05)(ma — 1) (3 — N3)m (—ainz + 2325m,)

At order five, three Massey products lead to new deformations:

Y0,05) — {04(0,0,2)7 O4(0,0,3)} + {04(0,0,4), U3} = Ba(z1,72)

Y04 = 102,002}t {owo: %003} + {03, Vst
+{0,04), (1,00} = 29281 = — By (z1, 29)

Y203 = 101102} t{01,03), 2000t = —0i(z1,22)
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We notice recurring patterns of deformations at every order. This suggests that the defor-
mation theory algorithm does not terminate. Although we cannot prove this rigorously, we
observe that there will be no further F—terms. The only way to get an obstruction at higher
order would be to compute a Massey product of a deformation with Wy (which is the only one
that contains the variable x4) but all these products are forbidden due to the deformations.
Therefore, the F—terms are:

fo: ugug =0
fa: uj — 2 =0 (4.50)
The two non—trivial solutions are:
ug = 0, Y2 = 0
us = O,ZLQ = j:\/SOQ (4.51)
The F-terms are easily integrated:
Wepr = U%U3 — ugpo (4.52)

Note that this is the same effective superpotential as we had in the three-moduli example.

Correlators
All the correlators we can get from the residue formula turn out to be consistent with W, :

(U0 03) = —1
(3p2) = 1 (4.53)

4.3.5 One Brane Modulus

Finally, all remaining branes with L; > 1 have one modulus (£5]). Both bulk deformations
are (Q—exact. The maximal brane with this property has label L = (5,3,2,1,0). The first
order bulk deformations are:

01,000 = xS
= zjza3n 4.54
@(0,1,0) L1ToX 314 (4.54)

The only non—zero Massey product is:
Y0,02) = Va2 - Vo = —x%xgm?;xﬁ]l (4.55)

To cancel this exact term we define a2y = —(0,1,0)- Since this anticommutes with every-
body, the algorithm breaks at order three. There are no F—terms and the full deformation
is:

Quer = Q + v10(1,0,0) + P2(0.1,0) + Uu2¥2 + U300 0.2) (4.56)
It is easy to check that this squares to the bulk—deformed Landau—Ginzburg superpotential.
We conclude that this brane has an unobstructed boundary modulus.
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Correlators

All the correlators we can compute are zero. This is consistent with the fact that the boundary
modulus of this brane is unobstructed.

5 The model P(12234)[12]/(Zg)*
The Landau—Ginzburg superpotential associated to this degree 12 hypersurface is:

W = 21® + 25 + 25 + 27 + 2} (5.1)
We impose the following (Zg)? orbifold action:

g1 (2,10,0,0,0)

go: (2,0,10,0,0) (5.2)
The two bulk deformations are:

¢ = aiz]

qbQ = X1T2X3T4X5 (5.3)

This model has only few branes which have moduli. We list them in table Bl

5.1 Discussion of Moduli

We give the explicit expressions for the brane moduli of the tensor prodluct brane with the
highest L-label L = (5,2,2,1,0). The charge 1 fermion with R—charges 1 ®0'®0'® %0 ®0°

is:
(0 a3 0 1 0 1 x4 0 10
n=( g0 )e(ho)e(ho)e(v n)e(or) oo
The second modulus with structure %0 20 @20 e %1 ® 00 is:
3
(= 0O 0 1 0 1 0 x4 10
\1'2_<0 x§>>®<—1 0>®<—1 0 )% —z; 0 )%\01 (5:5)

5.2 Obstructions

The the open string states describing the obstructions to the aboove %eforn(a)ations look as
follows. The obstruction which is Serre dual to (5.4]) has charges % ® % ® % ® 0 ® %1:

2 2 2
[ x1 O 5 0 5 0 0 1 0 1
<I>1—<0 x%>®<0 x§>®<0 22 )90 =1 0)%\ 25 0 (56)

The Serre dual of (5.5) is

(0 a? 3 0 3 0 10 0 1
2= ( —2? 0 > ® ( 0 22 )90 22)%o01)% =2 o (5:7)
This has structure %1 ® %0 ® %0 R00® %1.
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5.3 Massey Products and F—terms

In this model we have to distinguish between branes with two moduli and one modulus.
We present examples in the following subsections. One special feature of this model is that
both bulk deformations are always (Q—exact for all tensor product branes. For our particular
examples we can choose the following first order deformations of the matrix factorization to
produce these:

a1000) = Tim

Q0,1,0,(0)) = T1T2T3T47]5 (5.8)
The index vector of the a’s has three or four entries, depending on whether we have one or
two brane moduli.
5.3.1 Two Moduli

The maximal brane with two moduli has labels L = (5,2,2,1,0). The marginal open string
states are (0.4]) and (B.0]). At order two in deformation theory there are the following non—zero
Massey products:

Y(1,01,0) = 191,00,0)> Y1} = Bi(21,24)
Yooz20 = Y1 =al2il=pF(z1,24)
Y0002 = Vo-Vr=afail = Fo(x1,24) (5.9)

All these products are QQ—exact and only contain the variables x1,z4. In order to cancel these
terms we we have to find higher order deformations of the matrix factorization, and these will
also only contain z1,x4. Also, the open string states only contain only these two variables.
The obstructions (5.6]) and (5.7]), however, contain the variables xg,z3, z5. These can never
be obtained by computing Massey products at any order.

Thus, we conclude that for this class of branes, both boundary deformations are unobstructed.
There are no F—terms.

This could be the end of the story, but what is also interesting is to find out whether there
are any signs that the deformation theory algorithm terminates at a finite order. Therefore,
we go on and compute the deformations up to order five. The deformations at order two can
be chosen as follows:

& 0,0,0,2) = ¢(0,0,2,00 — T&(1,0,0,0)
amoL0 = Tiwana(nz —73)(n2 — ) (5.10)

At order three, there are three non—zero Massey products:

Y0,030 = 100,020 Y1} = —B1(21,24)
Y0012 = 100,002 Y1} = —B1(21,24)
Y1,01,1) = {04(1,0,1,0)7 Uy} = 95?1221]1 = [a(z1,74) (5.11)

The deformations are easily computed:

@(0,0,3,0) = ¢(0,0,1,2) = T(1,0,1,0)
Q(1,0,1,00 = —(1,0,0,0) (5.12)
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At order four, there are again three Massey products which lead to new deformations:

Ya0210 = 1ow01,1), Y1} = —p1(z1,24)
Yoosn = {20030 Yo} = 25251 = Ba(x1, 74)
Y0013 = {0012 Y2} =—a5231 = —Ba(21,24) (5.13)

The new deformations are:

@(1,0,2,1) = T&(1,0,1,0)
@(0,0,1,3) = —&(0,0,3,1) = ©&(1,0,0,0) (5.14)
At order five we find the following:
Y1,022) = {04(1,0,1,0), 04(0,0,1,2)} + {04(1,0,2,1)7 Yo}t = 33?95421]1 = B2(71,74)
Y0041 = 10031) Y1} = —Bi(21,24)
Y0,023 = 1200,1,3) Y1} = Bi1(z1,74) (5.15)

This is a particularly nice and simple example of a recurring pattern where it is obvious that
the deformation theory algorithm does not terminate. There are only two kinds of higher
order deformations which anticommute among each other. Thus, the only contribution to
higher Massey products can come products with first order deformations. We find:

{1,000 Y1} = B1(71,74) = a01,0) — {21,010 Y2} = Ba(71,74) = a1 000) (5.16)

This structure repeats in a two—periodic way and stops the algorithm from terminating.

