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For dynamical quantum matter, many key features and properties address their steady states, such as the
fundamental question of thermalization. However, it is a very concrete challenge to determine practically if a
system has already relaxed and reached a steady state, as this requires an a priori understanding of steady-state
properties, which must, in principle, be verified across a large set of observables individually. In this paper, we
introduce a general method to quantify the relaxation of a quantum state by measuring the speed of subsystem
evolution. This approach allows us to assess the relaxation of all conceivable observables, providing a general
measure of relaxation without requiring any a priori knowledge.

DOI: 10.1103/PhysRevB.111.L140410

Introduction. Relaxation stands as a pivotal concept in
the study of quantum dynamics [1,2]. It describes how a
quantum system evolves towards a steady state that remains
invariant over time. A critical inquiry within this domain con-
cerns the mechanisms that govern thermalization, a specific
form of relaxation where the system reaches thermal equilib-
rium, and observables align with the predictions of statistical
mechanics. Depending on the system’s inherent dynamics,
chaotic systems typically thermalize to a Gibbs ensemble,
fully erasing the memory of their initial conditions, whereas
integrable systems gravitate towards a generalized Gibbs en-
semble (GGE), retaining some information about their initial
state. This distinction underscores the diverse pathways to re-
laxation, shaped by whether the system is chaotic or integrable
[3–8].

In 1929, von Neumann pioneered the discussion on how
quantum systems under unitary dynamics could mirror sta-
tistical mechanics behavior [9]. He introduced the idea of
thermalization from the perspective of observables, sug-
gesting that an observable achieves thermalization when its
long-term behavior closely matches the predictions of the
microcanonical ensemble. The insights of von Neumann align
well with the predictions of random matrix theory (RMT)
[10,11]. However, to accurately describe observables in exper-
iments, one must extend beyond RMT, as real systems exhibit
thermal expectation values influenced by their energy density
(temperature), a nuance not captured by RMT. Moreover, the
matrix elements of observables in real systems encode infor-
mation beyond the scope of RMT predictions. The eigenstate
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thermalization hypothesis (ETH) addresses this gap, incorpo-
rating the nuances of thermalization in physical observables
[12–14].

Two conventional approaches exist for assessing whether
a quantum system has reached a steady state, with thermal-
ization being a specific instance. The first method involves
examining the expectation values of local operators within a
subsystem [15]. If these expectation values remain unchanged
over time, it indicates that the subsystem settled into a steady
state. However, this approach requires the evaluation of all
linearly independent operators within the Hilbert space of the
subsystem, posing an intricate challenge, while the inclusion
of higher-order observables also remains an open problem.
Alternatively, the second method assesses relaxation by cal-
culating the distance between the subsystem reduced density
matrix (RDM) and the RDM of the steady state [15–17].
While this method provides a direct metric for relaxation, it
necessitates prior knowledge of the exact steady state, which
can be a challenging prerequisite to fulfill.

In the paper, we propose an alternative relaxation in-
dicator that relies solely on the quantum system’s state,
eliminating the necessity for local operators or a predefined
steady state. This indicator quantifies the rate of change of
the time-dependent subsystem RDM, thereby representing the
subsystem’s evolution speed in a manner analogous to the
geometric approach to the quantum speed limit [18–24].

Definition of evolution speed. To define evolution speed,
we first need a measure of distance that effectively captures
changes between quantum states. The concept of distance
between two quantum states can be defined in several ways
[25,26], with the trace distance often considered the most
effective [16,27]. The trace distance between the density ma-
trices ρ and σ is given by

D(ρ, σ ) = 1
2‖ρ − σ‖1, (1)
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with ‖ · ‖1 denoting the trace norm. This formulation en-
sures that the trace distance always falls within the range
0 � D(ρ, σ ) � 1. Considering a state ρ(t ) that varies over
time, which may represent the density matrix of an isolated
quantum system or the RDM of a subsystem, we define the
evolution speed of the system as

v(t ) ≡ lim
δt→0

D(ρ(t ), ρ(t + δt ))

δt
, (2)

which effectively quantifies the rate at which the state ρ(t )
changes over time.

