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We present the first principles construction of the low energy effective action for bosonic self-organized
quantum quasicrystals. Our generalized elasticity approach retains the appropriate number of phase and
corresponding conjugate density degrees of freedom required for a proper description of the gapless modes.
For the dodecagonal and decagonal quasicrystal structures we obtain collective longitudinal and transverse
excitations with an isotropic speed of sound. Meanwhile, for the octagonal structure, the coupling between
phononic and phasonic degrees of freedom leads in turn to hybridization of the latter with the condensate
sound mode, producing collective excitations with a longitudinal and transverse component and an
anisotropic speed of sound. Finally, we discuss the fate of each excitation mode at the low and high density
phase transitions limiting the quantum quasicrystal phase.

DOI: 10.1103/PhysRevLett.134.136003

Introduction—Quasicrystals (QCs) are an exotic state of
matter where crystalline and disordered behavior meet.
They retain long range orientational order but lack any
discrete translational invariance [1–3]. Although they were
initially discovered in metallic alloys [4,5], it is known
today that this kind of exotic state can be stabilized in many
different contexts [6–10], as long as an appropriate
effective competition between two or more characteristic
length scales is present in the system [11–14]. One of the
most intriguing versions of quasi crystalline systems
are the so-called quantum quasicrystals (QQCs) [14–20],
which appear as ground states of quantum many-body
Hamiltonians. The stabilization of such quasicrystaline
phases have been predicted in systems like dipolar bosons
with spin-orbit interactions [15], ultracold bosonic gases in
quasiperiodic optical traps [18–20] (in this particular case
even direct experimental observations of such phases are
available [21–23]), and more recently, self-organized qua-
sicrystals in Bose-Einstein condensates produced by cavity
mediated interactions [16,24,25]. Moreover, the recent
developments with twisted bilayer graphene (TBG) have
opened a new route to the realization of QQCs in solid state
systems [26,27].

In this Letter, we present the first principles construction
of the low energy elastic theory of bosonic quantum
quasicrystals, having supersolids as a particular case.
Our calculations maintain full connection with the micro-
scopic properties of the system, allowing us to make
qualitative and quantitative predictions regarding the
hybridization of the low momentum gapless energy modes,
the corresponding propagation speed, and the behavior of
these excitations at the phase boundaries of the quasicrystal
phase. Furthermore, the developed method, being con-
structed from the microscopic action of the system, gives
access to a wide range of thermodynamic properties and it
serves as a systematic tool for calculating observables
beyond the mean field level in a large variety of situations
[28–36]. As particular examples we consider the three most
relevant quasiperiodic structures in two dimensions: the
octagonal, the decagonal, and the dodecagonal quasicrys-
tals. To our knowledge, this is the first microscopic elastic
theory of bosonic QQCs able to corroborate the symmetry
arguments regarding the existence of five gapless excitation
modes for these systems [37,38]. Our results show that the
hybridization process between phonons, phasons, and the
longitudinal condensate sound mode qualitatively depends
on the kind of quasicrystal structure.
Model and method—We consider a 2D bosonic gas at

zero temperature, interacting through an isotropic nonlocal
two-body interaction of the form UvðrÞ, where U repre-
sents a dimensionless parameter characterizing the intensity
of the nonlocal interaction with respect to the kinetic
energy. The nature of the two-body interaction between
particles is such that the system hosts a quasicrystalline
pattern at high enough particle densities in the ground state.
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As discussed in the literature [14,17,39], the key ingredient
for the stabilization of such phases is the presence of
competing minima in the interaction potential v̂ðkÞ.
In dimensionless units, the path-integral formulation of
the grand canonical partition function of the system
Z ¼ R

DϕDϕ�e−S½ϕ;ϕ�� [40] is characterized by the action
(see [41] for a Hamiltonian formulation)

S½ϕ;ϕ�� ¼
Z

∞

0

dτ
Z

d2xϕðx; τÞ�
�

∂τ −
1

2
∇2 − μ

þU
2

Z
d2x0vðx − x0Þjϕðx0; τÞj2

�

ϕðx; τÞ: ð1Þ

To access the low energy properties of the system
we should allow long-wavelength fluctuations of
the global phase, as well as of the phase of the modulated
pattern of the quasicrystal ground-state wave function
which can be expanded in a Fourier basis as ϕ0ðxÞ ¼ffiffiffi
ρ

p P
n cn expðiGn · xÞ. Here ρ stands for the average

particle density of the system and cn and Gn corresponds
to the Fourier amplitudes and wave vectors of the pattern,
respectively. We thus propose a perturbed ground state
wave function of the form
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Z