Correlators

In agreement with the deformation theory, all the correlators which can be computed by the
Kapustin—Li formula are 0.

5.3.2 One Modulus — Case A

As an example for a brane with one modulus we discuss the brane with labels L = (5,2,2,0,0).
For the class of branes represented by this model, only the open string state (5.5]) is left over.
There is only one non—zero Massey product at order 2:

Y002 = Vo Uy = aiail = By (21, 24) (5.17)

This can be canceled by deforming the brane with —« ;) at second order in deformation
theory. There are no further Massey products at higher order. The deformed Q—operator is:

Qe = Q + 101,00 + P2(0,1,0) T u2¥2 — Uga(l,O,O) (5.18)

This deformed matrix factorization squares precisely to the deformed Landau—Ginzburg su-
perpotential. There are no F-terms, so the boundary deformation is unobstructed.

Correlators

As expected, all the correlators which can be computed by the Kapustin—Li formula are 0.
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5.3.3 One Modulus — Case B

The final class of branes in this model is represented by the brane with label L = (2,2,2,1,0).
It has one modulus (5.4]). There are two non—zero Massey products at order 2:

Y101 = 10a,00) Y1} = (1, 24)
Yooz = i-Vi=afril = Ba(z1,24) (5.19)

By the same argument as in the two-moduli case, the obstruction can never be reached
by Massey products at any order in deformation theory. Therefore, the brane modulus is
unobstructed.

Let us proceed to higher orders in deformation theory in order to find out whether the number
of deformations is finite or infinite. There are two deformations at order two:

X002 = TA10,0)
anony = Tizama(ns —03)(n2 — 02) (5.20)
At order three, there is only one non—zero Massey product:
Y003 = 12002 Y1} =—PF1(21,74) (5.21)
The corresponding deformation has already been computed: o3y = —(1,0,1)- Going to

higher orders in deformation theory, we find that all further Massey products are zero. Having
no more deformations at our disposition, the algorithm terminates at order seven. The
deformed matrix factorization is:

Qaef = Q-+ p10(1,00) t p20(0,1,0 + w1V
+er1uro o1y + U0 0,0.2) + U300,0,3) (5.22)

This squares to the bulk deformed Landau—Ginzburg superpotential.

Correlators

All the correlators which can be computed by the Kapustin—Li formula are 0, which confirms
that the modulus is unobstructed.

6 The model P(12227)[14]/(Z;)?

The Landau—Ginzburg superpotential associated to this degree 14 hypersurface is:
W =21 + 2 4+ 28 + ] + 22 (6.1)
We impose the following (Z7)? orbifold action:
g1 (2,12,0,0,0)

go (2,0,12,0,0) (6.2)
The two bulk deformations are:

¢1 = aiws

P2 = T1T2T3T4T5 (6.3)

In this model we can again write ¢o = x3z3x323 via the equations of motion of x5. Further-

more, we can also rewrite ¢; = a:éfa:gmgm. We list the tensor product branes with moduli in
tables [l
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6.1 Discussion of Moduli

The maximal brane L = (6,2,2,2,0) has four moduli. The open string state with label
%0 ® %0 ® %0 ® %0 ® 0! looks as follows:

. z1 O ro 0 z3 O xg O 0 1
\Ill_<0 IL’1>®<0 IL’2>®<O IL’3>®<O IL’4>®<—1 O> (64)
The open string state %1 ® %O ® %0 ® %0 ® 0Y has the following explicit form:

o 0 T i) 0 T3 0 Ty 0 1 0
ne (8 )e (5 A )e (0 n)e (0 a)e(oy) o

The open string state W3 has the structure %l ® %l ® %1 ® %1 ® 0

we () () (S a)e(Baa)e (o) o9

Finally, we have a state with label %O ® %1 ® %1 ® %1 ® 0°:

(2 2)e(5 2o ( 8 D) (2 )e(3) e

6.2 Obstructions

The obstruction associated with (6.4)) has structure %1 ® %1 ® %1 ® %1 ® 0°:
(0 ¥ 0 0 a3 0 a4 10
q”‘(—x? o>®<—x§ o>®<—x§ 0 )®\ 22 0 )®o 1) 68
The Serre dual boson to (6.5]) with label %O ® %l ® %1 ® %l ® 0! explicitly looks as follows:
5
_(=x O 0 = 0 x3 0 x4 0 1
we () e (s 0)e (S W)e (5 v)e(hs) oo
The obstruction corresponding to (6.6]) has structure %O ® %O ® %O ® %O ® 0

2 2 2 2
(7 O x5 0 x5 0 z; 0 10
q’?’_(o x%>®<0 x§>®<0 2 )00 22 )90 (6.10)

This is proportional to the bulk deformation z?x3x323.

Finally, we have the boson %1 ® %O ® %0 ® %0 ® 0! which is associated with (6.7)):

_ 0 a2 3 0 3 0 3 0 0 1
q"*‘(—x% 0>®<0 22 )% 0 22)% o 22)® 1 0) 61D
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6.3 Massey Products and F—terms
6.3.1 Four Moduli

We start by discussing the brane with labels L = (6,2,2,2,0). This brane has four moduli,
which are listed in (64)—(@.1). The bulk deformation ¢ = x§zex3r3 is Q—exact. It can be
produced in the matrix factorization by the following deformation:

0(1,0,0,0,0) = T1T2T3T471 (6.12)

The first set of non—zero Massey products is:

Y0100 = {10000 Y2} = —zia3aiail = — &3

Y(1,001,00 = 11,0000 Y3} =—P2

Y2000 = ViU =—aiziziail =P

Y0,1,01,0 = 1V1,V3} =29

Y0,0.200 = Yo-Wy=—-03

Y0,01,10 = {¥2,Vs} =20

Y0,0020 = Y3 -¥3= —afaorszsl = By (21, 22, T3, 24)

Y0,001,1) = 1¥3,Va} = Bo(w1, 22,23, 24)

Y0.0002 = Wi Wy=aivowszyl =—p (21,22, 23,24) (6.13)

We get three new deformations and, for reasons explained below, we choose the most general
parametrization:

@0,00,1,1) = T1222374(1n5 — 15)((2 — k1)1 — 2m171)
@0,0002 = T1x2x3ra((—1+k2)m — ko)
Q0,0020 = T12ax3x4((1—k3)m + ksm), (6.14)

for arbitrary {k1, ko, ks}.
At order 3, there are six non—zero Massey products two of which get extra contributions due
to the obstructions:

= {00,002, Y2} = (2k2 — 1)P3
Y0,0030 = 1200020 Y3} = (1 —2k3)Py

Y(0,0,1,0,2) )s
( ) )

Y0,0021) = 10,0020 Y4} +{2000.1,1), Y3} = —2(k1 — 1)Py
( ) )
( ) )