For an isolated quantum system governed by the Hamilto-
nian H (t ) with a pure state |ψ (t )〉 the evolution speed, which
measures how quickly the total quantum state changes, is
given by

vtot(t ) = lim
δt→0

D(|ψ (t )〉, |ψ (t + δt )〉)

δt
. (3)

Using the trace distance between two general pure states
D(|ψ〉, |φ〉) =

√
1 − |〈ψ |φ〉|2, we get the evolution speed of

the total system as the fluctuation of the energy

vtot(t ) = �H (t )

≡
√

〈ψ (t )|[H (t )]2|ψ (t )〉 − 〈ψ (t )|H (t )|ψ (t )〉2, (4)

which is consistent with the Mandelstam-Tamm bound of the
quantum speed limit [18]. When the Hamiltonian is time-
independent, the total system evolves with a constant speed
vtot = �H .

For subsystems, however, the analysis is not as straightfor-
ward due to additional complexities arising from mixed state
dynamics. For a subsystem A, the time-dependent RDM can
be obtained by

ρA(t ) = trĀ|ψ (t )〉〈ψ (t )|. (5)

with Ā denoting the complementary subsystem, and the evo-
lution speed can be defined as

vA(t ) = lim
δt→0

D(ρA(t ), ρA(t + δt ))

δt
. (6)

From the contractive property of the trace distance under
partial trace [25,26]

D(ρA(t ), ρA(t + �t )) � D(|ψ (t )〉, |ψ (t + �t )〉), (7)

we get

vA(t ) � vtot(t ) = �H (t ). (8)

As long as the fluctuation of the energy �H (t ) is finite, the
evolution speed for the total system vtot(t ) and the subsystem
evolution speed vA(t ) are well-defined with no divergence in
the δt → 0 limit.

Alternative definitions of distance measures and the cor-
responding evolution speeds are explored and discussed in
Appendix B: Alternative definitions of the evolution speed.

Indicators of relaxation. The relaxation process of a time-
varying pure state, represented as |ψ (t )〉, typically progresses
towards a steady state, denoted by ρss. In the study of a
quantum spin chain of L total sites and a subsystem with
LA consecutive sites, significant interest lies in exploring the
scaling limit where L → +∞ and LA → +∞, maintaining a

constant ratio x = LA/L. Upon reaching relaxation, either as t
approaches infinity or at some specific time t = t∗, a critical
ratio x∗ emerges. For subsystem sizes below, the threshold
x < x∗, the trace distance between the time-dependent RDM
ρA(t ) and its steady state counterpart ρA,ss approaches zero

Dss
A (t ) ≡ D(ρA(t ), ρA,ss) → 0, (9)

indicating that relaxation has occurred. Conversely, due to the
monotonic decrease of the trace distance under partial trace
[25,26], as the ratio x goes from x∗ to 1, the subsystem trace
distance D f

A(t ) increases monotonically from 0 to the total
system distance

Dss
tot(t ) ≡ D(|ψ (t )〉, ρss). (10)

Under a time-independent Hamiltonian, the total system
distance Dss

tot(t ) remains constant. In this scenario, pinpoint-
ing the exact steady state ρss to which the pure state |ψ (t )〉
evolves becomes crucial. For chaotic systems, this state typi-
cally corresponds to the thermal state described by the Gibbs
ensemble, whereas integrable systems tend to relax to a GGE
state [3]. Generally, the task of defining or identifying ρss for
these systems can be elusive and challenging.

To address this challenge, we leverage the subsystem evo-
lution speed vA(t ) (6) as an indicator of relaxation, thereby
bypassing the complexities associated with finding the proper
local operators or directly determining the steady state. As
a subsystem approaches a steady state, its evolution speed
vA(t ) progressively decreases in the thermodynamic limit and
ultimately approaches zero. This behavior occurs when the
ratio x = LA/L is less than a critical value, typically x∗ = 1/2.
For a finite system size L, the subsystem evolution speed
vA(t ) remains finite, but this value decreases as the size of the
system increases, indicating the system’s progression towards
a steady state.

When the steady state is reached at the infinite time, fluc-
tuations in the subsystem evolution speed vA(t ) may occur at
some large but finite time. To smooth out these fluctuations,
we take the time average of the evolution speed over a suffi-
ciently long period, denoted as 〈vA(t )〉. Since the total system
evolution speed vtot generally increases with the size of the
system, we normalize the average subsystem evolution speed
〈vA(t )〉 by vtot as 〈vA(t )〉/vtot.

When the steady state is reached at a finite time, say t =
t∗, time averaging is unnecessary. Specific examples of these
cases are discussed further in Appendix C: Transverse field
Ising model.

