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Abstract

We introduce a novel generative model for the representation of joint probability distributions of a possibly large number of
discrete random variables. The approach uses measure transport by randomized assignment flows on the statistical submanifold
of factorizing distributions, which enables to represent and sample efficiently from any target distribution and to assess the
likelihood of unseen data points. The complexity of the target distribution only depends on the parametrization of the affinity
function of the dynamical assignment flow system. Our model can be trained in a simulation-free manner by conditional
Riemannian flow matching, using the training data encoded as geodesics on the assignment manifold in a closed form, with
respect to the e-connection of information geometry. Numerical experiments devoted to distributions of structured image
labelings demonstrate the applicability to large-scale problems, which may include discrete distributions in other application
areas. Performance measures show that our approach scales better with the increasing number of classes than the recent related
work.
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1 Introduction
1.1 Overview, Motivation

Generative models in machine learning define an active area
of research [32, 40, 41]. Corresponding research objectives
include

(i) the representation of complex probability distributions,
(i1) efficient sampling from such distributions, and
(iii) computing the likelihoods of unseen data points.

The target probability distribution is typically not given,
except for a finite sample set (empirical measure). The mod-
eling task concerns the generation of the target distribution by
transporting a simple reference measure, typically the mul-
tivariate standard normal distribution, using a corresponding
pushforward mapping. This mapping is realized by a network
with trainable parameters that are optimized by maximizing
the likelihood of the given data or a corresponding surro-
gate objective which is more convenient regarding numerical
optimization. This class of approaches are called normalizing
flows in the literature.

Discrete joint probability distributions abound in appli-
cations, yet have received less attention in the literature on
generative models. The recent survey paper [32] concludes
with a short paragraph devoted to discrete distributions and
the assessment that “the generalization of normalizing flows
to discrete distributions remains an open problem”. Likewise,
the survey paper [40] briefly discusses generative models of
discrete distributions in [40, Section 5.3]. The authors state
that “compared to flows on R?, discrete flows have notable
theoretical limitations”. The survey paper [41] does not men-
tion at all generative models of discrete distributions.

This paper introduces a novel generative approach for the
significant subclass of discrete (categorial) probability dis-
tributions of n random variables y; taking values in a finite
set{1,2,...,c},

Yy =0ty €lel”, yielel:=1(1,2,...,c},
i€ln], c,neN.

(1.1)

A corresponding distribution p is a look-up table which spec-
ifies for any realization « of the discrete random vector y the
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probability
p(a) = plag,...,ay) :=Pr(y =)

=Pr(yi=oa; A A yp=ay), aclc]". (1.2)
Any such look-up table is a nonnegative tensor with the com-
binatorially large number
N =" (1.3)
of entries p(«), « € [c]*. Furthermore, since p(«) > 0, Ve,

and Zae[c]n p(a) = 1, any distribution p also corresponds
to a point p € Ay of the probability simplex

Ay = {P € RQO: (Iy,p)= 1} s P = (Pa)acc]

Po = p(), (meta-simplex) (1.4)
where 1y := (1,1,..., DT e RV,

Thus, we denote with p discrete joint probability distri-
butions using any of the equivalent representations:

e as functions p: [c]* — [0, 1], cf. Eq. (1.2);

e as nonnegative tensors with ("
plag, ..., an);

e as discrete probability vectors p € Ay with N = ¢”"
components p,, where each component specifies the
probability p, = p(a) = Pr(y = «), cf. Eq. (1.4).

components

In particular, the N vertices (extreme points)

eq € {0, 1}V (1.5)
of Ay are the unit vectors, which encode the discrete Dirac
measures 8, concentrated on the realizations « € [c¢]".

Figure 1 illustrates the approach for the toy distribution of
two binary variables, i.e.,c =2 and N = 22 =4,

ar/aafl O 1
plag, az): 0 1]/0.45|0.05 (1.6)
1 ]/0.05|0.45

The simplex A4 C R* (1.4) is visualized in R3 in local
coordinates as tetrahedron (Fig. 1a; see Example 2.1 (p. 7)
for details). The generative model only uses the submanifold
of factorizing discrete distributions which ensures computa-
tional efficiency of both training and sampling. Figure 1(a)
shows that this submanifold connects all extreme points of
Ayg.

Figure 1(b) illustrates how sampling from p is accom-
plished after training, by computing on the submanifold the
integral curves of a generating flow which emanates from ini-
tial random points, such that each curve converges to a vertex
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(0,0,1,0).

0,1,0,0)
(1,00,0)

0001)
(@)

Fig. 1 a The simplex Ay (1.4), for N = 4, depicted in local coordi-
nates, and the submanifold of factorizing discrete distributions which
connects all extreme points of A4. b Visualization of 1000 samples
from the target distribution p(«y, az) given by (1.6), corresponding to
the blue point p € A4. Each sample corresponds to an integral curve of a
flow, which evolves on the submanifold, and can be computed efficiently
by geometric integration. The parametrized vector field of the dynam-
ical system that generates the flow has been trained by matching the

Sy @ ~ p(@
T ]

V. assignment flow #
eXpw I S, X - X S

g

'/0 T0 4‘ X e X TO 4\ ./V(O,I)

Fig. 2 Overview of the approach: The standard Gaussian reference
measure A/(0, 7) is pushed forward by the lifting map expy, from the flat
tangent product space 7 to the assignment manifold W, and further to
the meta-simplex Sy via the embedding map 7 (2.7), by geometrically
integrating the assignment flow equation (2.3). Since the assignment
flow converges to the extreme points of 1V, which after embedding
agree with the extreme points of Ay = Sy, an approximation p(a)
of a general discrete target measure p(«) can be learned in terms of a
corresponding convex combination of extreme points. This is achieved
by matching the flow of e-geodesics that encode given training sam-
ples to the generating assignment flow, by empirical expectation, and
by learning the parameters of the affinity function Fy (1.12). Since fac-
torizing distributions 7(W), W € W, are only required, the approach
is computationally feasible also in high dimensions

of the simplex which represents a realization ¢ ~ p(«) by
(1.5). In this way, a simple reference distribution is pushed
forward to p. Figure2 gives a more detailed account of the
ingredients of our approach.

(b)

flow to geodesics on the submanifold which encode given training data.
As a result, each component p,, of the target distribution corresponds
to the relative frequency of integral curves converging to the vertex e,
such that the entire distribution p is represented by the convex combi-
nation ), pa¢q = p. In this way, the flow realizes the pushforward
of a simple reference distribution, centered at 0 in the tangent space at
the barycenter (red point), to the discrete target distribution p. Figure 2
provides a more detailed illustration of the approach

Training concerns the parameters of the vector field of
the dynamical system, which generates the aforementioned
flow on the submanifold. This is achieved by matching the
flow to closed-form geodesics on the submanifold which
encode given training data. This flow-matching approach has
been recently proposed by [11, 36]. Our paper elaborates this
approach for discrete joint probability distributions using the
geometric approach outlined above.

1.2 Related Work

The central theme of our paper is large joint distributions
of discrete random variables, which has been a core topic in
multivariate and algebraic statistics, with numerous applica-
tions in terms of discrete graphical models in various fields.
In addition, our paper contributes to research on generative
models in machine learning. Related work is accordingly
reported in Sects. 1.2.1 and 1.2.3, respectively, in view of
own prior work briefly reported in Sect.1.2.2, which com-
bines both viewpoints. The recent related work discussed in
Sect. 1.2.3 reflects the fact that generative models for dis-
crete probability distributions have become an active field of
research recently.

1.2.1 Statistics
Joint distributions of discrete random variables have a long

history in multivariate statistics [1]. This includes the study
of subsets of such distributions known as discrete graphical
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models [10, 31, 34]. Here, conditional independency assump-
tions encoded by the structure of an underlying graph [44]
effectively reduce the degree of freedoms (1.3) of general
discrete distributions p and imply their factorization of once
realizations of conditioning variables are observed. From
the algebraic viewpoint, such statistical assumptions about p
give rise to monomial constraints. The study of the topology
and geometry of the resulting algebraic varieties, which sup-
port corresponding subfamilies of distributions, is the subject
of the fields of algebraic statistics [19, 22, 38, 45, 49]. The
special case of fully factorizing discrete distributions

p@) =[] pi(e) (1.7)
]

i€ln

is particularly relevant for this paper. For example, the sub-
family of all such distributions for the toy case n = ¢ = 2,
depicted by Fig. 1, is known as Wright manifold in mathe-
matical game theory [28] and more generally as Segre variety
31,1 in algebraic geometry [23, 33].

1.2.2 Own Prior Work

Our approach utilizes assignment flows [4] that evolve on
the relative interior of the product of n probability simplices
A, called assignment manifold, one factor for each random
variable y;, i € [n] conforming to the factorization (1.7).
As summarized in Sect. 2.1, the restriction to strictly positive
discrete distribution with full support enables to turn these
domains into elementary statistical manifolds equipped with
the Fisher—Rao geometry and the e-connection of informa-
tion geometry [3]. The corresponding exponential map and
the geodesics can be specified in a closed form.

