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Our approach uses domain decomposition applied to
the optimality system to isolate the subsystem that ex-
plicitly depends on the optimization variables from the
remaining linear optimality subsystem. We apply bal-
anced truncation model reduction to the linear optimal-
ity subsystem. The resulting coupled reduced optimal-
ity system can be interpreted as the optimality system
of a reduced optimization problem. We derive estimates
for the error between the solution of the original opti-
mization problem and the solution of the reduced prob-
lem. The approach is demonstrated numerically on an
optimal control problem and on a shape optimization

problem.
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1 Introduction

We investigate the numerical solution of optimization
problems governed by time dependent advection dif-
fusion partial differential equations (PDEs) in which
the optimization variables are located in a small spa-
tial region {25 of the entire spatial domain {2 on which
the PDE is posed. This scenario arises, for example, in
shape optimization when only a small portion of the
shape can be modified or in parameter identification
problems where the parameters are associated with spa-

tially localized material properties.

Although the optimization parameters are located
in a small spatial region {2, standard methods for the
numerical optimization of such systems require the re-
peated solution of the governing PDE (the state equa-
tion) and the associated adjoint PDE over the entire
domain (2. It is desirable to reduce the overall problem
size by essentially reducing the optimization problem
to the small spatial region on which the optimization
parameters act. Since the governing PDE on the small
spatial region interacts with the solution on the entire
domain, it is not feasible to simply truncate the do-
main, but one has to carefully reduce the problem to
preserve the important interactions between the differ-
ent components of the system. For a class of problems

we present a systematic approach based on domain de-

composition and balanced truncation model reduction
to reduce the subproblems corresponding to the large

subdomain 2\ 2.

There are many examples where domain decomposi-
tion and some form of model reduction is used to reduce
the computational complexity of the simulation. For
example, the papers [6-8,18] use physics based model
reduction. A complex system of PDEs is replaced by
a simpler model away from the region (2 of interest.
Specifically, [6,7] discusses the coupling of the Navier-
Stokes equations to the linear Oseen equations. In [§]
the 3D Navier-Stokes equations are coupled with a 1D
model for the flow in blood vessels. Section 3.3 of the
review paper [18] discusses the coupling of distributed
parameter models with lumped parameter models for
the modeling of blood flow. The papers [16,15,21,22]
use dimension reduction techniques (see [3] for a re-
cent overview). The papers [16,15] describe the use of
domain decomposition and Proper Orthogonal Decom-
position (POD) for the simulation of flows with shocks.
Domain decomposition and balanced truncation model
reduction is used in [21,22] for the simulation of PDEs
with spatially localized nonlinearities. The approach in
these two papers is related to ours, except that we apply
it in the optimization context. Moreover, we provide an
a-priori bound for the error between the solution of the

original and the model reduced optimization problem.



We study optimization problems governed by ad-

vection diffusion equations of the type
0

in £2 x (0,7, together with suitable boundary and ini-
tial conditions. The optimization variables can, for ex-
ample, be shape parameters that describe the domain
2 or they can be related to the parameters k, V, f in
the PDE. In Section 5 we discuss an optimal control
problem in which the optimization variable is related
to the source f and a shape optimization problem in
which the optimization variables are shape parameters.

After a discretization in space the optimization prob-

lems studied in this paper are of the form

minimize /OT Ly (t),t,0)dt, (1a)
subject to

M(H)%Y(t) +AO)y(t) =B(0)u(t), te(0,7), (1b)

M(8)y(0) = yo, (1c)

0eoO (1d)

Here M(6), A(0) € RV*N are mass and stiffness ma-
trices that arise from a spatial discretization. Further-
more O is a closed convex set of admissible parameters
and B(#) € RV*™ u are given inputs which relate to
the source f and boundary data in the advection diffu-
sion equation. We will discuss the derivation of (1) for

two applications in Section 5. Since the optimization

variables 6 are related to spatially localized quantities
(shape parameters, coefficients,..) in the advection dif-
fusion equation, only few entries of M(6), A(6),B(6)
depend on 6.

Our goal is to replace (1) by a reduced order prob-

lem

T
minimize /0 Ly (t),t,0)dt, (2a)
subject to
M(0) S 5(0) + AO)F (1) = B@)u(n), 1€ 0,7), (2b)
M(0)y (0) = Fo, (2¢)
feo, (2d)

with matrices M(G),A(G) € R B(A) € R"*™ such
that n < N and such that the solution 6, of (1) is well
approximated by the solution 5* of (2).

Our approach uses domain decomposition techniques
to divide the optimality system corresponding to (1)
into linear subproblems and small nonlinear subprob-
lems. Balanced truncation is applied to the linear sub-
problems with inputs and outputs determined by the
original in- and outputs as well as the interface condi-
tions between the subproblems. The reduced optimal-
ity system is identified as the optimality system of a
reduced optimization problem (2). We provide a-priori
estimates for the error between the solution 6, of (1)

and the solution 6, of (2). These bounds depend on the



balanced truncation error bounds as well as properties

of the subsystem that is not reduced.

We expect that this combination of domain decom-
position and balanced truncation will lead to a substan-
tial reduction of the original problem, if the nonlinear-
ities are localized, i.e., the nonlinear subproblems are
small relative to the other subdomains, and if the in-
terfaces between the subproblems are relatively small.

This is confirmed by our numerical results

In the next section we provide a brief review of
balanced truncation model reduction. Section 3 applies
balanced truncation to reduce a linear quadratic opti-
mal control problem. Although this optimization prob-
lem is simpler than (1) it is relevant for many applica-
tions and already provides insight into the main ideas
behind our approach and the corresponding error anal-
ysis. The integration of domain decomposition and bal-
anced truncation model reduction for the reduction of
(1) is presented and analyzed in Section 4. In Section
5 we discuss two problems which lead to (1) and the
application of our approach for the reduction of these

problems.

Throughout this paper we use ||-|| to denote the Eu-
clidean norm in R¥ or the corresponding matrix norm

in RV*N Tnstead of LP(0, T; RY) we simply write LP.

2 Balanced Truncation Model Reduction

Model reduction seeks to replace a large-scale system
of differential or difference equations by a system of
substantially lower dimension that has nearly the same
response characteristics. Balanced reduction is a par-
ticular method that preserves asymptotic stability and
also provides an error bound on the discrepancy be-
tween the outputs of the full and reduced order system
[2,3,5,9,17]. We use balanced truncation model reduc-
tion because of the availability of an error bound.