þGn;⊥ ·Π⊥ðx; τÞ
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s

exp ðiGn · xþ iGn ·uðx; τÞ þ iGn;⊥ ·wðx; τÞ
þ iθðx; τÞÞ; ð2Þ

where the fluctuation fields uðx; τÞ and wðx; τÞ represent
the phonon and phason fields introduced as in the classical
case [3,42–44]. Moreover, due to the quantum nature of the
system we also have to admit fluctuations in the canonical-
conjugate density fields associated to these phase variables,
analogously to what was proposed by Pretko et al. [41] for
supersolids. Accordingly, we have included the fields
Πðx; τÞ and Π⊥ðx; τÞ as conjugate to uðx; τÞ and
wðx; τÞ, respectively. Finally, we added the overall phase
fluctuation field θðx; τÞ of the wave function and its
canonically conjugate zero momentum density fluctuation
δn0ðx; τÞ. It is understood that all fluctuation fields are
slowly varying functions in space and imaginary time, with
zero mean over the size of the system and, as expected, in
the absence of fluctuations our ansatz for ϕðx; τÞ reduces to
the ground state wave function ϕ0ðxÞ. Furthermore, the set
of vectors fGn;⊥g is constructed from a permutation of the
set fGng, such that the extended basis G̃n ¼ Gn ⊕ Gn;⊥ is
orthogonal in the sense

P
n G̃n;αG̃n;β ∝ δα;β [3,42–44]. The

ansatz considered in Eq. (2) corresponds to the most

general form of ϕðx; τÞ recovering the ground state wave
function in the absence of fluctuations and preserving the
symmetry properties of the action for a quasicrystal
structure.
It is simple to show that the proposed ansatz satisfies

the normalization condition of the boson fieldR
A d

2xhjϕðx; τÞj2i ¼ N ¼ ρA, as long as
P

n c
2
n ¼ 1. The

expectation value of an observable hOi ¼ hϕjOjϕi ¼R
A d

2xϕ�ðx; tÞOϕðx; tÞ within our path-integral formalism
is calculated as hOi ¼ Z−1 R DϕDϕ�O expð−S½ϕ;ϕ��Þ.
The normalization constraint allows the calculation of
the chemical potential μ for a system with a given particle
density ρ. Lastly, the free parameters Z and Z⊥ in Eq. (2)are
chosen to enforce the expected relation between canoni-
cally conjugate fields in the low energy effective action of
the system [45]. By replacing the ansatz for ϕðx; τÞ in
Eq. (1) and expanding up to quadratic order in the
fluctuation fields we obtain the following long-wavelength
effective action:

δS ¼
Z

dτd2xðiδn0ðx; τÞ∂τθðx; τÞ þ iΠðx; τÞ · ∂τuðx; τÞ

þ iΠ⊥ðx; τÞ · ∂τwðx; τÞÞ þ
Z

dτd2x
1

2
½ρð∇θÞ2

þ γ0δn0ðx; τÞ2 þ γΠðx; τÞ2 þ γ⊥Π⊥ðx; τÞ2
þ 2Π · ∇θ þETC̃E�; ð3Þ

whereE stands for the extended phonon-phason strain field
defined as E ¼ f∂xux; ∂yuy; ð∂xuy þ ∂yuxÞ=2; ð∂yux þ
∂xuyÞ=2; ∂xwx; ∂ywy; ∂ywx; ∂xwyg and C̃ represents the
phonon-phason elastic tensor. Closed formulas for the
elements of this tensor as well as for the γ’s couplings
in terms of the ground state wave function are provided in
Supplemental Material [45]; see also Refs. [3,42–44,46] for
details of the elastic theory of classical quasicrystals. The
presence of the term Π ·∇θ couples the phonon-phason
degrees of freedom with the degrees of freedom corre-
sponding to the overall phase and density of the wave
function (see Section II of Supplemental Material [45]).
This mechanism leads to a hybridization process which is
ultimately responsible for the phenomenology discussed
below. The expression in Eq. (3) for the low energy
effective action of a bosonic quasicrystal is one of the
main results of this work. It allows qualitative and quanti-
tative predictions since all couplings are known in terms of
the ground state wave function of the system. Moreover, it
generalizes the well-known density-phase action of a
homogeneous condensate [40], not only to the present
case of quantum quasicrystals but also to supersolids if we
eliminate the phasonic degrees of freedom Π⊥ðx; τÞ and
wðx; τÞ and consider that the set fGng is generated from a
two vector basis [39,47–51].
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Elementary excitations for the dodecagonal QC—
The effective action in Eq. (3) can be recast as
δS ¼ 1