Assignment flows are turned into a generative model for
discrete random variables as illustrated by Fig.2, which
generalizes the toy example (1.6) and Fig.1: Geometric
integration of the assignment flow realizes a map, which
pushes forward a standard reference measure on the tangent
space at the barycenter to the extreme points of the (closure)
of the assignment manifold. By embedding the assignment
manifold into the simplex (1.4) of all discrete joint distribu-
tions, the pushforward measure concentrates on the extreme
points and hence represents a more complex non-factorizing
discrete joint distribution by convex combination of Dirac
measures.

Our recent work [5] characterizes assignment flows as
multi-population games and studies multi-game dynamics
via the aforementioned embedding approach. Some results
established in this work regarding the embedding map will
be employed in Sect. 3.3.

@ Springer

1.2.3 Machine Learning

The lack of work on generative models for discrete distribu-
tions stated in the survey papers [32, 40] has stimulated the
corresponding research recently.

The paper [42] employs the parametric Dirichlet distribu-
tion on the probability simplex [2, 20, 30] as intermediate
conditional distributions in a flow-matching approach. A
similarity to our method is the use of infinite transport time,
which achieves favorable scaling in the regime of many
classes. A detailed comparison is discussed in Sect.3.2.5.

The paper [15] refers to [4] and a preliminary version
[6] of our generative model and uses geodesics with respect
to the Riemannian connection rather than the e-connection,
corresponding to « = 0 and @ = 1 in the family of «-
connections, respectively [3]. By virtue of the sphere map
[4, Def. 1] as isometry, the former geodesics on the simplex
correspond to the geodesics (great circles) on the sphere with
radius 2, restricted to the intersection with the open positive
orthant. The authors of [15] argue that their approach avoids
numerical instability at the boundary of the manifold, which
is indeed relevant when working on the sphere. However,
this issue does not arise on the simplex either, provided that
proper geometric numerical integration schemes are used,
as demonstrated in [48]. The focus of [15] is on improving
the training dynamics using optimal transport, due to the
close relation on the simplex of the geometry induced by the
Wasserstein distance and the Fisher—Rao geometry [37].

Another line of research, called dequantization, concerns
the approximation of discrete probability distributions by
continuous distributions [18, 24, 43, 46, 47]. A dequantiza-
tion approach for general discrete data, i.e., similar in scope
to our approach, was recently proposed by [9]. We discuss
this paper in Sect.3.6 and point out differences by show-
ing that our approach can be characterized as dequantization
procedure. In particular, we indicate that a key component
of the approach [9], learning an embedding of class config-
urations, can be replicated using our approach, by defining a
payoff function of our generative assignment flow approach
accordingly.

Regarding the training of our generative model, our
approach builds on the recent work [11, 36]. The authors
introduced a flow-matching approach to the training of con-
tinuous generative models, which enables more stable and
efficient training and hence an attractive alternative to estab-
lished maximum likelihood training. We adopt this criterion
and adapt it to our generative model for discrete distribu-
tions and the underlying geometry. In particular, we encode
the given training data as e-geodesics on the assignment man-
ifold, which makes flow matching convenient and effective.
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1.3 Organization

Section 1.4 fixes the basic notation. Section2 summarizes
the assignment flow approach and specifies the flow embed-
ding into the simplex (1.4), along with mappings and their
properties required in the remainder of this paper.

The core Sect. 3 introduces and details our approach. Sec-
tion 3.1 introduces the generative model. The flow-matching
approach is described in Sect.3.2 and how it relates to the
recent work [11, 36] which inspired the training component
of our approach. Section3.4 details the particular geomet-
ric integration used in all experiments for computing the
assignment flow, based on the methods worked out by [48].
Section 3.5 explains how the trained generative model is eval-
uated for computing the likelihoods of a novel unseen data
points. Section 3.6 explains dequantization and characterizes
our approach from this viewpoint.

Experimental results are presented and discussed in
Sect.4. We conclude in Sect.5.

1.4 Basic Notation, List of Main Symbols

We set [n] := {1,2,...,n} for n € N. The canonical
Euclidean inner product and the matrix inner product, which
induces the Frobenius norm, are denoted by (-, -). The map-
ping Diag(-) takes a vector to the diagonal matrix with
the vector component as main diagonal entries. ex, k € N
denotes a unit vector with single nonzero k-th component
equal to 1 and dimension, which is clear from the context.

Data, labelings. G = (V, £), with vertex set V = [n],
denotes an arbitrary graph on which data x; are observed at
every vertex i € V. c € N possible class labels of the data
x; are represented by discrete random variables y; € [c].
Realizations of the variables y; are denoted by «; € [c]. This
results in N = ¢”" labeling configurations o = {oy, ..., @y}
for given data x = {xy, ..., x,}.

Assignment flows, dynamical labelings. The probability
simplex is denoted by:

Ap ={p eRLy: (1, p) =1}, (1.8)

where 1, = (1,1,..., 1)T € R". Assignment flows
(Sect.2.1) work with the relative interior A. of A, denoted
by S, := A, containing the strictly positive probability vec-
tors of dimension ¢, and with the n-fold product conforming
toV,

We =8¢ x---x 8¢,

(assignment manifold)

(n = |V| factors)
(1.9

Points on W, are denoted by:

W=Wp ... W) e We RS, W €Se, ielnl

(1.10)

The evolution W(¢) of these assignment vectors, obtained
by integrating the assignment flow equation, determines the
label assignments «; to the data point x; at every i € V, by
convergence to the corresponding unit vectors

lim Wi() = eq € {0. 1), i €V, (1.11)
— 00

which are the extreme points of the closure of the assignment
manifold W... Further spaces and mappings defined in con-
nection with assignment flows in Sect.2.1 are: The tangent
spaces Ty, 7o to S, W, with orthogonal projections 7, Ip,
the barycenters 1g, 1yy of S¢, W,, the Fisher-Rao metric
gp» &w on Ty, Ty, the replicator maps R, Rw and the lifting
maps exp,,, expy,, which play the role of exponential maps.

Besides the underlying geometry, the essential part of the
assignment flow equation, whose integration resultsin (1.11),
is the

Fop: W, — R"™ €, (affinity function) (1.12)

whose parameters 6 are learned from data.

Meta-simplex, assignment manifold embedding. We
overload the symbol p to denote discrete probability distri-
butions using any of the equivalent representations specified
after Eq. (1.4), as well as discrete probability vectors whose
dimension should be unambiguous from the context. Major
examples are p € S, C R, and p € Ay (cf. (1.4)).

Since the embedding

T:=TW,) CSy:=Ay (meta-simplex embedding)

(1.13)

of the assignment manifold defined in Sect. 2.2 yields the
submanifold of factorizing distributions in Ay, as depicted
for a toy scenario by Fig. 1a, we call Ay as defined by (1.4)
“meta-simplex”, to distinguish the product of simplices W,
(1.9) before and after the embedding 7 (V) (1.13).

We denote by

P(Se), POWe), ete. (1.14)

the set of probability measures supported on the space
Se, W, ete.

@ Springer
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2 Background

Section 2.1 defines spaces and mappings required in the
remainder of the paper. Section2.2 defines a key ingredient
of our approach, the embedding (1.13) and related mappings.
We refer to the basic notation introduced in Sect. 1.4.

2.1 Assignment Flows

The basic state space of discrete distributions is the relative
interior of the probability simplex:

Sei=A.={peR:p;>0, (I, p) =1, Vj € [c]}
(2.1a)

with its

1

lg:=-1. €S, (barycenter) (2.1b)
c

which becomes the Riemannian manifold (S,, g) with trivial
tangent bundle 7S, = S, x Ty, comprising the

Ty :=T15Sc :={v € R°: (I.,v) =0} (tangent space)

(2.1¢)
with the orthogonal projection

mo: R = Ty, 7o =1 — ILCIlg (orthogonal projection)

(2.1d)
and carrying the
gp(u,v) ;= (u,Diag(p)~'v), u,veTy peS.
(Fisher-Rao metric) 2.1e)

This naturally extends to the product manifold (WV,, g) given
by (1.9), with trivial tangent bundle TW, = W, x 7, and

1y =({s, ..., ]lg)T, (barycenter) (2.2a)
Ty = TIIWWC =Ty x --- x Ty, (n=|V|factors)
(tangent space) (2.2b)
with points denoted by
V=(Vi,....V)' €ehCR™,  VieTy, iclnl,
(2.2¢)
the orthogonal projection
My: R"™C - Ty, ToU := (moUy, ..., moUy,) "
(orthogonal projection) (2.2d)

@ Springer

and the

gw(U, V)= gw(U, Vi), U, VeT, WeW.

i€(n]

(Fisher-Rao metric) (2.2e)

Assignment flows are dynamical systems of the general form

W (1) = Rw[Fo(W®)].