In Appendix D: Indications for fluctuations of operator
expectation value and Appendix E: Small subsystem evolution
speed from small subsystem trace distance, we show that
an exponential decrease in the subsystem evolution speed as
a function of system size leads to exponentially small time
fluctuations in the operator’s expectation value. This behavior
is consistent with the predictions of the ETH, indicating that
systems displaying such characteristics in evolution speed
achieve relaxation. We also show that exponential small sub-
system trace distance leads to exponential small subsystem
evolution speed.

Numerical checks. We investigate the dynamics of the evo-
lution speed metric within a range of models, beginning with
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FIG. 1. Chaotic Ising chain. Subsystem trace distance and sub-
system evolution speed with an initial random state. (a) Long-time
average of Dss

A (t ) as a function of the ratio x = LA
L . (b) Long-time

average of vA(t ) relative to the total system evolution speed vtot. The
inset shows the subsystem evolution speed without normalization.
The parameters are hx =

√
3

2 and hz = √
2. The time averages for the

distance and speed are taken over the interval t ∈ [L, 2L].

the Ising chain subjected to both transverse and longitudi-
nal fields, which is anticipated to exhibit thermalization to
the canonical ensemble [15,28], with ρss = ρthermal. We also
analyze the spin- 1

2 XXZ chain subjected to random disorder
[29,30], which exhibits characteristics of integrable, ETH and
many-body localized (MBL) Hamiltonians [31,32].

Chaotic Ising chain. We first study the chaotic Ising chain,
characterized by the Hamiltonian

H (hx, hz ) = −1

2

L∑
j=1

(
σ x

j σ
x
j+1 + hxσ

x
j + hzσ

z
j

)
. (11)

This system features both a longitudinal field hx and a
transverse field hz, with the Hamiltonian exhibiting chaotic
behavior provided all tunable parameters are nonzero. Al-
though the model is expected to reach a thermal state over a
long period, this is not the case for all initial states in which the
system is initialized. In the following, we present the behavior
of the evolution speed of the subsystem for different initial
states and compare these results with previously established
metrics to verify their consistency.

We begin with an initial state |ψ (0)〉 that is a random
state, with coefficients drawn from a Gaussian distribution.
Such random states typically have significant overlap with
all energy eigenstates, making them well-suited for observ-
ing relaxation and thermalization. The chaotic Ising model
equilibrates to the thermal state, represented by a maximally
mixed state ρss = 1/2L. Figure 1, panels (a) and (b), show
the time-averaged values of the distance and velocity metrics,
respectively, in the steady state as functions of the subsystem
size ratio x = LA/L. Notably, for subsystems smaller than half
the size of the total system, the subsystem evolution speed
vA(t ), normalized by the total system evolution speed vtot, fol-
lows similar dynamics to that of the subsystem trace distance
Dss

A (t ). For fixed 0 < x < 1/2, the trace distance between the
RDM and the corresponding thermal RDM decreases with
increasing system size, suggesting convergence towards the
relaxation state in the thermodynamic limit. Similarly, the
observed decrease in evolution speed with increasing total
system size further supports the trend toward relaxation.

FIG. 2. Chaotic Ising chain. (a), (b), and (c) show the long-time
average of the velocity as a function of x for the initial states |y+〉,
|x+〉, and |z+〉, respectively. The insets display the corresponding
subsystem evolution speed without normalization. (d) Dynamics
of the deviation of the subsystem evolution speed from its time-
averaged value for the initial state |y+〉, and L = 16. We have used
hx =

√
3

2 and hz = √
2. The time averages are taken over t ∈ [L, 2L].

As a second case, we use initial states that are direct
product states, such as |x+〉 ≡ ⊗L

j=1
|↑ j 〉+|↓ j〉√

2
, |y+〉 ≡⊗L

j=1
|↑ j〉+i|↓ j 〉√

2
, |z+〉 ≡ ⊗L

j=1 |↑ j〉, |Néel〉 ≡ |↑ ↓↑↓ · · · 〉.
The dynamics of the chaotic Ising model initialized in a
product state, have been extensively analyzed in Ref. [15],
where two distinct thermalization regimes were identified.
The state |y+〉 exhibits strong thermalization, with its
instantaneous expectation values rapidly converging to
those of the thermal state. In contrast, the state |x+〉
demonstrates weak thermalization, where the state does
not relax even at very long times, although the time-averaged
expectation values of observables eventually reach thermal
values. In Figs. 2(a) and 2(b), the average evolution speeds
corresponding to both strong and weak thermalization
regimes are depicted. For the initial state |y+〉, the average
evolution speed 〈vA(t )〉 decays towards zero for x < 1/2,
suggesting convergence to relaxation, which in this context is
the thermal state. Conversely, for the state |x+〉, there is no
indication of relaxation and weak thermalization. When the
system is initialized in |z+〉, it shows no signs of relaxation
over a long time; see Fig. 2(c).

