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REGULARITY AND BLOW-UP IN A SURFACE GROWTH
MODEL

DIRK BLOMKER AND MARCO ROMITO

ABSTRACT. The paper contains several regularity results and blow-up criterions
for a surface growth model, which seems to have similar properties to the 3D
Navier-Stokes, although it is a scalar equation. As a starting point we focus on
energy methods and Lyapunov-functionals.
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2 D. BLOMKER AND M. ROMITO

1. INTRODUCTION

Throughout this paper we consider a possible blow up for a model from surface
growth. Our main motivation is to carry over the program developed for 3D-Navier
stokes to this equation, in order to study the possible blow up of solutions. This
paper is the starting point focusing mainly on Hilbert space theory.

Details on the model can be found in Raible et al. [18], [19] or Siegert & Plischke
[22]. In its simplest version, it is given by
(1.1) Oih = —0h — 02(0,h)?

subject to periodic boundary conditions on [0, L] and fOL hdx = 0. Although the
surface is not periodic, these boundary conditions together with the assumption
of a moving frame are the standard conditions in models of this type. Sometimes
the model has been considered also on the whole real line without decay condition
at infinity, even though we do not examine this case here.

From a mathematical point of view Neumann or Dirichlet boundary conditions
are quite similar for the problem studied here. The key point ensured by any
of these boundary conditions is that there is a suitable cancellation in the non-
linearity, namely

(1.2) /OL h(h2)dr =0,

which is the main (and probably only) ingredient to derive useful a-priori estimates.

The main terms in the equation are the dominant linear operator, and the qua-
dratic non-linearity. Sometimes the equation is considered with a linear instability
—h,, which leads to the formation of hills, and the Kuramoto-Shivashinky-type
nonlinearity (h,)? leading to a saturation in the coarsening of hills. Both terms
are neglected here. They are lower order terms not important for questions re-
garding regularity and blow up. Moreover, the presence of these terms complicates
calculations significantly (cf. [5]).

Furthermore, the equation is usually perturbed by space-time white noise (see
for instance [7]), which we also neglect here, although many results do hold for the
stochastic PDE also.

For general surveys on surface growth processes and molecular beam epitaxy see
Barabasi & Stanley [1] or Halpin-Healy & Zhang [12].

1.1. Existence of solutions. There are two standard ways of treating the ex-
istence of solutions. The first one relies on the spectral Galerkin method and
shows energy type estimates for the approximation, which by some compactness
arguments ensure the convergence of a subsequence. See [23], or for the stochas-
tically perturbed equation [1, 3, 7]. In all cases initial conditions in L? ensure the
existence, but not uniqueness, of global solutions.
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The second way uses fixed point arguments to show local uniqueness and regu-
larity using the mild formulation. See [6], which could not treat the optimal case.
In Section 2 we give a local existence, which is optimal in the sense that initial
conditions are in a critical space. We also establish uniqueness among mild solu-
tions and, less trivially, among weak solutions. For these smooth local solutions we
can easily show energy estimates, and discuss possible singularities and blow-up.

Standard arguments assure uniqueness of global solutions using a fixed point
argument in C°([0,T], H') for sufficiently small regular data in H'. We can even
go below that for uniqueness of solutions in H¢ for any a > % This improves
results of [0]. But we are still not able to prove uniqueness of global solutions
without smallness condition on the initial data. Nevertheless, we can give easily
several conditions that imply uniqueness of global solutions. All of them assume
regularity in critical spaces or more regularity (cf. Section 3).

In Section 4 we study possible singularities and blow up. Based on energy-type
estimates, we establish Leray-type estimates for lower bound on blow-up in terms
of H*-norms. Moreover, we study an upper bound on the Hausdorff-dimension set
of singularities in time, and show that a blow-up to —oo is more likely.

Remark 1.1. All results for regularity and Leray-type estimates are based on energy
estimates. These are optimal in the sense that they hold also hold for complex
valued solutions. Furthermore, using the ideas of [14], [15], one should be able to
construct a complex valued solution with strictly positive Fourier coefficients that
actually blows up in finite time. This is the subject of a work in progress.

This would show that results based on energy-estimates are useful to describe a
possible blow-up, but they alone will never be able to rule it out.

1.2. Energy inequality. We outline the standard idea for energy estimates, which
is to our knowledge the only useful idea for this equation. If we formally multiply
the equation by h and integrate with respect to z, then we obtain using (1.2),

t
(13) \h(t)|%2+2/ Ph(s) % ds < [B(0)[2.
0
Thus, using Poincare inequality,
h(t)]12 < e™|h(0)[7. and /0 |h(t)] 2 dt < |h(0)|72.

As explained before this estimate is only valid for smooth local solutions, or one
could use spectral Galerkin approximation to verify it for global solutions. Note
that this regularity is lower than critical regularity. It is enough for existence of
solutions, but not sufficient for uniqueness.
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FIGURE 1. A snapshot of a numerical solution to the surface growth
equation with additional linear instability —3002h. The hills look
like parabola with sharp valleys in between.

1.3. A Lyapunov-type functional. We can prove another a-priori estimate ei-
ther for smooth local solutions or via spectral Galerkin approximations,

L L L
50, / " dx = / ™" hyhigy dz + 2 / e h2hy, dx
0 0 0
L L
= — / " h2 dr + (2 — a) / e h2h,, d
0 0

L L
= —/ e h2, dr — 1(2 — a)a/ e hl dx.
0 0
Thus, for a € (0,2),

L L
/ )y < / e®0) dy for all t > 0
0 0

00 L 00 L L
(2?) o? / / e bt dx dt + o® / / M p2 drdt < / ) dy.
o Jo o Jo 0

With some more effort (cf. Stein-Winkler [23]), one knows that these terms are
bounded independently of h(0) for large ¢.

The positive part A" = max{0,h} now has much more regularity than the
negative part h~ = max{0,h}, so a possible blow up seems to be more likely to
—oo than to +o00. We will illustrate this in Subsection 4.3. But unfortunately,
this is still not sufficient regularity for uniqueness of solutions.

and

2. EXISTENCE AND UNIQUENESS IN A CRITICAL SPACE

Prior to the details on some regularity criteria for equation (1.1), we introduce
the scaling heuristic which explains the formulae that relate the different exponents
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in the results of the paper. An account on the scaling heuristic for the Navier-
Stokes equations can be found for example in Cannone [10], such argument are
on the ground of the celebrated result on partial regularity for Navier-Stokes of
Caffarelli, Kohn & Nirenberg [3]. A recent paper by Tao [24] discusses the scaling
heuristic in the framework of dispersive PDE.

The rationale behind the method is the following. First, notice that the equa-
tions are invariant for the scaling transformation

(2.1) h(t,z) — hy(t,2) = h(A*, \x).