W) =Wy e W,, (assignment flow) 2.3)

parametrized by an affinity function (1.12) and comprising
the linear mappings

Rp:R°—Ty, R, =Diag(p)—pp', peS.

(replicator map) (2.4a)
Rw:R"™ > Ty, RwlFsl= (Rw,Fo.1,.... Rw,Fon)',
W e W,. (replicator map) (2.4b)

The exponential maps with respect to the e-connection read

Sl

Exp ,(v) = p'eg pEeSe, veTy,
(p,e?)
(2.5a)
Expy (V) = (Expy, (VD). ... Expy, (V)| W eW,, VeT,
(2.5b)

where both the multiplication - and the exponential function
apply componentwise. Composition with the replicator maps
(2.4) yields the

exp,: Top = Sc, exp, :=Exp,oR,, peS., (lifting map)

(2.6a)
expy : 7o &> We, expy = Expy oRw, W eW,. (lifting map)
(2.6b)
2.2 Meta-Simplex, Flow Embedding
The embedding (1.13) is defined by the map
T W.—>T7T=TW,) CSn,
T(W) = [ [ Wia, o€lel™ 2.7)

ie[n]
Denoting the tangent space to Sy defined by (1.13) by

ToSy :={z € RV: (1y.,2) =0}, (meta-tangent space)

(2.8)
we also require the map

Q:R™ RN, 0: Ty — TS,
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(OV)e =Y Vig, aclcl" (2.9)

i€[n]

The mappings 7', Q have been studied by [5, 7].

Every point W € W, on the assignment manifold is rep-
resented through (2.7) by the combinatorially large vector
T (W) with N = ¢" components T (W), consisting of mono-
mials of degree n in the variables W; o, € (0, 1). A labeling
determined by the assignment flow by (1.11) corresponds to

Jlim T(W(@0) =T ((ars---+ea) ) = ea, (2.10)

that is, the unit vector (vertex) of the meta-simplex Ay = Sy
corresponding to the Dirac measure §, concentrated on the
labeling o € [c]".

Example 2.1 We reconsider the toy scenario (1.6) of joint
distributions of two binary variables. Such distributions cor-
respond on the assignment manifold to points of the form

T
W=(("%).(5%)) 0 whwe@D. @1
Embedding this point by (2.7) yields the vector

T(W) = (wiwa, wi(l —w), (1 —wpwy,

A—w)(d—wy))', (2.12)
with components 7' (W), indexed by the four possible label-
inga € {(1, 1), (1,0), (0, 1), (0, 0)}. Since any distribution
on the assignment manifold factorizes, this vector is deter-
mined by merely two parameters wi, wy. Accordingly, the
embedded assignment manifold 7 = T(W,) C Sy is the
two-dimensional submanifold depicted by Fig. la.

In mathematics, such embedded sets are known as Segre
varieties at the intersection of algebraic geometry and statis-
tics [19, 38].

The following proposition highlights the specific role of the
submanifold of Sy corresponding to the embedded assign-
ment manifold T = T(W,) C Sy.

Proposition 2.2 ([5, Prop. 3.2]) For every W € W,, the dis-

tribution T (W) € Sy has the maximum entropy

H(T(W)) = — Z T (W) log T (W),

a€lc]?

(2.13)

among all p € Sy subject to the marginal constraint
Mp =W, (2.14a)

where the marginalization map is given by

M: RN — Rxe,

(Mp)ij =Y pa. Y(.j)€nlxc]. (2.14b)

a€lc]": aj=]j

As a consequence, any general distribution p € Sy \T WV,),
which is not in T (W,), has non-maximal entropy and hence
is more informative by encoding additional statistical depen-
dencies [14].

Our approach for generating such general distributions
p € Sy, by combining simple factorizing distributions W €
W, via the embedding (2.7) and assignment flows (2.3), is
introduced in Sect. 3.

3 Approach

Section 3.1 introduces our generative model for represent-
ing and learning a discrete joint distribution p = p(a) €
Sy of label configurations « = (o, ..., ) as realiza-
tions of discrete random variables y = (y1,..., yn) ~ p.
The approach is illustrated by Fig.2. The training proce-
dure for simulation-free training of the generative model is
worked out in Sect.3.2. Section 3.3 specifies precisely how
the approximation of p is achieved in the meta-simplex by
measuring transport on the embedded nonlinear submanifold
of factorizing distributions.

We conclude with Sects.3.4-3.6 on the geometric inte-
gration method that we employed for the discretization of
our time-continuous generative model in numerical experi-
ments, on the computation of the likelihood p(c) of arbitrary
label configurations using the learned generative model, and
on the characterization of our approach as a dequantization
procedure.

3.1 Generative Model
3.1.1 Goal
The goal is to learn an approximation

~

P~ p, (approximation) (3.1

as convex combination of factorizing joint distributions. The
submanifold 7 = T(W,) C Sy shown in Fig. 1a spans all
factorizing distributions 7(W) € Sy, which are efficiently
represented by their marginals W € W, due to (2.14a).
In particular, since the dimension of W, only grows lin-
early in the number of variables n, factorizing distributions
are tractable to work with numerically. However, only inde-
pendent random variables follow factorizing distributions,
posing the question of how statistical coupling between such
variables can be represented through convex combination.

@ Springer
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3.1.2 Representation of General Distributions

Note that the submanifold of factorizing distributions 7~ C
Sy is nonconvex. Thus, convex combinations of two factor-
izing distributions 7'(W;) and T (W,) generally lie outside
of 7 and hence form a non-factorizing distribution.

In addition, we observe that every Dirac measure ey
factorizes. Intuitively, this is because each variable has a
deterministic value, independent of all others. Because Dirac
measures are the extreme points of the convex set Sy, every
joint distribution p € Sy representing an arbitrary coupling
between variables can be written as a convex combination of
Dirac measures

5: Z ﬁxea-

a€lc]?

(3.2)

This particular representation of p is intractable, however,
because it involves a combinatorially large number of mix-
ture coefficients p,. To tame this complexity, the key idea is
to represent mixtures p € Sy of factorizing distributions as
measures v € P(W,) by
p=Ew~[TW)]. (3.3)
This shifts the problem of parameterizing useful subsets
of combinatorially many mixture coefficients in (3.2) to
the problem of parameterizing a preferably large subset of
measures v € P(V,), supported on the comparatively low-
dimensional manifold W,. The latter can be achieved by
parameterized measure transport on the assignment man-
ifold Wk.
Specifically, a simple reference measure

v € POV,)

(reference measure) (3.4a)

is chosen and transported by the assignment flow (2.3),
reaching

V=1V for t— oo0. (transported measure) (3.4b)
Parameterization of measures
vg € POW,) (parametrized measure) (3.40)

is achieved by choosing an appropriate class of affinity func-
tions Fy: W, — R"*¢ (1.12) driving the assignment flow
(2.3). Note that, while the support of p'in (3.2) was directly
associated with the number of mixture coefficients, the com-
plexity of representing p via the ansatz (3.3) is no longer
associated with its support.

The simplest example of (3.3) is the representation of:

P=1s, = =1y 3.5

by choosing Fy = 0 and a product reference distribution

V) = 1_[ Vo:i € 'P(WL) (3~6)

ieln]

with mean Ey,~,,,[W;] = 1g, which through the embed-
ding (3.3) yields (3.5), which has full support on the very
high-dimensional space [c]”. We make this connection more
explicit.

Lemma 3.1 (convex combination of embedded nodewise
measures) Suppose the reference measure vy has the prod-
uct form (3.6) with v; € P(S.). Then, the joint distribution
represented by the mixture (3.3) reads:

=Ew[T(W)] = T(W),

i = EW,"\*\)I' [Wi]v l € [n] (37)
Proof Let o € [c]" be an arbitrary multi-index. Since v fac-
torizes in the described manner, W ~ v is independently

distributed on each node which implies

Pa = Ewal Tl = B[ [T Wi, |

ie[n]

=[] Ew~u[Wie] = T(W)a.

ie[n]

(3.8)

O

Lemma 3.1 shows that, if v is independent on every node,
then p € 7. In particular, coupling between variables, to be
represented by the joint distribution p, has necessarily to be
induced by the interaction of node states over the course of
integrating the assignment flow.

3.1.3 Model Learning and Model Evaluation (Sampling)

The target distribution p is unknown, in practice, and only
independently drawn training samples 8 ~ p are available.
After choosing a class of payoff functions Fp, the task is to
learn parameters 6 such that
P =Ew~y[T(W)], (3.9
i.e., a parametrization of the right-hand side of (3.3), approx-
imates the empirical distribution of samples. To this end, we
identify samples 8 with the corresponding extremal points
Meg < W, (Sect.3.2.1) and use flow matching on W, to
learn 6 in a numerically stable and efficient way (Sect.3.2).

