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Coupling a system to two different baths can lead to novel phenomena escaping the constraints of thermal
equilibrium. In quantum materials inside optical cavities, this feature can be exploited as electrons and cavity
photons are easily pulled away from their mutual equilibrium, even in the steady state. This offers new routes for
anoninvasive control of material properties and functionalities. We show that the absence of thermal equilibrium
between electrons and photons leads to reduced symmetries of the steady-state electronic distribution function.
Moreover, by defining an effective temperature from the on-shell distribution function, we find a nonmonotonic
behavior as a function of cavity frequency, consistent with recent experimental findings. Finally, we show
that, the nonthermal behavior leads to qualitative modifications of the materials properties, as the standard
Sommerfeld expansion for observables is modified by a leading-order correction linearly proportional to the
temperature difference between the two baths and to the frequency derivative of the electron damping.

DOI: 10.1103/PhysRevResearch.7.013073

I. INTRODUCTION

Out-of-equilibrium phenomena have resurfaced in multiple
areas of physics as a way to circumvent the restrictions im-
posed by thermal equilibrium. Nonequilibrium steady states,
resulting from the coupling of the system of interest to two
different baths, are available in various configurations across
multiple platforms, ranging from transport in condensed-
matter systems, through lasers in atomic and solid-state
systems, to active matter and biological systems. In transport
for instance two thermal baths act as source and drain of
electrons and induce a charge current [1-4]. In active matter
such as molecular motors [5-9], the degrees of freedom sub-
ject to energy input are different from the ones dissipating it.
Similar situations arise in turbulence [10-12], where energy is
injected at large length scales and viscously dissipated at short
length scales, or in a laser, where electrons inside atoms are
externally excited while light is emitted through the mirrors
of a cavity [13].

It is in this context that we turn toward cavity quantum ma-
terials [14—17], where electrons are coupled on the one hand
to the cryostat directly attached to the material, and on the
other hand to the discrete set of electromagnetic modes of the
cavity, which in turn is coupled through the leaky mirrors to
the continuum of electromagnetic modes outside, as schemat-
ically shown in Fig. 1. Both the electromagnetic continuum
and the cryostat act as thermal baths, but they do not need to
be at the same temperature, so that a nonthermal steady state
can be achieved. Confining light around quantum materials
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through cavities has recently emerged as an alternative to the
laser-based control [18], with the advantage that weakly, ther-
mally excited electromagnetic fields can be used to affect the
material without the large energy input restricting laser-based
approaches to pulsed (transient) regimes. In particular, the ab-
sence of thermal equilibrium between electrons and photons
has been identified as a source of novel phenomenology and
enhanced control [19-24].

The present work is particularly motivated by a recent
experiment demonstrating cavity control of the metal-to-
insulator transition in 1T-TaS; [24]. The critical temperature
associated with the charge-density-wave formation could be
substantially modified by tuning only the cavity resonant fre-
quency, despite the light-matter coupling being small relative
to the intrinsic electronic scales. So far, the cavity-induced
thermal Purcell effect has been suggested as a possible ex-
planation of the large impact in spite of the relatively weak
light-matter coupling [24-26], whereby the electrons, due to
the cavity environment, experience a temperature different
from the one of the cryostat. The experimental observations
additionally demand a theoretical explanation for why the crit-
ical temperature changes nonmonotonically as a function of
the cavity frequency. The proposed explanation based on the
Purcell effect is consistent with the nonmonotonic behavior
observed experimentally, but is constrained by the assumption
of local thermal equilibrium and heat exchange equilibration.
Such a condition restricts the magnitude and nature of the
predicted effects.