If X is a functional space for h (for example L>(0,T; L*(0, L))), we can consider
how the norm of X scales with respect to the transformation (2.1) above. Say the
following relation holds,

[hallx = A"||A] x-
We have the three cases

1. sub-critical case for o < 0,
2. critical case for a =0,
3. super-critical case for a > 0.

The super-critical case corresponds to small-scales behaviour and is related to low
regularity, typically to topologies where possibly existence can be proved, but no
regularity or uniqueness. For example, one gets a = % (hence, super-critical) for
X = L=(0,00; L?) or X = L*(0,T; H?), which are the spaces where existence of
global weak solutions can be proved.

The general scheme is the following. Consider spaces X (depending on the space
variable) and Y7 (depending on both variables, with ¢ up to T' > 0), then in order
to have a regularity criterion based on Y7, the following statements must hold,

1. there is a unique local solution for every initial condition in X,

2. the unique local solution provided by (1) is regular,

3. the solution from (1) can be continued up to time 7', as long as its norm in
Y7 stays bounded.

The above analysis has been extensively carried on by a large number of authors
for the three dimensional Navier-Stokes equations (see for examples references
in Cannone [10]). The first paper dealing with such aims were Prodi [17] and
Serrin [21], see also Beale, Kato & Majda [2].

2.0.1. Function spaces. We shall mainly work in the hierarchy of Sobolev spaces
of Hilbert type. Since the equations are considered on [0, L] with periodic bound-
ary conditions and zero space average, we shall use the following homogeneous
fractional Sobolev spaces. For a > 0,

H® = {u € L*(0,L) :u(- + L) = u(-), wuy=0, Zk2a|uk|2 < oo},
k0
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where uy is the k™ Fourier coefficient, and H~* = (H®)'. We shall consider the
norm on H?* defined by

(2.2) Juls = Y K,

k0

which is equivalent to the norm of the Sobolev space H*(0, L) on H®.

We also use the space LP with norm |- |z» for the Lebesgue space of functions
with integrable p-th power, the space W*? with norm | - |y, for the Sobolev
space, where the k-th derivative is in LP, and the space C* of k-time continuously
differentiable functions with the supremum-norm.

2.1. Existence and uniqueness in H 3. This section is devoted to the proof of
existence and uniqueness in the critical space H %, which improves significantly
some results of Blomker & Gugg [6]. Here we shall follow the results of Fujita
& Kato [I1] on the Navier-Stokes equations with initial conditions in the criti-
cal Sobolev Hilbert space. This is optimal in the sense that local existence and
uniqueness with lower regularity should imply uniqueness by rescaling.

Definition 2.1. Given 7' > 0, § and « € (0, %), define the complete metric space
So = Su(T) as

Su(T) = {u € C(O.TH A+ sup {5 fu(s)|sa} < o).

s€(0,T

with norm

2041
[]lar = Sgpﬂ{s S u(S)]14a )
se(0,

and the d-ball
SH(T) = {u € Su(T) : |ullar < 5}.

Let us remark that for any i € So(T), @ € (0,a) and 6§ > 0 we find T e (0,7)
such that h € S3(T).

Theorem 2.2. Given an arbitrary initial condition hy € H%, there exists a time
T, > 0, depending only on hy, such that there is a solution h € C([0,T,); H%) to
problem (1.1). Moreover,

1. h e C*=((0,T,) x [0, L]),
2. the solution satisfies the energy equality
t
@) +2 [ Mool = O,

forallt <T,,
3. there exists ae > 0 such that Ty = 400 if |h0|% < Q,.

4. Either the solution blows up in H® for all § > % atT =T, orT, = occ.
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Remark 2.3. If the maximal time T, of a solution h is finite, while we know that
|h(t)||s — oo as t T T, for 3 > 5, we cannot conclude that the same is true for
|| (t )H% Indeed, h can be dlscontlnuous in the maximal time T, so either Hh(t)H%
is unbounded, or is bounded and discontinuous in 7.

The reason behind this is that a solution in H? can be continued as long as
there is a control on the quantity K, of the type (2 6), and this quantity is not
uniformly convergent to 0 in bounded subsets of Hz. In different words, K, can
be controlled as long as one can control the way the mass of h(0) is partitioned
among Fourier modes.

The proof of this theorem is developed in several steps, which we will prove in
the remainder of this section.
First, we prove existence and uniqueness (together with the global existence

statement). Then we prove an analogous result in HP for all 3 > 1. By a

standard bootstrap technique, this implies the smoothness of solutions. :

Let A be the operator 9! with domain H*. Tt is a standard result that A
generates an analytic semigroup. Using for example the Fourier series expansion,
it is easy to verify that

(2.3) R P
for every t > 0, where v > 0 and # € R. Moreover, it is easy to verify that the
norm \Ag - | g2, which we will use several times in the paper, coincides with the
standard norm (2.2) on H”.

Proposition (A.4) implies that for o € (0, 1),
(2.4) AR (1) 12 < cal Bl

(just apply the proposition with a = 3, v = % — 2« and use the dual formulation
of L? norm).
Consider now the right hand side of the mild formulation,

(2.5) F(h)(t) =e " ho + / t e~ E=94(n2) . (s) ds,

and define

1
Ky(t) = sup (38(2"“)] e holita), for hg € H2,
s€(0,t]

K(t,h) = sup (s3®*D|h(s)]11a), for h € Su(T), t €[0,T].

s€(0,t]

Obviously, K(t,h+ k) < K(t,h) + K(t, k) and

1
Lemma 2.4. For hg € H2 we have
(2.6) Ky(t) =0 ast— 0.
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Furthermore, for each [ € [%, 1 + a] there is a constant cg > 0 such that

(2.7) Ko(t) < cgts7 | hols.

Proof. By assumption Ashg € L?, hence by Lemma C.1 for s — 0,
S%(2a+1)‘ o 54 hol1sa = ]58 (2a+1) 3(142a) 4 —sA Aého|L2 0.

For the second claim use (2.3) to show

Ko(t) = Sl(lp} sé(%‘ﬂ)|A%(1+°‘_ﬁ)e_SAAghO|L2 < c/gté(2ﬂ_1)|h0|ﬁ.
s€(0,t

O
Now we proceed to find a solution of h = F(h).

Lemma 2.5. There is a small constant § > 0 depending on « such that for all hy €
H3 there exists a time T sufficiently small, such that the map F is a contraction

on SX(T).

Proof. First we show that F maps S? into itself for T and § sufficiently small. To
be more precise, there is a number ¢, > 0 such that for all t € [0,7] and all h € S?

(2.8) K(t,F(h)) < Ko(t) + ca K(t,h)* < Ko(T) + co0°.