2

R ½dω=ð2πÞ�½d2q=ð2πÞ2�η̂ðq; ωÞ†Mðq; ωÞη̂ðq; ωÞ,
where η̂ðq;ωÞ ¼ ½δn̂0ðq;ωÞ; θ̂ðq;ωÞ; Π̂xðq;ωÞ; ûxðq;ωÞ;
Π̂yðq;ωÞ; ûyðq;ωÞ, Π̂x;⊥ðq; ωÞ; ŵxðq; ωÞ; Π̂y;⊥ðq; ωÞ,
ŵyðq;ωÞ�, and the energy-momentum dispersion relations
ϵðqÞ ¼ ωðqÞ can be computed by solving the equation
det ½Mðq; iωðqÞÞ� ¼ 0 [40]. The dodecagonal quasicrystal
[Fig. 1(a)] is the simplest case due to the absence of the
coupling between phonons and phasons. The latter are
deformations of the density pattern which are absent in
ordinary crystals. We obtain analytical expressions for the
dispersion relation of the five gapless modes [45,52,53]. In
this case there are three longitudinal modes and two
transverse modes, as schematically represented in Fig. 1(b).
Two of the longitudinal modes result from the hybridization
of the condensate sound mode (corresponding to a modu-
lation of the overall phase θ) with the longitudinal phonon
mode, while the transverse phonon as well as the phason
mode remain decoupled.
To deepen our understanding of the excitation modes we

calculate the eigenvectors ηjðqÞ using the charateristic
equationMðq; iωjðqÞÞη̂jðqÞ ¼ 0 for each excitation mode.
Each eigenvector corresponds to a fluctuation field in
real space and time given by ηjðx;tÞ¼Re½η̂jðqÞ
expðiðq ·x−ωjðqÞtÞÞ�. By expanding Eq. (2) to linear
order in the fluctuation fields we obtain a general
expression for the correction to the ground state

wave function: δψ j;q ¼ ½uj;qðrÞ expðiðq · r − ωjðqÞtÞÞ−
vj;qðrÞ� expð−iðq · r − ωjðqÞtÞÞ�, allowing us to identify
the Bogoliubov modes uj;qðrÞ and vj;qðrÞ [45]. The local
phase and density fluctuations can then be written as
Δρj;q¼juj;qðrÞ−vj;qðrÞj2 and Δφj;q¼juj;qðrÞþvj;qðrÞj2
[52,53]. In Fig. 1(c) (1) we show the typical behavior of
these quantities. Each column corresponds to a mode in
Fig. 1(b) in increasing order of excitations energy. In
agreement with previous predictions for supersolids [52],
the hybridized longitudinal phonon and condensate modes
present nonvanishing [Oð1Þ] phase and density fluctuations
in the limit of long wavelength q → 0, while for the
transverse phonon mode the fluctuations of density and
phase are Oð1Þ and OðqÞ, respectively. On the other hand,
while displaying the same scaling properties of the trans-
verse phonon modes, phasons feature density and phase
fluctuation patterns that present a different behavior around
the center of the quasicrystal structure [54] [compare, e.g.,
panels (e) and (i) of Fig. 1]. Mathematically, this is
ultimately a consequence of the phason’s property of
producing a redistribution of the QC structure, destroying
the center of the quasicrystal without altering the average
properties and stability of the system [55]. Finally, we
would like to remark that differently from the case of
supersolids, here all density and phase fluctuations patterns
are aperiodic.
Excitations in decagonal and octagonal QCs—In the