In this work, we propose a scenario where the enhancement
of the impact of the cavity on the material and the nonmono-
tonic behavior as a function of the cavity frequency originate
from charge carriers being in a nonthermal steady state. We
do not consider the specific charge-density-wave scenario
of [24], but rather a simpler model of a two-dimensional
metal inside a Fabry-Perot cavity, which makes the generic

Published by the American Physical Society
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nature of the proposed nonthermal mechanism clear. We
show that the electronic distribution function reached in the
steady-state has a reduced symmetry compared to the thermal
equilibrium one, parametrically tuned by the electron-photon
coupling, quasiparticle damping, and cavity frequency. From
the on-shell nonthermal distribution, a low-energy effective
temperature can be extracted from the vicinity of the Fermi
surface which behaves nonmonotonically as a function of
the cavity frequency, which would explain the nonmonotonic
behavior of the critical temperature observed experimentally
in Ref. [24]. Moreover, we show that the dominant fluctuation
effect on observables is genuinely nonthermal, as the standard
Sommerfeld expansion is modified by a correction linearly
proportional to the temperature difference between the cavity
photons and the cryostat, as well as to the frequency derivative
of the electron damping.

While correction to observables which are linear in the
temperature difference have been considered before, dating
back to Luttinger in 1964 [27], the results we present here do
not follow from the these previous works. Indeed, those ap-
ply mainly to transport signatures from temperature gradients
across the sample, which require a notion of local temperature
that we don’t have. In our case instead, the coupling of the
electrons to the bath and to the photons is homogeneous and
as such there is no temperature gradient across the sample.
Linear-in-temperature corrections come here from the fact
that the two baths to which the electrons are connected with,
namely the cryostat and the the cavity-filtered electromagnetic
environment, differ not only in temperature but also in their
spectral character as well as in the way they couple. We also
emphasize that, unlike these previous works, we investigate
here the effect on a whole class of observables (Sommerfeld
expansion), and we present numerical results also outside of
the linear in the AT region.

We finally note that the nonthermal nature of the electronic
distribution induced by cavity-photons has been already inves-
tigated in terms of its effect on the superconducting gap [19],
in analogy to the original Eliashberg effect with oscillating
radiofrequency fields [28]. Here, we focus instead on general
effects that the cavity-induced nonthermal behavior has on the
material’s properties.

In Sec. II we present the generic model of a metal cooled
by the phonons and the cryostat coupled to cavity photons
subject to cavity loss. In Sec. III we present our self-consistent
calculation based on Dyson’s equation which allows us to
obtain a fully quantum kinetic equation for the electron
distribution function. Section IV shows the results for the
distribution function obtained from the previous approach and
highlights how the distribution breaks the thermal symmetry.
In Sec. V we calculate an effective temperature both analyt-
ically and numerically as a function of the cavity frequency.
After this we show how the fermionic distribution modifica-
tion influences the Sommerfeld expansion for single-particle
observables in Sec. VI. Finally, we present our conclusions in
Sec. VIL

II. MODEL

We treat the cavity as two perfectly conducting parallel
mirrors with the electrons moving in a plane parallel to the

( Tcav’ }/ph

FIG. 1. Schematic representation of the electron-photon system
under consideration. (a) Two distinct thermal baths coupled to the
electrons (photons) v (a) and with temperature T¢ry (Tcay) and spec-
tral width y (¥pn) in orange (blue). The electromagnetic field a is
coupled to electrons with a strength g. (b) Realization with a quantum
material within a Fabry-Perot cavity.

mirrors and placed amidst them, as schematically shown in
Fig. 1(b). Photons inside the cavity acquire a finite mass
because of the boundary conditions, which is set by the cavity
fundamental frequency vy, appearing in the photon dispersion
vé =13 + ¢*q*. For simplicity, we will set c =1 and i = 1
throughout the paper. The Hamiltonian for the uncoupled,

closed photon-electron system is given by
N 1
Ho=;ekwkwk+§uq(a;aq+5), (1)

where the first term models the metallic behavior of the
electrons with a gapless dispersion €, = |k|?/(2m) in d + 1
space-time dimensions. We have expressed the Hamiltonian
in terms of the creation and annihilation operators for the
electrons {y, wli,} = dxx/, as well as for the cavity photons