Y0,00,12) = 120,001,1): Ya} + {00002, VYs} = (2ks — 1)P2
Y(1,0,0,0,2) — {a(0,0,0,0,2 704(1,0,0,0,0)} = (k2 — 1)®3
1 1
Y(1,0,0,2,00 = {04(0,0,0,2,0)7 O4(1,0,0,0,0)} - 5{04(0,0,0,2,0)7 Uy} = 5(1)3
1
Y1,001,1) = 1000,0,0,1,1) ®(1,0,0,0,0)} — 5{04(0,0,0,1,1)7 Uy} = Py (6.15)
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Finally, there are five more products at order four:

Y(0,0,004) = €0,0002) ° X0,0,0,072) = k2(k2 —1)®3
Y0,0,04,00 = ©(0,0,0,2,0) * %(0,0,0,2,0) T ! _22k3 {04(0,0,0,2,0), Uy} = %24-%%@3
Y0,0031) = 120,0020) 20,001, — (k1 — D{©,0,02,0), Y1} + ! _2%3 {@0,0,0,1,1), Y2} = @4
Y(0,001,3 = 10(0,0,0,1,1)>%0,0,002)} + 2k22_ 1*{CY(0,0,0,1,1)7 Uy} =~y
Y(0,0022) = ©0,001,1) 0,00,1,1) T 1%0,0,00,2)> ©0,0,0,20 } — (k1 — D{c,00,1,1), Y1}
+2k22_ 1{04(0,0,0,2,0), Uy} = —w% (6.16)

With that, all higher order directions are obstructed and the algorithm terminates. Collecting
the contributions to the F—terms, we find:

fi: —2uqus — 2(ky — 1)u§u4 =0

fa: —pruz — 2ugug + (1 — 2k3)us + (2ky — 1uzui = 0

f3: 0o — prug — ut — ud + (ky — D)prul + (2ky — ugu’ + %golu% + #—F%gué
—wugui — ko(ky — )uj =0

fa: pruzuy + u§u4 — uzui =0 (6.17)

Surprisingly, we find that these equations are only integrable to an effective superpotential if
we choose a particular parametrization of the deformations, namely:

1

h=1 h=k=g (6.18)
With that, we get the following Wey:
2 2 1 5 1 o Ll g5 1 4
Wers = @aus —ujusz — @iugus — uzus + g P1us + qolis T pPLusuL — SURU; +usts
(6.19)

The deformed matrix factorization is:
Qdef = Q+¢10(1,0000) +u1¥1 +uaWs +uzWs+ ug Wy
+uzua0(0,0,0,1,1) + Uga(o,o,o,Q,O) + %210‘(0,0,0,0,2) (6.20)

Squaring this and inserting the particular values for the k;, one does not find precisely the
F—terms listed above but rather:

fl : —2’LL1’LL3 =0
fa: —pruz — 2uguz =0
3 2 2 1 g 1 9 3490 1,4 14
f3: P2 — Prug — U] — uy = 2ujusug + §g01u3 — §g01u4 — §u3u4 + Zug + ZUA‘ =0
f4 : 2uousty — u%m + u;:,ui =0 or
201usuy + 2uguzug + USU4 — u3u3 =0 6.21
3 4
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This is one of the examples where there are different, yet consistent, constraints in front of
the entries of the obstructions ®;. This phenomenon may be related to the observation that
not every allowed choice of higher deformations leads to integrable F—terms.

Correlators

Computing disk amplitudes with the Kapustin—Li residue formula, we find the following non—
ZEero ones:

(U0 V3) -1

(oW U3) = -1

(W Wy) = — (U0, 0y) = 1
(U3gp) = 1 (6.22)

Since the contribution of the the correlators (U1 W¥oWy) and (U1 W4 W5) to the effective super-
potential cancel, this result is in agreement with the F—terms.
6.3.2 Three Moduli

There is just one tensor product brane which has three open moduli. It has label L =
(4,2,2,2,0). The moduli have the same charges as (6.4]), (6.0) and (6.7)). For this brane, the
bulk deformation ¢ is QQ—exact. We define:

Q(1,0,0,0) = 95?3329631‘4771 (6.23)

At order two in deformation theory the following Massey products are non—zero:

Y1,0,1,00 = 121,000 Y3} = Bi(z1, 22,73, 74)

Yo200 = V1V =—atzdziail = o3

You,1,0 = {¥1,¥3} =20

Y0020 = Vs-V¥s3=—afworszyl = By(21, 22, 23,74)

Yo,01,1) = 1¥3,Va} = B3(z1, 72,73, 74)

Y0,002 = Vi -Wy4= 2¥xowsryl = —Po(w1, w9, 73, 74) (6.24)

The four exact Massey products lead to new deformations for which we will again choose the
most general possible deformation:

@(0,0,2,0) = —(0,0,0,2) = ©&(1,0,0,0)
Q101,00 = P22324(15 — N5)[—N2n3nal — Tanen3Mia + T3N2NaMis — T3M3047172
— 232412011304 + T2X4M3TM 7204 — T2T304T1 273 — T2X3L 471 727)37]4]
@0,01,1) = T1222374(n5 — 15)((2 — k1)1 — 2mm) (6.25)

At order 3, there are four non—zero Massey products:

Y(1,0,2,0) {a1,01,0), U3} = —afa3ziail = Py

Y0,030 = 100020, Y3} = Bi(z1,22,73,74)

Y0,021) = 10001,1), ¥3} = —2(k1 — 1)®y

Y0012 = 19001, Ya} + {0,002, Y3} = —Bi(w1, 22,73, 74) (6.26)
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Computing the third order deformations o g,0,3,0) and (g ,1,2) is simple, since they coincide
with a second order deformation:

Q(0,0,3,0) = —(0,0,1,2) = @(1,0,1,0) (6.27)

At order 4 there are two non—zero Massey products:

Y0,0,4,0) = ©(0,0,2,0) * ¥(0,0,2,0) T {04(0,07370), l113} = —m%x%x%xi]l = —®3
Y0,022) = @001,1) " %00,1,1) + {20,0,0,2)5 40,020} T 120,0,1,2), Y3}
—{00,1,1), ¥1} = (k1 — 1)°®3 (6.28)

We do not get additional deformations and one can show that all higher order Massey products
are 0. Collecting the Massey products which give obstructions, we find the following F—terms:

fi: —2uyus — 2(ky — 1)u§U4 =0
f3: pa — ui — prui —us + (k1 — 1)*ufui = 0
fa: 0 (6.29)

Like in the the four—-moduli case these equations integrate to an effective superpotential only
if k1 = 1. In that case we get:

1 1
Wess = paus — ufuz — g%ug - £U3 (6.30)
The deformed matrix factorization is:
Qdef = Q + 90104(1,0,0,0) + ’LLl\I/l + u3\Ij3 + U4\IJ4 + U%a(o’oz’o) —+ uia(0’070’2)
Fp1uza(1,0,1,0) T UsUaC(0,0,1,1) T uga(0,0,B,O) + U3Uz2104(o,0,1,2) (6.31)

This squares to the deformed Landau—Ginzburg superpotential modulo F—terms. Further-
more, there is an additional new feature. There are further terms in Qflef which are pro-
portional to a matrix which is not in the (Q—cohomology. Normally, this indicates that one
has made a mistake in the deformation theory calculation. One finds however that this term
comes with a prefactor ujus which is nothing but the F—term associated to ®;. Therefore,
this additional contribution is ugly but consistent.