case of 10- and 8-fold quasicrystals, the presence of the

FIG. 1. Typical density pattern (a) and low energy excitations of a dodecagonal QQC in the low momentum regime (b) to (1). The
color scale included in (a) applies to all figures provided each profile is normalized by the maximum of the corresponding quantity.
(b) Dispersion relation ϵðkÞ for the gapless excitation modes of a dodecagonal QQC, consisting of two longitudinal hybridized
condensate-phonon modes [L. hyb. Con.-Phon. mode 1(2)], one transverse phonon mode (T. Pho. mode), and two phason modes, one
longitudinal and the other transverse (L. and T. Pha. mode, respectively). (c) to (1) Density fluctuations ΔρqðxÞ (first row) and phase
fluctuations ΔφqðxÞ (second row) in the low momentum regime for each gapless excitation mode. The density plots are ordered from
left to right as they appear in (b), considering an increasing order of the excitation energy. The scaling behavior of the density and phase
fluctuations for each mode is given at the top of each column. The momentum of the excitation q is chosen along the x axis in all cases;
see Ref. [45] for detailed information.
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phonon-phason coupling leads to a characteristic equation
det ½Mðq; iωðqÞÞ� ¼ 0 with convoluted analytical solu-
tions. However, some general properties can be obtained
from the numerical solution of this problem. In the case of
the decagonal quasicrystal, the longitudinal and transverse
modes separately hybridize among themselves, leading to
two groups of three and two modes, respectively, all with
isotropic dispersion relations. In contrast, for the octagonal
quasicrystal, the structure of the elasticity action charac-
terized by an anisotropic phason contribution and a finite
phonon-phason coupling produces anisotropic dispersion
relations ϵðqÞ with propagation speed cs that depends on
the orientation of the momentum q when q → 0.
Additionally, unless the momentum of the excitation q is
oriented along one of the symmetry axes of the quasicrys-
tal, every mode has a longitudinal and a transverse
component. As an example, we show in Fig. 2(a) the
anisotropic behavior of the propagation speed and hybridi-
zation of modes for an octagonal QC. The numerical
evaluation was carried out considering values of the
couplings for which the system displays strong anisotropy
and hybridization effects [45]. Although we have used
arbitrary numeric parameters for these calculations, single
mode estimates of the full elastic tensor C̃ are possible
supporting the projection that the phonon-phason coupling
will be of the same order of the phonon-phonon and
phason-phason elastic couplings. This justifies the general
expectation that the octagonal quasicrystal structure will
display significant anisotropic properties. Moreover, we
study the longitudinal to transverse character of the
excitation modes evaluating the angle δðq;uÞ between
the wave vector of the excitation q and the direction in
which the field u oscillates as the excitation propagates. In
this way, the red to blue color gradient used in Fig. (2)
depicts the longitudinal ðukqÞ to transverse (u⊥q) feature
of the excitations.

Interestingly, the propagation of excitations along non-
equivalent symmetry axes of the octagonal quasicrystal
produces an exchange of the longitudinal and transverse
character for some modes. Moreover, the evaluation of the
local density and phase fluctuations profile in this case
shows that the scaling of the fluctuations when the propa-
gation direction of the excitation does not coincide with a
symmetry axes of the quasicrystal are allOð1Þ. Meanwhile,
in the opposite case, longitudinal modes have density and
phase fluctuations of amplitude Oð1Þ and transverse modes
with density fluctuationsOð1Þ and phase fluctuationsOðqÞ.
The aperiodic patterns of phase and density fluctuations for
each scenario discussed can be found in [45].
Instabilities of the quantum quasicrystal phase—The

study of instabilities in general sheds light on the occur-
rence of phase transitions in the system. In our case, we
expect a transition to a homogeneous state at low ρU
values; meanwhile, at high ρU the loss of phase coherence
over the system signals in principle a transition to a
classical quasicrystal state. A first analysis of the insta-
bilities can be based on the behavior of the propagation
speed of the gapless modes. With this aim we consider the
case of the decagonal QC structure and pursue the
calculation of the couplings in the action (3), considering
small amplitudes of the QC modulation [45]. In order to
make a numerical evaluation possible without defining a
particular form of the interaction potential, we assume that
the QC amplitude is a concave increasing function of ρU
[56]. Although this is the expected behavior of this
quantity, such ansatz does not intend to capture the actual
quantitative behavior of a certain model [45]. The results of
the isotropic propagation speed of each mode for the
decagonal quasicrystal are shown in Fig. 2(b) as a function
of ρU. One recognizes a discontinuous behavior of the
propagation speed at the homogeneous-superfluid-to-
quantum-quasicrystal phase transition, analogous to

(a) (b)