lag, az;,] = 8q,¢- We couple the electrons to a thermal bath
at temperature T¢y, which physically corresponds to a cryo-
genically cooled substrate. In the experiment this is given by
the cold finger determining the temperature of the material
phonons which then act as the thermal bath to the electrons
with a Hamiltonian H, p,g. In the Supplemental Material we
give an example of the simplest exactly solvable model for a
thermal bath, i.e., a bath composed of fermionic degrees of
freedom [29]. Using the real-time path-integral formulation
on the Keldsyh contour [30,31] we integrate the bath out
and the details of such a bath will enter only through the
damping rate y (k, @) and temperature Ty, Additionally, the
leaky cavity mirrors allow the external environmental photons
at temperature T,, to act as a thermal bath for the cavity
modes. The Hamiltonian for the photon bath and its coupling
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to the cavity photons reads

1
th—bath = Z |:V¥(q) <d:quq + E)

5.q
' (q)

+ -
2,/vqvs(q)

where we again consider an extensive number of harmonic
oscillators d,q coupling to each photonic mode of the cavity in
a linear fashion. Similarly to the electrons, we integrate out the
photon bath within our path-integral formulation to obtain an
effective description in terms of the bath temperature T¢,, and

(@’ g+ ag)d]_q + dsq)}, )

the resulting photon damping ypn(q, @) =Y, ”;{ hgg;Z(S (w —
v5(q)). Finally, we model the electron-photon coupling by a

Yukawa-type interaction:

V=g / d’x ¢y )P (x), 3)

where ¥ (x) and ¢(x) are the fermionic and real bosonic
Fourier transformed operators of vy and ¢4 = (aq +
aiq )/+/2Lvq, respectively, gis the light-matter coupling and L
is the cavity length. Throughout the rest of the paper, we will
set L by its relation with the fundamental cavity frequency
L = 1 /vy. In Fabry-Perot cavities g is small, typically of the
order of 0.1 of the electron bandwidth [16,32,33]. Note that
we are using a coupling to the electron density. This might
be appropriate for deep-subwavelength cavities [33], but for
the Fabry-Perot cavity considered here, a current coupling
should actually be used. We argue however that the qualita-
tive nonequilibrium features of the system can be highlighted
also with the simpler density coupling of Eq. (3). For the
sake of simplicity, we also consider a momentum-independent
coupling g. The total Hamiltonian we consider is thus H =
Hy + He—path + Hph—barn + V.

II1I. DYSON EQUATION APPROACH

Our goal is to compute the electron distribution function
F(k, ) in the steady state of the open system. We can-
not assume thermal equilibrium, plus electrons and photons
cannot in principle be treated classically. Therefore, a clas-
sical (Langevin or Fokker-Planck) approach is not suitable,
while a standard Boltzmann-type equation for the electrons is
restricted to the case of a small electron-bath coupling ensur-
ing well-defined quasiparticles [19]. We thus choose to start
with coupled Dyson equations for the electron’s and photon’s
distribution functions. Since we are dealing with an interact-
ing system—the electron-photon coupling is not linear—we
adopt a self-consistent one-loop approach [34,35] which can
be obtained within the real-time path-integral formulation
illustrated in the Supplemental Material [29]. We proceed
now by neglecting the back action of the electrons onto the
photons, which is valid as long as the photon-bath coupling,
quantified by ypy, is sufficiently larger than the coupling g.
Further assuming space- and time-translation invariance in the
steady state, the resulting equation for the electron distribution

function reads

y(k 0)AF(k, 0) =gy / AK, @Ak —k, & — )
K %)

x {By(® — w)[F (K, ®) — F(k, w)]
— 1+ Fk, 0)F K, d)}, 4)

where [ = [ g—i’, and we have defined the deviation of
the distribution function from equilibrium AF(k, w) =
F(k, w) — Fo(w), along with the thermal distribution func-
tions for the electrons Fy(w) = tanh [(w — wo)/(2T¢ry)] and
the photons By(w) = coth[w/(2T.,y)]. We have introduced
here the electron chemical potential or Fermi energy p set by
the bath. We have also written the right hand side in terms of
the spectral functions of the electrons A(K, w) and the photons

. K,
Apn(k, w), which are defined as A(k, w) = —(w,e:)g +,(;g(k’w) and
Vo Yph (@)

Apn(q, ) = T @@ Within the simple model intro-

duced above, the quasiparticle dampings y and y;;, are set by
the baths.