The F—terms one gets from Qie f with k1 = 1 are:

fl : —2u1U3 =0
f3: P2 — u% — gplug — u§ £ 2ujuzug =0
fa: 0 (6.32)

Here, again, the monomial entries in ®3 come with different but consistent constraints.

Correlators

All the two— and three—point correlators have values compatible with the F—terms:

(U0, 05) = —1
(Ug2) = 1 (6.33)
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6.3.3 Two Moduli — Case A

One class of tensor product branes with two moduli has open string states (6.4]) and (65).
We will discuss the example L = (6,2,2,1,0). For this brane, and for all the others in this
class, both bulk deformations are (Q—exact. These are produced by the following first order
deformations of the matrix factorization:

0(1,00,0) = T1T2T3T4M

a100) = 173730 (6.34)

There are two non—zero Massey products at order 2:

2.2 9 2
Y1,00,0) = 101,000, Y2} = —w1v3235251 = B1(21, 72, 73, 74)
229 9
y(0,0,2,0) = \Ill : \Ill = _$1$2$3x4]l = Bl(x1,$2,$3,$4)
2.2 9 9
Y0002 = VYo-Vs=—airir3ril = Bi(1,22,73,74) (6.35)

Both of these expression are Q—exact and we find a(9,01) = @(0,0,2,0) = ©(0,0,0,2) = @(0,1,0,0)-
Since (g,1,0,0) anticommutes with everybody else, there are no higher order Massey products,
and we are done. All the F—terms are 0, and the moduli are unobstructed. The deformed
matrix factorization is:

Qief = Q+ 1001000 + P20(0,1,00) T w1 V1 +uaWs + Uga(o,o,z,O) + p1u20(1,0,0,1)
+U%04(0,0,2,0) + Uga(o,o,o,z) (6.36)

Correlators

All the correlators which can be easily computed are zero for this brane. This is in agreement
with the Massey products.

6.3.4 Two Moduli — Case B

The second type of brane with two moduli is represented by the brane with label L =
(3,2,2,2,0). In this model, the bulk deformation ¢; = z$z9x374 is in the Q—cohomology.
The other bulk deformation is obtained by the following deformation of the matrix factoriza-
tion:

Q(1,0,0) = T T34 (6.37)
The brane moduli have the same charges as (6.4]) and (6.6]). The following Massey products
are non-zero at order two:

Y101 = 101,00 Y3} = Bi(z1,22,73,74)

Yoz = ViU =—zizizieil =P

Yo, = {V1,¥3} =20

Yoo2 = Vs-V3=—afrorseyl = By(w1, 29,23, 74) (6.38)

The exact terms lead to second order deformations of the matrix factorization, which we call
a(1,0,1) and ap,0,9):

®0,0,2) = ©(1,0,0,0)
Q,01) = T1220374(N5 — 75)[—N213M471 — T4n2M3M T4 + T3N2NATT3 — T3N3NAT172
—X3L4M2M N34 + T2TaN3 7274 — T2T3NAT 273 — T2x3TaNT2N374)  (6.39)
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At order 3, we there are only two non—zero Massey products:

Y02 = f{aaor), Vsh = —airjrizil = —®3
Y0,03 = 12002)>Y3} = Bi(21,22,73,74) (6.40)
We get another deformation of Q:
X003 = Q101 (6.41)
At order 4, only one Massey product is allowed:
Y0,04) = 00,02) 0,02 T 10,03, Y3} = —P3 (6.42)

After this step, the algorithm terminates. There are two F—terms:

f1 : 2u1U3 =0

f3: —py +ud + prud4uy =0 (6.43)
There are two solutions to these equations. The one where uz = 0 implies the existence of a
BPS domain wall, the other one is the solution of a quartic equation. This could be a more

general domain wall which separates four vacua.
Finally, we also give the deformed matrix factorization:

Qaer = Q+¢1a01,00) +u¥1 +usVs + prusaq 1) + U3 002) + Us (003 (6.44)

Up to the F-terms and exact pieces, this squares to the bulk deformed Landau—Ginzburg
superpotential. As in the three-parameter case, Qflef also contains terms which are not
in the )—cohomology but all these terms come multiplies with w;us which is the F—term
associates to ®;.

The F—terms can be integrated to give the following effective superpotential:

1 1
Wers = uiuz — pous + g1 + zuj (6.45)

This result is the same as the one found in the three-moduli case.

Correlators
There are two non—zero correlators which can be computed using the residue formula:

(U0, 05) = —1
(Tzg2) = 1 (6.46)

This is in agreement with the deformation theory calculation.

6.3.5 One Modulus

The brane with the largest L-labels which has one modulus is the one with L = (4,2,2,1,0).
The brane modulus is given by ([6.4]). In the present case both bulk deformations are Q—exact.
They are tied to the following deformations of the brane:

3 _
&(1,0,0) = L1L2T3T4M

Q10 = T3 (6.47)
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At order 2 in deformation theory, there is only one non—vanishing Massey product:
Y0,0,2) = V1V = —ziz3aiail (6.48)

This is ()—exact and the corresponding second order deformation is ag02) = (0,1,0)- There
are no more higher products which are non—zero. The deformed matrix factorization is:

Qaef = Q + p10(1,0,0) + P2(0,1,0) + 11V1 + U%Oé(o,oz) (6.49)

This squares to the deformed Landau—Ginzburg superpotential. All the F—terms are zero.
Therefore, the deformation of this brane is unobstructed.

Correlators

In agreement with the Massey products all the two— and three—point correlators vanish.

7 The model P(11169)[18]/(Z1s)*

The degree 18 hypersurface has the the following Landau—Ginzburg superpotential:
W =218 + 238 + ¥ + 23 + 22 (7.1)
There is the following (Z1g)? orbifold action:

g1 : (1,17,0,0,0)

92 (1,0,17,0,0) (7.2)
The two bulk moduli are:

¢1 = aiwsa]

P2 = T1TT3T4T5

Again ¢ can be replaced by ¢o = x223x323. In the tables in the appendix we list the branes

which have open moduli at the Gepner point.

7.1 Discussion of Moduli

Now we discuss the moduli of the brane L = (8,8,8,0,0). The modulus with label %1 ® %1 ®
%1 ® 0° @ 0° looks as follows:

(0 a3} 0 a3 0 a3 10 10
‘I’l_<—xi{> 0>®<—x§ 0 )9 -2 0 )% o 1)% 01 (7.3)

The modulus %O ® %O ® %0 ® 0" ® 0! is expressed by the following matrix:

3 3 3
(7 O 5 0 3 0 10 0 1
%_(0 xff)@(o x§>®<o #)%o1)%\ =10 (7.4)

The modulus with label %1 ® %1 ® %1 ® %1 ® 0! looks like this:

(0 a2 0 a3 0 a3 0 1 0 1
‘1'3_<—x% 0>®<—x§ 0 )%\ 22 0 )% —2s 0)® 21 0) ™
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The last open modulus is has charges %0 ® %0 ® %0 ® %1 ® 0V:

2 2 2
(7 O 5 0 5 0 0 1 10
\1'4_<o x§>®<o x§>®<o 22 )%\ —2y 0 )% 01 (7.6)

7.2 Obstructions

Let us now discuss the Serre dual obstructions to the deformations (Z.3)—(76)). The obstruc-
tion corresponding to (7.3)) has charges 80 ® 80 ® 80 ® %l ® 0!