We briefly review balanced truncation model reduc-

tion for linear time invariant systems in state space form

My'(t) = Ay(t) + Bu(t), te (0,7T) (3a)

z(t) = Cy(t) + Dyu(t), te (0,7) (3b)
¥(0) = yo, (3¢)
—MN(t) = ATA(t) + CTw(t), t€(0,T) (3d)

q(t) = BEX(t) + D,w(t), t€(0,T) (3e)

where M € RV*N ig symmetric positive definite, A €
RVXN B e RVX™m C e RF>*N D, € RF**™ and D, €
Rk,

Projection methods for model reduction generally
produce N x n matrices V, W with n < N and with

WTMV = I,. One obtains a reduced form of equa-



tions (3) by setting y = V¥ and projecting (imposing a

Galerkin condition) so that
d . -
WT[Mvay(t) — AVy(t) — Bu(t)] =0, te(0,7T).

Applying an analogous projection to (3d,e) with A re-
placed by WX, we obtain a reduced order system of

order n given by

te (0,7) (4a)

(1) = Cy(t) + Dyu(t), te(0,T)  (4b)
¥(0) = Yo, (4c)
N t) = ATA®) + CTw(t), te(0,7)  (4d)

t e (0,7) (4e)

with A = WTAY, B = WTB, C = CV, and 5y =
WT Myq.

Balanced reduction is a particular technige for con-
structing the projecting matrices V and W. Originally,
balanced reduction was developed for state space sys-
tems with M = I. To apply it to (3), we factor M =
RRY, multiply (3) by R~!, and substitute y = Ry,
X = RTA.Then we apply the standard balanced reduc-
tion to the resulting system. Afterwards we transform
back to the original variables and express all operations
in terms of the original system (3).

To compute the balanced reduction, we first have to

compute the controllability and observability Gramians

P, Q, respectively. Under the assumptions of stability,
controllability and observability, the matrices P, Q are
both symmetric and positive definite and they solve the

Lyapunov equations

APM + MPAT + BBT =0, (5a)

ATOM + MQA+cCTc =o.

There are direct methods for the small dense case and
iterative methods for the large sparse setting to com-
pute P = UUT and @ = LL” in factored form. In the
large scale setting the factorization is typically a low

rank approximation.

The balancing transformation is constructed by

U ML =ZSY" the SVD, (6a)
V =UZ,S;'? (6b)
W=1LY,S; /2 (6¢)

Here, S,, = diag(o1,09,...,0,) with S = S,,. The o;
are in decreasing order and n is selected to be the small-
est positive integer such that 0,11 < 701 where 7 > 0

is a prespecified constant. The matrices Z,,,Y,, consist

of the corresponding leading n columns of Z,Y.



It is easily verified that PMW = VS, and that

OMYV = WS,,. Hence,

0 =W (APM + MPA" + BBT)W
= A4S, + S, AT + BB”, (7a)
0=V (ATOM + MQA+CTC)V

= A'S, +S,A+CTC. (7b)

The terminology “balanced” refers to the fact that the
controllability and observability Gramians S,, of the re-
duced systems are both diagonal and equal. This is true

for every possible order n of the truncation.

It is well known (see, e.g., [2,9,24]) that A must be
stable. Furthermore if yy = 0, then for any given inputs

u, w we have

|z —Z||r2 < 2||u|lL2(ont1 + ... +0on), (8a)

la— @llee < 2Iwllgz(@usr + .. + on). (8b)

Remark 1 One can derive error bounds for inhomoge-
neous initial values yo. These require a slight modifi-
cation of the problem set-up in which the original B
is augmented. Since we are interested in the handling
of local nonlinearities and our examples have homoge-

neous initial values yg = 0, we omit this extension.

3 Balanced Truncation Model Reduction and

Optimal Control

Before we consider the optimization problem (1), we
consider a simpler problem, a linear quadratic optimal

control problem

T
min J(u) = %/O |Cy(t) + Du(t) — d(t)||dt, (9)

where y(t) = y(u;t) is the solution of

My'(t) = Ay(t) + Bu(t), te (0,7), (10a)

y(0) = yo. (10Db)

Here M € RYXN is symmetric positive definite, A €
RNXN B e RV*™ C e R**N D € RF¥*™ and d €
L?(0,T) is a given function. We assume that there exists

« > 0 such that

vIAv < —avi My, vv e RV, (11)

Note that (11) implies that all eigenvalues of the pair
(A, M) have negative real part.

We want to reduce this optimization problem us-
ing balanced truncation model reduction and establish
bounds for the error between the solution u, of (9),
(10) and the solution U, of the reduced optimal con-
trol problem. This will provide some insight into the
process that will be applied for the reduction of the
optimization problem (1) in a simpler setting involving

less notation.
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The necessary and sufficient optimality conditions

for (9), (10) are given by

My'(t) = Ay(t) + Bu(t), te (0,7) (12a)
z(t) = Cy(t) + Du(t) —d(t), te(0,7) (12b)

y(0) = yo, (12c)
~MN (t) = ATA(t) + CTz(t), te(0,7) (12d)
q(t) = BTA(t) + D z(t), te(0,7) (12e)
A(T) =0, (12f)
q(t) =0, te(0,7). (12g)

The optimality system (12) is written in a slightly un-
conventional way to highlight its connection with the
system (3) to which balanced truncation model reduc-

tion can be applied.

‘We use balanced truncation model reduction to com-

pute W,V and the reduced optimality system

y'(t) = Ay(t) + Bu(t), te(0,T) (13a)
7(t) = Cy(t) + Du(t) —d(t), te(0,T) (13b)
¥(0) = Fo, (13¢)
X (t) = ATX(t) + CTz(t), te(0,7) (13d)
d(t) = BTA(t) + DTZ(t), te(0,T) (13e)
X(T) =0, (13f)
dq(t) = o, te(0,T), (13g)

with A = WTAY, B = WTB, C = CV, and y, =

WTMy,. We assume that
Yo=0 (14)

cf., Remark 1. This can always be achieved by repre-
senting the solution of (10) as y = y, + y», where yy,
solves (10) with u = 0 and y,, solves (10) with yo = 0
and then writing the optimal control problem (9), (10)
as a problem in y,,.