Thus for § < c,/2 and T sufficiently small F maps S° into itself.
In order to prove (2.8) we consider

[F(h)(®)|i4a < [e7 holia + /t e IAR) w10 ds. = Io + 11
For the first term, 0
té(2a+1)lo _ t§(2a+1)|A§(2a+1) o tA h0|% < Ko(T) =0
for T'— 0.

For the second term we use (2.4), as well as (2.3), to obtain

I :/ ]AS b=da 4 lia o= (t=9)A 145(40475)(hi)m‘L2 ds

t
< cK(t, h)Q/ S—i(2a+1)(t _ S)—é(7—20¢) ds
0

= Ot 520 K (¢ )2,

where C, = ¢B(3(3—2a), §(1+2a)) and B(z,y) = fol t*=1(1—t)¥~' dt is the Beta
function.

Now let us show that F is a contraction on S,. If h, k € S,, then by following
essentially the above estimate of I;, one can derive the following estimate
(29)  K(T,F(h)— F(k) < CK(T,h — k)K(T,h + k) < 20C,K(T,h — k)
Thus F is a contraction, if § < 1/(4C,). O
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The following corollary is obvious, if we use (2.7) for 3 > 0. The same conclusion

cannot be drawn in the case 3 = § (see Remark 2.3).

Corollary 2.6. If hy € H? for 3 > %, then the time T in the previous lemma
depends only on a bound on |ho|g and not directly on hy.

Thus, as long as a solution is bounded in any HP with § > %, the interval of
existence can by extended by a fixed length T', which depends only on the bounding
constant.

The next lemma shows that the solution to the fixed point h = F(h) in S, is
continuous with values in H'/2.

Lemma 2.7. If h € S,(T), then F(h) € C°((0,T], H'/?).

Proof. Obviously, it is enough to show that F(h) is continuous in t = 0. First,
e hy — 0in H 2 by continuity of the semigroup. It remains to show that

¢
/ e_(t_s)A(hm(s)2)m ds — 0
0

in H2 for t — 0. We know already by (2.4) that f(s) = sa(e+D) 45(a=5)(p2) g
bounded in L? for s € (0,T] with |f(s)|z2 < ¢K(s,h)?. Thus from Lemma C.1),

¢
/ Sii(%ﬁl)A,%(mﬂ%Hée*(t—s)Af(s) — 0
0

in L?, for t — 0. 0

Proposition 2.8. Given hy € H? and o € (0,%), there exists Ty > 0 and &y,

depending only on o and hg, such that there is a unique solution in S2(Ty) to
problem (1.1) starting at ho.

Moreover, the solution is in C°([0,Ty), H'/?) and there exists ag > 0 small
enough such that, if |hol1/2 < ag, then Ty = oco.

Proof. Most of the proof is already done. We need to prove the last statement of
the proposition. By (2.3), Ky(t) < c0|h0|%, so that, if we choose ag < (cocy)™!
(where ¢, is the constant in formula (2.8)) and K = (2¢,) (1 — /1 — cycaaq), by
(2.8) it follows that, for K(t,h) < K,

K(t7f(h)) S KO(t) + CocK(t, h)2 S Ccoag + Caf(2 S K7
independently of ¢. Hence, T = oc. 0

Remark 2.9 (Criticality of S,(7")). Following the same notation used in Sec-
tion 2, we have that if h € S,(T), then hy € S,(T)\) and K(Ty,h,) scales as
As(1=62) (T ). So, apparently, the || - [l does not obey the scaling heuristic.
On the other hand, this information is of no use. Indeed, the scaling behaviour is
hidden, as it is shown by Lemma 2.13, where the boundedness in a space which is

almost S, implies boundedness in the critical space L%(0, T H Ie) with ¢ = T an.
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Next, the case of more regular initial condition is considered. The result is
stated for integer exponents only, since for showing regularity the present version
is sufficient (we already know that solutions with initial value in H? are continuous

in H D). Tt is easy to adapt the proposition to noninteger exponents, with some
slight changes.

Proposition 2.10. Let n € N, n > 1. Given an arbztmry hy € H" , there exist
T > 0 and a solution h € C([0,T); H*) N L2 ([0,T); H"?) to problem (1.1), with
wnitial condition hyg.

Proof. We only prove the core a-priori estimate for the Theorem. Existence of
a solution can be proven by means of Proposition 2.8 or by an approximation
procedure (such as finite dimensional approximations).

Start by n =1,

d
E\h\f = 2(h, Oth)1 = =2|hl5 — 2haa, (h7)zz).

By integration by parts and Sobolev, interpolation and Young’s inequalities, we
get

(by Holder’s inequality) S 2|h.’L':L':E ’LQ |hx ’LG |hxw |L3

(by Sobolev embedding) S C|h|3|h| % |h| %

7 5
(by interpolation) S C|h|§1 |h|i1

(by Young’s inequality) < ’h|§ + C‘h‘lo.

In conclusion, if we denote by p(t) = |h(t)]? + fo |h|2, the above inequality reads

d
= SRl 1Al < Il < o

and by solving the differential inequality, we have a time T such that A is bounded
in C([0,7); H") and in L2 ([0,T); H?).

The method is similar for n > 2. By computing the derivative of |h(¢)|?, it turns
out that it is necessary to estimate the term originating from the nonlinear part.

By integration by parts and Leibnitz formula,
2(D*"h, (h3)aa) = 2(D"*?h, D"(h3))

=2 ; (Z) (D"2h, (DF1R) (D™ RR)).

By applying Holder’s inequality and Sobolev embedding, the above sum can be
estimated as above. All terms |h|, with @ <n can be controlled by |h|,, while all
terms with a € (n,n + 2) can be controlled by |k, and |h|,;2 by interpolation.
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We finally get the estimate
d a
a’h’i +2|h[5 s < [Blnas + calhly,

with suitable ¢, and a,, depending only on n. By solving, as above, the implied
differential inequality, the solution / turns out to be bounded in C([0,7); H") and
in L2 ([0,T); H"*?). O

loc

Everything is now ready to carry on the proof of the main theorem of this
section.

Proof of Theorem 2.2. The existence of solutions with initial condition in H'/2, as
well as the T, = oo statement, follow from Proposition 2.8.

The regularity statement (1) follows from Proposition 2.10. Indeed, by Proposi-
tion 2.8, a solution starting in H'/2 is continuous with values in H'. By applying
Proposition 2.10 on each h(t) € H', for t < T,, it follows that the solution is
C((0,T,); H') and L2 _((0,T,); H®). The last statement implies that h(t) € H?,
for almost every ¢t € (0,7,) and so Proposition 2.10 can be used with n = 3, and
so on. By iterating the procedure, it follows that h € C((0,T,); H?) for all § > 1.
Time regularity now follows from this space regularity and the mild form (2.5).