If the photon damping, setting the width of the spectral
function, it will be sufficiently smaller than the electron damp-
ing, ypn < ¥, as well as the temperatures, Yph < Tery, Teay-
We can treat the photon spectral function Ap,(k, ) as a
Dirac-delta peaked at the photon dispersion to perform the
frequency integral in Eq. (4). Furthermore, the momentum
integral can be similarly performed by observing that the
photons in the cavity have an extremely light mass compared
to the electronic effective mass coming from the dispersion
relation in typical solid-state materials. This allows to treat
the momentum dependence of the photon spectral function
also as a delta function at zero momentum. As shown in the
Supplemental Material [29], performing these approximations
leads to a self-consistent equation for the distribution function
of the form

g

AF(K, ) = [A(K, @ + vo)H,, (k, ©)

4y (k, w)
— Ak, @ — vo)H_,, (K, w)], (%)
where we defined H,(k, w)=ByW)[FK,w+v)—

Fk,w)]+ F(k, w)F (K, w+v) — 1. Let us consider the fol-
lowing two regimes: vy <K Teay, Tery, ¥ O Vo 3> Teay, Tory, ¥-
In the Supplemental Material [29], we show that, at the
lowest order in both regimes, one finds F(k, w) = Fy(w).
Moreover, in the small vy limit, Eq. (5) can be expanded to
the linear order in vy and assumes the form of a nonlinear
differential equation, for which a further analytic treatment is
possible. Given a g which is much smaller than the electronic
energy scales, we can perform a weak coupling expansion
of the nonlinear differential equation (see the Supplemental
Material [29]), which results in the leading order correction
for the distribution:

FATy K, ) 3 [AK, o) o—wo\1
AF = — sech ,
47 Ty A(K, @) 300 | ¥ (K, @) 2oy

(6)

where the temperature difference is defined as AT = T¢,y —
Tiry. In this case, the out of equilibrium contribution is
proportional to the temperature difference between the two
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FIG. 2. Distribution function from the numerical solution of
Eq. (5). (a) Noninteracting thermal solution Fy(w) at the cryo-
stat temperature Tiry. This is antisymmetric around the line @ =
to. (b) Nonthermal distribution F(k, w) with fixed Teay/Tery = 3,
Vo/Tery = 0.5, yo/Teey = 0.5, po/Tery = 100, and g/T.y = 1. Note
that it has anti-inversion symmetry about the point (ex = o, w =
o). (¢) Nonthermal distribution cuts for different momentum values
(fixed through €y ), corresponding to the colored triangles in panel (b).
(d) Comparison of the thermal distributions Fy[7T ](w) = tanh[(w —
o)/ (2T)] at T = Ty, Ttay and the nonthermal F (k, w) at the Fermi
momentum (€ = ).

baths, thus AT amplifies the photon-induced redistribution.
In Eq. (6) we observe an explicit momentum dependence of
the nonthermal distribution, which is absent in the thermal
distribution Fy(w). Moreover, we see that the nonthermal de-
viation AF (k, w) is parametrically tuned by the coupling g,
the quasiparticle damping y (k, @), and the cavity frequency
vo. As we will show later, this analytical solution is also able
to capture the leading-order behavior of the on-shell effective
temperature for small vy and g.