We note that the reduced optimality system (13) is
the optimality system for the reduced optimal control
problem

o~ T o~
minJ(u)E%/o IGS() + Du(t) — d(0)|2dt (1)

where ¥(t) = y(u;t) solves

te(0,T),  (16a)

(16b)

Next we provide an estimate for the error between
the solution u, of (9), (10) and the solution U, of (15),
(16). We assume that J is a strictly convex quadratic
function. More precisely, we assume the existence of

k > 0 such that
(u—w,VJ(u) - VJ(W))r2 > rlu— w7 (17)

for all u,w € L2. If u, solves (9), (10) and U, solves

(15), (16), then

~

VJ(u,) =VJ(G,) =0



and (17) implies

~

e — W22 VJ (W) = V(@) || 2
= [ue = |2 [V (w.) = VI ()] 22
> (u, — Uy, VJ(u,) — VJ(U,)) 12

> il[u — 072

Hence

hae = Qllzz < w7 VI(@) = VI(@) 22 (18)

Thus, to estimate the error we need to estimate the
error in the gradients between the original problem (9),
(10) and of the reduced (15), (16).

To emphasize the dependence of the solution of (12a-
f) and of (13a-f) on the inputs u, we often write y(u),
z(u), A(u), q(u) and y(u), z(u), X(u)7 q(u). If for given
u the functions y(u), z(u), A(u), g(u) satisty (12a-f)

and y(u), z(u), X(u)7 d(u) satisfy (13a-f), then

To estimate the error ||q(0.) — q(U.)|| L2 we cannot use
the error estimate (8) for balanced truncation model
reduction directly, since (3d,e) and (4d,e) both depend
on the same input w, whereas (12d,e) has input z and
(13d,e) has input z.

We consider the auxiliary adjoint equation

~MX'(t) = ATA®) + CTZ2(t), te(0,T)  (19a)
a(t) =BTA(t)+DTZ(t), te(0,T)  (19b)
A(T) = 0. (19¢)

Lemma 1 Let (11) be satisfied. For any z,z € L? the

outputs q and q of (13d-f) and (19), respectively, satisfy
la—dallze < cl|z -z -
where ¢ = a~'2||CM~ 2| |M~'/2B|| + |D|.

Proof Since M is symmetric positive definite, M!/? ex-
ists and is symmetric positive definite. The scaled ad-

joints MY/2(X — X) satisfy
~MY2(X = A) (1) =MTV2ZATMTV2MY2 (X - M) (1)
+M~V2CT(zZ - 2)(1),
M'Y/2(X = X)(T) =0.

Lemma 4 in the Appendix gives

2|CcM— 12|
(0%

VY23 = A2 < [z — 2] 2.

The desired inequality follows since
ad—-q=B"M2M"2(Xx - ) + D7 (Z — 2).
O

The error estimate (8) for balanced truncation model

reduction implies

|z — 2|22 < 2l|ullp2(0nis + ... +on), (20a)

la—allz2 <2lz[r2(ont1 4 ... +on) (20b)

for allu € L? and all Z € L?. We can now use Lemma 1
and the balanced truncation model reduction error es-
timates (20) to derive a bound for the error between

the solutions u, of (9), (10) and u, of (15), (16).



Theorem 1 Let (11) be satisfied. For any u € L? let

y(u) be the corresponding reduced state and z(u) =

a§(u) + Du — d. The error in the gradients obeys

~

IVJ(u) = VJ ()]

< 2 (clullzz + B 2) (s + ...+ on),
where ¢ is the constant specified in Lemma 1.

Proof For arbitrary u € L? let the functions y(u), z(u),
A(u), q(u) satisfy (12a-f), let y(u), Z(u), A(u), g(u)
satisfy (13a-f), and let A(u), q(u) satisfy (19).

We have V.J(u) = q(u), V.J(u) = (u). Lemma 1

and the balanced truncation model reduction error es-

timates (20) imply

la(u) —q(u)]z-
< lla(a) — q(u)z2 + [[a(a) — q(a)| .-
< dz(n) — z(w)| L2 + 2[|Z(w)||z2 (041 + .. +oN)

< 2 (cljullgs + [BW112) (@nsr + - +on):

Inequality (18) and Theorem 1 imply the following

estimate for the error in the optimal controls.

Corollary 1 Let (11) be satisfied and let kK > 0 be a
constant such that (17) holds. Furthermore, let u, solve
(9), (10) and let U, be the solution of (15), (16) with

corresponding state ¥, and Z, = 6§* +Du, —d. The

error between the solutions satisfies

. —a.| 22

2, ~
< —(elullze +l[2]lz2) (Fnt1 + ... +ow),

where ¢ is the constant specified in Lemma 1.

Note that the size of 0,41 + ... + on can be con-
trolled by the user during the computation of the re-
duced order models. Moreover, ||U.||z2 and ||Z,||2 can

be computed.

4 The Optimization Problem

We now return to the optimization problem (1). The

Lagrangian associated with this problem is

L(y,\,0)
T

- / Uy (t),1,0)dt
0

T
+ /O AT (M(O)y'(1) + AO)y(t) ~ B(6O)u(t) ) dt.

Since O is a closed convex set, the first order necessary

optimality conditions for (1) are given by 6 € 6,
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for t € (0,T),

[ pttyo).1.00@ oy
0
T ~ d
+ /O AW [(DMO)@ - 0) 2y
+ (DoA(0)( — 0))y (1)

— (DeB(0)(0 — 9))u(t)} dt >0 (21c)

for all 6 € ©, and y(0) = yo, A(T) = 0.

4.1 Domain Decomposition

We assume that £2(0) is decomposed into a subdomain
{2, independent of # and a subdomain (25(0) that de-

pends on #. More precisely, we assume

200) = 7 U(0),

Ql N 92(9) - @

Moreover, we assume that the integrand ¢ in the objec-

tive function (1a) is of the form

Uy (t),t.0) = LcPyP ) — a2
(22)

+(yr(t),y P (1),t,0).

In the following section we will use domain decom-
position to decompose the optimality conditions (21)
into three components, one corresponding to the fixed
subdomain {21, one corresponding to the variable sub-
domain 25(#), and one corresponding to the interface.
The decomposed problems will be used to identify lin-
ear quadratic subproblems corresponding to the fixed
domain {21, which will be reduced using balanced trun-

cation model reduction.