In Fig. 2(d), we further investigate another interesting ap-
plication of the subsystem evolution speed, concerning the
temporal relaxation as a function of subsystem size. While
the relaxation of local observables by now is well understood,
this is not the case for nonlocal operators such as long Pauli
strings. A systematic analysis of such relaxation is overall
hindered as a complete brute-force analysis would require the
study of a large number of such Pauli string, which grows
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exponentially with the string length. This is not only of rel-
evance in order to understand theoretically such relaxation,
but it also becomes important in experiments [33,34].

Setting hx = 0 in (11) transitions the system to the trans-
verse field Ising model (TFIM), which is integrable and can
be solved analytically [35,36]. Over a long period, this system
can be relaxed to the GGE state [37–40]. In Appendix C:
Transverse field Ising model, we consider examples of the
initial random state and product states within the TFIM. We
also examine the time evolution of subsystems after a quan-
tum quench [41–44], for which the Bures distance and the
corresponding evolution speed can be efficiently calculated
following [45].

XXZ chains outside of and in MBL regime. The Hamiltonian
for the XXZ model is given by

H =
L∑

j=1

[
1

4

(
σ x

j σ
x
j+1 + σ

y
j σ

y
j+1 + �σ z

j σ
z
j+1

) + 1

2
h j

zσ
z
j

]
,

(12)

where � represents the anisotropy parameter. We focus on a
scenario where h j

z varies randomly within the range [−h, h],
adhering to a uniform distribution. This random variation in-
troduces disorder, which is crucial for modeling many-body
localization (MBL) and allows us to investigate its impact
on the dynamics of the quantum many-body system [29,30].
When the disorder parameter h = 0, the system reduces to
the integrable XXZ chain [46,47]. As h increases, the random
field XXZ chain goes from the ETH region to the MBL region.

The MBL phase is characterized by the absence of ther-
malization in isolated many-body systems, influenced by both
disorder and interactions, though the system may relax to
a nonthermal steady state. Crucially, this characterization
requires considering the limits of both infinitely long-time
evolution and infinite system size. Definitive conclusions
about the MBL phase are constrained by the small system
sizes typically used in numerical studies. Over a decade of
research into the MBL phase has left many questions and
possibilities open. In this paper, we focus on the concept of
relaxation within systems exhibiting MBL phases by ana-
lyzing the subsystem evolution speed. Despite the dynamics
observed with integrable and nonintegrable Hamiltonians, the
relaxation state under MBL Hamiltonian evolution remains
undefined, meaning there is no clear ρss in this context. This
ambiguity underscores the utility of alternative measures, such
as the subsystem evolution speed, to predict and analyze relax-
ation dynamics.

A single Hamiltonian (12), with random fields already cho-
sen from a uniform distribution, is not strictly translationally
invariant. Therefore, when calculating the subsystem dis-
tance and evolution speed we consider all L possible starting
positions of the subsystem and then take the average. In Fig. 3,
we illustrate the dependency of the subsystem evolution speed
on system size for the initial Néel state. In panels (a) and (b),
the model is, respectively, integrable and in the ETH regime,
and the Néel state reaches steady states in both cases. In panels
(c) and (d), there is strong disorder, and the model is in the
MBL regime; here, there is no sign of relaxation for the Néel
state. This is expected, as the Néel state is approximately an

FIG. 3. XXZ chain. Long-time average of the subsystem evolu-
tion speed with the initial state being the Néel state with different
strengths of the disorder with h = 0,

√
2,

√
17, and

√
43 from left

to right. The insets show the subsystem evolution speed without
normalization. In all panels, we have used � = 1. The time averages
are over t ∈ [4L, 8L].

energy eigenstate in this regime, and there is no ETH for the
random field XXZ chain exhibiting MBL. Additional details
and further analysis of the ETH–MBL transition can be found
in Appendix A: Transition to MBL phase in XXZ chain.