The energy equality in (2) is now easy using the space-time regularity in (0, 7,)
and the continuity at ¢ = 0 in the L? norm. U

2.2. Uniqueness among weak solutions. A weak solution to equation (1.1)
is a function h € L2 ([0,00); L?) N L2 ([0, 00); H?) which satisfies the equation
in distributions. Existence of such solutions for all initial data in L? has been
established in [23] (or [5, 7]). The following theorem shows that the solutions
provided by Theorem 2.2 are unique in the class of all weak solutions A that

satisfy the energy inequality (1.3).

Theorem 2.11. Let hy € Hz and let h € C([0,T.); Hz) be the solution to (1.1)
provided by Theorem 2.2 and defined up to its maximal time Ty. Then every weak
solution to (1.1) starting at h(0) coincides with h on [0,Ts).

In order to prove the theorem, we shall proceed in several steps. We will essen-
tially prove that any solution in S, (7') with an additional integrability condition
is unique in the class of weak solutions (Proposition 2.12 below). Then we prove
that solutions in S, (7") satisfy the additional condition (Lemma 2.13 and 2.14). It
is worth remarking that the additional integrability condition (2.10) turns out to

correspond to the critical space LH%(H I+a) (see Section 3.1).

Proposition 2.12. Let h € S,(T) be a solution to (1.1) and assume moreover
that

T 8
(2.10) | I @t = pale < o0,
0

1,8/ (2a+1) ([O,T],HlJFO‘)
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Then h is the unique weak solution starting at h(0).

Proof. Let k be any weak solution starting at h(0). Since h € C*°((0,77] x [0, L])
and h is continuous in H %, it follows that

0500 +2 [ oyt == [ [0k 4 ki) s

which, together with the energy inequality for k& and the energy equality (see
Theorem 2.2) for h implies that the difference w = h — k satisfies the following
energy inequality,

¢ ¢
|w(t)|2L2 + 2/ |wm|%2 ds < 2/ /(hmki + kmhi) dx ds
0 0

t
= 4/ /kmwxwm dx dt
0
where we have used (1.2) since

hmki + kmhi = 2k, Wy Wy + wmwi + hmhi + kmki

The conclusion now follows from the assumption (2.10) and Gronwall’s lemma,
since

t _8
[ [ v it < bl ool sge < ful + b s

where we have used Holder 1nequahty (with exponents 2, 1 ;and 5 ) the Sobolev
embeddings L= ¢ H5® and L* c H'“e, mterpolatlon of H > between L2
and H?, and finally Young’s inequality. 0

Assumption (2.10) cannot be obviously satisfied by any arbitrary element of
So(T), hence we are led to prove additional regularity for the solutions of (2.5).
To this end, define for 7> 0 and «a € (0, 1),

(hullr)? = 32204 (sup st -+ g ()]} )

P s<T
and
SalT) = {u € Sa(T) - Julls 7 < 00}
Assuming that SX(7') C S,(T') is not restrictive, since it is easy to verify that
[ [P [
Lemma 2.13. If h € Si(T'), then F(h) satisfies (2.10) on [0,T].

Proof. We write F(h)(t) = Ho(t) + Hy(t) where Hy(t) = e ** h(0) and H, contains
the nonlinearity. Now,

(0% —4C 4
[Ho(t)[F 40 = D K0T e [ (0)],
k0
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and so, if ¢ € L4(0,T) with p = W and 1 —|— =1,

T 00 T
/ PO Ho(t)[} o dt = K2Ry (0)) / o(t) 2" gt
0 k0 0

1

T =
< ||90||Lq Z]{;2(1+a)|hk(0>|2(/0 SO(t) o~ 2ctpk dt> P

k0
< cllellzalA(0)]3.

By duality, the L% norm of |Ho|1+o is finite. The second term is more delicate,
we shall proceed as in the proof of Proposition A.4,

\Hy (1)), = Zkz (1+a) (/ c(t— sk4[(h2>m]k>2

k40
2
= SR (X il [ )] )
k40 I+m=k
«a *7 K 2 ! —c(t—s)k* —1t2a 2
<> 52 i) ( [ s )
k40 l+m=k

142

where hj = sup,cr s 5 |h(s)|. Hence, for every ¢ € L9(0,T),

T
JRCLACINE
0
2 (T ¢ . o\ 2
<SR fminin;,) / (1) ( / e eIt =) .
0 0

k#0 +m=k

If we prove that

(2.11) /OT (1) (/Ot omelt—s)kt o~

then we can proceed as in the proof of Proposition A.4 (where the h} replace the
Fourier components and v = % — 2a) to obtain that

2
) dt < cllgpll k",

T
/0 PO Hi(t)|14a dt < cllollzo (105 2)*,

and, again by duality, boundedness of F(h).
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So, everything boils down to proving (2.11). Using Hélder inequality and (twice)
a change of variables,

r t k4 142 2
/ o(t) < / e~et=) s*T> dt <
0 0
T ¢ k4 1+2a 2p %
S ||Q0||Lq [/ gO(t) (/ e*C(th) s~ d8> dti|
0 0
<t o 2 s
< HSDHquZa—? [/ (/ ef(tfs) S,1+42 dS) dt] P
0 0

and it is elementary to verify that the integral on the right-hand side is convergent.

Indeed,
t
2 —2a
/ e (=9) g— =5 e_%,
0
which is in LP(0, 00), as well as
t
/ e*(t*S) s 14;12(1 < 2a4+1 (1 _ eié)’
5
since ¢~ %1 =2, O

The final step is to prove that solutions exist in the smaller space S3. This is
then the unique weak solution and the solution given by Theorem 2.2.

Lemma 2.14. Let hy € H2 and a € (0, 3). Then there is T, > 0 such that there
ezists a solution h in Sy(15).

Proof. The proof is essentially a fixed point argument, as in Proposition 2.8. So,
it is sufficient to show the following facts:
L (| Holl5 7 < [[R(O)[l;,
2. |[Hollyp — 0 as T =0,
3. there is ¢ > 0 (independent of T') such that for all h € S;(T), || F(h)|lsr <
[Holls, 7 + c(llBll5 r)?,
4. there is ¢ > 0 (independent of T') such that || F(g) — F(h)|[ir < cllg —
Mzl + hllsr for all g, h € SE(T),

where Hy(t) = e ' h(0) and H,; = F(h) — Hy. Notice that

sups 5 |[Ho(H)]s] = |he(0)|sups 5 e " < ek 2" | hy,(0)]
s<T s<T
and so
< 2(1+O¢ 2 1+20[) <
(1Holl%r > "k | A (0)|*ck™ c[[h(0 )||2-

k0
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In order to prove the second property, we have to refine the previous computation.
Fix ¢ > 0 such that ¢ < ¢, (where ¢! is the point where the function s e
attains its maximum), then