5 5 5
[ x 0 3 0 3 0 0 1 0 1
<I>1—<0 x§>®<0 xg>®<0 23 )9\~ 0 )%\ -1 0 (7.7)

The Serre dual of (7.4)) is %1 ® %1 ® %1 ® %1 ® 0°

(0 ¥ 0 3 0 a3 0 1 10
%_(—x? 0>®<—x3 0 )9\ a3 0 )% —2s 0)® 0 1) @

0 0

The obstruction corresponding to (7.5]) has charges % ® % ® %0 ® 0° ® 0° and is the bulk

deformation z$2$x$:

6 6 6
(7 O z5 0 z3 0 10 10
@3_<0 x?‘)@(o mg>®<0 2 )%\Vo 1 )% o1 (7.9)

Finally, the Serre dual of (7.0)) is %1 ® %1 ® %1 ®0°® 0%

(0 af (R 0 af 10 0 1

7.3 Massey Products and F—terms

Finally, we discuss higher products and F—terms for this model. It turns out that the calcula-
tion for the three—moduli case is quite involved. We contend ourselves to compute deformation
theory only up to order 5.

7.3.1 Four Moduli

Our representative example will be the brane L = (8,8,8,0,0). The moduli were given ex-
plicitly in (Z3)—(7Z.6). For the four-moduli brane, only the bulk deformations ¢o = z?x3x322
is Q—exact. The associated boundary deformation is:

(1,0,00,0) = T1T3TETAT (7.11)
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Below, we list the non—zero Massey products at order 2:

Y(1,00,1,00 = 10(1,0000), Y3} = Bi(21, 22,73, 74)

Y1,0001) = {10000 Ya} = zia5a3msl = By(21, w2, 73, 14)

Y0,2000 = Y1-¥1=23

Y01,01,0 = 1V1,V3} =29

Y0.0200 = VYo-Uy=—af22fl=—;

Y0,011,0 = 1¥2,V3} =20,

00020 = Vs-Us=—zizsaiesd = —fa(x1, 2, 73,74)

Y0,001,1) = 1V3,V4} = —201(21, 72,73, 74)

Y0,0002 = Yi-Vy=—PFo(x1,72,73,74) (7.12)

From the Q)—exact products we get several new a’s:

— ©(1,0,0,0,1) = ¢(0,0,0,2,0) = ¢(0,0,0,0,2) = 33%33%95%774
1 . _ _ _
Q(1,0,01,0) = T5¥000,11) = wiasxs(ns — 75)7a(ns — 73) (n2 — 2) (m — 1)
(7.13)
At order three, all Massey products are proportional to bosonic open string states:

Y(1,0020 = 1201,00,1,0) Y3} + {0(0,0,0,2,0)5 (1,0,0,00) } = —P3

¥a0011) = {10010 Yat +{,0001), Y3} +{000,1,1), 41,0000} = 24

Y(1,0002 = 11,0001 Ya} + {01,0000) 00002} = —P3

Y(0,0030 = 1200020 Y3} =—P4

Y0,0021) = 120,0020) Ya} +{0,001,1), Y3} = 33

Y0,0012) = 190,001,1) Ya} +{0,0002), Y3} = —3P4

Y(0,0,003) = 100000072 Va} = @3 (7.14)

Since we get no new deformations at order three the Massey products at order four must be
products of the deformations of order 2. One can show that these all anticommute, which is
why the algorithm terminates at order four. Furthermore, the additional terms which arise
through the F—terms at lower order all give zero.

Collecting all the products which yield obstructions, we obtain the following F-terms:

f1 : 2U1U3 =0

f2 : —2’LL2’LL3 =0

f3: g01+u%—u%—gpgug—gpgui+3u§m+ui:0

fa: 2pousgty — ug — 3uzu? =0 (7.15)

This can be integrated to the following effective superpotential:

1
Weps = U%U{), — u%ug + prus — §¢2u§ — wgugui + u§u4 + u;),ui (7.16)
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The deformed matrix factorization looks as follows:

Qaef = Q-+ p2x(1,0,00,0) T u1V1+uaWo +uzWs +ug ¥y
+P2u301,0,0,1,0) T P2U4C(1,0,0,0,1) T U3U4CY(0,0,0,1,1) T Uga(o,o,o,z,o) + Uia(o,o,o,o,z)

(7.17)

Up to the F—terms and exact expressions, this squares to the deformed Landau—Ginzburg
superpotential. As encountered in the 12227-model there are additional terms in Q?le ¥ which
are not in the cohomology of the matrix factorization. This is not inconsistent because these
terms are proportional to the F—terms associated to ®; and ®.

Correlators

The following correlators are non—zero:

(U0 0s) = 1

(UoWoWs) = —1

(U1 WoWy) = — (U104 0s) = —1
(U301) = 1 (7.18)

This is in agreement with the deformation theory results.

7.3.2 Three Moduli

Let us now discuss a brane which has three moduli. We choose the brane with label L =
(8,8,5,0,0). The moduli have the same charge decomposition as (Z3]), (Z4)) and ([6]). Both
bulk deformations are ()—exact. The corresponding linear deformations of the matrix factor-
ization are:

6.6
®(1,0,0,00) — Z1T273

Q01000 = TIT3TET4T (7.19)

In the following, we list the non—zero Massey products at order 2:

Y(1,01,00) = 1901,00,00) Y1} = Bi(z1,72)

Y0.1,001) = {01,000 Ya} = 212555341 = Bao(x1, 22, 73, 74)

Y0,0200 = Y1-¥1= 2528251 = B3(x1, 20, 23)

00020 = Ya2-Uy=—aladzil = —fBs(x1, 2, 3)

00002 = —Tiwsrieal = —Fy(x1,we, w3, 74) (7.20)

All these Massey products give contributions to the deformations of the matrix factorizations.
These are:

_ _ 4 4 4
¢(0,0,0,0,2) = —&(0,1,0,0,1) — TL1T2T3T4
@(0,0,0,2,0) = —(0,0,2,00) = (1,0,0,0,0)
_ .9 _ _
Q(1,0,1,00 = Ta(m2 —N2)min (7.21)
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At order 3, we again have five non—zero Massey products:

Y(1,0,2,0,0) = {0(1,0,1,0,0)7 ‘I’l} + {04(1,0,0,0,0)7 04(0,0,2,0,0)} = Pa(x1, 22, 3)

Y01.002 = 10010001) Va} = —225251 = —B3(21, 22, 23)

Y0,0,3,00) = {0(0,0,2,0,0)7 Uy} = Bs(x1, 22)

Y0,0,1,20 = 1200020 Y1} = —0F5(z1,22)