Conclusions. In this paper, we have proposed utilizing the
subsystem evolution speed, which corresponds to the rate of
change of the reduced density matrix of the subsystem, as
an indicator of relaxation in quantum systems. This novel
approach relies solely on the state of the quantum system,
negating the need for specific local operators or prior knowl-
edge of the steady state. As the size of the quantum system
grows, the evolution speed of sufficiently small subsystems
decreases, signaling the onset of relaxation. This method has
been validated on various models, including chaotic and in-
tegrable systems, demonstrating its robustness and precision.
Our approach is independent of numerical methods and sys-
tem dimensionality, making it broadly applicable. However,
efficient computation of system states and reduced density
matrices remains challenging for larger systems and longer
times. Extending to more complex quantum systems-higher
dimensions, long-range interactions, or diverse symmetries
is a natural direction. For 1D long-range interactions, exact
diagonalization (ED) remains viable, reaching system sizes
similar to short-range cases. In 2D, tensor networks (PEPS,
TTN) and hybrid methods (tDMRG, variational Monte Carlo)
can simulate dynamics but are typically limited concerning
the accessible timescales to short evolution times.

Furthermore, the subsystem evolution speed might enable
to address a rather open question in quantum many-body dy-
namics, which concerns the relaxation of nonlocal operators.
While the dynamics of local observables are by now well
understood, it has remained largely unclear how on general
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FIG. 4. XXZ chain. The average subsystem evolution speed behaves near the transition from ETH to MBL. The horizontal axes is the ratio
LA/L and the vertical axes is the average subsystem evolution speed 〈vA〉/〈vT 〉. We have used Nr = 32 realizations of the random fields.

grounds expectation values of nonlocal observables such as
long Pauli strings relax, relevant also for recent experiments
[33,34]. As the subsystem evolution speed characterizes the
relaxation of the full reduced density matrix it automatically
accounts for all nonlocal operators, which is otherwise all but
straightforward as the number of all Pauli strings of length l ,
say, grows exponentially in l . Moreover, developing a deeper
theoretical understanding of how subsystem evolution speed
relates to key dynamical processes in quantum systems, such
as relaxation and thermalization, is crucial. By exploring how
factors like disorder, interactions, and dimensionality influ-
ence evolution speed, we can gain valuable insights into the
fundamental mechanisms driving these processes. In partic-
ular, studying the behavior of evolution speed in systems
exhibiting MBL and near critical points could offer criti-
cal insights into the transition from integrable to ergodic
dynamics.
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Project No. 499180199 (FOR 5522). The authors gratefully
acknowledge the resources on the LiCCA HPC cluster of the
University of Augsburg.

Appendix A: Transition to MBL phase in XXZ chain. To ex-
amine the behavior of the average subsystem evolution speed
near the transition between the ergodic (ETH) and many-
body localized (MBL) phases, we present additional results
in Fig. 3. We focus on the parameter range

2 � h � 4, (A1)

which spans both regimes and includes the critical region
where the transition occurs (around h ≈ 3 [30]). To minimize
statistical fluctuations and better reveal the underlying trend,
we conduct a threefold averaging procedure, encompassing
the time interval t ∈ [4L, 8L], all L possible positions of
subsystem A along the circular chain, and 32 independent
realizations of the random fields. The resulting data in Fig. 4
demonstrate that the average subsystem evolution speed un-
dergoes a noticeable change in behavior in the vicinity of
h ≈ 3, thereby providing compelling evidence for the transi-
tion from the ETH to the MBL regime.

Appendix B: Alternative definitions of the evolution speed.
In the main text, we have considered the trace distance as
the distinguishably of two quantum states. Here, we consider
alternative definitions of the distance and the corresponding
evolution speed.

The Bures distance between the quantum states ρ and σ is
defined as

B(ρ, σ ) =
√

2[1 − F (ρ, σ )], (B1)

where the fidelity F (ρ, σ ) is given by

F (ρ, σ ) = tr
√√

ρσ
√

ρ. (B2)

By definition, 0 � F (ρ, σ ) � 1, and hence, 0 � B(ρ, σ ) �√
2. The trace distance D(ρ, σ ) and fidelity F (ρ, σ ) are equiv-

alent in the sense of the inequalities [25,26]√
1 − F (ρ, σ ) � D(ρ, σ ) �

√
1 − F (ρ, σ )2, (B3)

which further establishes an equivalence between the trace
distance D(ρ, σ ) and Bures distance B(ρ, σ ) through the in-
equalities

B(ρ, σ )2

2
� D(ρ, σ ) � B(ρ, σ )

√
1 − B(ρ, σ )2

4
. (B4)

L140410-5
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Based on the Bures distance, we can calculate the total
system evolution speed

utot(t ) = lim
δt→0

B(|ψ (t )〉, |ψ (t + δt )〉)

δt
, (B5)

and the subsystem evolution speed

uA(t ) = lim
δt→0

B(ρA(t ), ρA(t + δt ))