Il =( > + > )k2<1+a>|hk 0)(sup 5™ =2

s<T
|k|<eT™ 1 |k|>eT™ 1

< > W) O+ D] k(0

1
|k|<eT™ 14 |k|>eT™ 1

1+2a 2 2
<O +e Y kIO

1
|k|>eT ™1

Now, limsupy_ || Holl% 7 < e72||h(0)]|3 and, as € | 0, the conclusion follows.
’ 3

In order to prove the last fact, we follow the proof of Lemma 2.13,

t
()| < 82 3 fimini, ([ et o)

+m=k
and so
t
iETptlgm’( De()] < K Z |lm|h}hr, (suptHQa/O o—c(t—s)k Sf%)

l+m=k

Assume that the term in round brackets in the above formula is bounded by
7T—2a . . g
cak™ 2 (we shall prove this later), then, as in the proof of Proposition A .4,

* 1 * 2 * 4
> limlhihy,)” < ellblr)

k#0 l+m=k

(15, 7)* < ca

As it regards the rounded brackets term, we use the inequality emelt=9k" < ¢ (k4 (t—
)75 to get

t
14+2a _ _ 4 142« _ _ T2«
(Supt ; /e ct=s)k? == ds) Sc@?(%,%)k =
t<T 0

and B is the Beta function.
The proof of the last fact is similar. Indeed, if g, h € SX(T), then

|[F(9)(#) = F(R)D)k| < k‘Q/ e [(g = h)alg + h)ali| ds

0
t
<K Y im| / eI | (g — hy) (g + hun)| ds
I+m=Fk 0

and so, by proceeding as above, the last fact follows. [l
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Proof of Theorem 2.11. Given h(0) € Hz, let h € C([0,T,); Hz) be the solution
provided by Theorem 2.2 and fix T" < T,. By Lemma 2.14 we know that h €
Sx(Ty), so Lemma 2.13 implies that h satisfies the integrability condition (2.10)
on [0,7;]. By property (1) of Theorem 2.2, h satisfies trivially (2.10) on [T%,T7.
So Proposition 2.12 applies and the conclusion follows. O

3. REGULARITY

3.1. Criticality. In this section, we carry out the program described in the be-
ginning of the previous section. We will find spaces Y such that boundedness in
these spaces imply uniqueness for solutions starting in H'/2.

Let us first discuss regularity criteria in Lebesgue spaces. Set T\ = A\~*T and
Ly = A"'L and consider the space X (\) = L4(0,T; L*(0, Ly)), for some values of
p and ¢. Under the scaling (2.1) we have that

_4_1
[Pallxoy = A7 7|2l x ).

so that the space L>°((0,7") x (0, L)) turns out to be the only critical space in this
class. All other Lebesgue spaces are super-critical.

The conjecture now is that solutions in L>°(0,7"; L>°(0, L)) or C((0,T) x (0, L))
are unique and regular. We believe that with similar methods, as in the existence
for initial conditions in H'/2, one should be able to prove existence of unique local
solutions. But this is much more involved. ‘

In order to consider Sobolev spaces, we set X (\) = L?(0,Ty; W*P?(0, Ly)) and

—4_1
1hallx oy = A" 7 ([l x -
(this is easy for integer k and tricky for non-integer values, but it can be done).

Hence, the space is critical for
4 1
-+ -=k.
qa P
In the following subsection, we will give the corresponding criteria for p = 2, k ar-
bitrary and p = 4, k = 1. The extension to k = 1 and p arbitrary is straightforward
and not presented here.
Let us finally remark, that in the following, we also give regularity criteria for

LY0,T,C*(0, L)), which is also a critical space.

3.2. Regularity Criteria. In principle the following Meta-theorem should hold:
If a solution is bounded in a critical space, then it is unique, and does not have
a blow up. This means that the unique local solution exists as long as at least
one (hence all, as the solution is then proved to be regular) of the critical norms
is finite over the time horizon.

For simplicity, in the rest of the section we focus only on some examples and
we consider solutions with sufficiently smooth initial condition, in order to have
energy type estimates for the H'-norm without any trouble at ¢ = 0.
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We just remark that energy estimates in any other H®-space with s > % yield
exactly the same result.

Theorem 3.1. Let hy € H', let h = h(-, hg) be the unique local solution started
at ho and let T(ho) be the mazimal time of h. Then h is C* in space and time on

(0,7(ho)) and for every o € (3, 3),

T(h()) %
/ |h(s)|ljra " ds = oo.
0

Moreover,

7(ho) 16/3 7(ho)
/ 1A (s)|1ef% ds = 0o and / [7(s)| 40 ds = oo .
0 0

Proof. We already know by Theorem 2.2 that there is a unique local solution
in C((0,7); H') for initial conditions in H', which is actually smooth. Indeed
h e C=((0,7) x (0,L)). Furthermore, the H*-norm blows up at t — 7.

Now fix a € (%,2), then by integration by parts and the Sobolev embedding

312
Hs C L3,

d

L L
_ 4 / Bshas s d = 2 / hl,
0 0

(3.1) < c|hlis.
6
By interpolation, it is easy to see that
2a—1 9—2a
[Alis < [hly * [hlalhls *

and so using Young’s inequality,

8

d
IRl 420005 < [Rl5 + clplE T [RI7

Finally, by Gronwall’s lemma, the proof of the first statement is complete.
Let us turn again to (3.1). Using Sobolev embedding H 1 C L4 yields

d
(3.2) —IR[E 420005 < Clhlwralhloy D5 -
Again by interpolation and Young inequality

d

ZIhE 20 < B+ CIRLLIAE

which yields the result using Gronwall.
The last claim follows similarly, using

d
(3.3) £|h|? + 2|h|3 < C|h|cr |hla]hls -
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O

3.3. H3-regularity. In this section we show LP(0,T, H?) for some small p which
is possibly less than 1. We gain spatial regularity by paying time regularity. The
main result is:

Theorem 3.2. If for a solution h € L"(0,T, H') for some r € (0,10), then h €
L'5(0,T, H?). Moreover,

T T (10—7)/5
/|hmy’"/5dtgc</ |hx\’"dt) .
0 0

Remark 3.3. It is easy to check that the space L™/°(0, T, H?) is critical if and only
if L"(0,T, H') is critical. Thus this result respects the criticality heuristic.

Remark 3.4. If h € L>=(0,T, H'/?) (critical) then by interpolation of H'/? and H?
we obtain from energy estimates h € L°(0,T, H'), and now h € L%°(0,T, H?).
Then by interpolation of H'/? and H? we recover h € L?(0,T, H?). Thus this reg-
ularity result gives no improvement of the regularity given by the energy estimate
in Section 1.2. It respects the level of criticality of the spaces.

Proof. For some p > 0 where | - | denotes the norm in L?