We note that both subdomains £2; and 25(8) could
be subdivided further. This additional structure can be
used in the implementation of the balanced truncation
and the optimization algorithm for the solution of the
reduced shape optimization problem. However, the di-
vision of £2(6) into £2; and (25(0) is enough to study the

essential features of our approach.

We use a standard nonoverlapping domain decom-
position approach (substructuring) to decompose the
optimality system. See, e.g., [20, Ch. 4] and [23, Ch. 1].
Our notation follows that of [20,23]. The finite element

stiffness matrix can be decomposed into

1 1
Al AR 0

A0)= | AD) Arr(o) AT)(0)
0 AP0 AP (0)
where

Arr(0) = AL} + AP)L(0).

The matrices M, B admit similar representations and

the vectors y, u can be structured accordingly.

In the following we frequently omit the argument ¢

(1)

and, for example, simply write y,’ instead of y§1)(t).
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Using the domain decomposition structure, the state

equations (1b) can be written as

B{Mu (23a)
D)5y + M0 Ty
+ AP0y 1+ AR (0)y,
=B (O)uf”, (23b)
MLy 4 Mer0) Ly M) Ly
+ ALY + Arr(@)yr + Ay
=B (O)ur. (23¢)

The optimality conditions (21) can now be written as

(23a-c) and the adjoint equations

ML

1 d 1
R

T
= () (cVyt —alv), (23d)
2 d (2 2 d
= M7 (0) AP M) 5 Ar
T T
+ (AR 0) AP + (AR0) Ar
= V. o/ )¢9 23
y(2) (YF»YI atv )7 ( e)

1 d 1
A -

(AR A

d d
Mrr(6) 2 Ar —ME 2P

d gy

+ (Arr(®) " Ar + (A2)TAP

= _VYFZ(yFay(Iz)7t7€>7 (23f)

and

/ -DOK yFay] ’ 70)(9 0)d

T
T Ar - d | yr
+/ [(DQM@)(&)(@ —0) =
o |, 2 S
Af Yr
yr
+ (oA (6)(6 - 0))
(2)
Yr
~ ur
— (DeB@(0)(6 - 0)) } dt >0 (23g)
@)
u

for all § € O, where we have set

(2)
M(2) (0) o MFF(Q) MFI (9) ’
M{(6) M (9)
A®D(9) Arr(0) A%)(9) |
ARD0) AT 0)
BO(9) Br(6)
B (0)

We apply balanced truncation model reduction to
the optimality subsystem that corresponds to the fixed

subdomain 2;.

4.2 Balanced Truncation Model Reduction of the

Fixed Subdomain Problem

We will apply balanced truncation model reduction to
the optimality subsystem that corresponds to the fixed
subdomain (2. To accomplish this we need to identify
and )\gl) in (23) interact with the other com-

how yﬁl)

ponents of the system and we have to make sure that
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the resulting subsystem is of the form (3) to which bal-
anced truncation can be applied. This is the reason why
we have assumed that the integrand ¢ in the objective
function (1a) is of the form (22).

) and )\(

If we inspect (23) to see how y interact

with the other components of the system, we are led to

Gy == Ay - M Sy

+ Bgl)ugl) — A(Illzyp (24a)
2 = - C{Vyi" +aY, (24b)
= MBS AN et

-My)/ jtﬂ” = (AD) A M A
— (@) Wi — (AR Ar (240)
D =(B) A, (24e)
PN (AN )

In fact (24a) and (24d) are identical to (23a) and (23d),
respectively, if W§1) = —zgl) = C(Il)ygl) —dgl). The out-
put (24b) enters into (23d) and the output (24c) enters
into (23c). Similarly, the output (24f) enters into (23f).
The output (24e) is included as an auxiliary variable.
It does not enter into any of the equations in (23), but
is included to establish the connection with the generic
system (3).

If

MY =0 and M=o, (25)

then (24) is given by

(1)

nd 1)_ (1 1 1 uy
N Ly — Ayt + (8671 ALD)
yr
(26a)
(1) (1)
Z -C
B I R VS al,  (26b)
zr —Agﬂll) 0
T
(1) (1)
nd,a 1 1 —C; Wi
Mgl)%)‘g)_ (Agf))TAg)‘F )
~Af) Ar
(26¢)
(1) T
q; 1
- (Bgn —Aﬁlr)) AW, (26d)
qar

This system is exactly of the form (3) that is needed

for balanced truncation. We assume that

vIAv < —avi'Myv, v e RV, (27)

Note that assumption (27) implies

vIADy < —ov™MVy,  yv e RN (28)
As a consequence of (28) all eigenvalues of the pair
(Agll),Mgll)) have negative real part and, hence, bal-
anced truncation model reduction can be applied to

(26) which leads to the following reduced subsystem
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d_. D) _
90— ALY - Ry B o)
z) = -CPy +alV, (29b)
zr = —ANF, (29¢)

d <) ~ (1) T<(1) 1 INT (1
M = —(AF) AT - AED Ar - (€)Y
(29d)

~(1 ~(1)\T<(1)

qg) = (B§ )) Ar, (29e)

~ ~ ~(1)

ar=—(A5) " (29f)
‘We assume that
v =0, (30)
cf., Remark 1.

Balanced truncation generates a reduced order model
(29) such that the error between the input-to-output

maps of (24) and (29) can be estimated by

Zgl) /ngl) ugl)
- <2 T, (31a)
zr zr yr
L2 L2
q§1) agl) ng)
- <2 7, (31b)
ar ar Ar
L2 L2
where
T=0pt1+...+0onN. (31c)

To be consistent with (25) we also assume that MEQF) =

0 and Mfl) = 0. The reduced order optimality system

corresponding to (23) is given by the state equation

d .

dt 1)+A(1)y1 +A() B(l) (1)7
(32a)
2y d (2 2 2) ~ 2) (2
M LS AT AR B
(32b)
d . ~
Mrr-Lgn+ RESD + Arrge + AZSE = Brur,
(32¢)
the adjoint equation
d ~(1) ~ (T~ (D) 1
thI (A(II)) A (AE“I)) )‘F
S(NT AL ~(1 1
- () (c§>y§>—d§)), (32d)
M2 4 d < )\ A(z) TA( ) AT
s AP I ( ) I ( FI) r
= Vo l§r, 39, t,0) (32¢)
S;I I 0! b

d ~ .
~Mpr 2+ (AN + AT R+ (AF) R

=V, Uyr, 39, 1,0), (32f)

where M{7 = M7 (6), M = Mrr(6), A = Af(6),
2 2 2 2 2
Arr=Arr(0), A = AP0), A% = AR (0), B =