δt
. (B6)

These speeds satisfy the relation

uA(t ) � utot(t ) = �H (t ), (B7)

with �H (t ) being the variance of the Hamiltonian.
For two density matrices ρ and σ , one could define the

Schatten n-distance as

Sn(ρ, σ ) = [
1
2 tr(|ρ − σ |n)

]1/n
, (B8)

with the real number n � 1. For n = 1, it is just the trace
distance. We will use the Schatten 2-distance, also known
as the Frobenius distance and the Hilbert-Schmidt distance,
given by

S(ρ, σ ) =
√

1
2 tr[(ρ − σ )2]. (B9)

We will also use the normalized Schatten 2-distance [16],
defined as

N (ρ, σ ) =
√

tr[(ρ − σ )2]

tr(ρ2) + tr(σ 2)
. (B10)

For states in a finite-dimensional space, all the definitions
of the distance are equivalent. However, in the infinite-
dimensional limit, the trace distance is preferred over the
normalized Schatten 2-distance, in the sense that the trace dis-
tance can distinguish some states that the normalized Schatten
2-distance cannot [27]. In the same sense, the normalized
Schatten 2-distance is better than the Schatten 2-distance. The
advantage of the Schatten 2-distance and normalized Schatten
2-distance is that they are sometimes easier to calculate for
large systems. For a time-dependent state, we may define the
different evolution speeds as

s(t ) ≡ lim
δt→0

S(ρ(t ), ρ(t + δt ))

δt
, (B11)

n(t ) ≡ lim
δt→0

N (ρ(t ), ρ(t + δt ))

δt
. (B12)

For two density matrices ρ and σ , one can define the
relative entropy as

S(ρ‖σ ) = tr(ρ ln ρ) − tr(ρ ln σ ), (B13)

which is also known as the Kullback-Leibler divergence. The
relative entropy is not a well-defined distance metric but can
also characterize the difference between two states. Further-
more, it is finite only when supp(ρ) ⊆ supp(σ ). One should
be cautious when using the relative entropy as a quantitative
measure of the difference between two states. The relative
entropy bounds the trace distance according to Pinsker’s in-
equality [26]

D(ρ, σ ) �
√

1
2 S(ρ‖σ ). (B14)

This motivates us to define the “relative distance”

R(ρ‖σ ) ≡
√

1
2 S(ρ‖σ ), (B15)

and the corresponding evolution speed

r(t ) ≡ lim
δt→0

R(ρ(t )‖ρ(t + δt ))

δt
. (B16)

Appendix C: Transverse field Ising model. We consider
various initial states in the transverse field Ising model with
the Hamiltonian

H (hz ) = −1

2

L∑
j=1

(
σ x

j σ
x
j+1 + hzσ

z
j

)
. (C1)

We first consider the initial random state. The corresponding
steady state is still the maximally mixed state ρss = 1/2L.
The dynamics of subsystem trace distance and subsystem
evolution speed in shown in Fig. 5. It is the same as Fig. 1
in the main text for the initial random state in the chaotic
Ising chain. This is expected, as any unitary transformation
of a random state results in a new random state as long as the
unitary transformation is unrelated to the random state. The
initial random state in other models are similar and we will
not show in the Appendix.

Then we consider the example of the initial product
states |x+〉 ≡ ⊗L

j=1
|↑ j〉+|↓ j 〉√

2
, |y+〉 ≡ ⊗L

j=1
|↑ j〉+i|↓ j 〉√

2
, |z+〉 ≡⊗L

j=1 |↑ j〉, |Néel〉 ≡ |↑↓↑↓ · · · 〉, as shown in Fig. 6. There
are no signs of relaxation for these states.

Following the protocol of quantum quench in Refs. [41,42],
we can choose the initial state to be the ground state of
the Hamiltonian H (h0) and then let it evolve under the
Hamiltonian H (h1), where we denote the initial Hamiltonian
parameter as h0 and the post-quench Hamiltonian parameter
as h1. As all relevant RDMs are Gaussian states, and the
fidelity between Gaussian states can be efficiently calculated
following [45], we utilize the Bures distance (B1) and the cor-
responding evolution speeds (B5) and (B6) for the transverse
field Ising model. We present the subsystem Bures distance
and the corresponding subsystem evolution speed in the first
row of Fig. 7, where we have used h0 = √

2 and h1 = 1. As
shown in panels (a) and (b), the states evolve with a period
L after the quantum quench h0 → h1, and subsystems smaller
than half of the total system thermalize to the RDMs of the
generalized Gibbs ensemble (GGE) with a period of L