Y0.0003 = 1200002, Va} = 2825251 = B3(z1, 22, 23) (7.22)

The new deformations are:

@(0,1,0,0,2) = T1(0,0,0,0,3) = T(1,0,0,0,0)
©(0,0,1,2,0) = —%(0,0,3,00) = ©(1,0,1,0,0)
3.3 — 3.3 .6 — —
Q102,00 = TiTonens(m —m) — xizyrsnens(m —m) (7.23)

and two more which are more complicated. There are no obstructions and we have to go to
order four in deformation theory:

Y(2,0,2,00) = ©(1,0,1,0,0) - ©¥(1,0,1,0,0) T {04(1,0,2,0,0)704(1,0,0,0,0)} = Be(z1,72)

Y(1,0,3,00) — {04(1,0,1,0,0)7 O4(0,0,2,0,0)} + {04(1,0,2,0,0)7 Uy} + {04(0,0,3,0,0),04(1,0,0,0,0)} = B3(z1, w2, 73)
Y(0,0,4,00) =  ©(0,0,2,0,0) * ©(0,0,2,0,0) T {04(0,0,3,0,0), U} = —pi(z1, 72, 23)

Y(0,0,2,2,0) — {04(0,0,2,0,0)7 O4(0,0,0,2,0)} + {04(0,0,1,2,0)7 U1} = Bi(w1, 72, 73)

Y0,0,1,03 = 120,0003) Y1} = Bo(r1,72) (7.24)

We get six new exact states:

¢(0,0,1,0,3) = —&(0,1,1,0,3) = ©(0,0,3,0,0)
¢(0,0,2,2,0) = —0,0,4,0,00 — ©(1,0,2,0,0)
®(1,0,3,00) — T&(1,0,0,0,0)
©(2,0,2,00) = Ty i (7.25)
At order five there are six non—zero Massey products:
Y(2,0,3,00) — {04(1,0,1,0,0)7 O4(1,0,2,0,0)} + {04(1,0,3,0,0)7 O4(1,0,0,0,0)} + {04(2,0,2,0,0), Vo = Ba(z1, 72, 23)
Y(1,0,4,00) = {04(1,0,1,0,0)7 O4(0,0,3,0,0)} + {04(0,0,2,0,0)7 O4(1,0,2,0,0)} + {04(0,0,4,0,0),04(1,0,0,0,0)}
Heawo,3,00) Y1} = Br(z1,72)
Y(1,0,2,2,00 = {04(1,0,1,0,0)7 0(0,0,1,2,0)} + {0(0,0,0,2,0)7 04(1,0,2,0,0)} + {0(0,0,2,2,0)704(1,0,0,0,0)} = Bs(w1,2)
Y(0,1,2,02) = {04(0,0,2,0,0)7 0(0,1,0,0,2)} + {04(0,1,1,0,2)7 U1} = Ba(w1, 22, 73)
Y0,0500 = 100020000300} + {00400y Y1} = —20252§1 = —Bs5(21, 32, x3)
Y0,0,203 = 100,0,2,00) ¥0,0,003) ) +{2001,03), Y1} = —Ba(1, T2, 73)

We observe recurring patterns and seem to get more and more deformations at every order.
This suggests that the deformation theory algorithm may not terminate. Furthermore we
cannot exclude that obstructions appear at higher order because structure arguments that
imply that the Massey products can never yield obstructions are not obvious.

We therefore conclude our discussion with the statement that up to order five there are no
obstructions to the deformations of this brane.
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Correlators

All the correlators which do not contain integrated insertions are zero. This confirms the
results above.

7.3.3 Two Moduli

As an example for a brane with two moduli we discuss the brane with labels L = (8,8,4,0,0).
The moduli of this brane, and all the other branes with two moduli, are (74]) and (7.0).
Furthermore we have two first order boundary deformations since both bulk deformations are
exact on the boundary:

— 6,6, —
Q(1,00,0) T T1TT3N3
2,22 —

(0,1,00) = T1TT3T4T)4 (7.27)

The non—zero Massey products at the boundary are:

Yo100) = {0100 Va} = izpasesl = Bi(z1, 22,23, 74)
Y0020 = Y2 V2= —93(159035’32]1 = [a(z1, 22, 73)
Y0002 = Vi-Vy=—zizoaza,l = —B (21, 0,33, 24) (7.28)

All these products are Q—exact and the corresponding second order deformations are the
following simple expressions:

Q(0,1,0,1) = —Q(0,0,0,2) = — T 75734
Q0,020 = 0(1,0,0,0) (7.29)
We continue with computing the higher products at order 3:
Y0,1,02) = {04(0,1,0,1)7 Uy} + {04(0,0,0,2)7 04(0,1,0,0)} = —m?xgxgll = [a(x1, 22, 73)
Y0003 = {0002 Ya} =225251 = —Fy(21, 22, 23) (7.30)

Again, we encounter no obstructions and the third order deformations are simply:

Q(0,1,0,2) = —(0,0,0,3) = ©(1,0,0,0) (7.31)

Now we are done. Since oy 0,0y commutes with all moduli and all second order deformations
the are no non—vanishing Massey products at higher order. All the F—terms remain zero and
therefore both brane moduli are unobstructed by bulk deformations. The deformed matrix
factorization looks as follows:
Qacf = Q+¢1001,000) + P200,1,0,0) + u2¥2 + us Wy + U3 (g 0.2,0) + U30,0,0,2)
+pauiao102) + U5(0,0,0,3) (7.32)

One can check easily that this squares to the deformed Landau—Ginzburg superpotential.

Correlators

As expected from the deformation theory calculation, all the correlators which are computable
by the Kapustin—Li residue formula are zero. This is in agreement with the result that both
boundary moduli are unobstructed.
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7.3.4 One Modulus

The one-modulus brane with the maximal L-label has L = (8,8,2,0,0). Its only boundary
deformation is (7.6]). The two bulk deformations are Q—exact and we introduce the following
first order deformations of the matrix factorization:

(1,00 = x?x%x%ﬁg
Qo) = TITiriTai (7.33)
Computing the first set of Massey products, we find that only two are non—vanishing:
Yo11) = {010, Va} = 2izoaizgd = By(21, 22,23, 24)
y(0,072) = \If4 : \If4 = —xi‘xéxéul = —ﬁl (:L‘l, 2,3, 1‘4) (7.34)

From this, we obtain two new deformation aq 1,1y and a(q g 2y which have a particularly simple
representation:

Q0,11) = ~(0,0,2) = L1557 (7.35)

At the next order, there are two non—zero Massey products:

Yoi2 = {011 Yat + {002 01,0} = —2525251 = By (21, 2, x3)
Y003 = {0002 Va} = 2725251 = —Ba(w1, 79, 3) (7.36)
We find that:
Q(0,1,2) = —&(0,0,3) = ©(1,0,0) (7.37)

The algorithm terminates here. One can see this as follows. The a’s at order three anticom-
mute with the modulus and all the other deformations. Therefore all higher Massey products
are 0. Since we have not encountered any obstructions, the only possible F—term remains 0.
The deformed matrix factorization looks as follows:

Qaef = Q+p10(10,0) + P2(0,1,0) T uaWy

Hoous o 11) + USC0,0.2) + P2UT(0,1,2) + UI0,0,3) (7.38)

Correlators

The three—point disk amplitude and the bulk—boundary two—point functions vanish which
confirms that the brane modulus is unobstructed.