After learning has converged, new samples 8 ~ p from
the approximate distribution p' ~ p can be drawn by a two-
stage process:
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(i) First, an initialization Wy ~ vq is drawn and evolved
over time W (¢) € WV, by integrating the learned assign-
ment flow until either the desired time ;55 iS reached,
or W (r) approaches an extreme point of W...

(i) The new data is subsequently drawn from the factoriz-
ing distribution 7' (W (tmax)). At extreme points Meg,
this distribution is a Dirac measure and sampling from
it always yields B’.

3.2 Riemannian Flow Matching

In this section, we work out details of the procedure for train-
ing generative assignment flows.

3.2.1 Representation of Labelings as Training Data

Our approach to training the generative model utilizes label-
ings as training data of the form

WeW, Wi=ey, oa€lcl, Vielnl. (3.10)
Any such point W assigns a label (category) «; to each vertex
i € Vin terms of a corresponding unit vector ey, € {0, 1}¢.
The flow-matching criterion, specified in the following sec-
tion, is optimized to find 6 such that Fy drives the assignment
flow to labelings in the limit lim;—. o W(t) = W. In prac-
tice, the assignment flow is integrated up to a sufficiently

large point of time

(3.11)

tmax > 0

followed by trivial rounding of W;(tmax) + eq, at every
vertex i.

3.2.2 Training Criterion

This section details the approach schematically depicted by
Fig.2. In the following,

B~p (3.12)
denotes labeling configurations for training, drawn from
the unknown underlying discrete joint data distribution p.
B corresponds to the Dirac measure eg € Sy (extreme
point) of the meta-simplex Sy and to a corresponding point
Wﬁ = Meg € Wc, to which the assignment flow (2.3) may
converge.

The idea of flow matching is to directly fit the model vector
field, in our case the assignment flow vector field (2.3),

Vo(W,t) := Rw[Fo(W, 1)], (3.13)

to a vector field whose flow realizes a desired measure trans-
port. Let vg € P(WV,) be a simple reference measure and
define conditional probability paths

Vi (B) (3.14)

satisfying

vo(B) := v (3.15a)

Voo(B) = lim vy (B) = &y (W) forall f € [c]”,
(3.15b)

where Wﬂ = (egs---, Eﬂn)T € {0, 1}"*¢ is the extreme
point of W, corresponding to 8, such that T(Wﬁ) =eg €
Sw. Then, the marginal probability path

vy = Eg~plvi(B)] (3.16)

represents the target data distribution p in the limit 1 — oo
by vso and

Ew v [T(W)] = Eg~plegl = p. (3.17)
In principle, we can now define a vector field
ur: We = Ty (3.18)

which generates the path 7 — v, in the sense that the flow
of u; pushes forward vy to vy, for all times ¢+ > 0. Let
p € P([0, 00)) be a distribution with full support on the
nonnegative time axis. Regression of the assignment flow
vector field (3.13),

Vo (-, 1): We — T, (3.19)
with respect to u;, amounts to minimizing the Riemannian
flow-matching criterion

Lren(©) = Erpw, | W) = VoW, D[, | 3:20)

where || - ||%V = gw(, ) (cf. (2.2e)).

In this form, flow matching is intractable, however,
because we do not have access to the required field #;. On
the other hand, since we are at liberty to define conditional
paths that conform to the constraints (3.15), we can choose
v;(B) that are generated by conditional vector fields u, (-|8)
with the known form. The key insight in [11], based on [36]
and provided that each v;(B) is generated by u;(:|8), is that
the loss function (3.20) has the same gradient with respect to
0 as the Riemannian conditional flow-matching criterion

LREEM(O) = Ermp pop won ) [l (WIB) = VoW, D[, ] (3.21a)

3.13
OV By pp ey [ 1 V1B = R LEo W, 01 ]

(3.21b)
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Fig. 3 Influence of the parameter A controlling in (3.26) and (3.30), respectively, the rate of assignment of mass of the pushforward probability
measure (3.27) to a target label, depending on the number ¢ of labels (classes, categories)

By contrast to (3.20), conditional vector fields u,(W|8) gen-
erating a path

t = v (B) (3.22)

with the required properties (3.15) can be specified in a
closed form (cf. Proposition 3.28 below), and the conditional
loss function (3.21) can be evaluated efficiently. Ultimately,
by minimizing (3.21), the measure v, generated from the
reference measure vy by the assignment flow vector field
Rw[Fyp(W, t)] approximates v, in the limit # — oo, which
represents the unknown data distribution p through (3.17).

3.2.3 Constructing Conditional Fields

This section specifies the conditional vector fields u;(W|8)
that generate the paths (3.22) conforming to (3.15) and define
the conditional flow-matching objective (3.21).
Let

No(V) :== N(V; 0, ) (3.23)
denote the standard Gaussian centered in the tangent space
at 0 € 7o, with the orthogonal projection (2.2d) representing
the identity map on 7y C R"*¢. Pushing forward N by the
lifting map (2.6b) at the barycenter yields a simple reference
distribution

vy = (expﬂw)ﬁ/\fo e POV,). (3.24)
The distribution (3.24) is simple in the sense that it is
easy to draw samples and the conditions of Lemma 3.1
are satisfied; in particular, vg factorizes nodewise. For each
labeling B € [c]" and the corresponding extreme point
Wpg = (ep,....ep,) € We,anda

A >0,

(rate parameter) (3.25)

@ Springer

define the probability path

t> Nipi=N(CitAVg, Tp) € P(Ty), Vg := MW,
(3.26)

and lift it to W,, defining

vi(B) := (expy,, )eNr p- (3.27)

The parameter A controls the rate at which v, (8) moves prob-
ability mass closer to W g. Small values of A move the mass
slowly; this is useful in settings with many labels ¢ > 1,
enabling the process to make class decisions during a longer
time period. Figure 3 illustrates quantitatively the influence
of A.

The following proposition makes explicit the conditional
vector field u, (W|p) that generates (3.27) and hence defines
the training objective function (3.21). Recall the notation of
Sect.2.2 and the first paragraph of Sect.3.2.2 explaining the
one-to-one correspondence between

e a labeling configuration f,

o the corresponding Dirac measure eg € Sy of the meta-
simplex, and

e the corresponding point W,g € W, of the closure of the
assignment manifold.

Proposition 3.2 (conditional vector fields) The probability
paths defined in (3.27) are generated through the smooth
flow

V.C1B): Roo x To — We, ¥i(VIB) = expy,,, (V + 1A Vp).
(3.28)

It is invertible and has the smooth inverse

Y (WIB) = expy ) (W) — 1A V. (3.29)
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In particular, the conditional vector field that generates
(3.27) is given by

u (W|B) = Rw([AVg]. (3.30)

Proof See Appendix A.1, page 18. O

Proposition 3.3 (conditional path constraints) The condi-
tional probability paths v;(B) defined by (3.27) satisfy the
constraints (3.15).

Proof See Appendix A.1, page 19. O

The path A; is generated on the tangent space 7y by the
constant vector field V — AVjg given by (3.26). The related
vector field on W, which generates the path (3.27), is given
by (3.30). Comparing the shape of this field to (2.3) makes
clear that assignment flows are natural candidate dynamics
for matching conditional paths of the described form. The
Riemannian conditional flow-matching objective (3.21) con-
sequently reads:

LRCEM(O) = Evpp gnp, W, (8) I:”RW[)\V/S — Fp(W, t)]H%V]-
(3.31)

We point out that this criterion is ‘simulation-free’, i.e., no
integration of the assignment flow is required for loss evalu-
ation, which makes training computationally efficient.

Our approach (3.31) constitutes a novel instance of the
flow-matching approach to generative modeling, introduced
by [36] and recently extended to Riemannian manifolds by
[11]. This instance uses the assignment manifold (1.9) and
the corresponding Riemannian flow (2.3), along with the
meta-simplex embedding (2.7), to devise a generative model
whose underlying information geometry tailors the model to
the representation and learning of discrete joint probability
distributions.

3.2.4 Infinite Integration Time

A notable difference between our approach and previous Rie-
mannian flow-matching methods is that the target distribution
is reached for  — oo rather than after finite time. This cor-
responds to the fact that e-geodesics do not reach boundary
points of W, after finite time and thus avoids two problems
faced in prior work.

First, unlike the preliminary version presented in [6], data
points B € [c]* do not need to be smoothed in order to
present targets in the interior of W,. Instead, we can directly
approach extreme points W,g € W,, even though they are
at infinity in the tangent space 7y at 1yy. Figure4 shows
that working within a ball in 7y with radius 15 suffices to
represent ‘infinity’ in practice.