B'?(6), Bj = B (6), and by

/ Dee YF»YI ) 79)<9 9)

T
T XF ~ d | yr
+ DyM®@ (6)(6 — 6)) —

L] [om@ee-o) 5 -
1 Yr

_ yr

+ (DeAP(0)(6 - 0))

~(2)

Yr

ur

— (DeB@(9)(8 - 0)) }dt>o (32¢)
(2)
u;
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for all 6 € O.
The reduced order optimality system (32) is the first
order necessary optimality system for the reduced order

semidiscretized shape optimization problem

. T 1 A1)~ 1
minimize |[; %HCS )y§ )(t) - d§ )(t)”%
(33)

(3 r(t), 7P (1), t,60) dt,

subject to (32a-c) with initial conditions §§1) (0) = Agg,

?52) (0) = yf&, ¥r(0) = yro and parameter constraints

0co.

4.3 Error Analysis

We define the objective functions

T
J(6) = / ey D) — a2
+lyr(t),y P (1),1,0) dt,

T
7(0) = / ey () - d )2

+03r@), 5 (t),t,6) dt,

(1) (2

wherey;’, y; (1)

, ¥ solve (23a-c) and where y; (2)

~(2) ~
Y1 »Yr

solve (32a-c). Using these objective functions, which

treat the states ygl),yf),yp and ?g”,?@

, ¥ as im-
plicit functions of § € O, the optimization problems (1)

and (33) can be written as

min J(#) and min j(@)
0co 0co

respectively. Recall that © is a closed convex set. If

0. € © and 5* € O are solutions of these problems,

then

VJI6)TO—-0,)>0 VIB)TO-6,)>0 (34)

for all 8 € @. This implies

o~ o~ ~

(VJ(,) —VI0.)T (0, —6,) >0

If we assume the convexity condition
(VI(0.) = VI(8.)" (6. — 0.) = wl|6. — 0., (36)
then combining (35) and (36) leads to
(VI((0) = VI 0))" (0. 0.) > w]10. — 0.1
Hence, we have the error estimate

6. = 0.1 < 574V I(@.) = V@)

(37)

As before, assuming (36), an estimate of the error in
the solution of (1) and (33) requires an estimate of the
error in the gradient of the full and the reduced order
optimization problem.

The gradients are given by
vJ(6)To

T
_ / Doll(yr(t),y$ (1), ¢, 6)8dt
0

T
T | Ap(t t
+/ r(t) {(D(;M(Q)(O)G)% yr(t)
BN v (1)
N (D(;A@) ()9) yr(t)
v ()
— (DyB®(6)8) urlt Jat
)
u; ' (t)
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where ygl), y§2), yr, )\gl), )\(2) Ar solve (23a-f), and Lemma 2 Let (27) be walid. If ygl), y?), yr solve
. (23a-c), and yﬁl), y§ ); yr solve (32a-c), then
vJ(6)To
Cy (D _ &g
/ Dol(yr(t), 57 (t),t,0)0dt H Yy
T _ 1 (1)
< _ < (5 AMTIC I || [ o %
T [ Ap(t) a3y <2+ " T (39a)
+ {(DM®(0)d) = I
o | <@ dt | 2 2
A () 1 ()
and
| ¥r®) @ _ 5@ M
2 v, -y -1 u
§(2)(t) R « R
1 yr—=yr yr
L2 L2
[ ur@® where T =0p41+ ...+ ON.
— (DyB@(6)d) Jat
2
ug )(t) Proof Let ygl), ygz)’ yr solve (23a-c), and let §§ )7 ygz)’
~ S S
where yg ), §§2 S )\I 7 )\52)7 Ar solve (32a-f), re- YT solve (32a-c). Furthermore, let y;~ solve
i i is gi nd_a 1 P 1)..(1
spectively. The difference is given by M(H) oY ( )( )+A( )5( )( )JFAEU)yF(t) _ Bg )ug )(t)
(40)

T

(VJ(o) - vf(a)) g

T
/ (DQE(YB Y§2)7 ta 0) - D9€(§F7 §§2)7 ta 6))9dt
0

T
T @)z 4 yr—yr
+ {(DM®(0)d) =
0 | \@ tl @ <@
I Yr —¥r
+ (DoA® (0)6) Jat
y? 5@
I Yr
T
T Ar — Xr ~ ?r
+ / {(D9M<2>(9)0) 4
0 @ @ dt | (9
AT =g y;
7
+ (DeAP(0)0)
S2)
Yr
~ ur
— (DyB@(6)d) jat. (38)
u®
1

)

with initial condition y§1>(0) Yi.0-

The balanced truncation error bound (31) implies

C(Il)ygl) . 651)§§1) ugl)
<9 7. (41)
A(pl}yr — A}l}?r yr
L2 L2
The equations (23a-c), (32a-c), and (40) give
d _
M7 (0) 2 (vi = 5)
+ AR O - + AR O (yr —5r) =0, (42a)
d _
M7 (0) = (vi - 57)
+ AR O -3+ AR0)(yr —3r) =0, (42b)
d ~ .
MFF(G)@(YF —¥r)+Arr@)(yr—yr)
+ AN -y + AR O -7
= ARy — ALY (42¢)

We begin with an estimate of the error in the states.
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with initial conditions y'"(0) — ' (0) = 0, y'®(0) —

¥1(0) =0, yr(0) = 3r(0) = 0.
Application of Lemma 5 in the Appendix to (42)

followed by an application of (41) gives

yﬁl) _ yg)
2IM7Y] 1~ 1)~ ES
y§2) . y?) < o Agﬂ}yg ) - AE"I)yI
yr—yr
L2
M- ugl)
yr
L2

This implies (39b). The estimate (39a) follows from (41)

and (43). O
The errors in the adjoints are estimated similarly.

Lemma 3 Let (27) be valid and assume that

Vg by yr,t,0) = Vy b5, 51, ,0)|

2 ~(2 ~ 1/
<L (v =521 + lyr - 5r1?)