8 Conclusions

In this paper we have discussed tensor product branes and their moduli for the mirrors of
two—parameter Calabi—Yau hypersurfaces. Making use of the deformation theory of matrix
factorizations we determined which of the brane moduli are obstructed by computing F-
terms. Let us now discuss some open problems and further directions of research.

There have been some unexpected problems with the deformation theory algorithm itself. In
a few cases the F—terms could only be integrated to an effective superpotential for a partic-
ular choice of deformations. Furthermore some deformed matrix factorizations exhibited an
unusual factorization behavior. Despite the self-consistency of the results, these phenomena
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might also indicate that the deformation theory algorithm has to be modified in some way.
There may also be a deeper reason for these issues which may be related to some special prop-
erties of the D—-brane under consideration. It would be very useful to have an independent
method to determine the structure of the brane moduli spaces in order to verify or falsify
these results.

Note also that the deformation theory algorithm is only partially useful to probe the com-
bined open/closed moduli space near the Gepner point. The Massey product algorithm is
best suited for situations where all boundary moduli are obstructed. Although this should be
the case generically for Calabi—Yau threefolds, it depends very much on the model whether
this really happens. Only if all moduli are obstructed it is guaranteed that the algorithm
really terminates. For unobstructed moduli it should be expected that the algorithm never
stops. It is actually quite remarkable that we have found several examples where the algo-
rithm terminates even though the moduli are unobstructed.

As was demonstrated in great detail, the Massey product algorithm is a rather tedious and
technically challenging way to answer the questions we posed. It may be necessary to find
more elegant methods to find out whether a brane has obstructed moduli or not. One im-
mediately thinks of some geometric input which could help. In most cases it is easy to relate
a matrix factorization to a boundary state in conformal field theory but the geometric inter-
pretation of these is often very involved. Of course matrix factorizations can be related to
geometry via the techniques of [30] but simple matrix factorizations do usually not lead to
simple geometric boundary conditions.

A further possible line of investigation concerns the ”fake F—terms” we have found whenever
an open modulus squares to a closed string deformation which is exact on the boundary.
These conditions lead to a pair of linearly deformed matrix factorizations at a special point
in brane moduli space but not to an effective superpotential. Nevertheless, a non—trivial
BPS domain wall tension has been found in [6] for such a configuration. The effective su-
perpotential only seems to come out correctly when one considers the full non-linear bulk—
and boundary deformations of a D—brane and not just linear boundary deformations. These
issues raise the question under which conditions it makes sense to turn on just a subset of the
moduli.

We have seen that our Massey product algorithm yields an explicit description of the de-
formation theory of B-type D-branes at the Gepner point. From a different point of view,
it describes the A, —structure on the category of matrix factorizations. By the open string
version of the Calabi-Yau/Landau—Ginzburg correspondence [30], we have an explicit map
to the category of coherent sheaves at large volume. However, no explicit description of the
deformation theory of coherent sheaves, or equivalently, complexes E of holomorphic vector
bundles is known. While we have explicit representatives of H°(Q) and H®*"(Q), it is
in general difficult to obtain explicit representatives of H'!(EndE) and H?(EndE), respec-
tively. One possible way has been presented in [31I] where the Massey products have been
computed through the A.,—products, albeit in the simpler context of non—compact Calabi—
Yau threefolds. It would be very interesting to compare these two approaches of computing
Massey products. In particular, the open string Calabi-Yau/Landau—Ginzburg correspon-
dence should be extended to include the A, —structure in both categories.

While we have focused on the region in the closed string moduli space near the Gepner point,
there are further methods of computing the effective superpotential near the large volume
point or even everywhere in the complex structure moduli space. For an example of the latter
see [32]. For the former, a new method has been proposed recently in [33]. Applying this
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method to the branes we have discussed here could shed light on some of the issues men-
tioned above such as the "fake” F—terms. More generally, the discrimination between open
and closed moduli at different points in the full brane moduli space needs to be properly
understood.

The main application of our results is in the context open string mirror symmetry calcula-
tions. We can now take the deformed matrix factorizations and F—terms and relate them to
geometric boundary conditions which are necessary for deriving Picard—Fuchs equations can
to compute domain wall tensions and disk instanton numbers or effective superpotentials in
flat coordinates. As compared to the one-parameter models the combined bulk/boundary
moduli space for branes in two—parameter models has a much richer structure and we expect
to find interesting new phenomena. This will be discussed elsewhere.

A Moduli of Tensor Product Branes in Two—Parameter Hy-
persurfaces

In this appendix we list all tensor product boundary states with moduli for two—parameter
hypersurfaces. Furthermore we give a decomposition of the moduli in terms of their minimal
model components.

A.1 The model P(11222)[8]/Zs x (Z4)*

Table 1: Tensor product branes with moduli for
P(11222)[8]/%s x (Z4)?

‘ Boundary state H Number of Moduli ‘ Structure of Moduli ‘

1T 1l 1 1 1
5 5 000
(373717171) 2 %0 %0 1 1 1
;3 3 ®0®0 0
el 90l eo!
(372717171) 2 10 10 1 1 1
53 5 ®0®0 ®0
1T 1l 1 1 1
y 4y Ly dy 10 10 1 1 1
;3 3 ®0®0 30
(3,1,1,1,1) e l'o0l 00 @0
(2,1,1,1,1) e l'o0l @0 @0
(1,1,1,1,1) 1 %1®%1®01®01®01
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A.2 The model P(11226)[12]/Zs X (Zg)*

Table 2: Tensor product branes with moduli for
P(11226)[12]/Z12 x (Zg)?

‘ Boundary state H Number of Moduli ‘ Structure of Moduli ‘

11 11T 10 10 1
1

(575727270) 4 1 1
et eo!
1% 1%°3 0! @ 0! ® 0!
11 1T 10 10 1
1
(5,4,2,2,0) 4 5,96, ,@3 ©3 @0
1 0le0e0!
%120 90! 0!
11 11 10 10 ol
8 08 03,08,
(4,4,2,2,0) 4 6,96, ,@35 ©3 @0
P b B ] %@% ®01®01®01
1919 0! 0! ® 0!
10 10 10 10 1
(5,3,2,2,0) 3 el oo oo o
%0®%0®01®01®01
10 10 10 _ 10 1
(4,3,2,2,0) 3 el eoeo oo
%120 90! 0!
10 10 10 _ 10 1
(3,3,2,2,0) 3 el eoteoeo!
%120 90! 0!
11 11 10 10 1
(5.5.2,1,0) 2 6, 95,93 @3 @0
1 1 1 1 1
(5,5,1,1,0) 2 §0®§0®§0®§0®01
1 1 1 1 1
(5,4,2,1,0) 2 §0®§0®§0®§0®01
61®61®§0®§0®0
1 1 1 1 1
(5.4,1,1,0) 2 6, 95,93, @3 @0
1 1 1 1 1
(5,2,2,2,0) 2 0,970,935 @5 @0
191 2000
11 1T 10 10 1
(4,4,2,1,0) 2 §0®§0®§0®§0®01
61®61®§0®§0®0
1 1 1 1 1
(4.4,1,1,0) 2 5,95, @3, @5 @0
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Table 2: (continued)