Second, by not moving all mass of the reference distri-
bution (close) to Wﬂ in finite time, we avoid a pathological

— c=3
c=10
¢ =100

— ¢ = 1000

L L
500 1000 S

Fig.4 Norms [[v(s)| of the tangent vectors v(s) = expilg (p(s)) with

pls) = (=2, ﬁ ,,,,, ﬁ) — e € RCif s — oo, for numbers
of labels ¢ € {3, 10, 100, 1000}. Since fle; — p(s)]| = (=55)"/*1 ~ 1,

the simplex A, is covered, up to a very small distance to its boundary,
by exp; s (Bo(r)) C S. and tangent vectors v € By(r) C Ty within a
ball By(r) centered at O € Tp with radius r = 15

behavior which can arise in flow matching on the simplex.
Denote by

rp={Wew.p e arg max W ;. Vi € T3] BEEE)
jele

the subset of points in VW, which assign their largest probabil-
ity to the labels . [42, Proposition 1] lays out that moving all
mass of the reference distribution (close) to Wﬁ in finite time
forces the model to make class decisions very early because
the probability of rg under v, (8) increases too quickly. The
effect is exacerbated by increasing the number of classes ¢
that the model is asked to discriminate.

However, by opting for large integration time t — oo and
a corresponding construction (3.27) of conditional probabil-
ity paths, our approach is able to scale to many classes ¢ > 1,
avoiding the pathology described in [42, Proposition 1]. For-
mally, this is because v;(8) defined in (3.27) has full support
on W, for every ¢ > 0. In practice, the parameter A in (3.26)
can be used to control the speed at which the probability of
rg under v, (B) increases, allowing the model to make class
decisions gradually over time.

Figure9 (page 17) displays probability density paths for
illustration. The corresponding impact on model accuracy is
quantitatively shown in Fig.5 (page 12), with experimental
details elaborated in Sect.4.1.

3.2.5 Relation to Dirichlet Flow Matching

The construction of [42] specifically addresses pathologi-
cal behavior of flow matching on the simplex, by choosing
conditional probability paths v, (8) as paths of Dirichlet dis-
tributions. They demonstrate that this approach scales to at
least ¢ = 160 classes, by allowing the model to make class
decisions gradually over time. However, the explicit defi-
nition of v;(B) as paths of Dirichlet distributions makes it
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Fig. 5 Relative entropy between learned models (histogram of 512k
samples) and aknown, factorizing target distribution onn = 4 simplices
with varying number of classes c. By leveraging information geometry
and gradual decision-making over time, our proposed approach (red)
is able to outperform our earlier method [6] as well as Dirichlet flow
matching [42] in terms of scaling to many classes ¢

non-trivial to find corresponding vector fields u;(-|8) for
flow matching, which leads them to make an ansatz for
fields, which move mass along straight lines in the ambient
Euclidean space in which the probability simplex is embed-
ded.

While we also make an explicit choice for v, (8) in (3.27),
our construction is notably simpler than the approach of [42],
allowing to easily compute the vector fields u,(-|8) by push-
forward (Proposition 3.2). The resulting flow moves mass
along e-geodesics on W,, which is much more natural with
respect to the information geometry of discrete probability
distributions. To illustrate this point, consider a straight path
p(t) € R" with direction %ﬁ(t) = v € R" atall times 7. The
trajectory p(¢) is generated by maximizing (v, p) along its
gradient direction. On W,, the quantity (Vg, W) can be inter-
preted as correlation between W € W, and the direction V.
The Riemannian gradient of this correlation with respect to
the product Fisher-Rao geometry on W, is Rw[Vj].1i.e., pre-
cisely the direction of the conditional vector field (3.30).

3.3 Learning Interaction Between Simplices

Our prior work [5] has studied the relationship between
assignment flows on the product manifold WV, and replicator
dynamics on the meta-simplex Sy. We now use core results
of [5] to derive the flow-matching approach of Sect. 3.2 from
first principles of flow matching in Sy, that is in the combi-
natorially large space of all discrete joint distributions. This
demonstrates, in particular, that the proposed approach is
suitable for structured prediction settings, in which multiple
coupled random variables are of interest.

@ Springer

The result is surprising because direct flow matching of
joint distributions in Sy is intractable due to the combi-
natorial dimension N = c¢". However, by leveraging the
submanifold 7 (defined by (1.13) and illustrated by Fig. 1)
and the compatibility of assignment flows with its geometry,
we show that our construction can effectively break down
combinatorial complexity and define a numerically tractable
method.

The map T: W, — Sy defined in (2.7) associates a
marginal distribution of n discrete random variables W € W,
with a factorizing joint distribution 7 (W) € Sy. Define with
slight abuse of notation! the orthogonal projection
mo: RY — oSy (3.33)
and formally denote the scaled standard normal distribution
on ToSy with variance ¢*~! by

NSV = (Ve 1m0).N (O, Iy) = N0, " momy)
=N, " 'np). (3.34)
Analogous to the construction of conditional measures in
Sect.3.2.3, we define the path of conditional measures
NV (1B = NG 1" amoeg, ") (333)
given a labeling 8 € [c]" and a rate parameter A > 0, scaled
by the constant ¢! Tt follows from Proposition 3.3 that
SN _ SN
v (B) = (exprg )NV CIB) (3.36)
satisfies the conditions (3.15) on Sy and is thus suitable
for flow matching on Sy with reference distribution v(‘)S N =

N(;S V. Formally, the Riemannian conditional flow-matching
criterion analogous to (3.31) reads:

Sy o
Lrerm (@) = Et~p,ﬁ~p,q~vts’v 1)

(| Rylrmoes = fata. 0] ] (3.37)
for an affinity function fp: Sy x [0, 00) — oSy .

The task of minimizing (3.37) is numerically intractable,
because we are not even able to easily represent general
points g € Sy \ 7 in the complement of the embedded
assignment manifold 7 = T (W,) given by (2.7). To break
down this complexity, we will define a projection onto 7 by
using the lifting map lemma [5, Lemma 3.3], which states

expyg (QV) =T (expy,, (V) (3.38)

U 7y is defined by (2.1d) as orthogonal projection onto the tangent

space TpS, of the single simplex S, with trivial tangent bundle S, x Tp.
Here, to simplify notation, we overload 7 to denote analogously the
orthogonal projection onto the tangent space 7oSy -
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for all tangent vectors V € 7y, with the mappings 7 and
Q defined by (2.7) and (2.9). We start with an orthogonal
projection 7oSy — img(Q) N ToSn .

Lemma 3.4 (orthogonal projection ontoimg(Q)N7ZoSy) The
orthogonal projection proj, of tangent vectors in ToSy to the
subspace img Q N TySy reads

projy : ZoSy — imgQ N 7Sy,

. T (3.39)
projo(v) := QMo Qc v,  for v e ToSy,
in terms of the linear operator
1
Q¢ = (3.40)

Ven—1 Q
Since (3.38) ensures that eXPig, (img Q) € 7, we can
now define the projection

projr := eXprg, o projg oexpi‘;N Sy —> 7. (3.41)

Under this projection, the conditional measures U,S NB) €
P(Sy) precisely induce the conditional probability paths
v:(B) € P(W,) defined by (3.27). Note that every extreme
point of Sy lies in (the closure of) 7. Thus, projecting to 7°
preserves the Dirac measures §,, reached by the conditional
distributions (3.36) in the limit  — oo. In particular, the pro-
jection transforms the intractable conditional flow-matching
criterion (3.37) on Sy into the numerically tractable criterion
(3.31).

Theorem 3.5 (projected flow matching on Sy) For any B €
[c]", the pushforward of the conditional measure v;s N(B)
defined in (3.36) under the projection projy: Sy — T
defined in (3.41) is

(proj7)zve N (B) = Teve (B) (3.42)
with v:(B) € PW,) defined in (3.27) and the embedding

map T given by (2.7). Furthermore, the flow-matching cri-
terion on T, induced by the conditional paths (3.42), reads

T
0) =E
Lierm®) t~p,B~p.g~(proj )pvi N (B)

~ 2
[[|Ryl3m0es = Fota. 0] ] (3.43)
and, using the ansatz ]79 = Qo FypoM with Q and M defined
by (2.9) and (2.14b), (3.43) is equal to the criterion (3.31)
for matching assignment flows on W,.

Theorem 3.5 shows that the constructed flow matching
on W,, which operates separately on multiple simplices, is
induced by flow matching in the single meta-simplex Sy,

with conditional distribution paths and vector fields projected
to the submanifold 7 = T(W,.).

This result provides a geometric justification of the fact
that interaction between simplices is learned through flow
matching, even though all conditional probability paths v, (8)
used for training can be separately constructed on individual
simplices.