Bl (o he) | (el (e, )
— 2 = hx hx ,hx
t1—|—|h$|P 1+|hx]p+p (1 + | hgl|?)? ©p(|hal) (hat, ha)

where ,(2) = (2+ (2 +p)2?)/(1 + 2P)?. Thus using the PDE and integration by
parts

h|?
s = ol [ Bde = o)

Using the embedding of H'/6 into L3, interpolation, and Young yields

O

| / B8, di| < Clhfy s < CIRT BT < CIRO + |2

Combining both results yields

||
T]hlp = —%¢p(|hx’)|hxm|2 + Cop(|ha) | ha] ™

Now, @, (|ha])he|'* € L'(0,T) if 12— r — 2p < 0 and thus p > 6 — 5. We derive

Oy

T
/0 %901)(|hx|)|hmz|2dt<oo for p=6—§>1,

Using Holder inequality for some a € (0, 2) yields

T T /2 T (2—a)/2
/ ozt < / gz oy (hel) ) ( / epllial) /) dt)
0 0 0

T —Q
< o / -2 gg)
0
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Fixing oo = r/5 yields the claim. O

3.4. Blow up below criticality. In this section we will study the blow up in a
space below criticality, i.e. in some H® with s < % This is a slight generalisation
of Theorem 3.1 and prepares the results of Leray-type shown later.

For % < 4 <1 we obtain:

L
L9, h2 < —c|h|g+5+2/ (=02 ho - hoho da
0
(34) < —clhl s + Clhlvsasll ]
< —clhf3 s + Clnlys™  hlg =
where we have used the Sobolev embedding H T C L4
Remark 3.5. As it is used several times in the proofs, we state the following ele-
mentary interpolation inequality. For v > « and 3 € [« 7],
=8 B=a
|hlg < Clhla™ |l
Using interpolation between H7, v < % and H?%9 implies
505 < —clhl}, s + C|n|(FH0Y/ 207 e/ eemn
If we suppose v > 1, then using Young inequality with p = (84+46—4+)/(9+46—67)
and ¢ = (8 +46 — 4v)/(2y — 1) we derive
%&\h\g < C’h’i(3+25)/(2%1)
We proved the following Theorem:

Theorem 3.6. Let h € C™([0,y) x [0, L]) be a solution and fix v € (1,2] and
6 € [5,1]. Then

\h(t)|s — oo fort /'ty = / (1) 2520/ @) gy —

Note that for a blow up below criticality with 6 < 3 the LP([0,7], H?)-norm
in this theorem has a smaller p than assured by Theorem 3.1. The spaces in the
above theorem should always have the same level of criticality.

4. BLow-up

In this section we discuss some properties of the blow up. First, at a possible
blow up time, one expects that all norms with higher regularity than the critical
norms will blow up, in particular all H*-norm with s > 1/2 should blow up.
In Subsection 4.2, we give a lower bound on the blow-up in H®-spaces, while in
Subsection 4.4 we show a bound on the size of the set of singular times. We
illustrate that a blow up to —oo is more likely, but first we give some remarks on
possible shapes of a blow-up.
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4.1. Some remarks. Let us first give examples on which blow up profiles v = h(7)
are possible at the blow up time 7.

» If v exhibits a jump like sign(x), then the Fourier-coefficients decay like 1/k,
and thus v is in H® if and only if s < %

» If v exhibits a logarithmic pole like log(|z|), then the Fourier-coefficients
decay like 1/k, and thus v is in H* if and only if s < 3.

» [f v exhibits a cusp like |z|* for @ € (0,1), then the Fourier-coefficients
decay like [k|~(**®) and thus v is in H'/?, and not a possible blow up.

4.1.1. Stationary solutions. The L? estimates (1.3) show that the only stationary
solution is h = 0, as |h(t)|r2 — 0 for ¢ T co. On the other hand the problem is
one-dimensional, so it is worth trying to look for solutions directly. The equation
for stationary solutions is
so there are constants A, B such that h,,+h? = Ax+ B. By the periodic boundary
conditions, A = 0.

Case 1: B = 0. By direct computations, we get

h(z) = 1 +log |1 + cra,

and the only periodic solution corresponds to c; = 0, a constant function. Notice
that, anyway, the solutions are singular with a log-like profile.

Case 2: B = b?. Again by direct computations,
C2
b
and there are no periodic solutions. We remark that again the singularity has a
log-like profile.

Case 3: B = —b%. By elementary computations,

h(z) = ¢1 + log | cosh bx + — sinh bz,

h(x) = ¢1 4 log |bcos bz + ¢y sin bz |,

all solutions are periodic on [0, L] as long as b = %’Tk, for some k£ € N. If xg is any
zero of b cos br+c sin br, we can write the solution as h(x) = ¢;+log | sin b(x—x0)|)
(with a different value of ¢;). Again, the stationary profile is log-like.

4.1.2. Self-similar solutions. By exploiting the scaling (2.1), we may look for so-
lutions of the following kind,

x
hit,z) = ,
(t.0) = ()
where ¢ is a suitable function. The equation for h reads in terms of ¢ as
(4.1) Pyyyy T (Spi)yy +yp, =0, yER,

and, by the regularity of weak solutions one shows easily ¢, ¢,, € L? and hence ¢ €
H?(R). Here for simplicity we have neglected boundary conditions and formulated
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the problem on the whole real line. The problem above can be recast in weak form

/sonyyyyder/sOinyydy— /sondy— /ysonydy =0, neCz,
where the solution ¢ € H. (R).

There is quite a strong numerical evidence that there are no solutions to (4.1)
defined on the whole R. This fact would rule out self-similar solutions’.

4.2. Leray-type results. We will prove the following theorem, which is based on
one of the several celebrated results of Leray [13] on the Navier-Stokes equations.
This relies mainly on a comparison result for ODEs (see Lemma B.1) and energy
estimates. It improves the results of Theorem 3.1, which states that at blow-up
for s > 1 the function ¢t — |h(t)[5/ 2
it behaves like %
Theorem 4.1. Let h € C*°([0,ty) x [0, L]) be a smooth local solution. Then for
s > 1 there is a universal constant C > 0 such that |h(t)|; — oo fort / ty (or for
any subsequence) implies
\h(t)]s > Clto — t)~ V8 forallt € [0,1,) .

Proof. We proceed by using energy estimates. Again use the notation D = AY* =
10| and B(u,v) = (up¥s) e

From (1.1) we obtain for s =1 + & with § € (—3, 2)

is not integrable. The result now says that

@mmﬂﬂwaéz-a/pwmmmmm

- 4/D25th(h, h,) dz
< C|h|1+6+e|h|g,6|h|3+67

where we used Proposition A.4 with a =2+, 0 = % —¢, and v = —a+ € for some

small € € (0,3) such that e + 0 € (—3,2). Now using interpolation (cf. Remark

3.5) yields

o5y Lis4a6)

(
Oulhlivs +20hl50s < ClAlLLs ~lhl5es
As (5 4+ 20) < 8, we can apply Young’s inequality with p = 8/(7 — 20) and

q = 8/(1+ 24) to derive
8t|h|f+§ < Cmﬁf;ga)/(lna) _ C|h|§(3+25)/(25—1) .