(2 T~(2) ~
||vy§2)€(y§ ),YF,t79) - vy(IQ)e(Y§ )7y1—'7t70)H

_ _ 1/2
< LIy - 5712 + lyr - 3rl?)
forally® -5 e RNy — 5 e RN 9 O. If

ygl), y?), yr, )\gl), )\(12), Ar solve (23a-f), and ?31),

§§2), yr, Xgl), )\5 ), A1 solve (32a-f), then

(2)

SC)\(O'n+1+...+O'N), (44)

L2

|| )\F_)‘F

where
(D) ~(1 1
_4||M‘1|‘ ¢y —ap
B a ~
Ar L2
2 C(l) Mfl 4 C(l) Mfl
+( 1C: Il I 94 1C: | I
o o
(1)
8L||M’1H2 uy
Jr72)
a o~
yr
L2

Proof Let ygl), y?), yr, )\(11), )\32), Ar solve (23a-f),

2) o~
and y§1)7 y§2)7 yr, )\(11)7 )\5 )7 Ar solve (32a-f) and set

2(11) _ 69)?51)

~(1
Furthermore, let )\(I ) solve

Vi) d~ ¢))

M{YE5 @)+ AR 0 + AR

~(C)(E€y} —ap) (45)
with the final condition X(Il)(T )=0.

The balanced truncation error bound (31) implies

I ON RS
H BM)TA; — BY)TX;
(AT - AT | s
Sy _ g
<2 (ons1+ o +on). (46)
Ar L
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The equations (23d-f), (32d-f), and (45) imply

d ~(1)
M(l) (}\(1) X )

II dt
~(1) ~
+ADTAY =X+ AT = Ar)

= - (c)ecy - CVyiY),

~(2)
MO Z A X))

~(2) ~
+(AZ@TAY =X+ AR (Ar - Ar)

- (Vyf)g(}’?)v yr, 9, t) - vs;(lz)g(y\‘(fz)v S,\Fa 07 t))a

d

pr +(Arr(0)"(Ar = Ar)

—Mrr(0)—Ar — )\p)

(€]

~ (2)
+AI)TAWY =X

)+ (AR0)T AP =X

~(1 ~(1) 1 ~(1)
—(ADTA = (ADTX,

— (Vy by yr,0,t) = Vg b3, 51,0,1)).

(€]

with final conditions )\(1)( T)=X; (T) =0, )\?)(T) =

<)

A; (T)=0,and Ap(T) = XF(T) = 0. Lemma 5 gives

the estimate

~(1
A(I1) B )\5 )
~(2
)\52) )\g)
Ar — Ar
L2
2||1VI 2IMH ) D) Al
< lceys? - g8V
2||M Ul Dy Dy ()
AT = (AR, |2
(2)  &(2)
oL /M| ||| Y1 —¥i
+ — (48)
a o~
Yr —Yr
L2
The error estimate follows from (48), (39) and (46). O

Equation (38) and Lemmas 2, 3 imply the following

result

Theorem 2 Let the assumptions of Lemma 3 be valid

and assume that

||v9€(YI 7y[’,t,0) VQE(YI 7y[’,t,9)||

2 ~(2 ~ 1/
< LIy =521+ lyr - 5rll?)

for all y?) —§§2) € ]RNI(Q), yr—yr € RNr 0 €O, and

max { | DsM® ()81, DsA® (0)8], | DB (0)8] } <

for all 0] < 1 and all € 6. There exists ¢ > 0

dependent on u, y, and X such that

IVJ(0) — VI(0)| 12 < g(an+1 + ot on).

Proof The inequality follows directly from equation (38)

and Lemmas 2, 3. (|

Corollary 2 If the assumptions of Theorem 2 and (36)
hold, then there exists ¢ > 0 dependent on u, y, and p

such that
~ c
He* - 9*” < @(UnJrl + ...+ UN)-

Remark 2 i. The error estimates in Theorem 2 and Corol-
lary 2 rely on an estimate of the type (31) of the errors
between the input-output operators of the full state
and adjoint systems and the reduced state and adjoint
systems. Balanced truncation model reduction provides
such a bound. Any other model reduction technique for
which such a bound is available can be used as well.

ii. The assumption (27) is used in two ways. First,

it implies that all eigenvalues of the pair (A51[)7 M(Ill))
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have negative real part and, consequently, is necessary
for the application of balanced truncation model reduc-
tion. Secondly, we use it in connection with Lemma 4.
We could, for example, use Gronwall type estimates to
derive different bounds for the solution of a dynamical
system in terms of the right hand side of the dynamical
system. These bounds can be easily substituted for the
bound in Lemma 4. If such estimates are used, assump-

tion (27) could be weakened.

5 Numerical Examples

5.1 Optimal Control of Water Pollution

This example is motivated by [4], where adaptive finite
elements are considered for a steady state version of
the optimal control problem described below. See also

[1] for a related problem.

The domain {2 is shown in Figure 1. The boundary
specifications in Figure 1 are those for the advection

diffusion equation (50).

0.4

0.2

-0.2

-04 ‘ ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1.0 1.2

Fig. 1 The domain {2 with boundary conditions for the advec-

tion diffusion equation (50)

The advection V is the solution of the steady Stokes

equation

—pAV(z) + Vp(z) = 0, in 0 (49a)
V- V(z) =0, in 2 (49D)

V()= Vin(z),  on Il (49¢)

V(z) =0, on I (49d)

—pVV (z)n + p(z)n = 0, on Doy, (49)

The problem data are chosen as in [4]. In particular, u =
0.1 and Vi, (2) = (1 — (22/0.2)%,0)T. Furthermore, the
inflow boundary is I}, = {(1‘1,332) e = 0}, the
outflow boundary is Ioy = {(z1,22) € 2 : 21 = 1.2},
and Iy = 002\ (Iin U Tout)-

The optimal control problem is governed by the ad-

vection diffusion equation

D () — V(kVy(x. 1) + V() - Ty(a, )

Y (50a)

= u(z, t)xu, (z) + u(z, t)xu, (z) in £, (50b)
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with boundary and initial conditions

y(x,t) =0 in I'p, (50c)
5, .
a—ny(x,t) =0 in I'y, (50d)
y(x,0) = in 2. (50e)

Here xg is the characteristic function corresponding to
the set S. Furthermore, £k = 0.015, V is the solution
of (49), the boundary segments I'p and I'y and the
control regions U; and U, are shown in Figure 1. In our
experiments, the final time is T = 4.