3.4 Numerical Flow Integration

We point out again that learning our generative model by
Riemannian flow matching is ’simulation-free’: numerical
integration is not required since only vector fields have to
be matched, which are defined on the tangent bundle of
the assignment manifold and on the corresponding tangent-
subspace distribution of the meta-simplex (Prop. 3.5), respec-
tively. On the other hand, numerical integration of the flow is
required for evaluating the learned generative model, in order
to sample as illustrated by Fig. 1, or for likelihood computa-
tion (Sect. 3.5).

Since the flow corresponds to an ODE on a Riemannian
manifold, geometric numerical integration utilizes various
representations of the ODE on the tangent bundle in order
to apply established methods for numerical integration on
Euclidean spaces [25]. In the case of the assignment flow, this
has been thoroughly studied by [48] using the extension of the
lifting map (2.6a) to the product manifold (2.6b), regarded
as action of the respective tangent space (regarded as addi-
tive abelian Lie group) on the assignment manifold. From
the general viewpoint of geometric numerical integration,
the resulting schemes for geometric numerical integration
categorize as Runge—Kutta schemes of Munthe—Kaas type
[39].

Specifically, in this paper, numerical integration was car-
ried out using the classical explicit embedded Dormand &
Prince Runge—Kutta method [17] of orders 4 & 5 with step-
size control (cf. [48, Section 5.2] and [27, Section I1.5]).

3.5 Likelihood Computation

The likelihood of test data under the model distribution p is
commonly used as a surrogate for Kullback—Leibler diver-
gence between p and the true data distribution p, due to the
relationship

KL(p. ) = E, | log %] = —H(p)—E,llogpl.  (3.44)

The entropy H (p) is a property of the data distribution, which
is not typically known, but can be treated as a constant which
does not depend on the model used to approximate p. For
continuous normalizing flows, likelihood under the model is
directly used as a training criterion, for this reason. Using the
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Table 1 Likelihood of binarized MNIST test data under our proposed
model (t — 00) and the earlier version [6] (t — 1)

AF (t — 00)

Method AF(t — 1)

Likelihood (bits / dim) 1.01 £0.17 4.05 +£0.83

Both methods are trained by flow matching rather than likelihood max-
imization

instantaneous change-of-variables formula [13]

0
glog vi(x) = —tr J(x, 1), (3.45)

log-likelihood under continuous normalizing flows can, on
continuous state spaces, be computed by integrating (3.45)
backward in time. In (3.45), J(x, t) denotes the vector field
Jacobian, whose trace is commonly approximated by using
Hutchinson’s estimator [29]
trJ =E,[(v, Jv)] (3.46)
with v drawn from a fixed normal or Rademacher distribu-
tion. The use of this estimator in the context of likelihood
under continuous normalizing flows was proposed by [21].
The authors use a single sample v for each integration of
(3.45), which yields an unbiased estimator for log-likelihood
of independent test data. In order to use likelihood as a train-
ing criterion, numerical integration of (3.45) is required.
This entails many forward and backward passes through the
employed network architecture in order to compute a single
parameter update.

Therefore, we do not use likelihood as a training crite-
rion, opting instead for the simulation-free flow-matching
approach of Sect.3.2. Since the learned model is still a nor-
malizing flow, (3.45) remains a useful tool for computing
likelihoods under our model. However, because we are mod-
eling discrete data while working on continuous state spaces,
likelihood of discrete data cannot be computed as a point esti-
mate on W,. Further details are provided in Appendix C.

3.6 Dequantization

Approximation of discrete data distributions by continuous
distributions has been studied through the lens of dequanti-
zation. Choose a latent space 7" and an embedding of class
label configurations 8 € [c]" as prototypical points ff}" e F".
Suppose the choice of these points is fixed before training
and associate disjoint sets Ag € F"* with label configura-
tions such that they form a partition of 7" and fg € Ag. We
can then define the continuous surrogate model

9= Y ppla, € P(F") (3.47)

Belcl"
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which represents p € Sy as a mixture of uniform dis-
tributions Uy, supported on the disjoint subsets Ag. The
underlying idea is that

Py (Ap) = / P(ydy = pp / Un, )y = pp (3.48)
Ap Ap

due to the disjoint support of mixture components in (3.47).
Denote a continuous model distribution by v € P(F").
Using Jensen’s inequality, we find

—H@W)—-KL®,v) = / P (y)logv(y)dy

= > pp / logv(y)dy  (3.49a)
Ap

Belcl”
< Y pplog / v(y)dy  (3.49b)
Belcl Ap
=—H(p) —KL(p,q) (3.49¢)
for the discrete model distribution ¢ defined by
ap = /A v(y)dy =P, (Ap). (3.50)
B

Thus, fitting v to ¥ by maximizing log-likelihood of
smoothed data drawn from ¢ implicitly minimizes an upper
bound on the relative entropy KL(p, ¢g). In practice, draw-
ing smoothed data from o amounts to adding noise to the
prototypes fé‘k e F" of discrete data { B }kefn)-

The above dequantization approach was first proposed by
[46]. Their reasoning justifies the previously known heuris-
tic of adding noise to dequantize data [47]. It has thenceforth
become common practice for training normalizing flows as
generative models of images [18, 43] and was generalized
to non-uniform noise distributions by [24]. These authors
focus on image data which, although originally continuous,
are only available discretized into 8-bit integer color val-
ues for efficient digital storage. In this case, the underlying
continuous color imparts a natural structure on the set of
discrete classes. Similar colors are naturally represented as
prototypes, which are close to each other with respect to some
metric on the feature space F".

For the general discrete data considered here, such a struc-
ture is not available. As a remedy, [9] present an approach
to learn the embedding jointly with likelihood maximiza-
tion and defining the partition of 7" into subsets Ag through
Voronoi tessellation. The rounding model variant (C.1) of our
approach can be seen as dequantization on the space 7" =
W, with prototypical points f/;" = Wﬁ. The sets Ag gener-
ated by Voronoi tessellation then coincide with the sets 7
defined by (3.32). However, our approach differs from [9] by
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using flow matching instead of likelihood-based training and
by explicit consideration of information geometry on W.,.

A natural question is whether the ability to learn an
embedding of class configurations as prototypical points f;,
thereby representing similarity relations between classes, can
be replicated in our setting. Indeed, because points in S, have
a clear interpretation as categorical distributions, it is easy to
achieve this goal by extending the affinity function Fy of the
assignment flow (2.3).

For some L > 0, let E € RL*¢ be a learnable embedding
matrix. The columns of E can be seen as prototypical points
in the Euclidean latent space RZ. The action of E on an inte-
ger probability vector e; € S, precisely selects one of these
points, associating it with the class j € [c]. Learning E now
allows to represent relationships between classes in the latent
space RE. Let £: R"*¢ — R"*¢ denote the linear operator
which applies E nodewise. We now choose a parameterized
function Fy: RL — RL that operates on R% and define the
extended payoff function

Fy=E" oFyo&: W, — R"™C, (3.51)

4 Experiments and Discussion

Asoutlined in Sect. 3, we perform Riemannian flow matching
(3.20) via the conditional objective (3.31) to learn assignment
flows (2.3). These in turn approximate p inthe limits — oo
and thereby the unknown data distribution p through (3.17).

4.1 Class Scaling

First, we replicate the experiment of [42, Figure 4] to verify
that our model is able to make decisions gradually over longer
integration time and can scale to many classes c. Details of the
training procedure are relegated to Appendix B.1. For each
¢, the data distribution is a randomly generated, factorizing
distribution on n = 4 simplices.

Figure 5 shows the relative entropy between the learned
models (histogram of 512k samples) and the known target
distribution. Our proposed approach is able to outperform our
earlier method [6] (green) as well as Dirichlet flow matching
[42] (orange) and the linear flow-matching baseline (blue)
in terms of scaling to many classes c. In Fig.5, the linear
flow-matching baseline scales better to many classes than in
[42, Figure 4], but the qualitative statement that linear flow
matching is ill-suited to this end is still supported by our
empirical findings. Our preliminary approach [6] (green) also
scales comparatively well, even outperforming Dirichlet flow
matching. Figures9 and 10 illustrate probability paths v;(8)
for our approach (cf. (3.27)) and Dirichlet flow matching [42]
at different time scales.

A property of assignment flow approaches, possibly
linked to observed performance, is to transport probability
mass relative to the underlying Fisher—Rao geometry (recall
Sect.3.2.5). For example, this leads to little probability mass
in regions close to the simplex boundaries (Fig.9).

4.2 Generating Image Segmentations

Inimage segmentation, a joint assignment of classes to pixels
is usually sought conditioned on the pixel values themselves.
Here, we instead focus on the unconditional discrete distri-
bution of segmentations, without regard to the original pixel
data. These discrete distributions are very high dimensional
in general, with N = ¢” increasing exponentially in the num-
ber of pixels.