IExistence of self-similar solutions has been a long standing problem for the Navier-Stokes
equations. The problem was firstly posed by J. Leray [13] in 1934 and finally solved by
Necas, Rizicka & Sverak [16] in 1996. Lately, Cannone & Planchon [J] proved existence of
self-similar solution in Besov spaces.

Necas et al. exploited a non-trivial maximum principle for |u|? + p (where u is the velocity
field and p is the pressure). We remark that no such fact seems to be true in this case.
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Thus Lemma B.1 implies the theorem for s € (3, 2).
Consider now s = 2 + 4 with § € (-3, 3).

272
Ohlaes +2h|1s = 2/D25hmmB(h,h) dz
= —4 / D®hypuB(h, hy) dz
— 4 / D¥hyy [B(hy, hy) + B(h, hyy)] da
C’h’2+6+e‘h‘%_e‘h‘3+6 + C’h’3+5+e‘h‘%_e‘h‘2+6 :

IN

where we again used Proposition A.4 with the same choice of o, 3, v and €. Now
using interpolation

1
(7+268) T (5-20)
Oul 35 + 21hl1s < C|h|2+(s |h\f+5
and Young with p = 8/(5 — 2J) and ¢ = 8/(3 + 20)
(42) Oulhl3ys < CIRL 2D = ClREH29/ B

Now Lemma B.1 finishes the proof for s € (2, 1).

The general case is proven similarly, by distributing the derivatives as evenly
as possible on the trilinear terms, as in the proof of Proposition 2.10, and then
applying Proposition A.4, possibly with different «o’s for different terms. 0]

Remark 4.2. We can also give a lower bound on the blow-up time ¢y, depending on
|h(0)]s for 6 > 3. To be more precise, using the upper bound in Lemma B.1 the
following is straightforward to verify. For all s > 1 there is a constant ¢, > 0 such
that the solution is regular and smooth on (¢,t.) 1f cs|h(t )|8/ (2s= 1)(25* —t) <1

On the other hand, Theorem 4.1 immediately implies that near a blow up at t,
we obtain for all 7 € (¢, t.), that c,|h(r)[¥/ (¢, —r) > 1.

4.3. Criterion for point-wise blow up to —co. We show that for a blow up
in L* the blow up to —oo is much more likely than the blow up to oo. This
is mainly based on the a-priori estimate from Section 1.3, but first we use the
following estimate:

L L L

L L
:2/ Rhehaes d:v—|—4/ h(hy)?hee dx
0 0

L L
:_/ h(hm)Qd:v—%/ (hy)* du,
0 0
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where we used the cancellation property (1.2). Thus

L
/ / dxdt</ h3 dx+/ / dxdt—i—/ h~h%dx.
0 0

This implies:

Theorem 4.3. Let h € C*°([0,7)x ([0, L]) be a smooth local solution. If fOL h3(0) dx
is finite and ||h||La(o w14y = 00 then the negative part h™ has to blow up. In other
terms, there are t, /' T and x, € [0, L] such that h(t,,x,) — —o0.

Corollary 4.4. ]ffOL h*(0) dx < oo and h™ uniformly bounded, then ||h| a7 w14y <
oo and fOT fOL ht (hyy)? dz dt < oo.

Let us now show that not only we have a point-wise blow up, but also a blow
up for some fOL e~ ""®) dx, while we know already by Section 1.3 that fOL e dy
stays finite for v € (0, 2).

Lemma 4.5. Let h € C*([0,7) x [0, L]) be a smooth local solution. If

T
(4.3) / /|hz|a]h|kdxdt—>oo for T /7
0

for some o € (0,4) and k > 0, then
/e M dr 00 for t ST

for all v € (0,2a/(4 — ).
Note that the corresponding metric is always not critical. It has less regularity.

Furthermore, note that for a < 2, by Holder and interpolation, the quantity in
(4.3) will never blow up.

Proof. Using Holder and results of Section 1.3 yields for any € € (0,a/2) (i.e.
4e/a € (0,2)),

T a/d
(/ /\hm|“]h|kd:cdt> <
0
T a4
< C/ (/|hxla\h\’“dx> dt
0
T (4—a)/
< C/ /|hx’4e4eh/a di - </€4eh/(4a)‘h|4k/(4a) d:c) dt
0

< Csup </e—4€h/(4—a)|h|4k/(4_a) dg;) (4-a)/a

(0,7]
o\ /e
< CSUp( e’ d:p)
(0,7]
for v € (0,4¢/(4 — @)). O
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4.4. The set of singular times. Let h be a weak solution to (1.1) and consider
the set of regular times of h,

Z = {t € (0,00) : u is continuous with values in H' in a neighbourhood of ¢}.

By Proposition 2.10, Z is equal to the set of all times ¢ such that h is C* in space
and time in a neighbourhood of t. Define the set of singular times . = [0, 00) \ Z.

The next theorem proves (in the spirit of results of Leray [13], Scheffer [20] for
Navier-Stokes), that the set of singular times is “small”.

Theorem 4.6. Given a weak solution h to (1.1), the set .# of singular times of
h is a compact subset of [0,00) and

Hi() =0,
where H1 is the %—dimensional Hausdorff measure.

Proof. Fix a weak solution h and define # and . as above. The proof is divided
in four steps.

1. % is compact. The set Z is clearly open, hence . is closed. We prove that
. is bounded. Let a, be the constant given in part 3 of Theorem 2.2. Assume
by contradiction that ae < \h(t)]% for all ¢ > 0. By interpolation and using the

energy inequality (1.3),

8 t 8 t 2 2 [t 8
it < [ ds < [ LR s < MO [ ) ds < 2h0).
0 0 0

Hence for some ty > 0, |h(ty)|
solution A is regular in [tg, 00).

2. ./ has Lebesgue measure 0. As any open set of R is the countable union
of disjoint open intervals we have Z = ; I;, where the open intervals I; are the
connected components of Z.

Define .% = {t : u(t) ¢ H?}. Trivially, Z C .75, hence .% C .7. Ifty € .7 \.%,
by Proposition 2.10 t, is the endpoint of some [;, hence .#’\.% is at most countable.
Finally, the energy estimate (1.3) implies that . has measure 0.