IV. BROKEN THERMAL SYMMETRY
AND STEADY-STATE DISTRIBUTION FUNCTION

We turn now to discuss the full solution obtained iteratively
from Eq. (5). We focus here on the simple case of a mo-
mentum and frequency-independent electron dissipation yy =
y (K, w), and we show the corresponding F (K, w) in Fig. 2.
Note that, for a dissipation Yy, the momentum dependence of
F (k, w) enters only through €. The nonthermal nature of the
distribution becomes clearly visible when comparing the up-
per two panels. Thermal symmetry for g — 0 [36] implies that
in the (e, w) plane we have an inversion antisymmetry along
the w = o line given by Fy(uo + x) = —Fo(po — x), as
shown in Fig. 2(a). For finite coupling, the distribution func-
tion develops a momentum dependence and the antisymmetry
around w =  is broken. Instead, the distribution has now an
antisymmetry around the inversion point (ex, @) = (o, Ko)

given by F(uo + &, o + x) = —F (o — &, o — x), as eas-
ily seen in the contours shown in Fig. 2(b).

The role of a nonzero y is indeed fundamental, already
from the QKE it can be shown that if the right hand side
vanishes, the resulting distribution is purely thermal with
temperature Tg,y. The addition of a nonzero damping rate
thus acts as a relaxation mechanism allowing the electrons
to reach a nonthermal steady state with a different symmetry
than the usual thermal one. We effectively have a driven-
dissipative system with two unequal sources and sinks. This
imbalance leads to a loss of detailed balance and an inherent
broken thermal symmetry. The resulting reduced symmetry in
the distribution function would then depend strongly on the
functional form of the damping rate. Indeed, from Eq. (6)
we observe that keeping the frequency dependence of the
damping y (@) will remove also the inversion antisymmetry
around the point (g, Ko).

Furthermore, the frequency dependence of the distribution
is shown in Fig. 2(c), at fixed values of €k, away from the
Fermi momentum (ex # (o), the zero crossing of F is shifted
from the origin, indicating a nonthermal nature. Even for
the distribution at the Fermi momentum (ex = up), we see a
nonthermal interpolation of F (ug, @) between the distribution
at the cavity temperature around the Fermi energy o ~ g
and the distribution at the cryostat temperature at large fre-
quencies, as depicted in Fig. 2(d). It is worth noting that these
results are not substantially changed by considering a finite
photon damping rate. Indeed, the overall discussion and cal-
culations are based on the hierarchy of scales which ensures
that yp, is much smaller than the bath temperatures and the
electron damping rate but still bigger than the smallest energy
scale coming from the coupling g. Within these assumptions,
the final expressions are independent of y;,. Moreover, even
when yp, does not respect this hierarchy, the results remain
qualitatively the same, i.e., the distribution has the same re-
duced symmetry and nonthermal behavior, as shown in the
Supplemental Material [29].

V. EFFECTIVE ON-SHELL TEMPERATURE
IN THE NONTHERMAL STEADY STATE

Although the electron distribution is nonthermal, it is use-
ful to look at its low-energy properties near the Fermi surface.
Like in the previous section, we simplify our treatment and
assume y (k, ) = y,. We can extract an effective temperature
790l from the on-shell nonthermal distribution F(k, w =
ex) by linearizing it around ex ~ wo, meaning Torsell =

%[%}’f“];;m. We find for small vy and g,
- _ UoAT
Ton shell — (1 _ Ol) lT , o= 82 ) (7)
eff cry —4]T )/OZTC%y

In a similar spirit to the thermal Purcell effect [24,25],
we can thus observe that the effective electron temperature
depends on the cavity geometry, which enters in our model
through the cavity frequency vy. We remark however that
here, in contrast to the thermal Purcell picture, the electrons
are in a nonthermal distribution F(k, w), and the effective
temperature 727! represents only a local property of the
on-shell distribution function around ex >~ uo. The effective
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FIG. 3. Effective on-shell temperature 7, = 1[5 dee ]€k —0

calculated from the numerical solution of Eq. (5) vs cavity frequency
vy, for three values of the coupling g and with parameters T, /Tery =
3, o/ Ty = 100, and yy/Tery = 0.5. The inset shows the agreement
of the full numerical solution (green solid line) with the analytical
solution for small vy and g in Eq. (7).

temperature 7 3" shell j5 shown in Fig. 3. Interestingly, from the
numerical solutlon we observe a nonmonotonic dependence of
the 7,97l on vy. Whenever the physics of a phase transition
is governed by the vicinity of the Fermi surface, we can thus
predict a nonmonotonic behavior of any critical temperature
measured in terms of the cryostat temperature Ty, as it is
observed in the experiment [24].