To this end, we parametrize Fy by the UNet architecture of
[16] and train on downsampled segmentations of Cityscapes
[12] images, as well as MNIST [35], regarded as binary
¢ = 2 segmentations after thresholding continuous pixel val-
ues at 0.5. Details of the training procedure are relegated to
Appendix B.2.

Figures 6 and 7 show samples from the learned distribution
of binarized MNIST and Cityscapes segmentations, respec-
tively, next to the closest training data. This illustrates that
our model is able to interpolate the data distribution, without
simply memorizing training data. Additional samples from
our Cityscapes model are shown in Fig. 8.

791721414

7
71zl
[

Fig. 6 Comparison of model samples to the closest training data. Left
with red border: samples drawn from our model of the binarized MNIST
distribution. Right: training data closest to the sample in terms of pix-
elwise distance
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Fig. 7 Comparison of model samples to the closest training data. Left with black border: samples drawn from our model of the Cityscapes
segmentation distribution. Right: training data closest to the sample in terms of pixelwise distance

Fig.8 Left: Samples from our model of the Cityscapes segmentation distribution. Right with blue border: randomly drawn training data
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Fig.9 Plots of conditional
densities v, (B) for different
points of time . Darker colors
indicate higher concentration
within the densities. From top to
bottom: Linear Flow Matching
[42, Equation 11], the approach
[6, Equation 18], Dirichlet flow

> »

A A .

. . t=0.20 t=0.33 t=0.77
matching [42, Equation 14], our
approach (3.27) using two
different values of the rate
parameter 1. Note the different
time periods ¢ € [0, 0.77] used
for the first two and ¢ € [0, 8]
for the latter approaches. See
Sect.4.1 for a discussion
- \
£=0.1, t=0.0 £=0.1, t=0.20 £=0.1, t=0.33 £=0.1, t=0.77
t=1.0 t=3.0 t=8.0
2A=0.5, t=0.0 2A=0.5, t=1.0 2A=0.5, t=3.0 A=0.5, t=8.0
2A=0.25, t=0.0 2=0.25, t=1.0 2A=0.25, t=3.0 2A=0.25, t=8.0

4.3 Likelihood Evaluation

We compute the likelihood of test data from the MNIST
dataset (binarized by thresholding) using the method
described in Sect. 3.5. We use 100 priority samples per datum
and, as is common practice for normalizing flows, only a
single Hutchinson sample. The result is shown in Table 1,
compared to our earlier approach [6] (tr — 1). For com-
parison, we show the likelihood of MNIST test data (from
the continuous, non-binarized distribution) under several nor-

malizing flow methods from the literature which were trained
using likelihood maximization.

Note that, although much prior work on generative mod-
eling has been applied to continuous gray value MNIST
images, binarization (in our case through thresholding) sub-
stantially changes the data distribution. Thus, likelihood of
test data, which is commonly used as a surrogate for relative
entropy to the data distribution in normalizing flows, is not
comparable between these methods and ours. In addition,
since we do not use likelihood maximization as a training
criterion, it is not to be expected that our model is compet-
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Linear Flow Matching E-Geodesic Flow
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Fig. 10 Top row: Plots of conditional densities paths ¢t — v;(B) for various models. Bottom row: Impact of the rate parameter A of our approach

(replication of Fig. 3 to ease visual comparison)

itive on this measure. Still, the results of Table 1 indicate
that the proposed model (t — o) fits the binarized MNIST
data distribution better in terms of relative entropy than our
previous approach [6] (t — 1).

5 Conclusion

We introduced a novel generative model for the represen-
tation and evaluation of joint probability distributions of
discrete random variables. The approach employs an embed-
ding of the assignment manifold in the meta-simplex of all
joint probability distributions. Corresponding measure trans-
port by randomized assignment flows approximates joint
distributions of discrete random variables in a principled
manner. The approach enables to learn the statistical depen-
dencies of any set of discrete random variables and using the
resulting model for structured prediction, independent of the
area of application.

Inference using the approach is computationally efficient,
since sampling can be accomplished by parallel geomet-
ric numerical integration. Training the generative model
using given empirical data is computationally efficient, since
matching the flow of corresponding e-geodesics is used as

@ Springer

training criterion, which does not require sampling as a sub-
routine.

Numerical experiments showed superior performance in
comparison with the recent related work, which we attribute
to consistently using the underlying information geometry of
assignment flows and the corresponding measure transport
along conditional probability paths. On the other hand, the
fact that even our preliminary approach [6] can outperform
Dirichlet flow matching [42] with respect to scaling to many
classes in Fig. 5, is surprising, because the approach [6] uses
a finite integration time and moves all mass of the reference
distribution to a Dirac measure close to W,g within this finite
time. The core assumptions of [42, Proposition 1], therefore,
apply to this approach, and the fact that it still performs well
empirically suggests that further inquiry into this topic is
warranted.

Appendix A. Proofs
A.1 Proofs of Section 3.2.3

Proof of Proposition 3.2 Since Vg is determined by § and
does not depend on V, the map V +— V + AtAVy is
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affine. Hence, Eq. (3.28) conforms to (3.27), because affine
transformations of normal distributions are again normal
distributions. The mapping expy,,,(-) : We — T is a dif-
feomorphism. Consequently, the inverse of (3.28) can be
computed from

W=y (VI|B) = €XP1,,, (V + lng)
& YTIWIB =V =expyl (W) — 13V,

(A.l1a)
(A.1b)
which verifies (3.29). Regarding (3.30), recall that the con-

ditional flow is determined by the conditional vector field
through the ODE

d
Vi VIB) = (Y (V1B)|B),

Yo(VIB) = o(V) = expy,, (V). (A2)

On the other hand, direct computation of the time derivative
of (A.la) using the closed-form expression

dexpy (V)U] = Rexp,, ()[U] (A.3)
for the differential of the lifting map (2.6b), yields

d

EI/II(VLB) = Ry,(vip[AVB]. (A4)

Equating (A.2) and (A.4) and using W = ¢,(V|B) from
(A.1b) proves (3.30). O

Proof of Proposition 3.3 Equation (3.15a) is immediate due
to (3.23), (3.24) and (3.27). Writing short

Ve =Y (-1B) (A.5)

for the flow map defined by (3.28), it remains to show that

lim vy (B) = lim (¥)v0 = Sy, (A6)
To this end, we demonstrate that every marginal of the con-
ditional probability path (A.6) converges to a Dirac measure
supported on the assignment vector corresponding to the
labeling configuration 8, i.e.,

tl_l)Igo vi(B) = tl_i)fgo(llfr;i)nvo;i = 8W/S;i’ i€ln], (A7)
where vg.;, i € [n] denote the marginals of vy given by
(3.24).

First, we observe that by fixing an orthonormal basis of
Tp as column vectors of the matrix 53, every marginal vy.; of
(3.24) with Gaussian N defined by (3.23) can be expressed
as the lifted image measure of a standard normal distribution
N(Oc_l, Ic_l) on R*~! with respect to the basis B,

vo;i = (expy g )gBaN (5 0c1, Leo1)

= (exp]ls)ﬁ-/\/’(v OC’ 7[0)’ (AS)

since BBT = 1. Consequently, by Proposition 3.2,

Vi (B) = (Vi) N 3 Oc, 70) (A.9)

and hence using the change-of-variables formula and (A.1b),
one has for any p € S,

Vi (pl1B) = N(eXpié (p) — tAVg.i: Oc, o) detdw;ﬂ.
(A.10)

Equation (3.29) shows that the differential d W;,-l does not

depend on 7. Neither does the normalizing factor of the nor-
mal distribution, due to the covariance matrix wo = idg,.

Consequently, since llf;,-] maps to T,

1
v (pIB) ocexp (= S(expyt (p) = 12Vg.i, mo(expy L (p) = 12.V5.1)))

2
(A.11a)
_ e (p) — . o IR A
= exp( 2(expls(p) 1AVg.j. (expﬂs(p) t)\Vﬂ;,)>) -0
as t — 0o, (A.11b)

for any p # Wﬁ;,- € S, and i € [n], due to the choice (3.26)
of the tangent vector V. We conclude that the image measure
Voo;i (B) is a Dirac measure concentrated on Wg.;. O

A.2 Proofs of Section 3.3

Proof of Lemma 3.4 By [8, Lemma 4], one has QT QV =
"1V for all V € Tp. Thus, Q. defined by (3.40) has the

property
QCT QcV =V,

forall V € 7. (A.12)

To show that (3.39) indeed defines the orthogonal projection
onto img Q N 7Sy, note that

Oy =m0, (A.13)
by [5, Lemma A.3] and accordingly
Q'm0 = (m00:) " = (QcTo) " =ToQ, " (A.14)

by using the symmetry of I1p and rp. We can use this to show
img proj, € img Q N 7pSy, because for any x € R"*¢, we
have
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O.Tox €img @ and Q.Tox A2 700.x € ToSy.