The objective function is

Lt (y(w, t) — d(x,t))?dx dt
2 0 D

10-4 (T
+ / / u?(z,t)dx dt,
2 0 U1UU,

where D is the observation region shown in Figure 1

and d = 0.5.

For the spatial discretization we use piecewise lin-
ear finite elements on three different triangulations with
decreasing mesh sizes. We use the modified low-rank
Smith method in [11] with m = 4 shifts to solve the con-
trollability and observability Lyapunov equations (5).
For the model reduction, we select those Hankel singu-
lar values o,,, with o, > 10~%¢;. Table 1 displays the
size of the reduced and the full order problems for the
three grid sizes. The size of the reduced order model is

insensitive to the size of the discretization.

grid
number m k N n
1 168 9 1545 9
2 283 16 2673 9
3 618 29 6036 9

Table 1 The number m of observations, the number k of con-
trols, the size N of the full order system, and the size n of the

reduced order system for three discretizations.

Figure 2 shows the largest Hankel singular values for
the fine grid discretization, together with the threshold

10~%0, indicated by the solid line.

Hankel Singular Values

10
*x
y *
100 F e,
Li]
-
"t
**
***
1 0—10 % *‘*
*
"any
*
*
;****
_15 *
10 ******
LT
“u,
.
1 0‘20 . . . . .
0 10 20 30 40 50 60

Fig. 2 The largest Hankel singular values and the threshold

10~ 40;.

For the numerical solution of the optimal control
problem (9), (10) and of its reduced version (15), (16)
we use the Crank-Nicolson method in time with time
step size 10~2. The resulting problem is solved using the
Conjugate Gradient method with initial guess u = 0.

The Conjugate Gradient is stopped if the initial residual
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is reduced by a factor 10~%. Figure 3 shows the integrals
Jp, v (z,t)dz and [;; u?(z,t)dz of the optimal controls
computed using the full and the reduced order model
on the fine grid problem. The full and the reduced order
model solutions are in excellent agreement as expected
by Corollary 1. For the fine grid problem, the error
between full and the reduced order model solutions is
|us —0sl|2, = 6.2-1073.

The convergence histories of the Conjugate Gradi-
ent algorithm applied to the full order and reduced or-
der optimal control problem are shown in Figure 4. The
convergence behavior of the Conjugate Gradient algo-
rithm applied to the full and the reduced order prob-
lems is nearly identical. Although there is no rigorous
theoretical justification for this behavior, it is not sur-
prising, given the gradient error bounds derived in The-

orem 1.

5.2 Shape Optimization

Our second example is a shape optimization problem
governed by the heat equation. The domain {2 is of
the type shown in Figure 5 with a circular hole 2p.
It is decomposed into subdomains 2 = 24 U 25 and
25 = ¢\ 2y. The boundary 912 is decomposed into
Iy, I'r,I'r, I'g, and I'y = 0f2y. The interface between

21 and §2, is given by I't = (24N 2c) U (25N N2c).

Time

Time

Fig. 3 The top plot shows the integrals fUl u?(z,t)dz and
fU1 42 (x,t)dz of the optimal controls computed using the full
(solid blue line) and and the reduced order model (dashed red
line). The bottom plot shows the integrals fUz u?(x,t)dz and
fU2 42 (x,t)dz of the optimal controls computed using the full
(solid blue line) and and the reduced order model (dashed red
line). The full and reduced order model solutions are in excellent

agreement.

Assuming a heat source f in {25 x (0,7), no heat
flux through 02 at any time, and zero initial temper-
ature, the objective is to design the shape of the top
I'> p and the bottom I g of 02 in such a way that
a prescribed temperature distribution y? is achieved
in 25 x (0,T) and on (I UIg) x (0,T). We use a

parametrization §25(0) of 25 by means of the Bézier
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® ®
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107° :
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Iteration

Fig. 4 The convergence histories of the Conjugate Gradient
algorithm applied to the full (blue +) and the reduced (red o)

order optimal control problems.

Q T T Q
rof A 1 @Q 1 B 1T

Fig. 5 Reference domain (2;ef

control points § € R¥ k = kp + kp, of Bézier curve
representations of I v and I» g, where kr and kp re-
fer to the number of control points for I3 and I g,
respectively. The shape optimization problem amounts
to the minimization of

T T
J(e):/ / |y—yd|2dsdt+//\yfyd|2dxdt
0

INACIS 0 92(9)

subject to the differential equation

yi(x,t) = Ay(a, t) + y(z,t) =f(z, 1) in 2(0) < (0,T),

n-Vy(z,t) =0 on 912(0) x (0,T),

y(z,0) =0 in ().

and design parameter constraints

9min S 0 S amaac7

We set f =100 in 25(0) x (0,T) and f = 0 else. Fur-
thermore T' = 4. The bounds #™" §™ on the design
parameters are chosen such that the design constraints
are never active in this example. We use kr = 3, kg = 3
Bézier control points to specify the top and the bottom
boundary of the variable subdomain {25(6). The desired
temperature y? is computed by specifying the optimal
parameter 0, (specified in Table 3) below) and solving
the state equation on £2(6,). The optimal domain £2(6..)

is shown in Figure 6.

Fig. 6 Optimal domain

For the semi-discretization in space we use conform-
ing piecewise linear finite elements with respect to a
simplicial triangulation of the computational domain
2(0) that aligns with its decomposition into the sub-
domains 2, and 25. For D C {2, we denote by Nu(D)
the set of nodal points in D. We use the domain de-
composition methodology as described in the previous
section and set N(gz} = card(N, (2, \I7)), v = 1,2, and
N(f:ff := card(N(I77)) so that Ngop = Na(hl)zc + Nr(li} +
N i;ff is the total number of degrees of freedom.

The matrices A, M in the semidiscretized optimiza-

tion problem (1) are given as usual. If ¢; are the piece-
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wise linear basis functions associated with the triangu-

lation of £2(0), then, for example,

A0);; = /Q(e)(wfwﬁcz)j@-)dx.

The matrix B(f) € RNas*! corresponds to the right
hand side f and is given by B(6); = fgz(e) ¢;dx such
that with u = 100, [, f(z,t)didz = B(f)u (recall
that f = 100 in (25(0) x (0,7) and f = 0O else). If
the boundary data in the heat equation were nonzero,
they would also be incorporated into B() by adding
another column. For example, n - Vy(x,t) = g1(x)g2 (%)
on 02(0) x (0,T) would lead to a second column of
B(#);2 = fan(e) bigr(z)dz.