VI. NONTHERMAL SOMMERFELD EXPANSION

In a noninteracting Fermi gas at thermal equilibrium,
the expectation values of a single-particle observable O =
f dty ) ok (l‘)l/flz (t)Y¥k(¢) at low temperature can be expressed
as a power series of the temperature 7 by means of the
Sommerfeld expansion [37]. Due to the antisymmetry prop-
erty of the equilibrium distribution Fy(w) around w = o, the
leading order temperature-dependent term is always quadratic
in temperature and linear in the energy derivative of the ob-
servable (n2T2/6)8€[O(E)D(e)]ezuo, where O(ex) = ox(w =
€x) and D(e) is the density of states. We describe how
this picture is modified in our two-bath setting for time-
independent single-particle observables, taking into account
the frequency dependence of the quasiparticle damping y (w)
[38]. In a setting with a finite electron damping, one also
needs to define the frequency-integrated distribution F(¢) =
f ‘%’A(k, w)F (e, w), [in the standard case [37] one typi-
cally has y — 0, which corresponds to F(e)=F(e,w = €)).
To obtain a closed expression for this correction, we con-
sider (O fde O(e) D(e)f(e) where we deﬁnedf =( -
F )/2. We assume that the width y(w = po) of the spectral
function is much smaller than the chemical potential ., and
we further assume that ¢y < o, as per the usual Sommer-
feld expansion. In the limits of small vy and small g, we can

use the analytical solution (6) for the nonthermal distribution,
and obtain the following change (see the Supplemental Mate-
rial for details of the derivation [29]):

A(O) = f de O(e) D(e)[f(€) — fo(e)]
g2v0

—— 3 O0(0)D(1t0) 30 ¥ (@) o=pso - ®)
%4 Vo

We see that this new term is linear in the temperature dif-
ference AT = Toy — Tiry and also proportional to the value
of the observable evaluated at the chemical potential. It is
also linearly proportional to the frequency derivative of the
electron damping. For a generic thermal bath, such as the
phonons to which the electrons couple once the cold finger
is placed, the damping rate can have a nontrivial frequency
dependence and thus we expect an important contribution
from Eq. (8). Moreover, even for a frequency independent y,
we still find a similar modification in the expectation value of
time dependent observables, where now we have the result:

FVAT

A(0) = v 00 (@) . )
7'[)/0

w=[

This term shows again the fundamental nonthermal linear-in-
temperature-difference behavior and the characteristic g, vy
dependence. A term like (8) or (9) is prohibited at thermal
equilibrium due to the antisymmetry of F(¢) around € = pg
excluding odd powers of Tiy from the expansion.

VII. CONCLUSIONS

We have studied nonthermal electron steady states in open
cavity quantum materials. Furthermore, we defined an effec-
tive temperature from the behavior of the nonthermal on-shell
distribution function near the Fermi surface, and have shown
that it depends nonmonotonically on the cavity frequency,
which is consistent with the nonmonotonic behavior of critical
temperature of the charge-density-wave transition observed in
the experiment of Ref. [24]. In future work, we will extend
our investigation of the effects of the nonthermal electron dis-
tribution function to the critical temperature and gap equation.
Moreover, we have shown that, in the Sommerfeld expan-
sion of a single-particle observable, a nonthermal correction
appears, which is proportional to the temperature difference
between the two baths, to the observable evaluated at the
Fermi surface, as well as to the frequency derivative of the
electron damping. The findings highlight the importance of
taking into account nonthermal effects in two-bath settings
through the modified fermionic distribution function, and how
this generically can induce qualitative changes in the mate-
rial’s properties.
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