2 . For a
subsystem of size 0 < LA < L

2 within the period t ∈ [0, L
2 ],

thermalization occurs in the time range LA
2 < t < L−LA

2 . In
other words, at some time 0 < t∗ < L

2 , thermalization occurs
for a subsystem of size 0 < LA < min(2t∗, L − 2t∗). In panel
(c), the subsystem evolution speed uA(t ) exhibits similar dy-
namics to the subsystem Bures distance Bss

A (t ). In panels (d)
and (e), we fix the time at t∗ = 3L

8 , where thermalization
occurs for subsystems with 0 < x < x∗ = 1

4 . All these results
are consistent with the thermalization and revival phenomena
described in [43] and the quasiparticle picture presented in
Refs. [41,44] for integrable models.

The second and third rows of Fig. 7 display results for the
subsystem Schatten 2-distance and its corresponding evolu-
tion speed, and the normalized Schatten 2-distance and its
corresponding evolution speed, post-quantum quench in the
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FIG. 5. Transverse field Ising model. Subsystem trace distance and subsystem evolution speed with an initial random state. (a) Dynamics
of the trace distance Dini

A (t ) between the RDM at time t and the RDM at the initial time. (b) Dynamics of the trace distance Dss
A (t ) between the

RDM at time t and its corresponding relaxation state RDM. (c) Dynamics of the subsystem evolution speed vA(t ). (d) Long-time average of
Dss

A (t ) as a function of the ratio x = LA/L. (e) Long-time average of vA(t ) relative to the total system evolution speed vtot, plotted as a function
of x. The inset shows the time-averaged subsystem evolution speed without normalization. In all panels, the transverse field is hz = √

2. For
(a), (b), and (c), a total system size of L = 16 is used. The time averages for the distance and speed are taken over the interval t ∈ [L, 2L].

finite size TFIM. This indicates that the normalized Schatten
2-distance and its evolution speed are effective indicators of
equilibration, whereas the unnormalized versions are not. It
is noteworthy that, despite not being proper equilibration in-
dicators, the subsystem Schatten 2-distance and its evolution
speed exhibit similar behaviors.

We present the subsystem relative distance (B15) following
the quantum quench evolution in the fourth row of Fig. 7. This
demonstrates that, when well-defined, the relative distance
serves as a good relaxation indicator. We chose not to include
other relative distances and their associated evolution speeds
in this analysis, as they are not well-defined.

Appendix D: Indications for fluctuations of operator expec-
tation value. The ETH proposes an ansatz regarding how the
matrix elements of observables behave across the eigenstates
of a Hamiltonian. Within this framework, it has been shown
that the long-time average of any local observable converges
to its expected value as predicted by statistical mechanics,
provided that the energy fluctuations within the diagonal en-
semble remain small. Furthermore, leveraging the ETH ansatz
enables the calculation of the long-term average of the tem-
poral fluctuations in the expectation value of an observable.
These fluctuations are found to be exponentially small relative
to the system size [10,11]. In this context, we demonstrate
that the exponential suppression of these fluctuations may be
attributed to the exponential decrease in subsystem evolution
speeds as the system size increases.

We consider the subsystem evolution speed given by

vA(t ) = 1

2

∥∥∥∥dρA(t )

dt

∥∥∥∥
1

. (D1)

For a time interval t ∈ [t0, t0 + T ] where T is at most poly-
nomial in the system size L, we assume that the subsystem
evolution speed is exponentially small, as

vA(t ) ∼ e−αL, (D2)

where α is a constant independent of t or L. The RDM can be
expressed as

ρA(t ) = ρA(t0) +
∫ t

t0

dt ′ dρA(t ′)
dt ′ . (D3)

The time average RDM in the period t ∈ [t0, t0 + T ] is then

ρA = 1

T

∫ t0+T

t0

dtρA(t ) = ρA(t0) + 1

T

∫ t0+T

t0

dt
∫ t

t0

dt ′ dρA(t ′)
dt ′ .