The observation matrix Cgl) in (22) is associated
with the term f | |y — y%?dsdt in the objective

0 I'LUlg

function. If ¢;, i = 1,...,ky, are the basis functions
associated with the nodes on Iy, U I'g, then we com-
pute the entries of C(Il) € RFNGY as (Cgl))m =
le ¢i(x)p;(x)dx for i =1,... k1, and j = 1, ,N(Ei}

We use automatic differentiation [10,19] to compute
the derivatives with respect to the design variables 6.
The semi-discretized optimization problems are solved
using a projected BFGS method with Armijo line search

[13]. The optimization algorithm is terminated when

the norm of projected gradient is less than € = 1074.

As before, we use the modified low-rank Smith method

in [11] with m = 4 shifts to solve the controllability and

observability Lyapunov equations (5). Figure 7 shows
the largest Hankel singular values. For the model re-
duction, we select those Hankel singular values o, with
o; > 10~%04. The threshold 10~%¢; is indicated by the

solid line in Figure 7.

10
-2

10

10~

10

10 "t *

-10

1 . . . . .
0 0 50 100 150 200 250 300

Fig. 7 The largest Hankel singular values and the threshold

10~ 40;.

Table 2 displays the sizes for the full and the reduced

order problems.

Reduced 147 581

Full 4280 4714

Table 2 Sizes of the full and the reduced order problems

The optimal shape parameters 6, and é\* computed
by minimizing the full and the reduced order model, re-
spectively, are shown in Table 3. The error ||6* — 6 Iz =

2.325-10* is proportional to the threshold applied to
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the truncation of the Hankel singular values, as pre-

dicted by Corollary 2.

0«  (1.00, 2.0000, 2.0000, -2.0000, -2.0000, -1.00)

0. (1.00, 1.9999, 2.0001, -2.0001, -1.9998, -1.00)

Table 3 Optimal shape parameters 6. and 0. (rounded to 5
digits) computed by minimizing the full and the reduced order

model, respectively

The convergence histories of the projected BFGS
algorithm applied to the full and the reduced order
problems are shown in Figure 8. Except for the final
iterations, the convergence behavior of the optimiza-
tion algorithm applied to the full and the reduced or-
der problems is nearly identical. Although there is no
rigorous theoretical justification for this behavior, it is
not surprising, given the gradient error bounds derived

in Theorem 2.

6 Conclusions

We have integrated domain decomposition and balanced
truncation model reduction for the numerical solution
of a class of PDE constrained optimization problems
which are governed by linear time dependent advection
diffusion equations and for which the optimization vari-
ables are related to spatially localized quantities. Our
approach leads to a reduced optimization problem with

the same structure as the original one, but of poten-

2
10° t@g
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®
~ ®
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= Tray
S 00000+
> —2
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107 0004
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Fig. 8 The convergence histories of the projected BFGS algo-
rithm applied to the full and the reduced order problems. The top
figure shows the convergence history of the objective functionals
for the full (blue 4) and reduced (red o) order model. The bottom
figure shows the convergence history of the projected gradients

for the full (blue +) and reduced (red o) order model.

tially much smaller dimension. We have derived an es-
timate for the error between the solution of the original
optimization problem and the solution of the reduced
problem. The estimate is largely determined by the bal-

anced truncation error estimate.

Our approach can be extended in various ways. It is
possible to admit localized nonlinearities in the PDE,
such as those considered in [21,22]. Using model reduc-

tion techniques for nonlinear systems such as proper
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orthognal decomposition (POD) (see e.g., the overview
[12]) or extensions of balanced truncation to nonlinear
systems [14] one can apply our approach to nonlinear
PDEs. However, currently no a-priori error estimates
exists for these model reduction techniques and, conse-
quently, no estimate for the error between the solutions
of the original optimization problem and of the reduced

problem can be obtained.

7 Appendix

Lemma 4 Let A € RY*N agnd B € RVYX™, [f there

exists o > 0 such that
vIAv < —a|lv|?* Vv eRY,
then the solution of

y'(t) = Ay(t)+Bu(t), te(0,T),  y(0)=yo (52)

obeys

V2 2 V2
Iyllze < ==lyoll+—lIBullrz < —=llyoll+

Va Va a

2|8]|

allz2-
Proof We multiply the differential equation (52) by y ()7
to obtain
Syl =y Ay(t) + y()" Bu(t)

< —aly®)|* +y(t)" Bu(t).

If we multiply the previous inequality by exp(at) we

arrive at

% (e lly(®)]?) < 2e*y(t)" Bu(t).

Integration from 0 to ¢ gives
t

Iy ()11 < e lyoll? +/ 2e°"Vy ()T Bu(r)dr
0

and integration of this resulting equation from 0 to T

yields

T
/ ly(t))[2dt
0

T T
§/ et ||yol? +/ / 2¢Oy (7)T Bu(r)drdt
0 o Jo

1—eoT T
< - Hy0||2 +/ / 24Tt gt y(T)TBu(T)dT
0 T
T

_ e(X(T—T))

1—e T 2(1
R MY R
« 0

1 ) T2
Slvoll+ [ 2 Iy 1Bu(r)ar

- y(r) Bu(r)dr

IA

IN

Lol + [ 2yl + SlBur) P

— =|ly(r — T)||*dT,

Yo 0 2 Y a?

which implies the desired inequality. (]

Lemma 5 Let M € RV*N be symmetric positive def-
inite, A € RN*N and B € RN*™ _ If there exists o > 0
such that vi Av < —avT Mv for all v € RY, then the

solution of
My'(t) = Ay(t) + Bu(t), te(0,T)

with y(0) = yo obeys

\@ Mfl/Q M1/2
< V2 il I -

L 2Mme
Ja

i
Iyl I o |IBullze.

Proof If we multiply (53) by M~/ and apply Lemma 4

to the resulting system we obtain the estimate

V2 2,
M 2y pe < ﬁllMl/zonI + EHM 2Bul| .
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V2 MM 20
< Iyoll + M il Bu| e

f ear multivariable systems and their L°°-error bounds. Inter-

flow problems in compliant vessels. Comput. Methods Appl.
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