‘ Boundary state H Number of Moduli ‘

Structure of Moduli

(4,2,2,2,0) 2 %fi@%lo@ (@5 00

3 ®5 ®01®01®01

%°®%°® ® 1’ @0t
(3.2,2,20) ’ gl ®01®01®01
(2,2,2,2,0) 2 %1(1@%1?@% ©§ 00

3 ®3 ®0'®0®0!
(5.3,2,1,0) 1 Pel’glg1%g0!
(5.3,1,1,0) 1 Pellellgl'gol
(5.2,2,1,0) 1 Pellelisl'gol
(5.2,1,1,0) 1 Pelligligligol
(5,1,2,2,0) 1 101051706 1%t
(5,1,2,1,0) 1 Wellellgllgol
(5,1,1,1,0) 1 Wellellgllgol
(4,3,2,1,0) 1 Wellgllglligol
(4,3,1,1,0) 1 Wgllgllgllgol
(4,2,2,1,0) 1 Wellgllglfgol
(4,2,1,1,0) 1 g 10g 106 1% 0!
(4,1,2,2,0) 1 Wellellgllgol
(4,1,2,1,0) 1 Wellellg10gol
(4,1,1,1,0) 1 Wellgllglligol
(3,3,2,1,0) 1 Pellegllgl'gol
(3,3,1,1,0) 1 PellglislPgol
(3,2,2,1,0) 1 Pellglisl%gol
(3,2,1,1,0) 1 g 10g 1706 1%l
(3,1,2,2,0) 1 Wellellgllgol
(3,1,2,1,0) 1 Wellellgllgol
(3,1,1,1,0) 1 Wellgllglligol
(2,2,2,1,0) 1 Wellgllgllgol
(2,2,1,1,0) 1 Vg llgllglfgol
(2,1,2,2,0) 1 Wellgllglligol
(2,1,2,1,0) 1 10105176 1% 0!
(2,1,1,1,0) 1 elle10g 10!
(1,1,2,2,0) 1 Wellgllglligol
(1,1,2,1,0) 1 Wgllgllglligol
(1,1,1,1,0) 1 Wellgllglligol
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A.3 The Hypersurface in P(12234)[12]/(Zs)?

Table 3: Tensor product branes with moduli for
P(12234)[12]/(Z¢)?

‘ Boundary state H Number of Moduli ‘ Structure of Moduli

T 0
(5.2.2.1.0) 5 %0®01®01®%1®02
?1®01®01®?0®00
(42,210 ) ?0®01®01®?1®00
?1®01®01®?0®00
(3.2.2.1,0) 0 ?0®01®01®?1®00
3 809010, 80
(5,2,2,0,0) 1 UVe0ledtel 20
(4,2,2,0,0) 1 9000l @i @0
(3,2,2,0,0) 1 9000l @i 0o
(2,2,2,1,0) 1 Te0lw0 i’ ool

A.4 The model P(12227)[14]/(Z7)?

Table 4: Tensor product branes with moduli for
IP(12227)[14] /(Z7)?

‘ Boundary state H Number of Moduli ‘ Structure of Moduli

1°920927g 2% g0t
11 20 20 _ 20 0
(6,2,2,2,0) 4 7, ®7 @7 ©7 ®0
) Ly Ly &y 41 11 11 11 01
oL PP
70®70®70®70®0
1 2 2 2 1
I"®f"22° 92" ®0
(5,2,2,2,0) 4 T @7 ©7 97 ®
g Ly Ly Ly 41 11 11 11 01
DSOS DGR
70®70®70®70®0
1 2 2 2 1
SN N0 fhiad
(47272,270) 3 Zo®?1®fl®fl®oo
TR ®: Qs ®0
(6,2,2,1,0) 2 7 0T @7 07 ©
g Ly &4yl ll®20®20®20®00
(6,2,1,1,0) 2 7, @7 ©7 @7 @
g 4y byl ll®20®20®20®00
(6,1,1,1,0) 2 RIS IR e
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Table 4: (continued)

‘ Boundary state H Number of Moduli ‘ Structure of Moduli ‘

0 0 0 0
(5:2.2,1,0 : L1000 %5,%0
e e
(5,2,1,1,0) 2 ZI®ZO®ZO®ZO®OO
Sy py L
(5,1,1,1,0) 2 ?1®ZO®ZO®ZO®OO
LTy Py
(3,2,2,2,0) 2 1,907,907 @7 90
(2:2.2,2,0 2 P {0 T 1o
(4,2,2,1,0) 1 ;0@)%0@%0@%0@01
(4,2,1,1,0) 1 1’92272 g0t
(4,1,1,1,0) 1 1’22792 90!
(3,2,2,1,0) 1 1'92°92%9 2% g0t
(3,2,1,1,0) 1 '92°92%9 2% g 0!
(3,1,1,1,0) 1 '92°927g2"g0!
(2,2,2,1,0) 1 92927 g2" g0t
(2,2,1,1,0) 1 '92°92°g 2 g0t
(2,1,1,1,0) 1 1’20272 g0t
(1,2,2,2,0) 1 1’22792 g0t
(1,2,2,1,0) 1 1'92°92%92% 0!
(1,2,1,1,0) 1 '92°927g2"g0!
(1,1,1,1,0) 1 e2'g2’g2go!

A.5 The model P(11169)[18]/(Z13)*

Table 5: Tensor product branes with moduli for
P(11169)[18]/(Z1s)?

‘ Boundary state H Number of Moduli ‘ Structure of Moduli

Uellgllggo
196 10 6 10 6 00 g o
(878787070) 4 S’l Sl gl 11 1
221 g0
e 076 0P
10 o 10 _ 10 0 1
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Table 5: (continued)

‘ Boundary state H Number of Moduli ‘

Structure of Moduli
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Table 5: (continued)

‘ Boundary state H Number of Moduli ‘

Structure of Moduli
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Table 5: (continued)

‘ Boundary state H Number of Moduli ‘

Structure of Moduli
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Table 5: (continued)

‘ Boundary state H Number of Moduli ‘

Structure of Moduli
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Table 5: (continued)

‘ Boundary state H Number of Moduli ‘ Structure of Moduli ‘

(6,6,2,0,0) 1 9920l g0
(6,5,2,0,0) 1 929291 00"
(6,4,2,0,0) 1 929291 00"
(6,3,2,0,0) 1 2929291 00"
(6,2,2,0,0) 1 9229l 00"
(5,5,2,0,0) 1 920291 00"
(5,4,2,0,0) 1 2920l g0
(5,3,2,0,0) 1 929291 00"
(5,2,2,0,0) 1 929291 00"
(4,4,2,0,0) 1 929291 00"
(4,3,2,0,0) 1 2929291 00"
(4,2,2,0,0) 1 9229l 00"
(3,3,2,0,0) 1 92291 00"
(3,2,2,0,0) 1 9920l g0
(2,2,2,0,0) 1 929291l 00"
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