FIG. 2. Typical behavior of the propagation speed of the gapless modes (a) as a function of the orientation α of the momentum of the
excitation q in an octagonal QQC, and (b) as a function of Uρ for a decagonal QQC in a region containing the transition to the
homogeneous superfluid phase (Hom.). The red to blue gradient of color is used to indicate the longitudinal to transverse character of a
given excitation mode using the angle [δðq;uÞ] of the field u respect to q as a measure of this property.
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previous predictions in supersolids [39,47,52,57], and a
continuous behavior at the quantum-to-classical-quasicrys-
tal transition at high enough densities where the propaga-
tion speed of the lowest mode vanishes [58,59]. As we shall
see next, this transition corresponds to the breaking of
quantum phase coherence.
To further explore the nature of the instabilities we

compute the second-order correlations of the fluctuation
fields. At the lower density boundary, when the QC
amplitude is small and the ground state wave function is
dominated by the main Fourier amplitude of the pattern
(c1), we find that Z, Z⊥, and all elastic couplings in C̃
approaches zero as c21, while γ and γ⊥ diverges as c−21 . This
behavior leads us to the conclusion that in this regime hδn20i
and hθ2i remain finite, while hΠ2i ∝ c21, hΠ2⊥i ∝ c21,
hu2i ∝ c−21 , and hw2i ∝ c−21 , as c1 → 0, with c1 ≫ cn>1
[45]. In this scenario the average wave function can be
roughly approximated as hϕðx; τÞi≈ ffiffiffi

ρ
p P

n cn
expðiGn · xÞ expð−G2

nhu2i=4 − G2
n;⊥hw2i=4 − hθ2i=2Þ.

This result confirms that close enough to the superfluid-
quantum-quasicrystal stability boundary, where we have
large phonon and phason fluctuations, there is a strong
nonperturbative “renormalization” of the Fourier ampli-
tudes of the quasicrystal profile [60]. This phenomenology
suggests that in cases in which the mean field superfluid to
quantum quasicrystal phase transition is weak enough, the
nature of the transition could be modified to a continuous
one, where phonon and phason fluctuations promote the
creation of topological defects (dislocations) leading even-
tually to the stabilization of an intermediate topological
phase, analogous to the hexatic phase between the solid and
the liquid in the two-step thermal melting process of certain
two-dimensional solids [61,62].
At the upper boundary of the quantum quasicrystal phase

(γρ → 1þ) all couplings of the effective action in Eq. (3)
remain finite; however, in this limit the propagation speed
of the lower hybridized mode approaches zero, as observed
before. This behavior signals the disappearance of this
mode, in the sameway in which the lower energy excitation
mode disappears at the supersolid to normal solid phase
transition [58]. Calculating the correlations of the fluc-
tuation fields in this regime, we obtain to leading order that
hδn20i hu2i; hw2i , and hΠ2⊥i remain finite as the stability
boundary is approached, while hθ2i ∝ ðγρ − 1Þ−1=2 and
hΠ2i ∝ ðγρ − 1Þ−1=2 [45]. This result is to be expected
since in the high ρU regime the localization of particles
should eventually lead the system to the loss of quantum
phase coherence. Interestingly, due to the effective Π · ∇θ
interaction the destabilization of the θðx; τÞ field also
produces the destabilization of the Πðx; τÞ field, indicating
the natural breakdown of our theory at this phase boundary.
All evidence available in this case indicates a second order
phase transition in this limit, as predicted in supersolid
systems [39,52,63,64].

Conclusions—We have developed the elastic theory of a
self-organized quantum quasicrystal with 8-, 10-, or 12-fold
rotational symmetry. We obtained the effective action of the
system described in terms of the global wave function
phase, the two-dimensional phonon and phason fields, and
their respective conjugate density fields. From here, we
were able to prove from first principles the existence of five
gapless extended low energy excitation modes [65] for the
considered two-dimensional QC structures [37,38]. We
showed that the presence of the Π · ∇θ coupling in our
effective theory produces the hybridization of the conden-
sate sound mode with phonon and phason modes, leading
to a rich phenomenology depending on the QC structure. A
particularly interesting finding was that, due to the phonon-
phason coupling, the octagonal QC structure develops an
anisotropic speed of sound that depends on direction of the
propagation, as well as that all modes show a mixed
longitudinal-transverse character. Finally, our results shed
light on the behavior of the low energy fluctuation fields at
the thermodynamic boundaries of the quantum quasicrystal
phase, elucidating possible scenarios for phase transitions
in two dimensions. Our results are directly relevant for
experimental platforms involving ultracold atomic gases.
An important future extension will be the applicaton to
TBG, which requires including new elements like the intra-
vs interlayer, as well as the lattice-electron coupling [27].
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