(A.15)

Now letv € 7ySy and y € img Q N7ySy be arbitrary. Then,
y can be written as y = Q.y’, and we have

=(v— Q.0 v, Qcy)
= (0 v— 0.0 M0 v,y

(v —projo(v), y)

(A.16a)
(A.12)
=70 v =0 T, y)
(A.14)
=7 (0. Tv— 0. mv, ) (A.16b)
=0, (A.16c)
which shows that proj, projects orthogonally. O

Proof of Theorem 3.5 We use the representation of proj,
(Lemma 3.4) to compute the pushforward (3.42).

(projz)zv Y (B)
3.41 . _ S
C2 )(exp]lsN o projg oexpﬂéN vy N (B) (A.17a)
C2 expy g oproi)e A (18) (A.17b)
O ey g 00eMy0 NN (18) (A.17¢)
335 (exp]ls 0Q: Q¢ )tN( tc"~ I)Lr[()eﬁ M lrg) (A17d)
= (@p1g )N (1" 120N 0 T moep,
"M T mo(Qc o0 ) T) (A.17¢)
g 40)
Y=Y (expr g, N G200 e, 7! 0cTT0c T 0cTTn 0 T)
(A.17f)

(3.40)
(A 12)

(expyg ):N(:12.0T0Q T ep. QMo Q) (A.17g)
= (exp]lSN oQ)uN(~,tmOQ eg, Ip). (A.17h)

By [5, Lemma 3.4], we have QTeﬂ = Meg, with Q and M
defined by (2.9) and (2.14b). Using the shorthand Vg defined
by (3.26) and the lifting map lemma (3.38), this shows

(proj )™ () = (expyg, 0Q)N (1 14V, Tlp)  (A.18a)
338 (r oexpy,,)eN (5 1AV, o)

(A.18b)

G20 (T o expy,, )i g (A.18¢)

C2D 1.,(8) (A.18d)

which is the assertion (3.42).
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Returning to (A.18a), we compute the conditional vector
field whose flow generates the path (projT)ﬁvtS N(B) by

ul (q18) R,AOVgl  (A.19)

=dexpyg (V[AQVp] =

with v = expi;N (¢), analogous to (3.30). This shows the

shape of the flow-matching criterion (3.43). It remains to

show that it is equal to (3.31).
Substituting the ansatz fé; =

gives

Q o Fy o M into this criterion

'CRCFM = Eth,ﬂNP,Wwf(ﬂ)
[ Rran(20(Vp) = (@ 0 F)(W. D17, |
(A.20)

By [5, Theorem 3.1], T: W, — 7 < Sy defined by (2.7) is
a Riemannian isometry. Thus, for any vector field X : W, —
To and any W € W,, it holds that

(RwlX], Rw[XDw = (dTw [Rw(X1], dTw[RwlX1])7 ).
(A21)

Furthermore, by [5, Theorem 3.5], one has

dTw[Rw[X]1] = Rrew)[QX]. (A.22)

Taking (A.21) and (A.22) together, (A.20) transforms to

2
Licem = Eimp pp.Wv,(p) [||RW“V/S — F(W, f)]”w]
(A.23)

which is (3.31). O

Appendix B. Experiments: Details
B.1 Details of Class Scaling Experiment

To parameterize Fy, we use the same convolutional archi-
tecture used in [42]. We train for 500k steps of the Adam
optimizer with constant learning rate 3 - 10~* and batch size
128. We reproduce the Dirichlet flow-matching results and
linear flow-matching baseline by using the code of [42]. The
experiment shown in Fig. 5 is slightly harder than the version
in [42], because we limit training to 64k steps at batch size
512 for Dirichlet- and linear flow matching. Accordingly,
both assignment flow methods are trained for 250k steps at
batch size 128, such that around 32M data are seen by each
model during training.
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B.2 Details of Generating Image Segmentations
B.2.1 Cityscapes Data Preparation

Rather than the original ¢ = 33 classes, we only use the
¢ = 8 classes specified as categories in torchvision. The
same subsampling of classes was used in the related work
[26]. They additionally perform spatial subsampling to 32 x
64. Instead, we subsample the spatial dimensions (NEAREST
interpolation) to 128 x 256.

B.2.2 Cityscapes Training

For the Cityscapes experiment, we employ the UNet archi-
tecture of [16] with attention_resolutions (32, 16, 8), chan-
nel_mult (1,1,2,3,4), 4 attention heads, 3 blocks and 64
channels. We trained for 250 epochs using Adam with cosine
annealing learning rate scheduler starting at learning rate
0.0003 and batch size 4. The distribution p of times 7 used
during training is an exponential distribution with rate param-
eter . = 0.25. For sampling, we integrate up to fmax = 15.

B.2.3 Binarized MNIST Data Preparation

We pad the original 28 x 28 images with zeros to size 32 x 32
to be compatible with spatial downsampling employed by the
UNet architecture. Binarization is performed by pixelwise
thresholding at gray value of 0.5.

B.2.4 Binarized MNIST Training

We modify the same architecture used for Cityscapes to atten-
tion_resolutions (16), channel_mult (1,2,2,2), 4 attention
heads, 2 blocks and 32 channels. The same training regi-
men is used as for Cityscapes except for an increase in batch
size to 256. The distribution p of times # used during training
is an exponential distribution with rate parameter A = 0.5.
For sampling, we integrate up to fmax = 10. In Table 1, we
use the same UNet architecture and training regimen for the
comparison method [6] (t — 1).

Appendix C. Likelihood Computation: Details

Assume we have learned a probability path v, and a final
pushfoward distribution v,. In practice, numerical integra-
tion needs to be stopped after a finite time ¢ = #yax, reaching
a numerical pushforward distribution v, ~ Veo. Drawing
samples from p = IEWthax [T (W)] is a two-stage process:
W ~ v, is drawn first, followed by sampling g ~ T(W).
Due to the numerical need to stop integration at finite time,
T (W) may in practice not have fully reached a discrete Dirac
distribution. For long sequences of random variables, such

as text or image modalities, this can lead to undesirable noise
in the output samples. A way to combat this numerical prob-
lem is by rounding to a Dirac measure before sampling.
This procedure can be interpreted within the framework of
dequantization, which we elaborate in Sect. 3.6.

In practice, W ~ vy is typically close to a discrete Dirac
already (cf. Fig.4), so rounding has little impact on the repre-
sented joint distribution. Nevertheless, the rounding process
is formally a different model than p = EWw,max[T(W)]»
which we explicitly distinguish for the purpose of computing
likelihoods. Recall the definition (3.32) of subsets rg € W,
with each W € rg assigning the largest probability to the
labels B. The points in rg are also the ones which round to
Wﬂ.z Thus, the labeling 8 € [c]" has likelihood

By = Eweny [y (W1 =Py, () (eR))

under the rounding model p", with 1,4, denoting the indicator
function of rg. This is numerically similar to the likelihood
under our original model

Pp = Ew~n [T(W)g] (C.2)
and matches it in the limit 1 — oo, provided that (almost)
every trajectory W (f) approaches an extreme point of W,
under the learned assignment flow dynamics.

We will now devise an importance sampling scheme for
efficient and numerically stable approximation of the integral
in (C.1), that analogously applies to (C.2). Let o be a proposal
distribution with full support on WV, which has most of its
mass concentrated around a point gg € W, close to Wﬂ.
Then

Dt V) (W)] (C.3)

P () = B 1y (W) 250

where we assumed that both v, and ¢ have densities with
respect to the Lebesgue measure and used again the symbols
Vinae and o to denote these densities. The rationale behind
this construction is that, since we learned v, to concentrate
close to points Wﬁ, drawing most samples close to gg will
reduce the estimator variance compared to sampling (C.1)
directly. In high dimensions, the quantities in (C.3) are prone
to numerical underflow, which motivates the transformation

(W
log P, (p) = log B~ 1, (W)%] (C4a)
= log Ew~o[ exp (log 1., (W)
+ 10g Vg (W) — log 0(W))]. (C.4b)

After replacing the expectation with a mean over samples
drawn from o, we can evaluate (C.4) by leveraging stable
numerical implementations of the logsumexp function.

2 The sets rg technically overlap on the boundary, but all intersections
have measure zero.
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For every evaluation of the integrand, we evaluate log-
likelihood under o in a closed form as well as log-likelihood
under v, through numerical integration backward in time,
leveraging the instantaneous change of variables (3.45) and
Hutchinson’s trace estimator (3.46). Note the conventions
log0 = —o0 and exp(—o0) = 0 employed in (C.4). The

analogous expression for (C.1) reads

log 17[5 = log Ewwg[exp (log T(W)g + 10g Vi (W) — log Q(W))]

(C.5)

and we can further expand
logT(W)g = log l_[ Wig = log W; g,
i€ln] i€ln]

to avoid numerical underflow.
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