3. Estimate on the length of bounded I;. Indeed, let I; be a bounded component

of Z and let t;,t, € I;. From Remark 4.2 we know c(t2 — s)|h(s) 3/3 > 1, and
hence c(ty — s)73/* < |h(s)|3, for s € (t1,t,). Integrating for s € (;,t,) and using
the energy inequality (1.3), yields

< ao and Theorems 2.2 and 2.11 imply that the

1
2

to 1
(1.4) clta =)} < [ () ds < S[HO)f
t1
4. Hi(.#) = 0. Write I; = (aj,b;) for bounded intervals. From (4.4) it follows
that
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while zj(bj — a;) < 00, by the first step of the proof. Now we can proceed as in
the proof of Theorem 2 of [20] to get the conclusion. O
APPENDIX A. AN INEQUALITY FOR THE NON-LINEARITY
Given three real numbers «, (3, 7, consider the following condition.

Condition A.1. The real numbers «, (3, v satisfy
u a? /B Z 07
sa+[B+v2> % with strict inequality if at least one is equal to %,
m if v < 0, then either at least one of o and 3 < %, or at least one > —~.

Lemma A.2. For every v € R there is ¢ > 0 such that for every a > 1,

cal=? v <3
S o< lcogs =)
k[<a & v > %

Lemma A.3. Let a, § and v satisfy (A.1) (with a < 5 or > —v when v < 0).
Then there is ¢ > 0 such that for each m € Z, with m # 0,

Z |]€ _ m|2a|k|2’y S C’m| ’

|k|<2[m|
0<|k—m|<1|k|

Proof. Notice that, if |k| < 2|m| and |k —m| < 3|k, then 2|m| < |k| < 2|m|, since
2 2 2 1 2
—Im| < =]k — —|k| < = |k| + = |k| = |E|.
2l < 21k —m| + 21k] < 3 k] + 2|kl = b

Then apply Lemma A.2. O

Counsider
B(u,v) = (UugVs) e

Proposition A.4. If a, 8 and v satisfy (A.1), there exists ¢ > 0 such that for all
we H* ve HYP and w e H*,

(B(u,v), w) < cluliralvipslw]aiy.
Proof. Step 1. Write the functions u, v, w in the Fourier expansion,
u= Z uy, e
k0
(and similarly for v and w), so that

(UzV) e = Z k2< Z lmuwm> oike

k#0 l+m=k
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and by Cauchy-Schwartz,

(B(u,v),w) = Zka_k< Z lmulvm)

k0 l+m=k

< fwlaer [S 17 (3 i) ]

k#0 l+m=k

Hence, it is sufficient to analyse only the second term in the above product. Set
for every k # 0,

1 1
Ap={(m) s 1+ m =K, i) > 5k, m] > 5[bl},
1
By ={(l,m):l+m=kF, |l| < §‘k‘}’
1
Ch={(m) s 14+m =k, || < K]}

and, for simplicity, U; = [I|*"*|w| and V,,, = |m|"*P|v,,].
Step 2. We start by analysing the sum on Ay.

S (S ) < S (S -l
Ay, ™

k£0 k0

2
(using Young’s inequality) < CZ |/{:|727 <Z |l‘7a7f8Ule>
A

k£0

2

Fe R Im T U)
k£0 Ay

the two terms are similar, we bound only the first one,

(using Cauchy inequality) < CZ ’k’f?y (Z M*Q(a*m Ul2> (Z Vri)
A A

k£0
(switching the sums) < C‘U’%Jrﬂ Z ’l|72(a+ﬁ)U12( Z ’k’72’y>
I#0 k| <2]i]

(using Lemma A.2) < c|u|%+a|v|%+ﬁ.

Step 3. Next, we analyse the sum on By (the sum on Cj being entirely similar).
Notice that, when using Cauchy inequality below, we are free to weigh either the
terms in w or in v with derivatives. We shall choose one of the two depending on
the values of v (wherever we need an exponent to be < % or > —~, according to
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condition (A.1)).

>Ik 2V(Zumuwm\) <> I QV(ZW | POV )

k40 k40
(using Cauchy inequality) < Z |k|~ I <Z 1|~ 2O‘|Tn| 2ﬁv2> (Z U; >
k40
(switching the sums) < |u|1+a Z |m|_2’8‘/£< Z |k — m|_2a|k|_27>

m#0 |k|<2|m|
0<|k—m|<%|k|

(using Lemma A.3) < C‘U’%+a‘v’%+ﬁ'

The proof is complete. O

APPENDIX B. BLow UP FOR ODES

The following elementary lemma is crucial to prove Leray-type bounds. We
state and proof it for completeness.

Lemma B.1. Let ¢ : (0,t9) — R be a non-negative function such that for p > 1
we have Oyp < CpP, on (0,ty).
Then, ¢(t,) T oo for a subsequence t,, T to, implies
p(t) > [(p— 1Ot — )] Y®™D for all t € (0,1) .
Moreover,
o(t) < |p(s)™ " +C’(p—1)3—C’(p—1)t] forall0 <s<t<ty.

Proof. We have for t > s
e(t) q

(s 0 ) ) = [T - / %2 4r < C(t - 5)

p (s) 2P
Now for t,, T ty we obtain

()0 < Clty — 1
and finally
p(t) > [(p—1)C(to — )]/
for all ¢ € (0,1).
For the second result
P —Cp =1t 5) < p(0)

and thus

. —1/(p—1)
o) < lo(s)™ "V +Cp—1)s—C(p—1)t
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APPENDIX C. ANALYTIC SEMIGROUPS

The following properties of analytic semigroups are well known, but we give
short sketches of proofs for the sake of completeness.

Lemma C.1. Consider A = 9} subject to periodic boundary conditions on [0, L]
and T > 0. For allu =", uxey, € L* and a > 0,

|s*A%e ™A u| 2 — 0, for s — 0,

and for all f € L>(0,T,L?), with 0 average on (0,1), and 1+ a — b = 0, with
a>—1andb <1,

t
La(PE) = [ stale () ds
0
converges to 0 in L? ast — 0.

Proof. The first statement is obvious by Lebesgue theorem, since
‘SaAa efsA u’%z < C Z<k45)2aefcsk4ui_
k

For the second statement note that (with a change of variables) |I,u(f)(t)[32 is
equal to

k_Bb aak_Bb c(2t—s—r)k f()f(r)ddsdr:

1 1
- / / (L= s)"(1 =) D kP e it — 1) fy(t — tr) dsdr

k40

t2b// (I—-s)1—r)* [( Z Z )8b ’CS”)““f(t—ts)fk(t—t'r)]dsdr

(s+r)tkt<e  (s+r)tkt>e

/ / 1—§+T r)® <52b||f||Lo°(L2)—|— Z fk(t—ts)fk(t—tr)) dsdr,

(s+r)tk*>e

which goes to zero by Lebesgue theorem if one first takes the limit as t — 0 and
then as € | 0, since the function (1 — r)%(1 — s)%(r 4+ s)~? is integrable and the
other term is bounded fore < 1 and ¢t < T. O
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