(D4)

Given the exponentially small subsystem evolution speed, the
subsystem trace distance is also exponentially small. Using
the triangle inequality of the trace norm, the distance between

FIG. 6. Transverse field Ising model. Long-time average of the subsystem evolution speed over the total system evolution speed, with
the initial state being a product state: (a) |x+〉, (b) |y+〉, (c) |z+〉, and (d) |Néel〉. The insets show the subsystem evolution speed without
normalization. In all panels, the transverse filed is hz = √

2. The time average is taken over the interval t ∈ [L, 2L].
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FIG. 7. Transverse field Ising model. Subsystem distance and the corresponding subsystem evolution speed after a quantum quench h0 →
h1 with the distance defined as the Bures distance (the first row), the Schatten 2-distance (the second row), normalized Schatten 2-distance
(the third row), and relative distance (the fourth row). Panels (a), (f), and (k): Dynamics of the subsystem distance between the time-dependent
RDM and the initial RDM. Panels (b), (g), (l), and (p): Dynamics of the subsystem distance between the RDM and its corresponding GGE
state RDM. Panels (c) and (h): Dynamics of the subsystem evolution speed. Panels (d), (i), and (n): Subsystem distance at a fixed time t∗ = 3L

8

as a function of the ratio x = LA
L . Panel (q): Subsystem relative distance at a fixed time t∗ = 3L

8 over the total system relative distance. The
inset indicates the subsystem relative distance without normalization. Panels (e), (j), and (o): Subsystem evolution speed at a fixed time t∗ = 3L

8
over the total system evolution speed. The insets indicate the subsystem evolution speed without normalization. We have used the numerical
parameters h0 = √

2 and h1 = 1. In the first, second and third columns, we have used the total system size L = 96.

the RDM and its time average is

D(ρA(t ), ρA) �
∫ t

t0

dt ′vA(t ′)+ 1

T

∫ t0+T

t0

dt
∫ t

t0

dt ′vA(t ′)

∼ e−αL. (D5)

Indeed, the trace distance between the RDMs at any two
different times t0 � t1 < t2 � t0 + T is exponentially small

D(ρA(t1), ρA(t2)) �
∣∣∣∣
∣∣∣∣
∫ t2

t1

dt ′vA(t ′)
∣∣∣∣
∣∣∣∣
1

∼ e−αL. (D6)

For an operator O defined on subsystem A, the time average
of the expectation value is

〈O〉 = 1

T

∫ t0+T

t0

dt〈ψ (t )|O|ψ (t )〉

= 1

T

∫ t0+T

t0

dt trA(ρA(t )O) = trA(ρAO).

From the Hölder inequality and the exponentially small trace
distance, it follows that

|〈ψ (t )|O|ψ (t )〉 − 〈O〉| � 2sOD(ρA(t ), ρA) ∼ e−αL, (D7)

L140410-8
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where sO is the largest singular value of the operator O.
This indicates exponentially small time fluctuations of the
operator’s expectation value

1

T

∫ t0+T

t0

dt |〈ψ (t )|O|ψ (t )〉 − 〈O〉|2 ∼ e−2αL. (D8)

Appendix E: Small subsystem evolution speed from small
subsystem trace distance. The exponentially small subsystem
trace distance indicates that the subsystem evolution speed is
similarly negligible. Specifically, within a given time interval
t ∈ [t0, t0 + T ], if the trace distance between the subsystem
state ρA(t ) and the steady state ρA,ss satisfies

D(ρA(t ), ρA,ss) ∼ e−αL, (E1)

for some constant α, then we can use the triangle inequality
of the trace distance to show that

D(ρA(t ), ρA(t + δt )) � D(ρA(t ), ρA,ss)

+ D(ρA(t + δt ), ρA,ss) ∼ e−αL.

(E2)

By choosing δt such that e−αL � δt � 1, we can infer that
the evolution speed vA(t ) is also exponentially small, given by

vA(t ) = lim
δt→0

D(ρA(t ), ρA(t + δt ))

δt
∼ e−αL. (E3)

This result has important consequences for the time fluc-
tuation of operator expectation values within subsystem A.
For any operator O defined within subsystem A, the Hölder
inequality bounds the difference between the expectation
value of O in the state ψ (t ), 〈ψ (t )|O|ψ (t )〉 = trA(ρA(t )O),
and its steady state expectation value 〈O〉ss = tr(ρssO) =
trA(ρA,ssO). Specifically,∣∣〈ψ (t )|O|ψ (t )〉 − 〈O〉ss

∣∣ � 2sOD(ρA(t ), ρA,ss) ∼ e−αL,

(E4)
where sO is the largest singular value of the operator O.
Consequently, the time fluctuation of the operator expectation
value is also exponentially small, as evidenced by the scaling

1

T

∫ t0+T

t0

dt |〈ψ (t )|O|ψ (t )〉 − 〈O〉ss|2 ∼ e−2αL. (E5)
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